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Abstract- Let (Q,,1) be a complete probability measure space and X; and X, be separable Banach spaces. For Banach spaces Y;
and Y, let Fi: QxX;—Y; and F,: QxX,—Y, be random operators. Using F; and F,, we construct a random operator F:
Qx(X1®,X2)—>Y18,Y,, which is continuous if F; and F, are continuous. We prove that if F, and F are stochastically continuous, then
F is also stochastically continuous. Similar result is also established in case of separability of random operators. The fixed points of
such random operators on the tensor product of Banach spaces is also studied here.
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I INTRODUCTION
The systematic study of random operator equations using the methods of functional analysis was introduced around 1955. In recent
times, random nonlinear analysis together with the random fixed point theory has emerged into an active research field (refer to [1],
[2], [6], [7]) due to its tremendous applications in mathematical modeling of many real life problems. In this paper, we study random
operators on the projective tensor product of two Banach spaces and also discuss about the fixed points of such tensor product random
operators.

1. PRELIMINARY IDEAS
Before discussing the main results, we first present some preliminary definitions (refer to [1], [4], [5], [6]).

Let (©,5,10) be a complete probability measure space and (X, Sx) be a measurable space, where X is a separable Banach space and
Bx is the c-algebra of all Borel subsets of X.

Definition 2.1 A mapping f: Q—X is said to be X-valued random variable if the inverse image under the mapping f of every Borel
set B belongs to B, i.e., f*(B)ep for all Bef.

Definition 2.2 Let Y be a Banach space. An operator F: QxX—Y is said to be a random operator if F(w)x is a Y-valued random
variable for all xeX. [For a fixed weQ, F(w) denotes a deterministic operator from X into Y].

Definition 2.3 A random operator F: QxX—Y is said to be continuous at x if x,—x implies F(@)x,—F(@)x almost surely.
F: QxX—Y is said to be stochastically continuous at x if for every £>0, we have,

||Xn —X" —>0=lim /z{a):"F(a))Xn - F(a))X" >¢e}=0.
N—0

Definition 2.4 A random operator F: QxX—Y is called separable if there exists a countable dense set ScX and Ne g with u(N)=0
such that for every closed set K<Y and open set GeX, we have,

lweQ:F(w)(GnS)c K} {weQ:F(w)G < K}cN.
Any such S is called a separant of F.

Definition 2.5 Let X and Y be two normed spaces. The projective tensor norm || ||y on X®Y is defined as:
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Jull, = infES|xif[{lyi] - u= le X ®Yi}
I
where the infimum is taken over all (finite) representations of u.

The completion of (X®Y, |. ||y) is called the projective tensor product of X and Y, and is denoted by X®,Y.

I1l.  MAINRESULTS
First, we construct a random operator for the projective tensor product of the Banach spaces X; and X.

Theorem 3.1 Let X; and X, be separable Banach spaces and F;: QxX;—Y; and F,: QxX,—Y, be random operators. We consider F:
Qx(X1®,X2)— Y1®,Y, such that

F(&)(D Xin ® X35 )= D Fi(@)Xag ®Fy (@)X , TOr D Xyy ® Xy € Xa® X,
n n n
Then F is a random operator on X;®,X,, and F is continuous if both F; and F, are continuous.

Proof. For some fixed n, let F (@)X, = Yo (@) and F, (@)X, = Yoo (@) . Now, y;,(@)and y,, (@) are respectively Y; and Y,
valued random variables.

We take yy, ® y,, :Q—>Y; ®, Y, besuchthat (Y, ® Y, )(@) = Y1, (@) ® Yo (@) .

LetBe Sy v, » (the o-algebra of all Borel subsets of Y;,®,Y,) be arbitrary.

If we (Yin ® y2n)_l(B) , then Yin (0)® Yon (w)eB. Let Yin (@) = t; and Yon (w) = ty.
Now, t;®t,eB. Then there exists an open sphere S,(t;®t,) < B. Let x;®x,e S,(t;®t,), for some non-zero x; and x,.
It can be shown that x;e S;1(t;) and x,e Sy,(t,), for some suitably chosen ry and r,. So, t;eB, an open set in ﬂYl and t,eB,, an open set

in gy, .
But y;, (By) e B and y,, 1(By) e S =y, (t) e N, and @ =y,, (t,) € N,, for some Ny, Nef3.

Hence, weN;nN e Band thus, (i, ® ¥,,) H(B) < NinN,ef.
S0, Yip ®Y,, isaY; ®, Y,-valued random variable.

Thus, F: Qx(X,®,X2)— Y1®,Y, is a random operator.
To show the continuity of F, we take a sequence { Z X1in ® Xain } IN X1®,X, which converges to Z X1j ® Xy
i i

Then X;;, = X and Xy, — Xy, for each i.
Since F, is continuous, F; (w)xy;, — F;(@)xy; almost surely. So, there exists some A; € S with £(A;)=0 such that

r!Lrg||Fl (a))le - Fl (a))XlI || = 0 V(O%Al. .............. (31)

Similarly, since F, is continuous, so, there exists some A,< S with £(A;)=0 such that

r!Lrg||F2 (w)XZm - F2 (a))XZI || = 0 v a)EAz ............ (3 2)

Let A=A;UA,. Then w(A)=(Ar)+1(A2)=0. Also wg A= we A; and wg A,.

Now,

F @)X Xuin ® Xain) ~ F (@)Y X ® Xz1)
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= Z F(@)Xqin ® Fp (@) Xain — Z Fi (@)X ® Fy (@)X

= Z[( Fy(@)X4in — Fu(@)Xy) ® Fy (@) X1 + FL(@)Xy ® (F; (@) X0, — Fp(@0)X5)]

< Z[”Fl (@)Xqin — Fr (@)X ||||F2 (@) X5in || + ||F1 (@)X ||||F2 (@)Xain — F (@) Xy ||]
—0asn—w V weg A (using (3.1) and (3.2))
Thus F(a))(Z:x1in ® Xyin) = F(a))(Z:x1i ® X,;) almost surely.

So, F is a continuous random operator. O

Theorem 3.2 If the random operators F; and F, as given in the above theorem are stochastically continuous, then F is also
stochastically continuous.

Proof. Let X ® Xoi € X1 ®Xoand { Y Xqgi, ® X, }iS @ sequence in X;®. X, which converges to Xii @ Xoi .
i 2i b 1in 2in b 1i 2i
i i i

Let we 2 be such that > g, where > 0 is arbitrary.

F @)X X ® Xain) = F(@)(Q X © Xz)

Now, ¢<

2 Fa(@)in ® Fo(@)Xain = 2 Fu(@)xy ® Fa (@)X

< Z:[”Fl(a))xlin — Fy () X35 | P2 (@) Xain | + | Py (@) X ||| F2 (@) X — F2 (@) %55][1, (as shown in Theorem 3.1).
i

We choose some & < & (> 0) such that ||y (@)X, — Fy (@) %y [||F2 (@) Xain|| > &1

and |[Fy (@) Xy ||| F2 (@)Xain — Fo (@)X4i | > &1, for each i.

Taking &, = &, (|Fa(@)Xan)#0) and &5 = &1, (|FL(@)xy | = 0 ) respectively, we get,

1 1
"Fz (a))xzin" "Fl (@) Xy ”
"Fl(a))xlin - F (@)% || > &, and ||F2 (@)Xain — F2 (@) Xy " > &3.

Since F; and F, are stochastically continuous, so (@) =0 as h—»oo.

>g}=0.

In [5], we have the following result regarding separability of random operators.

Thus, r!im y{a) : F(w)(z Xgin @ Xain) — F(w)(z Xg; @ Xpi)

Hence F is stochastically continuous. O

Lemma 3.3 [5] Let F: QxX—Y be a random operator and S be a countable dense subset of X. Then F is separable with separant S
if and only if there exists Ne S with £(N)=0 such that for all wgN and xeX, there exists {x,}<S such that
Xn—>X and F(a@)x,—>F(w)x.

www ijsrp.org



International Journal of Scientific and Research Publications, Volume 3, Issue 12, December 2013 4
ISSN 2250-3153

Here, we prove:
Theorem 3.4 If F, and F, are separable random operators, then F is also a separable random operator.
Proof. Let Z Xi @ Xy € X1®,X; be arbitrary. Then x;;€X; and X, X, for each i.
Let Fy: Q><X1I—>Y1 be separable with separant S;. So, using Lemma 3.3, there exists N; e S with £(N;)=0 such that for all w¢N; and
X1i€ X1, there exists a sequence {Xsjn} in S; such that x;j,—X; and Fi(@)Xqin—>F1(@)Xq;.
Again, let F,: QxX,—Y, be be separable with separant S,. So, there exists N, g with £(N,)=0 such that for all wgN, and X,;eX,,
there exists a sequence {X,in} in S, such that X,i,—>Xy; and Fa( @) Xain—>Fa( @) Xai.

Now, S=5,®S; is a countable dense subset of X;®,X,. Let N=N;UN,. Then Negand z( Ny UN,) = £(Nq)+24(N,)=0.
Let wg N;UN,. Then wg N; and wg N..

Now, {Z X1in ® Xain } 1S @ Sequence in S converging to Z X3i ® Xy
i i
Also, we can show that F(@)( D Xy ® Xzin )>F(e)( D Xy ® Xy ).
Hence F is separable. O | |
It is stated in [5] that under certain conditions, every random operator is equivalent to a separable random operator.

Lemma 3.5 Let X be a separable Banach space and K be a compact subset of another Banach space Y. If F: QxX—K is a random
operator, then there exists a separable random operator Fs: QxX—Y such that u ({ @:F(@)x=Fs(@)x}) =1.

So, using the above Lemma in Theorem 3.4, we have,

Corollary 3.6 Let X; and X, be separable Banach spaces and K; and K, be compact subsets of Y, and Y, respectively. If F;:
QxX;—K; and F,: QxX,—K; be random operators, then there exists a separable random operator Fs: Qx(X;®,X;)— Y1®,Y, such that

u{w: Z Fi(@)X, ® F; (@)X, = Fs (co)(z Xin ® Xpq)}) =1

The study of random fixed points attracted much attention of the research workers since late 90’s. Different classical fixed point
theorems are extended to random operators by different research workers (refer to [1], [2], [6], [7]). A random variable x: Q—X is a
random fixed point of a random operator F: QxX—X if F(o)X(@)=x(®) ¥V 0cQ.

Regarding fixed point of the tensor product of random operators, we establish the following.

Theorem 3.7 Let x; and X, be fixed points of the random operators F;: QxX;—X; and F,: QxX,—X, respectively. Then x;®x,: Q—
X1®,X, is a fixed point of F.

Proof. Since x; and x; are fixed points of F; and F,, so, Fi(@)xi(@)=X1(®) V¥ weQ
and F(@)X(@)=X(w) ¥V weQ.
Now, [|F (@)(¥ ® X, (@) = (X ® %, )(@)] =||Fy(@)X (@) ® F, (@)X, () — X, () ® X, ()] = 0.

Hence, F(@)(X; ® X, ) (@) = (% ® X, ) (@) V e, and thus, x;®X, is a fixed point of F. O
Example 3.8 Let Q=[0,1] and /3 be the c-algebra of all Lebesgue measurable subsets of Q.

Let X,=R (the set of reals), and F;: QxR—> R be such that F1(@)x=a’—ax—1. Let x;:Q—R be such that x;(@)=w-1 ¥ weQ. Then X, is
a fixed point for F;.
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Let X,=C (the set of complex numbers), and F,: QxC— C be such that F,(w)x=4 «*—2i ax+1. Let x,:Q—>C be such that x,(@)=1-2i@
Y weQ. Then x; is a fixed point for F,.
Now, x;®x,: Q— R®,C, defined by (x,®x;)(@)=(w-1)®(1-2iw) is a fixed point for the random operator F: Qx (R®,C)— R®,C. O

It can be shown that the converse of the Theorem 2.7 also holds.

Theorem 3.9 Let F;: QxX;—X; and F,: QOxX,—>X, be two random operators and F be the corresponding random operator on
Xi®,X,. If X, ®x, 1 Q— X1®,X, is a fixed point for F, then x; and x, are fixed points of F; and F, respectively.

Proof. We have, F(@)(X; ® X, )(@) = (X ® X, (@) V 0eQ.
= Fy (@)% (0) ® F (0)X; (@) = X, (@) ® X, ()
= (Fi (@)X (@) ®F, (@)X, (@))( T, 9) = (X (@) @ X (@))(f,9)  V FeXi™ geXp™.
= T (R (@)X (@) 9(F2 (@)X, (@) = T (X1 (@))9(Xz (@) ¥ FeX*, geXo™
In particular, we take f be such that Ker(f)={0} and g be a non zero constant function.
Then it follows that Fi(@)X1(@)=X1(@) V 0.

Similarly, taking f as a non zero constant function and Ker (g)={0}, we can show that
Fao(a)Xo(@)=X:(w) ¥V weQ. O

REMARK
We consider the converse parts of Theorems 3.1 and 3.4. Here, we can raise the following problems:

(i) From a given random operator F: Qx(X;®,X;)— Y1®,Y,, can we construct random operators F1: QxX;—Y; and Fp: QxXo—Y, ? If
F is separable, what can be said about the separability of F; and F,?

(ii) Let S be a non empty subset of a Banach space X. The random operator F: QxS—S is said to be (k, n) rotative random operator for
k<n, if for every weQ,

”x(a)) -F" (a))x(a))“ <k|x(@w) - F(@)x(w)|, where x: QS is an S-valued random variable, and neN (refer to [1]).
Now, considering Fi: QxX;—X; and F,: QxX,—X, as (kq, ny) and (k,, n,) rotative random operators respectively, what can be said
about the random operator F on X;®,X,?

REFERENCES

[1] Beg, I., Abbas, M. and Azam, A., Periodic fixed points of random operators, Annales Math. Et Informaticae, 37 (2010), 39-49.

[2] Bharucha-Reid, A.T., Fixed point theorems in probabilistic analysis, Bull. Amer. Math. Soc., 82, no. 5 (1976), 641-657.

[3] Bonsall, F.F., Lectures on some fixed point theorems of functional analysis, TIFR, Bombay, (1962).

[4] Bonsall, F F and Duncan, J., Complete Normed Algebras, Springer-Verlag, Berlin, Heidelberg, New York (1973).

[5] Joshi, M.C. and Bose, R.K., Some Topics in Nonlinear Functional Analysis, Willey Eastern Limited (1985).

[6] Saha, M. and Debnath, L., Random fixed point of mappings over a Hilbert space with a Probability measure, Adv. Stud. Contemp. Math., 1(2007), 79-84.

[7] Shrivastava, R., Rajput, A. and Singh, S.K., Fixed Point Theorems for Random Operators in Hilbert space, Int. J. Contemp. Math. Sciences, Vol. 7, no. 10, (2012),
457-466.

AUTHOR
Nilakshi Goswami, Asst Professor, Dept. of Mathematics, Gauhati University, e-mail: nila_g2003@yahoo.co.in

www ijsrp.org



