International Journal of Scientific and Research Publications, Volume 4, Issue 10, October 2014 1
ISSN 2250-3153

On Strong Product of Two Fuzzy Graphs

Dr. K. Radha* Mr.S. Arumugam**

* P.G & Research Department of Mathematics, Periyar E.V.R. College, Tiruchirapalli-620023
** Govt. High School, Thinnanur, Tiruchirapalli-621006.

Abstract- In this paper, the strong product of two fuzzy graphs is defined. It is proved that when two fuzzy graphs are effective then
their strong product is always effective and it is proved that the strong product of two complete fuzzy graphs is complete. Also it is
proved that the strong product of two connected fuzzy graphs is always connected. The lower and upper truncations of the strong
product of two fuzzy graphs are obtained. The degree of a vertex in the strong product of two fuzzy graphs is obtained. A relationship
between the direct sum and the strong product of two fuzzy graphs is obtained.
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I. INTRODUCTION

uzzy graph theory was introduced by Azriel Rosenfeld in 1975. The properties of fuzzy graphs have been studied by Azriel

Rosenfeld[9]. Later on, Bhattacharya[7] gave some remarks on fuzzy graphs, and some operations on fuzzy graphs were
introduced by Mordeson.J.N. and Peng.C.S.[3]. The conjunction of two fuzzy graphs was defined by Nagoor Gani.A and Radha.K.[4].
We defined the direct sum of two fuzzy graphs and studied the effectiveness, connectedness and regular properties of the direct sum of
two fuzzy graphs [8].
In this paper, the strong product of two fuzzy graphs is defined. It is proved that when two fuzzy graphs are effective then their strong
product is always effective and it is proved that the strong product of two complete fuzzy graphs is complete. Also it is proved that the
strong product of two connected fuzzy graphs is always connected. The lower and upper truncations of the strong product of two fuzzy
graphs are obtained. The degree of a vertex in the strong product of two fuzzy graphs is obtained. A relationship between the direct
sum and the strong product of two fuzzy graphs is obtained.

First let us recall some preliminary definitions that can be found in [1]-[9].

A fuzzy graph G is a pair of functions (o, p) where o is a fuzzy subset of a non empty set V and p is a symmetric fuzzy
relation on . The underlying crisp graph of G:(o, ) is denoted by G*(V, E) where EcVxV.

Let G:(o, p) be a fuzzy graph. The underlying crisp graph of G:(o, p) is denoted by G*:(V, E) where E c VxV. A fuzzy
graph G is an effective fuzzy graph if p(u,v) = o(u) A o(v) for all (u,v)eE and G is a complete fuzzy graph if p(u,v) = o(u) A o(v) for
all u,veV. Therefore G is a complete fuzzy graph if and only if G is an effective fuzzy graph and G* is complete. (¢ ', p') is a
spanning fuzzy subgraph of (o,u) if 6 =¢" and p’'  p , that is, if ¢ (u) = o '(u) for every ueV and p'(e) < p(e) for every ecE.

The degree of a vertex u of a fuzzy graph G is defined as d, (u) = > _p(uv) = D" p(uv).

u=v uvekE
The Cartesian product of two fuzzy graphs Gi:(o1,11) and Gy:(o2,u,) is defined as a fuzzy graph G= G1xG,: (61 X o3, [ X W)
on G*:(V,E) where V = V; x V, and E = {((uy, v1)(Uy, V2)) / U1= Uy, V4 Vo€E, OF V1= Vy,Ug U,eEq}
with (o1 X 6)(U,V) = 61(U) A o2(v), for all (u, v) eV x V, and

(%) (U V2 ) (U, V) :{Gl(ul)/\ 1, (V,Vy)

o, (V) A (U uy) Jfv, =v,,uu, eE,

,Jifu, =u,,vv, €E,

The conjunction or the tensor product of two fuzzy graphs Gi:(oy,pi) and Gji(o,,pp) is defined as a fuzzy graph
G = G1AGs: (o, ) on G*:(V,E) where V = V; x V, and E = {((ug, v1)(Us, V,)) / Uy UeEy , viVoeEL} with o(uy, Vi) = 61(Ug) A 62(vy), for

all (ug, v) Vi x Vaand p((uy,v,)(u,V,)) =m (U, u,) A, (vv,), forall(u,, v, )(u,,v,) E.
If G1:(o1,11) and G,:(oy,11,) are two fuzzy graphs such that o; < p, then o, > py[6].

The lower and upper truncations of ¢ at level t, 0 < t < 1, are the fuzzy subsets o and o defined respectively by ,

u),ifu e t ifued
o ={ U g oy =yt HTUEO
0 ,ifugo' o(u),ifuec .
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Let G:(o,u) be a fuzzy graph with underlying crisp graph G*:(V,E). Take V() = o', Egy = u'. Then Gp:(ow k) is a fuzzy
graph with underlying crisp graph Gy*:(V, E). This is called the lower truncation of the fuzzy graph G at level t. Here V, and Eg,
may be proper subsets of V and E respectively. Take V® = Vv, E® = E. Then GY:(c®, u®) is a fuzzy graph with underlying crisp graph
GO*: (v EY). This is called the upper truncation of the fuzzy graph G at level t[5].

Let G;:(o1,11) and Gy:(o,,u,) denote two fuzzy graphs with underlying crisp graphs G,*:(V1,E;) and G,*:(V,,E,) respectively.
LetV=V;AV,and letE={uv/uveV; uv eE; or uv eE, but not both }.

Define G:(o, p) by

o, (u) JifueV, -V,

o(u) =<0o,(u) JifueV, -V, and p(uv) =

c,(Wvo,),ifueV,NnV,

Then if uv eEy, p(uv) = py(uv) < 61(U) A 61(V) < o(u) A o(v), if uv €E,, p(uv) = po(uv) < o,(U) A 62(v) < 6(u) A o(Vv). Therefore (o, p)
defines a fuzzy graph. This is called the direct sum of two fuzzy graphs.

W, (uv),ifuveE
w,(uv),ifuveE,

I STRONG PRODUCT

Definition 2.1

Let G;:(o1,11) and Gy:(o2,12) denote two fuzzy graphs with underlying crisp graphs G,*:(V1,E;) and G,*:(V,,E,) respectively.
The normal product of G;* and G,* is G* = G;*oG,*: (V, E) where V = V; x V, and E = {(u, vi)(Uy, Vo) / U= Uy, vy V,€E, or
V1=V,,U; UpeE; Or Uy U,eEy and Vi V2€E2}.

Define G:(o, p), where 6 = 610 6, and L=y o p, by

o(ug, V1) = o1(Uy) A o,(vy), for all (uy, vq) €V x V, and

Sy (Up) A By (VyVy) Jifu, =u,,vv, €E,

”((ul’ Vl)(UZ' Vz)) =10,(V;)) A (U u,) Jifv, =v,,uu, eE,
(U U) Ay (veV,) L ifugu, € By, €E,

If ui= Uy, V1 V2€E;, 61(Us) A pa(V1 V2) = 61(Us) A 61(U2) A Ma(V1 V2) < 61(U1) A 61(Uz) A 62(V1) A G2(V2)

= 61(U1) A 62(V1) A 61(Up) A 62(V2) = o(uy, V1) A o(uz, V2)

Similarly if vi= vy, U Uz€E1, 65(V1) A (Ui Un) < o(uy, Vi) A o(Uy, Vo)

If u; u,eBy and vy Vo€ By, pa(Ug Up) A pa(Va V2) < 61(Ug) A 61(Uz) A 62(V1) A 62(V2) = o(Uy, V1) A 6(Ug, V2)
Hence u((ug, Vi)(Uy, V2)) < o(Ug, Vi) A o(Uy, Vy). Therefore G:(o, p) is a fuzzy graph. This is called the normal product or the strong
product of the fuzzy graphs G, and G, and is denoted by G; o G,.
Example 2.2

The following Figurel gives an example of the strong product of two fuzzy graphs.

Gy, f4) Ga:lo, &) Uy (0. 4)
Uy (0. 4) yy(0.6) ¥5(0.7)
0.3
0.2
0.3 0.3
Uz ws(0,4)
us(0.7) val(0.3)

Figure 1: The strong product G, o G, of G, and G,

Theorem 2.3:

If G; and G, are two effective fuzzy graphs, then G,0G, is an effective fuzzy graph.
Proof:

Let G; and G, be effective fuzzy graphs.

Then py(uiuy) = o1(u)Aci(uy) for any usu,eEq and po(vivo) = 65(V1) A o,(V,) for any viv,eE.
Therefore proceeding as in the definition,
If U= Uy, VivoeEy, p((uy, Vi)(Uz, V2)) = 01(Us) A pa(V1V2) = 61(Ur)Ac1(Uz) A 02(Vi)AG2(V2) = (01(U1)AG1(U2)) A (G2(Vi)As2(V2))
= o(uy, V1) A o(Uy, Vo). Similarly,
If vi= vy, UpUp By, u((Ug, V1)(Uz, V2)) = o(Ug, Vi) A 6(Uz, V2)
If uiu,€Ey and vavoe By, u((Uy, Vi)(Uz, V2)) = o(Us, V1) A o(Uz, Va).
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Hence G;0G, is an effective fuzzy graph.

Theorem 2.4:

If G; and G, are two complete fuzzy graphs, then G;0G, is a complete fuzzy graph.
Proof:

Let G; and G, be complete fuzzy graphs. Then G; and G, are effective fuzzy graphs and G,* andG,* are complete graphs.
Therefore G,0G, is an effective fuzzy graph by Theorem 2.2 and G;*oG,* is a complete graph. Hence G;0G, is a complete fuzzy
graph.

Example 2.5:
The following Figure 2 gives an example of the strong product of two effective fuzzy graphs.

Gy, fi) G2, &) &0 Gzo, ()
uy[0.2) v(0.3) Uy ¥4(0.5) 0.3 Ly wz(0.3)

L ]

0.3
0.3 0.5 0.3
0.6
0.3

L]

L,Izl:D.Ej "."2('].3) Uz "."1(']5) 0.3 Us 1-';(03]

Figure 2: The strong product G; o G, of two effective fuzzy graphs G, and G,

Example 2.6:
The following Figure 3 gives an example of the strong product of two complete fuzzy graphs.
G,o Goio, [4) Ly ¥3(0.5)

Guilow, ) G0z, i)
UI(D.S) \"1[:05) 0.4 '\."3(0.4:] tt Vl(DIS)

0.4

0.4 0.5
0.4

ug{0.4) vo(05) Uz v,(0.4)

uzvz(0.4)
Figure 3: The strong product G; o G, of two complete fuzzy graphs G; and G,

Theorem 2.7:

The strong product of two connected fuzzy graphs is always a connected fuzzy graph.
Proof:

Let Gi:(o,iy) and Gyi(oy,up) be two connected fuzzy graphs with underlying crisp graphs G;*:(Vy,E;) and G,*:(V,,E))
respectively.

LetVi={uy, Us, ovnnennn. Umpand Vo ={vy, Vo, ooonae 2V}

The strong product of two connected fuzzy graphs G;:(c1,11) and G,:(o,u,) can be taken as G:(o, w) where ¢ = 6,0 o, and
M=t O Ho.

Now consider the ‘m’ sub graphs of G with the vertex sets {uvy, Uiva, ........... UV} fori=1,2,...... ,m.

Each of these sub graphs of G is connected since the u;’s are the same and since Gy is connected, each v; is adjacent to at least
one of the vertices in V,.

Also since G; is connected, each u; is adjacent to at least one of the vertices in V.

Therefore there exists at least one edge between any pair of the above ‘m’ sub graphs. Hence G is a connected fuzzy graph.
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111 TRUNCATIONS OF THE STRONG PRODUCT OF TWO FUZZY GRAPHS

Theorem 3.1: (G; 0 Gy)gy = Gy © Gy and (G 0 Gp) = G, 0 G,
Proof:

(6,°0,)(u,v) Jif (o,00,)(u,v)>t

We have (Glocz)(t)(U,V)Z{o if (5,00,)(u,v) <t
’ 1 2 !

Now (61¢ © 2) (U,V) = 615 (U) A G2(V)
If (51 © 62)(U, V) > t, then o1(u) A 62(V) >t = o1(u) > tand cx(V) > t =63)(U) = 61(U), o2 (V) = o2(V)

=01(UA G209(V) = 61(U)As(V)= (61007)(U, V).
If (61 0 62)(u, V) <t, then o;(u) A o,(V) <t = either o;(u) <t, o,(V) >t or oy(U) >1t, 65(V) <toroy(u) <t, o,(V) <t
= o1((U) =0, o2)(V) = 62(V) Or o1((U) = 61(U), G2¢(V) = 0 O G35 (U) = 0, op(V) =0

= Gl(t)(U)/\Gz(t)(V) =0.
(0,°0,)(u,v),if(c,°0,)(u,v) >t
Therefore (o, © Gy ) (U, V) =0y (U) AG,, (V)= {O i#(0,00,)(uv) <
Hence (o1 © 62)(U,V) = (o1(y © o29) (U,V) for every (u,v) Vi x V.
(Hl 0“2) (u1iv1)(u2'vz) Jif (Hl 0“2) (ul’vl)(u2lv2) >t
Now (“1"“2)(0 ((ul'vl)(UZ’Vz)):{ ( ) ( )

0 AF (o, ) (U, v ) (U, v,)) < t

If (o1 0 62)(u, V)=t, then o1(Uy) A pa(ViVe)>t of 65(Vi)A pa(Uglp) > tor py(Ugup) A pp(Vevy) >t
Proceeding as above, we can show that

o, (U;)om, (Vi V,) it oy (uy)op, (vy,v,) 2t
o, (uy)opy (ug,u,) Jifo, (vy)op (u,u,)>t
Hl(ulvuz)/\uz (Vl’Vz) if “1(”11”2)/\142 (Vi v,) 2t
0 Jf g (U, u,) Ap, (v, v,) <t
2{(H1 OHz)((Ule)(Usz)) if (“1 OHZ)((ullvl)(UZ’VZ)) 2t
0

Jif (Hl Ouz)((ullvl)(uzvvz)) <t

Therefore (ny0op2)g( (Ug, Vi)(Uz, V2)) = (1 1 © K 29)((U1, V1)(Uz, V2)) for every edge (ug,vi)(Up, V2) in Gy o G,
Hence (Gl o GZ)(t) = Gl(t) o GZ(t)-
Proceeding in the same way, we can show that (G; o G,)" = G,% o G,".

(Bago @ B ) (U vy ) (U5, v,)) =

IV. DEGREE OF A VERTEX IN THE STRONG PRODUCT OF TWO FUZZY GRAPHS

The degree of any vertex in the strong product G; o G, of two fuzzy graphs G;:(o1,p1) and G,:(o,,1y) is given by,
Ao, ULV = D oU)Am(VV)+ Y mUu)Ac(v)+ D m(uu) A p,(vv,) . This expression can be

uij=uy,vjv, €E, ujuy By, vj=v, uju €Eq,vjv, €E,

simplified using the terms of the degrees of vertices in G; and G, with some constraints.

Theorem 4.1:
If G1:(o1,111) and G,:(o,, 1) are two fuzzy graphs such that 6, > p, and 6,> py and py A po = ¢ (a constant), then the degree of a
vertex in the strong product of the two fuzzy graphs Gii(o,w) and  Gyi(onpp) iS  given by,

dGloGz (U, vy) = dG2 (Vj) +d(;1 (ui)+[dGI (ui)dez (Vj)]c'

Proof:
Let Gi:(oq,111) and G,:(o,,10) be two fuzzy graphs with underlying crisp graphs G;*:(V1,E;) and G,*:(V,,E,) respectively.
Suppose that 6, > p, and 6,2y and py A = € (a constant), then
O 2 H, =0 A M, =, aNd 6, 2 Wy =0, A =1y

Now,

deloez (uiij): Z oy (U A “Z(Vjvé)-’_ Z (Ui ) A GZ(Vj)+ z p(Uu) A Hz(Vjva) .

Ui =uy,vjv, €E; Ujuy By vi=v, ujuy €Eq,vjv, €E,
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de,.q, (Ui, V) = Z Hy(Vyv,)+ Z  (Uuy) + Z c

uj=uy,vv, g, uju By vi= v, ujuy €Ey,vjv, €E,

= dG2 (Vj) "’de1 (u;) +[dGI (ui)dez (Vj)]c'

Theorem 4.2:
If G1:(o1,111) and Gy:(o2,12) are two fuzzy graphs such that o3> p, and 6, > y and py v pp = C (a constant), then the degree of
a vertex in the strong product of the two fuzzy graphs Gi(op,ui) and  Gyi(oaup) IS given by,

oo, (U, V) =[L+ dg. (V)]dg, (U) +[1+d (U)]dg, (v)) ~[d (U)d . (v)IC:

Proof:
Let Gy:(o1,11) and G,:(oy,112) be two fuzzy graphs with underlying crisp graphs G;*:(V1,E;) and G,*:(V,,E,) respectively.
Suppose that 6, > p, and 6,> py and py v pp = C (a constant), then
O 2 H, DO A M=, aNd 6, 2 Wy =0, A =1y
Now,
dGloGz (U, v)) = Z oy (U A P-z(VjV/)"' Z Hy (UU ) A c72(",’)“’ Z B (Uu ) A Mz(VjV/)
Ui =uy Vv, €E, uiu €Ey vi=v, uiug By vyv By
= Z Hz(VjV/)"' z (Ui, ) + Z [“1(uiuk)+H2(Vjve)_“1(Uiuk)VHz(VjVe)]
uj=uy,vv, €E; uju €Eyvj=v, uju €y, vjv, €E,
—do, V)W) Y mUu) Y mey) - Y ) v (v,
uiug €Ey,vjv, €k, Ujuy €Ey,vjv, €E, ujug €Ey,vjv, €E,
=dez (Vj)+dG1(ui)+dG; (Vj)dGl(ui)+dGI(ui)dGz(vj)_ Z c
uug By vyv, eEy
=1+ dg; (v;)]d, () + L+ d, ()], (v)) = [d; (u)d; (v)IC.
Theorem 4.3:

If Gi:(o1,11) and G,:(o,,up) are two fuzzy graphs such that o3 < p, and py A pp = € (a constant), then the degree of a vertex in
the strong product is given by, de,.c, (U;,V;) = de; (v))o,(u;) +dg, (u;) +[dGI (“i)de; (v)lc.

Proof:
Let Gi:(o1,11) and G;:(oy,1p) be two fuzzy graphs with underlying crisp graphs G;*:(V1,E;) and G,*:(V,,E,) respectively.
Suppose that 61 < p,. Then o,> py. This implies that o; < 6,. Also u; A pp = ¢ (a constant).
Now,
de,.q, U, V) = Z o (U) A py(vyv,)+ z (U ) A o, (V) + z Hy (U ) A g (Vvy)
uj=uy Vv, €E, uiu €Ey vi=v, uu By viv ek,
= Z o, (u;) + Z  (uguy) + Z B (Uu ) A “2(VjV/)
Ui =uy Vv, €E, uiug By vi=v, uiu By vjv, By
=dg (V))oy () +dg, (u)) +[d; (u)d . (v)]e.
Example 4.4:

If Gi:(o1, Wy) and G,:(o,, p) are two fuzzy graphs such that o, < p, and py; A pp = € (a constant), then their strong product
G, oG, :(o,u) isgiven in the following example.

G0 Gaio, ) Ly wo(0.3)
Gy:loy, () Gz, [&)
uy(0.3) wy(0.6) v3(0.5) Uy wy(0.3) Uy v5(0.3)
0.6
0.3 0.3 0.3
l/
Uz(0.4) v3(0.7) uzvy(0.4) Uz vgl0.4)
0.4

Uz wa(0.4)
Figure 4: The Strong Product of two fuzzy graphs such that 6; < p, and py A p, =0.3.

Now,
de,.q, (U, Vy) =d . (V)0 (U;) +dg (uy) +[d . (u;)d . (v)]c=1x0.3+0.3+1x1x0.3=0.9
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dg,.q, (Uy,V,) =d . (V,)0,(U,) +dg (U,) +[d . (u,)d . (v,)]c=2x0.4+0.3+1x2x0.3=1.7

V. RELATIONSHIP BETWEEN THE DIRECT SUM AND THE STRONG PRODUCT

Theorem 5.1:

The strong product of two fuzzy graphs G; and G, is the direct sum of the Cartesian product of G; and G, and the
conjunction of G; and G..
Proof:

From the definitions, (6106,)(u,v) = (61 X 6,)(1,v) = (61 A 62)(u,v) = 61(U) A 62(V) for every (u,v) eV xV.,.
So ((61 © 62) @ (61 A 62))(u, V) = 61(U) A 62(v) for every (u,v) eViXVs.
Hence (61 © 65)(u,v) = ((61 x 62) ®( 61 A 62))(U, V) for every (u,v) € VixV,.
From the definitions of Cartesian product and the conjunction,

oy (U)o, (vi,v,) Jifu, =u,,v,v, €E,

(Hlx uz)®(l'l1/\ Hz)((upvl)(uz’vz)): GZ(U:L)OMJ.(UJ.’UZ) v =v,,uu, eE
(U, Up) Ap, (Ve V,) Lifuu, eEjandvyy, €E,

:(Hl ° “2)((“17"1)(“2'\/2))

Hence G; o G, = (G1XGy) @ (G AG,).

VI. CONCLUSION

In this paper, the strong product of two fuzzy graphs is defined. It is proved that when two fuzzy graphs are effective then
their strong product is always effective and it is proved that the strong product of two complete fuzzy graphs is complete. Also it is
proved that the strong product of two connected fuzzy graphs is always connected. The lower and upper truncations of the strong
product of two fuzzy graphs are obtained. The degree of a vertex in the strong product of two fuzzy graphs is obtained. A relationship
between the direct sum and the strong product of two fuzzy graphs is obtained. Operation on fuzzy graph is a great tool to consider
large fuzzy graph as a combination of small fuzzy graphs and to derive its properties from those of the small ones. Through this paper,
a step in that direction is made.
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