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Abstract- The theory of matrix splitting is one of the most useful tool for finding an iterative solution of a linear system of equations.
In this article, we introduce the notion of reversible index-proper splitting for singular matrices. Further we derive several convergence
results for different subclasses of reversible index-proper splitting.
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I. INTRODUCTION
Consider a system of linear equations of the form

Ax = b, (1.2)
where A € R™"issingular, b € R" isgivenand X € R" is unknown. Insome situation people pay more attention towards the Drazin
inverse solution X = APDb of the system (1.1) (see,[10, 12, 13, 14] for instance.). Here, AP is the Drazin inverse of A ([2]). For large
N, iterative methods are the standard approach to compute the solution of (1.1) when the system is consistent and the co-efficient matrix
A is sparse. An additive decomposition A=U —V s called a splitting. A splitting A=U —V s called an index-proper splitting

(6] if R(A*) =RU"¥) and N(A*) = N(U*), where k =ind(A) (see, the next section for its definition), R(A) and N(A)

stand for the range space of A and the null space of A respectively. It reduces to index splitting ([12]) if ind(U) =1.Whenk =1,

1

then an index-proper splitting becomes a proper splitting ([3]). The approximate solution X" s generated as follows

X" =UPwW' +UPb,i=0,1,.., (1.2)

Where x° is the given initial vector and U D is the Drazin inverse of U . The above iterative method is convergent to the unique

solution APb for each x° if and only if the spectral radius of U PV is strictly less than 1. More on index-proper splitting can be
found in the recent articles [4, 5, 6, 7, 8 ].

Applications of Drazin inverse lie in many areas such as singular differential and difference equations, Markov chain, cryptography,
iterative methods, multi-body dynamics and optimal control. Therefore the computation of the Drazin inverse and its properties has been
an area of active research. Here, only a few articles on the Drazin inverse are mentioned, but there is a vast amount of literature on it.
(See the references [1, 4, 5, 6,7, 8,12 ] and the references cited therein.)

The aim of this article is to suggest a method for solution of square singular linear systems using iteration method by introducing a new
splitting called reverse index-proper splitting. The definition of this splitting is motivated by the idea of reverse splitting ([15,16 ]) and
reverse proper splitting ([9]). The proposed iterative method associated with these splittings is convergent if and only if the spectral
radius of the iteration matrix is less than one. In this article, we provide some theoretical convergence results when the corresponding
iteration matrix has spectral radius one.
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The organization of this paper is as follows. In Section 2, we list all relevant definitions, notation and some earlier results which we use
throughout the paper. Section 3 contains the main results of this article concerning the convergence results for different subclass of
reverse index-proper splitting.

Il.  PRELIMINARIES

Throughout this article, we will deal with R" equipped with its standard cone Rz, and all our matrices are real square matrices of
order N unless stated otherwise. We denote the transpose, the null space and the range space of A by AT, N(A) andR(A),
respectively. A is said to be non-negative (i.e., A>0) if all the entries of A are non-negative, and B > C for matrices B and C,
if B—C > 0. We also use these notation and nomenclature for vectors. Let L, M be complementary subspaces of R". Then PL],\,I
stands for the projection of R" onto L alongM . So, P, ,,B =B if and only if R(B) = L, and BP_,, = B if and only if
N(B) > M . The spectral radius of a matrix A is denoted by p(A), and is equal to the maximum of the moduli of the eigenvalues
of A. For any two matrices A and B, we have p(AB) = p(BA) . The index of A is the least nonnegative integer K such that rank
(A*) = rank (A"), and we denote it by ind(A) . Then ind(A) = k if and only if R(A*) ® N(A*) =R". Also, forl >k,
R(A") = R(A*) and N(A') = N(A“) . The Drazin inverse of a matrix A€ R™" is the unique solution X € R™" satisfying
the equations: A* = AXA, X = XAX and AX = XA, where K is the index of A. It is denoted by A® . Whenk =1, then the

Drazin inverse is said to be the group inverse and is denoted by A* . While Drazin inverse exists for all matrices, the group inverse
does not. It exists if and only ifind(A) =1. If A is nonsingular, then of course, we have A" = A® = A*. Some well-known

properties of AP ([1]) are follows: R(A¥) = R(AP); N(A*) = N(AP); AA® =P )= APA. In particular, if

R(AK), N (K

Xe R(Ak) then X = AP AX. We list certain results to be used in the sequel. The next two theorems deal with nonnegativity and
spectral radius, and the first one is known as Perron —Frobenius theorem which states that:

Theorem 2.1 (Theorem 2.20, [11])
Let A>0.Then A has anonnegative real eigenvalue equal to its spectral radius.

Theorem 2.2 (Theorem 2.21, [11])
Let A>B 2>0. Then p(A) > p(B).

Theorem 2.3 (Theorem 3.16, [11])
Let X >0.Then p(X) <Z1ifandonlyif (I —X) " existsand (I —X)™ = ::OXk >0.

The following theorem gives some of the properties of an index-proper splitting.

Theorem 2.4 (Theorem 3.2, [6])
Let A=U —V be an index-proper splitting. Then

() AA®° =UUP = APA;
(b) 1 —U PV isinvertible;
© A° =(1-UPV)'UP’.

Different subclasses of an index-proper splittings are recalled next.

Definition 2.5 An index-proper splitting A=U —V is called:
(a) an index-proper regular splitting [1], if U® >0 and V >0;
(b) an index-proper weak regular splitting [1], if U® >0 and UV >0;
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(c) an index-proper nonnegative splitting [4] if U °V > 0.
One can find that there exist some splitting which are not included in Definition 2.5.

2 00
Forexample,let A=|0 4 0 |and U = (1/2)A.Thenthe index of A and U are 1. Also R(A) = R(U) and N(A) =
0 40
1 0 0
N(U).Hence, A=U —V is an index-proper splitting. We can see that V £ 0, U® =| 0 0.5000 0 |>0 but
0 0.5000 O
-1 0 O
uPv=0 -1 0f=zo.
0 -1 0

The above example shows that the splitting is not included in the Definition 2.5, so that we cannot discuss its convergence according
to the theories of [4,5, 7]. Motivated by the definition of reverse proper splitting introduced by Mishra [9] and reverse splitting for
nonsingular matrices [16], here we propose another splitting called reverse index-proper splitting of square singular matrices.

I11. Main Results

We begin with the following definition.

Definition 3.1 A splitting A=U —V is called a reverse index-proper splitting of A, if R(V*) = RU*) and N(V¥) = NU*)

0 0 -1
Example 3.2 Let A=|0 —1 0 | and U = 2A Then the index of U and V are 2. Also, RUU?) = R(V*)and N(U?) =
0 -2 0

N(V ?). Hence, A=U —V is a reverse index-proper splitting of A.
A few properties of a reverse index-proper splitting are presented next.

Theorem 3.3 Let A=U —V be a reverse index-proper splitting. Then
@ WP =UUP=vPv,

() 1 —UPA is invertible:

©VP=(1-UPA)"UP.

Proof.
D _ —_ — D
@ W& = PR(vk),N(vk) a PR(U"),N(U“) =Uu”
() Let(I —UPA)x=0.Then x=UPAxe RU®) =RU*) =R(V°) =R(V*).
Therefore,
x =U P Ax
=U°U -V)x
= (U "Ux -U °Vx)
= (1 -U°V)x.

http://dx.doi.org/10.29322/1JSRP.9.10.2019.p9468 WWW.ijsrp.org



http://dx.doi.org/10.29322/IJSRP.9.10.2019.p9468
http://ijsrp.org/

International Journal of Scientific and Research Publications, Volume 9, Issue 10, October 2019 522
ISSN 2250-3153

Which implies UPVx =0. Pre-multiplying UPVx =0byU,we get Vx=0. So, xe N(V) = N(V¥). Hence Xe€
RV*) ANV ) ={0}.Thus, I —U P A is invertible.
() Suppose X = (I —UPA)'UP. Letx e R(V¥). Then

XVx = (1 —U ® A)™U Pvx
= (1 -UPA)U P (Ux - Ax)
=(1-UPA)* (U Ux-UP Ax)
=(1-UPA)*(x-UPAx)

(1-U°A)*(1 -U°A)x

=X

ifyeNV*)=NU") then Xy =(1 —UPA) Uy =0.Hence, X = (I —UPA)'U° =VP,

A relation between the eigenvalues of U ® A and V P A is established by a lemma given below.

Lemma 3.4 Let A=U —V be a reverse index-proper splitting. Let £4,1<1<S and Aj» 1< j<'s be the eigenvalues of the

i

matrices U® A (AU ®) and V ° A(AV ), respectively. Then for every i, there exists j such that z, = and for every J,

j
Hi

there exists i such that /1j = )
1-p

Proof. Since A=U —V is a reverse proper splitting of A, by Theorem 3.3 (c) V> = (I —U®A)™U °. Therefore,
VPA=(1-UPA)"UPA Let 1 bean eigenvalue of U ° A with an eigenvector X for somei. Then gz #1 and

VPAX = (I —UPA) UL AX

= 4;(1 -UPA)*x
__Hi X
1-p
Thus A is an eigenvalue of VV ° A, and so there exists some j such that Ajx = A X, where 4; is an eigenvalue of V PA
1-p 1-4
. Therefore, the two matrices U ® A and V ° A have the same set of eigenvectors with their eigenvalues related by A i~ 1L, for
—H

1=1,2,...,n. Again, U =V +Aso that U =V —(—A) is a proper splitting of U . Similarly, we have UPA=
(I +VDA)_1VDA
If A; isan eigenvalue of V P A for some j with an eigenvector y.then 4; #—1and
UPAy =(1 +VPA) VP Ay
D pA)-1
:lj(l +V- ATy
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’11'
= y.
1+ﬂ,j
lj . . D . . lj .
Hence is an eigenvalue of U ~ A, and so there exists some 1 such that M = Jfor j=1,2,...n.
1+ 4 + A

i i
A few more properties of a reverse index-proper splitting are discussed next.

Theorem 3.5 Let A=U —V be a reverse index-proper splitting. Suppose that U >0 and A>0. Then the following are
equivalent:

@ VP >0;
() VPA>0;
© p(UPA) <1.

Proof. (a)=> (b): The condition V° >0 and A>0 imply V°A> 0.

(b)=> (c): We have UPA>0 and VPA>0. Let A and AL be any nonnegative eigenvalues of V PA and UPA, respectively.

A A
Let f(A)= o7 A>0.Then f is strictly increasing function. Then by Lemma 3.4, u = TR So, u attains its maximum
+

when A is maximum. But A is maximum when A = p(V ®A). As a result, the maximum value of 2 is p(U °A). Hence,

DAY — p(VDA)
poU A)_—1+p(\/DA)<1

©=(@): Let p(UPA)<1. Then by Theorem 2.3, we have (I-UPV)™= Zfzo(U PA)* >0. sinceA>0, so
D _ D -1 D — ® D k

VP =(1-UPV)*uP =>" (UPA)*>0.

Next we introduce a subclass of a reverse index-proper splitting called reversible index-proper splitting and the definition is as follows.

Definition 3.6 A reverse index-proper splitting A =U —V is called a reversible index-proper splitting of A if 4, (U°A) >0 for
each i=1,2,...,n.

2 0 -1 2 0 0) (001

Example3.7Llet A=|-1 2 0 |=|0 2 0|-|1 0 O0|=U -V .Thentheindexof U and V are 1. Also
-12 0 0 20/ (10O

RU)=R(V) and N(U) = N(V).Hence A=U —V s a reverse index-proper splitting of A,

1 0 -0.5000
UPA=|-05000 1 0 and 4, (U°A)={0,1.5,05} fori=1,2,3.504 (U"A)>0.Hence, A possessa
—-0.5000 1 0
reversible index-proper splitting.

A convergence result for a reversible index-proper splitting is presented next.

Theorem 3.8 If A=U —V is a reversible index-proper splitting of A and p(U°A) <1, then p(U°V) <1.
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Proof. Since A =U —V is a reversible index-proper splitting, so 4, (U °A) >0 for i =1,2,...,n. By Theorem 3.3, we have
V=U(-UPA).s0, UPV =UPU(I ~UPA).wethenhave UPV +UPA=UU and 4, (U°V)+ A (UPA) =
A, (UPU) <1 for i =1,2,...,n. The condition p(U°A) <1 meansthat 0 < A (UPA) <1fori=1,2,...,n. Hence
p(UPV) <1,

Unlike index-proper regular splitting, index-proper weak regular splitting and index-proper nonnegative splitting, we now introduce
different subclass of a reversible index-proper splitting.

Definition 3.9 A reversible index-proper splitting A =U —V s called:

(a) areversible index-proper regular splitting, if U P>0and A0,

(b) a reversible index-proper weak regular splitting, if U® >0 and UPA>0,
(c) areversible index-proper nonnegative splitting, if U PA>0.

4.5 3

0.0533 0.0267 0.2667 0.1333 5
> >0 and A4, (U~A)={0,0.6667} Hence,

2 1 3 15 1 05
Example 3.10 Let A = 6 3 =U -V, whereU = 9 andV = 15] Then, A=U —V isareverse index-proper

DA —

splitting. Also UP = =

0.1600 0.0800) 0.8000 0.4000
A =U —V s areversible index-proper weak regular splitting.

Example 3.11 Let A= { 2}. Set U = 2A. Then, A=U —V s a reverse index-proper splitting. We can observe that

i)

5 _(—0.0556 -0.0556 5 0.1667 0.1667 5 _
= < A= >0 and A4, (U"A)={0,0.5}. Hence, A=U -V isa
-0.1111 -0.1111

0.3333 0.3333
reversible index-proper nonnegative splitting.

Now we present a convergence theorem for a reversible index-proper regular splitting.

Theorem 3.12 Let A=U —V be a reversible index-proper regular splitting with \V/ P > 0. Then the following conditions holds.
@Vv°®>UP;
() p(V°A) = pUPA);

© p(uDA)=1fg’T§)A)<1

Proof. (i) By Theorem 3.3 (c), we haveV ° = (I —U P A) U ® . soUPAV P =V ° —U P Since A possess reversible index-proper
regular splitting andV °® > 0,s0V° —UP >0. HenceV® >UP".

(ii) By post multiplying A in (i) and then Theorem 2.2 yields p(V ° A) > p(U P A) .

(i) Since A=U =V is a reversible index-proper regular splitting andV° >0, s0 V°PA>0 and UPA>0.Let 4 and 1L be

A
any nonnegative eigenvalues of V° A andU P A, respectively. Let f (1) = L A>0.Then f is strictly increasing function.
+
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A
Then by Lemma 3.4, p = R So, 4 attains its maximum when A is maximum. But A is maximum when 2 = p(V °A). As a
+

__pVOPA)
1+ p(V°A)

As an immediate consequence of Theorem 3.8 and Theorem 3.12, we obtain the following result.

result, the maximum value of 2 is p(U ® A) . Hence, p(U ° A)

Corollary 3.13 Let A=U —V be a reversible index-proper regular splitting. 1f V° >0, then pU PV) <1.

Comparison theorems between the spectral radii of matrices are useful tools in analysis of rate of convergence of iterative methods. An
accepted rule for preferring one iteration scheme to another is to choose the scheme having the smaller spectral radius.
Theorem 3.14 Let A=U, =V, =U, =V, be two reversible index-proper regular splitting such that VZD 2V1D >0.1f A>0,
then p(ULA) < p(ULA) <1.
Proof. By Theorem 3.12, we have p(U,°A) <1 for i =1,2. Since V, >V, and A>0, then V,A>V,A>0. So by Theorem
3.12, we have p(V,> A) > p(V,° A) > 0. Hence,
p\V,°A) < PV, A)
1+p(V,°A) 1+ p(V,° A) ’

D D
pU; A < pU A)<1.
The next result discusses convergence of a reversible index-proper weak regular splitting.

Theorem3.15 Let A =U —V be a reversible index-proper weak regular splitting. Then (a) = (b) = (c) = (d) = (e) = ()
=(g), where

@ VP U >0;
_pViU)-1
() pUPA) =2
p(V°U)
(© p(U°A) <1;
@ (1-UPA)™>0;

e VPA>0;
fHVPA>UPA;
DA)
uopy = PV A
@ o )1+p(\/DA)

Proof. Since A has a reversible index-proper weak regular splitting, so A possess reverse index-proper splitting with

U®>0UA>0.

(@ = (b): Since U P A >0, then by theorem, there exists a nonnegative vector X (X # 0) such that U ® Ax = p(U ® A)X . Hence
xeR(UP)=RU"), so thatx =UPUx. By Theorem 3.3, we have V° = (1 =UPA)"UP® which implies V°U =
(1 -UPA)™"UPU . Then
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V PUx = (I U P A)™U PUx

=(1-UP°A) "X
1
=X
1- p(UPA)

D —
So, ;D >0 and is an eigenvalue of V °U . Hence 0 < ;D < p(VPU) implies p(U P A) < 'O(V—lil).
1-pU"A) 1-pU"A) p(V-U)

Again, the condition V °U >0 yields existence of a nonnegative vector Yy (y #0) such that V °Uy = p(V °U)y. Also

D[ —(1 _11D D , oo DA/ D[ h/ =\/ D[ hs _ b5, - PV°U -1)
UU=(-U"AV-Uy which impliesU"AV-Uy=V-Uy—y. Hence, U“Ay-= Wy. So
Yo,

p(V°U -1) UPA
VU RS

(b) = (c): Obvious.

(¢) = (d): The condition U ® A >0 and Theorem 2.3 yields (I —-UPA)™" = ZTZO(U PA¢>0.

(d)=(e): By Theorem 3.3, we also have V° =(1-UPA)"UP. since,(1 -UPA)™ >0,UPA>0, then V°A=
(1 -UPA)™UPA implies V°PA>0.

© = (f:Since VPA= (1 -UPA)"UPA . so(1 -UPAVPA=UPA, ie,VPA-UPA=UPAVP A . Again V°A>0
and UPA >0 implies VPA—UPA>0.Hence VPA>UPA
(f) = (9): The proof of this is similar to that of Theorem 3.12 (b) = (C) .

A convergence result for the reversible index-proper nonnegative splitting is proved next.

Theorem 3.16 Let A=U -V be a reversible index-proper nonnegative splitting. Then VPA>0 if and only if

o PVCA)
pU A)—m<l

Proof. Suppose thatV ® A> 0. The fact A=U —V isareversible index-proper nonnegative splitting yields that A possess a reverse
proper splitting withU ® A > 0. Now the proof is similar to that of Theorem 3.5 (c).

Conversely, assume that o(U P A) <1. Then by Theorem 2.3, we get (I —UPA)™ = z::O(U PA)¥ >0.Since VPA=

D A\-1] 1D Dp -\ D Ak
(I1-U“A)"U"A , so, we haveV " A= zk:l(U A >0.
As an immediate consequence of Theorem 3.8 and Theorem 3.16, we obtain the following results.

Corollary 3.17 Let A=U —V be a reversible index-proper nonnegative splitting. If V> A> 0, then pU PV) <1.

pvIU)-1
p(V°U)

Theorem 3.18 Let A=U —V be a reversible splitting with\V °U > 0. Then p(U ° A) =

Conversely, if o(UPA) <1, then V°U >0.
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