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Abstract- In this paper we introduce the notion of anti fuzzy
lattice ordered m-groups and investigated some of its basic
properties. We also study the homomorphic image, pre-image of
anti fuzzy lattice ordered m-groups, arbitrary family of anti fuzzy
lattice ordered m-groups and anti fuzzy lattice ordered m-groups
using T-norms. We introduce the notion of sensible anti fuzzy
lattice ordered m-groups in groups and some related properties of
lattices are discussed.

Index Terms- Lattice ordered group, anti fuzzy lattice ordered
m-group, Sensible fuzzy lattice , pre-image, direct product.

I. INTRODUCTION

he notion of fuzzy sets was introduced by L.A. Zadeh

[5].Fuzzy set theory has been developed in many directions
by many researchers and has evoked great interest among
mathematicians working in different fields of mathematics, such
as topological spaces, functional analysis, loop, group, ring, near
ring, vector spaces, automation. In 1971, Rosenfield [8]
introduced the concept of fuzzy subgroup. Motivated by this,
many mathematicians started to review various concepts and
theorems of abstract algebra in the roader frame work of fuzzy
settings. N. Ajmal and K.V. Thomas [1] initiated such types of
study in the year 1994. It was latter independently established by
N. Ajmal [1] that the set of all fuzzy normal subgroups of a
group constitute a sub lattice of the lattice of all fuzzy sub groups
of a given group and is Modular. In [2], Biswas introduced the
concept of anti- fuzzy subgroups of groups. Palaniappan. N and
Muthuraj, [7] defined the homomorphism, anti-homomorphism
of a fuzzy and an anti-fuzzy groups. G.S.V. Satya Saibaba [3]
initiate the study of L-fuzzy lattice ordered groups and
introducing the notice of L-fuzzy sub I- groups. J.A. Goguen [4]
replaced the valuation set [0,1] by means of a complete lattice
in an attempt to make a generalized study of fuzzy set theory by
studying L-fuzzy sets. A Solairaju and R. Nagarajan [10]
introduced the concept of lattice valued Q-fuzzy sub-modules
over near rings with respect to T-norms. Dr.M.Marudai & V.
Rajendran[6] modified the definition of fuzzy lattice and
introduce the notion of fuzzy lattice of groups and investigated
some of its basic properties. Gu [11] introduced concept of fuzzy
groups with operator. Then S. Subramanian, R Nagrajan &
Chellappa [9] extended the concept to m fuzzy groups with
operator. In this paper we define a new algebraic structure of an
anti fuzzy lattice ordered m-group and study some related
properties.

Il. SECTION-2 PRELIMINARIES

Definition 2.1: Let p: X to [0, 1] be a fuzzy set & G €
b(X) = Set of all fuzzy sets on X. A fuzzy set p on G is called an
anti fuzzy subgroup if i) p (x y) < max {p (x), p(y)} i) p (x %)
<p(x), forall x,ye G.

Definition 2.2: Let p: X to [0, 1] be a fuzzy set & G €
p(X). A fuzzy set p on G is called a normal fuzzy subgroup if p
(xtyx)<u(y) forallx,yeG

Definition 2.3: An anti lattice ordered group is a system (
G,.9) if 1) (G, ) is a group ii) (G,< ) is a lattice . iii ) x <y
implies a x b <ayb
( compatibility) for a, b, x, ye G

Definition 2.4: Let p: X to [0, 1] be a fuzzy set & G is a
lattice ordered group, G € p(X). A function p on G is said to be
an anti fuzzy lattice ordered group if
i) i (xy) < max {p (x), p(y)} i) P X <p )
for all x, ye G

Definition 2.5: Let G be a group, M be any set if
mxeG. ii)mxy)=(mx)y=xmYy forall
X, y€ G, m € M. Then G is called a m group.

Definition 2.6: Let u: X to [0, 1] be a fuzzy set & G hea M
group G. A fuzzy set on G, G € p(X)) is called an anti fuzzy m
group if i) p (m(x y)) < max {p (m x), p (my)} ii) p (mx) < p
(mx)
forall x, ye G, me M

Definition 2.7: n: X to [0, 1], G € p(X), M C X.

A function W on G is said to be an anti fuzzy lattice ordered m-
group if

i) (G, -) isa M-group.

it) (G,-, <) is an anti lattice ordered group.

iif) b (m(x y) ) < max {u (m x ), p(my)}

V)R ((Mx) ") < p(mx)

V) p(mxvmy)<max {u(mx), p(my)}

vi) p(mx Amy)<max {p(mx), u(my)}
Forallx,ye G

I11. SECTION-3 PROPERTIES OF ANTI FUZZY
LATTICE ORDERED M-GROUP

Proposition 3.1: Let G and G’ be two anti fuzzy lattice
ordered m-groups and e:G—G’ be a m-homomorphism defined
by e (m x )= m e( x ) .If B is an anti fuzzy lattice ordered m-
group of G’ then the pre-image o(B) is an anti fuzzy lattice
ordered m-group of G.

Proof- Assume B is an anti fuzzy lattice ordered m-
group of G’. Letx,ye G

He"* ) (M(x y)) =He o (m(xy))
=HeE (me (xy))
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=HE(me(x) e (y))
<max { HB(me (X)), F8(me (y))}
<max { H8 (e (mx)), HE( 6 (m y))}
<max {H7* g (MX),He™ ) (MY)}
ii)He* @) (M X)) = HE 0 (m X))

= H8 (o (m x))™

=HE (mo (x))*
<HE (me (x))

<HE (o (mx))
<M (g (MX)
iii)H="* g (M x v my)
= HBE o(m x) v o(my)
< max { H& o( m x), HE e( m y))
<max {H=7* g) (M X), K7 @) (M Y)}
iv)He™* ) (m x A my)

=HB o (mxvmy)

=HEe(mxAmYy)
= HE o(m x) A o(my)
< max { HE o( m x), HE o( M Y))

<max {#7* g (MX),He™" g (MY)}
Therefore o™(B) is anti fuzzy lattice ordered m-group of G.
Proposition 3.2: Let G and G’ be two anti fuzzy lattice
ordered m-groups and e:G—G’ be a
m-epimorphism. B is a fuzzy set in G’. If e™(B) is an anti fuzzy
lattice ordered m-group of G then B is an anti fuzzy lattice
ordered m group of G’.
Proof- Let x , y € G’, therefore there exist an element
a, b €G such that e(a) = x and e( b) =y.

e (m(xy))  =HE (m(e(a) o(b))
=He (me(ab))

=He o (m(ab))

=k 5 (M(a b))

<max { =7 g) (Ma)), H=7* ) (M b))}
<max { H8 6 (ma), HE o (m b)}
<max {HE me (a), *E me (b)}
<max { H&8 (mx), H& (my )}

iHe ((Mx)") = He (me(a))®

= HB (0 (ma))*

= HE (o (ma)’)

=Het g (ma)™

<K g (Mma)

<HEo(ma)

<HEmoe(a)

<HE (mx)

ii)k2 (mxvmy)=HE (me (a) vme (b))
=Hg8 (6 (ma) v e (mb))

=HE (6 (mavmb))

=Kz 5 (mavmb)

<max {H=7* g (Ma), H=7* g (Mb)}
<max { HE o( m a), HE o( m b))
<max { M8 m e( a), HE m o( b))

<max { *2{mx), 2(my)}

iV)HE (mxAmy)=HE (me(a) Ame (b))
=Hg (e (ma) A e (mb))

=HE (o (maamb))

=Hs™* 5 (maamb)

< max {I"I'E_i (B) (ma), Hg—t (B) (m b)}

<max { H& o( m a), HE o( m b))

< max { HE m o( a), H& m o( b))

<max { H2{mx), 2(my)}

B is an anti fuzzy lattice ordered m group of G’.

Proposition 3.3: If {A} is a family of an anti fuzzy
lattice ordered m-group of G then U A; is an anti fuzzy lattice
ordered m-group of G where U A;j={ x,vHai (x)/xeG}
Proof- x,yeG
DU R ) m(xy) =vHai m(xy)
=vHai (mxmy)
<vmax { Hai (mx), Hai (my) }
<max { (Ug) (m x), (U g ) (my)}

i)(U Har ) (m )t = v Har (mx)™

<vHai (mx)

<V Hai ) (mx)
i) (Y Hai ) (mxvmy)=vHki mxvmy)
<vmax { i (mx), i (my)}
<max { (Una) (m x), (U wa) (my)}
iV)(V Hai ) mxamy)=vHi Imxamy)
<vmax { Hai (mx), Hai (my)}
<max { Tkt (mx), (Y Had (my) }

Proposition 3.4: If Ais a fuzzy set in G such that all
nonempty level subset U ( A ; t) is an anti fuzzy lattice ordered
m-group of G then A is an anti fuzzy lattice ordered m-group of
G.

Proof- Letx,ye U(A;t), we have A(m x) <tand A (m
y) <t. So that A (m(x y)) <t
DA (m(x y)) <t
<max {t,t}
<max { A(m x), A(my)}

A (Mx)™) <t=A(mx)

iA(mxvmy)<t

<max {t,t}

<max { A(mx), A(my) }

iV A(mxamy)<t

<max {t,t}

<max { A(m x), A(my) }

Therefore A is an anti fuzzy lattice ordered m-group.

Proposition 3.5: Let A be an anti fuzzy lattice ordered
m-group of G. Let A* be a fuzzy set in G defined by A* (x) =
A(X) + 1 —A (e) for all x €G. Then A* is an anti fuzzy lattice
ordered m-group of G containing A.

Proof —Let x,ye G

DA* (m(xy)) = A (m (xy)) +1- A (e)

< max{A(m x),A(my)} +1 —A(e)

<max {A(m x) +1-A(e), A(my )+1 -A(e)}
<max { A*(m x),A*(my) }
iA*(Mx)H=A ((Mmx)™1) + 1 - Ae)
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<A(mx)+1-A(e)

< A*(mx)
A*(mxvmy)=A(mxvmy)) +1- A(e)
< max{A(m x),A(my)} +1 —A(e)

<max {A(m x) +1-A(e), A(my )+1 -A(e)}
<max { A*(m x),A*(my) }

iVJA* (mxAamy))=A(mxAamy))+1-A(e)
< max{A(m x),A(my)} +1 —A(e)

<max {A(m x) +1-A(e), A(my )+1 -A(e)}
<max { A*(m x),A*(my) }

Also  A(x) < A*(x) forall x € G.

Therefore A* is a fuzzy lattice ordered m-group of G containing
A.

Proposition 3.6: If A is an anti fuzzy lattice ordered m-
group of G and e is a m-homomorphism of G then the fuzzy set
A’ ={<mx;Hs¥ (mx)> xeG} is an anti fuzzy lattice
ordered m-group.

Proof- Letx,yeG

DHE4* (m(xy)) =Hie(m(xy))

= moe(xy)

=k m (e(x) e(y))

<max { ¥4 me(x), ™ me(y)}

<max { ¥4 e(mx), H1 e(my)}

<max { #4* (mx), Ha* (my)}

iHe* (mx)? =M e (mx)?

=M (0 (mx))*

=M (me(x))*

<Hs (mo( x))

< H4 o(m x)

<Ha® (mx)

it (mxvmy))=Hs e (mxvmy))

=Hi o (mx)ve(MmX)

< max {H1 6 (mx), M4 o (my))

< max {#4* (M x), Ha* (my))

iV)l4* (mx Amy))=Hi e (mxAamy))

=Hi 6 (mx) A0 (MX)

< max {H4 o (mx), M4 o (my))

< max {H4* (m x), Ha* (my))

Therefore A° is an anti fuzzy lattice ordered m-group of G.
Proposition 3.7:Let T be a continuous t- norm and let f be

a m-homomorphism on G. If L is an anti fuzzy lattice ordered m-
group on G then " is an anti fuzzy lattice ordered m-group of f

(G).

Proof-
A =i(m (y1Y2)
Consider AjA; = {mx € G/ mx =m x; M X, for m x;eA;, mx;
€A2 }
IfmxeAA;
f(mx)=f(mx; mx; )
=my; my,>=m(y1Yyz)
mx € £1(m (y.Y,) therefore A;A, C Ay,
D' (M(Y1y2))= sup{p(mx)/m x ef*(m (y1y,) }
=sup{p(mx)/mxe Ap}
<sup{pu(mx)/mxe A; Ay}

Let A; = Fi(my;) A, = Fi(myy),

then mx=mx; mx, &
=f(mx)f(mx;)

<sup { n (m X1 M X2) /m X1€A1, M XgEAg}

<sup {T (u (mxq), T(U(M X2)) / M X1€A1, M Xz €Az }

<T[sup {n(mxy/mxs€As}, SUp{t (M Xz) / MXz€A; }]

< T[sup{p (m x5y / M xse £(mM y1)}sup{u( m xz)/ m xz € £(m y,)

H

<T {p"(myy), W0 (my,)}

i’ (my)H)=sup { u(mx)*/(mx)te fi(my)'}

=sup{ p(mx)*/(mx)e Fi(my)}

<sup { pH(mx) /(mx)e f(my)}

<u'((my))

i) (My1vm y2))=sup {p(mx)/mxef™*(my,vmy}

=sup {p(mx)/mxe Ay}

<sup{p(mx)/mxe A;VA, }

<sup { i (m Xivm Xz) /'m X1€A1, M X2€A2}

<sup {T (u (m xq)), T(U(M Xz) / M X1€As, M X2 €A, }

<T[sup{p(mxy) /m X;€As },sup{p( Mxz) / M xz€A; }]

< T[sup{p (m x3) / M xse £ (M y1)},sup{u(m xz)/ m xz € £(m y,)

H

<T {p'(myy) W' (my,)}

iV)u' (M y; A my,))

=sup {p(mx)/mxefi(my;amy,)}

=sup {p(mx)/mxe A}

<sup{pu(mx)/mxe A;aA,}

<sup { p(M X AMXp) / MXeAg, MXp€A, }

<sup {T (u (m x1)), T(L(M Xz) / M X1€A1, M X2 €A }

<T[sup{p (m Xy/M Xs€A},sUp{H(mM X2) / m X, €A, }]

< T[sup{p (m xg) / M xge £(m y1)},sup{u(m xz)/ m x € £(m y5)

H

<T {p'(myy) W (my,)}

Therefore p' is an anti fuzzy lattice ordered m-group of f (G).
Proposition 3.8:LetT be a t-norm. Then every

sensible anti fuzzy lattice ordered m-group is an anti

fuzzy lattice ordered m-group of G.
Proof-A is sensible anti fuzzy lattice ordered m-group

then we have

DA (m(x y)) < T [ A(m x),A(m y)]

iA ((mx)! <A (mx)

IMA(Mmxvmy)<T[A(mx), A(my)]

IV A(MXAmy)<T][A(mx), A(my)]

i)max { A(m x),A(my)} =

T [max { A(m x),A(my)}, max { A(m x),A(my)}]

=max { T [A(mx),A(my)], T [ A(m x),A(my)]}

=T [A(m x),A(my)]

<A (m(x y))

iA ((mx)! <A (mx)

iiiymax { A(m x),A(my)} =

T [max { A(m x),A(my)}, max { A(m x),A(my)}]

=max { T [A(mx),A(my)], T [ A(m x),A(my)]}

=T [A(m x),A(my)]

>A(mxvmy))

iv)max { A(m x),A(my)} =

T [max { A(m x),A(my)}, max { A(m x),A(my)}]

=max { T [A(mx),A(my)], T [ A(m x),A(my)]}

=T [A(m x),A(my)]

>A(mxamy))

Therefore A is an anti fuzzy lattice ordered m-group of G.

Proposition 3.9: An onto m-homomorphic image of an anti

fuzzy lattice ordered m-group with sup property is an anti fuzzy

lattice ordered m-group.
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Proof: Let f: G — G’ be a onto m-homomorphism of
G and let A be an anti fuzzy lattice ordered m-group
of G with sup property.
Let mx’, my’ € G’
Let mxoe £(m x*), mype f*(my’) be such that
A(Mmxo)=sup { A(mx)/ mxe fimx’)} &
A(mys)=sup { A(my) mye fi(my’)}
DA"(m(x’y’))  =sup { A(z)/z e (m(x’y)}
=sup { A(z)/ z e f{(m x’ my’))}
< sup{A(mxomyo) / mxo € f'(m x’) , myo € f{(m y’) }
< sup{A(mxgYo) / MXe e fi(mx’), myo e f{(my’)}
<sup {max{A(mxo) A(Myo))/mxoef(mx’), myoe
fimy’)}
< max{sup{A( m x) / Mxpe £(m x*)},sup{A( myo) /my € f*(m
y)
<max { Af (mx’), A (mx’)}
iA" ((m x") %)= sup{A(mxo ) /(M x, ) e f{(mx’)"}
=sup {A(Mmxo) / (mxe)e fF{(mx")}
<sup { A(mxg) /(mxe)e fH(mx")}
<A'((mx)
iii)Af (mx’ vmy’))=sup{A(z)/ z € fl(m x’vmy’))}
<sup {A(z)/zefl(mx’)vflmy’))}
< sup{A(mxoV M yo) /mXo ef {(mx’), myo € f{(m y’) }
< sup{A(mxovmyg) / mxg € f{(m x’) , myo € f(m y’)}
< sup { max {A( m xo) A(M Yo)) / mxg € fi(m x’), myo € fi(m y’)

< max {sup{A( m Xo) /mxo € £(m x*)},sup{A( my) /myo € £*(m
y')

<max { A"(mx’), A"(mx")}

iV)A" (m x’A my’))=sup { A(z)/ze f{(mx’ A my’))}

<sup { A(z2)/zefi(mx’)a i my’))}

< sup{A(mxovmyg) / mxg € f(m x*) , myg € £(m y’)}

< sup { A(mxovmyo)/mxo € fi(m x’) , myo € f{(m y’) }

< sup { max {A( m xg), A(M Yo)) /mX, € f1(m x’), myo € fi(m y’)

< max {sup{A( m xq) / mXg € fl(m x")},sup{A( myp) /myq cfl(m
y)
<max { A (mx’), A (mx”)}

Proposition 3.10:Let f: G—G’ be a lattice group m-
homomorphism and A be an anti fuzzy lattice ordered m-group
of G’ then f*(A) is an anti fuzzy lattice ordered m-group of G.

Proof -Let m x, my € G and A be an anti fuzzy lattice
ordered m-group of G’.

DFY(A) (m(xy)) =Af(m(xy))
=A(f(mx) f(my))

= A (m f(x) mf(y))

=A(mf(x) f(y))

< max { A (mf(x)), A( mf(y))}

< max { A (flm x)), A(f(my))}
<max { f}(A) (mx), f}(A) (mx) }
iNFiA) (mx)7h) = Af((mx)?)
=A(f(mx)*

=A(mf(x))*

<A (mf(x))

<A (f{ mx))

< fY{A) (mx)

iii)f'l(A) (mxvmy)=Af(mxvmy))
= A (f(mx) v f(my))

=A(mf(x) vmf(y))

< max { A (mf(x)), A( mf(y))}

<max { A (f(m x)), A(f(my))}

<max { f}(A) (mx), f*(A) (mx) }

iV)f*(A) (mx A my)) = A f(mx A my))

= A (f(mx) a f(m y))

=A (mf(x) Amf(y))

< max { A (mf(x)), A( mf(y))}

<max { A (f(m x)), A(f(my))}

<max { f*(A) (mx), F1(A) (mx) }

Therefore £1(A) is an anti fuzzy lattice ordered m-group of G.

IV. SECTION-4 DIRECT PRODUCT OF ANTI FUZZY LATTICE
ORDERED M-GROUPS

Definition: 4.1Let A; be an anti fuzzy lattice ordered m-
group of G;, fori=1,2,...,n. Then the product A; (i=1,2,....n)is
the function
AXAX..XxAp: G XG X ... X G, — L defined by
(AX A X ........ X Ap)M(X 1 X Xn)

= max{A; (M X 1) Ao(mXx 2)  An(mxp) }

Proposition 4.2: The direct product of anti fuzzy lattice

ordered m groups is an anti fuzzy lattice ordered m-group.

Proof- Let x= (X1X,. ..., Xn),
Y—(Y1,yz ............ yn)€G1XG2X........XGn
Let AXAX ........x A=A

DAM(XY))=A (M(X 1y1 X2Y2 .. XnYn))

=max{Ai(M X1y1),Az (M X2 Y2),....... s An(MXayn) }

< max{max [Ay(mM X1 ), Ar (M y1) ], max [Az (M X 3 Ax(my
2)],...max[ Ay (M Xy), Ay (My )] }
< max {max [Ai(M X;), A; (M X 2,
yi), Ao(My o . A,(myo) 1}
<max {(AXA X ........ XApn)Mm(X X,
e XA M (Y 1Yo Yn)

<max {A(mx), A( my)}_

A, (M X )], max [Ai(m

X ), (AX A X

iAMx) = Am(x? xt,. X

=max{A; (m x %), A(mx Y ,......... An (Mmx Y

< max {Al ( m X]_), Az(m X 2) geeeeeeann ,An (m X n)}
<Am(Xg, Xo,eenenen.. ,Xn)

< A (mx)

HAMxvmy)=A(MmXvmy; mx,vmy, .. mMX , v my
n))

=max {A; (Mxvmyy), Ay (MX,vmy,),.......... ,Ay(mx,vm
Yo}

< max{max [A;(M X; ), Ar (M y1) ], max [A; (M X 5 Ax(my
2)],...max[ A, (M Xy), Ay (My »)] }
< max {max [A;(M X;), Ay (M X ),
Y1), Ao My, . An(my,) 1}

<max {(A;XA X ........ XAp) M (XX,

v XA M(Y 1Yo Yn)
<max {A(mx),A(my)}

A, (M X )], max [A;(m

Xn), (AX A X

AAAAAAAAAAAA

iVAmxamy) =AMXaAmy; MXpamy, . mX pA mY
)

=max {A; (M X 1o myy), Ay (M X ; A myy),.......... , Ap (MX y A m
yn)}

< max{max [Ay(m X; ), Ar (M y1) ], max [A; (M X 2, A(my
2)],...max[ Ay (M X ), Ay (MY n)] }
< max {max [A;(M X;), Ay (M X ),
Y1) Ao (MY . An(my,) 1}

A, (M X )], max [A;(m
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Smax{(Alezx ........ XAn)m(XLXz

........ XA )M(Y1Ya.....Yn)
<max {A(mx),A(my)}

Xn), (Ax A X

AAAAAAAAAAAA

V. CONCLUSION

In this paper we studied the notion of an anti fuzzy lattice
ordered m-groups and investigated some of its basic properties.
We also studied the homomorphic image, pre-image of an anti
fuzzy lattice ordered m-groups, arbitrary family of anti fuzzy
lattice ordered m-groups and anti fuzzy lattice ordered m-groups
using T-norms.

Applications: Lattice structure has been found to be
extremely important in the areas of quantum logic, Erogodic
theory, Reynold’s operations, Soft Computing, Communication
system, Information analysis system, artificial intelligences and
physical sciences.
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