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Abstract: Yang-Mills theory is the (non-Abelian) quantum field theory underlying the Standard Model of
particle physics; \mathbb{R}"4 is Euclidean 4-space; the mass gap A is the mass of the least massive
particle predicted by the theory. Therefore, the winner must first prove that Yang—Mills theory exists and
that it satisfies the standard of rigor that characterizes contemporary mathematical physics, in particular
constructive quantum field theory, which is referenced in the papers 45 and 35 cited in the official problem
description by Jaffe and Witten. The winner must then prove that the mass of the least massive particle of
the force field predicted by the theory is strictly positive. For example, in the case of G=SU (3) - the strong
nuclear interaction - the winner must prove that glueballs have a lower mass bound, and thus cannot be
arbitrarily light. Biagio Lucini, Michael Teper, Urs Wenger studied Glueballs and k-strings in SU (N) gauge
theories : calculations with improved operators testing a variety of blocking and smearing algorithms for
constructing glueball and string wave-functionals, and find some with much improved overlaps onto the
lightest states. They use these algorithms to obtain improved results on the tensions of k-strings in SU (4),
SU (6), and SU (8) gauge theories. Authors emphasise the major systematic errors that still need to be
controlled in calculations of heavier k-strings, and perform calculations in SU (4) on an anisotropic lattice
in a bid to minimise one of these. All these results point to the k-string tensions lying part-way between the
"MQCD' and "Casimir Scaling' conjectures, with the power in 1/N of the leading correction lying in [1,2].
(See the paper). They also obtain some evidence for the presence of quasi-stable strings in calculations that
do not use sources, and observe some near-degeneracies between (excited) strings in different
representations. We also calculate the lightest glueball masses for N=2... 8, and extrapolate to N=infinity,
obtaining results compatible with earlier work. Biagio Lucini et al show that the N=infinity factorization of
the Euclidean correlators that are used in such mass calculations does not make the masses any less
calculable at large N. JHEP0406:012,2004DOI: 10.1088/1126-6708/2004/06/012 arXiv: hep-
lat/0404008.Quantum field theory (QFT) is a theoretical framework for constructing quantum mechanical
models of subatomic particles in particle physics and quasiparticles in condensed matter physics, by treating
a particle as an excited state of an underlying physical field. These excited states are called field quanta. For
example, quantum electrodynamics (QED) has one electron field and one photon field, quantum
chromodynamics (QCD) has one field for each type of quark, and in condensed matter there is an atomic
displacement field that gives rise to phonon particles. Ed Witten describes QFT as "by far" the most difficult
theory in modern physics. Towards the end of consummation of solution of this long outstanding problem
we make two assumptions that the statements are true or not and the properties is testified by manifested
actions. This bears ample testimony, infallible observatory and impeccable demonstration of the fact that
state mental propositions in either case shall testify the prediction, projection, stability analysis results by
experiments to prove or disprove the theory. In essence the method is that of false princeps and reductio ad
absurdum. Quintessentially it is one model. Towards the end of circumvention of repeated projection of
superscripts and subscripts which is of the order 56, we give the model in two sections. Notwithstanding
variables are all to be taken as different and concatenation is to be done. As said towards the end of

www.ijsrp.org



International Journal of Scientific and Research Publications, Volume 3, Issue 10, October 2013 2
ISSN 2250-3153

obtention of felicity of expression and avoiding the extensive superscriptal and subscriptal typing which
might cause systemic errors, model is bifurcated in to two. Section two is only progressive of section one.

INTRODUCTION—VARIABLES USED

Source: Wikipedia
The problem is phrased as follows:
Yang-Mills Existence and Mass Gap

(1) For any compact simple gauge group G, a non-trivial quantum Yang—Mills theory exists (eb)

on ]E4 and has a mass gap A > 0. Existence includes establishing axiomatic properties at least as
strong as those cited in Streater & Wightman (1964), Osterwalder & Schrader (1973)
and Osterwalder & Schrader (1975).

(2) For any compact simple gauge group G, a non-trivial quantum Yang—Mills theory does not exist

(eb) on ]R4 and has a mass gap A > 0. Existence includes establishing axiomatic properties at least
as strong as those cited in Streater & Wightman (1964), Osterwalder & Schrader (1973)
and Osterwalder & Schrader (1975).

(3) In this statement, Yang-Mills theoryis (=) the (non-Abelian) quantum field theory underlying

the Standard Model of particle physics; ]R4 is Euclidean 4-space

(4) The mass gap A is the mass of the least massive particle predicted by the theory.

(5) Therefore, the winner must first prove that Yang—Mills theory exists and that it (eb) satisfies the
standard of rigor that characterizes contemporary mathematical physics, in particular constructive
quantum field theory, which is referenced in the papers 45 and 35 cited in the official problem
description by Jaffe and Witten.

(6) The winner must then prove that the mass of the least massive particle of the force field predicted
by the theory is (=) strictly positive.

(7) For example, in the case of G=SU (3) - the strong nuclear interaction - the winner must prove
that glueballs have (e) a lower mass bound

(8) Thus glueballs cannot (e) be arbitrarily light.

(9) Yang-Mills theories are a special example of gauge theory with a non-abelian symmetry group
given by the Lagrangian

1 2 1 v
Lo = —§Tr(F ) = —EFGP FL

with the generators of the Lie algebra corresponding to the F-quantities (the curvature or field-strength form)
satisfying

1
2
and the covariant derivative defined as

D, =10, —1igT" 4]

Te(T°T") = =6%, [T°,T" =if"™T*

a
where | is the identity for the group generators, ~ " is the vector potential, and g is the coupling constant.
In four dimensions, the coupling constantgis a pure number and for a SU(N) group one
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has @, b,e=1...N? — 1.

The relation

F,, = 8,45 — 8,45 + gf™ AL A7
can be derived by the commutator

[Dy, D] = —igT"Fy,.

The field has the property of being self-interacting and equations of motion that one obtains are said to be
semilinear, as nonlinearities are both with and without derivatives. This means that one can manage this
theory only by perturbation theory, with small nonlinearities.

Note that the transition between "upper" (“contravariant) and "lower" (“covariant") vector or tensor
abe
components is trivial for a indices (e.g. f - f abe), whereas for p and v it is nontrivial, corresponding

e.g. to the usual Lorentz signature, N = dl&g(—|— - __).

From the given Lagrangian one can derive the equations of motion given by

[ [v} abe j.bb c
PFC + gf ™ A" FE, = 0.

i
g
Putting F-““‘ =T Pﬁ“, these can be rewritten as
a
(D*F,,)* = 0.

A Bianchi identity holds
[:D#Fw-a)ﬂ + (DRF#V)E + (DVFN#)G =0.
which is equivalent to the Jacobi identity

D, [Dy, D)) + (D, [D,. D) + (D, [y D, = 0.

~ 1
gy T v po
aq_ Y =—¢ F
since [D.u! Fun] — _EQD#FEE. Define the dual strength tensor 2 ‘M, then
the Bianchi identity can be rewritten as
D,F™ = 0.

a
A source ~ E enters into the equations of motion as

abe 4 b . a
O'F?, + gf ™ AMFT, = _J°.

Note that the currents must properly change under gauge group transformations.
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We give here some comments about the physical dimensions of the coupling. We note that, in D dimensions,
2-0

2 D—4
the field scales as [*_1] — [L 2 ]and so the coupling must scale as [Q ] - [L ] This implies

that Yang—Mills theory is not renormalizable for dimensions greater than four. Further, we note that, for D =
4, the coupling is dimensionless and both the field and the square of the coupling have the same dimensions
of the field and the coupling of a massless quartic scalar field theory. So, these theories share the scale
invariance at the classical level.

NOTATION

Module One

For any compact simple gauge group G, a non-trivial quantum Yang—Mills theory exists (eb) on ]E4 and
has a mass gap A > 0. Existence includes establishing axiomatic properties at least as strong as those cited
in Streater & Wightman (1964), Osterwalder & Schrader (1973) and Osterwalder & Schrader (1975).

Gy3 . Category one of For any compact simple gauge group G, a non-trivial quantum Yang—Mills theory

G,4 . Category two of For any compact simple gauge group G, a non-trivial quantum Yang—Mills theory.
Systemic differentiation. There are various systems to which Yang Mills theory is applicable and mass
gap exists. Characterstics of these systems are taken | to consideration in the consummation of the
diaspora fabric of the classification doxa.

G5 : Category three of For any compact simple gauge group G, a non-trivial quantum Yang—Mills theory

. B! . . o
T,z : Category one of exists (eb) on R" and has a mass gap A > 0. Existence includes establishing
axiomatic properties at least as strong as those cited in Streater & Wightman (1964), Osterwalder &
Schrader (1973) and Osterwalder & Schrader (1975).

. 4
T,4 : Category two of exists (eb) on [E” and has a mass gap A > 0. Existence includes establishing
axiomatic properties at least as strong as those cited in Streater & Wightman (1964), Osterwalder &
Schrader (1973) and Osterwalder & Schrader (1975).

. 4
T,s : Category three of exists (eb) on [R” and has a mass gap A > 0. Existence includes establishing
axiomatic properties at least as strong as those cited in Streater & Wightman (1964), Osterwalder &
Schrader (1973) and Osterwalder & Schrader (1975).

Module Two

For any compact simple gauge group G, a non-trivial quantum Yang—Mills theory does not exist (eb)

on ]E4 and has a mass gap A > 0. Existence includes establishing axiomatic properties at least as strong as
those cited in Streater & Wightman (1964), Osterwalder & Schrader (1973) and Osterwalder & Schrader
(1975)

G,¢ : Category one of For any compact simple gauge group G, a non-trivial quantum Yang—Mills theory
does not

G,;: Category two of For any compact simple gauge group G, a non-trivial quantum Yang-Mills theory
does not

G,g: Category three of For any compact simple gauge group G, a non-trivial quantum Yang—-Mills theory
does not

. 4 . . _—
Ti¢: Category one of existence (eb) on IR™ and has a mass gap A > 0. Existence includes establishing
axiomatic properties at least as strong as those cited in Streater & Wightman (1964), Osterwalder &Schrader

www.ijsrp.org



International Journal of Scientific and Research Publications, Volume 3, Issue 10, October 2013 5
ISSN 2250-3153

(1973) and Osterwalder & Schrader (1975)

. 4 . . .
T,; : Category two of existence (eb) on B and has a mass gap A > 0. Existence includes establishing
axiomatic properties at least as strong as those cited in Streater & Wightman (1964), Osterwalder &
Schrader (1973) and Osterwalder & Schrader (1975)

. 4 . -
T,s : Category three of existence (eb) on " and has a mass gap A > 0. Existence includes establishing
axiomatic properties at least as strong as those cited in Streater & Wightman (1964), Osterwalder &
Schrader (1973) and Osterwalder & Schrader (1975)
Module three

In this statement, Yang—Mills theory is (=) the (non-Abelian) quantum field theory underlying the Standard

. . 4. .
Model of particle physics; R™ is Euclidean 4-space
G,, : Category one of(non-Abelian) quantum field theory underlying the Standard Model of particle

physics; ]Ei is Euclidean 4-space

G,; . Category two of(non-Abelian) quantum field theory underlying the Standard Model of particle
. 4. .

physics; IR™ is Euclidean 4-space

G,, . Category three of(non-Abelian) quantum field theory underlying the Standard Model of particle

. 4. .
physics; [®™ is Euclidean 4-space
T,, : Category one ofYang—Mills theory. Systemic differentiation is undertaken for execution. There are
various systems in the world that satisfy the axiomatic predications, postulation alcovishness, and
phenomenological correlates of the Yang mills Theory. Some of them are under experimental observation.
Characterstics of these systems so mentioned in the foregoing and which are under the investigation form the
bastion for the classification scheme.
T,,: Category two ofYang—Mills theory
T,, : Category three ofYang—Mills theory

Module four

The mass gap A is the mass of the least massive particle predicted by the theory

G,, : Category one of mass of the least massive particle predicted by the theory
G,5 : Category two of mass of the least massive particle predicted by the theory
G, : Category three of mass of the least massive particle predicted by the theory

T,, : Category one ofmass gap A. Please note that the characterstics of the investigatory systems that are
under consideration and has mass gap syndrome form the stylobate and sentinel , the fulcrum of the
classification scheme.

T,5 : Category two ofmass gap A
T,e : Category three ofmass gap A

Module five
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Therefore, the winner must first prove that Yang—Mills theory exists and that it (eb) satisfies the standard of
rigor that characterizes contemporary mathematical physics, in particular constructive quantum field theory,
which is referenced in the papers 45 and 35 cited in the official problem description by Jaffe and Witten. We
assume the proposition and give the model. Model gives prediction, projection and prognostication of the
variables involved, and in the eventuality of the correctness of the statement it shall remain with the
initial conditions stated in unmistakable terms in the final results in the dovetailed mathematical
exposition.

G,g : Category one ofYang—Mills theory exists and that it
G,9 : Category two ofYang—Mills theory exists and that it
G, : Category three of Yang—Mills theory exists and that it

T,g : Category one ofstandard of rigor that characterizes contemporary mathematical physics, in
particular constructive quantum field theory, which is referenced in the papers 45 and 35 cited in the official
problem description by Jaffe and Witten

T,y : Category two ofstandard of rigor that characterizes contemporary mathematical physics, in
particular constructive quantum field theory, which is referenced in the papers 45 and 35 cited in the official
problem description by Jaffe and Witten

Ty : Category three of standard of rigor that characterizes contemporary mathematical physics, in
particular constructive quantum field theory, which is referenced in the papers 45 and 35 cited in the official
problem description by Jaffe and Witten

Module six

The winner must then prove that the mass of the least massive particle of the force field predicted by the
theory is (=) strictly positive. We assume the proposition and delineate and disseminate the model.
Should the correctness exist then the prognostication and prediction formulas given at the end of the
paper should be correct in consistent with the observation of any data or experimental observation.
Lest the converse is true namely, that the force field predicted by the theory is (=) not strictly positive.
G5, : Category one of strictly positive

G5 . Category two of strictly positive
G, . Category three of strictly positive

T;, : Category one ofmass of the least massive particle of the force field predicted by the theory. Systemic
differentiation. Kindly note that whatever explanation is given of the predicational anteriorities, character
constitution and phenomenological correlates must hold good for all the systems which satisfy the essence of
the statement under question.

T35 : Category two ofmass of the least massive particle of the force field predicted by the theory
T;, : Category three ofmass of the least massive particle of the force field predicted by the theory
Module seven

For example, in the case of G=SU (3) - the strong nuclear interaction - the winner must prove
that glueballs have (e) a lower mass bound. We assume the proposition and give the model. In the next
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part we assume the inverse and give the results. One of them must hold good.
Gz : Category one oflower mass bound

G5, . Category two of lower mass bound
Gsg: Category three oflower mass bound
Ty : Category one ofG=SU (3) - the strong nuclear interaction glueballs
T3, : Category two ofG=SU (3) - the strong nuclear interaction glueballs
T3g : Category three ofG=SU (3) - the strong nuclear interaction glueballs
Module eight
Thus glueballs cannot (e) be arbitrarily light
G4 . Category one of arbitrarily light
G4, . Category two of arbitrarily light
G,, : Category three of arbitrarily light
T, : Category one ofglueballs
T4, : Category two ofglueballs
T,, : Category three ofglueballs
Module Nine

Yang—Mills theories are a special example of gauge theory with a non-abelian symmetry group given by
the Lagrangian

1 2 1 v
Lo = —ETT(F ) = _EFGP Fl

with the generators of the Lie algebra corresponding to the F-quantities (the curvature or field-strength form)
satisfying

1
Tﬁiﬂ?ﬂzzﬁa@, [T°,T" = if*™T°
and the covariant derivative defined as
D, =10, —1gT" A}

where | is the identity for the group generators, “ “# is the vector potential, and g is the coupling constant.
In four dimensions, the coupling constantgis a pure number and for a SU(N) group one

as @, be=1.. . N*—1.
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The relation
_ a a abc 4b 4
P‘ﬁy b a“fly - aya_ll“ —l_ gf 4_1}_‘.4_1!)
can be derived by the commutator
_ . a
[Dy, D] = —igT*F,,.

The field has the property of being self-interacting and equations of motion that one obtains are said to be
semilinear, as nonlinearities are both with and without derivatives. This means that one can manage this
theory only by perturbation theory, with small nonlinearities.

Note that the transition between "upper" (“contravariant”) and "lower" (“covariant") vector or tensor
abc __
components is trivial for a indices (e.g. f - fabc), whereas for p and v it is nontrivial, corresponding

e.g. to the usual Lorentz signature, N = d1ag(—|— - __}.

From the given Lagrangian one can derive the equations of motion given by

FFi, + gf CAPFS, = 0.

7
I ol
Putting FF“‘ =T P::V, these can be rewritten as
a
(D*F,,)* = 0.

A Bianchi identity holds
[:D#Fw-a)ﬂ + (DRF#V)E + (DVFN#)G =0.
which is equivalent to the Jacobi identity

D Dy D] + D By, D) + D, D, Dy =0

- 1
gy _ T _ppo
a . F = =& F
since [D.u! va] — _lgDﬁFfm. Define the dual strength tensor Pﬂ, then
the Bianchi identity can be rewritten as
D, F** = 0.

a
A source ~ £ enters into the equations of motion as

I abe 4 bp _ (e}
a Fﬁu“'“gf A Ff;.y__Jv'
Note that the currents must properly change under gauge group transformations.

We give here some comments about the physical dimensions of the coupling. We note that, in D dimensions,
20

== 2 D—4
the field scales as [*_1] — [L 2 ]and so the coupling must scale as [Q ] - [L ] This implies
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that Yang—Mills theory is not renormalizable for dimensions greater than four. Further, we note that, for D =
4, the coupling is dimensionless and both the field and the square of the coupling have the same dimensions
of the field and the coupling of a massless quartic scalar field theory. So, these theories share the scale
invariance at the classical level.

Note: When we write A+B, it means that we are adding B to A until B is exhausted. There may be time
lag or may not be time lag. It is almost like adding water to milk. When we write B+A it means adding
water to milk until water is fully exhausted, which we are familiar. A-B implies removing B from A,
with or without time lag. All these commentaries are true for all additions, subtractions, mappings
and transformations. In the eventuality of multiplication, logarithms can be taken to separate the
variables and hence the terms becomes separate and give results of the prediction for a time t in the
model. As said, there are many systems with phenomenological correlates, differential contiguities,
presuppositional resemblances and ontological consonance and primordial exactitude. Those systems
which are under the scanner can be classified in to three compartments as we have done based on
their characterstics. These statements hold good for the entire monograph. We shall not repeat this
again. We have done this exercise term by term in earlier papers and shall not repeat the same. Kindly
bear with me.

G4, . Category one of LHS of all the equations stated in the foregoing (Yang Mills Theory including the
Lagrangian and the Hamiltonian)

G,s . Category two of LHS of all the equations stated in the foregoing (Yang Mills Theory including the
Lagrangian and the Hamiltonian)

G, : Category three of LHS of all the equations stated in the foregoing (YYang Mills Theory including the
Lagrangian and the Hamiltonian)

T,, . Category one of RHS of all the equations stated in the foregoing (YYang Mills Theory including the
Lagrangian and the Hamiltonian)

T,s : Category two of RHS of all the equations stated in the foregoing (Yang Mills Theory including the
Lagrangian and the Hamiltonian)

T, : Category three of RHS of all the equations stated in the foregoing (YYang Mills Theory including the
Lagrangian and the Hamiltonian)

The Coefficients:

((113)(1), (a14)(1), (‘115)(1): (b13)(1), (b14)(1). (bls)(l) (alé)(z): (a17)(2), (aw)(z) (b16)(2): (b17)(2), (b18)(2) :
(azo)m, (a21)(3), (022)8) ,
(bzo)(B)’ (b21)(3)' (bzz)(B) (a24)(4), (azs) (4), (a26)(4), (b24)(4), (b25)(4), (bze)@)' (bza)(s)» (b29)(5); (b3o)(5),
(azs)(s), (029)(5), (a3o)(5), (a3z)(6), (ass) ©, (a34)(6)' (bs32) ©, (b33)(6)» (b34)(6)

(‘136)(7), (a37)(7), (a38)(7)’ (b36)(7): (b37)(7); (bas)m

(‘140)(8), (as1) @), (a42)(8), (b40)(8): (b41)(8): (ba2) @

(a44)(9), (045)(9), (a46)(9)' (b44)(9)' (b45)(9)» (b46)(9)

are Accentuation coefficients
(a,13)(1)’ (a,14)(1)’ (a’15)(1)i (b;3)(1)' (bi4)(1)! (biS)(l)i (a,16)(2)’ (a,17)(2)l (a,18)(2)1
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(bie)(z), (bi7)(2), (bis)(z), (‘1’20)(3), (a'21)(3), (aéz)(3), (béo)(”. (bél)@): (béz)(3)(a,24)(4), (alzs)m; (a’ze)m; (béA
) (aéz)(6), (0’33)(6), (aé4)(6), (béz)(s). (bé3)(6), (b§4)(6)
(aés)(7), (a’37)(7)_ (aés)(7), (béa)m, (bé7)(7); (bés)m,
(az,w)(g)' (a,u)(s): (a;z)(g)' (bz,m)(s)‘ (bz’u)(g)’ (bzltz)(g)‘
(alm)(g): (aits)(g)' (@6)(9)' (b;4)(9), (bz;s)(g)‘ (b;%)(g)’
are Dissipation coefficients
Module Numbered One

The differential system of this model is now (Module Numbered one)

dGys , . 1
dt1 = (a13) P61 — [(a13)® + (a13) P (Thy, )]G13
aG , " 2
dtM = (a14) V613 — [(@1) D + (A1) P (T14, )]G4
dGlS r " 3
FT (a15)PGa — [(a15)® + (a15) P (Thg, )]Gy
dTy3 , , 4
ar (b13) DTy — [(b13)(1) - (b13)(1)(5't)]T13
dT , " 5
2= B VT = [0 = i) PG, DT
dT;s , , 6
= 01) T = [(b15) = bi5) D (6, )] s
+(aj3) P (T4, t) = First augmentation factor
—(by3)V(G,t) = First detritions factor
Module Numbered Two
The differential system of this model is now ( Module numbered two)
dG16 ’ " 7
i (a16)PGy7 — [(016)(2) + (a16)(2)(T17't)]616
dG , " 8
dt17 = (a17) PGy — [(a17)(2) + (‘117)(2)(T17:t)]617
dG , " 9
dt18 = (a18)@Gy7 — [(a15)® + (a15) P (T17, )] Gyg
dTye , , 10
a9t (b16)PTy7 = [(b16)® = (b1e) P ((G19), )| Ths
dTy, , , 11
a9t (b17) BTy — [(117)@ = (b7) P ((G19), )| Th7
dTyg , , 12
P (b15)PTy7 — [(h1g) @ — (b1) P ((G19), t)|Ths
+(ajg)®(T;;,t) = First augmentation factor
—(b16)@((Gy9),t) = First detritions factor
Module Numbered Three
The differential system of this model is now (Module numbered three)
G , " 13
dtzo = (a20) P Ga1 — [(a30)® + (az0)®(Tyy, )]G
dGy; , ) 14
a (a21) PGy — [(@31)® + (a3) P (Tyy1, )] 61
dGy, , ) 15
a (a2) PGy — [(a3)® + (a3) P (Toy, )]Gz
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dTye , , 16
T (by)PTy — [(bzo)(3) - (bzo)(3)(Gz3't)]T20
dTy, , , 17
ar (b21)®Tyg — [(b31)® = (b31)®(Gp3, )| Tos
drT. , "
ZZ — 0) O = [0 = B5)P 623, O]z 1
+(az9)®(Ty;,t) = First augmentation factor
—(by)®(G,3,t) = First detritions factor
(byo 23
Module Numbered Four
The differential system of this model is now (Module numbered Four)
dGys , , 19
- (a24) ™G5 — [(a2)® + (a24) ™ (Tos, )]Gy
dGys , , 20
a (a25) ™ Gpq — [(a25)™ + (azs)™ (Tzs,1)|Gos
G , " 21
dié = (az26) W G5 — [(a6)™® + (az6) @ (Tzs, )] G616
ATy, , . 22
ar (b24) P Tys — [(b34)™® — (b)) P ((G27), t)]Ta
dTys , , 23
ar (by5) DTy — [(b35)™® — (by5) @ ((G27), )] Tos
ATy , , 24
ar (b26) D Tys — [(b26)™ — (b26) ™ ((G27), )] T26
+(ay4)® (Tys, t) =First augmentation factor
—(b34)™((Gy7), t) =First detritions factor
Module Numbered Five:
The differential system of this model is now (Module number five)
aG , " 25
dtzs = (azg) Gy — [(‘128)(5) + (az5)® (Tyo, £)]Gas
dGyo , ) 26
a - (a29)®Gag — [(a29)® + (a20)® (Tp9, )] Gog
dGag , ) 27
i (a30) ™G9 — [(az30)® + (az0)®(Tao, )] G3o
dTye , , 28
a (b2) P Tyg — [(b35) ™ — (b25) P ((G31),t)]Tag
dTye , , 29
Pk (b29) P Tog — [(h39)® — (b39) ™ ((G31), )] oo
dTs, , ) 30
ar (b30)®Tyg — [(b30)® — (b30)®((G31), t)] T30
+(ayg)® (Tyo, t) =First augmentation factor
—(b35)®((G31), t) =First detritions factor
Module Numbered Six
The differential system of this model is now (Module numbered Six)
dGs, , ) 31
a (a32) @ Ga3 — [(a5)® + (a3,)® (Ts3, )]G,
dG , " 32
dt33 = (a33)® Gz, — [(a33)® + (a33)© (T3, )| Gs3
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dg? = (a34)© G35 — [(a3)® + (a3) @ (T33, )] G34
d% = (b32)©Tz5 — [(h3)® = (b32) @ ((G35), )] T2
d% = (b33) O Ty — [(b33)® — (b33)@((G3s), t)] T3
% = (b3) T3 — [(13)@ — (3)©((G35), )] T34

+(az,)© (T35, t) =First augmentation factor
Module Numbered Seven:

The differential system of this model is now (Seventh Module)

dgsé = (a36) P G37 — [(a36)? + (a36) P (T37, )] G36
dc(l;s7 = (a31)" 66 — [(a'37)(7) + (a;7)(7)(T37,t)]G37
dgis = (a33) "Gy — [(ase)? + (@33) 7 (T35, )] Gag
% = (b3e)"T3; — [(bée)m - (b;6)(7)((639),t)]T36
d§i7 = (b37)PTz6 — [(b37)7 = (b37) 7 ((G39), t)] T3
d§i8 = (b3) ' Ts7 — [(b3e) ™ — (b3e) 7 ((G30), t)] Tss

+(azg) P (T35, t) =First augmentation factor

Module Numbered Eight

The differential system of this model is now

Module Numbered Nine

dg:o = (a40)®Ga1 — [(@40)® + (a30) P (T4, )] Gag
dc(l;:;1 = (@)@ Gy ~ [(aill)(w + (all)(B)(TM:t)]GA}l
dgﬁz = (a42)® Gy — [(a12)® + (a12)® (T4, )]Gy
dzi% = (b40)®Ty1 — [(40)® — (bs0)® ((G43), £)|Tao
% = (b41) O Ty — [(bz’n)(B) — (b)) ®((Ga3), t)]T41
d;":z = (b42) ®Tyy — [(b3)® — (b42)® ((Ga3), 1) Ta

The differential system of this model is now

dGas _
dt

(a1)PGys — [(a4)® + (a4a) P (Tys, )] Gay

dGys , .

d:’ = (a45)PGs — [(ags)® + (a45) ) (Tys, )] Gys
aa , "

d;% = (a46) P Gas — [(a46) @ + (a46)® (Tus, 1) Gas
drT, , "

= = 0)OTis = [(04) = 04) P ((Gyr), )] Tas

12

33
34
35

36

37
38
39
40
41

42

43
44
45
46
47

48

49
50

51

52
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dTys : . 53
d—; = (bys) DTy — [(b45)(9) - (b45)(9)((647)' t)]Tst
dT. , " 54
d—;m = (bae)OTys — [(b%)(g) - (b46)(9)((647)' t)]T%

+(a44) @ (Tys, t) =First augmentation factor
—(b44)®((Gy47), t) =First detrition factor

(@13) V[ +(a13) D (T14, )| +(d10) #?) (Ty7, O | +(a5) 83 (T, | 55
(a13)MGyy — ‘+(a;4)(4‘4‘4‘4‘)(T25,t)|+(a,2’8)(5'5’5’5’)(T29‘t)|+(a§2)(6’6'6'6')(T33't)l Gz

|| +(a36) 77 (Ts7, )| +(a30) B8 (11, )| +(a1) @2299999 (1,5, 1)

dGy3 _
dt

[ (@)D +(a1) P (T4, O] +(a1) @2 (117, D) | +(a5) O (11, D) ] 56
dgtM = (a18) VG5 — |+(a;5)(4‘4‘4‘4‘)(T25,t)|+(a;9)(5‘5‘5‘5‘)(T29't)|+(a§3)(6'6'6'6')(T33‘ t)| G1a

| +(a3) 77 (a7, O [ +(a3) ®® (T, O [+(ass) 92929999 (1,5, 0 |

[ (@15) D] +(a)5) P (Tyy, )| +(alp) @ (T17, )| +(a50) C2 (11, )| ] 57
dggs = (a15) MGy — |+(a;6)(4'4'4'4')(T25»t)|+(ago)(5‘5’5’5’)(T29't)|+(a§4)(6’6’6’6’)(T33't)l Gis

[ +(a3) 77 (Ts7, )| +(a5) @8 (T, O [+(ae) ©72%99999 (15, 0 |

Where | (a13)® (T1, )], | (1) P (T34, )
category 1,2 and 3
|+(a’1’6)(2'2') (Ty7,t)
category 1,2 and 3
| +(az0) ) (Ty1, 1) I )
category 1,2 and 3

| +(az) 444 (Tys, 1) |, l +(as) ) (Tys, £) l )
coefficient for category 1, 2 and 3
|+(a'2'8)(5'5'5'5')(T29, t) I,I +(ay9) %55 (Tyq, t) l , | +(az9) 555 (Tyq, ) | are fifth augmentation coefficient
for category 1, 2 and 3

| +(az;)©000) (T, t) L | +(az3)©000) (Tys, t) |,
for category 1, 2 and 3

|+(ag8)(7'7) (Ts7,t) I +(az;) "7 (Tz7, 1) | +(azg) 77 (T3, 1) | are seventh augmentation coefficient for 1,2,3

,|(a'1'5)(1)(T14, t)l are first augmentation coefficients for

+(a;,) @) (Ty7, 1)

+(ajg) #*) (Ty7, 1) ‘ are second augmentation coefficient for

7 7

+(ay1) B3 (Tyy, t) |,|+(a;2)(3'3') (Tpy1,t) ‘ are third augmentation coefficient for

+(aze) @444 (Tys, t) ‘ are fourth augmentation

+(agy) ©000) (Ty,, t)‘ are sixth augmentation coefficient

| +(a40) 8 (Tyy, 1) | +(ay;) G (Tyy, ) | +(ag,) O (Tyy, ) ‘are eight augmentation coefficient for 1,2,3

| _|_(a44)(9,9,9,9,9,9,9,9,9) (Tys, £) |’| +(a45)(9'9'9'9'9'9'9'9'9) (Tys, t) |’ _|_(a46)(9,9,9,9,9,9,9,9,9) (Tys, t) ‘ are ninth

augmentation coefficient for 1,2,3

[ (1) | =(01) VG, )|~ (b16) #*) (Gro, O |- (h30) P (G, D) ] 58
T )Ty - - G244 Gy, )]~ (b)) (G, O] (b)) (G5, B .
|- (056) 77 (G0, O |- (1) ®® (a3, D] - 1) ©#7299999 (G, 1)
., [ (b;f)m!—(b;;)(”(c, D] T(bi’ﬂm')(clg, e (17,;1)“30 (Gy3.8)] | 59
ar (b1a)VTy3 — |—(b25)(4'4'4'4')(627» t)l— (by9) > (G3y, t)l— (b33)(6'6'6'6')(535,t)‘ Ti4
| - (bé’7)(7'7')(G39: t) |— (bz:1)(8'8) (G, t) |— (bgs)(g'g‘g‘g‘g‘g‘g‘g‘g)(647: t) ’
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(b15) V| =(b1) V6, O~ (b1) @2 (G0, O] - (052) 4 (G35, 0)| 60
(by5) DTy, — ‘— (bge)(4'4'4'4')(627, t) |— (bgo)(s,s,s,s,)((;m, t) |— (b§’4)(6'6'6'6')(535, t) ‘ Tis
” - (b3g) 7" (G3o, t) I— (bs2)®® (Gy3, t) |— (bys) 22999999 (G, 1) U

— (b)) (G, t) | , | —(bi5)V(G, t) | are first detrition coefficients for category 1,

dTys
dt

Where |~ (b)) V(G, D),
2and 3

| —(b16)#* (G, 1) l )
category 1,2 and 3
[=030) ) (Gas, || =(b3) % (G238,
category 1,2 and 3

(=B #H4 (Gay, D], | = (by) 444 (G, 1)
for category 1, 2 and 3

|—(bgg)(5'5'5'5')(631, t) | ,l —(byg) 5555 (Gyy, t) | | —(b30) G55 (G, t) ‘ are fifth detrition coefficients for
category 1,2 and 3

| _(bgz)(6'6'6'6')((;35, t) ‘ ,‘ —(bg3)(6‘6‘6‘6‘) (G35, 1) | ’
category 1,2 and 3

|- b5 (Gso, D[ B3) 77 (G0, D)
category 1,2 and 3

|— (b20) B (Gy3, 1) |— (ba1) B (Gy3, 1) I— (1) B (Gy3, 1) lare eight detrition coefficients for category 1,
2and 3

|_ (b)) 029999999 (G, t) ’I — (bys)©99999999) (G, t) I’

coefficients for category 1, 2 and 3

—(by7) %) (G0, t) |,|—(bf8)(2'2') (Gio,t) | are second detrition coefficients for

—(byy) 33 (Gy3, 1) ‘ are third detrition coefficients for

—(byg) 4444 (Gyy, t) ‘are fourth detrition coefficients

’

—(b34) 550 (G, t) | are sixth detrition coefficients for

- (b3g) 77 (G39, 1) |are seventh detrition coefficients for

= (byg)@99999999 (G, t) ‘are ninth detrition

(a1) @[+ (a16) P (T17, O+ (a1) 2 (T4, [ +(a30) 332 (T, )] 61
deG " z T
2 = (a16)?Gy7 — |+(a24)(4'4'4'4'4)(T25:t)l+(a28)(5'5'5'5'5)(T29: t)|+(a32)(6‘6‘6‘6‘6)(T33:t)‘l Gie

e
| [+(@) 777 Ty, O] +(d30) @80 (T, 0| +(@2) OV (Ts, )| |

[ (@)@ +(@) P (T, O] +(@10) O (T4, )| +(a5) O3 (T, 0| ] 62
dgtw = (1117)(2)616 - |+(a’2,5)(4’4’4’4’4)(T25;t)|+(a;9)(5’5’5’5’5)(T29»t)|+(a§3)(6’6’6’6’6)(T33't)l Gi7
[ +(a5) 777 (Tsg, 0| +(as) @38 (T, O [ +(a3) OV (Tys, 0|
[ (a19) @[ +(@1p) P (T17, )| +(a1s) V2 (T4, ) | +(a5) B2 (11, B)| ] 63
dj;g = (a19) P61y — || +(aze) @44 (Tys, D) | +(a30) O35 (T, )| +(a5) @550 (T35, 1) || 61
[ +(a39) 777 (Tsy, O | +(ag) @38 Ty, O [ +(a1) OV (Tus, )|

Where ‘ +(aje) P (Ty7, 1) | , ‘ +(a;) P (T, t) | , | +(ajg) P (Ty7,t) | are first augmentation coefficients for

category 1,2 and 3
| +(a13) M (T, 1) I ) | +(a1) M Ty, 1)
category 1,2 and 3
|+(a;0)(3'3'3)(T21, t) | ,‘ +(ay1) B33 (Tyy, t) ‘ , | +(ay,) B33 (Tyy, t) | are third augmentation coefficient for

, |+(a’1'5)(1'1')(T14, t) ‘ are second augmentation coefficient for

category 1, 2 and 3
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| +(az,) @444 (Tys, 1) |, | +(ays) 44D (T, t) |, | +(aze) @444 (Tys, t) | are fourth augmentation

coefficient for category 1, 2 and 3
|+(a’2'8)(5'5'5'5'5)(T29, t)|,|+(a’2'9)(5'5'5'5'5)(T29,t)|,|+(a’3'0)(5'5'5'5'5)(T29, t)| are fifth augmentation
coefficient for category 1, 2 and 3

| +(a3,) @008 (Ty3, t) L | +(a33) @000 (Ty5, t) | )

coefficient for category 1, 2 and 3

+(a34) ©0000)(Ty5, t)‘ are sixth augmentation

|+(a§6)(7'7'7)(T37, t) | ,I +(az;) 777 (T3, t) l ,I +(asg) 777 (T3, t) l are seventh augmentation coefficient

for category 1, 2 and 3
| +(ay) 88 (Tyy, t) |,| +(ay) B8O (T, t) |,| +(ay,) B8 (T, t) |are eight augmentation coefficient for

category 1,2 and 3

[+(a0) 2 (Tys, O] [+ (a3s) O (Tus, D],
category 1,2 and 3

+(a4g) O (Tys, t) |are ninth augmentation coefficient for

(516) P = (b16)® (G190, )| = (b13) (G, ) |- (b50) B33 (G, )| ] 64
% = (b16)@Ty7 — ‘—(bé,4)(4‘4‘4‘4‘4)(627» t)l— (bé'g)(s,s,s,s,s)(G%t)l_ (bgz)(6'6'6'6'6)(535't)| Ti6
|- (036)777(Gao, ) [~ (040) @ (Gas, ) |- (52)° (67, V)]
(b17) @[~ (b17)® (G190, | = (B1) (G, )| (05 B33 (G, )] ] 65
d;f = (by7) @ Ty — l— (bys) 4444 (Gy7, 1) | ~ (bye) ®*559) (Gyy, 1) |‘ (b33) @050 (Gys, t)l Ty,
= (03)777 (Gao, O [~ (03:1) P (Gas, O) |- (B25)° (67, V)]
(b18) @)= (b15)® (G190, )| = (b15) (G, ) |- (b52) B33 (G, )| ] 66
% = (b1g)@Ty; — I—(béle)(4‘4‘4‘4‘4)(627» t)l— (bgo)(s,s,s,s,s)(G%t)l_ (bé’4)(6'6'6'6'6)(535't)| Tig
|- (035)777(Gao, ) [~ (04) @8 (Gas, ) |- (B26)°? (67, V)]
Wherel —(b16)P(Gyo, 1) I, —(b77)P(Giq,D)| ,|—(b1g) P (Gyo, 1) | are first detrition coefficients for

category 1,2 and 3
=) 6,0}
and 3

| = (530) B33 (Gas, )], | = (3) P33 (G2, D) |, |~ (052) 333 (6,3, )| are third detrition coefficients for
category 1,2 and 3

= (b2) @444 (Ga, )} | = (ba5) 44D (G, £) | = (bye) 44 (G, £) | are fourth detrition
coefficients for category 1,2 and 3

| = (b3) 55559 (Gay, )| | = (b3g) O5559 (Gay, £)] | = (b39) ®>555) (G3y, 1) | are fifth detrition coefficients
for category 1,2 and 3

|—(b§2)(6'6'6'6'6)(635, t) H —(b33)©0000) (Gye, 1) |,| —(bgy ) ©0060) (G, t)‘ are sixth detrition coefficients
for category 1,2 and 3

|— (b36) 777 (630, t) |, |— (b3,) 777 (G, t) |,| — (b3) 77 (G39, 1) |are seventh detrition coefficients for
category 1,2 and 3

|— (b30) ®® (Gy, 1) I )
category 1,2 and 3

|- 0109 (G647, 0| |- (04) P (67, 1),

—(b1) V(G 0) | ,| —(b15) (G, t) Iare second detrition coefficients for category 1,2

— (by1) B8 (Gy3,t) |, - (byy) B8 (Gy3, t) |are eight detrition coefficients for

- (b45) (G4, 1) ‘are ninth detrition coefficients for category
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1,2 and 3

(az) (3)| +(a20)® (T4, 1) I +(a16) @ (Ty7, 1) I +(ay3) M (T, 1) | ] 67

dGao = (ay0)® Gy — ‘+(a24)(4'4'4'4'4'4)(T25, t)l+(a28)(5'5'5'5'5‘5)(T29,t)|+(a3z)(6'6'6'6'6'6)(T33' t)|
dt

GZO

| +(azg) 7777 (Tsy, 1) | +(a40) @8R (T, 1) | +(a44) 2P (Tys, 1) |

(a3)®|+@5)P Ty, O +(@1) @2 (117, O [ +(al) PV (T, )] ] 68

dgtm = (a21)® Gy — l+(a;5)(4’4’4'4'4'4)(T25,t)I+(a;9)(5‘5‘5‘5‘5‘5)(T29,t)|+(a§3)(6'6'6'6'6'6)(T33't)l Go1

[+ (@) 777 (T3, )|+ (@) B389 (T, )| +(ahs) %0 (Tis, 1) |

(@2) @ +(a5) P (o1, O [+(a1) @22 (17, )| +(afs) (T, )] ] 69
dgiz = (a22) PGz — ‘+(a;6)(4‘4‘4‘4‘4‘4)(T25't)|+(a§0)(5'5'5'5'5‘5)(T29;t)|+(a;4)(6‘6‘6‘6‘6'6)(7133.t)| G2

[+ (@) 7777 (Ta7, )| +(@3) @389 (T, ) [+ (i) @22 (T, 1)
| +(a30)®(Tpy, 1) H +(ay) P (Tyy, t) |,| +(ay)®(Ty, t) ‘ are first augmentation coefficients for category
1,2 and 3

| +(a,1,6)(2'2'2)(T171 t) | ) +(a,1,7)(2'2'2)(T171 t)
for category 1, 2 and 3

|+(a'1'3)(1'1'1')(T14, t) ‘ ,l +(ay ) B (Tyy, t) | ) | +(ays) PP (Tyy, ) ‘ are third augmentation coefficients
for category 1, 2 and 3

| +(ay,) @A (Tye 1) | ,| +(ays) 44D (T, £) | , | +(aye) 444D (Tye, 1) | are fourth augmentation
coefficients for category 1, 2 and 3

|+ (a55) 555559 (T9, )| [ +(a30) 55559 (T3, 1),
coefficients for category 1, 2 and 3

| +(az,)©00060) (T, t) |,| +(az3)©00060) (T, t) |,| +(az,)©00060) (T, t) ‘ are sixth augmentation
coefficients for category 1, 2 and 3

|+ (a3) 7777 (T3, )] | +(a3) 7777 (T, 1),
coefficients for category 1, 2 and 3

| +(40) B8O (Tyy, 1) | ,| +(ay,) B8 (T, , 1) I, ‘ +(a4) B8O (Tyy, 1) ‘are eight augmentation coefficients
for category 1, 2 and 3

[+ (@) (s, )| | +(a1) % (Tus, 1),
category 1,2 and 3

+(ajg) ®*D (T, t) ‘ are second augmentation coefficients

7

+(az9) C55555) (Tyq, t) ‘ are fifth augmentation

+(azg) 7777 (Tyy, t) ‘ are seventh augmentation

+(a4g) O (Tys, t) ‘are ninth augmentation coefficients for

(b30) @ =(030)® (Ga3, D |- (1) 222 (G610, O] () (G, 0)| ] 70
dgio = (bzo)(3)T21 - |—(bg4)(4'4'4'4'4'4)(627, t) I— (bé’g)(S,S,S,S,S,S) (G31,0) |— (bgz)(6'6'6'6'6'6)(635' t)’ Ty

= (636) 7777 (Gao, )| - (1) ®%® (63, ) |- (b4) 7V (Gys, 1)

(b)) = (b3)® (Ga3, D) |- (b17)#*P (Gro, O) |- (b1 (G, D] ] 71
‘Zf = (b21) T30 = || =(bge) #4449 (G, 1) |- (by) 595559 Gy, )| - (b33) @469 (G35, 1) || Ty

= (05) 7777 (Gag, )| - (01) BP0 (63, 1) |- (bi5) 7V Gy, 1)
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(b2) P =(b3)® (G5, ) |- (1) #*P (G10, O |- (b1 VG, 1) 72
% = (bzz)(g)Tm - |_(bgs)(4'4'4'4'4'4)(627' t) |— (b:’;,())(s’s‘s‘s‘s‘s)(631, t) |— (b§4)(6'6'6'6'6'6)(535; t)‘ Ty,
l ‘— (béls)(7'7'7'7)(639' t) I— (blz)(B'B'B'B)(szs; t) | - (b16)(9'9'9)(647’ t)| J
|—(bgo)(3)(623, t)|, —(by1)®(Gy3,0) ,|—(bg2)(3)(623, t) |are first detrition coefficients for category 1,
Zand 3
|—(bf6)(2'2'2)(619, 1], |=(b17)#2D (Gro, 1) |, | —(b1g) #*P (619, t) ‘are second detrition coefficients for
category 1, 2 and 3

| —(by3) PG, b) I, ‘ — (b)) LG, b) | ,| —(by5) LG, b) lare third detrition coefficients for category
1,2and 3

| = (by) 44448 (Goz, D)= () #4444 (Go, )|~ () #4449 (G, 1) |arre fourth detrition
coefficients for category 1, 2 and 3

| =(b5) 555555 (Gay, )] | = (b0) 55559 (Gay, 1) || = (b30) ©33559)(Gyy, ©) |are fifth detrition
coefficients for category 1, 2 and 3

| —(b3) 666668 (Gag, )] | = (b33) ©66668) (Gag, )] | —(b3,) 66666 (Ga, 1) |are sixth detrition
coefficients for category 1, 2 and 3

|— (b36) 7777 (G309, 1) ‘ , |— (b37) 7777 (G, 1) | - (b3) 777D (G, t) ‘are seventh detrition coefficients for
category 1,2 and 3

|- (510) %8 (Gys, O] |- 01) @D (Gys, 1),
category 1,2 and 3

|- (616) %2 (Gar, D] |- 045) P (Gar, 1),
category 1,2 and 3

- (byy) 888 (G5, 1) |are eight detrition coefficients for

= (b44) %) (G4, ) ‘are ninth detrition coefficients for

[ (@5) @[ +(@5)® (Tys, )| +(a3) S (T, )| +(a3,) ¢ (T35, 0) | ] 73
d§§4 = (a2) G5 — |+(aI3)(1'1'1'1)(T14:t)|+(a,1,6)(2'2'2'2)(T17: t)|+(a;0)(3'3'3'3)(T21,t)‘ Gag

[ +(a30) 77777 Ty, )] +(@ie) B389 (T, ) |+ (1) ¥ (Tys, D) |

[ (a25)®)|+(a55)™® (Tys, ) | +(a59) ®>) (To, ) | +(a3) ©® (T3, D) | ] 74
dgzs = (az5) "G4 — |+(a'1'4)(1'1'1'1)(T14,t)|+(a'1'7)(2'2'2'2)(T17, t)|+(a'2'1)(3’3’3’3)(T21,t)‘ Gas

[ +(a3,) 7777 (Tg7, )] +(@i) G388 (T, ) | +(ass) 27 (Tys, D) |

[ (a’26)(4)‘ +(a26)™ (Ts, 1) | +(a30) > (T, 1) I +(a3a) @ (T3, ) | ] 75
dg,f" = (a26) G5 — | [+(a19) "D (11, )| +(a1) 222D (T, D[ +(a30) @33 (T1, 8)] | Go

[ +(a3) 77777 (Tg7, )| +(@in) G388 (T, ) | +(a4e) *27) (Tys, D) |

|(a;4)(4) (Tys, t) l ,‘ (az5)® (Tys, t) |,| (az6)® (Ts, t)‘ are first augmentation coef ficients
category 1,2 3

| +(az8) > (Tyo, ) I | +(az0) 5 (Tyo, )
coefficient for category 1,2 and 3

| +(az,)®%) (Ts3, 1) ‘ ,‘ +(az3)®%) (Tys, 1) |,| +(azq)©%) (Ts3, 1) ‘ are third augmentation

coefficient for category 1,2 and 3

|+(a’1'3)(1'1'1'1)(T14, t) |, | +(ar) P (Ty,, t) ‘, ’ +(ays) PO (Ty,, t) ‘are fourth augmentation coef ficien

+(az9) ®5) (Tyo, ) | are second augmentation

’
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[+(ai9) @221y, 1)

|+(a'1'7)(2'2'2'2)(T17, t)|,|+(a'1'8)(2'2'2'2)(T17, t) ‘are fifth augmentation coef ficients for category 1,2 an
[+ (@50) 333D (T, D} [+(a5)EH2 D (T, 1)}

|+(a'2'2)(3'3'3'3)(T21, t) |are sixth augmentation coef ficients for category 1,2 and 3

|+ (a36) 77777 (T3, £)| | +(a3) 77777 (Ty7, 1))

|+(a;8)(7'7'7'7'7)(T37, t) |are seventh augmentation coef ficients for category 1,2 and 3

| +(a40) ®EE88 (T, 1) ‘ ,l +(ag1)®FE88 (T, 1) | 'I +(az) B8O (T, 1) |

are eighth augmentation coef ficients for category 1,2 and 3

"

|+(a26)(9’9’9’9) (Tys, t) ‘ ,‘ +(a45) O (Tys, ) | ,I +(ay) 22 (Tys, t) | are ninth detrition coefficients for

category 123

" [ (030)®=(53)® (Ga7, D) | = (b3s) 5 (G31, ) |- (b5) @ (G35, )] ] 76
24’ " " "
= 02)PTos = =01 DG, 0|~ (b1e) 222 (Gag, D) |- (b20) 4P (G, )] [ Tos
- (536) 77777 (Gao, 1) |- (bag) ®BB80) (Gy3, ) | - (04) 79 (G, B
" [ (b35) | =(535)® (Go7, )] = (b39) % (Ga1, )| - (h33) (G35, )] ] 77
25 " I "
2= )T = | =01 MG, 0= 2D 610, D= (030D (Gs, 0)] | Tis
|- (5377777 (Gao, 0) |- (1) B339 (G5, ©) | - (h45) *99 (G, 0|
" [ (036)®| = (526)® (Ga7, )| = (b3 (G31, ) |- (B5) ¢ (G35, )] ] 78
26 " " "
= 02)PTos = | [=(b19) DG, )|~ (1) 222 (Ga9, D) |- (b2) 4P (G, )] [ Tis
|- (53) 77777 (Gao, 1) |- (b42) @B (Gy3, £) |- (b)) **7V (G, 0|

Where |— (b3)®(Gyy,0) ,|—(b;5)(4) (Gy7, 1) |,|—(b;6)(4) (Gy7, 1) ‘ are first detrition coef ficients

for category 1,2 and 3

= (b3) 5% (Ga1, )], |~ (b3)®5(Ga, ),
for category 1,2 and 3

= (B52) 9 (G35, )|, | (b)) (G55, 8)|,
for category 1,2 and 3

|=(b1) DG, )| | = (b)) (G, o)
,‘ —(by) DG, 1) |are fourth detrition coef ficients for category 1,2 and 3
[= (1) #2610, O} [~ (b1) #**2 (610, 0)|

|—(bf8)(2'2'2'2)(619, t) |are fifth detrition coef ficients for category 1,2 and 3
|— (b20) B3 (Gy3, 1) I, = (b1) B339 (G, 1)
|‘ (bge)(7'7'7'7'7)(039, t) I ) |— (bé’7)(7'7'7'7'7)(639: t)|

—(b30) (63, t)‘ are second detrition coef ficients

—(b34) % (G35, 1) ‘ are third detrition coef ficients

= (byy) B33 (Gy3, 1) |are sixth detrition coef ficients for

b

,‘— (b3g) 777771 (Ggo, t) |are seventh detrition coef ficients for category 1,2 and 3

|- (bz’l’o)(s,s,s,s,s) (Gy3, 1) |.| - (bg1)(8'8'8'8'8)(G43, t) | ) ’ - (bz,tlz)(g'g'g's'g)(643, t) ‘
are eighth detrition coef ficients for category 1,2 and 3

|- (0129 (Ga7, 0| |- (b14)©** G4z, )|,

- (b1)®229(Gyy,0) ‘ are ninth detrition coefficients for
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category 123

(@56) | +(a35)® (Tpo, ) [+(a5) **) (Tys, ) [+(a3,) 59 (T35, 0) | 79
dg% = (az8)®Gzo — |+(a’1'3)(1'1'1'1'1)(T14, t)|+(a,1,6)(2‘2‘2‘2‘2)(T17't)l+(a,2,0)(3'3'3'3'3)(T211 t)| Gag
| +(a3) 777777 (Ty7, ) | +(a4o) #38889) (T, )| +(as) @2%9 (Tys, )|
(@50) @] +(a59)® (Tyo, )| +(a55) 4 (Tys, )| +(a3) @49 (T3, £)| ] 80
fﬁ9=(awr“cm—-|+oﬂn“*“ﬂkn@tﬂ+@ﬁ»@%“2%nmtﬂ+oéo“&*“%nptﬂ G2
[ +(@5) 77777 (Tg7, £) | +(ai) @¥8889 (T, ) [ +(ags) *790 (Tys, O |
(a’30)(5)| +(a30)® (To, 1) |+(a'2’6)(4'4') (Tzs, t) |+(a§4)(6‘6‘6) (T33,8) I ] 81
dGso = (a30)®Gyo — |+(a'1'5)(1'1'1'1'1)(T14,t)|+(a'1’8)(2'2'2'2'2)(T17,t)|+(a;2)(3'3'3'3'3)(T21,t)| Gao
dt
[ +(a5) 777777 Ty, )| +(a12) 38889 (T, ) [ +(as) ©*999 (T, O |

Where | +(ay8) (T, t) | , | +(a39)® (T, t) | , | +(az9)® (T, t) ‘ are first augmentation
coef ficients for category 1,2 and 3

And|+(ay) ) (Tys, )
coef ficient for category 1,2 and 3

| +(az,) 00 (Tgs, 1) | ,l +(a33) 09 (Tas, t) | , | +(a34) 09 (Ta3, t) | are third augmentation

coef ficient for category 1,2 and 3

|+(a'1'3)(1'1'1'1'1)(T14, t) |,|+(a'1'4)(1'1'1'1'1)(T14, t) |,|+(a'1'5)(1'1'1'1’1)(T14, t) ‘ are fourth augmentation

coefficients for category 1,2, and 3

,l +(ay5) @) (Tys, t) | , | +(aye) 44 (Tys, t) ‘ are second augmentation

"

|+(a'1'6)(2'2'2'2'2)(T17, t) |,|+(a17)(2'2'2'2'2)(T17, t) |,|+(a'1'8)(2'2'2'2’2) (Ty7,t) ‘ are fifth augmentation
coefficients for category 1,2,and 3

|+(a'2'0)(3'3'3'3'3)(T21, t) |,|+(a'2'1)(3'3'3'3'3)(T21, t) |,|+(a;2)(3'3'3'3'3)(T21, t) | are sixth augmentation
coefficients for category 1,2, 3

|+(ag6)(7'7'7'7'7'7)(T37, t) | ,‘ +(az,) P77 7T (Tyy, t) ‘ ,| +(azg) 77777 (Tyy, t) | are seventh augmentation
coefficients for category 1,2, 3

| +(y) B8 B888)(T,, 1) |,| +(ay,)®88888) (T, ) |,| +(ay) 88888 (T, 1) ‘ are eighth augmentation
coefficients for category 1,2, 3

| +(a46) 2799 (Tys, ) ‘ ,‘ +(a45) 2999 (Tys, t) | )

coefficients for category 1,2, 3

+(a44) 22 (Tys, 1) | are ninth augmentation

(b3) ™[ =(b3)® (G31, D] =(0;) (G2, |- (b3) @49 (G35, 0)| ] 82
d;ig = (bzs)(s)Tw - ‘_(bfg)(l'l'l'l'l)((;; t) | _(bile)(z‘z‘z‘z‘z)(Gw: t) |— (bgo)(3‘3‘3‘3‘3) (G, t)| T2g
|- 0560777777 (G390, )| = (B1) B389 (Gys, )] - (04) P27 (Gur, )|
(b39) P =(b29)® (G31, O [~ (B3) ) (G2, O] - (h5)*49 (G35, O] ] &
dgig = (b29)(5)T28 - |_(bi’4)(1'1'1'1'1)(G; t) | _(bi’7)(2'2'2'2'2) (Gyo, t)l— (bg1)(3'3'3'3'3) (Gs, t)’ T29
,|‘ (b3) 777777 (Gag, t) I— (by1)BBEEEB(Gy3, 1) I = (by5) P22 (G, 1) |
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. (béo)(s)‘ —(b30)®(G31,t) | —(b26) " (G, 1) | - (b34) % (G35, 1) | &4
30 " " 7"
ar (b30) Ty — ‘—(b15)(1'1'1'1'1')(0. t)|_(b18)(2'2'2'2'2)(619:t)l_ (bp2) 3333 (Gys, t)| T39

”— (b3g) 777777 (G, 1) I— (ba) BBEEED (G, 1) | = (by) @ G4z, 1) |J
where |— (byg)®(G3y, t)| ,I —(by9)® (G3y, t)| ,|—(b;0)(5)(G31, t) l are first detrition coef ficients for cc
=B344 (Gyr, )], = (B3) 44 (G, 8)],
for category 1,2 and 3
|—(b§2)(6'6'6)(635, t) |,|—(b§3)(6'6'6)(635, t) |,|—(b§4)(6'6'6)(635, t) | are third detrition coef ficients
for category 1,2 and 3
|—(bf3)(1'1'1'1'1)(6, t) |,|—(b£'4)(1'1'1'1'1)(6, t)l ,|—(bf5)(1'1'1'1'1')(6, t) | are fourth detrition coefficients for
category 1,2, and 3
| = (1) 222D (G, O || = (by7) #***D (Gyo, )| = (b15) #2222 (G4, 1) | are fifth detrition coefficients
for category 1,2, and 3
|— (byo) 33333 (63, 1) L |— (byy) 33333 (6,3, 1) l,|— (byy)B3333) (G, ) ‘ are sixth detrition coefficients
for category 1,2, and 3
|- (036) 777777 (G, 0)|, |- (03) 777777 (Go, )| |- (b35) 777777 (Gao, 1) | are seventh detrition
coefficients for category 1,2, and 3
|— (bgz)(8'8'8’8’8’8)(643. t) |.| - (b11)(8'8'8'8'8'8)(643. t) |.
coefficients for category 1,2, and 3
|_ (b"l-l6)(9'9'9'9'9) (G47! t) |!| - (bgs)(9,9,9,9,9) (6471 t) | )
for category 1,2, and 3

—(byg) 4 (Gyy, t)‘ are second detrition coef ficients

— (by)®B8888) (G 5 1) ‘ are eighth detrition

= (byy)®2229(Gyy, 1) ‘ are ninth detrition coefficients

(@32) @[ +(a3,)© (Ta3, O [ +(a3) 55 (Ty, ) [+(a3) **) (Tys, )| ] 85
T2 ()96 ~ | [Fai) D (T [+ P22 037, 0 (g 225511, 0)] 62
| +(azg) 7777 (Tyy, 1) | +(a40) ®EBEEBE (T, 1) | +(aga) @999 (Tys, t) |
(@33) @] +(a33) @ (Ta3, O [ +(a30) 559 (T, O)[+(a5) 4+ (Tys, 0)| ] 86
dj; 2= (a33) 963, — | [+(ar) WD (T, )] +(ai) @222 (1, ) [+(a5) 833339 (T4, 0)] |63
| + (a;7 )(7.7.7.7.7.7.7) (T, t) | + (all )(88.88888) (T, ¢) | + (als 1(99,99,9.9) (Tys, t) |
(a,34)(6)‘ +(a34)® (Ts3, 1) | +(a30) > (Tyo, t) |+(a,2,6)(4’4’4’) (Tzs, t)l ] 87
T ()96 ~ | ) D (T, 0 [ 1) 2722 (T, )] 1 @) 5559 0y, 0)] (6
[ +(a3) 777777 (Ts7, )|+ (@) BF8888) (T, ) [+(as) 0229 (Tys, )|

|+(a'3'2)(6)(T33,t) I, +(a;3)(6)(T33,t)|,|+(a'3'4)(6)(T33,t)‘ are first augmentation coefficients
for category 1,2 and 3

| +(az5) > (Tyo, £) I | +(az0) > (Tyo, 1) | )
coef ficients for category 1,2 and 3

|+(a’2'4)(4'4'4')(T25, t) | ,‘ +(ays) @) (Tys, t) ‘,|+(a’2'6)(4'4'4') (Tys, t)| are third augmentation

+(az9) G55 (Tyo, ) | are second augmentation

coef ficients for category 1,2 and 3
|+(a'1'3)(1'1'1'1'1'1)(T14, t) |,|+(a'1'4)(1'1'1'1'1'1)(T14, t) H+(a’1'5)(1'1'1'1'1'1)(T14, t) | - are fourth augmentation

coefficients
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|+(a{6)(2'2'2'2'2'2)(T17, t) |,|+(a'1'7)(2'2'2'2'2'2)(T17, t) |, | +(ayg) #?2222(Ty,, t) | - fifth augmentation
coefficients

| +(az0) G33333)(Tyy, t) |, | +(az;)G33333)(Tyy, t) |,| +(az;) G33333)(Tyy, t) ‘ sixth augmentation
coefficients

[+(@50) 777777 (T3, 0)| [ +(azy) 777777 (T, )

| +(azg) 77 7T TT(Tyy, t) ‘seventh augmentation coefficients

| +(ayg)EB8B88E (T, 1) ‘ ’l +(ay,)EB88888) (T, 1) | 'I +(ay,)BB88E8E (T, 1) |
Eighth augmentation coefficients
| +(ay) O (Tys, t) | ,| +(ays) 29290 (Tys, t) | ,I +(ay) @929 (Tys, ) l ninth augmentation

coefficients
. (052) | = (b3)©@ (G35, D) |- (03) 55 (G631, O |- B3) (67, 0] ] 88
T - - -
diz = (b3,)©Ts3 — |—(b13)(1‘1‘1‘1‘1'1)(6. t)|_(b16)(2'2'2'2'2'2)(619:t)l_ (bzo)(3‘3‘3‘3‘3‘3)(623, t)| T3,
|- (536) 7777777 (Gao, ) |- (b)) BBBBBBD) (Gys, 0) |- (53) 2999 (Gy, D) ||
" (b33) | = (b33) @ (G35, O |- () 559 (G, O) |- (B3) 9 (67, 1)] ] 89
= 0Oy = [~ DG, 0| (bi7) #2222 (619, )| - (03) 443D (G, 0)| | T
[ (537777777 (Gag, )| = (b)) BBBBBBD) (G5, 1) |- (by5) O29999 (G4, )|
. (030 = (b3)©@ (G35, D) |- (030) 55 (G631, O |- b3) (67, 0] ] 90
T - - ~
d:'4 = (b34)©Tz3 — |—(b15)(1‘1‘1‘1‘1'1)(6. t)|_(b18)(2'2'2'2'2'2)(619:t)l_ (bzz)(3‘3‘3‘3‘3‘3)(623, t)| T34
‘ _ (bgs)(7‘7‘7‘7‘7'7'7)(639: t) |— (bgz)(g'g'g'g'g'%) (Gy3, t) |— (bls)(g‘g‘g‘g‘g‘g)(@% t) ’

|—(b§2)(6)(635, t)|,‘—(b;3)(6)(635,t)‘ ,|—(b§'4)(6)(635, t)| are first detrition coef ficients

for category 1,2 and 3

|—(b£8)(5'5'5)(G31, t) |,|—(b£9)(5'5'5) (G31, 1) | ,| —(b3g) > (G4, t)| are second detrition coef ficients
for category 1,2 and 3

|—(b£4)(4'4'4')(G27, t) |,|—(b55)(4'4'4')(627, t) |,|—(b;6)(4'4'4')(627, t)| are third detrition coef ficients
for category 1,2 and 3

|—(bf3)(1'1'1'1'1'1)(6, t) |,|—(bf4)(1'1'1'1'1'1)(0, t) H—(bfs)(l'l'l'l'l'l)(G, t)| are fourth detrition coefficients
for category 1, 2,and 3

= (b16) @2222D (19, ) || = (1) #2222 (Gro, 1) ||~ (1) #2222 (Gyo, £)| are fifth detrition
coefficients for category 1, 2, and 3

|- (by0)B33333) (G 3, ) L |- (by1)B33333)(Gy3, ) H‘ (byy) 33333 (Gy3, ) | are sixth detrition
coefficients for category 1, 2, and 3

= 030) 7777777 (Gag, O] | (b37) 7777777 (Gg, 1) || (b36) 7777777 (G, ) | are seventh detrition
coefficients for category 1, 2, and 3

|- (03) ®388859) (6,3, 1) || - (b)) F8859) (6,3, 1) |- (b)) SB8389) (G5, 1)

are eighth detrition coefficients for category 1, 2, and 3

|- (i) ®2%99) (Gyg, )] - (b45) 7999 (Gaz, )] |- (14) 7% Gz, £) | are minth detrition
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coefficients for category 1, 2, and 3

— (@)

= (a G

dt (ase) 37
[ (aas)(7)| +(az) 7 (T35, 1) | +(a3e) #2222 (T, 1) | +(az) B333333 (T, 1) | ]
_ |+(a'2’4)(4,4,4,4,4,4,4) (Tys, t) I +(ayg) S 555555 (Tyq, ) | +(ay)©666666) (T, t)| Grs

[+ @) T EED (T, [+ (ag) ®FE88888) (T, [+ (ag) #29999 (T, 1) |

91

dGs;
dt

92

= (a37)(7)G36

(a57) 7| +(a37) P (T35, ) [+(a1;) #2222 (Tyy, 1) [+(a5,) B333339 (T, )|

- I +(ays) A (Tys, 1) |+(az9)(5'5'5'5'5‘5‘5) (Tyo,8) | +(a33)©000860(Ty3, 1) | Gig

[+(ar) D (1, 0 [+(ag;) @8888888 (T, ) [+(a4s) O299999 (T, 1) |

dt

93
= (a38)(7)637

[ (30) |+ (a5) P (Tsy, )| +(aip) #22222D (T, 0) | +(a3) G333 (1, )]
| [H @) 444D (Ty5, [ +(a30) 555559 (Tyg, )| +(a5) 456568 (T35, )] | Gis
[+(ar) A D (T, 0 [+(a1) @8888888 (T, ) [+(a4e) 29999 (T4s, 1) |
Where |(a3)”(Ty7,8) || (a3) V' (T7, 8) |,
category 1,2 and 3

|+ (a1) 2222222 (Tyy, £) |, | +(aly) @22222D (T, t)
augmentation coefficient for category 1, 2 and 3

[ (@50) 333333 (Ty1, )], [+ (ag) G222 (T, £)
coefficient for category 1, 2 and 3

[+ (@) EAA44D (Tys, 1), [+ (aps) 44444 (Tys, 1),
augmentation coefficient for category 1, 2 and 3

| +(a3g) 5555555 (T, t) |,| +(a39) >55555) (T, t) |,| +(agzg) 555555 (Tyg, t) | are fifth augmentation
coefficient for category 1, 2 and 3

[+ (@3)©O865O (T3, )} [ +(az3) 486560 (T35, 1))
coefficient for category 1, 2 and 3

[+ (@) WAL, )], [+ (ag) LD (T, )],
augmentation coefficient for category 1, 2 and 3

| +(ay,)®B888888) (T, ) l ’l +(ay,)®B888888) (T, ) |’
are eighth augmentation coefficient for 1,2,3

| +(a46) 279099 (Tys, t) | ,| +(a45) 279999 (Tys, t) | ,’ +(a4q) 0229099 (Tys, t) ‘ are ninth augmentation

(azg) P (T37,t) | are first augmentation coefficients for

+(a,1’3)(2'2'2'2'2'2'2) (Ty7,t) ‘ are second

7 7

+(ay,)BR333333) (T, 1) ‘ are third augmentation

1]

+(a'Z'(,)(4'4'4'4'4'4'4)(T25, t) | are fourth

"

+(azy) ©6606660) (T, t)| are sixth augmentation

+(ai’5)(1'1'1'1'1'1'1)(T14, t) ‘are seventh

+(asg) OPEEEEER) (T, )]

coefficient for 1,2,3

[(bé6)(7)| _(b§6)(7)(639: t) | _(bi’6)(2,z,z,z,z,z,z) (Gy9, 1) |— (b;o)(3'3'3'3'3’3'3) (Ga3, t) “ e
- () 44D Gy, 1) |- (b)) 55359 Gy, 1) [ - (b)) @055 (G5, D] .

|
T (b36)PT3; — ||

H O ) O e (o | A e
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[ (b37) 7= (b37)? (G0, )| = (b17) #**222D (Gyo, ) |~ (b1) 3333333 (Gos, )|
d;? = (b37) T35 — I—(bgs)(4‘4‘4‘4‘4‘4‘4)(627: t)l‘ (bgg)(5,5,5,5,5,5,5)(631’t)l_ (b33)©560660) (Gg, t)| T4
| |- (by) CPD (G, 1) |- (by) BBBEEI8D) (G5, £) |- (B15) P99 (Gyy, 1) ||
[(b36) 7] = (b3s) P (Gao, )| = (1) 22222 (Gy9, O) [~ (5) 3333339 (G, )|
d;% = (b3) PTzy —|[= (b20) @ 44449 (Gy7, 6)| = (b30) 555559 (Gay, ) [ - (b3) 555699 (G5, 1) || Tis
|- (b15) LD (G, ) |- (b)) BF88888) (G, 1) |- (bye) ©2%2999 (Gys, 1) ||

Where l —(b36) 7 (G30, t) |,|—(b§7)(7) (G39, 1) l , | —(b3g) 7 (G30, t) | are first detrition coefficients for
category 1,2 and 3

| —(b1g) @*2*228) (G, 1) ‘ ) | —(by7) #2228 (G4, 1) I )
coefficients for category 1, 2 and 3

| —(530) 3333333 Gy, )|, | = () B333333)(Gys, )|, | = (b3) 333333 (Gy, )| are third detrition
coefficients for category 1, 2 and 3

| = (By) 444449 (Goy, D) || = (b35) 4444449 (Gyg, )|, | = (b)) 444449 (Gyy, 1) |are fourth detrition
coefficients for category 1, 2 and 3

| = (bys) B555559) (Gyy, £) | | = (b) B355555) (Goy, 1),
coefficients for category 1, 2 and 3

| = (b32)©566688) (Gyg, 1) | | — (b3) 664689 (Gys, 1) |,
coefficients for category 1, 2 and 3

|_ (i) LLLLLLD (G 1) l ,‘ ~ (by)LLILLLD (G ) H — (b)) WLLLLLD (G ) |

are seventh detrition coefficients for category 1, 2 and 3

|- (b)) BBBBBEER (G, )] |- (byy ) BBBBBBER (G, 1) |- (by,) BEBBBBEB (G, ¢)|are eighth detrition
coefficients for category 1, 2 and 3

|_ (bis)@999999 (G, t) | ’| — (by) 999999 (G, t) | )

coefficients for category 1, 2 and 3
dGyg 95

dt

—(byg)?222222) (G g, 1) | are second detrition

—(b3g) %5555 (Gyy, t) | are fifth detrition

—(b34)©666660) (Goc 1) | are sixth detrition

= (byy)©222999((G,s, 1) |are ninth detrition

[ (a10)®|+(@1)® (Ta1, O | +(a16) #2222 (Ty5, )| +(a59) 33333333 (1, )| |
= (a40)®Gyy — l+(a;4)(4'4'4'4'4'4'4'4)(T25, t)|+(‘112,8)(5‘5‘5‘5‘5‘5'5'5)(T29, t)|+(a;2)(6‘6‘6‘6‘6‘6‘6‘6)(T33' t)| Gi3

| +(aip) WD (T, )| +(a36) T777 777D (T, )| 4(ag) @799 (Tys, 1)

dGyy
dt

[ (@) ®[+@)® (T, O+ a1 @2222220 (117, ) [ +(a5) 0333333 (1, D] ]
= (a41))® Gy — ‘+(ags)(4'4'4'4'4'4'4'4)(Tzs» t)|+(a;9)(5'5'5'5'5'5'5'5)(T29't)|+(ag3)(6'6'6'6'6'6'6'6) (T33,t)‘ Gig

>|+(a13)(1'1'1'1'1'1'1'1)(T14,t)|+(a37)(7'7'7'7'7'7'7'7)(T37,t)|+(a45)(9'9'9'9'9'9'9'9)(T45,t) ’
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dGy,
dt

[ (a42)(8)‘ +(as2)® (T4, 1) | +(ayg) @#222220 (T, t) | +(azy) 33333333 (T, t)| ]
= (a12)®Gyy — ||+(agé)(4'4'4'4'4'4'4'4)(T25, t) I+(ago)(5,5,5,5,5,5,5,5)(ng‘ t) I +(a3) 00060 (T, t)|| Gis

I+(a15)(1’1’1'1'1'1‘1‘1)(T14't)I+(a38)(7'7'7'7'7'7‘7‘7)(T37't)I+(a46)(9'9'9‘9‘9‘9‘9‘9)(T45't)l

Where ‘ +(a40)®(Tyy, ) ‘ , | +(a3)®(Tyy, ) | , | +(a32)®(Tyy, ) l are first augmentation coefficients for

category 1,2 and 3

|+(a'1'6)(2,2,2,2,2,2,2,2) (Tys, O], [+(al,) 2222222 (T, 1)
augmentation coefficient for category 1, 2 and 3
|+(a;0)(3’3’3’3’3’3’3’3)(Tzl' t) I’ +(ay,)B33333333) (T, t) |’
augmentation coefficient for category 1, 2 and 3

| +(agy) D (T, 1) l , | +(ags) P (T, 1) ‘ )
augmentation coefficient for category 1, 2 and 3

| +(a'2'8)(5,5,5,5,5,5,5,5) (Tyo, t) H +(a'2'9)(5,5,5,5,5,5,5,5) (Tyo, t) I ) | +(a'3'0)(5,5,5,5,5,5,5,5) (Tyo, t) ‘ are fifth
augmentation coefficient for category 1, 2 and 3

| +(as,)©6666666) (T, ) " ‘ +(as5)©6666666) (T, ) ‘ ,
augmentation coefficient for category 1, 2 and 3
|+(a’1'3)(1,1,1,1,1,1,1,1) (Tyart) | +(a'1’4)(1,1,1,1,1,1,1,1)(TH' t) | +(a'1’5)(1’1’1’1’1’1’1'1)(T14, t) | are seventh
augmentation coefficient for 1,2,3

| +(ase) 77T (T, £) ‘ " +(a3) 77T (T, £) ‘ ,
augmentation coefficient for 1,2,3

[+ (@) ®2999999 (1,5, )| [+ (as) 7999999 (1,5, 1),

augmentation coefficient for 1,2,3

+(a’l’g)(z,z,z,z,z,z,z,z)(T17, t) | are second

7 7

+(agz)(3'3'3'3'3'3'3'3)(T21, t) | are third

+(a;6)(4'4'4'4'4‘4'4'4) (Tys, t) | are fourth

+(a§4)(6‘6‘6‘6‘6‘6‘6'6)(T33, t) | are sixth

+(azg) 7777 (Tay, t) | are eighth

+(al4)(9’9’9’9’9’9’9’9) (Tys,t) | are ninth

dt
(b30) @ =(bi)® (Gas, O)[ = (b1 @2#2222D (Gro, D) |- () 3333339 (G, 1) |
(! (44,4,4,4,4,4,4) _(p" (555555,55) (b 1(6,6,6,6,666,6)

= (ba)®T,, — |- B20) (627, D] - (Bl) (G31,0]- (b3) G507,
| ‘—(bfg)(l'l'l'l'l'l'l'l)(G' t)l—(bgﬁ)(7'7'7'7'7'7'7'7)(639,t)l—(b;4)(9‘9'9'9'9'9'9'9)(G47,t)| |

dTyy

dt

[ (b4) @]~ (b1)® (Gyz, )|~ (b1;,)@2222229 (G, 1) | - (b7) 3333333 (G, )|
= (b41) Ty — |—(bgs)(4’4’4‘4‘4'4'4'4)(G27, t)l- (byg) E5555555) (Gyy, 1) |- (b33)(00006666) (G, t)| Ti4

"

| |- i) EAAD G, 5) [ (b3) P77 (G, ) [ (bi5) ©0090999 (G4, 1)) |

dt

[ (012) @] = (01)® (Gas, )|~ (b1s) Z222222D (G, 1) |- (b7,) 3333333 (G, 1) | ]
= (b)) O Ty — |- (by) H+++444D (Gyy, £) |- (b3) B5555559) (Gay, 1) |- (b34)©0000000) (G5, ) || Tis
_ l_(bi,s)(1,1,1,1,1,1,1,1)(G’ t)l_(bé’g)(7,7,7,7,7,7,7,7)(639’t)l_(b;{’6)(9,9,9,9,9,9,9,9)(647’t)| |
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’

Where ‘ —(b36) 7 (G39, t) |,|—(b§7)(7)(639, )],|—(b35) " (G309, 1) | are first detrition coefficients for
category 1,2 and 3

| _(bi’6)(2,2,2,2,2,2,2,2) (Gyo, ) l ) —(bi’7)(2'2'2'2'2‘2‘2‘2) (Gyo, ) | ) I _(bi’g)(z,z,z,z,z,z,z,z)(Glg‘ t) | are second
detrition coefficients for category 1, 2 and 3

| =(b30) 33333333 (Go, 1) || = (b71) B3333333)(Gyg, )|, | = (b)) B3333333) (Gy, )| are third detrition
coefficients for category 1, 2 and 3
|—(b;4)(4'4'4'4'4'4'4’4)(627, t) | 1= bé’s)(4,4,4,4,4,4,4,4)(627’ t)
coefficients for category 1, 2 and 3

| = () 55555555 (Gay, 0)| | = (byg) O5555555) (Gay, D) | | = (b30) BF555559) (G4, £) | are fifth detrition
coefficients for category 1, 2 and 3

[=(05) 6559 (G35, D] |~ (b53) 54 (G35, 1),
for category 1, 2 and 3

|— (by3)LLLLLLLD (G ) H— (byy ) PLLLLLLD (G 1) | ,| - (b3g) 77 (G39, 1) |are seventh detrition
coefficients for category 1, 2 and 3

|_ (b ) T7TTTTTD (G, £) |’| — (b3)TTTTTIIN (G, t) |,
coefficients for category 1, 2 and 3

|_ ( b£{4)(9'9'9'9'9'9'9'9) ) | ’| —( bls)(9,9,9,9,9,9,9,9) G\ ) | )

coefficients for category 1, 2 and 3

—(byg ) AA444ED (G, 1) |are fourth detrition

’

- (bys)LLLLLLLD (G 1) | are sixth detrition coefficients

- (b3g) 777 TTTTT (Gag, t) ‘are eighth detrition

= (by) O9999999 (G, , t) ‘are ninth detrition

dGy, 96
dt
= (a44) PG5
(@5) |+ (@30) @ (Tus, )|+ (@) B2222222D(T;, 1) | +(ah) B33333333)(Ty,, 1) | }
| +(a;4)(4'4'4'4'4'4'4’4’4)(Tzs,f)l +(a;8)(5'5'5'5'5'5'5‘5‘5)(ng,t)l +(agz)(6,6,6,6,6,6,6,6,6)(ng’t)‘ Gia

H_l_(a’l'a)(l,l,l,l,l,l,l,l,l)(TM’t)I+(agﬁ)(7,7,7,7,7,7,7,7,7)(T37’t)I+(axo)(8,8,8,8,8,8,8,8,8)(T41't) |J
dGys
dt
= (a45)(9)644
(@35) |+ (a4) @ (Tas, O | +(a1) 22222220 (T, 6) [ +(a5)) 33333339 (1, 1) |
_ || +(aZS)(“""“""“""‘*""“)(Tzs.t)I +(a;9)(5'5'5'5'5'5'5'5‘5)(ng,t)l +(a;3)(6,6,6,6,6,6,6,6,6)(T33,t)“GM
‘+(a'1'4)(1,1,1,1,1,1,1,1,1)(TH,t)l+(ag7)(7,7,7,7,7,7,7,7,7)(7«37’t)l+(a;1)(8,8,8,8,8,8,8,8,8)(T“,t)|
dGye
dt
= (a46)(9)645
[ (a1) @[+ (ai) @ Tz, )| +(aiy) @2222222D (Ty7, 0) [+ (ag) C33333333) (1, )| |
_ || +(age)(4’4’4’4’4’4’4’4’4)(Tzs,f)l +(a§0)(5'5'5'5'5'5'5'5'5)(ng,t)l +(a§4)(6,6,6,6,6,6,6,6,6)(T33’t)“Gls
|+(a'1'5)(1'1'1'1'1'1'1'1'1)(T14,t)I+(agg)(7'7'7'7'7'7'7'7'7)(T37,t)I+(a;z)(8'8'8'8'8'8'8'8'8)(T41,t) |J
Where [ +(a3)® (Tus, )|, | +(@45)® (Tus, £)
category 1,2 and 3
| +(ayg)@+22222220(T, 1)

,|+(ax6)(9) (Ts7,t) ‘ are first augmentation coefficients for

+(ay;)@22222222) (T, t)

+(ayg) #22222222 (T, t) ‘ are second

s s
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augmentation coefficient for category 1, 2 and 3
|+(a'z'o)(3,3,3,3,3,3,3,3,3)(T21’ t) ‘ ) I +(a;1)(3'3'3'3'3'3'3'3'3)(T21, t) | ' | +(agz)(3'3'3'3'3'3'3'3‘3)(T21; t) l are third
augmentation coefficient for category 1, 2 and 3

| +(ay,)Arhrata ) (T )] | +(ays ) hadaddd) (T, 1) | ’I +(ayg) Gttt (T, 1) l are fourth
augmentation coefficient for category 1, 2 and 3

| +(ayg)SS5555555) (Tyg t) " +(aye)E55555555) (Tyo t)
augmentation coefficient for category 1, 2 and 3
|+(aé’2)(6,6,6,6,6,6,6,6,6) (Tss, t) I’ I +(a;3)(6,6,6,6,6,6,6,6,6)(T33’ t) |’| +(a§4)(6,6,6,6,6,6,6,6,6)(T33‘ t) | are sixth
augmentation coefficient for category 1, 2 and 3

| +(a'1’3)(1,1,1,1,1,1,1,1,1) (Tya t) ‘ ’I +(a’1'4)(1,1,1,1,1,1,1,1,1) (Tya, t) l '
augmentation coefficient for category 1, 2 and 3
|_|_(a’3'8)(7,7,7,7,7,7,7,7,7) (Tsy, t) I +(as,) T TTTTTIN(T,, ) I () TTTTTITIN (T, 1) | are eighth
augmentation coefficient for 1,2,3

|+(azo)(8,8,8,8,8,8,8,8,8) (Ty1, t) |’| +(a;,)®B8888888) (T, ) |,

augmentation coefficient for 1,2,3

+ (a;o)(5‘5‘5‘5‘5‘5‘5‘5'5) (Tyo, t) | are fifth

’

+(6111,5)(1‘1‘1‘1‘1‘1‘1‘1'1)(T14, t) | are Seventh

+(al1)(8‘8‘8‘8‘8‘8'8'8'8) (Tyy, t) ‘ are ninth

ATy
dt
= (b44)(9)T45
[ (b;4)(9)| _(b;114)(9)(647: t) | _(bils)(2‘2‘2‘2‘2‘2‘2‘2'2)(Gl9x t) |— (bgo)(3'3'3'3'3'3'3'3‘3) (Go3, t)|

1
|_ (by, ) Aadadddd (G 1) I — (byg) 555555555 (G, t) |_ (by,)(66:66.6666.6) (G, t) | I r
13
I

D —

‘_ () LLLLLLLLD (G ) |_ (bsg) 777777077 (Gag, ) |_ (byy)(B88888888) (G, t)|

AdTys
dt

[ (b:ts)(g)‘ _(bgs)(g)(GM: t) | _(b;,7)(2'2'2'2'2'2'2'2)(619' t) I‘ (bg1)(3'3'3'3'3'3'3'3) (Gs, t)| ]
= (b45) Ty — |—(b55)(4'4'4'4'4'4‘4‘4) (Gy7, ) |— (bo) ®=525535) (G4, 1) |‘ (by3) 6000666 (Gyg, t)| Ti4
_l_ (b )LLLLLLLD (G ¢ |_ (b3 ) 77777777 (G, £) |_ (by,)BBBBBB8EE) (G, 1) | |

dTye
dt

[ (b16) = (b16)® (Ga7, O | = (b1s) #*22222D (619, 1) |- (03)) B3333333) (63, 1) ||
= (bye)OT,s — |_ (byg)hadadad) (G 1) |_ (byy) 5555555 (6o t) |_ (by,)(6:6:66:6666) (6. t)’ Ts
‘ — (byg)WLLLLLLD (G ) |_ (bsg) 77777777 (6o, £) |_ (by,)®B8888888) (G, t) |
Where |~ () (Giz, )|,
category 1,2 and 3

| _(bfe)(2'2'2'2'2'2'2'2'2)(619, t) ‘ ) ’ _(b1’7)(2,2,2,2,2,2,2,2,2)(Gw’ t) |’ | _(bils)(2'2'2'2'2'2'2'2‘2)(619: t) ‘ are second
detrition coefficients for category 1, 2 and 3

| —(byy)33333333) (G, 1) | = (by) 33333333 (6,4 t)
coefficients for category 1, 2 and 3
|—(bg4)(4’4’4’4’4’4’4’4)(627. t) | ,‘ —(béys)(4‘4‘4‘4‘4‘4'4'4)(G27, t) ‘ ) ’ _(bg6)(4'4'4'4'4'4'4'4)(627; t) |are fourth detrition

—(b4s) P (Gyy, 1) |,| —(bys) P (Gy7, 1) | are first detrition coefficients for

_(bgz)(3’3'3'3'3'3'3'3)(023, t) | are third detrition

’
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coefficients for category 1, 2 and 3

—(byg) B5555555) (Gay, 1) | | = (bgg) B¥55555) (Gay, ) | | = (b3g) ©5555555) (G4, t) |are fifth detrition
28 29 30

coefficients for category 1, 2 and 3

—(b3,)©0666660)(G.o 1) —(bgy)00066660) (G 1) || —(bgy) (00066666 (G,c t)|are sixth detrition
32 35 33 35 34 35

coefficients for category 1, 2 and 3

|_ (bfs)(l'l'l'l'l'l'l'l)(G' £) l "_ (b;r4)(1,1,1,1,1,1,1,1)(G’ £ ||_ (bf3)(1’1’1’1’1’1’1‘1‘1)(G' t) lare seventh detrition

coefficients for category 1, 2 and 3

|- (b3) 77777777 (Gag, )} - (b36) 77777777 (Gao, 1) | |- (b3g) 77777777) (G, t) are eighth detrition

coefficients for category 1, 2 and 3

|_ (by,)®88888888) (G, )| |- (b, )B88888888)(G,. 1) |’|_ (byy)BB8B88888) (G, 1) lare ninth

detrition coefficients for category 1, 2 and 3
Where we suppose

)|

(@)D, (@)D, (a YD, (b)D, (b)HD, (b, YV > 0,i,j = 13,14,15 97
The functions(a;' ), (blf' )Mare positive continuousincreasing and bounded.
Definition of(p;)™", (r,))®:
@)V (T4, ) < )W < (Ay) ™
BHVG < ()W < bYW < (Biz)®

Jim (@)@ (T4, ) = PO 98

lim (5D 6,0 = ()
Definition of( A;5 )V, ( By3 )M :

Wherel (A;3)D, (Bi3)D, (p)D, (r)® lare positive constants and |i = 13,14,15

They satisfy Lipschitz condition: 99

" ' " P roZ W
[(a; YV (Tiy, t) — (@ YO (Tig, )] < (ky3 ) P|Tyy — Tigle (M3 )
(b YPG,0) = (b YPVG, 0] < (ky3)D||G = G'||e~ (M) Dt

With the Lipschitz condition, we place a restriction on the behavior of functions
(a; YD (Ty,, )and(a; YV (Tyy, t) . (T4, t)and  (Ty4,t) are points belonging to the interval
[(k13)®, (M3 )D] . It is to be noted that (a; )V (T4, t) is uniformly continuous. In the eventuality of

the fact, that if (M3 )™ = 1 then the function (a; )™ (T, t) , the first augmentation coefficient
attributable to the system, would be absolutely continuous.

Definition of ( M5 )™®, (k3 )™ : 100

(My3)D, (ki3 )D,are positive constants
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(a)® (b))
(M3)® " (My3)

Definition of( P;3 ), (043 )™ : 101

There exists two constants( P53 ) and ( Q;3 )M which together With ( M;3)®, (k;3)D, (A13)® and
( B;3 )Mand the constants(a;)®, (a)®, (b)D, (b)D, (p)P, (r)D,i = 13,14,15,
satisfy the inequalities

(F3)® [(@)® + (a)® + (Az)D + (P3) P (ky3)P] < 1
3

W[ (B)®D + B)P + (Bi3)® + (Q13) P (ki3)P] <1

Where we suppose
@)®,@)®, (@)@, B)®, 1)@, (b ) > 0,i,j = 16,17,18
The functions(a;' )@, (bg’ )@ are positive continuousincreasing and bounded.

Definition of(p,)®, (r))@:

(@ )P(Ty7,0) < (p)@ < (Als)(Z) 102

B)P(Gro,t) < ()P < ()P < (B )P 103

leilgo(a;’ )(2) (Ty7,8) = (pi)(Z) 104
Jim ()@ ((Gro),t) = ()@ 105

Definition of( A;5 )®, (By6 )® : 106

Where‘ (A16)P,(B1g)?, ()P, (r)@® ‘are positive constants and [i = 16,17,18

They satisfy Lipschitz condition:

1(a; YO (T17,8) = (@] YO (T17, )| < (i )D|Tyy — Tyye~(Ms) @ 107

15 )P ((G19),£) — (b )P ((G19), )] < (K16 YD I(Go) — (Gyo)'[|le~ (160t 108

With the Lipschitz condition, we place a restriction on the behavior of functions (a;’)(2>(T1’7, t)
and(a; )@ (Ty7,t) .(Ty7,t) and (Ty7, t) are points belonging to the interval [( &y )@, ( My )P]. Itis to
be noted that (a; )@ (T}, t) is uniformly continuous. In the eventuality of the fact, that if ( M5 )® = 1
then the function (a; )@ (T},,t), the first augmentation coefficient attributable to the system, would
be absolutely continuous.

Definition of ( M6 )@, (k16 )® :
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(M )@, (k16 )@ ,are positive constants 109

(a)®? (b)®
(M6)® " (My6)@

Definition of ( Py3 )®, ( Q13 )@ :

There exists two constants( P¢ )® and ( Q;4 )@ which together
with (M4 )@, (k16 )P, (A16)Pand ( Bjg )Pand the
constants(a;)®, (a,))@, (b)®, (b)?, )P, )P,i=16,17,18,

satisfy the inequalities

@D+ @+ (A + (Pe) (k) @) <1 Ho
el P+ GO+ (Bi)® + (0)P (k)P <1 H
Where we suppose
(@)®, (@)®, (@ )®, 1), (b)), (b; Y® > 0,1,j = 20,21,22 112
The functions(a;' )3, (blf' )®are positive continuousincreasing and bounded.
Definition of (p,))®, (r;))®:
(a; YO (Ty, 1) < )P < (Ay)®
B 0) < (DD < (B)D < (B)®
leifcfo(ag)m (To1, 1) = (p)® 113
lim (5)® (G55,6) = ()
Definition of( A, )®, ( By ) :
Where‘ (A0)®, (By)®, 0)®, (1)@ ‘are positive constants and
They satisfy Lipschitz condition: 114

1(a; )BTy, ) = (4] )BTy, 0] < (fegg )P|Tyy — Ty e (M20)®t
" ’ " ~ ' _ 3)
[(b; Y (Ga3 , ) — (b; )P (Ga3,8)| < (kg )P||Gaz — Gos ||e (M20 )

With the Lipschitz condition, we place a restriction on the behavior of functions (a;' YO (Tyy, )

and(a; )®)(Ty,t) .(Ty1, t) And (Ty;, t) are points belonging to the interval [( &y )®, (M, )®] . Itis to
be noted that (a; )®) (T, t) is uniformly continuous. In the eventuality of the fact, that if ( M, )® =1
then the function (a;’ )®)(T,y, 1), the first augmentation coefficient attributable to the system, would

www.ijsrp.org



International Journal of Scientific and Research Publications, Volume 3, Issue 10, October 2013 30
ISSN 2250-3153

be absolutely continuous.
Definition of ( M,y )®, (kyo )@ : 115

(M )®, (kyo )P ,are positive constants
(a)® (b)® <1
(Mg )® " (Mp )®

There exists two constantsThere exists two constants( P,y )® and ( Q,, )®which together 116
with( My )@, (ky0)®, (A)Pand ( By )P and the

constants(a;)®, (a))®, (6)®, (b)®, )P, :)P,i = 20,21,22,

satisfy the inequalities

Ty @D+ @@+ (A) + (Pa)D (ka0 )V1 < 1

W[ )P + )P + (Byy)® + (050 )P (frro )] < 1
20

Where we suppose
(@)™, (@)™, (a; )P, )@, (b)@, (b; )P > 0,i,j = 24,25,26 117
The functions(a;' S (blf' )@ are positive continuousincreasing and bounded.
Definition of(p;)*, (1;)®:
(@ )® (Ty5,8) < @) < (454)@
(BHP (G, 1) < (D)W < (B < (Bre)®
Jim (@) (Tys, 6) = () 118
lim (6, )® ((Gz), t) = ()™
Definition of ( Ay, )™, ( Bys )™ :
Where‘ (A)®, (B )@, ()@, ()W ‘are positive constants and

They satisfy Lipschitz condition: 119

(@) )P (Tys, £) — (a; )P (Tas, )] < (fgg )P|Tog — Tysle™ (M)
" ' " P - ®
[ (b; )(4)((627) ,t) — (b; )(4)((627),t)| < (kyq )(4)”(627) —(Gy7) |le (M124 )0t

With the Lipschitz condition, we place a restriction on the behavior of functions (a;' VB (Tys, t)

and(a; )® (Tys,t) .(Tys, t) and (Ts, t) are points belonging to the interval [(kyq )@, ( My, )®] . Itis to
be noted that (a; )* (T;s, t) is uniformly continuous. In the eventuality of the fact, that if ( M, )® =

1 then the function (a;' Y#®(Tys, t) , the first augmentation coefficient attributable to the system, would

www.ijsrp.org



International Journal of Scientific and Research Publications, Volume 3, Issue 10, October 2013 31
ISSN 2250-3153

be absolutely continuous.
Definition of ( M,, )@, (kyy )@ : 120

(M )™, (kyy )P ,are positive constants

(ai)(4) (bi)(4)

— = <1
(Mpy )® " (Mpy )®

Definition of ( Py, )™, ( Q24 )™ : 121

There exists two constants( P, )* and ( Q,, ) which together
with( My, )@, (ks )@, (A2)Pand ( By, )Pand the
constants(a;)®, (a)®, (b)@, (b)®, ()@, ()P, i = 24,25,26,satisfy the inequalities

Tm @Y+ @@+ (A)® + ()P (ks )1 <1

W[ BD + (DD + (Bpy )® + (005 )P (Rpg )] < 1

Where we suppose
(@)®, (@)®, (@), B)®, (1), (b; )® > 0,1,j = 28,29,30 122
The functions(a;' ), (blf' )®are positive continuousincreasing and bounded.
Definition of (p,)®, (1;)®:
(@) (Ty0,t) < P)® < (Ayg)®
()P (G, 1) < (D < (B)® < (B)®
leifgo (a; )® (Tz9,0) = ) 123
Jim (b ) (Ga1,6) = ()
Definition of( A,5 )®, (B )™ :
Where‘ (A8)D, (B )®, ), (1)® ‘are positive constants and

They satisfy Lipschitz condition: 124

(@ YO (T30, £) — (a; )P (Ta9, )] < (fegg )®|Tpg — Tygle (28t
" ' " 7 - )
16 YO (G31)',8) — (5 )P ((G31), )] < (e YO [1(Ga1) — (Gap)'||e™ (M2t

With the Lipschitz condition, we place a restriction on the behavior of functions (a;' YO (Tyo, t)
and(a; )® (Tyo, t) .(Tpe, t) and (Tyo, t) are points belonging to the interval [( kug)®, (M,5)®] . Itis to
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be noted that (a; )® (Ty9, t) is uniformly continuous. In the eventuality of the fact, that if ( Mg )® = 1
then the function (a; )®(T,, t), the first augmentation coefficient attributable to the system, would
be absolutely continuous.

Definition of ( Mg )®, (kyg )™ : 125

(Mg )®, (kyg )®,are positive constants

(a)® (b)®

— = <1
(Mpg ) " (Mg )®

Definition of ( Pg ), ( Q55 )™ : 126

There exists two constants( P,g )® and ( 0,5 )®which together
with( Mag )®), (k5 ), (Az5) P and ( Byg )®and the
constants(a;)®, (a))®, (b)), (b)), (), (1,)®,i = 28,29,30,satisfy the inequalities

W[(m)(sn(ui)(a b (A )+ (P ) ()] < 1
28

W[ B + DS + (B )® + (005 ) (Rpg )] < 1

Where we suppose
(@)®, (@)@, (@)@, (b)®, B)®, (b, )® > 0,i,j = 32,33,34 127
The functions(a;' )(©), (bl-” )®are positive continuousincreasing and bounded.
Definition of (p,)©®, (1;)©:
(a; )O(T33,t) < () < (A5 )©
()OO (G35),0) < (1)@ < ()@ < (B3 )®
lei_r)r}o(a;')(@ (T35, 1) = (p)® 128
lim (5)@ ((G35),t) = ()@
Definition of( A5, ), (B3, )©®:

Where‘ (A3,)®, (B3,)®, (0)®, )® ‘are positive constantsand [i = 32,33,34

They satisfy Lipschitz condition:

(@) YO (Ts3,£) — (a; )O (T3, )] < (fzp ) O[Tz — Tagle™ (M)

15 )©((Gss)', ) = (B YO ((G35), £)] < (a2 YO I(Gas) — (Gas) [Je™ M52
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With the Lipschitz condition, we place a restriction on the behavior of functions (a;' YO (Tgs, 1)

and(a; ) (Ts3,t) .(Ts3, t) and (Ts3, t) are points belonging to the interval [( ks, )©, (M5, )©] . Itis to
be noted that (a; ) (T3, t) is uniformly continuous. In the eventuality of the fact, that if ( Ms, )©® =1
then the function (a;’ )(©®)(Ty,, t) , the first augmentation coefficient attributable to the system, would
be absolutely continuous.

Definition of ( M5, )©®, (k3, )© : 129

(M3, )®, (k35 )®,are positive constants

(a)® (b)®

— = <1
(M3 )® " (M3, )®

Definition of ( P;, )®, (03, )©® : 130

There exists two constants( P;, )® and ( 03, )®which together
with( M3, )©, (k3,)®, (43,)@and ( B;, )@and the
constants(a,)®, (a,))®, (b)©®, (b)®, )@, 1)©®,i = 32,33,34,
satisfy the inequalities

W[ (ai)(6) + (a;)(ﬁ) + (A3) @+ (P ) O (k3 )] <1
32

W[ B)E + (BDO + (Bsy)® + (05 )0 (Ray )O] < 1

Where we suppose
a)®, @)D, @ )P, (b)?, GBI, BID > 0,1, = 3637,
B @@, @), 007, 6, )P > 0,1, = 3637,38 1
(B) The functions(a;' D, (b;’ YDare positive continuousincreasing and bounded.
Definition of(p;,)”, (r,))™:
(@ )P (T35, t) < ()7 < (A36)?P
(6) 7 (G30,8) < ()7 < (1) < (B3s)?
132
© limy, e, (a; )7 (T37,8) = (p))7

®)
lim (67 ((G30), 1) = ()

Definition of( Ass )™, ( B3 )™ :

Where‘ (A36)7D, (B36)D, ), )P ‘are positive constants and [i = 36,37,38
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They satisfy Lipschitz condition:
(@)D (T35, 8) = (@) )P (T3, D] < (kag )V |Tsy = Taple(Fas) e

(b )P ((G30)',£) — (b )P ((G30), )1 < (Kzg )P NI(G30) — (Go)'[Jle= (3607t

With the Lipschitz condition, we place a restriction on the behavior of functions (a;' YD (Tyy, t)
and(a; )7 (Ts7,t) .(Ts;, t) and (T3, t) are points belonging to the interval [( kg )™, (Mse )] . Itis to
be noted that (a; )7’ (Ts,, t) is uniformly continuous. In the eventuality of the fact, that if ( Mz )7 =1
then the function (a;' Y (T3,,t) , the first augmentation coefficient attributable to the system, would
be absolutely continuous.

Definition of ( Mz )7, (k3¢ )7 :
(E) (M36)7D, (k36 )7 ,are positive constants

(a))?” (b))
(M6 )P " (M6 )

Deﬁnition Of( ﬁ36 )(7), ( 036 )(7) N
(F) There exists two constants( Py, )7 and ( Q36 )Pwhich together

with( M3 )7, (k36 )7, (A36)Pand ( Bz )Pand the
constants(a,)?, (a,))?, (b)), (b)?, )P, ()7, i = 36,37,38,satisfy the inequalities

W[ (@)? + (a)? + (A36) D+ (Pss) P (k3e )] <1

ol @7+ G+ (Bs)? + ()P (kag) V) < 1

Where we suppose
@)®,(@)®, (@)@, )P, 1), (b)) > 0,i,j = 40,41,42
The functions(a;' )®), (bl-” )®are positive continuousincreasing and bounded
Definition of (p,)®, (1;)®:
(@ )® (T4, 0) < P)® < (Ago)®
()P ((6), ) < ()P = (B)® = (Bag)®

Tlim @)® (Tyy, ) = (p)®
) =00

133

134

135

136

137

138

139

140
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lim (6)® ((G),8) = ()® 141

Definition of( A4y )®, ( B4y )® :

Wherel (A4o)®, (By)®, (p)®, (r)® Iare positive constants and [i = 40,41,42

They satisfy Lipschitz condition:
|(a;’)(8) (Téil; t)— (a;,)(g) (Ty, D) < (’240 YOTyy — T4’1 |e—(1W4o O 142

1 )® ((Ga3)', 6) = (b YO ((Gz), )] < (kag )P (Gaz) — (Gaz) ||~ Fa0) 143

With the Lipschitz condition, we place a restriction on the behavior of functions (a; Y®(T,,,t) and
(@) )®(Tyy, t) .(Tyy, t) and (Tyy, t) are points belonging to the interval [( ko )®, (Mo )®] . It is to be
noted that (a; )® (T, t) is uniformly continuous. In the eventuality of the fact, that if (M )® =1
then the function (a; )®(Ty4,t) , the first augmentation coefficient attributable to the system, would
be absolutely continuous.

Definition of ( M4, )®, (k4o )® :

(Mo )®, (kyp )®,are positive constants

(ai)(g) (bi)(g) <1 144
(My)® " (M )®

Definition of ( Py )®, ( Q40 )® :

There exists two constants( Py, )® and ( Q4 )® which together with( My )®, (kqo )®, (A4o)®
( By )®and the constants(a,)®, (@)@, (6)®, (6)®, @)@, ()@, i = 404142,
Satisfy the inequalities

’ i P k 145
W[(ai)(S) +(@)® 4+ (Ag)®+ (Pp)® (ke )®] < 1
40
: B 0 k 146
W[ (bi)(g) + (bi)(g) + ( By )(8) + (04 )(8)(](40 )(8)] <1
40
Where we suppose
(@)@, (@)@, @), ), (5, (b )P > 0,i,j = 44,45,46 146
A

The functions(a;' ), (blf’ )@are positive continuousincreasing and bounded.
Definition of(p,)®, (1,)®:
(@ ) (Tys,0) < () < (Agy)®

(b:)P (G, ) < )P < (B)D < (B4y)®
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Tlim (@)D (Tys,t) = ()@
) =00

éim (b;l )(9) (G47, t) = (ri)(g)
Definition of( 444 ), (B4, )@

Where‘ (A3), (B ), (0)®, (1)@ ‘are positive constants and [i = 44,45,46

They satisfy Lipschitz condition:

1(a; ) (Tys, £) = (@ YO (Tys, )| < (kag )| Tys — Tygle™(Faa )Pt

|(b; )P ((Gy7) ) — (b;’)(g)((647), t)] < (kag YOU(Gy7) — (Gy7)'||e™(Mas e

With the Lipschitz condition, we place a restriction on the behavior of functions (a;' ) (T;S, t)

and(a; ) (Tys, t) .(Tys, t) and (Tys, t) are points belonging to the interval [(kyq )@, (M, )] . Itis to
be noted that (a; ) (Tys, t) is uniformly continuous. In the eventuality of the fact, that if ( My, )® =1
then the function (a;' YO(Tys, t), the first augmentation coefficient attributable to the system, would
be absolutely continuous.

Definition of ( My, ), (k4s ) :
(Myy ), (kyy ) ,are positive constants

(ai)(g) (bi)(g)

— — <1
(Mg ) " (Myy )

Definition of ( B4 ), ( Q44 ) :
There exists two constants( Py, )® and ( Q44 )®which together
with( My )@, (k4s ), (A44) P and ( By, )Pand the

constants(a;)®, (a;))®, (b)), (b)®, ()@, (1)@, i = 44,45 46,
satisfy the inequalities

W[ @) + @) + (A)® + (P YO (ke )] < 1

el @7+ 007+ (B + (0O (ki) <1
44

Theorem 1: if the conditions above are fulfilled, there exists a solution satisfying the conditions 147

Definition of G;(0),T;(0):

GO < (Py) VeVt | [7G,(0) = 67 > 0]

T,(t) < (Qp3)Pe™)Vt [10)=T) >0
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Theorem 2 : if the conditions above are fulfilled, there exists a solution satisfying the conditions 148
Definition of G;(0),T;(0)

Gi(8) < (Prg)PelMe) P G,(0) =G >0

T,(t) < (Q46)Pe™e)P T(0) =T >0

Theorem 3 : if the conditions above are fulfilled, there exists a solution satisfying the conditions 149
Gi(D) < (Pyg)Pe™0)Pt - G(0) =G >0

T,(t) < (05 )P0Vt 1(0) =T >0

Theorem 4 : if the conditions above are fulfilled, there exists a solution satisfying the conditions 150

Definition of G;(0),T;(0):

G(©) < (Pyy) Vet [76,0) = 60 > 0

T() < (Q50) PV [T(0) =T >0

Theorem 5 : if the conditions above are fulfilled, there exists a solution satisfying the conditions 151

Definition of G;(0),T;(0):

() < (P) et | [7G,(0) = 67 > 0]

T,(t) < (Qp)®eM)Pt - [T(0)=T) >0

Theorem 6 : if the conditions above are fulfilled, there exists a solution satisfying the conditions 152

Definition of G;(0),T;(0):

G:(O) < (Py) et | [7G,(0) = 67 > 0]

T,(t) < (05 )@eM2)Pt  [10)=T0 >0

Theorem 7: if the conditions above are fulfilled, there exists a solution satisfying the conditions 153

Definition of G;(0),T;(0):

G,(t) < (P36)(7)em36)(7)t | 6.0 =62 >0

A T~ Y7
Ti(0) € (Q36)VeM6)t T, (0) =T >0

Theorem 8: if the conditions above are fulfilled, there exists a solution satisfying the conditions 153
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Definition of G;(0),T;(0):

() < (Puo) e | [76,(0) = 60 > 0]

Ty(t) < (Qao )PeMa0 e T,(0)=T2 >0

Theorem 9: if the conditions above are fulfilled, there exists a solution satisfying the conditions 153

Definition of G;(0),T;(0):

G:(O) < (Puy) Ve [7G,(0) = G2 > 0]

T,(t) < (Q4y ) QM) [T (0)=T0 >0

Proof: Consider operator A1) defined on the space of sextuples of continuous functions G;, T;: Ry » 154
R, which satisfy

G:(0) =G, T;(0) =T, G < (P3)V, T < (Q13)®, 155

0 < G(t) — GO < (Pyz )We(Mi3)Dr .

0<T(t) — T < (Qus YDe(M13 e 157

K 158

Gi3(0) = Gpy + fot (@) V61a(s013)) = (@) + ai)P(Tua(s01)). 5613) ) Grs (513))] dscasy
Gra () = Gy + fot (@) V615 (s013)) = (@D + @) (Tua(s5019)):5019))) Gua(s13) | dsas)
Gis(6) = G5 + fo t |(@15) V614 (sa5) = ((@)® + (@)D (Tua(s03), 5a3)) ) G1s (503)] dsas)
Ti3(6) = Tiy + fot |B1) D Tia(sa3) = (B1) D = B1)V(6(sa3)r509)) Tra (s09)) | dsasy
Tia(6) = Tiy + fot |G DTis (sa3) = (G100 = BV (6 (sa3)r509)) Taa (509))] dsasy
Tis () = Tis + fot |B1)DTia(s13)) = (B1)D = Bi) V(6 (s013))r509)) Tas (s1)] dsas)

Where s(;3) is the integrand that is integrated over an interval (0, t)

www.ijsrp.org



International Journal of Scientific and Research Publications, Volume 3, Issue 10, October 2013 39
ISSN 2250-3153

Proof: 159

Consider operator A® defined on the space of sextuples of continuous functions G;, T;: R, - R,
which satisfy

G(0) =G, T,(0) =T, G? < (P )P, T < (Q16)?,
0 < Gi(t) = G) < (Pys )Pe(Me) Pt

0 < Ti(t) = T < (s )PeMe) ™

By 160

G16(t) = Gfs + fot [(016)(2)017(5(16)) - ((aie)(z) + a10)? (T17 (s06)). 5(16))) 516(5(16))] ds16)
G17(t) = Gf; + fot [(%7)(2)616 (sae) = ((017)(2) + (a17)?(T17 (s06), 5(17))) 517(5(16))] ds(16)
G15(t) = Gy + fot [(am)(z)Gn (sae) - ((a’18)(2) + (1) ? (T17 (s016)), 5(16))) Gig (5(16))] ds(16)
Tis(t) = Tfe + fot [(bm)(z)Tn (sae) = ((bis)(z) - (bfs)(z)(Gw(S(m)):5(16))) The (5(16))] dS(16)
Ty, () =T + fot [(bw)(z)Tm (sae) — ((bb)(z) - (bf7)(2)(519(5(16)):5(16))) Y (5(16))] dS(16)

t
Tig(t) = T + f [(b18)(2)T17 (5(16)) - ((bis)(z) - (bils)(z)(Glg(S(m))'5(16))) Tig (5(16))] ds(e)
0

Where s(4) is the integrand that is integrated over an interval (0, t)

Proof:

Consider operator A® defined on the space of sextuples of continuous functions G;, T;: R, —» R,
which satisfy

G;(0) =G?, T,(0) =T, G° < (Pyy)®,TY < (Q3)®,
0 < Gi(t) = G < (Pyy )Pe (M0
0<Ti(t)—T? < (Qy )(3)6(M20 B

By 161

t
Gao(t) = G3y +f [(azo)mGu (5(20)) - ((aéo)(g) + a;o)(g)(T21 (5(20))'5(20))) Gao (5(20))] ds 20y
0
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t

Goi (t) = G2y +J- [(a21)(3)620 (5(20)) - ((a,21)(3) + (a;1)(3)(T21(5(20))' 5(20))) 621(5(20))] ds 20

0

t
G (t) = Gy +J- [(azz)m(;n (5(20)) - ((alzz)m + (agz)(3)(T21(5(20))' 5(20))) Gy (5(20))] ds(20)
0
t
7_wzo ® = T200 + f [(bzo)(3)T21(5(20)) - ((béo)m - (b;o)(3)(623 (5(20))‘ 5(20))) Ty (5(20))] ds(20)
0
t
7_w21(t) = T201 + f [(b21)(3)T20 (5(20)) - ((bé1)(3) - (b;1)(3)(623 (5(20))‘ 5(20))) Ty (5(20))] ds(20)
0

t
T22 ®= Tzoz +J- [(bzz)(3)T21 (5(20)) - ((béz)m - (bgz)(3)(623 (5(20))‘ 5(20))) Ty, (5(20))] ds(20)
0

Where s(,) is the integrand that is integrated over an interval (0, t)

Proof: Consider operator A® defined on the space of sextuples of continuous functions G;, T;: R, —
R, which satisfy

Gi(0) =GP, Ti(0) =T, GP < (Pyu)®, T < (Q24)®,

0 < G,(t) — G° < (B, )We(M2e) Wt

0.<Ti(8) =T < (Qoa )W M2r) ™

By 162
G4 () = Gy + J: @) P65 (s20)) = (@)@ + @)D (o5 (500)):520) ) a1 (520)) | dsiany
Gas () = G5 + J: |@9)®6au(s20)) = ((@2)® + (@2)(Tas (50 S209) ) Gas (s2) | dsian
Ga6(t) = G36 + J: [(‘126)(4)625(5(24)) - ((‘1’26)(4) + (a26) ™ (Tos (s2)): 5(24))) 526(5(24))] ds (24
Tpa(6) = T + fy [ (b2) PTas (52)) = (0240 = (B30 (Gor (524, S28)) ) Taa (52a0) | A5z
Tos(8) = Tgs + fo t |B2) a4 (5020)) = (B2)® = (B2) P (67 (520, 520)) ) Tas (S20)) | dscany

t
Ty (D) = T35 +f [(b26)(4)T25(5(24)) - ((bée)m — (b26)™®(Ga7 (s2m)s 5(24))> Tz (5(24))] ds(a4)
0

Where s(4) is the integrand that is integrated over an interval (0, t)

Proof: Consider operator A defined on the space of sextuples of continuous functions G;, T;: R, —
R, which satisfy
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Gi(0)=G), Ti(0) =T, G) < (P )®,T? < (025)®,

0 < Gi(t) — G < (g )®e( M)t

0 ST(t) = T < (Qag )P M)
By 163

t

Gag(t) = Gg +f [(azs)(s)cz‘a (@) — ((aés)(s) + a;S)(S)(T29(5(28))'5(28))) Gas (5(28))] ds(28)
0

t
529 @® = 639 + J- [(a29)(5)628 (5(28)) - ((a,29)(5) + (a;9)(5)(T29 (5(28))’ 5(28))) Gag (5(28))] ds(2s)
0

t

Gz () = G + f [(a30)(5)629 (5(28)) - ((also)(s) + (ago)(s)(TZ‘B(S(ZS))'5(28))) G3o (5(28))] ds(2g)
0
t

7_wzs ® = T208 +f [(bzs)(S)Tw (5(28)) - ((bés)(s) - (bgs)(s)(cn (5(28)): 5(28))) Tzs(s(zs))] ds(zs)
0
t

Tye(t) = T3y +f [(bzg)(s)Tzs(s(zs)) - ((bé9)(5) - (b;9)(5)(631(5(28))'5(28))) T29(S(28))] ds(2)
0

t
T30 ® = T300 + f [(b30)(5)T29 (5(28)) - ((béo)(s) - (bgo)(s)(cm(s(zs)).5(28))) T3 (5(28))] d5(28)
0

Where s(,g) is the integrand that is integrated over an interval (0, t)
Proof:

Consider operator A©® defined on the space of sextuples of continuous functions G;, T;: R, —» R,
which satisfy

G(0) =G, T,(0) =T, G < (P;,)®, T < (03,)®,
0 < G,(t) — GP < (Py; )OeMx2)®r
0 < Ti(t) — T < ( Q5 )@ M2 )t

By 164

t
6_32 ® = ng +f [(a32)(6)G33 (5(32)) - ((aéz)(@ + a'3'2)(6)(T33 (5(32))'5(32))) Gs, (5(32))] d5(32)
0
t
6_33 ® = 033 +f [(a33)(6)G32 (5(32)) - ((a'33)(6) + (a'3'3)(6)(T33 (5(32))' 5(32))) Gs3 (5(32))] d5(32)
0

t
G_34(t) = 034 +f [(a34)(6)G33 (5(32)) - ((a’34)(6) + (a§4)(6)(T33 (5(32))' 5(32))) 534(5(32))] d5(32)
0
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t

Taz ® = T302 + f [(baz)(G)Tw (5(32)) - ((béz)(@ - (b::z)(@(@s (5(32))‘ 5(32))) T3, (5(32))] ds(32)
0
t

7133 ® = T303 + f [(baa)(G)Tw (5(32)) - ((bé3)(6) - (b::3)(6)(635 (5(32))‘ 5(32))) Ts3 (5(32))] ds(32)
0

t
T34('5) = T304 +J- [(b34)(6)T33 (5(32)) - ((bé4)(6) - (b§4)(6)(635 (5(32))‘ 5(32))) T34 (5(32))] ds(2)
0

Where s(3,) is the integrand that is integrated over an interval (0, t)

Proof:
Consider operator A defined on the space of sextuples of continuous functions G;, T;: R, — R,
which satisfy

Gi(0) = GiO' T;(0) = TiO' Gio S (1336 )(7) 'Tio = (036 )(7):

0 < G,(t) — G° < (Pyg )DeM36) Dt

0<Ti(t) =T < ( Q36 ) Ve M6 YDt
By 165

t

G_36(t) = G’a(‘]é +f [(a36)(7)G37(5(36)) - ((aéa)(7) + a§6)(7)(T37 (5(36))'5(36))) G3e (5(36))] ds(3e)
0

t
Gs7(t) = Gy +f [(a37)(7)G36(5(36)) - ((a'37)(7) + (a;7)(7)(T37(5(36))1 5(36))) Gs7 (5(36))] ds(3e)
0
t
Gg(t) = G +f [(a38)(7)637(5(36)) - ((‘1’38)(7) + (aga)(7)(T37(5(36)): 5(36))) Gsg (5(36))] ET)
0
j— t ’ "
T36(t) = T35 +f [(bae)(7)T37 (s@e)) — ((b36)(7) — (b36)" (G39(s6))> 5(36))) T36(5(36))] ds(3e)
0

t
7_137(15) = T307 +f [(b37)(7)T36 (5(36)) - ((bé7)(7) - (b§7)(7)(639(5(36))'5(36))) T37(5(36))] ds(3e)
0

t
Tag(t) = s + f [(bas)(7)T37 (s@e)) = ((bés)m — (b33)(Gs9(536))s 5(36))) T3g (5(36))] ds )
0

Where s(3¢) is the integrand that is integrated over an interval (0, t)

Proof:
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Consider operator A® defined on the space of sextuples of continuous functions G;, T;: R, —» R,
which satisfy

G(0) =GY, Ti(0) =T, G < (Pyo)®, T < (Q4o)®,
0<G;(t) =G < (Py )(8)3(M40 )&
0<Ti(t) =T < (Qgo )Pe Mo O

By

t
Gao () = Gip + f [(‘140)(8)641 (s0)) = ((a;w)(g) + a30)®(Tyy (5(40))'5(40))) Gao (5(40))] ds (40
0
t
Ga1 () = Gy + f [(a41)(8)640 (5(40)) - ((ah)(g) + (021)(8)(7141 (5(40))15(40))) G (5(40))] ds a0)
0

t
Gap () = G + f [(‘142)(8)041 (5(40)) - ((aitz)(s) + (a)® (T41 (5(40))'5(40))) Gaz (5(40))] ds (40
0

t
7_"40 @® = Tfo +f [(b40)(8)T41 (5(40)) - ((bz,w)(g) - (blo)(B)(G% (5(40));5(40))) Ty (5(40))] d5(4o)
0

t
7_111 ® = Tz& +f [(b41)(8)T40 (5(40)) - ((bz,u)(s) - (bll)(8)(c43 (5(40))'5(40))) Ty (5(40))] ds o)
0

t
Ta,z ® = sz +f [(b42)(8)T41 (5(40)) - ((bzltz)(g) - (bgz)(B)(G% (5(40));5(40))) Ty, (5(40))] d5(4o)
0

Where s(4¢) is the integrand that is integrated over an interval (0, t)

Proof:
Consider operator A defined on the space of sextuples of continuous functions G;, T;: R, - R,
which satisfy

G(0) =GP, Ti(0) =T2, G < (P )@, T < (Qua)®,
0<Gi(t) =G < (Py )(9)e(M44)(9)t
0<Ti(t) =T < (Qgq )@ Mas)Pt

By

t
Gaa () = Ggy + f [(a44)(9)645 (say) — ((azym)(g) +a44) @ (Tys (5(44)),5(44))) Gaa (5(44))] ds(aa)
0

t

Gys(t) = G5 + f [(‘145)(9)644 (s@a) — ((a;s)(‘” + (a45) P (Tus (5aa)), 5(44))> Gys (5(44))] ds 44y
0

t

Gas(t) = Gie + j [(‘146)(9)645 (S@an) — ((a;(,)(‘” + (a16) P (Tus (544, 5(44))> Gae (5(44))] ds(a4)
0

166

166
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t
Tu(t) =T + f [(b44)(9)T45 (5(44)) - ((bim)(g) - (b;4)(9)(647 (5(44))'5(44))) Tay (5(44))] ds (44
0

t
Tys(t) = Tjy +f [(b45)(9)T44 (seany) = ((bis)(g) — (b45) @ (Ga7 (saay), 5(44))) Tas (5(44))] ds(aa)
0
t
Ty () = T& + f [(b46)(9)T45 (5(44)) - ((bz’m)(g) - (b16)(9)(647 (5(44)): 5(44))) Tye (5(44))] ds a4y
0

Where s(44) is the integrand that is integrated over an interval (0, t)

The operator A maps the space of functions satisfying Equations into itself .Indeed it is obvious that 167
t

~ 16}
Gi3(t) < G5 + J. [(a13)(1) (G&"‘( Py3 )(1)3(M13) 5(13))] dsaz) =
0

(a13)(1)(ﬁ13 )(1) €5}
14 (@) D)o, 22~ 137 (o(M3) P _q
( ( 13) ) 14 (M"13 )(1) ( )

From which it follows that 168

(P13)D+6Y,

(Glg(t)—aﬁg)e‘(m”mt<((1Cvlzl3))<l> [(<P13)”+G14)e< >+(ﬁ“)ml

(GY)is as defined in the statement of theorem 1
Analogous inequalities hold also for Gi4, G5, T13, T14, Tis

The operator A® maps the space of functions satisfying Equations into itself .Indeed it is obvious

that
@ 169
Gi6(t) < Gis + f [(alﬁ)(z) (097"‘( Py )(6)9(M16) 3(16))] ds(ie)
0
@¢p Y@
_ @ ro o (@16)7(Prs) (M) Pt _
(1 + (a16)Pt)GYy; + T ® (e 1)
From which it follows that 170
@ (a16)@ <_ e )(UZ)+G(1)7)
(Gro(8) = Gloe™ Mt < T S | ()@ + Get el T (Pig)®
Analogous inequalities hold also for Gi;, Gig, T16, T17, T1g
The operator A3 maps the space of functions satisfying Equations into itself .Indeed it is obvious 171

that

Gao(t) < Gy + f [(azo)(g) (631 +( Py )(3)9(M20)(3)S(20))] dse) =
0
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@) Py )@
3) 0 (aZO) ( 20 (M20)®t _
(1 + (azo) t)Gz]_ + —( Mizo )(3) (e 20 1)

From which it follows that 172

(P20)3)+69;

(Gao (£) — GZp)e(Ma0 Pt < % ((Py)® + 621)3( 621 ) + ( Py )(3)l

(0 )®

Analogous inequalities hold also for G,q , Gy, Tog, T21, To

The operator A® maps the space of functions satisfying into itself .Indeed it is obvious that 173

- )
Goa(t) < G4 + f [(024)(4) (Gzos +( Py )PeM24) 5(24))] dsosy =
0

@®cp,, @
D) 0 (a24) ( 24 ) (M4 )Y®t _
(1 + (ap)®t)GYs + T (e 1)

From which it follows that 174

(P24)®+6Ys

(Goa(t) — G3y)e™ (M2 e < %I(( Py )® + Gos)e( G2s ) + (P )(4)]

(GY)is as defined in the statement of theorem 4

The operator A® maps the space of functions satisfying Equations into itself .Indeed it is obvious
that
t
Gpg(t) < G + J [(azs)(s) (Gg9+(P28 )®e e )(5)5(28))] dsg) =
0

G)( p,. \®
) e0 o (@28)7 (Pog) (M)t _
(14 (a)®t)GY + T e )® (e 1)

From which it follows that 175

(P28)®)+6%q

) -
(20) ((Pys)® + 039)e< 629 ) + ( Pog )(S)l

- ~(M25) Pt
(Gog(t) — Gig)e M2 <(M )6

(GD)is as defined in the statement of theorem 5

The operator A maps the space of functions satisfying Equations into itself .Indeed it is obvious 176
that

t
~ ®)
Gs,(t) < GY, +f [(a32)(6) (G§3+(P32 )(6)3(M32) 5(32)>] ds@y) =
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)¢ p.. \(6)
a P.
(1 + (a32)(6)t)c;303 + M(e(lqn YO _ 1)

(M3;)©
From which it follows that 177

(P32)®)+6Y5

(G (£) — GS,)e(Ms2 < & ((Ps)® + 633)3( 633 ) +( Py )(6)l

()

(G)is as defined in the statement of theorem 6
Analogous inequalities hold also for G5, Gyg, T4, Tos, Tog

(a) The operator A maps the space of functions satisfying Equations into itself .Indeed it is 178
obvious that

t
G6(t) < G35 +f [(036)(7) (G§7+( P36 )(7)3(M36)(7)s(36))] ds@ze) =
0

D¢ P YD
a P.
(1 + (ase) V)GY, + M(e(mﬁ e 1)

(M3 )7
From which it follows that
™ (aze)” ( Mo%) -
(G36(t) — Gge M)t < ——— (Fzg ) ((Pss)? +G37)e 037 + (P36 )7

(GY)is as defined in the statement of theorem 7

The operator A® maps the space of functions satisfying Equations into itself .Indeed it is obvious that
L ® 180
Gao(t) < G + f [(040)(8) (021 +(Pyy )®eMa0) 3(40))] dso) =
0

@ ¢p ®
a P
(1+ (as)®@e)6hy + L) (o cmpye _q)

(My)®
From which it follows that 181
5. \®)1g0
—(M40)®t (a 40) ®) < (ow);c +G41) P, Y®
(G (t) — Gip)e S =5 (M4 )® ((Pso)® +Giy)e “ + (Pyo)

(GD)is as defined in the statement of theorem 8
Analogous inequalities hold also for Gyq , Gaz, Tag, Ta1, Ty

The operator A®maps the space of functions satisfying 34,35,36 into itself .Indeed it is obvious

that
t

Gt (t) < Gy + f [(a44)(9) (Gfs +( Pyy ) Ve Mae )(9)5(44))] dsa) =
0
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Ocp YO
(a4a)(Pas) (e(ﬁ44)(9)t_1)

1+ (a44)Pt)Gls + —
( ( 4—4—) ) 45 (M44 )(9)

From which it follows that

© (a4g)® (_ = )(09)+625>
(Gaq (£) — Gy~ (M)t < (M )® (P )@ + G )e G4 + (P )(9)l
44

(GY)is as defined in the statement of theorem 9

Analogous inequalities hold also for Gys , G46, Tys, Tss, Tag

NeY D
It is now sulfficient to take (fﬁal) e ,([(qbl) @ < 1 and to choose 182
13 13
(P3)® and (Q,3 )Plarge to have
(P13) D6} 183
wo [ (gt
W (Pi3)® + ((P3)® + G)e g < (P3)®
13
(Q13)D+1?0 184
b [ () i
———[((Qz3 )P +T)e g +(Q13) P < (Q13)®
(My3)®
In order that the operator A1) transforms the space of sextuples of functions G; , T; satisfying
Equations into itself
The operator-A™) is a contraction with respect to the metric 185

d ((G(l),T(D), (G(Z)’T(Z))) =

sup{max|Gi(1)(t) — Gi(z)(t)|e_m13)(1)t, max|Ti(l)(t) - ﬂ(z)(t)|e_(’q13)(l)t}
. teRy teRy
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Indeed if we denote
Definition ofG, T : (G,T) = AV (G, T)

It results

t
A _ #72) 1) @), —(My3)D My3)D
Gy — G, |Sf(a13)(1)|G14 — Gy |e (M13)*s(13) o (M13) 5(13)ds(13)+
0

¢
’ 1 1
f {(a13)(1)|61(31) _ Gf§)|e_(ﬁ13)( )5(13>e—(ﬂ13)( )s13) +
0

(@)1, 503|685 = 65 e~ Vsune (M Psas) 4

6P 1@ O (1, san) = @)V (T, san)| e M save M Psanias
Where s(;3) represents integrand that is integrated over the interval [0, t]
From the hypotheses it follows
|6 - G(2>|e—(ﬁ213)<”t 186
< 5 (@0 + @) + (A)®
+ (P3)D (Fys)D)d ((G(n'T(n; G(z)'T(z)))

And analogous inequalities forG; and T;. Taking into account the hypothesis the result follows

Remark 1: The fact that we supposed (a;3)™" and (b;3)Pdepending also ontcan be considered as not
conformal with the reality, however we have put this hypothesis ,in order that we can postulate
condition necessary to prove the uniqueness of the solution bounded by

(Pr3)De™1D gng (0,,)De 1Dt regpectively of R,.

If insteadof proving the existence of the solution onR,, we have to prove it only on a compact then it
suffices to consider that (a;' YD and (b;r YD) i =13,14,15 depend only on Ty, and respectively on
G (and not on t) and hypothesis can replaced by a usual Lipschitz condition.

Remark 2: There does not existany t where G; (t) =0and T; (t) =0

From 19 to 24 it results
G, (©) = Glel~ @ P=E@)HV(ulan)sanlisan] 5
T, (¢) = T2t > 0 fort > 0
Definition of((/IVIB)(l))I, ((/117113)(1))2 and ((7\7113)(1))3 : 187

Remark 3: if G5 is bounded, the same property have also G4 and G5 . indeed if
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Gi3 < (My3)@ it follows % < ((W13)(1))1 — (a;4)MGy4 and by integrating

Gia < (M13)®), = G4 + 2(ar) P ((M13)®), /(a1)®
In the same way, one can obtain
Gis < ((7‘7113)(1))3 =G5 + 2(015)(1)((/Mm)(l))z/(a,ls)(l)
If G14 or G5 is bounded, the same property follows for G;3 , Gi5 and Gy3, G4 respectively.

Remark 4: If G;3 is bounded, from below, the same property holds forG4 and G5 . The proofis 188
analogous with the preceding one. An analogous property is true if G, is bounded from below.

Remark 5:1f Ty5 is bounded from below and lim,_,., ((b; )V’ (G(t),t)) = (b14)® then T;, — oo. 189
Definition of(m)™® and ¢ :
Indeed let t; be so that for t > t;

(1)@ = (b YD (G, ) < &1, T13 () > ()P

Then % > (a;4) P (M) — g Ty, which leads to

W (@™
Ty = (w) (1 —e~1t) + T e 1t If we take t such that e =61t = %it results
1
(a1)Pn)® 2 . —_ .
Ty = (f), t= logg— By taking now ¢; sufficiently small one sees that Ty, is unbounded.
1

The same property holds for Ty if lim,_,. (b;5)® (G(t),t) = (bys)

We now state a more precise theorem about the behaviors at infinity of the solutions of equations

() 3(2)
It is now sulfficient to take (1(;‘) 5@ ,(1(;1) @ <1 and to choose 190
16 16
P )® and (06 )@large to have
(P16 ) 16 8
(@)@ <(f’16 )(2)+6?> 191
a; - . B o
——(P1e)® + ((P1s) P + G )e i < (P )@
(,6)®
16
(Q16)®+r9 192
w® [ () i
———|((Q16)?® + 7}0)3 g +(016)P| < (016)@
(M16)@
In order that the operator A?) transforms the space of sextuples of functions G; , T; satisfying 193
Equations into itself
The operator-A® is a contraction with respect to the metric 194

d (61D, (T1) D), ((6:9)P, (T1)@)) =
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sup{max|Gi(1)(t) - Gi(z)(t)|e_(M16)(2)t,max|Ti(1)(t) - ﬂ(z)(t)|e‘(’q16)(2)t}
. teRy teRy

Indeed if we denote 195
Definition ofGyg, T : (Gro, Trg) = AP (Gy9, Tro)

It results 196

¢
G‘l(é) _ 5i(2)| < J-(als)(z) |G1(;) _ Gl(g)|e—(W16)(2)5(16)e(mm)ms(le) dsqe) +
0

¢
’ _ (2) _ (2)
f {(a16)(2)|(;1(é) _ Gl(é)|e (M16)Ps16) o =(M16)Ps16) +
0

(@O, 50662 6l 000 4

621 P(TH, s06) — (@e) DT, su6) | 6”10 5006 M0 Ps103ds
Where s(;6) represents integrand that is integrated over the interval [0, t] 197
From the hypotheses it follows
|(619)® = (Gy9) P e M1
< 5 (@07 + @) + (R
+ (Pi)@ (k1)) (((G10)D, (T19)D; (610)P, (T19)@))
And analogous inequalities forG; and T;. Taking into account the hypothesis the result follows 198

Remark 6:The fact that we supposed (a;5)@ and (b;5)® depending also ontcan be considered as not 199
conformal with the reality, however we have put this hypothesis ,in order that we can postulate
condition necessary to prove the uniqueness of the solution bounded by

(?16)(2)e(ﬁ16)(2)t and (Qlé)(z)e(ﬂlﬁ)(z)t respectively of R,.

If insteadof proving the existence of the solution onR,, we have to prove it only on a compact then it
suffices to consider that (a;' )@ and (b;r )@, i =16,17,18 depend only on T;; and respectively on
(G19)(and not on t) and hypothesis can replaced by a usual Lipschitz condition.

Remark 7: There does not existany t where G; (t) = 0and T; (t) =0 200

it results
G; (t) = G(-’e[_ fot{(a;)(z)—(a;’ )(2)(T17(5(16)).5(16))}d5(16)] >0
> G; >
T, () > T2e-C0P) > 0 fort >0

Definition of((M;6)®),, (M;6)®), and ((ﬂ16)(2))3 : 201
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Remark 8:if G4 is bounded, the same property have also G;7 and Gyg . indeed if

Gye < (My4)@ it follows 2517 < ((My6)@ )) — (a;,)® Gy, and by integrating

Gy7 < ((/M16)(2))2 =GY; + 2(a17)(2)((/1\7[16)(2))1/(a'17)(2)
In the same way , one can obtain
Gig < (M16)®), = G5 + 2(a18) @ (M) @), / (a15)®
If Gy7 or Gyg is bounded, the same property follows for G4, Gig and Gy, Gy7 respectively.

Remark 9: If G4 is bounded, from below, the same property holds forG;; and G;g. The proof is 202
analogous with the preceding one. An analogous property is true if G;, is bounded from below.

Remark 10:1f T, is bounded from below and lim,_,., ((b; )® ((G19) (1), 1)) = (by;)® then Ty; — oo. 203
Definition of(m)® and ¢, :
Indeed let t, be so thatfort > t,

(b17)® — (b )P ((G19) (D), 1) < &3, Ty (1) > (M)@

Then $2 > (g,,)@ (mM)@ — &,T;, which leads to 204

@ ()@
Ty, = (M) (1 —e752%) + T, e #2' If we take t such that e™®2¢ = %it results

@) ()@
Ty = (w), t= log; By taking now ¢, sufficiently small one sees that T, is unbounded. 205
2
The same property holds for Tyg if lim, . (b1g)® ((G19)(t),t) = (byg)®
We now state a more precise theorem about the behaviors at infinity of the solutions of equations
. - @® _op® 207
It is now sufficient to take 10 )@ * (fyy)® < 1 and to choose
(P )® and (Q, )Plarge to have
( )(3) <(f’20 )(3)+G?> 208
a; = 5 o, \ 6% 5
()@ (P20)® + ((P3)® +G)e J < (Py)®
b ) @) ((@zo )(3)+T?> 209
=t R R
(ML ©) ((Q20)® +T)e / +(Q20)P| < (Q20)®
In order that the operator A transforms the space of sextuples of functions G; , T; satisfying 210

Equations into itself
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The operatorA®) is a contraction with respect to the metric 211
d (((6:2)D, (T3)®), ((622)?, (T35)®)) =

sup{max|Gi(1)(t) - Gi(z)(t)|e_m2°)(3)t,max|Ti(1)(t) - ﬂ(z)(t)|e_('q20)(3)t}
. teRy teRy

Indeed if we denote 212
M@,'IZ 1((623)' (T23)) = cﬂ(3)((Gz3): (T23))

It results 213

t
~ ~ _ ) )
|GZ((1)) _ Gi(2)| < f(azo)m |Gz(}) _ Gz(f)|e (M20)C s(zo)e(mzo)m 5(20) dS(zo) +
0

t
[ a6 - Gle T ame-Frcn
0

(a;o)(3)(Tz(11)' 5(20))|Gz(é) - Gz((ZJ)|e_m2°)(3)5(2°)emz‘))ms(zo) +

6531020 D (T3, 5209) = (@)D (TS, 520 | €= M0V Fan) syl
Where s(50) represents integrand that is integrated over the interval [0, t]
From the hypotheses it follows
|Gz3(1) - Gz3(Z)|e_(M2°)(3)t 214
< 55 (@) + @) + ()
+ (P0)® (Ra0))d (620D, (T:); (6:0), (1))

And analogous inequalities forG; and T;. Taking into account the hypothesis the result follows

Remark 11: The fact that we supposed (az,)® and (by,)®depending also ontcan be considered as not 215
conformal with the reality, however we have put this hypothesis ,in order that we can postulate
condition necessary to prove the uniqueness of the solution bounded by

(P0)@e™20%t and (0ye) P e M0t respectively of R, .

If insteadof proving the existence of the solution onR,, we have to prove it only on a compact then it
suffices to consider that (a;' )® and (bl-” )® i =20,21,22 depend only on T,; and respectively on
(G,3)(and not on t) and hypothesis can replaced by a usual Lipschitz condition.

Remark 12: There does not existany t where G; (t) = 0and T; (t) =0 216

it results

G, (t) = Gioe[—f(f{(a})(”—(a; YO (T21(s20))s2o)lsen)] > o
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@) >0 fort>0

T, () = TPe ()
Definition of((T/IZO)(3))1, ((’1\7120)(3))2 and (('1\7120)(:';))3 : 217
Remark 13:if G,, is bounded, the same property have also G,; and G,, . indeed if

Gao < (Myo)® it follows dg% < ((Wzo)(3))1 — (a31)®G,; and by integrating

Gy < ((mzo)(3))2 =G + 2(“21)(3)((’Mzo)m)l/(a,zﬂ@)
In the same way, one can obtain
Gaz < (M20)®), = G35 + 2(a2)®(M0)®), /(a22)®
If G,1 or G,, is bounded, the same property follows for G, , G,, and G, , G,; respectively.

Remark 14: If G, is bounded, from below, the same property holds forG,;and G,, . The proofis 218
analogous with the preceding one. An analogous property is true if G,; is bounded from below.

Remark 15:1f Ty, is bounded from below and lim, ., ((b; )® ((G23)(£),t)) = (b3;)® then Ty, — oo. 219
Definition of(m)® and 5 :
Indeed let t3 be so that for t > t;

(by)® — (b;l)(3)((623)(t), t) < &3, Ty (1) > (M)®

Then —dZ:l > (az1)® (mM)® — &5T,; which leads to 220
(a2)®m)® —e3t 0 ,—e3t —e3t 1
Ty = (E—) (1 —e53Y) + Ty e 83t If we take t such thate 3" = Sit results
3
(a21)Pm)® 2 . - .
Ty = (f), t= logg— By taking now &3 sufficiently small one sees that T,; is unbounded.
3

The same property holds for Ty, if lim, e, (b53)® ((G23) (), ) = (b3;)©®

We now state a more precise theorem about the behaviors at infinity of the solutions of equations

(4) NG
It is now sufficient to take (;;le ® ,(;;2‘2 @ < 1 and to choose 221
(P, )™ and (Q,4 )Plarge to have
(a-)(4) _((1324 )(4)+G?> 222
W (P2)® + (P20 )® +G)e g < (Pyy)®
24
(024)D+77 223
(b-)(4) ~ —(—0—‘ ) ~ ~
W (( Q24)® + 7}0)3 " + (Q24)P|[ < (Q24)®
24
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In order that the operator A® transforms the space of sextuples of functions G;,T; satisfying 224
Equations into itself

The operatorA™ is a contraction with respect to the metric 225
d (6D, () D), (6P, (T;)®)) =

1 2 - ) 1 2 - (@)
S’_‘p{’t’;m‘%fmi( )(t) _ Gi( )(t)|e (M24) t ﬁ%f'n( )(t) _ Ti( )(t)|e (M24) 3!

Indeed if we denote
Definition of (G,7), (Tz7) :  ((G27), (T27)) = AW ((G37), (Tz7))

It results

t
(‘;'2(1) _ G’i(2)| < f(a24)(4) |Gz(é) _ Gz(é)|e—(ﬂ24)(4)5(24)e(ﬂz4)(4)5(24) d5(24) +
0

t
/ _ ( _ (
f (@) @GP — 6|~ Man) Vs g=(Ma) Vs 4.
0

(a;4)(4)(T2(51), 5(24))|G2(i) _ Gz(i)|e—(ﬂz4)(4)5(24)e(ﬂz4)(4)5(24) +

6P| (@)D (T, Saw) — (@)D (T2, saw)l e~ (M) Psaa) e(m24)(4)s(24)}d5 .
Where s(,4) represents integrand that is integrated over the interval [0, t]
From the hypotheses on Equations it follows
(G, ® — (627)(z>|e—m24><‘*% 226
< 5w (@0 + @) + ()
+ (Pa)® (kz) ) (62D, (T:)D; (621) @, (T)@) )

And analogous inequalities forG; and T;. Taking into account the hypothesis the result follows

Remark 16: The fact that we supposed (a,,)® and (b,,)* depending also ontcan be considered as not 227
conformal with the reality, however we have put this hypothesis ,in order that we can postulate
condition necessary to prove the uniqueness of the solution bounded by

(Pp)Pe ™Dt gnd (0,,)@e M0t respectively of R, .

If insteadof proving the existence of the solution onR,, we have to prove it only on a compact then it
suffices to consider that (a;' )® and (bl-” Y® i = 24,2526 depend only on T,s and respectively on
(G37)(and not on t) and hypothesis can replaced by a usual Lipschitz condition.

Remark 17: There does not exist any t where G; (t) = 0and T; (t) =0 228
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it results

G, (t) = Gioe[—fot{(a;)“)—(a; YB(Tas (s2a)) s @) Jds 2| >0

T, (¢) > TPeC¢O™) > 0 fort >0
Definition of((T/124)(4))1, ((’1\7124)(4))2 and (('1\7124)(4’))3 : 229
Remark 18:if G,, is bounded, the same property have also G,5 and G,¢ . indeed if

Gpy < (Mpy)@ it follows 2525 < ((Mp)™ )) — (a35)®G,5 and by integrating

Qss«ﬁmﬁﬁz=G&+2mmwxamnwhmégm
In the same way , one can obtain
Gas < (M2)™®), = G36 + 2(a26) P (M24)®), / (a26)®
If Go5 or G,¢ is bounded, the same property follows for G,, , G4 and G,, , G,5 respectively.

Remark 19: If G,, is bounded, from below, the same property holds forG,s; and G, . The proof is 230
analogous with the preceding one. An analogous property is true if G5 is bounded from below.

Remark 20:1f T,, is bounded from below and lim,_,c, ((b; )® ((G37)(£),t)) = (by5)™® then Tp5 — oo. 231
Definition of(m)® and ¢, :
Indeed let t, be so thatfort > t,

(bys)™ — (B )P ((G37)(£), 1) < £4,Tpy (£) > (M)

Then 22 > (a,0)® (m)® — &,T,s which leads to 232

B (m)@®
Tys > (M) (1 —e~*4t) + Tk e 4t If we take t such that e 54! = %it results

€

(az5) P ()@
Tzs >( = 2 )

The same property holds for Ty if lim,_,, (bys)® ((627)(t), t) = (by)®

, t= logsi By taking now ¢, sufficiently small one sees that T,5 is unbounded.
4

We now state a more precise theorem about the behaviors at infinity of the solutions of equations 37
to 42

Analogous inequalities hold also for G,q, G3g, T>g, T29, T3g

(ap® b)® 233

(y5)® " (fyg ) < 1 and to choose

It is now sufficient to take

(Pyg )® and (Q,g )Plarge to have
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( )(5) (P2g )(5)+G? 234
4 B G 5 (G 0y, 67 5 G
() ® (P2e)® + ((Pg)® +G)e i S (Py)®
(028 )(5)+T? 235
(bl)(S) A 5 0 _( 70 ) A 5 A 5
W((st)”"‘ﬂk j +(Q28)P] < (026)®
In order that the operator A®) transforms the space of sextuples of functions G;,T; satisfying
Equations into itself
The operatorA® is a contraction with respect to the metric 236
d (65D, (T5)®), ((6:)P, (T5) @) ) =
sup{max|Gi(1)(t) - Gi(z)(t)|e_m28)(5)t,max|Ti(1) ) - ﬂ(z)(t)|e_(’q28)(5)t}
i tER+ tER4
Indeed if we denote
Definition of(G3,), (T51) : ((631), (T31)) = c/‘1(5)((631): (T31))
It results
t
|G’2(é) _ G’i(2)| < f(azs)(s) |G2(;) _ Gz(g)|e—(ﬂzs)(S)s(zs)e(ﬂzs)(S)S(zg) dS(zg) +
0
t
[ (a6 - e Po e 4
0
" V& (1D M) _ @)= (M25)Ps (28 o (M25)Ps(2g)
(a26) P (Tys”, 528)) [ Goa” — G e e +
2 " 1 " 2 _ ) (5)
(;2(8)|(a28)(5)(7~2(9)’ 5(28)) _ (azs)(s)(Tz(g)'S(zs)N e~ (M28)s(28) o (M28) S@8)}ds (g
Where s,4) represents integrand that is integrated over the interval [0, t]
From the hypotheses on it follows
(G5 @ — (631)(z>|e—ng><s)t 237

1 , —~
< W((aza)(s) + (az8)® + (Azg)®
28

+ (Prg) ) (p5)®)d (((031)(1), (T51)D; (G3)P, (T31)(2)))
And analogous inequalities forG; and T;. Taking into account the hypothesis the result follows

Remark 21: The fact that we supposed (a55)® and (b,g)®depending also ontcan be considered as not 238
conformal with the reality, however we have put this hypothesis ,in order that we can postulate
condition necessary to prove the uniqueness of the solution bounded by
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(’Pzg)(s)emm)(s)t and (@28)(5)em28)(5)t respectively of R,.

If insteadof proving the existence of the solution onRR,, we have to prove it only on a compact then it
suffices to consider that (a;’ )®) and (b;l )®) i = 28,29,30 depend only on T,y and respectively on
(G31)(and not on t) and hypothesis can replaced by a usual Lipschitz condition.

Remark 22: There does not exist any t where G; (t) = 0and T; (t) = 0 239

it results

G, (t) = Gioe[—fot{(ai)(s)—(a;' )(T29 (s28))528))}ds 28| >0

T, (t) = Tioe(_(blr)(s%) >0 fort>0
Definition of(( M25)®),, (M25)®), and ((Mas)®), : 240
Remark 23:if G,g is bounded, the same property have also G,9 and Gs . indeed if

Gog < (Mpg)® it follows L2 < ((Mp5)© )) — (a39)® Gy and by integrating

Ga9 < ((’1\7128)(5))2 = Gjo + 2(a29)(5)((/Mzs)(s))l/(alw)(s)
In the same way , one can obtain
Gzp < ((/Mza)(s))3 =G + 2(a30)(5)((’117128)(5))2/((1'30)(5)
If Go9 o1 G3( is bounded, the same property follows for G, , G3g and G,g, Go9 respectively.

Remark 24: If G,g is bounded, from below, the same property holds forG,q and G3y. The proof is 241
analogous with the preceding one. An analogous property is true if G,9 is bounded from below.

Remark 25:1f T,g is bounded from below and lim,_,, ((b; )® ((G31)(£),t)) = (by9)® then T,q — oo. 242
Definition of(m)® and & :

Indeed let t5 be so that for t > tg

(b29)® = (b, )P ((G31) (1), 1) < &5, Tpg (1) > (M)®

Then £2 > (a,)® (M) — e5T,o which leads to 243

(5) (m)(®)
Tyy = (M) (1 —e™®%) + The *5t If we take t such that e 5 = %it results

(a )(5)(m)(5)
T2 >( = 2 )

, t= logei By taking now &5 sufficiently small one sees that T,9 is unbounded.
5

The same property holds for Ty, if lim,_,, (b3)® ((631)(t), t) = (b3¢)®

We now state a more precise theorem about the behaviors at infinity of the solutions of equations
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Analogous inequalities hold also for G33, Gsy, T35, T33, T34

(a)® b)®

(32 )® * (i@ < 1 and to choose

It is now sufficient to take

(P;,)® and (Q3, )@large to have

(@)® <(1332 ><6>+G§’>
a ~ - B e -
W (P32)©@ + ((P2)® +GP)e K < (P)©
32
(b)® ((@32 >(6)+T?>
. ~ |\ ~ A
: ((032)® + 7}0)3 g +(032)®] < (03,)®

(M32)©

58

244

245

246

In order that the operator A® transforms the space of sextuples of functions G;,T; satisfying

Equations into itself

The operator-A(® is a contraction with respect to the metric

d (((635)(1)» (T35)™), ((G35)@, (T35)(2))) =

sup{max|Gi(1)(t) - Gi(z)(t)|e_m32)(6)t,max|Ti(1) ) - ﬂ(z)(t)|e_(’q32)(6)t}
. teRy teRy

Indeed if we denote
Definition of (Gs5), (T3s) :  ((G3s), (Ts5)) = A® ((G35), (T35))

It results

t

~(1 ~(2 1 2)|  —(M3,)® 2,6
ng) _ Gi( )l < f(a32)(6) |G3(3) _ G§3)|e (M32)"5(32) o (M32)"*5(32) ds(sz) +

0

t
' _ (6) _ (6)
f {(a5)®|65) — 6P|~ M) Vs532) o= (M32) Ps32) 4
0

(agz)(é)(TS(;)' 5(32))|63§21) - G?E?|e_m32)(6)5(32)emﬂ)(é)s(“) +

2 " 1 " 2 —(M2,)©) M) ©)
653 1) (T35, 5)) = (@32) O (T35, 5529 | €™M0 m (M2 8603l 5

Where s3,) represents integrand that is integrated over the interval [0, t]

From the hypotheses it follows

247
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|(G35)® — ((;35)<2>|e—m32>“’)t 248
1 , ~
< W((an)(s) + (az)® + (43)®
+ (P32)©® (k32)®)d (((035)(1); (T35)D; (G35)@, (Tss)(Z)))

And analogous inequalities forG; and T;. Taking into account the hypothesis the result follows

Remark 26: The fact that we supposed (az,)® and (bs,)®depending also ontcan be considered as not 249
conformal with the reality, however we have put this hypothesis ,in order that we can postulate
condition necessary to prove the uniqueness of the solution bounded by

(’sz)((’)em”)(é)t and (032)(6)€(ﬁ32)(6)t respectively of R,.

If insteadof proving the existence of the solution onRR,, we have to prove it only on a compact then it
suffices to consider that (a;' )® and (bl-” )®, i = 32,33,34 depend only on Ty; and respectively on
(G35)(and not on t) and hypothesis can replaced by a usual Lipschitz condition.

Remark 27: There does not exist any t where G; (t) = 0and T; (t) =0 250

it results
G (t) > Gioe[—f(f{(a;)“’)—(a{ )O(133(s@2)sa2)Ms@)] >

T, () = TPt > 0 fort > 0
Definition of(( M3,)®),, (M3,)®), and ((M3,)®), : 251
Remark 28:if G, is bounded, the same property have also Gs3 and Gs, . indeed if
Gz, < (M3,)® it follows d;;% < ((7\7132)(6))1 — (a33)®©Gs3; and by integrating

Gas < (M35)®), = G35 + 2(as3) @ ((M32)®), /(az3)®
In the same way , one can obtain

G3s < ((7‘7[32)(6))3 =G5y + 2(“34)(6)((W32)(6))2/(aé4)(6)
If G33 or G3, is bounded, the same property follows for G3, , G34 and Gz, , G33 respectively.

Remark 29: If G3, is bounded, from below, the same property holds forGs; and G, . The proof is 252
analogous with the preceding one. An analogous property is true if G33 is bounded from below.

Remark 30:1f T;, is bounded from below and lim,_,c, ((b; )® ((G35)(£),t)) = (b33)® then T35 — oo. 253
Definition of(m)® and & :
Indeed let t be so that for t > tg

(b33)© — (b YO ((G35)(t), t) < &6, T3y () > (M)©®
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Then 2 > (a55)© (m)(© — &,Ts; which leads to 254

(6) (6)
T3 = (M) (1—e~6t) + T4 e %" If we take t such that e 56! = %it results

(a33) @ )®
T33 >( = 2 )

The same property holds for Ty, if 1im, e, (b3,)® ((G35)(t), t(¢), t) = (b34)©

, t= log; By taking now g4 sufficiently small one sees that T3 is unbounded.
6

We now state a more precise theorem about the behaviors at infinity of the solutions of equations

Analogous inequalities hold also for Gs;, Gzg, T3¢, T37, T3g 255

(al)m ChHN
36)7) 7 (M36)7)

(P36 )P and ( Q36 )(7)large to have

It is now sufficient to take < 1 and to choose

@ )(7) _<(~B36 )(7)+G?> 256
W (P36)™ + ((P3s)? + G)e g < (Py)?
36
257
(b)? (@36 >(7)+T?>
: R |\ — ~ ~
— (( Q36 )7 + 7}'0)3 g +(Q36)7] < (Q36)7
(M36)"
In order that the operator A7) transforms the space of sextuples of functions G;,T; satisfying
Equations into itself
The operator-A) is a contraction with respect to the metric 258

d (((639)D, (T3)®), ((639)?, (T39)?) ) =
sup{max|Gi(1)(t) — Gi(z)(t)|e_m36)(7)t, max|Ti(l)(t) - ﬂ(z)(t)|e_(’q36)(7)t}
. teRy teRy

Indeed if we denote

Definition of(G3), (T30) : (@;)' @) = AD((G39), (T39))
It results

53(1) G(Z)l = f(a 6)” |G(1) ng)|e_m%)ms(%)em%)ms(%) dsze) +

f{(a36)(7)|6(1) 63(2)|e—(ﬁ36)(7)5(36)e—(ﬁ36)(7)5(36)_|_

(@36) V(T 536)|G38) — 652 |e= (M) P50 (P36 Pz 4

2 " 1 " 2 —(M=e)D M=)D)
G§6)|(a36)(7)(T3(7):5(36))_(‘136)(7)(T3(7)’5(36))| e~ (M36)""’5(36) o (M36) @6 }ds (3¢
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Where s(34) represents integrand that is integrated over the interval [0, t]
From the hypotheses on it follows
|(G39)® — (639)<2)|e—m36)”% 259

1 , ~
< )@ ((@36)7 + (a3)™ + (A36)”
36

+ (P36)? (k3) ) (((639)D, (T30)D; (639) @, (T39)@))

And analogous inequalities forG; and T;. Taking into account the hypothesis the result follows
Remark 31: The fact that we supposed (azg)” and (b3)”’depending also ontcan be considered as not 260

conformal with the reality, however we have put this hypothesis ,in order that we can postulate
condition necessary to prove the uniqueness of the solution bounded by

(P36)Pe™307t and (Dse)Pe M3t respectively of R, .
If insteadof proving the existence of the solution onR,, we have to prove it only on a compact then it

suffices to consider that (a;')m and (bl-”)m,i = 36,37,38 depend only on T3; and respectively on
(G39)(and not on t) and hypothesis can replaced by a usual Lipschitz condition.

Remark 32: There does not existany t where G; (t) = 0and T; (t) =0 261

it results
G (t) = G?e[—fg{(aé)(”—(aél YD (37 (s36))sae)sas)| >

T, (¢) = T2e(-t07) > 0 fort > 0
Definition of(( M36) ™)., (M35)"), and ((Ms)7), : 262
Remark 33:if G54 is bounded, the same property have also G3; and Gsg . indeed if
G36 < (M36)7 it follows dg% < ((’1\7136)(7))1 — (a37)P G, and by integrating

Gz7 < ((”M%)(U)Z =Gy + 2(‘137)(7)((/M36)(7))1/(a§7)(7)
In the same way , one can obtain

Gag < ((M36)7), = G + 2(azg) P ((M36) ),/ (aze)”
If G3; or Gsg is bounded, the same property follows for Gs¢ , G35 and Gs¢, G37 respectively.

Remark 34: If Gz is bounded, from below, the same property holds forGs; and Gzg. The proof is 263
analogous with the preceding one. An analogous property is true if G3; is bounded from below.
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Remark 35:1f Tz is bounded from below and lim,_,, ((b; )7 ((G34)(t), 1)) = (b3;)? then T3, — oo. 264
Definition of(m)™ and &, :

Indeed let t; be so that fort >t

(b37) P = (b )P ((G39) (1), t) < 7, T3 (£) > (M)?

Then d;% > (az;)?(m)? — ,T;; which leads to 265
(as7)P )™ —e7t 0 ,—eqt —e7t L
T3; = (e—) (1—-e7%") + T35e7*7" If we take t such that e 7" = Sit results
7
(az)P )™ 2 . _ .
T3; = (f), t= logg— By taking now &, sufficiently small one sees that T;; is unbounded.
7

The same property holds for Tsg if lim, e, (b35)" ((G39) (), t) = (bs3g)”
We now state a more precise theorem about the behaviors at infinity of the solutions of equations

(8) (8
It is now sufficient to take (;Z; 5@ ,% < 1 and to choose 266
(Pyo )® and ( Q4 )®large to have
(a)® ((% )®+67 267
a; = 5 o, \ ¢ 5
() ® (Pao)® + ((P1o)® +G)e J < (Py)®
268
(b)® ((@40 @410
i P 0 - 70 PN P
)® ((Qs0)® +T)e j + (Q40)®| < (Q40)®
In order that the operator A® transforms the space of sextuples of functions G,,T; satisfying
Equations into itself
The operatorA® is a contraction with respect to the metric
d (((543)(1); (T43)(1)); ((543)(2); (T43)(2))) = 269
sup{max|G.(1)(t) - G-(Z)(t)|e'(M40)(8)f, max|T-(1)(t) - T.(Z)(t)|e'(M4°)(8)t}
. teRy |t L teRy | ¢ L
Indeed if we denote 270
Definition of (Gy3), (Ty3) @ ((Ga3), (Tuz)) = A® ((G43), (Ty3))
It results 271
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t
G _ Gi(2)| < f (@49)® |Gﬁ) _ Gg)|e—(7\?40)(8)5(40)6(7‘740)(8)5(40) dswo) +
0

t
' 8 8
f {(a40)(8)|64%) - GS)|e—(ﬂ4°)( 5(40) o~ (Ma0) Psa0) 4
0

(@s) O (TS, s040)) |Gy — G |e™ P02 *stamr o (Fao) Vs

621 O (T, s0y) — @) (T2, 500y e~ (M10)@s00) ¢ (Ma0)Ps40)1 5 40
Where s(4¢) represents integrand that is integrated over the interval [0, t] 272
From the hypotheses it follows
[(Gi3)® = (G43)@ |~ Ma0) Pt 273

=< W((%o)(g) + (ay)® + (Ay0)®
40

+ (Pi0)® (Tao) @) (((642)©, (Ti2) Vs (64)P, (T1)®))
And analogous inequalities forG; and T;. Taking into account the hypothesis the result follows
Remark 36: The fact that we supposed (a4,)® and (b4)®depending also ontcan be considered as not 274

conformal with the reality, however we have put this hypothesis ,in order that we can postulate
condition necessary to prove the uniqueness of the solution bounded by

(Puo)®e™100®¢ gnd (0,0)®e ™0™t regpectively of R,.
If insteadof proving the existence of the solution onR,, we have to prove it only on a compact then it

suffices to consider that (a;')(B) and (bi”)(s),i = 40,41,42 depend only on T,; and respectively on
(G43)(and not on t) and hypothesis can replaced by a usual Lipschitz condition.

Remark 37 There does not exist any t where G; (t) =0and T; (t) =0 275

it results
G (t) = Gi()e[—f(f{(a;)<8)—(a;’ YO (a1 (sca0)) sca))lsan] >
T, (¢) = T2e-C0¥) > 0 fort > 0
M((,Mzm)(g))l, ((ﬁ4o)(8))2 and ((7‘740)(8))3 : 276
Remark 38:if G, is bounded, the same property have also G4, and G,, . indeed if
Gao < (Mye)® it follows d;’% < ((My)®), - (a4;)® G, and by integrating

Gar < (M4o)®), = Gy + 2(as) @ ((Ms0)®), /(a2)®
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In the same way , one can obtain
Gap < (M4o)®), = G, + 2(a42)(8)((7\7140)(8))2/(“;2)(8)
If G41 or G4, is bounded, the same property follows for G,y , G4, and G4, G4 respectively.

Remark 39: If G4, is bounded, from below, the same property holds forG,, and G4, . The proof is 277
analogous with the preceding one. An analogous property is true if G4, is bounded from below.

Remark 40:1f T,, is bounded from below and lim,_,., ((b; )® ((G43)(£), ) = (by;)® then T,; — o, 278
Definition of(m)® and &g :
Indeed let tg be so thatfort > tg

(bs)® — (bi”)(S)((Gﬁl?a)(t)' t) < &g, Tyo (1) > (m)®

Then % > (a41)® (mM)® — g4T,; which leads to 279
(@) P ) ® —egt 0 ,—egt —egt — L
Ty = (87) (1 —e~*8") + T,1e7%8" If we take t such thate 8" = Sitresults
8
(a41)(8)(m)(8) 2 . . . .
Ty = (f), t= logg— By taking now &g sufficiently small one sees that T,; is unbounded.
8

The same property holds for Ty, if lim; e, (byz)® ((G43)(©), t (1), t) = (byz)®

279
@® _»p®

D i y® < 1 and to choose (P, )® and ( Q44 )@large to have
44 44

It is now sufficient to take

(P44 )(9)+G?

(@) | " o — — 5
W (Pi)® + ((P)® + Gjo)e < / ) < (P )®
044 YD 470
bl- ©) ) _ (Q44; Ji ) R
ﬁ ((04)O+ 7}0)9 ( i ) + (044)P[ < (044)®

In order that the operator A transforms the space of sextuples of functions G; , T; satisfying 39,35,36
into itself
The operator-A® is a contraction with respect to the metric

d (((647)(1)1 (T47)(1))! ((647)(2)! (T47)(2))) =
sup{max|Gi(1)(t) - Gi(z)(t)|e_(M44)(9)t,max|Ti(1)(t) - Ti(z)(t)|e_(ﬁ44)(9)t}
. teR4 teRy

Indeed if we denote
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Definition of(G,;), (Ty7) : ((GF:;): (7;)) = AV ((Gy7), (Tu7))
It results

¢
G‘ﬁ) _ G”i(2)| < f(a44)(9) |GAEé) _ Gg)|e—(ﬁ44)(9)5(44)6(7‘?44)(9)5(44) dsqs +
0

t
, ~(M140)® (Tan)®
J- {(a44)(9)|6ii) - GAEZ)|e (M4a) s (44) o =(Maa) Psaay 4
0

(az)@ (sz(;)'s(44))|6ii) _ Gﬁ)|e—(7\h4)(9)5(44)6(7‘?44)(9)5(44) +
2 1% 1 " 2 (M) M) @
Gi4)|(a44)(9)(714(5)' 5(44)) — (as)® (T4(5)v5(44))| e~ (M14)"s48) o (Ma4) SUDAS (449

Where s(44) represents integrand that is integrated over the interval [0, t]

From the hypotheses on 45,46,47,28 and 29 it follows

|(G47)(1) _ G(2)|e—(ﬂ44)(9)t
1 , ~
< W((aﬂ-)(g) + (a34)@ + (Ag)®
44
+ (Paa)? () (G D, (Te)D; (641) 2, (Ti) )

And analogous inequalities forG; and T;. Taking into account the hypothesis (39,35,36) the result
follows

Remark 41: The fact that we supposed (ay,)® and (bs4)® depending also ontcan be considered as not
conformal with the reality, however we have put this hypothesis ,in order that we can postulate
condition necessary to prove the uniqueness of the solution bounded by
(Po) Qe gnd (0,,)@ e ™4t respectively of R,.

If insteadof proving the existence of the solution onR,, we have to prove it only on a compact then it

suffices to consider that (a;’)(g) and (bi”)(g),i = 44,45,46 depend only on T,; and respectively on
(G47)(and not on t) and hypothesis can replaced by a usual Lipschitz condition.

Remark 42: There does not existany t where G; (t) = 0and T; (t) =0

From 99 to 44 it results
G, (t) > Gpe[—fé{m;)(”—(a;’ YO (a5 (saa)sam)lsan] > o
T, () = T2t > 0 fort> 0
Definition of ((M44)®),, (M4s)®), and ((Ms)®), :
Remark 43:if G,, is bounded, the same property have also G,5 and G, . indeed if
Gag < (My)® it follows d:—:s < (M)®), - (a45)® G4 and by integrating
Gys < ((/MM)(Q))Z =G5 + 2(a45)(9)((’1\7144)(9))1/(@5)(9)

In the same way , one can obtain
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Gas < (M4a)®), = G +2(as6)(M4a)®), / (a46)®
If G45 or G, is bounded, the same property follows for G4 , G4 and G,4 , Gys respectively.

Remark 44: If G,, is bounded, from below, the same property holds forG,s and G,; . The proof is
analogous with the preceding one. An analogous property is true if G45 is bounded from below.

Remark 45:1f T,, is bounded from below and lim, .o, ((b; )* ((G47)(£),t)) = (bys)® then Ty5 — oo.
Definition of(m)® and &, :
Indeed let ty be so that for t > ¢tq
(bss)” = (B ((G7) (), 1) < £, Ty (£) > (M)
Then d;% > (a45) P (M)® — £4Tys which leads to

(a45) P )™

. ) (1—e™®) + TEe ¢ If we take t such that e™#9¢ = %it results
9

Tys = (

Tys 2

(@s5) D) ® 2 : . .
(f), t =log - By taking now &4 sufficiently small one sees that Tys is unbounded.
9

The same property holds for Ty if 1im, e, (bse)® ((G47)(£),t) = (bye)®
We now state a more precise theorem about the behaviors at infinity of the solutions of equations 37
to 92

Behavior of the solutions of equation 280

Theorem If we denote and define
Definition of(61)™, (6,)™®, (z)®, ()™ :

(0D, (0) D, ()P, (1) four constants satisfying
—(0)® < —(a13)® + (01)® = (a13) P (Ti4, £) + (a1) P (T4, 1) < —(0)P

—(12)® < =(b13)® + (b1)® = (b13) (G, 1) = (1) V(G 1) < = ()@
Definition of(v;)®, (v)@, (1) D, (up) P, v®, u® 281

By (v))® >0, (v,)® < 0and respectively (u;)P > 0, (u;)® < 0 the roots of the equations
(@)D + @)DV — (@)D = 0and (b)) D)’ + @) Pu® — (b)) =0
Definition of(v;)",, (v,)™W, (1)@, (7)™ : 282

By (7)™ > 0, (¥,)® < 0and respectively (ii;)® > 0, (1,)? < 0 the roots of the equations
(@)DEDO) + @)DV = (@)D = 0 and (b)) P (u®)” + () Vu® — (b)) = 0

Definition of(m, )™, (m)®, (u)®, (u)®, (vp)® :- 283

If we define (m;)®, (m)®, (u)®, ()™ by
(mz)(l) = (Vo)(l)' (ml)(l) = (Vl)(l)' if (Vo)(l) < (Vl)(l)
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(m)® = (v, () = @)Y, if )™ < ()™ < @Y,

0
and| (vy)® = 42
Gis
(m)® = )@, (m)® = )W, if P < ()™
and analogously 284

(#2)(1) = (uo)(l)'(ﬂl)m = (ul)(l)' if (uo)(l) < (ul)(l)

w)® = W), w)® = @)Y, if w)® < w)® < @)®,

TO
and| (uy)® = T1—03
1

'S

(u)® = w)®, ()P = W)@, if @)P < (up) Pwhere(uy)®, (1)@
are defined

Then the solution of global equations satisfies the inequalities 285
6933((51)(1)_(p13)(1))t S Giz(t) < G%e(sl)(l)t

where (p,)V is defined by equation

1
Ge(E0V -0 < G, (6) < —— Gl e

W (my)
( (m1)(1)((51)$15—)((1;2{))3(1) —(5,)™) [e((sl)(l)_(pm(l))t - e_(SZ)(l)t] + Glose—(Sz)(l)t < Gys(0) 286
= (mz)(1)((?;f))((ll))i%ais)(l)) [eGDDt — e=(@9) V] 4 GO =(a1) Py
TS e®Dt < Ty () < T (@)W +ri) V) 287
D 9V <7 (1) < ﬁTloge((Rl)(l).'.(rlg)(l))t 288
(b15)VTH -

(R1)(1)t _ —(b' )(1)t 0 —(bls)(l)t
(1) D((RDD = (by5) D) [e e ] +Tise ™ STis(0) <

(als)(l)TPg
(U2) P ((RDD + (r13)D + (R)M)

[e((R1)<”+(r13)“>)t — e—(Rz)(l)t] + T e~ )Mt
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Definition of(S;)™®, (5,)®, (R D, (R,) V:-
Where (S1)® = (a13)® (mp)® — (a;3)®
($2)® = (a15)® = (p15)™
RYD = (b13)® ()™ — (bis)(l)
(R)W = (by5)® — (ry5)®

Behavior of the solutions of equation

Theorem 2: If we denote and define
Definition of(6,)® , (5,)®, (1)@, (1,)?:

(6)P,(0,)?, (1P, (1) Pfour constants satisfying

—(62)? < —(a16)® + (a17)@ = (a16) P (Ty7, ) + (a17) P (Ty7,t) < —(01)@

—(1)@ < =(b16) @ + (b17) P — (b1) P ((G19), t) — (b17)P((G19),t) < —(11)@

Definition of(v;)®, (v)®, (u)®, (uy)® :
By (v))® >0,(v;)® < 0and respectively (u;)® > 0, (uy)® < 0 the roots
of the equations (a17)(2)(v(2))2 + (6))Pv@® — ()P =0

and (b;,)®u®)” + (1))Pu® — (b;6)@ = 0 and
Definition of(v,)®,, (V,) @, (1,)@, (1)@ :
By (1)® > 0, (¥,)@® < 0and respectively (;)® >0, (%)@ < 0 the
roots of the equations (a17)(2)(v(2))2 +(0)Pv® — (a19)P =0
and (b)) (@) + (1) Pu® - (b1)® = 0
Definition of(m,)® , (my) @, (1)@, (u2)® :-
If we define (m;)® , (m,)®, (u))®, (u)® by

()@ = ()@, (m)® = (v)®, if (v)® < (v)®

(m)® = ()@, ()@ = TP, if )@ < ()@ < )@,

and |(vy)@ = =&

(m)® = )@, ()@ = ()@, TP < (w)®

and analogously
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12)® = w)®, (u)® = W)®,  if(w)® < W)@

W2)® = W)@, (u)® = @)@, if W)@ < (w)® < @)?,

0
and| (u)® = %
17

(12)® = W)@, ()@ = (ux)®, if (@)@ < (uy)@ 309
Then the solution of global equations satisfies the inequalities 310
@y

Gg6e((51)(2)—(p16)(2))t < Gie(t) < GYeBD

(p)® is defined by equation

1 @ ) 1 @ 311
—G?6e((51) -(16))t < Gy (£) < ——— GO, eGPt
(m)® (my)@
)0
( )T (@@ -@10P) — e~ 4 Gle=EDt < Gig(t) -
(M@ (S — (16)@ — (S)@) e -
(a18) @G 5@ NG '@
YRt —(ayg) Pt 0 . —(ayg)®t
< m)@((S)® — (a118)(2)) [eG1 e~ (@18)71] 4 Gl5e~(a18) )
T e®DPt < 7y (1) < T e(®RD P+ @) 313
1 TO e(Rl)(Z)t <T (t) < 1 T() e((Rl)(2)+(r16)(2))t 314
(u)® 1 T T (up@
(b1g) DTy @ C @ NG 315
RDPt _ —(b15) Dt 0 —(b1g) Pt
(u) @ (R — (bis)(Z)) [e ' e ] + Tige 8 <Tg(t) <
)0
(a15) “Ti [e((Rl)(2)+(T16)(2))f _ e—(Rz)(z)t] +TO e—(Rz)(Z)t
W2)P((R)P + (116)@ + (R)P) 18
Definition of(S;)®, (S,)@, (R))®, (Ry)®:- 316
Where (51)(2) = (a16)(2)(m2)(2) - (alle)(z) 317
(Sz)(z) = (a18)(2) - (p18)(2)
(RDP = (b16) @ (uz)® — (by6)® 318
(Rz)(z) = (bis)(z) - (7’18)(2)
Behavior of the solutions 319

Theorem 3: If we denote and define

Definition of(al)m , (02)(3) , (Tl)m ) (Tz)m :
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(0P, (0)®, (1)@, ()P four constants satisfying

—(02)® < —(a20)® + (a21)® = (a30)® (T2, t) + (a21) B (Tp1, 1) < —(0)®

—(12)® < =(b20)® + (b31)® — (b30) P (Gy3,0) — (b;1)(3)((623)' t) < —()®

Definition of(v;)®, (v;,)®, (u))®, (u))® :

By (v{)® >0, (v,)® < 0and respectively (u;)® > 0, (u;)® < 0 the roots of the equations

(@)@ E@) + @)V — (@)@ =0
and (b,))®(u®)’ + (1)PuU® = (by)® = 0 and

By (1))® > 0, (#,)® < 0 and respectively (7i;)® > 0, (ii,)® < 0 the
roots of the equations (a21)(3)(v(3))2 + (0)Pv® = (a,0)® =0
and (b,))®u®)? + (1,)Pu® — (b)) =0
Definition of(m;)® , (m)® , (u))®, (uy)® -

If we define (m;)®, (m)®, (u)®, (x)® by
(my)® = (v))®, (M)N® = (1)@, if(v))® < (v)®

m)® = )®, (m)® = @7)P,if )P < (V)P < @),

0
and| (vp)® = 2
21

(m)® = ()@, (m)® = (v)®, if ()P < (v)®
and analogously

(#2)(3) = (UO)G): (/'41)(3) = (ul)(3)' if(uo)(3) < (ul)(g)

_ . _ 3
12)® = @)@, (@)® = @), if w)® < @)® < @), and|(u))® =3

T

=

(12)® = @)@, @)® = w)®,  if@)® < (u)®
Then the solution of global equations satisfies the inequalities
Ggoe((sl)(3)_(p20)(3))t < Gyo(t) < 5906(51)(3)f

(p,))® is defined by equation

6e(@P-w20) < 6y (1) < Gpe 0"

(m1)(3) (mz)(g)
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321

322

323
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3) 0
( (a22) GZO [e((sl)(3)_(p20)(3))t _ e_(sz)(3)t:| + GO e_(sz)(?))t <G (t) 324
(M) ()P = (p20)® = (5)®) 2 - e
3)0 , )
< (aZZ) GZO i [e(sl)@)t _ e_(a22)(3)t] + GO e_(aZZ)(3)t)
T (m)®((S)® = (a,)®) #
Tzooe(Rl)G)t ST < Tzooe((Rl)(3)+(r2°)(3))t 325
;Tzooe(Rl)m‘ S T (D) < ;Tzooe((Rl)(3)+(T20)(3))‘ 326
(1)® h T (up)®
(b22)PTH ® '3 NG 327
RDPt _ —(b)®t 0 ,—(b2) Pt
PEICE (béz)m) [e 1 e~ 22 ] + Tye™ 22 <T@ <
@)T0
(a22) " T30 [e((Rl)(3)+(T20)(3))f _ e—(Rz)(g)t] +T0 e—(Rz)(g)t
)P (RDD + (120) + (RN “
Definition of(S;)®, (5,)®, (R))®, (Ry)®:- 328
Where (51)(3) = (azo)(3)(m2)(3) - (aéo)(3)
(5@ = ()% = )Y
(Rl)(3) = (bzo)(B)(#z)(B) - (béo)(”
(Rz)(3) = (béz)(s) - (Tzz)(3)
Behavior of the solutions of equation
Theorem: If we denote and define
Definition of(6,)® , (6,)® , (1))@, (1) ¥ :
@ @ (€))] (€] iofvi
1 ’ ) )
(o)™, (), (z1)'™, (1) " four constants satisfying
—(0)™ < —(a20)™® + (az5)® — (a29) P (5, 0) + (a5) P (T, 1) < —(07)@®
—(@2)® < =(b2)® + (b25)™ = (b2) P ((G27), t) = (b25) P ((G27), t) < —(z)™
Definition of (v;)™®, (v))®, (u)) @, (up)®,v®, u® . 329
By (v)® >0, (v,)® < 0and respectively (1) > 0, (u;)® < 0 the roots of the equations
(@) P (@) + @)V — (@)@ =0
and (bys)®(u®)’ + (1) Pu® — (bpy)® = 0 and
Definition of (v;)®,, (V) ™, (1)@, (7i,)™® : 330

By (7)™ > 0, (¥,)® < 0 and respectively (ii;)® > 0, (7,)® < 0 the
roots of the equations (a,s)® (v(4))2 + (0)Pv® — (a,)® =0
and (by5)® (u®)’ + (1) Pu® — (b,)® = 0
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Definition of(im;), (m;)®, (11)®, (1), (v)®
If we define (m;)™®, (m2)™®, (u))®, (1)@ by
()@ = ()@, ()™ = (v)®, if (v)® < (v)®
(m)® = ()@, ()@ = )W, if v)® < ()@ < )W,

GO
and|(vy)® = -
25

(mz)(4) = (V4)(4)' (ml)(4) = (Vo)“)' if(ﬁ4)(4) < (Vo)(4)

and analogously

331
(Mz)(4) = (uo)(4): (ﬂ1)(4) = (u1)(4)' if(uo)(4) < (u1)(4)
(12)™ = W)™, ()@ = @), if (W)™ < (u)® < @)@,
TO
and| (ug)® = i
(#2)(4) = (u1)(4), (#1)(4) = (uo)“), if(ﬁl)(4) < (uo)(4)where(u1)(4), (ﬁ1)(4)
Then the solution of global equations satisfies the inequalities
332
GLeEDD =20 < G, (1) < G9,e D™t
where (p,)® is defined by equation
— 69,e(DW-p2) W) GO, oWt
(ml)(4) 0246 1 24 < st(t) < (mz)(4) 6246 1 333
@) 0
(az6) " Gas [e((sl)“)—(m)(“)t _ e—(Sz)(4)t] +Goe 6%t < 6 (1) .
MBS ~ 2)® — (5)@) “ s
® ;0 , ,
< (az6)™ Gy , [e(gl)(‘l')t _e—(aze)(4)f] +G§’6e‘(a26)(4)f>
(M)W ((S)W — (aze)™)
T204e(R1)(4)t S Tou(t) < T204e((R1)(4)+(r24)(4))f|
Lo eo® L o (k@42 ®)e 335
WTzz’,e ST (t) < WTM@
1 2
(bye)MTS, @ O L@ 336
RDWt _ —(bye) Pt 0 ,—(be) Pt
(R = (bé6)(4)) [e 1 e~ \P26 ] + Thge 26 STy(t) <
@To
(az6) " Toa [e((R1)(4)+(r24)(4))t _ e—(Rz)(4)t] + T206e—(R2)(4)t
()P ((RD® + (124)® + (R))®)
Definition of (S;)™®, (S,)™®, (R,)®, (R))¥:- 337

Where (S))® = (a24)® (m)® — (a34)®
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(S2)® = (a26)® = (P26)®
(R)® = (b20) P (ux)® — (hy)®
(R)® = (bz6)™® — (126)™
Behavior of the solutions of equation 338

Theorem 2: If we denote and define
Definition of(5,)®, (65)®, (t,)®, (1,)® :
(0, (0)®, (1)), (1) four constants satisfying
—(02)® < —(az5)® + (a20)® = (a2) ) (Tz9, 1) + (a29) P (T35, 8) < =(31)®
—(12)® < =(b2g)® + (b20)® — (b)) ((G31), t) — (b3e) P ((G31),t) < (1)
M@ﬁ)(s), (vz)(S)’ (ul)(S)’ (uz)(S),V(S)' u® . 339

By (v;)® >0, (v,)® < 0and respectively (1;)® > 0, (u,)® < 0 the roots of the equations
(@) (@) + (6D = (a0)® = 0
and (bys)®u®)’ + (2))OuU® — (b,9)® = 0 and

Definition of(v;)®,, (,)®, (11;)®, (ii,)® : 340

By (7))® >0, (#,)® < 0and respectively (i;)® > 0, (1,)® < 0 the
roots of the equations (a,9)® (v(5))2 + (0,) OV — (a,5)® =0
and (bzg)(s)(u(s))2 + (1) OU® — (by)® = 0
Definition of(m,)® , (m,)® , (1)®, (1), (vo)® :-

If we define (m;)®, (m2)®, (u))®, (1)® by
(my)® = (v))®, (M) = (), if(v))® < (v)®
(m)® = 1), (m)® = @), if )P < V) < @),

0
and| (vy)® = %
29

(mz)(s) = (Vl)(s): (ml)(s) = (Vo)(s): if(ﬁl)(s) < (Vo)(s)
and analogously 341
(#2)(5) = (uo)(s)' (Hl)(s) = (ul)(s): if(uo)(s) < (ul)(s)

1)@ = @), @) = @), if @)@ < @) < @),

T;

)
|0fJD

and| (uo)® =

2o
O

(12)® = )®, (1)® = (w)®, if @) < (ug)Pwhere(uy)®, (@)™
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Then the solution of global equations satisfies the inequalities 342
Ghe (V-0 < Gy () < 6D

where (p;)® is defined by equation

1 ®) ®) 1 ®) 343
— G902t < (1) < ——— GO eGPt
(ms)(5) 28 29( ) (mz)(5) 28
(5) 0
(a30) GZ8 [e((51)(5)—(1’28)(5))t _ e_(sz)(S)t:I + Ggoe_(SZ)(S)t < GSO (t) 344
(M) B ((S1)® = (p25)® = (5))
(‘130)(5)638 5) NG NG
S( YE((5)® — ( ’ )®) [6(51) ‘- e@30) t] + Ggge ™30
m; 1 — (a3p
The®®t < 7,0 (1) < Tzose((Rl)(5)+(T28)(5))t| 345
L 0 .@®e o o) < L 0 (RO @) 346
(u)® "% T T (up)®
(b3o) Ty ®) O O 347
RD®t _ L —(b30)®t 0 ,—(b39)t
BECE (béo)(s)) [e 1) e (P30 ] + The®30 STs(t) <
5)70
(a30) T28 [e((Rl)(S)"'(rZS)(S))t _ e_(RZ)(S)t] + T3OO€_(R2)(5)t
(t2) P (R + (1,8)® + (R))P)
Definition of(S;)®, (5,)®, (R,)®, (Ry)®:- 348
Where (51)(5) = (azs)(s)(mz)(s) - (aés)(s)
(52)(5) = (a30)(5) - (P30)(5)
(R)® = (b)) ()™ — (bag)®
(Rz)(s) = (béo)(s) - (7”30)(5)
Behavior of the solutions of equation 349
Theorem 2: If we denote and define
Definition of(,)®, (6,)©, (t))©®, (1)@ :
(@)@, (6)®, (1)@, (7,)@four constants satisfying
—(02)® < —(a3)® + (a33)® — (a3)® (T35, 1) + (a33) @ (T33, 1) < —(01)©
—(1)©® < —(b3)© + (b33)® — (bgz)(@((Ggs), t) - (bg3)(6)((035), t) < —(1)®
Definition of(v;)©®, (v;)©, (u)®, (u,)®,v®,u©® : 350
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By (v))® >0, (v,)® < 0and respectively (u;)® > 0, (u;)® < 0 the roots of the equations
(a5)O(V®)” + (@) OV — (az)® = 0
and (b33)©(u®)’ + (1) Ou® — (by)® = 0 and

Definition of (v;)®, , (,)®, (1)@, (1i,)©® : 351

By (,)® > 0, (¥,)® < 0 and respectively (ii;)® > 0, (i1,)® < 0 the
roots of the equations (az3)® (v(6))2 + (0,)Ov© — (g3,)® =0
and (b33)(6)(u(6))2 n (Tz)(s)u(e) _ (b32)(6) 0
Definition of(m;)® , (m,)®, (1) ®, (u2)©@, (vo)® :-

If we define (m;)®, (m)®, (u)@, (1)@ by
(mz)(6) = (Vo)(ﬁ)r (ml)(6) = (Vl)(6): if(Vo)(6) < (Vl)(6)
(my)® = v))®, (Mm@ = T) @, if (1)@ < (vp)©@ < (7)®,

G3p
G

|(-MO

and| (vo)©® =

wo

3

(m)® = (v)®, (m)® = (v,)©, if (1)© < (v)®
and analogously 352
(Mz)(6) = (uo)(G): (ﬂ1)(6) = (u1)(6); if(uo)(6) < (u1)(6)

W2)® = W)@, ()@ = @)@, if W)@ < (w)® < @)@,

o

T

w

and| (ug)® = 32

wd
w

(1)@ = ()@, (1)@ = ()@, if @)® < (up) @ where(u)®, (@)®
Then the solution of global equations satisfies the inequalities 353
63002 < Gy (1) < Gl

where (p;)® is defined by equation

®)_(pg,)(®) 1 ® 354
— e )Nt < Gay(£) < ——— (e
(my)® (my)®
60
(a34)" Gz, [e((51)(6)—(p32)(6))f _ e—(Sz)(6)t] G062 < © 355
(m)@((S)® = (p32)© — (52)©) 3 -
6) 0 , ,
< —= ((a“)(e) e o) (650t — =5 @r] 1 68, =50t
(M) ((51)' = (az4)
Tgoze(Rl)(ﬁ)c < Ty (t) < Tgoze((Rl)(6)+(r32)(6))t| 356
L o em®@ o @® < 1 10 (@)@ ®)e 357
(u)® R S Dl
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(b3) T 358

()@ ((R)D® — (b3,)©)

[B(Rl)(ﬁ)t — e‘(bé4)(6)t] + T304e_(b/34)(6)t S Ts(t) <

(a34)(6)T:;02
(12) @ ((R)® + (132)© + (Ry)®)

[e((Rl)(6)+(T32)(6))t — e—(RZ)(G)t] + T304e_(R2)(6)t

Definition of(S;)®, (5,)©, (R))©, (R,)©:- 359
Where (8,)® = (a3;)® (my)® — (az,)®
(52)(6) = (a34)(6) - (P34)(6)
(R)® = (b32)® (u2)® — (b3,)®

(Rz)(6) = (bé4)(6) - (T34)(6)
Behavior of the solutions of equation

Theorem 2: If we denote and define
Definition of(6,)”, (65)7, (r)7, (1) :
(@)D, (6)7, (17, (1) four constants satisfying
—(02)7 < —=(a3)” + (az)” = (a36) P (T3, £) + (a37) (T3, ) < —(0)”
—(12)7 < =(b36)” + (b37) P = (b36) 7 ((G30), t) — (b37) 7 ((G30), t) < —(z) 7
Definition of (v;)”, (v,) ™, (u))?, (u) P, v, u™ : 361

By ()™ >0,(,)? <0 and respectively (u;)7? >0, (u;)” < 0 the roots of the equations
2

(a37) P (vP)" + (a) PV — (az6)? = 0

and (b)) (u®)’ + (1) Du® — (bye)? = 0 and

Definition of(v,)”,, (,)7, (11,)7, (i) : 362

By (7)™ > 0, (¥,) < 0 and respectively (i) > 0, (i,)” < 0 the
roots of the equations (as;)?” (v(7))2 + (0,) v = (a36)? =0
and (b37) P ()" + (@) Pu? = (b3)? = 0
Definition of(m;)™ , (m,)™, (1)), ()P, (vy) @ :-

If we define (m;)”, (m2)”, (u)?, (1) by
(M) = (v)@, ()@ = (1) ?, if (v)? < (v)@

(my)? = w)?, ()P = @)D, if ()P < (W) < (1)?,
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0
and| (vy)? = %
37

(mz)m = (Vl)(7)' (m1)(7) = (Vo)m' if(Vl)m < (Vo)m

and analogously
L) = w)?, (u)? = w)?, if (ue)? < (u)?

W) = w)?, (u)? = @7, if w)? < (W) < @),

and| (u)? = 3¢

(1)? = @), (1)? = ()™, if @)7 < (up) Pwhere(uy)”, (@) ?

Then the solution of global equations satisfies the inequalities
Ggse((sl)(7)_(p36)(7))t < Gae(t) < Ggse(sl)mf

where (p;) is defined by equation

Ggee((sl)m_(p“)m)t S Gy (t) < Ggee(sl)mt

(m7)(7) (mZ)(7)
( (a38)(7)6§)6 [e
(m1)(7)((51)(7) - (p36)(7) - (52)(7))
< (a38)(7)6§6
= (m)D((S)? - (aze)?)

(5P =(p36) M)t _ e—(Sz)mt] + e D7t < Gy (0)

[e6DDt — g=(a)Vt] 4 GY o—(a3) 7ty

T8 e BVt < T, (t) < T (R0 7 +030) V)t

—1 T306€(R1)(7)t S Ta6(t) < T3066((R1)(7)+(r36)(7))t

1
(#1)(7) (Mz)m

(b3g) Ty
()P (RN = (b3g)™)

[e(R1)(7)t - e—(bés)mt] + T308€_(b58)(7)t S Tse(t) <

(a38)(7)T396
(U2) P ((R)D + (136) D + (R)T)

[e((R1)<7>+(r36)(7>)t _ e—(Rz)mt] + T e~ Rt

Definition of(S;)", (5,)™, (R1) ™, (R,)7:-

Where (51)(7) = (‘136)(7) (mz)m - (aée)(7)

77

363

364

365

366

367

368

369

370
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(5)7 = (asz)? — (p3g)?
(Rl)(7) = (b36)(7)(,uz)(7) _ (béa)m
(R = (b3g)? — (1r35)7
Behavior of the solutions of equation -

Theorem 2: If we denote and define
Definition of(,)®, (65)® , (1) )®, (7,)® :
(@)@, (0)®, (1))®, (1,)® four constants satisfying
—(0)® < —(a40)® + (@41)® = (030)® (Th1, ) + (@) ® T4y, ) < =(0)®
—(12)® < =(b30)® + (31)® = (b30) P ((Ga3), t) = (b31) @ ((Ga3),t) < —(2)®
Definition of (v;)®, (v)®, (u)®, (up)®,v®, u® : 372

By (v))® >0,1,)® <0 and respectively (u;)® >0, (u;)® < 0 the roots of the equations
2

(@)@ (@) + (a)®v® — (a)® =0

and (b;)®(w®)’ + (1) ®u® — (byy)® = 0 and

Definition of (v,)®,, (7,)®, () ®, (1,)® :
By (1)® > 0, (7,)® < 0and respectively (7i;)® >0, (7i,)® < 0 the
roots of the equations (as;)® (V(B))z + (02)Bv® — (a,0)® =0
and (by)®(u®)” + (1) Ou® — (by)® = 0
Definition of(m1)® , (my)®, (1)@, (u2)®, (vg)® :-
If we define (m;)®, (my)®, (u))®, (1)® by
(m)® = (v))®, (n)® = (v)®, if (v)® < (v)®

(my)® = w)®, (m)N® = @)@, if (v1)® < (VH® < (T)®,

0
and| (vy)® = %
41

(mz)(g) = (Vl)(8): (ml)(g) = (Vo)(g): if(V1)(8) < (Vo)(g)

and analogously 374
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)® = we)®, u)® = W)®,  ifw)® < (w)®

W2)® = w)®, w)® = @)®,if w)® < w)® < @)®,

TO
and| (uy)® = 0
41

(12)® = @)®, w)® = (up)®, if @)® < (uo)®@where(u)®, (;)®
Then the solution of global equations satisfies the inequalities 375
®);

Gfoe((sﬂ(s)—(mo)(g))t < Gyo(t) < GPe®V

where (p;)® is defined by equation

1 ® 376
0 (D=0 ®) < 6, (1) < —— GO (5Pt
(ml)(g) 40 41( ) (mz)(B) 40
8) 0
( (ag2) " Gao [e((sl)<8)—(p4o)(8))t - e—(Sz)(S)t] +6%e 2%t < 6,0 (1) 7
Mm@ ((SD® — Pa0)® — (S)®) . -
8) 0 , ,
=1 )(8)(((6?2))(8) GME ) eVt — o=@ ] 4 G e~@) ™y
mp 1 — Ay
Tfoe(Rl)(g)t S Tyo(t) < Tfoe((Rl)(B)Jr(r‘lo)(S))f 378
;T‘looe(m)(g)t < Tyo(t) < ;T4OOe((R1)(8)+(r4o)(8))t 379
(H1)(8) (Mz)(B)
(ba)®T @) ' ®) NG 380
RO®t _ —(by)®t 0 ,—(byy)®t
P RY® = G ®) [e 1 e~ (a2 ] + Tpe™ 4 STp() <
8)770
(a42) " Tao [e((R1)(8)+(r40)(8))t _ e—(Rz)(S)t] + T4026—(R2)(8)t
) B ((R)® + (10)® + (R)®)
Definition of (S;)®, (5,)®, (R,)®, (R,)®:- 381
Where (51)® = (a40)® (my)® — (a40)®
(52)(8) = (a42)(8) - (P42)(8)
(Rl)(g) = (b40)(8) (#2)(8) - (bzlto)(s)
(Rz)(8) = (bzltz)(g) - (7’42)(8)
Behavior of the solutions of equation 37 to 92 382
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Theorem 2: If we denote and define
Definition of(6,)® , (6,)®, (1)@, (1,)® :
(@)D, (6)?, (1)), (1) @four constants satisfying
—(0)@ < —(a3)® + (@45)@ = (a1) P (Tys, 1) + (a45) P (Tus , 1) < —(01)®
~(1)® < =(02)® + (045)® = (02) ((G47), 1) = (b4s) P ((Gar), 1) < = (@)
Definition of(v;)®, (v,)®, (u)®, (up) @, v®, u® :

By (v{)® >0,(v,)® < 0and respectively (u;)® > 0, (u,)® < 0 the roots of the equations
(@) P W) + @) — (@)™ =0
and (bys)@(u®)” + (1) Ou® — (by)® = 0 and

Definition of ()@, , (#,)®, (1,)®, (#,)®

By (1)@ > 0, (¥,)® < 0and respectively (7;)® >0, (%i,)® < 0the
roots of the equations (a,s)® (v(g))z + (0) v — (@)@ =0
and (bys) @ (u®)" + (2)Pu® — (by)® = 0
Definition of(m;)® , ()@, (1)), (u2)®, (v)® -

If we define (my)®, ()@, (u)@, (u)® by
(mz)(g) = (Vo)(g): (ml)(g) = (Vl)(g)' if(Vo)(g) < (V1)(9)

(my)® = (1)@, (M) = T, if V)P < (v)@ < (@)D,

0
and|(vy)® = %
45

(mz)(g) = (Vl)(g): (ml)(g) = (Vo)(g): if(ﬁl)(g) < (Vo)(g)
and analogously
(#2)(9) = (uo)(g) , (#1)(9) = (ul)(g): if (uo)(g) < (ul)(g)

(12)® = W), (@)@ = @), if W) < w)® < @),

0
and| (up)® = ?‘—04
45

(42)® = @)@, ()® = (), if (@) < (up)Pwhere(u;)®, (@)@
are defined by 59 and 69 respectively

Then the solution of 19,20,21,22,23 and 24 satisfies the inequalities
(,‘24@((51)(9)—(P44)(9))f < Gu(t) < 0246(51)(9)f

where (p;)® is defined by equation 45
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1
G270 < Gye(6) < Gyt

(mo)® ™ (my)

(a1) P64 [ (DO =@an) )t _ —(52)(9)t] + GO e~ (52t
< <
MDD ((51)O-(p4a) P —(52)®) ¢ € Gase Gas ()

(a16) G4 (51t —(ags) @t 0 —(ape) @t
O (D (@) [e1 — e7(@6) 1] 4 GO e~ (@a6) 0

‘T404€(R1)(9)t S Tyy(t) < T404e((R1)(9)+(T44)(9))t

The®D® < Ty (0) < 7Y, e (RO +rn)@)e

1
(1)@ (12)®

(bys) T,
DO ((R)D — (bye)®)

[E(Rl)(g)t — e—(bz’ts)(g)t] + T4063_(b‘:‘6)(9)t S Tye(t) <

(a )(9)T0 9 9 9 9
tol [e((R1)< D+ra)@)t _ o= (k) >t] 4T o~ ROt
U)P((RDD + (134)@ + (R)®) 46

Definition of(S;)®, (5,)®, (R)®, (R,)®:-
Where (51)(9) = (a44)(9) (mz)(g) - (a;z;)(g)
(5 = (a16)® = (P46)®
(RDP = (bag)® (12)® — (b4s)®

(R)® = (by)® — (126)®

Proof: From global equations we obtain 383
dv® ) , ., .,
dt = (a13)(1) - ((a13)(1) - (a14)(1) + (a13)(1)(T14, t)) - (a14)(1)(T14, t)v® — (a14)(1)v(1)
Definition ofv™ :- y@ = 13
G14
It follows

dv®
dt

~(@ODED) + @)D — (@) V) £ —— < = (@DPED)" + @)DV — (@) ®)

From which one obtains

Definition of(v;)®, (vo)™® -

0
For 0 < |(vp)® = 95l < ()P < )M

0
Gia
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1D+ D vy Del @D (DD -0 D) ]

_ D ®
140y Wel- @D (eDD-0e )]

D)@

v(l)(t) > ’ (C)(l)

it follows (Vo)™ < v (¢t) < (v)®

In the same manner, we get 384

@D +(OD @y Del@D (V-2 ) ]
140 el @ D(EDD-2) D) ]

_ @W-p®

o) -
v = ~ 00D-Gp®

, (O

From which we deduce(vy)™® < vV(t) < (v)®

0
If 0<(w)® < ()P = % < (7;)@we find like in the previous case, 385
14
0 - DD +ODE)Wel @000
< < t) <
) < 1+ (C)Wel-(@D® (W -w) V)] svios
@)D + () D (#,)Del-@P(@DV-)D) ] o
< (o
1+ (C)Wel-(@)D(@DHD-) M) ] =)
0
If0< ()® < @)D <|(vy)® = % , we obtain 386
14

@)D + (OD ) Vel- @@ -0 V)]

)® < v () < < (vp)®

1+ (0)Wel- (@M (@DM-T)M) ¢]
And so with the notation of the first part of condition (c) , we have

Definition of vV (¢) :-

(mz)(l) < ‘V(l)(t) < (ml)(l): V(l)(t) — G13(t)
G14(t)

In a completely analogous way, we obtain

Definition of u (¢) :-

(#2)(1) < u(l)(t) < ('ul)(l)’ u(l)(t) — T13(t)
T14(t)

Now, using this result and replacing it in global equations we get easily the result stated in the
theorem.

Particular case :

If (a13)® = (a1)®, then (a))® = (0,)@ and in this case (v;)® = (7)) ifin addition (vy)® =
(v))D then vD(t) = (v)™ and as a consequence Gy3(t) = (vo) M G4 (t) this also defines (vo)® for
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the special case
Analogously if (by3)® = (by)®, then (1,)® = (1,)® and then

(u)® = () Vifin addition (ue)® = (u)® then Ty5(t) = (up) VT4 (t) This is an important
consequence of the relation between (v;)® and (¥;)®, and definition of (uy)™.

Proof : From global equations we obtain 387
dv® . , ) .,
FTa (a16)@ — ((‘116)(2) - (a17)® + (016)(2)('1'17.0) = (@17) @ (Ty7, Ov@ = (a17)Pv@
Definition ofv® :- v@ = G1e 388
G17
It follows 389

@ (@) ), @ dv® @ (,,@)> @, @
~(@NPE®)" + (@)Pv® ~ (019)®) £ —= < = ((@NPEP)” + (@)@ — (a1)?)

From which one obtains 390

Definition of(7,)@, (v,)®@ :-

GY _
For 0 < (vy)® = ﬁ <)@ < @)@

)(2)+(C)(2)(v2)(2)e [—(a 17)(2)((1/1)(2)_(\/0)(2)) t]
1+(C)(2)e[—(a17)(2)((\/1)(2)—(1/0)(2)) t]

)@@
()P =)@

AOESS |©® =

it follows (vy)® < v@(t) < (v;)@

In the same manner, we get 391
@) < ORI DB ey 6@ -an®
! T @@ @@ (E0@-e2®) ’ — 0p)@-@
From which we deduce(vy)® < v®(t) < ()@ 392
0
If 0<(v)® < (v)® = 2% < (;)@Pwe find like in the previous case, 393
17
@ @ (1, )@ [~@NP ()P ~2)P) t]
v +(C v e
(Vl)(z) S( 1) ( ) ( 2) < V(z)(t) <
1+ (C)(Z)e[—(a17)(2)((V1)(2)—(V2)(2)) ]
)@ + (©)@ (7)) @el-@nNP (@D -2) ] < (o @
1+ (C)(Z)e[—(a17)(2)((71)(2)—(72)(2)) ¢] < ()
394

0
If0<w)®<@)?® < )?® = % , we obtain

~
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)@ + (€)@ (7,) Pel- @@ (@D - @) ]

@) < y@ ) < < )
)™ < v < 1+ (C)(Z)e[—(a17)(2)((71)(2)—(72)(2)) t] < (vo)
And so with the notation of the first part of condition (c) , we have
Definition of v® (¢) :- 395
()] (2) ) @ _ G16(®)
(M) < v¥(6) < (M), |vI¥() = =
G17(t)
In a completely analogous way, we obtain 396

Definition of u® (¢) :-

1) < u®@©) < W)@, |u®©) =145
T17(t)

Now, using this result and replacing it in global equations we get easily the result stated in the
theorem.

Particular case : 397

If (a}g)® = (a1;)@, then (6,)® = (6,)® and in this case (v;)® = ()@ if in addition (vy)® =
(v)@ then v (t) = (vy)® and as a consequence G4 (t) = (vo) PG5 (t)

Analogously if (bys)® = (by7)@, then (1,)® = (1,)@ and then

(u)® = (;)@if in addition (ug)® = (uy)@ then Ty4(t) = (ug) P Ty, (t) This is an important
consequence of the relation between (v;)® and (v;)®

Proof : From global equations we obtain 398
dv® : , , ,
= (@0 ~ (@)@ = @) + @)D (T51,0)) = (@3)@ (T, VD ~ (@) v
Definition ofv® :- v® = Zﬂ 399
21
It follows

(3)(,3)? (3),,3) ®3) dv® (3)(,,3)? (3),,3) ®3)
~(@DPD) + @V ~ (a20)P) £ —= < = (@D D) + @)V — (a2

400
From which one obtains

G _
For 0 < (vy)® = ﬁ <(v)® < @)®
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(Vl)(3)+(C)(3)(v2)(3)e [—({121)(3) ((Vl)(3)—(VO)(3)) t]
1+(C)(3)e [—(a21)(3)((1/1)(3)—(1/0)(3)) f]

vD@-)®
v)®-w)®

v (t) = , (O® =

it follows (v))® < v®(¢) < (v)®

In the same manner, we get 401

)(3)+(f)(3)(72)(3)e [—(a21)(3)((V1)(3)_(72)(3)) t]
1+(0)@el @2 O(EDD-T2)®) ]

_ ®-®
v)®-)®

V@) < , [ ©O®

Definition of(v;)® :-
From which we deduce(vy)® < v®(t) < (v)®

0
If0<()® < ()® = % < (7;)®we find like in the previous case, 402
21

@)@ + (O () Pel-@nP P -02O)1]

®3)
% <
) 1+ (€)®el-(@2)P (DD -w)P) (]

< vO() <

T + (OP (7)) Del-)P (@O0 ]

< [@m)®
1+ (C)®el-(@)P (@)D -] ()

0
If0< ()® < @#)® < ()@ = % , we obtain 403

TP + (O (7,)Pel-e) V@O~
1+ (C_‘)(3)e[—(a21)(3)((V1)(3)—(V2)(3)) t]

v)® < v®() < < (v)®

And so with the notation of the first part of condition (c) , we have

Definition of v®(¢) :-

(mz)(3) < V(3)(t‘) < (ml)(S)’ V(3)(t) _ G20®)
Ga1(t)

In a completely analogous way, we obtain

Definition of u® (¢) :-

(#2)(3) < u(3)(t) < (/11)(3)' u(3)(t) — T20 (t)
T21(t)

Now, using this result and replacing it in global equations we get easily the result stated in the
theorem.

Particular case :

If (a30)® = (a3;)®, then (6,)® = (0,)® and in this case (v;)® = (#,)® if in addition (v()® =
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(v1)® then v®(t) = (v))® and as a consequence G (t) = (vo)® Gy (1)
Analogously if (byg)® = (by)®, then (1)@ = (7,)® and then

(u)® = (;)@if in addition (ug)® = (uy)® then Tyo(t) = (uy)® Ty (t) This is an important
consequence of the relation between (v;)® and (v;)®

Proof : From global equations we obtain 404
dv® : : . .
7= (@)@ — (@) = @) + (@)D (T55,0)) = (a35)(To5, OV — (a5) Pv®
Definition ofv® :- v® = Zﬁ
25
It follows
€))
2 dv 2
~(@PE®)” + (@D — (a20P) < —— < = (@)D @) + EDDVD — (a2)®)

From which one obtains
Definition of (v, ), (vy)® :-

0

For 0 <|(vo)® = 2| < (v)® < (7))@
25
@Y ® (v 1)@y gy @
v () > DB gDl @29 (@DD-00)®)¢] ©)® = )@ —(we)®
= 4+(C)(4)e[—(a25)(4)((1/1)(4)7(1;0)(4)) t] ) (VO)(4)_(VZ)(4)
it follows (vg)® < v®(t) < (v))®
In the same manner, we get 405
YO () < T +O® @y @@ P(EDB-2)®) ] ©)@ = )
>~ 4+(®(4)e[—(a25)(4)((71)(4)_(172)(4)) t] ) (VO)(4)_(72)(4)

From which we deduce(vy)® < v®(t) < (v))®

0
If 0<()® < (v)® = % < (v;)®we find like in the previous case, 406
25
R R O U
)™ < o@D (@) @) ¢ s viP(H) <
1 + (C)@Wel-(@2)®(v)®-w)®) ¢]
@)D + (O) D (7,) Pl @) P(@DP-m)®) ] < (5®
1+ (O)@Wel-(a2)P(@)®-w)®) (] =0
9 407
If0<@w)® <@)® <|(vy)® = % , we obtain
25

@)D + (O)@ (7,)Del-@ V(@ P- )
1+ (€)@ el-(@)®(@N®-2)®) ]

()W < v () < < (v)@®
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And so with the notation of the first part of condition (c) , we have

Definition of v (t) :-

(m)® < v (@) < (m)®,

@ () = G24©
vir(e) Gos (t)

In a completely analogous way, we obtain

Definition of u™ (¢) :-

(1)® < u®(®) < ()@,

Now, using this result and replacing it in global equations we get easily the result stated in the

theorem.

Particular case :

@) () — T24@®)
v T25(t)

87

If (az0)® = (ay5)®, then (6,)® = (0,)® and in this case (v))® = (7,)@ if in addition (vy)® =
(v)® then v (t) = (vo)® and as a consequence G, (t) = (Vo) @ G5 (t)this also defines (v,)® for

the special case .

Analogously if (by)® = (bys)®, then (1)@ = (1,)® and then
(u)® = () @ifin addition (1)@ = (u)™® then T4 (t) = (uy) W Tys (t) This is an important

consequence of the relation between (v;)® and (v;)*,and definition of (u,)®.

408
Proof : From global equations we obtain
dv® , , v (s " (5
o= (@29)® = (@) = (@) + (@3) (T35, 1)) = (@20)® (T30, OV = (a20) v
Definition ofv® :- v® = 28
G29
It follows
)
2 dv 2
~ (@) + @)V ~ (0)®) < —— < = (@) + () — (a0)®)
From which one obtains
Definition of(v;,)®, (vy)® :-
0
For 0 <|(v))® = 2 < (v)® < (1)®
29
V(S)(t) - (V1)(5)+(C)(5)(vz)(5)e[_(a29)(5)((Vl)(5)—(V0)(5))t] (C)(S) _ O—w)®
T 5@ @D (eD-00®) ] ’ ) O-)®
it follows (v))® < v®(¢) < (v)®
In the same manner, we get 409
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T OO @)D" @29 P (@O~ ) ]
5+(0)®e|"@2O(EDO-2O)¢]

_ @®-p®

®)
v s — w)®-)®

, (5)(5)

From which we deduce(vy)® < v®(t) < (v5)®

0
If0<()® < ()® = % < (7;)®we find like in the previous case, 410
29
®) ) (1,1 o[~(220) (1) ~(v2) ) ¢
w® < W)® + () (vy) P el (@)D~ ] < VO <
v = 1+ (€)®el-@)P(01)E-2)) ¢] B B
_ ~ _ —(@29) (1)) =7,
) + (O)® (7)) ®el-@2) V(@D - 1] < (5)®
1+ (C_‘)(S)e[—(azg)(5)((71)(5)—(72)(5)) ¢] =
9 411
If 0< (v)® < ) <|(v))® =22, we obtain
29
7)) + () (7,)® e[~ (@20) (1) O -2)®) t]
W)® < vO (1) < ()™ + (€)™ () el ez AN ’ < (v)®
- - 1+ (0)®el-(@20)P (@D -T2)®) ¢] -
And so with the notation of the first part of condition (c) , we have
Definition of v®(¢) :-
5G) <« ) < 5) ) _ Gs®
(m)® < vO© < (m)®, [vO(@) = 20
In a completely analogous way, we obtain
Definition of u® (¢) :-
(u )(5) < u(s)(t) < (u )(5) u(s)(t) — Ts®
2 - =\ T29(t)
Now, using this result and replacing it in global equations we get easily the result stated in the
theorem.
Particular case :
If (a59)® = (a39)®, then (6,)® = (6,)® and in this case (v;)® = (#,)® if in addition (v4)® =
(vs)® then v®(t) = (v))® and as a consequence Gyg(t) = (Vo) Gy (t)this also defines (v,)® for
the special case .
Analogously if (byg)® = (byo)®, then (7,)® = (1,)® and then
(u)® = (u;)®ifin addition (u)® = (uy)® then Tyg(t) = () Ty (t) This is an important
consequence of the relation between (v;)® and (v,)®,and definition of (u,)®.
Proof : From global equations we obtain 412
dv® , , . .
a (a3)® — ((a32)(6) — (as3)® + (a3)© (T3, f)) — (a33)© (T35, )@ — (a33)@v®
Definition ofv® :- y©® = &2

G33
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It follows

dv®

- ((agg)(é)(v(a))z + (a7)©Ov©® — (a32)(6)) <——<- ((a33)(6)(v(6))2 + (0)©v® — (a32)(6))

From which one obtains

Definition of(v;)®, (v,)® :-

0
G3z

For 0 <|(vy)® = o0, < ()@ < 7)®

YO 1) ()@ [~@3) (DO -0 @) ]
AN RO CRCRTSIT

_ )@ -®
) ©-)®

VO () > U , |©®

it follows (v)® < v®(¢) < (v;)©®

In the same manner , we get 413

T O +(0) O )@ [~ @3O(TDO-2)®) o]
1+(C-)(s)e[—(a33)(6)((V1)(6)—(V2)(6)) t]

_ @W-®

®) @D*-o)*®
V(L) < " w)©-)®

, |(©)®

From which we deduce(vy)©® <v©(t) < (7,)©®

0
If0<()® < ()® = % < (;)©we find like in the previous case, 414
33
o - @+ (OO @)@l OO0
< < <
SORE 1+ (€)©®el-(@3)@ (1)@ -w2)®) (] < v <
@) + (€) O (7,)® el @) (@D O-m)@) ] ©
<5
1+ (C_‘)(ﬁ)e[—(a33)(6)((71)(6)—@2)(6)) t] = ()
415

0
If 0<(v)® < @)@ <|(v)® = % , we obtain

T)© + (€)O) (7,)Oel-es V@O~ ) ]
1+ (€)©®el-(a3) (@O —-@2) ) ]

)@ < VO < < (v)®

And so with the notation of the first part of condition (c) , we have
Definition of v® (¢) :-

(mz)(6) < v(é)(t) < (ml)(e)’ v(6)(t) _ G2®
G33(t)

In a completely analogous way, we obtain
Definition of u(® (¢) :-

W)@ < u®t) < @)®, |u© () =22
T33(t)

Now, using this result and replacing it in global equations we get easily the result stated in the
theorem.
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Particular case :

If (a3,)© = (a33)®, then (6,)© = (0,)® and in this case (v;)©® = (#,)® if in addition (v4)©® =
(v1)® then v®(t) = (v5)© and as a consequence G, (t) = (vy)® G35 (t)this also defines (v,)©® for
the special case .

Analogously if (b3,)® = (b33)®, then (1,)® = (7,)® and then

(uy)® = (;)@if in addition (uy)® = (uy)® then T3, (t) = (uy)®Ts3(t) This is an important
consequence of the relation between (v;)® and (v;)©,and definition of (1) .

416
Proof : From global equations we obtain
dv? : , . .
i (ase)? — ((‘136)(7) — (a37)? + (a36) 7 (T3, t)) — (a37) P (T37, v = (az7) Pv?
Definition ofv” :- v = 536
G37
It follows
7)(1)? 7),,(7 7 dv® 7 (1,(M)? 7),(7 7
~(@NPP) + @)V = (a30)7) £ —= < = (@ P ) + @)V ~ (a3)?)

From which one obtains
Definition of(v;) ™, (vy) 7 :-

0

For 0 <|(v)" = 2 < ()™ < (1)

37

v(7)(t) > (vl)(7)+(C)(7)(V2)(7)e[‘(a37)(7)((vl)(7)—(v0)(7))t] (C)(7) _ o) D =)D
IR (e SCE Rl AR T ’ ) D=
it follows (v)? < v (t) < (v)?
In the same manner , we get 417
V(7)(t) < (Vl)(7)+((f)(7)(vz)(7)e[—(a37)(7)((71)(7)—(72)(7))t] (5)(7) _ M
T 1@l D-e2 D) ’ ) D=7
From which we deduce(vy)” < v (¢) < (1)@
418

0
If0< () < @)? = (G;% < (;)Pwe find like in the previous case,
37

@) @) N p[~(az)P ()P -w2) D) t]
v + (C Vv e
( 1) ( ) ( 2) < (7)(1‘:) <

)7 <

1+ (€)M el-@NP(wP-w2)P)t]
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@)D + (O)D (9,) Vel @ @DV -7 ]
14 (C)Mel-@sNP (@)D - ") ]

< @)?

9 419
If0<(w)?<@)? <|(vy)? = % , we obtain
37

YD 4 (YD (5.3D o[- (a3 D () P-F2)D) t]
v + (C v e
(Vl)(7) < V(7)(t) S( 1) ( ) ( 2)

< ()7
1+ (C)Mel-@sND(TDP-@)7) ] (o)

And so with the notation of the first part of condition (c) , we have
Definition of v (t) :-

m)® < v (e) < (), | v (r) = 26©
G37(t)

In a completely analogous way, we obtain

Definition of u (¢) :- 420

1)? < v < ()@, |u?(p) = 2O
T37(t)

Now, using this result and replacing it in global equations we get easily the result stated in the
theorem.

Particular case :

If (az6)” = (a37)7, then (6,)” = (6,)” and in this case (v;)? = (#,)7 if in addition (v()” =
(v))? then v (t) = (v))? and as a consequence Gs4(t) = (vo) 7G5, (t)this also defines (vy)™ for
the special case .

Analogously if  (b3g)? = (b3;) D, then (1) = (1,)@ and then (u;)? = (#;)Pif in addition
(ue)? = (uy)? then Tz (t) = (up) P Ts,(t) This is an important consequence of the relation between
(v1)? and (v;)?,and definition of (1) .

Proof : From global equations we obtain 421
dv® : : , ,
a (a40)® — ((a4o)(8) — (a41)® + (a40)® (Ty1, t)) — (4)® (T4, OV® — (a4)) Bv®

Definition ofv® :- y(® = Gu0

Ga1
It follows

2 dv® 2
~(@D®E®) + @)V ~ (a4)®) £ —— < = (@D ) + @)V — (ai)®)
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From which one obtains

Definition of(7,)®, (vy)® :-

[
For 0 <|(vy)® = % <()® < @3)®

© () > PO @ (0O ®) ] ® = (DO-00)®
Rz 1+(0)® e[ ®(EDO-00®) ] O = P wy®
it follows (v))® < v®(¢) < (v)®
In the same manner, we get 422

T O+ ® @[~ @ (D@ -T2 ®) o]
140 ® [ O(TDO-)®) ] ’

©6)® = T®-w)®

®)
vi(t) < ) ®-@)®

From which we deduce(vy)® < v®(t) < (vg)®
® ® — 80— 5 O we find like i ; 423
If o< () <(v)®¥ = o0 < (v1)**’we find like in the previous case,
41

@1)® + (O () Del-@n @O0 ®) ]

®
% <
) 1 + (€)®el-(@)@ ()@ -w)®) (]

< v®() <

T)® + (OO (7,)@el-@) @O~
1+ (C_‘)(S)e[—(a41)(8)((71)(8)—@2)(8)) t]

< (@)®

0 424
If 0<()® <@)® <|(v))® = % , we obtain

@)@ + (O)® (7,) el V(@D ]
1+ (C)®el-(@)® (@)@ -)®) ]

)@ < v < < (v)®

And so with the notation of the first part of condition (c) , we have
Definition of v® (¢) :-

m)® < v () < (m)®, | v (1) = 220
Gaq ()

In a completely analogous way, we obtain
Definition of u® (¢) :-

(#2)(8) < u(S)(t) < (/11)(8): u(B)(t) — Tao(t)
Ty1(t)

Now, using this result and replacing it in global equations we get easily the result stated in the
theorem.
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Particular case :

If (a;0)® = (ay;)®, then (6))® = (6,)® and in this case (v;)® = #,)® if in addition (v)® =
(v)® then v®(t) = (v))® and as a consequence Gy (t) = (vo)® G, (t)this also defines (vo)® for
the special case .

Analogously if (byo)® = (by)®, then (1,)® = (7,)® and then
u)® = (@)®if in addition (ur)® = (u;)® then Ty (t) = (ug)® Ty (t) This is an important
consequence of the relation between (v;)® and (v;)®,and definition of (uy)®.

424
Proof : From 99,20,44,22,23,44 we obtain A
dv® 9 ) RO " \(9) " (9 [C)] 9,,09
FT (asa)™” — ((a44) — (a45)"” + (a44)"” (Tus, t)) = (a45)" (Tuys, OV — (ag5) v
Definition ofv® :- y©® = G
G5
It follows

dv®
dt

~(@)OP) + @)V — (@)®) < —— < = (@) ()" + (@ — (@)®)

From which one obtains

Definition of(7,)®, (vy)® :-

G _
For 0 <|(vy)® = ﬁ < () < @)D

YO+ O )@@ P (DD -0 @)
1+(C)(9)e[‘(a45)(9)(("1)(9)‘(V0)(9)) f

© _ DO-w)®
O = 0@

v (r) = U

it follows (vy)® < v (t) < (vg)@

In the same manner , we get

T+ el (TDO-2) )]
1+(0)@el @@ -2 ) ]

_ @D-w®

© ~(9)
vi(t) < 1O " w)D-)®

From which we deduce(vy)® < v (t) < (%)@

0
If0<()® < @W)® = % < ()@ we find like in the previous case,
45

W) + (OO ) Del-@ (@O0

v)® < < v <

14 (0)@el-@)P(@D@-w))1]

T + (O 7,) Pl (@02

< (v.)®
1 + (0)@el~(@) (@)D= t] =)
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0
If0< )@ <@)® <|(v)® = % , we obtain

@)@ + (O)@ (7,)@el-@) P (@ -?) t]
1+ (C_')(9)e[—(a45)(9)((71)(9)—(72)(9)) t]

)@ < v @) < < (v)®

And so with the notation of the first part of condition (c) , we have
Definition of v (t) :-

(my)@ < vO(t) < ()@, | vO(e) — 6@
Gys (t)

In a completely analogous way, we obtain
Definition of u® (t) :-

(1)@ < u®) < ()P, | u®(t) = 1O
Tys5(¢)

Now, using this result and replacing it in 99, 20,44,22,23, and 44 we get easily the result stated in the
theorem.

Particular case :

If (a44)® = (a45)@, then (0,)® = (03) and in this case (v;)® = (¥,) if in addition (v,)® =
v)@ then v (t) = (v))® and as a consequence G, (t) = (Vo) @ Gys (¢)this also defines (v,) for
the special case .

Analogously if (by,)® = (bys5)@, then ()@ = (7,)® and then

()@ = () if in addition (ug)® = (u;)® then Ty (t) = (ug)®Tys (¢) This is an important
consequence of the relation between (v;)® and (v;,)®,and definition of (u,)®.

We can prove the following 425
Theorem : If (a;' YDand (bl-” )M are independent on t, and the conditions with the notations
(a13) P (a1)® — (a13)P (a1)P < 0
(a13) P (1) ® = (a13) P (a1)® + (a13) P 013) P + (1) P P1) P + P13) P (1) > 0
(b13) P (b1) P — (b3) P (b1) > 0,
(bia)(l)(bﬁ)(l) - (b13)(1)(b14)(1) - (bi3)(1)(7’14)(1) - (bi4)(1)(7’14)(1) + (7’13)(1)(7’14)(1) <0

with (p13)®, (14) @ as defined by equation are satisfied , then the system

Theorem : If (a; )@ and (b; )® are independent on t, and the conditions with the notations 426
(a16)® (a17)® — (a16)®(a17)® < 0 427

(a'16)(2)(a'17)(2) - (016)(2)(6117)(2) + (a16)(2)(p16)(2) + (a'17)(2)(p17)(2) + (Pls)(z)(}?n)(z) >0 428
(bié)(z)(bb)(z) — (b1s) P (7))@ >0, 429
(b16) P (b17)® = (b16) P (b17)® = (b16) @ (117)® — (b17) P (117)P + (r16) P (117)® < 0 430
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with (p16)@, (177)@ as defined by equation are satisfied , then the system
Theorem : If (a; )®and (b; )® are independent on t, and the conditions with the notations 431
(a20)®(@21)® = (a20)® (a1)® < 0
(a20)® (a21)® = (a20)®(a21)P + (a20)® (20)P + (@20)® @21)P + 20)® (P21)P > 0
(b20)®(b31)® = (b30) P (b2)® >0,
(béo)m(bél)m — (b20)®(b1)® — (béo)(g)(rm)(g) - (bél)(3)(721)(3) + (r20)® ()@ <0
with (py)®, (5,)® as defined by equation are satisfied , then the system
We can prove the following 432
Theorem : If (a;' Y®and (bl-” )® are independent on ¢, and the conditions with the notations
(a24) P (a55) ™ = (a24)®(az5)® < 0
(a24)®(a25)® = (@20)® (a25)® + (@20) P (P20) ™ + (a25) P P25)® + (P24) P (p25)® > 0
(b24)® (b25)® = (b)) (by5)™ >0,
(520)® (b35)® = (b24) @ (b25)® = (02)® (r35)® = (b35) W (125)® + (12) (125)® < 0
with (paa)®, (135)™@ as defined by equation are satisfied , then the system
Theorem : If (a; )®and (b; )® are independent on t, and the conditions with the notations 433
(a28)® (a29)® = (a28)® (a29)® < 0
(a28)® (a20)® = (a28)® (a290)® + (@2)® (P28)® + (a20)® (P29)® + (P25)® (026)> > 0
(b28)® (b29)® = (bg)® (b20)® >0,
(bés)(s)(béf))(s) - (bzs)(s)(bzg)(s) - (bés)(s)(rzg)(s) - (bét))(s)(rz‘))(s) + (7’28)(5)(7’29)(5) <0
with (pyg)®, (1,9)® as defined by equation are satisfied , then the system
Theorem If (a; )®and (b; )® are independent on t , and the conditions with the notations 434
(a3) @ (a33)© — (a32)®(az3)® < 0
(a32)® (a33)® — (a32) @ (a33)©@ + (a32) @ (32)©@ + (a33) @ (P33)©@ + (032) @ (P33)© >0
(b32)® (b33)© — (b3,) @ (b33)® >0,
(béz)(é) (bé3)(6) — (b32)©(b33)© — (béz)(@ (r33)® — (bé3)(6)(7”33)(6) + (r3)©(r33)® < 0

with (p33)®, (133)® as defined by equation are satisfied , then the system
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Theorem : If (a;' YD and (bl-” )™ are independent on t , and the conditions with the notations 435
(a36) 7 (az7)? = (az6) 7 (az))” < 0
(a36) 7 (az7) P = (a36) 7 (a37)” + (a36) 7 (036) 7 + (a37) 7 (037) 7 + (p36) 7 (037)7 > 0
(b36) 7 (b37) 7 — (b36) P (b37)" >0,
(b36) 7 (037)7 = (b36) 7 (b37) 7 = (b36) 7 (r37) 7 = (b37) P (137) P + (136) P (r3,) P < 0

with (p36)7, (3,)7 as defined by equation are satisfied , then the system

Theorem : If (a; )®and (b; )® are independent on t, and the conditions with the notations 436
(240)®@ (@11)® — (a40)®(as)® < 0
(a20)® (a21)® = (@40)®(@41)® + (240)® @40)® + (@4)® @11)® + P40)® (P41)® > 0
(b30)® (041)® = (b4o) @ (b41)® >0,
(bz’m)(g) (bz’u)(g) - (b40)(8)(b41)(8) - (bz’to)(g) (7'41)(8) - (bz,u)(B) (7'41)(8) + (7'40)(8) (7’41)(8) <0
with (pso)®, (131)® as defined by equation are satisfied , then the system

Theorem : If (a; )@ and (b; )® are independent on t, and the conditions (with the notations 436
45,46,27,28) A

(@12)@(a45)®@ = (a40) @ (a45)? < 0
(a24)(@45)@ = (a44)(@45)@ + (@4) P P4)® + (45) P Ps5)® + P4)@ (P45)@ > 0
(D44)@ (b15)@ = (043) P (b45)® > 0,
(bz'm)(g)(bz’}s)(g) — (b44) @ (b45)® = (b3s) P (145)® — (bzlts)(g) (135)@ + (1) (135)® < 0

with (ps)®, (135)® as defined by equation 45 are satisfied , then the system

(a13)V61q = [(a13)® + (a13) P (T14)]G1s = 0 437
(a1) V613 — [(@10)® + (a1) P (T10)]G1s = 0 438
(a15) MGy — [(15)® + (a15) P (T14)]G1s = 0 439
(b13)PTyy = [(b13)® = (b13)P(6) ]Tys = 0 440
(1) P Tiz = [(b1) D = (b)) (6) ]T1s = 0 441
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(b15) DTy — [(b15)® = (bys)P(G) ITys = 0 442

has a unique positive solution , which is an equilibrium solution for the system

(a16)P G617 — [(a16)? + (a16) P (T17)]G1s = 0 443
(@) P61 = [(@)@ + (@) P (T17)]Gi7 = 0 444
(a18)P6G,y7 — [(aia)m + (ala)(z)(Tn)]Gla =0 445
(b16) DT = [(b16)@ — (b16)P (G1o) ITi6 = 0 446
(b17)PTis — [(b17)P — (b17) P (G19) ITh7 = 0 447
(b1g)PTy7 — [(b1g) P — (b1g) P (G19) IThg = 0 448
has a unique positive solution, which is an equilibrium solution
(a20)®Ga1 — [(a20)® + (a30) @ (T21)] G2 = 0 449
(a20)® 6o = [(a20)® + (a,)®(T21)]Go1 = 0 450
(a22)®Ga1 — [(a2)® + (a35)®(121)]G2; = 0 451
(b20) P Tay — [(b30)® = (b30)® (G23) 1T0 = 0 452
(b)) Tyg — [(b31)® = (b31)®(G23) 1Ty = 0 453
(b22)PTy1 = [(022)® = (022)®(G23) T2z = 0 454
has a unique positive solution, which is an equilibrium solution
(a24) PG5 — [(a24)™® + (a24) P (T25)]Gos = 0 455
(a25)®Gas — [(a25)™® + (a25) ™ (T25)] G5 = 0 456
(a26)®Gas — [(a26)® + (a26) ™ (T25)]Go6 = 0 457
(b24) W Tos = [(b20)™ = (b2) P ((627)) 1Tos = 0 458
(by5) DTy — [(b35)™® — (b35) P ((G27)) 1Ts = 0 459
(b26) PTo5 = [(b26)™ — (b26) P ((G27)) ITo6 = 0 460
has a unique positive solution , which is an equilibrium solution
(az28)®Gag — [(az28)® + (a8) ) (T29)]Gog = 0O 461
(a20)® G — [(a29)® + (a29)®(T29)]G29 = 0 462

www.ijsrp.org



International Journal of Scientific and Research Publications, Volume 3, Issue 10, October 2013
ISSN 2250-3153

(a30) ™G9 — [(a30)® + (a30)® (T29)]G30 =
(b28) P Tag — [(b25)® — (b25)®(G31) 1Tos =
(b20) P Tag — [(b29)® — (b29)®(G31) 1Tz9 =
(b3o)(5)T29 - [(béo)(s) - (bgo)(s)(Gm) T30 =
has a unique positive solution , which is an equilibrium solution
(az)®G33 — [(a;z)(@ + (agz)(6)(T33)]G32 =

(az3)®Gs, — [(alss)((’) + (a§3)(6)(T33)]G33 =

(a34)®G33 — [(a34)© + (a34)® (T33)]G34 =

(b32)©Ts3 = [(b3)©@ = (b33) (G35) [T32 =

(b33)(6)T32 - [(bé3)(6) - (b;3)(6)(535) T35 =

(b34)(6)T33 - [(béz})(é) - (bé,4)(6)(535) T34 =
has a unique positive solution, which is an equilibrium solution

(a36) " G37 — [(a36)7 + (a36) 7 (T37)]|G36 = 0

(a37)PGsg — [(a37)? + (az7) 7 (T57)]G37 =

(a3g)PGs7 — [(az8)? + (a38) 7 (T37)]G3g =

(b36) T3 = [(b36) 7 = (b36) 7 (G39)]T36 =
(b37) DTz = [(b37) 7 = (b37) 7 (G30) 1T37 =
(b3g) VT3 — [(b33) 7 — (b3g) " (G30) |T3g =
(a40)®Gay — [(a30)® + (a30)® (T41)]Gao =
(a41)®Gho — [(a3)® + (ag)®(T41)]Ga1 =

(a42)®Gay — [(ag2)® + (ag2) @ (T41)]Gyy =

98

463

464

465

466

467

468

469

470

471

472

473

474

475

476

477

478

479
480

481
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(b40)(8)T41 - [(bz,m)(g) - (bXO)(B)(G%) 1Tao = 0 482
(bs1)®Tyo — [(b41)® — (b41)®(Gg3) 1Ty = 0 483
(bs)®Ty — [(b42)® — (b42)®(Gg3) 1Ty, = 0 484
(a44) G5 — [(aa)® + (a32) P (T45)]Gaa = 0 :84

(a45)(9)G44 - [(a;s)(g) + (als)(g) (T45)]G45 =0
(a46) P Gys — [(46)@ + (a46) P (Tys)]Gas = 0
(b4a) OTas = [(b44)® = (b44) P (G47) 1Tas = 0
(bas) O Ty — [(b4s)® — (by5) @ (G47) 1Tas = 0
(b4g) P Tas — [(46)” — (b4s) P (G47) 1Tas = 0

Proof: 485

(a) Indeed the first two equations have a nontrivial solution G3, G4 if

F(T) = (a13)®(a1)® = (@13) P (a1)® + (a13) P (a1) P (T1a) + (a14) P (ay3) P (T14)
+ (ay3) P (T14) (a1) P (Tyy) = 0

Proof: 486

(a) Indeed the first two equations have a nontrivial solution Gy¢, G;7 if

F(Ty) = (a'16)(z)(a'17)(2) - (a16)(2)(a17)(2) + (aiﬁ)(z)(a;'7)(2)(Tl7) + (a,17)(2)(a,1,6)(2)(7w17)
+ (a16) @ (T17)(a17) P (Ty7) = 0

Proof: 487

(a) Indeed the first two equations have a nontrivial solution G,g, G5, if

F(Ty3) = (alzo)(s’)(ayzl)g) - (‘120)(3)(‘121)(3) + (alzo)(3)(a;1)(3) (T1) + (a'21)(3) (a;o)(3)(T21)
+ (az20)® (T21) (a3)®(T51) = 0

Proof: 488

(a) Indeed the first two equations have a nontrivial solution G,4, G55 if

F(Ty7) = (a24)™ (az5)® — (a24)® (@25) ™ + (a24)® (a35) ™ (Tys) + (az5)® (a34)® (Tz5)
+ (a24) ™ (Ty5) (az5) @ (Ty5) = 0

Proof: 489
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(a) Indeed the first two equations have a nontrivial solution G,g, G,q if

F(T31) = (a38) ™ (a29)® — (a28)®(@29)® + (a25)® (a20)® (Ta0) + (a20)® (azg)® (Tog)
+ (a8) ) (T29) (a29) ) (Tz) = 0

Proof: 490

(a) Indeed the first two equations have a nontrivial solution G3,, G335 if

F(Tss5) = (a32)® (a33)® — (a3) @ (a33)® + (a3,)® (a33) @ (T33) + (a33)® (az3,)© (T33)
+ (a32) @ (T33) (a33) @ (T33) = 0

Proof: 491

(a) Indeed the first two equations have a nontrivial solution Gzg, G37 if

F(Ts9) = (a36) ™ (a37)” = (a36) P (a37)? + (a36) 7 (a37) 7 (T37) + (a37) 7 (aze) 7 (T37)
+ (a36) P (T37) (az7) " (T37) = 0
Proof: 492

(a) Indeed the first two equations have a nontrivial solution G4, G4 if

F(Ti3) = (a40)® (a1)® — (a40)®(a41)® + (a40)® (a41)® (T11) + (a41)® (a30)® (T41)
+ (a40) @ (Tu1)(a41)®(Tyy) = 0
Proof: 492

(a) Indeed the first two equations have a nontrivial solution Gy, G5 if

F(Ty;) = (‘1114)(9) (a;s)(g) - (a44)(9) (a45)(9) + (a;M)(Q) (als)(g) (Tys) + (a;ts)(g) (alz;)(g) (Tys)
+ (a44) @ (Tys) (ays) P (Tys) = 0

Definition and uniqueness ofTy,; :- 493

After hypothesis f(0) < 0, f(e0) > 0 and the functions (a; ) (Ty,) being increasing, it follows that
there exists a unique Ty, for which f(Ty,) = 0. With this value , we obtain from the three first

equations
G = (a13)M614 Grie = — (als)(1)014
137 @)D+ D (1) 15 7 [@is) D(a15) D (11y)]
Definition and uniqueness ofTy; :- 494

After hypothesis £(0) < 0, f(0) > 0 and the functions (a; )®(T;,) being increasing, it follows that
there exists a unique Ty for which f(Ty5) = 0. With this value , we obtain from the three first
equations

G = (ale)(f)GN Gro = — (als)(f)Gn 495
167 [@1)@+(a19)@(T]7)] 187 [(a19)@+(a1) D (Ti7)]
Definition and uniqueness ofTy; :- 496
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After hypothesis £(0) < 0, f(e0) > 0 and the functions (a; ) (T,;) being increasing, it follows that
there exists a unique Ty; for which f(Ty;) = 0. With this value , we obtain from the three first

equations

G = — (azo)(?)Gu G.r = (a22)®6y4

207 [az0)P+a0)®(131)] 227 [(az) P +(a)®(15)]

Definition and uniqueness ofT,; :- 497

After hypothesis £(0) < 0, f(e0) > 0 and the functions (a; ) (T,s5) being increasing, it follows that
there exists a unique Ty for which f(T;s) = 0. With this value , we obtain from the three first

equations

Gor = — (az4)(f*)st G = (a26)W6y5

27 @)D+ ®(135)] 26 7 T(a26)+(aze) D (155)]

Definition and uniqueness ofT,y :- 498

After hypothesis f(0) < 0, f(c0) > 0 and the functions (a; ) (T,,) being increasing, it follows that
there exists a unique Ty for which f(T59) = 0. With this value , we obtain from the three first
equations

Gou = (a28)®69 G = (a30) 629
28 7 [(ag)®+(azg)®(T59)] 307 [(a30)®+(a30)®(139)]
Definition and uniqueness ofT3; :- 499

After hypothesis f(0) < 0, f(o) > 0 and the functions (a;’ )©)(T33) being increasing, it follows that
there exists a unique T3; for which f(T33;) = 0. With this value , we obtain from the three first

equations
Gy = (a32)®633 Gos = (a34)©633
327 [(a3)©@+@z)®(135)] 37 (a3 @ +(a3)©(155)]
Definition and uniqueness ofT3; :- 500

After hypothesis f(0) < 0, (o) > 0 and the functions (a; )”’(Ts;) being increasing, it follows that
there exists a unique T3; for which f(T5;) = 0. With this value , we obtain from the three first

equations

Gor = — (aze)(z)637 Gon = — (a38)(z)637

3 7 [(a3e) D+ D(137)] 387 [(asg) D +(aze)(157)]

Definition and uniqueness ofT,; :- 501

After hypothesis f(0) < 0, f(e) >0 and the functions (a; )® (T,;) being increasing, it follows that
there exists a unique T;; for which f(T;;) = 0. With this value , we obtain from the three first
equations

(a42)®64q

(a40)® 64y —
[(as2) B +(ay)®(157)]

T (@)@ +@r® )]

G40 Gy
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Definition and uniqueness ofT,; :- 501

After hypothesis f(0) < 0, f(e0) > 0 and the functions (a; ) (T}s) being increasing, it follows that
there exists a unique T;5; for which f(T,5) = 0. With this value , we obtain from the three first

equations
Gus = (a44)PGys Gur = (a46)P6Gss
T @O +@)O (1) 7 [(az)@+(aye) O (Tis5)]
By the same argument, the equations admit solutions G13, Gy4 if 502

@(G) = (bi3)(1)(bi4)(1) - (b13)(1)(b14)(1) -
[(b13) P (b)) P () + (b12) P (b13) P (G)]+(b13) P (G) (b)) P (G) = 0

Where in G (Gy3, G14, G15), G13, G15 must be replaced by their values from 96. It is easy to see that ¢ is a
decreasing function in Gy, taking into account the hypothesis ¢(0) > 0, ¢ () < 0 it follows that
there exists a unique G{4 such that ¢(G*) =0

By the same argument, the equations admit solutions Gy¢, G17 if 503

@(G19) = (b16) @ (b17)@ = (b16) P (by7)? —
[(bi6)(2)(bi,7)(2)(019) + (bi7)(2)(bile)(z)(619)]+(b;6)(2)(019)(bf7)(2)(519) =0

Where in (G19)(G16, G17, G1g), G16, G1g must be replaced by their values from 96. It is easy to see that ¢ 504
is a decreasing function in G;, taking into account the hypothesis @(0) > 0, ¢ (o) < 0 it follows that
there exists a unique G, such that ((G19)*) =0

By the same argument, the equations admit solutions G, Gy if 505

9(Gy3) = (béo)@)(bél)@) - (bzo)(3)(b21)(3) -
[(b20)® (b)) (G23) + (b31)® (b20)® (G23) |+ (b20)® (G23) (b21) P (G3) = 0

Where in Gy3(G2g, G21, G22), Gog, G, must be replaced by their values from 96. It is easy to see that ¢ is
a decreasing function in G,; taking into account the hypothesis ¢(0) > 0, ¢(o) < 0 it follows that
there exists a unique G5, such that ¢((G3)*) =0

By the same argument, the equations admit solutions G4, G5 if 506

9(Gy7) = (bé4)(4)(bés)(4) - (b24)(4)(b25)(4) -
[(24)® (b25) ™ (G27) + (b25) ™ (b24) ™ (G27) |+ (b24) ™ (G27) (b35) P (Go7) = 0

Where in (G37) (G4, Gos, Gog), G24, Gy must be replaced by their values from 96. It is easy to see that ¢
is a decreasing function in G5 taking into account the hypothesis ¢(0) > 0, ¢(o0) < 0 it follows that
there exists a unique G;s such that ¢((G,;)*) =0
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By the same argument, the equations admit solutions G,g, G9 if 507
P(G31) = (b35)® (b29)® — (b2g)® (b0)® —

[(bés)(s)(bge)(s)(cm) + (bég)(S)(bgg)(S)(631)]+(bg8)(5)(G31)(b;9)(5)(631) =0

Where in (G31)(Gag, Ga9, G39), G2g, G3o must be replaced by their values from 96. It is easy to see that ¢
is a decreasing function in G4 taking into account the hypothesis ¢(0) > 0, ¢ () < 0 it follows that
there exists a unique G4 such that ¢ ((G31)*) =0

By the same argument, the equations admit solutions G3,, G33 if 508
®(Gzs) = (béz)(@(béﬂ(@ — (b32)©® (b33)® —

[(b32)© (b33)©(G35) + (b33) @ (b32) @ (G35)]+(b32) @ (G35) (b33) @ (G35) = 0

Where in (G35)(G3z, G33, G34), G35, G34 must be replaced by their values from 96. It is easy to see that ¢
is a decreasing function in Gs; taking into account the hypothesis ¢(0) > 0, ¢(o0) < 0 it follows that
there exists a unique G353 such that ¢(G35™) =0

By the same argument, the equations admit solutions G3g, G37 if 509
#(G3g) = (bé6)(7)(bé7)(7) — (b3e) P (b3)™ —
[(b36) 7 (b37) 7 (G39) + (b37) 7 (b36) 7 (G39) |+ (b36) 7 (G39) (b37) 7 (G39) = 0

Where in (G39)(Gs4, G37, G3g), Gz, Gzg must be replaced by their values from 96. It is easy to see that ¢
is a decreasing function in G3; taking into account the hypothesis ¢(0) > 0, () < 0 it follows that
there exists a unique G3; such that ¢(G35™) = 0

By the same argument, the equations admit solutions G,q, G4 if 510
9 (Gy3) = (b;,o)(S) (b;,l )(8) - (b40)(8) (b41)(8) -
[(D20)® (b41)® (Ga3) + (ba1)® (b40)® (Ga3) |+ (b10)® (Ga3) (ba1)®(Ga3) = 0

Where in (Gy43)(Gyg, G41, Gaz), Gag, G4 must be replaced by their values from 96. It is easy to see that ¢
is a decreasing function in G,; taking into account the hypothesis @(0) > 0, @() < 0 it follows that
there exists a unique G;; such that (G,3") =0

By the same argument, the equations 92,93 admit solutions Gy, G4s if
@(Ga7) = (b4a)@ (by5)@ = (b4a)® (ba5)® —

[(b;H)(g) (b45) P (Ga7) + (b45) P (b4s) @ (G )] +(b14) P (G47) (bys) @ (Gy7) = 0

Where in (G47)(Gys, Gas, Gag), Gaa, G4 must be replaced by their values from 96. It is easy to see that ¢
is a decreasing function in G5 taking into account the hypothesis ¢(0) > 0, ¢ () < 0 it follows that
there exists a unique G,z such that ((G47)*) =0

Finally we obtain the unique solution 511
G, given by @(G*) = 0, T} given by f(Ty,) = 0 and

(a15) V614
[(a15)D+(a15)D(T1y)]

(a13) V64
[(@13)D+a13)D(T)]

Gz = Gis =
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_ (b13)D1y,
T1*3

. _ (b15) V1]
= - Oey] s

T [0 M- D 6]
Obviously, these values represent an equilibrium solution
Finally we obtain the unique solution

Gi7 givenby @((G19)") = 0, Ty7 given by f(T{7) = 0 and

Gt = (a16)?G3, Gro = (a18) P63,
16 7 [@10)@+@19)@(T17)] 7 18 7 [@19)P+@19)D(Ti)]
T = (b1)PT}7 T = (b18) DT},
16 7 (010 @-1)@(6G1)0] 7 B T [019)@D~b19)@((619))]

Obviously, these values represent an equilibrium solution
Finally we obtain the unique solution

G;; given by ¢((G23)") = 0, T7; givenby f(T3;) = 0 and

G = (a20)®63; G = (a22)®63
207 [(@0)®+az)P(151)] 7 722 T [(ap)®+(az)®(13)]
(bZO)(B)T* (bzz)(3)T*
TZ*O _ 21 , TZ*Z 21

 [0200®-(b20)P(623M)] T [0 ®-0® G0
Obviously, these values represent an equilibrium solution of global equations

Finally we obtain the unique solution

G5 given by @(G,;) = 0, Ty given by f(T,5) = 0 and

Gt = (a24)W635 G = (a26)“635

2T (@) ®+a)D(155)] 7 720 T [(a26) P +(az6) P (T55)]
. _ (b24) T35 . _ (b26) T35
T4 » T

 [(b20)®~(b2) P (G27)")] T 020 ®~(b2) P ((G27)")]
Obviously, these values represent an equilibrium solution of global equations

Finally we obtain the unique solution

G3q given by ¢((G31)") = 0, T3 given by f(T55) = 0 and

G = (a28)®6G39 G = (a30)®639
28 7 [(a2)®+(azg)®(T59)] 7 30 T [(a30)®+(a30)(T39)]
T — (b28) T3 TE — (b30)®)T39
28 7 ) -GN 7 30 T [030) @300 D (G31)7)]

Obviously, these values represent an equilibrium solution of global equations

Finally we obtain the unique solution

104

512

513

514

515

516

517

518

519

520
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G33 given by ¢((G35)") = 0, T33 given by f(753) = 0 and

Gl = — (a32)(ﬁ)6§3 Gy = — (a34)(f’,)53*3
[(@32)®+(a3)©(1535)] ’ [(@34)®+(a34)©(753)]
b32)O)T3 b34) O3
T, (b32)\%'T33 ) TS, = (b34)"°’T33

= (05 ©® -3 ®(635)7)] T (b3 ®=(b3)©® ((G35)7)]

Obviously, these values represent an equilibrium solution of global equations

Finally we obtain the unique solution

G37 given by ¢((G39)") = 0, T3; given by f(T57) = 0 and

Gt = (a36)763; Gt = (a38)763,
36 7 [(a30) D +(aze)D(157)] 7 738 T [(a3e) D +(a3p)P(137)]
. (b36)T37 . _ (b3g) 13,
T36 ’ T38

T [36) V- (036) 7 ((639)9)] T [(b3) P (b3g) M ((639)9)]

Finally we obtain the unique solution

Gy givenby ¢((G43)") = 0, Ty givenby f(T4;) = 0 and

Gr = (a20)®641 Gr = (a42)®65y
07 [a4)®+@ag)®(157)] 7 T T (@) ®+(dg)®(1)]
 _ (b40)®T5 * (b)) ®T}
Tgo » T

T [(b40) B —(by0) B ((643)7)] T [042)® = (b42)®((6a3))]

Finally we obtain the unique solution of 89 to 99

Gis given by ¢((Gy7)™) = 0, Tys given by f(Tj5) = 0 and

Gl = (224)P6s5 Gr = (a46)P6ss5
T @)D +@am)OTs)] 7 T T [(aae) P +(ae) O (Ts)]
¥ (1) PTi5 * (bag)Tis

T = 7 7 ] T = ! ”
T 04O (b4 (G47)M)] 46 T [(he) D =(bs) D ((G47))]

ASYMPTOTIC STABILITY ANALYSIS

Theorem 4: If the conditions of the previous theorem are satisfied and if the functions

105

521

522

523

523

524

(a;' YD and (b;r )@ Belong to CY( R,) then the above equilibrium point is asymptotically stable.

Proof:Denote
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Definition of G;, T; :-
GLZGL*+Gl ,T'izTi*'i‘Ti

a(a14)< ) a(b )(

(Ti) = (1), =—(6") =

Then taking into account equations and neglecting the terms of power 2, we obtain

dGy3 ' X
- —((@3)® + (P13)P)Gy3 + (a13) PGy — (q13) P Gi3Tyy
dGyy ‘ X
- —((@1)® + P12)P) Gy + (A1) VGyz — (q14) P61y Ty
dGys , X
i —((als)(l) + (P15)(1))Gls + (a15) VG — (q15)PGi5Tyy
AT 15
13 ) .
dr —((b13)® = (r13) M) Ty3 + (by3) Ty + Z (5(13)U)T13 Gj)
=13
4T 15
14 ) X
i —((1)® = () D) Tyy + (b)) VT3 + Z (san(TisG)
=13
4T 15
15 ' .
a —((b15)® = (r15) D) Ty5 + (b15) PTyy + Z (sasTrsG;)
=13

ASYMPTOTIC STABILITY ANALYSIS

Theorem 4:If the conditions of the previous theorem are satisfied and if the functions

106

525

526

527

528

529

530

531

(a;)® and (b; )® Belong to C?( R,) then the above equilibrium point is asymptotically stable

Proof: Denote
Definition of G;, T; :-
GL=G:+GL 'Ti=Ti*+Ti

a(an)‘ ) a(b )( )

( 17) - (%7)(2) ’ ((619) ) = Sl]

taking into account equations and neglecting the terms of power 2, we obtain

d(Gl6 ’ "
Tl —((@16)® + (016)P) G + (a16) PGy — (q16) P Gi6 Ty

4G, , *
FT —((a17)(2) + (P17)(2))G17 + (@17) PGy — (q17)PGi; Ty,

d(GIlg , .
T —((@18)® + (918)P) Gy + (a18) PGy — (q18) P Gig Ty

532

533

534

535

536

www.ijsrp.org



International Journal of Scientific and Research Publications, Volume 3, Issue 10, October 2013

ISSN 2250-3153

18
dT16 ’ .
Gt = (010 = (1)) Tie + (bie) DTy + Z (sae) TisG)
j=16
18
dT,; , .
TR ~((1)® = (1) P)Ty7 + (b17) DTy + Z (sany T G;)
=16
18
dTlB ’ .
dt _((bls)m - (r18)(2))T18 + (b1g) PTy; + Z (5(18)0)T18Gj)
j=16

ASYMPTOTIC STABILITY ANALYSIS

Theorem 4:If the conditions of the previous theorem are satisfied and if the functions

107

537

538

539

540

(a;)® and (b; )® Belong to C®( R,) then the above equilibrium point is asymptotically stable.

Proof: Denote

Definition ofG;, T; :-

Gl=GL*+(Gl ’Ti=Ti*+Ti
3@® . A H)® .
#(Tn) = (%1)(3) ) a—(;j((GB) )= Sij

Then taking into account equations and neglecting the terms of power 2, we obtain

dGyy , %
i —((azo)(B) + (pzo)(3))Gzo + (a20)®Gy1 — (9200630 T
dGy, : i
i —((@20)® + P21)®) Gz + (a21)PGpp — (921063, T
dGy, : i
i —((@22)® + 22)®) Gz + (a22) PGy — (22)P 63, T
4T 22
20 : X
i —((120)® = (ry9) ) Top + (byo) DTy + z (5o T50G;)
=20
dT 22
21 : i
FTR —((02)® = (1)) Ty + (b)) Py + Z (seniHT51G)
=20
AT 2
22 : X
dr _((bZZ)(g) = (r2)P) Tz + (b)) Ty + Z (S(ZZ)U)TZZ (G]-)
=20

ASYMPTOTIC STABILITY ANALYSIS

Theorem 4:If the conditions of the previous theorem are satisfied and if the functions

541

542

543

544

545

546

547

(a; )@ and (b; )® Belong to C”( R,) then the above equilibrium point is asymptotically stable.
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Proof: Denote

Definition of G;, T; :-

GlzGl*‘l'Gl

a
(aZS) (Tys) = (‘hs)m ,

'TizTi*+Ti

a(b )

((627) ) - Sl]

Then taking into account equations and neglecting the terms of power 2, we obtain

dGZ4 ’ «
i —((a24)(4) + (p24)(4))((324 + (a20) P Gys — (q20) PG54 T2s
dGys : X
i —((azs)(4) + (pzs)(4))((325 + (az5) P Gyy — (q25) P G35 Tos
dGyg , %
P —((aza)(4) + (p26)(4))(6726 + (a26) PG5 — (q26) P G36T2s
dT 2
24 . i
e ~((B2)™ = (2) @) T2 + (b2a) DT + Z (sen(T2Gy)
=24
T 26
25 . i
a —((bas)™ = (125)®) Ty + (by5) DTy + z (ses)(h TGy )
=24
T 26
26 . i
dr —((b26)™ = (126)®) T2 + (b26) PTs + Z (s26)) T26G;)
j=24

ASYMPTOTIC STABILITY ANALYSIS

Theorem 5:If the conditions of the previous theorem are satisfied and if the functions
(a;)® and (b; )® Belongto C®( R,) then the above equilibrium point is asymptotically stable.

Proof: Denote

Definition of G;, T; :-

G1=GL*+(GII

mm”

(Ty) = (%9)(5) ,

T, =T + T,

B(b )( )

((631) ) = Sij

Then taking into account equations and neglecting the terms of power 2, we obtain

dGyg . X

i —((az28)® + (P28)®) Gig + (az28)®Gzg — (928) G35 T
dGyg ) .

i —((a20)® + (020))Gz9 + (a20) Gz — (d29) G359 T29

108

548

549

550

551

552

553

554

555

556

557

558

www.ijsrp.org



International Journal of Scientific and Research Publications, Volume 3, Issue 10, October 2013

ISSN 2250-3153

dgso = —((a30)® + (P30)®)G30 + (@30) P G9 — (g30) G50 T9
dT,g , 30
dt —((b26)® = (128)®))T2g + (b2g) P Tpg + Z (seenT7:G)
j=28
dTs , 30
dr _((bzg)(S) — (rzg)(s))rﬂ'29 + (byo) Ty + Z (5(29)(;)T2*9@j)
j=28
dTs3q , 30
7 = ~((030))® = (30) )Tz + (b3o) Tz + Z (s60)¢) T30 G;)
j=28

ASYMPTOTIC STABILITY ANALYSIS

Theorem 6:If the conditions of the previous theorem are satisfied and if the functions

109

559

560

561

562

563

(a;)® and (b; )©© Belongto C©( R,) then the above equilibrium point is asymptotically stable.

Proof: Denote

Definition ofG;, T; :-

Gl:Gl*-I_Gl ,T'l':Ti*'i‘Ti
9(a3)® (. 96 )® .
ﬁﬂwg) = (Q33)(6) ) a—(;j((G35) )= Sij

Then taking into account equations and neglecting the terms of power 2, we obtain

dGBZ ’ *
dr _((aaz)(ﬁ) + (P32)(6))G32 + (a32) @Gz — (32) @63, T35
dG ,
dt33 - _((a33)(6) + (P33)(6))G33 + (a33) @ G3; — (q33) @633 T33
dG ,
dt34 = —((@3)®@ + (23)@) G4 + (a34) @G35 — (g34) G54 T33
. 34
32 : *
== —((b32)© = (r5) @) T3y + (b3,) T35 + z (se2() T52Gj)
j=32
T 34
33 : *
dt = —((b33)(6) - (T33)(6))T33 + (b33)(6)T32 + Z (5(33)U)T33GJ')
j=32
. 34
34 : *
= =(030)@ — (3) )Ty + (b3) Ty + Z (sao(H T G;)
j=32

ASYMPTOTIC STABILITY ANALYSIS

564

565

566

567

568

569

570

571

www.ijsrp.org



International Journal of Scientific and Research Publications, Volume 3, Issue 10, October 2013 110
ISSN 2250-3153

Theorem 7:If the conditions of the previous theorem are satisfied and if the functions
(a; )7 and (b; ) Belongto C™( R,) then the above equilibrium point is asymptotically stable.

Proof: Denote

Definition ofG;, T; :- 572
GLZGL*+Gl ,T'izTi*'i‘Ti

a(b )

““37) (T57) = (g5)7 N(Gs)™) = s,

Then taking into account equations and neglecting the terms of power 2, we obtain from

dGse ' . 573
dr ~((a36)” + (36)7) Gz + (a36) " G37 — (q36) " G36 T3
dGs; ' . 574
i —((as)? + (037)7)G37 + (a37) PGz — (437) 763, T3y
dGsg ' . 575
dar _((a38)(7) + (p38)(7))G38 + (a38) " Gsy — (q38) G35 T3;
38
dTs6 NG @ @) R >76
i —((b36)™ = (r36) ) T36 + (b3) T3 + Z (5(36)U)T36Gj)
j=36
38
ATz NG @ @ . >78
i —((b37) 7 = (r37) ) T3y + (b37) VT34 + Z (sen T+ G;)
j=36
38
AT NG @ @ . >79
FT —((b3g)™ — (r38) ) T35 + (b3g) T3 + Z (seeyh T3sG;)
j=36
Obviously, these values represent an equilibrium solution
ASYMPTOTIC STABILITY ANALYSIS
Theorem 8:If the conditions of the previous theorem are satisfied and if the functions
(a;)® and (b; )® Belongto C®( R,) then the above equilibrium point is asymptotically stable.
Proof: Denote
Definition of G;, T; :- 580

G1=GL*+(GII lTi=Ti*+Ti

a(b )

a(a41) (T41) = (q21)® , ((643) ) =55
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Then taking into account equations and neglecting the terms of power 2, we obtain

dGyy , . 581
Qb —((a20)® + 040)®) G + (a40) @Gy — (40) PG50 Ty
dGyy , ) 582
- —((@11)® + P41)®) Gy + (a41)®Gyo — (q41)® 65 Tyy
dGyy , . 583
a —((a2)® + 042)®) Gz + (a42) @Gy — (942) PG5, Ty
dTy , &2 584
i —((D40)® = (o) ) Tyg + (hyo) ® T4y + z (5(40)U)T;0Gj)
j=40
dT,, , 42 585
i —((b41)® = (1)) )Ty + (b4)®Tyo + Z (5(41)(j)Tf1Gj)
j=40
dT,, , 42 586
i —((b42)® = (i) @) Ty + (ba2)®Tyy + Z (5(42)(1')7‘;2@1')
j=40
586
ASYMPTOTIC STABILITY ANALYSIS A
Theorem 9:If the conditions of the previous theorem are satisfied and if the functions
(a;)® and (b; )® Belong to C®( R,) then the above equilibrium point is asymptotically stable.
Proof: Denote
Definition of G;, T; :-
G1=GL*+(GII 'Ti=Ti*+Ti
A(ar)® . 9 blf’ 9 .
%(%) = (q45) , %((047) ) =55
Then taking into account equations 89 to 99 and neglecting the terms of power 2, we obtain from 99 to
44
dGyy / . 586
T —((a44)(9) + (P44)(9))‘G44 + (a44)PGys — (q4a) PG4 Tys B
dGys : . 586
i —((a45)(9) + (P45)(9))G45 + (a45) P Gyq — (qa5) VG5 Tys C
dGye ' . 586
i —((@16)® + (P46) @) Gy + (A46) P Gys — (qa6) GioTys D
dT,, , 46 586
FTa _((b44)(9) - (T44)(9))T44 + (bgg)PTys + Z (5(44)0)Tf4Gj) E

j=44
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46
dT45 ’ .\
- —((b45)@ = (ra5)P)Ty5 + (bys) DTy + Z (5s)(7 T4 Gy)
j=
dT 46
46 ’ .\
dr ~((b136)® = (116) )T + (bge) P Tys + Z (see)(yTisG;)
=44

The characteristic equation of this system is

112

586

586

587
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(DD + Bi)® = 1) DH(DD + (@)D + (p1s) )
(WD + @)D + 1) V) @) D61 + (@) V(@) V655 )|
(((A)(l) + (b13)® = (13) )54y, a0y T +(b14) ™V 5(13),(14)7"1*4)
+ (DD + (@)D + @) D) @)DV 615 + (1) D (1) V614 )
(DD + GBiD = (i) D)san,anTia + Br) Vsas,asTis)
(DD + (@) + (@) + @)D + @) P)DD)
(DD + (Br)® + Bi)® = (1)D + () P)DD)
+((@D)° + (@)@ + (@)® + )@ + EP)YDD) (015) V61
(DD + (@) + 1)) (@)D (@) V61 + (@)D (ar5) P (013)V615)

(((/1)(1) + (b)) — (7"13)(1))5(14),(15)T1*4 +(b14)(1)5(13),(15)T1*3)} =0

(WP + (bie)® — () H(DP + (@1)® + (16)®)
(WP + (@)@ + (1) P)(@17) P67 + (@17) P (16)PGig )|
(DD + B19)® = (1)@ )san,anTiz + i) Psae,anTiy )

+ (DD + @)@ + ©:17)P)(@16) PG + (016)P (q17) P67 )
(DD + B10)P = (10 P)san,ae T + i) Pse,a6Tis)
(WD) + (@) + @)@ + @)@ + P:)?)DHP)
(W) + (1)@ + BN = (1)@ + (1) D)W@)

+ (D) + (@)@ + @)? + G10)® + 1)) DP) (1) D6g
DD + @)@ + P16)®) ((@19)P (@17) D67 + (@17)P (a15) P (q16) DG)

(((A)(Z) + (b16)? — (116)®)s7y,a8)Ti7 +(b17)(2)5(16),(18)T1*6)} =0

(DP + (02)® = () PN(D® + (a22)® + (p22)P)

(DD + @20)® + @20)P)(020) D651 + (@20)P (0200650 )]

s s s s WWW.ijsrp.org
(((A)( )+ (byo)® — (1) ))5(21),(21)72*1 +(by)" )5(20),(21)Tz*1)

2N L B 2+ (o YO B x4 (. B (s YD
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(DD + (b26)® = (26D (DD + (026)® + (P2)™)
(DD + @)@ + @2)®)(425) PG5 + (a25) P (024) V63|
(DD + ) = (1205025, 25) s+ (25) V524,05 T55)
+ (DD + (@)@ + B25)®)(@20) PG54 + (@2 (425) G35 )
(@D + B2 = (r2)P)s25),20Tss + (b2) P52 20T
(D) + (@)@ + @)@ + P2)® + B25)?) D)
(D) + (B + (b25)® = ()@ + () P)D®)
+ (WD) + (@)™ + (@) + P2)® + P25)P)DD) (426)® G2
(DD + (@)@ + @20)D) ((26) (025) D635 + (a25) P (a26) P (424)D634)

(((/1)(4) + (byy)™® — (T24)(4))5(25),(26)T;5+(b25)(4)5(24),(26)T54)} =0

(DD + (b3)® = (3@ (DD + (@) + 30))
(DS + (@) + 26)) (426) PG + (a26) S (426) G35 )|
(D + B2)® = 2)D)5(20) 250 50+ (b29) V528, 20) T )

+ (WS + (@) + 029)9)(26) 635 + (a20) (420) V655
(D + B2)® = 126)D)520),08) T35 + (b29) 508, 20)Tss )
(W) + (@) + (@) + B2)® + (029)P) D)
(WD) + ()@ + (bi0)® = (1) + (12)) (D)
+((@®) + (@)@ + (@) + @20)® + P29)P) D) (430) VG50
+H(D® + (@2)® + (26)) ((@30)® (@29)® 63 + (29)® (30)® (20) G35)

(((/1)(5) + (b2g)® — (128)™)520),30) T30 +(b29)(5)5(28),(30)T2*8)} =0
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(DO + B3 = (DD + (@) © + @2)®)
(D + @)@ + P32)©)(43) 655 + (a33) @ (32) @63 )]
(D@ + B32)@ = (32) @) s3T5+ (b33) O30, 35T )

+ (D + (@3 + (33)©) (@3) 0632 + (a32)® (933) €635 )
((@© + (Bs)® = (r52))s33),60)Tss + (b33) V552,520 T2 )
(D) + (@)@ + (@)@ + P32)@ + P3)@) D)
(DO + (B3 + (1:)® = ()@ + () @YD)
+((W®)° + (@)@ + (@)@ + P32)© + P3) @)D (434)@ G4
+H(D® + (@)@ + 032)@) (@3 (453) @635 + (a33) @ (a3)© (432)©632)

(((/1)(6) + (b3)® — (7'32)(6))5(33),(34)T§3+(b33)(6)5(32),(34)T§2)} =0

(D + (b3)? = (r3) P )(D? + (az)” + (p3)”)
(W7 + @)D + 03607 (@3) 7637 + (a37) 7 (a36) 7636 )|
(DD + B3 = (30?5767 T +bs7) Vs Ti7)
+ (WP + @)? + (37) V) a36) 636 + (a36)7 (457) 67 )
(DD + )P = (r30) )5 7,30 Ts7 + bs7) V536,36 o)
(WD) + (@) + @)? + @s6)? + @) )N
(WD) + (B3P + B3)? = (136) + () P)YDD)
+ (@) + ((@)? + (@) + @30)7 + @3)P)D?) (439)7 G
(D + (@56)? + 130)7) (36) (057) V637 + (a37) 7 (@39) 7 (36)V655)

(((A)m + (b3s)" — (T36)(7))5(37),(38)T§7+(b37)(7)5(36),(38)T§6)} =0
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(D@ + (1)@ = GDOH(D® + (@)@ + (Pi2)®)

[((D® + @0)® + Pa)®) (@) D61 + (2)® (020) D60 )|

(D@ + Bi)® = (1) )swy 4 T+ ba) @sa0y a0y Ti )

+ (DD + (@)@ + Pa)®)(@10) 6o + (@40)® (44) 651 )

(DD + (b1)® = 120)®) sy a0 Tir + Ba1) @5 401,400 Tio )

(D) + (@)@ + @) + Pi)® + ) @) D)D)

((W®) + (i)® + (bi)® = (:0)® + 1)) D®)
+((W®)° + (@)@ + @)@ + @i)® + @) @)D ) (422) D6
+H(D® + (@)@ + Pa0)®) (@) (@4 D 651 + (@4) @ (1) @ (020) D G5 )

(((/1)(8) + (by)® — (7'40)(8))5(41),(42)721+(b41)(8)5(40),(42)Tfo)} =0

(D + i) = G)OWDD + (@)@ + 0a6)®)
(DD + @)@ + i) ) @) Gis + (a15) (@) 63 )|
([ + i = 1)) s 45y, Tis +(bas) sy 45)Tis )
+ (DD + (@) + P5)®) (@) 6 + (01)? (015) V65 )
([ + ®i)® = (1) s 45,40 Tis + Bas) s aay, 4 Tia )
(WD) + (@)@ + (@)@ + Pa)® + Pas)@) D)
(WD) + (G + Bi)® = 1) + () )N
+ (@) + (@)@ + @) + a)® + Bas)®) D) (446) PG
DD + (@) + ) ((@16)P (@45) G5 + (@45)? (@16) (024) G

(((A)(g) + (bag)® — (T44)(9))5(45),(46)Tfs+(b45)(9)5(44),(46)Tf4)} =0

And as one sees, all the coefficients are positive. It follows that all the roots have negative real part, and
this proves the theorem.
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SECTION TWO

Mass Gap: Freiwirtschaft; Natural Order
INTRODUCTION—VARIABLES USED
Mass gap (Wikipedia)

(1) In quantum field theory, the mass gap is (=) the difference in energy between the vacuum and the
next lowest energy state.

(2) The energy of the vacuum is zero by definition, and assuming that all energy states can be thought
of as particles in plane-waves, the mass gap is (=) the mass of the lightest particle.

(3) Since exact energy eigenstates are infinitely spread out and are therefore usually excluded from a
formal mathematical description, a stronger definition is that the mass gap is (=) the greatest lower
bound of the energy of any state which is orthogonal to the vacuum.

Mathematical definitions

(4) For a given real field ‘i’(I) we can say that the theory has a mass gap if the two-point
function has the property

(6(0,8)$(0,0)) ~ 3" A exp (—Ant)

with &D >0 being the lowest energy value in the spectrum of the Hamiltonian and thus the mass gap.
This quantity, easy to generalize to other fields, is what is generally measured in lattice computations. It was
proved in this way that Yang-Mills theory develops a mass gap. The corresponding time-ordered value,
the propagator, will have the property

lim A(p) = constant
p—0
with the constant being finite. A typical example is offered by a free massive particle and, in this case, the
constant has the value 1/m2. In the same limit, the propagator for a massless particle is singular.
(5) Examples from classical theories

An example of mass gap arising for massless theories, already at the classical level, can be seen
in spontaneous breaking of symmetry or Higgs mechanism. In the former case, one has to cope with the
appearance of massless excitations, Goldstone bosons, which are removed in the latter case due to gauge
freedom. Quantization preserves this property.

A quartic massless scalar field theory develops a mass gap already at classical level. Let us consider the
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equation
Lo + Ag™ = 0.
This equation has the exact solution
1
. 2\ 1
s@)=p(3) sn(p-a+0,-1)
-~ where H and & are integration constants, and sn is a Jacobi elliptic function -- provided
A
2 2
Pr= R
2

At the classical level, a mass gap appears while, at quantum level, one has a tower of excitations and this
property of the theory is preserved after quantization in the limit of momenta going to zero.

While lattice computations have suggested that Yang-Mills theory indeed has a mass gap and a tower of
excitations, a theoretical proof is still missing. This is one of the Clay Institute Millennium problems and it
remains an open problem. Such states for Yang-Mills theory should be physical states, named glueballs, and
should be observable in the laboratory.

(6) Kallén-Lehmann representation

If Kéllén-Lehmann spectral representation holds, at this stage we exclude gauge theories, the spectral density
function can take a very simple form with a discrete spectrum starting with a mass gap

N
p(p?) =" Z,6(n* — ml) + pe(p’)
n=1

2
being Pc(ﬂ* )the contribution from multi-particle part of the spectrum. In this case, the propagator will
take the simple form

Ap) =3 In ﬁ L i’ pe(p’) 1

Zpt—md 4ie  Jad, PP — p? 4 ie

2
being 4mN approximatively the starting point of the multi-particle sector. Now, using the fact that

f; dp’p(p’) =1

we arrive at the following conclusion for the constants in the spectral density

J.Fw'

1= ZIZﬂ. + f: dp’pe(p?)
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This could not be true in a gauge theory. Rather it must be proved that a Kéllén-Lehmann representation for
the propagator holds also for this case. Absence of multi-particle contributions implies that the theory
is trivial, as no bound states appear in the theory and so there is no interaction, even if the theory has a mass

2y _
gap. In this case we have immediately the propagator just setting Pc(,f-ﬁ } =10 in the formulas above.
(7) Yang-Mills theory

Yang—Mills theory is a gauge theory based on the SU (N) group, or more generally any compact, semi-
simple Lie group.

Yang-Mills theory seeks to describe the behavior of elementary particles using these non-Abelian Lie
groups and is at the core of the unification of the Weak and Electromagnetic force (i.e. U(1) x SU(2)) as well
as Quantum Chromodynamics, the theory of the Strong force (based on SU(3)). Thus it forms the basis of
our current understanding of particle physics, the Standard Model.

In a private correspondence, Wolfgang Pauli formulated in 1953 a six-dimensional theory of Einstein's field
equations of general relativity, extending the five-dimensional theory of Kaluza, Klein, Fock and others to
(eb) a higher dimensional internal space.

However, there is no evidence that Pauli developed the Lagrangian of a gauge field or the quantization of it.
Because Pauli found that his theory "leads to some rather unphysical shadow particles”, he refrained from
publishing his results formally.

Recent research shows that an extended Kaluza—KIein theory is in general not equivalent to Yang—Mills
theory, as the former contains additional terms.

NOTATION

Module One
quantum field theory states that the mass gap is (=) the difference in energy between the vacuum and the
next lowest energy state
G5 . Category one of difference in energy between the vacuum and the next lowest energy state

G4 . Category two of difference in energy between the vacuum and the next lowest energy state
G5 : Category three ofdifference in energy between the vacuum and the next lowest energy state
T,3 : Category one ofquantum field theory states that the mass gap
Ty, : Category two of quantum field theory states that the mass gap
T,s : Category three of quantum field theory states that the mass gap

Module Two

The energy of the vacuum is zero by definition, and assuming that all energy states can be thought of as
particles in plane-waves, the mass gap is (=) the mass of the lightest particle

Gy : Category one ofmass of the lightest particle
G,7: Category two ofmass of the lightest particle

G,g: Category three ofmass of the lightest particle
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T,¢: Category one ofenergy of the vacuum is zero by definition, and assuming that all energy states can be
thought of as particles in plane-waves, the mass gap

T;; : Category two ofenergy of the vacuum is zero by definition, and assuming that all energy states can be
thought of as particles in plane-waves, the mass gap

T,s : Category three of energy of the vacuum is zero by definition, and assuming that all energy states can
be thought of as particles in plane-waves, the mass gap

Module three
Since exact energy eigenstates are infinitely spread out and are therefore usually excluded from a formal
mathematical description, a stronger definition is that the mass gap is (=) the greatest lower bound of the
energy of any state which is orthogonal to the vacuum

G, : Category one of greatest lower bound of the energy of any state which is orthogonal to the vacuum

G,, . Category two of greatest lower bound of the energy of any state which is orthogonal to the vacuum

G,, : Category three ofgreatest lower bound of the energy of any state which is orthogonal to the vacuum

T,, : Category one ofexact energy eigenstates are infinitely spread out and are therefore usually excluded
from a formal mathematical description, a stronger definition is that the mass gap

T,,: Category two ofexact energy eigenstates are infinitely spread out and are therefore usually excluded
from a formal mathematical description, a stronger definition is that the mass gap

T,, . Category three ofexact energy eigenstates are infinitely spread out and are therefore usually excluded
from a formal mathematical description, a stronger definition is that the mass gap

Module four

For a given real field qb(i:) we can say that the theory has a mass gap if the two-point function has the
property

(0(0,8)0(0,0)) ~ > A, exp (—A,1)

with &1} >0 being the lowest energy value in the spectrum of the Hamiltonian and thus the mass gap.
This quantity, easy to generalize to other fields, is what is generally measured in lattice computations. It was
proved in this way that Yang-Mills theory develops a mass gap. The corresponding time-ordered value,
the propagator, will have the property

1131_1}1}3 A(p) = constant

with the constant being finite. A typical example is offered by a free massive particle and, in this case, the
constant has the value 1/m2. In the same limit, the propagator for a massless particle is singular

G,4 : Category one of LHS of the equation constitutive of two-point function has the property

G,s : Category two of LHS of the equation constitutive of two-point function has the property

G, : Category three of LHS of the equation constitutive of two-point function has the property
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T24 .
T25 .

Ty :

Category one of RHS of the equation constitutive of two-point function has the property
Category two of RHS of the equation constitutive of two-point function has the property
Category three of RHS of the equation constitutive of two-point function has the property

Module five

Examples from classical theories

An example of mass gap arising for massless theories, already at the classical level, can be seen
in spontaneous breaking of symmetry or Higgs mechanism. In the former case, one has to cope with the
appearance of massless excitations, Goldstone bosons, which are removed in the latter case due to gauge
freedom. Quantization preserves this property.

A quartic massless scalar field theory develops a mass gap already at classical level. Let us consider the
equation

Oeb + Mo = 0.

This equation has the exact solution

2

ﬁf’(I):ﬁ(—)}SH(}}-I-i—ﬁ',—l)

A

-~ where H and @ are integration constants, and sn is a Jacobi elliptic function -- provided

=5

A
2

At the classical level, a mass gap appears while, at quantum level, one has a tower of excitations and this
property of the theory is preserved after quantization in the limit of momenta going to zero.

While lattice computations have suggested that Yang-Mills theory indeed has a mass gap and a tower of
excitations, a theoretical proof is still missing. This is one of the Clay Institute Millennium problems and it
remains an open problem. Such states for Yang-Mills theory should be physical states, named glueballs, and
should be observable in the laboratory.

: Category one of LHS of the equation paradigmatic and epitome of Examples from classical theories

: Category two of LHS of the equation paradigmatic and epitome of Examples from classical theories

: Category three of LHS of the equation paradigmatic and epitome of Examples from classical theories
: Category one of RHS of the equation paradigmatic and epitome of examples from classical theories

. Category two of RHS of the equation paradigmatic and epitome of examples from classical theories

: Category three of RHS of the equation paradigmatic and epitome of examples from classical theories
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Module six
Kallén-Lehmann representation

If Kéllén-Lehmann spectral representation holds, at this stage we exclude gauge theories, the spectral density
function can take a very simple form with a discrete spectrum starting with a mass gap

o) = Z Zad( = m2) + peln?)

2
being Pc(ﬂ* )the contribution from multi-particle part of the spectrum. In this case, the propagator will
take the simple form

Ap) =Y 5 fm , A1)

Zpt—ml tie  Jad, PP — p? 4 ie

we arrive at the following conclusion for the constants in the spectral density

N

1= ZIZH + f: dp’p(p”)

This could not be true in a gauge theory. Rather it must be proved that a Kallén-Lehmann representation for
the propagator holds also for this case. Absence of multi-particle contributions implies that the theory
is trivial, as no bound states appear in the theory and so there is no interaction, even if the theory has a mass

gap. In this case we have immediately the propagator just setting pc[:f-"*z) =0 in the formulas above
G5, . Category one of LHS of equations under the head and appellationKé&llén-Lehmann representation
G3 . Category two of LHS of equations under the head and appellationKallén-Lehmann representation
G4 : Category three of LHS of equations under the head and appellationKéllén-Lehmann representation
T;, : Category one of RHS of equations under the head and appellationKallén-Lehmann representation
T35 : Category two of RHS of equations under the head and appellationKallén-Lehmann representation
T34 : Category three of RHS of equations under the head and appellationKé&llén-Lehmann representation
Module seven

Yang—Mills theory is a gauge theory based on the SU (N) group, or more generally any compact, semi-
simple Lie group
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G4 . Category one of SU (N) group, or more generally any compact, semi-simple Lie group
G5, . Category two of SU (N) group, or more generally any compact, semi-simple Lie group
Gg: Category three ofSU (N) group, or more generally any compact, semi-simple Lie group
Ty : Category one ofYang—Mills theory is a gauge theory
T5, : Category two ofYang—Muills theory is a gauge theory
T4 : Category three ofYang—Mills theory is a gauge theory

Module eight

Yang-Mills theory seeks to describe the behavior of elementary particles using these non-Abelian Lie
groups and is at the core of the unification of the Weak and Electromagnetic force (i.e. U(1) x SU(2)) as well
as Quantum Chromodynamics, the theory of the Strong force (based on SU(3)). Thus it forms the basis of
our current understanding of particle physics, the Standard Model.

G, . Category one ofnon-Abelian Lie groups and is at the core of the unification of the Weak and
Electromagnetic force (i.e. U(1) x SU(2)) as well as Quantum Chromodynamics, the theory of the Strong
force (based on SU(3)). Thus it forms the basis of our current understanding of particle physics, the Standard
Model.

G4, : Category two ofnon-Abelian Lie groups and is at the core of the unification of the Weak and
Electromagnetic force (i.e. U(1) x SU(2)) as well as Quantum Chromodynamics, the theory of the Strong
force (based on SU(3)). Thus it forms the basis of our current understanding of particle physics, the Standard
Model.

G4, : Category three ofhon-Abelian Lie groups and is at the core of the unification of the Weak and
Electromagnetic force (i.e. U(1) x SU(2)) as well as Quantum Chromodynamics, the theory of the Strong
force (based on SU(3)). Thus it forms the basis of our current understanding of particle physics, the Standard
Model.

T, : Category one ofYang—Mills theory seeks to describe the behavior of elementary particles

T,, : Category two ofYang—Mills theory seeks to describe the behavior of elementary particles

T,, : Category three of Yang—Mills theory seeks to describe the behavior of elementary particles
Module Nine

Recent research shows that an extended Kaluza—Klein theory is in general not equivalent to Yang—Mills
theory, as the former contains additional terms

G,, : Category one ofKaluza—Klein theory is in general; Yang-Mills theory, as the former contains
additional terms

G,s : Category two ofKaluza—Klein theory is in general; Yang—Mills theory, as the former contains
additional terms

G, : Category three ofKaluza—Klein theory is in general; Yang-Mills theory, as the former contains
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additional terms

T, : Category one of Yang—Mills theory, as the former contains additional terms;Kaluza—Klein theory is in
general

T, : Category two ofYang—Mills theory, as the former contains additional terms ;Kaluza—KIein theory is in
general

T, : Category three of Yang—Mills theory, as the former contains additional terms;Kaluza—Klein theory is in
general

The Coefficients:

(a13)(1), (a14)(1), (a15)(1)' (b13)(1). (b14)(1)» (bls)(l)(als)(z)» (a17)(2), (a18)(2)(b16)(2)' (b17)(2)' (b18)(2):
(azo)m’ (a21)(3), (azz)m )
(bzo)(S)’ (b21)(3)' (bzz)(3)(a24)(4): (‘125)(4): (aze)(4): (b24)(4): (bzs)(4)x (b26)(4): (bzs)(s)x (b29)(5): (b30)(5)'
(azg)(s), (azg)(s), (aso)(s), (asz)(@; (‘133)(6): (a34)(6): (b32)(6): (b33)(6)x (b34)(6)

(a36)(7): (‘137)(7), (‘138)(7): (b36)(7): (b37)(7), (b38)(7)

(040)(8). (a41)(8)» (a4z)(8): (b4o)(8)' (b41)(8)' (b42)(8)

(044)(9)» (a45)(9), (046)(9): (b44)(9)' (b45)(9)' (b4-6)(9)

are Accentuation coefficients
(a1)®, (a1)®, (@15)®, (b13) @, (1)@, (b15) P, (a16) @, (@17)@, (a16)@,
(b16) @, (b17)®, (b15) @, (a20)®, (a21)®, (a2)®, (b20)®, (b21)P, (b22) P (a24) @, (a25) ™, (a26)®, (b,
 (a32)®, (a33)®, (a3)©, (b3), (b33)®@, (b34)©
(a36) 7, (a37)?, (azg) ™, (b36) 7, (b37) ™, (b3) ",
(a;o)(s); (a:u)(S), (a;tz)(g); (bz,to)(S), (b;u)(g); (b‘;z)(B),
(a2)@, (a45)®, (@46)?, (042), (b4s) @, (bse)®,
are Dissipation coefficients
Module Numbered One

The differential system of this model is now (Module Numbered one)

dgf = (a13) VG4 — [(@13)D + (a13) P (T14, )]G 1
dgtu = (a19) 613 — [(@12)® + (a1) P (T1a, ] G614 2
dgtls = (a15) MGy — [(a15)® + (a15) P (T1a, ]G5 3
dc% = (b13) DTy = [(b13)® = (b13) V(G O] Ty 4
d;% = (b1) VT3 — [(b1) D — (b1) P (G, D] T4 5
dzl";s = (b15)OTyy — [(b1s)™® — (bys) (G, D] Ts 6

+(aj3) P (Ty4, t) = First augmentation factor
—(by3)P(G,t) = First detritions factor
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Module Numbered Two

The differential system of this model is now ( Module numbered two)

aaG , " 7
dt16 = (016)(2)617 - [(016)(2) + (a16)(2)(T17:t)]Gl6
dGy, , . 8
- (a17)PGy6 — [(a17)(2) + (a17)(2)(T17't)]Gl7
dGg , . 9
i (a18)?6G,7 — [(aw)(z) + (a13)(2)(T17't)]618
dT, , ) 10
dt6 = (b1s)PTy7 — [(bm)(z) - (b16)(2)((519), t)]Tm
dT, , ) 11
dt7 = (b17) DTy — [(b17)(2) - (b17)(2)((519), t)]T17
dTyg , . 12
ar (b1g)PTy; — [(bw)(z) - (b18)(2)((619)‘ t)]TIS
+(ajg) P (T;;,t) = First augmentation factor
—(b15)P((Gy9),t) = First detritions factor
(b16) 19
Module Numbered Three
The differential system of this model is now (Module numbered three)
dGyo , . 13
i (a20)®6yy — [(azo)(3) + (azo)(3)(T21't)]Gzo
acG , " 14
dil = (azl)(3)Gzo - [(a21)(3) + (a21)(3)(T21,t)]621
acG , " 15
diz = (azz)(3)621 - [(azz)(3) + (azz)(3)(T21:t)]Gzz
dTy , ) 16
ar (b20)®Ty; — [(b30)® = (b20)®(G23, )] To
dTy, , ) 17
ar (b21)® Ty — [(b31)® — (b31)®(Gp3, )]s
dTy, , ) 18
ar (b32)®Ty; — [(b32)® — (b32) P (63, )] Tz
+(az9)®(Ty;,t) = First augmentation factor
—(byg)®(G,3,t) = First detritions factor
Module Numbered Four
The differential system of this model is now (Module numbered Four)
dGy, , ) 19
i (a24) PG5 — [(@2)™ + (a24) @ (Tos, )]Gy
dG,s , ) 20
a (az5) PGy — [(az5)™® + (azs) ™ (Tys, )] Gas
acG , " 21
dt26 = (az6) W Gas — [(az6)™ + (az6) @ (Tus, £)]Gag
dT. , " 22
= (020) D5 = [(020)® = (03P ((62), £)] T2
dTys , , 23
ar (b25) BTy — [(b35)™ — (bys) P ((G17), t)|Tas
dTyg , , 24
ar (b26) P Ty5 — [(b36)™ — (b26) @ ((G27), )] Tas

+(az4) @ (Tys, t) =First augmentation factor
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—(b34)®((Gy7), t) =First detritions factor
Module Numbered Five:

The differential system of this model is now (Module number five)

dgtzg = (a28) ™G9 — [(a28)® + (a28)® (T2, 1) Grg
dgtzg = (a29)Grg — [(a29)® + (a29) (T29, )] Gg
dgio = (a30)® G2 — [(a30)® + (a30)® (T9, )] G0
% = (bag) O Tyg — [(h2)® — (b35) P ((G31),t)| s
% = (by9) P Tog — [(b20)® — (b39)® ((G31), t)]Tg
d§i° = (b30) Tz — [(b30)® = (b30)P((G31),£)]T0

+(azg)®(Tyo, t) =First augmentation factor
—(b3g)®((G31), t) =First detritions factor
Module Numbered Six

The differential system of this model is now (Module numbered Six)

dgiz = (a3,) @Gz — [(a52)©@ + (a32)© (T3, )]G
d§i3 = (az3)©Gsy — [(a'33)(6) + (a§3)(6)(7~33't)]633
d§§4 = (a34)®G33 — [(a30)©@ + (a3)© (T3, )]G4
d;iz = (b32)@Tss = [(b3)® — (b3)((G35), 1) Tz
dc% = (b33)©Ts; — [(b3)® = (b33)@((G3s), £)] T3
d;? = (b3)OTs3 — [(b3)® — (b3)©((G35), )] T4

+(az,)© (T35, t) =First augmentation factor
Module Numbered Seven:

The differential system of this model is now (Seventh Module)

dgs() = (a36) 7 G37 — [(a36)? + (a36) 7 (T37, )| G36
d§§7 = (a37) PG5 — [(@5)? + (a57) (T35, )]G
dgss = (asg) P G37 — [(azg)? + (azg) P (T37,t)]Gsg
% = (b36) PTa7 = [(b36)7 = (b36) 7 ((G30), )| Tis
d§i7 = (b37)PTz6 — [(b3)D = (b57) P ((G30), )] T3
% = (b3g) VT3, — [(bég)(ﬂ — (1,;8)(7)((6;39)’t)]T38

+(azg) P (T35, t) =First augmentation factor

126

25
26
27
28
29

30

31
32
33
34
35

36

37
38
39
40
41

42
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Module Numbered Eight

The differential system of this model is now

dc?;O = (a40)®Gy1 — [(a30)® + (a20)® (Tu1, )] Gao
dgf = (a41)® G0 — [(a2)® + (a3)® Ty, )]Gy
dg:Z = (a42)® G4y — [(a12)® + (ay2)® (T, )]Gz
d;;:w = (b40)®Ty1 — [(D40)® — (bg)®((G43), t)|Tao
d;;:u = (b41)®Tyo = [(041)® — (b)) ®((G43), £)|Tus
% = (bi2) Ty = [(022)® = (b32)®((G43), )Tz

Module Numbered Nine

The differential system of this model is now
dGas

= = (a4) P Gys — [(@4) + (243) O (Tys, )] Gaa
dg:S = (a45)DGas = [(@45)? + (@45) P (Tys, )] Gus
d§:6 = (a46) PG5 — [(a16)® + (a46) (Tys, )] Gag
d;? = (b4a)PTus — [(02)@ = (04)* ((Ga7), 1) s
dcff’ = (b4s) Ty = [(b15) = (bas) ™ ((G47), )] Tas
dde = (b)) Tis — [(b46)® — (biie) @ ((Gar), )] Tug

+(a44) @ (Tys, t) =First augmentation factor
—(b44)®((Gy47), t) =First detrition factor
(@13) D] +(a13) D (T, )] +(a16) @2 (117, )| +(a50) 3 (T3, )|

dG 7 7 z
= (1) MGy — |+(‘124)(4‘4‘4‘4‘)(T25,t)|+(a28)(5'5'5'5')(7'29, t)l+(a32)(6'6'6'6')(7133;t)‘lGl3

|| +(a36) 77 (Ts7, )| +(a1) @0 Ty, O] +(a1y) ©22999999 (1,5, 1)

[ (@1) D[ +(a1) DTy, )| +(a17) 2 (117, D) | +(a5) O (11, )| ]
dgtH = (01)MGy3 — ‘+(a;5)(4‘4‘4‘4‘)(T25;t)l+(a;9)(5‘5‘5‘5‘)(T29;t)|+(ag3)(6'6'6'6')(7133' t)| G1a

[+ (@577 Ty, O] +(a3) @D (T, O] + (i) 22299999 (T, 0) |

[ (a15) D] +(a)5) O (Ty, )] +(a1p) *¥ (T17, D) | +(a5) (11, D) ]
dg—tls = (a15)DGrq — |[+(aze) @+ (Tys, O [ +(a30) 555 (Tyo, ) [+(a2) 559 (T3, 0)|| G

| +(azg) "7 (Ts;, ) I +(a45) B8 (T, 1) |+(ale)(9'9'9'9'9'9'9'9'9) (Tys, ) ’

Where ‘ (aj3) D (Ty4,t) |,| (a]) P (Ty4, ) ‘ , | (a15) D (T, t)‘ are first augmentation coefficients for
category 1, 2 and 3
[+ (@) ®2) (17,0
category 1, 2 and 3
|+(a’2'0)(3'3') (Ty1,t) ‘ ,‘ +(az;) B3 (Tyy, t) |,|+(a;2)(3'3') (Ty1,t) ‘ are third augmentation coefficient for

s 7

+(a17) ) (Ty, )

+(ajg)#*)(Ty7, 1) ‘ are second augmentation coefficient for

43

44

45

46

47

48

49
50

51

52

53

54

55

56

57
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category 1, 2 and 3

| +(az4) @) (Tys, 1) |, +(azs) 4 (Tys, 1)
coefficient for category 1, 2 and 3
|+(a;8)(5'5'5'5')(T29: t) ‘, +(a39) 5 (T, 1)
for category 1, 2 and 3

[(a5) 659 (T3, D} [+(a53) 559 (T35, D),
for category 1, 2 and 3

+(aze) @44 (Tys, t) ‘ are fourth augmentation

)|

,|+(a§0)(5'5'5'5') (Tyo,t) | are fifth augmentation coefficient

+(az4)®000) (Ty,, t)‘ are sixth augmentation coefficient

|+(a§8)(7'7) (T37,t) I +(az;) 77 (Ts7,1) I +(azg) 77 (T35, 1) | are seventh augmentation coefficient for 1,2,3

| +(ay) ¥ (Tyy, t) | +(ay) ¥ (Ty, t) | +(ay) ¥ (Tyy, ) ‘are eight augmentation coefficient for 1,2,3

| +(a44)(9,9,9,9,9,9,9,9,9) (Tys, £) |’| +(a45)(9'9'9'9'9'9'9'9'9) (Tys, t) |' +(a46)(9,9,9,9,9,9,9,9,9) (Tys, t) ‘ are ninth

augmentation coefficient for 1,2,3

[ (b13) D= (b1) (G, 0|~ (5/) 22 (61, O |- (03) B3 (Gos, 0] ] 58
s _ (01, — |22 * 4 g, 0] (b) ©355) (G, )] (b32) 4 (G5, D) .
dt
- (536) 772 (Gao, )] - (010) BB (Gas, |- (b3) 022999999 (G5, D) |
" [ (b1) =B )P (G, )|~ (b17)Z2) (G, ) |- (07)B3 (Gos, )] ] 59
14 " " "
ar (b14) VT3 — |—(b25)(4'4'4'4')(627. t)l— (b39) 555 (Gay, t)l— (bgg)(6'6'6'6')(535,t)’ T14
[~ (6377 (G, O |- (03) P (63, )] - (b15) 029999999 (G5, 1) ]|
] [ (1) D= (b15) (G, 0|~ (0/5) 22 (610, O |- (05 (613, 0] ] 60
T15 " I "
dt (by5) VT — ‘— (bze) ) (Gyy, t)l— (b30) ®>55)(G3y, 1) |— (b3) 5% (G35, t)’ Tis
| - (bgs)(7'7')(639: t) |‘ (bz:z)(g'g)(G%' t) |— (b16)(9_9,9‘9‘9‘9‘9‘9‘9)(647’ t) ’

Where |—(b1) D (6,)],|-(bi) DG, 1),
2 and 3

| —(b16)** (Gyo, ) I )
category 1,2 and 3
|—(bgo)(3'3')(623' t) |, | —(b21)®3 (G5, 1) | )
category 1,2 and 3

| _(bg4)(4'4'4'4') (627’ t) | ’ | _(ng)(4'4'4'4') (G271 t) ‘ ’
for category 1, 2 and 3

|—(b§8)(5'5'5'5')(631, t) ‘ ‘ —(byo) B (G5, t) ‘ | —(b30) 5552 (Ggy, t) ‘ are fifth detrition coefficients for
category 1,2 and 3

| —(b3;)©000) (G35, 1) I )
category 1, 2 and 3

|— (b37)77) (G309, 1) |,|— (b36) 77 (G309, 1) ‘ ,’— (b35) 777 (G, t) |are seventh detrition coefficients for

—(b5)M(G, t) | are first detrition coefficients for category 1,

—(b{)?2) (G, 1) |,|—(bf8)(2'2') (Gio, 1) ‘ are second detrition coefficients for

—(by) 33 (Gy3, 1) ‘ are third detrition coefficients for

—(byg) 4444 (Gyy, t) ‘are fourth detrition coefficients

—(b34) 590 (G, t) | are sixth detrition coefficients for

—(b33) 555 (Gag, 1)

category 1, 2 and 3

|— (b20) B (Gy3, 1) |— (ba1) B (Gy3, 1) |— (1) B (Gy3, 1) ‘are eight detrition coefficients for category 1,
2and 3

|_ (biy) 999999999 (G, ) l " — (bys) 99999999 (G, 1) ‘ ”_ (big) (999999999 (G, ) ‘are ninth detrition
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coefficients for category 1, 2 and 3

lr (@16) @] +(a1) P (T17, O] +(a1) W2 (T4, )| +(a50) ®22 (T, D) | 1| 61
dg% = (016)?Gy7 — |+(a;4)(4‘4‘4‘4‘4)(T25,t)l+(a;8)(5'5'5'5'5)(Tz9, t)|+(a;2)(6‘6‘6‘6‘6)(T33;t)‘ Gie
|+(a36) 777 (T3, )| +(a40) @50 (T4, O [ +(a3) 2 (Tys, )|
(@) P +(@)P (T, )| +(a1) O (T4, )| +(a5 ) C22 (11, B)| ] 62
djf = (@17) @616 = || +(@e) 44D (Tys, 0| +(a50) 5559 (Tyo, ) [ +(a3) @059 (T3, 1) || 615
|+(a;7)(7'7'7) (T37,0) | +(ag1) 8 (T, ) | +(a45) P (Tys, 1) |
[ (a19) @] +(d)p) P (T17, O] +(a1s) W (T4, D) | +(a5) O3 (11, D] ] 63
dg;g = (a15) P67 — ‘+(a;6)(4'4'4'4'4)(T25't)|+(ago)(5’5‘5‘5‘5)(T29;t)|+(a§4)(6'6'6'6'6)(T33: t)‘ Gig
| +(a36) 777 (Ts7, O | +(ag) 38 Ty, O [ +(a3) OV (Tys, D) |

Where ‘ +(ajg) P (Ty7,t) | ,l +(a;;) P (T, t) | ) | +(ajg) P (Ty7, 1) | are first augmentation coefficients for

category 1,2 and 3
|+(a'1'3)(1'1') (T4, t) ‘ , | +(aj) P (Tyy, t) l , | +(ays) P (Tyy, ) ‘ are second augmentation coefficient for

category 1,2 and 3
|+(a'2'0)(3'3'3)(T21, t) | ,l +(az1) 33 (Ty, ) l ,|+(a;2)(3'3'3)(T21, t) | are third augmentation coefficient for

category 1,2 and 3

| +(ayy) 44D (Tys, t) I, | +(ays) 44D (Tys, 1) |, | +(aye) @44 (Tys, t) | are fourth augmentation
coefficient for category 1, 2 and 3

| +(az5) 5559 (Tyg, t) |, | +(a39) 5555 (Ty, ) | ,| +(az) G559 (Tyg, t) | are fifth augmentation
coefficient for category 1, 2 and 3
|+(a;2)(6'6'6'6'6)(T33' t) |, | +(a33) @000 (T35, ) |;
coefficient for category 1, 2 and 3

| +(aze) 77 (T37,t) | ) I +(az7) 777 (T35, 1) I )
for category 1, 2 and 3

| +(a40) BB (Tyy, 1) |,| +(ay) BB (Tyy, 1) |,| +(ay,) B8O (Tyy, 1) |are eight augmentation coefficient for

+(az,) ©0000)(T;,, t)‘ are sixth augmentation

+(a§8)(7'7'7) (T35, 1) ‘ are seventh augmentation coefficient

category 1,2 and 3

| +(a4) ) (Tys, £)
category 1,2 and 3

,I +(ay5) O (Tys, t) |, +(a46) O (Tys, t) |are ninth augmentation coefficient for

. (b,%6)<2>|—(b1’6)<2>(619,t)!,—(b1’3)<1'1'>(6, 0)]- (b;:?><3'3'3'>(623,t)| ' 64
dr = (b16)(2)Tl7 - ‘—(b24)(4'4'4'4'4)(627» t) |‘ (bza)(S'S'S'S'S)(Gm' t) |— (b32)(6'6'6'6'6) (Gss, t)‘ Ti6
|- (036)777(Gao, ) [~ (040) @ (Gas, ) |- (52)°* (67, V)]
. (§§7)<2>I—(b;’7)<z>(aw,t)’Il—(b;;)(m(G, 0)]- (b;:})<3'3'3'>(623,t)\ ' 65
ac (b17) DTy — ‘— (bzs)(4'4'4'4'4)(G27,t)l- (bzg)(s's's's's)(Gu;t)l- (b33)©0668) Gy, t)’ Ty
= (03)777(Gao, O [= (041) 8 (Gas, ) |- (B45)° (67, V)]
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(b18) @] = (b1) @ (610, O [~ (B1) G, )| - (052) 4 (G, D] 66
% = (b1g)@Ty; — ‘—(bgs)(d"d"d"d"d’)(sz t)l— (bgo)(s's's's's)(Gspt)l— (b§’4)(6'6'6'6'6)(535;t)‘ Tig
| - (b3g) 777 (Gso, 1) I— (bi2) @58 (Gy3, 1) |— (b36)*? (Gy7, t)| |
wherel —(b1s)P(Gyo, 1) I, —(b;7)P(Gyo, 1) |, l_(blg)(z)(Glg, t) | are first detrition coefficients for

category 1,2 and 3

|—(bf3)(1'1')(G, t) H —(b) (G, b) | ,| —(b15) (G, t) ‘are second detrition coefficients for category 1,2
and 3

|—(b§0)(3'3'39(023, t) |,|—(b§1)<3'3'3'>(023, t) |,|—(bg2)(3'3'3')(623, t) | are third detrition coefficients for
category 1,2 and 3

| = (By) 444D Gy, D] | = (b)) 444 (G, ]| = (be) #4449 (G, 1) are fourth detrition
coefficients for category 1,2 and 3

| =(b3) 55559 (Gay, )| | = (b3g) O5559 (Gay, £)] | = (b39) ®>559) (G3y, 1) | are fifth detrition coefficients
for category 1,2 and 3

|—(bg2)(6'6'6'6'6)(G35, t) H —(b33)©0000) (G, 1) | ,| —(bgy ) ©0060) (G, t)‘ are sixth detrition coefficients
for category 1,2 and 3

|— (b36) 777 (630, t) ‘, ‘— (b3,) 777 (G, t) |,| - (b3) 77 (G39, 1) |are seventh detrition coefficients for
category 1,2 and 3

|- Bi)®*0 (Gas, )] |- (b3 @5 (G, 0],
category 1,2 and 3

|- 010 ? (Ga, )] |- (1) P (Gar, 1)

- (by) B8 (Gy3, 1) |are eight detrition coefficients for

= (b35) O (Gyy, 1) lare ninth detrition coefficients for category

1,2 and 3
(@20) P +(a30)® (T, O | +(a16) @22 (Ty7, O [+ (T, )] ] 67
dj;" = () PGy — |[F@2) DTy, )| +(a3e) 355359 (T, )[4 (a3) 5005 (5, 1) |
| +(a36) 7777 (a7, O | +(az) 339 (T, ©)[+(a1) O (Tys, 0|
(@) P +(a3)® (To1, O [ +(a1,) 222 (T, ) [+ ) T (T4, )] ] 68
T (@) 6oy |[F ) T, 0] () 555 (T, )] i) 05 (T, )] G
1 +(a3) 7777 (Ty7, O [+(as) 889 (T, )| +(as) 9V (Tys, )|
(@52) P +(a3)® (T, O | +(a1) @22 (Ty7, O [+(a) (T, )] ] 69
dgiz = (a)®Gy; — ‘+(a;6)(4‘4‘4‘4‘4‘4)(T25: t)l+(a§o)(5'5'5'5'5‘5)(T29:t)|+(a;4)(6‘6‘6‘6‘6'6)(7133' t)| G2z

[+(@5) 777D (T35, )|+ (@) @390 (T4, )| +(ae) @) (Tas, ]
|+(a'2'0)(3)(T21, t) H +(ay)®(Tyy, 1) |,| +(ay,)®(Tyy, 1) ‘ are first augmentation coefficients for category
1,2 and 3

| +(a16)#*?(Ty7, t) ‘ ,‘ +(a17) #*(Ty7, 1)
for category 1, 2 and 3

| +(a13) M (Tyy, ) I )
for category 1, 2 and 3

s

+(ayg) #?2(Ty;, t) ‘ are second augmentation coefficients

+(a;) PV (Tyy, t) |,|+(a’1'5)(1'1'1') (Tya, t) ‘ are third augmentation coefficients
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| +(ay,) @444 (Tye 1) | ,| +(ays) 44D (Tye, £) | ) | +(aze) @444 (Tye 1) | are fourth augmentation

coefficients for category 1, 2 and 3

| +(az5) 55555 Ty, t) |,| +(az9) 55555 Ty, t) | , | +(azg) G35555) (Tyg, t) l are fifth augmentation
coefficients for category 1, 2 and 3

| +(az,)&00060)(Tys, 1) |,| +(a33)©00060)(Tyy, t) |, | +(az,) ©0060)(Tyy, 1) ‘ are sixth augmentation
coefficients for category 1, 2 and 3

| +(azg) 7777 (Tyy, t) |,| +(az;) 7777 (Tyy, t) |,| +(azg) 7777 (Tyy, t) l are seventh augmentation

coefficients for category 1, 2 and 3
| +(ay) B8O (T, t) | ,| +(ay, ) B8O (T, t) |, ‘ +(ay,) B8O (T, t) ‘are eight augmentation coefficients

for category 1, 2 and 3
[+ (@) ®*) (T, )] [+ (@) (Ts, 1)
category 1,2 and 3

+(a46) O (Tys, t) ‘are ninth augmentation coefficients for

(b30)®[=b30) P (G5, O |- (b1) #*P (610, O |- b1 VG, )] ] 70
dz;% = (byo) ¥ Ty — |—(bg4)(4'4'4'4'4'4)(527. t) |— (bé’g)(5,5,5,5,5,5) (G31,1) I‘ (bgz)(6'6'6'6'6'6)(535' t)l Ty
[ (b3) 7777 (Gso, )| (i) ®*2®) Gz, O] - (1) 7 (617, 0|
b)) = 13D (Grs, O |- b1 *P (610, O|- b1 VG, 0] ] 71
d;il = (b)) Ty — l—(béls)(4'4'4'4‘4‘4)(627» t) |— (bgg)(s,s,s,s,s,s)(cﬂ' t) |‘ (bg3)(6'6'6'6'6’6) (Gss, t)| T
= (37777 (Gso, O] - () ®H#9) Gz, O] - (i) (617, 0]
(b22)®[=(13) P (623, O |- (b1e) #*P (610, O |- (b1 VG, )] ] 7z
% = (b)) ¥Tyy — |—(bga)(4'4'4'4'4'4)(527. t) I— (bé’o)(5,5,5,5,5,5) (G31,1) I‘ (b§4)(6'6'6'6'6'6)(535' t)l Tz,
[= (b3e) 7777 (Gso, )| (bap) ®*2%) Gz, |- (bae) *** (617, ©)|
| —(b0)®(Gy3, t) | =) P (G5, 0) |, | —(byy) P (Gy3, 1) |are first detrition coefficients for category 1,
2and3
| —(b16)#*H (Go, 1) |, | =(b17) #*H (G, 1) |, | = (b1g) #*H (Gyo, 1) ‘are second detrition coefficients for
category 1, 2 and 3

| —(by3) PG, b) ‘, l —(by)PED(G, 1) | ,| —(by5) DG, b) ‘are third detrition coefficients for category
1,2and 3

| —(bpy) 44 (G, 1)
coefticients for category 1, 2 and 3

| =(b5) 55555 (Gay, )] | = (b0) 55559 (Gay, 1) || = (b30) ©3355)(Gyy, ©) |are fifth detrition

, l —(byg) 444D (G, 1) |, | —(byg) 44444V (G, 1) ‘are fourth detrition

coefficients for category 1, 2 and 3

| —(b3) 666668 (Gag, )] | = (b33) ©66668) (Gag, )] | —(b3,) 66666 (Gag, 1) |are sixth detrition
coefficients for category 1, 2 and 3

|— (b36) 7777 (G, t) l , |— (b37) 777 (G, t) |— (b3g) 7777 (G, t) ‘are seventh detrition coefficients for

category 1,2 and 3
|- (02) 388 (G, )| |- () B*3D (Gys, 1))
category 1, 2 and 3

|- (010 *7 (647, | |- (045) 2 (G47,0),

~(byy)BB8B(Gya, t) |are eight detrition coefficients for

- (by)®%P(Gy7,0) ‘are ninth detrition coefficients for
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category 1, 2 and 3

[ (a5) @[ +(a5)® (Tys, )| +(a35) 5> (Tyo, )| +(a3,) ) (T35, 8) | ] 73
dg? = (a24) PG5 — |+(aI3)(1'1’1’1)(T14,t)|+(a,1,6)(2'2'2’2)(7'17‘t)|+(a;0)(3‘3‘3‘3)(7'21't)l Gy

[ +(a30) 77777 (Ts7, )| (@) B389 (T, ) | +(a4s) *27) (Tys, D) |

[ (aés)(4)| +(az5)™ (Tzs, 1) I +(a29) % (T, 1) |+(a;3)(6‘6) (T33,8) l 1 74
dgjs = (azs)(4)Gz4 - |+(a’1'4)(1'1'1'1)(T14,t)|+(a’1'7)(2'2'2'2)(T17,t)|+(a;1)(3'3'3'3)(T21,t)‘ Gos

[ +(a3,) 7777 (Tg7, )| +(ai) B389 (T, ) | +(ass) 27 (Tys, D) |

[ (a26) @[ +(a56)® (Tys, )| +(a3) ®> (Tyo, )| +(a3)©* (T35, 8) | ] 75
dg,f"’ = (a2) PG5 — | [+(a19) WD (11, O [+(ai) 22D (T, D[ +(a30) 34D (T30, )] | Ge

[ +(a3) 77777 (Ty7, )| +(@in) B389 (T, ) | +(a4e) *27 (Tys, D) |
|(a'2'4)(4)(T25,t) ,l(ags)(4)(T25, t)|,|(a;6)(4)(T25,t)| are first augmentation coef ficients

category 1,2 3

[+ (@) %) (T30, )|, | +(a30) 53 (T, 0)|,
coef ficient for category 1,2 and 3

| +(az,) 0 (Ts3, t) | ,l +(a33)©0) (Ts3, t) |,| +(a34)©0) (Ts3, t) ‘ are third augmentation
coef ficient for category 1,2 and 3

[+ (@) O (T, D) [+ (ar) T (T, D)
| +(a16) @**2 (Ty7, 1) |,

|+(a'1'7)(2'2'2'2)(T17, t)|,|+(a'1'8)(2'2'2'2)(T17, t) lare fifth augmentation coef ficients for category 1,2 an
[ +(a50) 3333 (Tyy, O} [ +(a;) ®333(Ty, 0]

|+(a'2'2)(3'3'3'3)(T21, t) |are sixth augmentation coef ficients for category 1,2 and 3

| +(aze) 77777 (Tyy, t) | ,| +(az;) 7777 (Tyy, t) |,

+(az9) 5 (Tyo, ) | are second augmentation

+(ays) PO (T, 1) ‘are fourth augmentation coef ficien

|+(ag8)(7'7'7'7'7)(T37, t) |are seventh augmentation coef ficients for category 1,2 and 3

| +(a40) ®BE8O (T, 1) I |+ (as) BB (T, 1) | |+ (agp) ®EE8 (T, 1) |
are eighth augmentation coef ficients for category 1,2 and 3
[+(@16) %2 (s, )| {+(as5) @) (Tys, D),
category 123

+(a44) O (Tys, t) | are ninth detrition coefficients for

[ (52) @)= (3@ (Ga7, O |~ 03) ®> (G31, )| - (3) @ (G35, )| | 76
T )T | [T (@ 0510 22D (G O] (B0 G, 0] |Tas

|- (b36) 77777 (Go, )|~ (b3) B389 (Gys, )| - (02) @7V (Gyy, 0|

[ (b)) =(b35)® (G, D) |~ (039) ®* (631, )| - (b3) ) (G35, 8) | | 77
%=(b25><‘%4— =@ EDE, D=1 @22 (610, 0| - 0552 (63, 0| | Tas

|- (53)77777 (Gao, 1) |~ (b)) BF888) (Gys, ) |- (B15) P2 (647, 8|
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(526) P =(b26)® (627, O | = (B5) 5 (G31, )| - (b3) (G35, D] 76

(bye) M Ty — |—(bi’5)(1'1'1'1)(0, t) | —(b1g) #** (G, 1) I— (b22) @33 (Gys, t)l T2
” = (b3g) 77777 (G3o, 1) I— (bs2) ®8888) (Gy3, 1) | = (b46)®*% (Gaz, 1) IJ

Where |— (by) P (Gy7, 1) ,|—(bg5)(4) (Gy7, 1) |,|—(b;6)(4) (Gy7,0) l are first detrition coef ficients
for category 1,2 and 3
|—(bgg)(5'5')(631, t) |,|—(b;9)(5'5') (G31,t) I,I—(b;o)(s's') (G31, t)l are second detrition coef ficients
for category 1,2 and 3
|—(b§2)(6'6')(635, t) |,|—(b§3)(6'6') (Gss, 1) |,|—(b;4)(6'6') (G35, t) l are third detrition coef ficients
for category 1,2 and 3
|= (1) (6, 0| | = (b1) VDG, )]
,‘ —(by5)BLED(G, 1) |are fourth detrition coef ficients for category 1,2 and 3
(=1 #*2D (G19, D} |~ (b1) @222 (G1o, 1)}
|—(bf8)(2'2'2'2)(619, t) |are fifth detrition coef ficients for category 1,2 and 3
= ()33 (Gas, D] |- (B31) 339 (G35, 1)
= B3 777D (G0, B, |- (05 77777 (Ggo, V)]

ATy
dt

— (by) 3333 (Gy3,t) |are sixth detrition coef ficients for

,l— (b3g) 77777 (Ggo, t) |are seventh detrition coef ficients for category 1,2 and 3

|— (byo) BEEE8)(Gy3, 1) |.| - (by))BBBBB (G5, 1) | |- (bgr) BBBBB (Gy3, 1) ‘
are eighth detrition coef ficients for category 1,2 and 3

|- () ®2%9 (G4, D] |- (bas) *** Gz, 1),
category 123

= (by)®229(Gyy, t) ‘ are ninth detrition coefficients for

(@) +(@3)® (Too, O [+ (@5) 4 (T, D[ +(a3) @5 (T35, D] 79
dG 7 g 0
=B = (a6)®Gp9 — |+(a13)(1'1'1'1'1)(T14, t)|+(a16)(2'2'2'2'2)(T17: t)|+(a20)(3'3'3'3'3)(T21, t)| les

e
U +(age) 77777 (Ty, ) | +(a40) BFEBBE (T, t) I +(aga) @29 (Tys, t) IJ

(@59)®|+(a59)® (Tyo, ) +(a55) 4 (Tys, )| +(a33) @49 (T3, 0)| ] 80
d,ff’ = (a29)® G5 — | [+(a1) WD (T, O] +(a) 222D (17, O [+(a5) 33339 (1, )| | Gas
[ +(a3) 777777 (Ty7, )] +(a)B38888) (T, )| +(a4s) O2%99 (Tys, 0) |
(@30) @ +(a30)® (Ta, O [ +(a36) **) Ty, O | +(a5) ©50 (T35, 0] ] 81
dgioz(as,o)(S)ng_ (@) D (T, )] +aig) #2222 (T, ) [ +(a3) 33 (T, 0)| |
[+(aze) 77777 Ty, )| +(a ) EBBB8O (T, 1, 0) | +(as) O2%9 (T, D) |

Where | +(a2)® (T, 1) ‘ , | +(a39)® (T, 1) ‘ , | +(az0)® (T, t) ‘ are first augmentation
coefficients for category 1,2 and 3

And | +(az4) ™) (Tys, )
coefficient for category 1,2 and 3

| +(az,)®0% (Ty3, 1) | ,‘ +(az3) % (Ty3, 1) ‘ , | +(azy) O (Ty3, 1) | are third augmentation
coefficient for category 1,2 and 3

+(ay5) @™ (Tys, t) | , | +(az6) 44 (Tys, t) ‘ are second augmentation

’
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|+(a{3)(1'1'1'1'1)(T14, t) |,|+(a'1'4)(1'1'1'1'1)(T14, t) |, | +(ays) EID(Ty,, t)‘ are fourth augmentation
coefficients for category 1,2, and 3

| +(ays) #2220 (T, t) |,| +(ay;) @222 (T, t) |,| +(ayg) @2222(T,, t) l are fifth augmentation
coefficients for category 1,2,and 3

|+(a'2'0)(3'3'3'3'3)(T21, t) |,|+(a'2'1)(3'3'3'3'3)(T21, t) |, | +(az,) 33333 (Ty, t)| are sixth augmentation
coefficients for category 1,2, 3

|+(a;6)(7'7'7'7'7'7)(T37, t) | ,I +(az;) 7777 (Tsy, t) l ,| +(asg) 7777 (Tyy, t) | are seventh augmentation

coefficients for category 1,2, 3

| +(ay) B8 B888)(T,, 1) | ,| +(ay,)®88888) (T, 1) | ,| +(ay,) B8 (T, 1) l are eighth augmentation
coefficients for category 1,2, 3

| +(a4g) P22 (Tys, 1) ‘ |+ (ays) @229 (Tys, 1) | ,I +(ay) 2229 (Tys, t) | are ninth augmentation

coefficients for category 1,2, 3

o (b)) =(b3)® (Ga1, O [~ B30 “* (Ga7, )| - (39 (G35, 8)| ] 82
— = )Ty =1 [=(b1) VDG, 0| (1) 222D (Gro, |- (b0) #2363, 0| | Tas
= 130777777 (Gao, )|~ (b40) BB8888) (Gyz, 1) |- (b4s) *2%9 (G4, D) |
(b39)®|=(b39)® (Ga1, ) |~ (b35) “*) (G2, )| - (B3) 59 (G35, 8)| ] 83
d{f;g = (b29) T35 = | [~ IG, 0| =) @#22D (610, )| - (B3) 222 (633, 0)]| [T
|- (53777777 (Gag, 1) |- (b)) BFF88D (Gy3, 8) |- (15) P99 (647, V)|
o (b30) ™| =(b30)® (Ga1, D) [~ B30 “* (Ga7, )| - (B39 (G35, 8)| ] 64
ar (b30)®Tz9 — l—(b;s)(l'l'l'l'l')(G» t)|_(bi,8)(2‘2‘2‘2‘2)(619't)l_ (b32) 33233 (Gy, t)| T3
- (530) 777777 (Gao, 1) |~ (byn) BF8888) (Gys, £) |- (1) @7 (Gr, V)|

where |— (byg)®(G31, t)| ,I —(by9) (G, t)| ,|—(b§0)(5)(G31, t) ‘ are first detrition coef ficients for c
=B344 (67, )], |~ (b3) 4 (67, 8)],
for category 1,2 and 3
|—(b§2)(6'6'6)(635, t) |,|—(b§3)(6'6'6)(635, t) |,|—(b§'4)(6'6'6)(635, t) | are third detrition coef ficients
for category 1,2 and 3
=BG, )} |~ () (G, £)
category 1,2, and 3

|—(bf6)(2'2'2'2'2)(619, t) |,|—(bf7)(2'2'2'2'2)(619, t) |,|—(bfg)(z'z'z'z'z)(Glg, t) ‘ are fifth detrition coefficients
for category 1,2, and 3

|— (byo) 33333 (G5, 1) |, |— (by) 33333 (6,3, 1) H— (by) 33333 (6,3, 1) ‘ are sixth detrition coefficients
for category 1,2, and 3

|— (b36) 777777 (G, t) ‘, |— (b3,) 777777 (Ggg, t) | ,|— (b3g) 777777 (Ggg, t) | are seventh detrition
coefficients for category 1,2, and 3

|- (b1) 8888 (G, )] |- (b1 ) EPBB8D (G5, )| |- (1) BBBEED (G5, )| are eighth detrition
coefficients for category 1,2, and 3

|— (b)) 2299 (Gy, 1) |,| = (bys) 029 (G, 1) | ,’— (b1s) 2299 (Gyy, 1) ‘ are ninth detrition coefficients

for category 1,2, and 3

—(byg) 4 (Gyy, t)‘ are second detrition coef ficients

,|—(bf5)(1'1'1'1'1')(G, t) | are fourth detrition coefficients for
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(@32) @ +(a3,)© (Ta3, O [ +(a3) 5 (Tp, O) [ +(a3) 44 (Tys, )| ] 85
T2 = ()61 ~ | [F@ D Ty D[+ P2 (017, D[+ O3 Ty, 8] 6
[ +(a3) 777777 (Tg7, £) |+ (i) B388888) (T, ) [+(agy) O22%29 (Tys, )|
(a,33)(6)| +(az3)® (T3, 1) I +(a29) ) (Tyo, ) I +(ags) ) (Tys, t)l 1 86
T = ()96, ~ | [F@) D Ty D[+ i) P2 (017, D[+ 059 Ty, 8] 6
[ +(a3,) 777777 (Tg7, £) |+ (@) B88888) (T, ) [+(as) 02929 (Tys, )|
(@3) @ +(a3)© (Ta3, O [ +(a30) 55 (T, O [ +(a30) ** (Ty5, 0| ] 87
dg? = (a34)©G33 — | +(ays) PLLD(T,, £) | +(ayg) #2#222)(Ty;, t) | +(a)G*3333)(Ty, 1) | Gz
[ +(a3) 777777 (Ty7, )|+ (@) @388888 (T, ) [+(ae) 0229 (Tys, )|

|+(a§2)(6)(T33,t) |,|+(a;3)(6)(T33,t)|,|+(a§4)(6)(T33,t)| are first augmentation coef ficients
for category 1,2 and 3

[+ (@3) 559 (T5, )|, | +(a30) G5 (T, 8)],
coef ficients for category 1,2 and 3
|+(a'2'4)(4'4'4')(T25, t) | ,‘ +(ay5) ) (Tys, ) ‘ ,|+(a;6)(4'4'4') (Tys, t)| are third augmentation

coef ficients for category 1,2 and 3

|+(a'1'3)(1'1'1'1'1'1)(T14, t) |,|+(a’1'4)(1'1'1'1'1'1)(T14, t) |, | +(ays) PHID(T,, ©) | - are fourth augmentation
coefficients

| +(a16) 2222 (Ty7, O |+ (a17) ##222D(Ty7, O) || +(a1s) #2222D (T35, )| - fifth augmentation
coefficients

| +(az0) G333 (Tyy, t) |, | +(ag,) 33333 (Tyy, t) |, | +(ag;) C33333)(Tyy, t) ‘ sixth augmentation
coefficients

| +(azg) 77777 (Tyy, 1) I ,I +(az;) 777D (T, 1) L

+(az9) G55 (Tyo, t) | are second augmentation

| +(azg) 77 7T Ty, t) Iseventh augmentation coefficients

[+ (@) @388 (T, 1)) [+(a3) @389 (1., 6)] [+(aip) 289839 (7, 1)]
Eighth augmentation coefficients
[+ @) 2229 (Tys, O] |+ (@) 22 (Tys, D),

+(ay6) @929 (Tys, ) ‘ ninth augmentation

coefficients
(b32) @] =(b5)© (Gas, O |- (b3e) > (Ga1, O [~ B3) *** (G657, 0)| ] 88
d;% = (b3)OT3; = | |= (b)) WD (G, 6)| =(bys) 222D (Grg, 1) |- (b39) B33339) (Gs, )| | Tz
I - (bge)(7'7'7'7'7'7'7)(G39, t) |— (bgo)(B'B'B'B'B'B'g) (Gy3, 1) |— (b;4)(9'9'9'9'9'9)(647: t) ‘
(b33) @] =(05)© (G35, O |- (0)0) ®59) (G631, O |- (B1) ***) (657, 0)| ] 89
d% = (b33) Tz, = | [=(b1) 116, ) [ = (b7) B2222D (G1g, )| - (b5:1)C33339) Gy, £)] | Tis
‘ = (b3y) 77777 (Ggg, t) |— (byy) BBBBEEB) (G, 1) |— (bys) 22999 (Gyy, 1) ’
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B5) @[ =03 (G35, |- (b30) &P (631, D) |- (b)) (639, 1) 20
(b34)©T33 — |—(bils)(1‘1‘1‘1‘1'1)(G. t) | —(byg) #**#2D (G, t) |— () 333333 (Gys, t)| T34
” - (bgs)(7‘7‘7‘7‘7'7'7)(G39' t) I— (b:;z)(S'S'B'B'S'S‘B)(643, t) |— (b;6)(9,9‘9‘9‘9‘9)(647, t) U

T,
dt

|—(b§2)(6)(635, t)|,‘—(b§3)(6)(635,t) ,|—(b§4)(6)(635, t)| are first detrition coef ficients

for category 1,2 and 3

|—(bg8)(5'5'5)(631, t) |,|—(b59)(5'5'5)(631, t) | ,| —(b30) > (G3y, t)| are second detrition coef ficients
for category 1,2 and 3

|—(bg4)(4'4'4')(627, t) |,|—(b55)(4'4'4')(627, t) |,|—(bg6)(4'4'4')(627, t)| are third detrition coef ficients
for category 1,2 and 3

|—(bf3)(1'1'1'1'1'1)(G, t) |,|—(bi'4)(1'1'1'1'1'1)(6, t) |,|—(bils)(l'l'l'l'l'l)(G, t)| are fourth detrition coefficients
for category 1, 2, and 3

[~ (016)®*2227 (G19, )} [~ (b17) #2722D (619, 1) | [~ (b1g) #**2?P (619, 1) are fifth detrition
coefficients for category 1, 2, and 3

|- (520033333 Gy, )} |- () P33339) (Gya, £) |- (bp) @33339 (Gys, )| are sixth detrition
coefficients for category 1, 2, and 3

|— (b36) 77777717 (Ggg, t) L l— (b3,) 7777777 (Ggo, t) l ‘— (b3g) 7777777 (Ggo, t) ‘ are seventh detrition
coefficients for category 1, 2, and 3

|- (i) 383859 Gy, )] - (b)) ®385359 (G, )] |- (bap) @OB8859) (G, 1) |

are eighth detrition coefficients for category 1, 2, and 3

|- (i) ®2299) (Gyg, )] - (b45) 799 (Gag, )] |- (b44) 7% (Gy7, £) | are minth detrition

coefficients for category 1, 2, and 3

dgi() = (aae)(7)G37 71
[ (a30) 7| +(@36) 7 (Ts7, )| +(a16) #2222 (Ty7, ) [ +(a30) 3333333 (T, )| }
= [+(ap) @444 (Tys, ) [+(a) 5555555 (Tyo, )| +(a3,) ©006660) (T3, )| | 6o
[ +(ar) LD (T, )|+ (ahy) @BB88888Y (T, ) [+(azy) @999 (T, 1))
d§t37 = (asz7)PGse 2
[ (a57) P +(az7) 7 (Ty7, ©)[+(a;) 222220 (115, )| +(a51) B333333(T,y, )|
— | [+ (a5) ##44449) (Tys, 0) |+ (a59) G555 (Tyg, £) [+(az) ©656659) (T3, £)] | Gra
[ +(ar) LD (T, )|+ (ahy)@BB8888B (T, 6)[+(ass) @999999 (T, )|
dgig = (azg) Gy 3

[[(@30)?|+(@3) 7 (Ta7, )| +(@1) 222222 D (Ty7, £) | +(azp) B333339) (T, 1) ||
—| | +(a;6)(4'4'4'4'4'4'4)(Tzs,t)l +(ago)(5,5,5,5,5,5,5)(7-29't)l +(a;4)(6,6,6,6,6,6,6)(T33‘t)| |Gys
|+(a'l's)(1,1,1,1,1,1,1)(7'14't)|+(alz)(8,8,8,8,8,8,8,8)(7'41,t)I+(a;6)(9,9,9,9,9,9,9)(T45‘t)|

Where |(a3)”(Ty7, )|, | (a5) (T, 6)
category 1,2 and 3

(azg) P (T37,1) | are first augmentation coefficients for

’
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7 7

|+ (a1s) @22222D(1y;, 0)|, | +(a1) @222 (Tyy, 1) |, |+ (alg) @2#2222) (T, t) | are second
augmentation coefficient for category 1, 2 and 3

|+ (a50) 333339 (T, £)|, | +(a51) 8333333 (T, 1)
coefficient for category 1, 2 and 3

[+ (@G @440 (T, )], [+(a5s) P44 (Tyg, )] [+(age) #4449 (Tys, £) | are fourth
augmentation coefficient for category 1, 2 and 3

|+(agg)(5'5'5'5'5'5'5)(ng, t) |,|+(a;9)(5'5'5'5'5'5'5)(ng, t) |,|+(a’3'0)(5'5'5'5'5'5'5)(T29, t) | are fifth augmentation
coefficient for category 1, 2 and 3

| +(a3,) ©0L0500(Tys, 1) ‘, +(a33) @000 (T4, 1) | )
coefficient for category 1, 2 and 3

| +(a13) 111107y, 0], [+(ags) DT, ©)
augmentation coefficient for category 1, 2 and 3

| +(a;,)®B888888) (T, ) l ’l +(ay,)®B888888) (T, 1) | ,
are eighth augmentation coefficient for 1,2,3

| +(a46) 99999 Ty, £) | ,| +(ay5) 0000099 (Tys, t) | )

coefficient for 1,2,3

1]

+(ay,)BR333333) (T, 1) ‘ are third augmentation

+(az4) (©006666) (T, t)| are sixth augmentation

+(a,1’5)(1'1'1'1'1'1'1)(T14, t) ‘are seventh

)|

+(a4g) OPREEER) (T, )]

+(ayy) 2299990 (T, t) ‘ are ninth augmentation

[(03) 7| =(b36) ? (Gao, O | =(b1) #22222D (Gro, 1) |- (y) 2323 (G, ]| O
L | O R Coot3) O ataal ) o 0 Ll )

[ |- 1) DG, D)= (bgo) BPERERED (G, 1) - (b4a) ©29%9 (G, 1)

7(bé7)(7)| —(b37) 7 (G0, 1) | —(by7) #2220 (G, t) |‘ (by1)B333333) (Gys, 1) ‘
d(ff = (b37)PTgs = || =(bgs) *44444 Gy, 1) |- (bo) ©555559) (G, D)= (ba3) ©o55659) (G, ]| Tia

i |_ (by,)LLLLLLD (G ) I — (by,)(®8888888) (G, . 1) |_ (bys)©999999) (G, t) ’ |

[(03) 7| = (b3s) ) (Ga9, O)[ = (b1p) #2222 (G1o, )| - (B3) B335 (G, D) |
% = (b38)(7)T37 - |- (béye)(4‘4‘4‘4‘4‘4‘4)(627: t) |— (bé’o)(s,s,s,s,s,s,S) (G31,0) |- (b;4)(6‘6‘6‘6‘6‘6'6)(635: t)’ Tis

i | — (bys)LLLLLLD (G 1) I — (by,)(®8888888)((G, . 1) |_ (D) ©299999) (G, t) ’ |

Where l —(b36) 7 (G3, t) |,|—(b§7)(7) (Gz9,t) I, —(b3g) 7 (G39, t) | are first detrition coefficients for
category 1,2 and 3

= 1) @22222D (G0, )|, | = (b 222222 (Go, 1),
coefficients for category 1, 2 and 3

| = (b30) 333333 (Go3, )], | = (b)) 333333 (63, )|, | = (by) 333339 (Go, )| are third detrition
coefficients for category 1, 2 and 3

= (By0) #4449 (G, 1) |, | = (bs) 444444 (G, 1)
coefficients for category 1, 2 and 3

| = () 5555555 (Gay, )| | = (bye) E555559) Gy, £)] | = (b3g) &555559) (G4, 1) | are fifth detrition
coefficients for category 1, 2 and 3

= (b5) C556568) (Gss, 1) | | = (b33) 455559 (G, 1),

—(byg)?222222)(Gq, 1) | are second detrition

,|—(b;6)(4'4'4'4'4'4'4) (Gy7, 1) |are fourth detrition

’

—(b;4)(6'6'6'6'6'6'6)(635, t) | are sixth detrition
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coefficients for category 1, 2 and 3

|_ (i) LLLLLLD (G 1) l " — (by)LLILLLD(G 1) |’|_ (bi5)LLLLLLD (G 1) |

are seventh detrition coefficients for category 1, 2 and 3

|- (b)) BBBBBEER (G, 1)] |- (byy ) BBBBBEER (G, 1) |- (by,) BEBBBBEB(G,. ¢)]are eighth detrition
coefficients for category 1, 2 and 3

|- (b16)©229999 (G, )| |- (b5) 2999999 (G, 0)] |- (1) ©299299 (G, 1) lare minth detrition

coefficients for category 1, 2 and 3
dGy 95
dt

[ (@10)®+(as) @ (Tar, O [ +(a1e) #2222 Ty, ) +(a0) G2222233) (131, 0) ||
= (040)(8)641 - I+(0;4)(4’4’4‘4‘4‘4'4'4)(Tzs't)|+(ags)(s’s’s’s‘s‘s's's)(Tz9,t)|+(a;2)(6‘6‘6‘6‘6‘6‘6‘6)(T33.t)| Gi3

| +(a13) 12D (7y, )| +(a3) 77777777 (Tag, )| +(aig) ©2299999 (Tys, 0|

dGy
dt

[ (@) ®[+@i)® (T, O+ a1 @222222 (117, ) [ +(a5,) 03233333 (1, D] ]
= (a4)®Gy — I +(ags) WA (T, 1) | +(az9) C 555555 (T, 1) | +(a3) 000000 (T3, 1) | Gig

[[+(aiy) DT, ) |+(a5) 7777777 (T, )| +(ags) @999 (Tys, 1) |

dGy,
dt

[ (@) @]+ as) @ (T, O[+(aig) 22222220 (T, )| +(a3) @3333339 (1), )] ]
= (a12)®Gyy — ‘+(age)(4’4’4‘4‘4‘4'4'4)(Tzsr t) | +(azg) 55555 (T, ) | +(a34)©0L08000)(Ty;, t)| Gis
[+ @) AT, )|+ (ase) O77 777 (T, )| +(ag) 2029 (Tys, ) |
Where |+(a30)® (T4, O], [+(a5)® (711, 8)|,
category 1,2 and 3

|+(a’1'6)(2,2,2,2,2,2,2,2) (Ty5, )], [+(a],) @2222222 (T, ¢
augmentation coefficient for category 1, 2 and 3

[ (@) CA23333 (11, )|, [+ (a5) O3333333 (1, 1)
augmentation coefficient for category 1, 2 and 3

[ (ag) 44D Ty, D], [ +(azs) 44444 (5, 1),
augmentation coefficient for category 1, 2 and 3
|+(a'2'8)(5,5,5,5,5,5,5,5)(ng’ t) H +(a'2'9)(5,5,5,5,5,5,5,5) (Tyo, t) l’|+(a§0)(5,5,5,5,5,5,5,5) (Tyo, t) ‘ are fifth
augmentation coefficient for category 1, 2 and 3

|+(az;)©0006660)(Tyy, £)|[+(ay3) ©O066660) (T3, £)] | +(a3,) ©O066666) (T3, 1)) are sixth
augmentation coefficient for category 1, 2 and 3

|+(a’1’3)(1,1,1,1,1,1,1,1) (Tys t) I _l_(a’1’4)(1,1,1,1,1,1,1,1)(TM’ t) |+(a’l's)(1,1,1,1,1,1,1,1)(7-14' t) | are seventh
augmentation coefficient for 1,2,3

[+ (@5) 77777 (T, D]+ (@5) 777777 (T, )| |+ (@) 7777777 (T, ) | are eighth
augmentation coefficient for 1,2,3

| +(a;6)(9'9'9'9'9'9'9'9)(T45,t)|,| _l_(als)(9,9,9,9,9,9,9,9)(T45’t)H +(a:;4)(9'9'9'9'9'9'9'9)(T45,t)|are ninth

+(ay,)®(Tyy, ) ‘ are first augmentation coefficients for

+(a’llg)(z‘z‘z‘z‘z'z'z'z)(T17, t) | are second

7 7

+ (a;z)(3’3’3’3’3’3’3'3) (T, t) | are third

+(a;6)(4'4'4'4'4‘4‘4‘4) (Tys,t) | are fourth
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augmentation coefficient for 1,2,3

dTy
dt

lf (B30)®| = (1) @ Gz, O [ = (B1) #2222 (Gro, )| - () 33333339 (G, 1) |
(1 \4444,44,44) — (17 (55555555) (1 1(66,6666606)
=(b40)(8)T41—|| (b24) (627'1?)' (bag) (531;1?)' (bs2) (G35.t)||T13
‘_ (b13)(1'1'1'1'1'1'1'1)(G, t) |_ (b36)(7'7'7'7'7'7'7‘7)(039; t) |_ (byy)©@2999999) (G, ., t)|

dTy
dt

[ (b1)®| =04 ® Gz, )| = (b17) F?22222D (G0, 1) |- () B3333333 (G5, 0| ]
= (b41)®Tyg — || = () #4449 (Gyy, 1) |- (b3g) BF555559) Gy, £) [ - (b33) ©6666668) (Gag, 1) || Ty
_ l_ (b)) PLLLLLLD (G 1) |_ (b3 ) 77777707 (G, £) |_ (bZS)(9,9,9,9,9,9,9,9) (Gyr, t)| |

dt

[ (012) @ =(03) @ (G5, D | = (1) #2222 (Gro, 1) |- (3p) 3333333 (G, 1) |
= (02) Ty = [ (by) 4+ (Gyg, 1) |- (b3g) E5555559) (Gay, )| - (b5) 4556569 (G, D) || Tis
_ I_ (bys)LLLLLLLD (G ¢) |_ (bs) 77777777 (Gag, ) |_ (bye) 09999999 (G, t)| |
Where |~ (b36) 7 (G0, )|, [ = (b37)? (G50, 0) |,
category 1,2 and 3

| = (b)) @2222222 (G4, 0)|,| = (b1) @222222D (G4, 1) |,
detrition coefficients for category 1, 2 and 3

| —(byy)B3333333) (Gya 1) | ’l —(by)33333333)(G,a, 1) l )
coefficients for category 1, 2 and 3

| = () @H44444D Gy, )|, | = (bgs) 4444449 (G, 1) |,
coefficients for category 1, 2 and 3

| —(b) 55555555 (Gay, D) | | = (byg) O5555555) (Gay, D) | | = (b30) BF555559) (G4, £) | are fifth detrition
coefficients for category 1, 2 and 3

[=(B5) 6559 (G5, )] |~ (b33) 4 (G35, 1),
for category 1, 2 and 3

|- (b)) W11 (G, )| |- (b ) PELLIIAD (G, )| - (big) 77 (Gao, 1) fare seventh detrition
coefficients for category 1, 2 and 3

|_ (b )TTTTTTTD (G, £) |,| — (b3)TTTTTIIN (G, £) |’
coefficients for category 1, 2 and 3

|- (b1)@9299999 (G, )| |- (b15)O2299999(Gy7, D) | |- (b)) 2229999 (G5, 1) fare minth detrition

coefficients for category 1, 2 and 3

—(b35) 7 (G30, t) | are first detrition coefficients for

—(byg) @%222222) (G4 t) | are second

—(byy)33333333) (G, 1) | are third detrition

—(byg ) 444D (G, 1) |are fourth detrition

- (bys)LLLLLLLD (G 1) | are sixth detrition coefficients

- (b3g) 7777 TTT (Gag, t) ‘are eighth detrition
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dGyy 96
dt
= (a44)(9)645
(@)@ @ (Tas, O [+(a1) ##222222D (T35, 1) | +(azy) F2323333(Ty,, 0)| }
| _|_(a’2'4)(4,4,4,4,4,4,4,4,4)(Tzs’t)l +(a’2'8)(5,5,5,5,5,5,5,5,5)(ng’t)l +(agz)(6,6,6,6,6,6,6,6,6)(ng’t)l Gys
H+(a'1’3)(1'1'1'1'1'1'1'1'1)(T14,t)I+(a;s)(7'7'7'7'7'7'7'7'7)(T37,t)I+(a;o)(8'8'8'8'8'8'8'8'8)(T41,t) |J
dGys
dt
= ((145)(9)644
(@4) [+ (ass) @ (Tas, | +(a1) B2222222D (T, ) [ +(a5 ) O33333339 (T, 1) |

_ || +(ays ) ArAaAAAD (T ) | + () C55555555) (Tyg 1) | + () (666666666 (T, ) || Gua

I +(a) ) LLLLLLLD (T, 1) | +(as,) 7777, t) | +(ay,)EB8888888) (T, ) |J
dGye
dt
= (a46)PGys
(@36) [+ (@46) P (T37, ) [ +(a1g) 22222225 (Ty7, D) [ +(ap) G33333333) (1, )|
_ | +(ayg) Urdad ) (T, 1) I +(asg) 55555555 Ty, t) I +(ay,) 666666666 (T, +) ‘ Gys
H + (a’l’s)(1,1,1,1,1,1,1,1,1) (Tys t) I +(asg) 77T (T, £ I +(d;,)®B8888888) (T, ) |J

Where l +(ay) P (Tys, ) |,|+(a25)(9) (Tys, t) ‘ ,|+(a;'6)(9) (Ts7,t) ‘ are first augmentation coefficients for

category 1,2 and 3

|_|_(a’1'6)(2,2,2,2,2,2,2,2,2)(TU’ O, [+(a))@22222222 (T, )
augmentation coefficient for category 1, 2 and 3
|+(a;o)(3'3'3'3'3'3'3'3'3)(T21, t) " +(a’2’1)(3,3,3,3,3,3,3,3,3)(T21’ t) |,|+(a’z’z)(3,3,3,3,3,3,3,3,3) (T, t) ‘ are third
augmentation coefficient for category 1, 2 and 3

| +(ay,)Aradta D (T 1] | +(ays) Uttt (T, 1) |’
augmentation coefficient for category 1, 2 and 3

| +(ayg) 5555555 (Tyy, t) H +(aye)E55555555) (Tho, t) ‘ )
augmentation coefficient for category 1, 2 and 3
|_|_(agz)(e,e,e,e,e,e,e,e,e) (Tss, t) I, +(ays)666666666)(T,, 1) |’
augmentation coefficient for category 1, 2 and 3
|+(a'1'3)(1,1,1,1,1,1,1,1,1)(TH, t)l' +(a),) BLLLLLLLD (T, p)
augmentation coefficient for category 1, 2 and 3
|_|_(a'g’g)(7,7,7,7,7,7,7,7,7) (Ts7, t)|+(a'3’7)(7,7,7,7,7,7,7,7,7) (Ts7, t)|+(a§6)(7'7'7'7'7'7'7'7'7)(T37, t)|are eighth
augmentation coefficient for 1,2,3

| +(azo)(s,s,s,s,s,s,s,s,s) (T4, t) |’| +(a,,)B8B8BB888) (T, 1) L ‘ +(a,,)®B88888888) (T, ) ‘ are ninth

augmentation coefficient for 1,2,3

s s

+(ayg) #22222222)(T,,, t) ‘ are second

+(ayq) PN (T, 1) ‘ are fourth

+(agy) G>3555555) (T, ) | are fifth

+(az,)0:000060606060) (T, 1) | are sixth

)\

+(ays) PPLLLLLD (T, 1) | are Seventh
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ATy,
dt
= (b)) OTys
(b:,4)(9)| —(b£{4)(9)(G47, t) | _(bile)(2'2'2'2'2'2'2'2'2)(619‘ t) I— (bgo)(3'3'3'3'3'3'3'3‘3) (Gg3,1) |

|_ (byy) 4ttt (G 1) |_ (byg) 55555555 (G t)l_ (byy)(6:6:6:66666.6) (G, t)| T
- 13

I
l I_ (byy) LLLLLLLLD (G 1) I_ (by) 777771 (G, £) I —(by,)(®88888888) (G, t)| J

dTys
dt

(b15) | =(b15)® (Gaz, O | = (b1) @222222D (G, D) |- (b)) 3323339 (G, 0)|
= (bys) Ty — ||—(bgs)(4’4’4'4'4'4‘4‘4) (Gy7,0) I— (bé’g)(s,s,s,s,s,s,s,s)(631’ t)l‘ (b§3)(6‘6‘6‘6‘6‘6‘6‘6)@35' t)||T14
l_ (b)) PLLLLLLD (G 1) |_ (b3 ) 777770 (G, £) |_ (by,)(&88888888) (G, t)|

dTye
dt

[ b)) =(bi6)®) G, O] ~(bi) 22222222 G, )] - (b32) 02229330 Gy, 1) |
= (b16) O Tis = ||= (be) @449 (G, D) |- (bo) E5555559) (G, 0) |- (b5) 450569 (G5, 0) || i
I_ (bys)LLLLLLLD (G ) |_ (bs) 77777777 (Gag, ) |_ (by,)B88888888) (¢, . t) |J
Where ‘ —(b3)P(Gy7, 1) ‘ ,‘ —(b45) D (Gyy, 1) | ) | —(bys) P (Gy7, 1) | are first detrition coefficients for
category 1,2 and 3
|—(bi'6)(2'2'2'2'2'2'2'2'2)(619' t)l' —(bi,7)(2'2'2'2'2‘2‘2‘2'2)(Glg, £) |'|_(bilg)(z,z,z,z,z,z,z,z,z) (Gyo,t) ‘ are second
detrition coefficients for category 1, 2 and 3
| —(byy)B3333333) (Gya 1) | ’l —(by)33333333)(G,s, 1) l )
coefficients for category 1, 2 and 3
[ 024444459 Gy, )] [~ () #+44444D (G, 1)],
coefficients for category 1, 2 and 3
|_(bgg)(5,5,5,5,5,5,5,5)(631’ t) |,| _(bé’g)(s,s,s,s,s,s,s,S)(631’ t) | ;| _(bé’o)(S,S,S,S,S,S,S,S) (G31,t) | are fifth detrition
coefficients for category 1, 2 and 3
| —(bq, ) (©6666666) (G t) || —(bq3)©0666666) (G t) H —(bs3,) ©06:66660) (G, 1) | are sixth detrition
coefficients for category 1, 2 and 3
|— (bys) BLLLLLLD (G 1) l ‘ = (byy ) WLLLLLLD (G 1) H - (by3)WLLLLLLLD (G 1) ‘are seventh detrition
coefficients for category 1, 2 and 3
|- (b3) 77777777 (Gag, )} - (b3g) 77777777 (Gao, )| |- (b3) 77777777) (G, ) lare eighth detrition
coefficients for category 1, 2 and 3
|_ (by,)®88888888) (G, )| |- (b, )B88888888)(G,. 1) H — (byy) ®8B8888888) (G, ¢) ‘are ninth

detrition coefficients for category 1, 2 and 3
Where we suppose

—(byy)B3333333) (G, 1) | are third detrition

—(byg ) AA444ED (G, 1) |are fourth detrition

)|

(@)D, (@)D, (@)D, b)Y, )W, (b )V > 0,i,j = 13,14,15 97

The functions(a;' D, (blf’ )@ are positive continuousincreasing and bounded.
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Definition of(p,)™", (r,))®:
(a; )P (Tya,t) < ()P < (A3)D
b HPG )< )W < (b)® < (Bz)®
lei_@o(a;’)(l) (T1a,t) = ()@
lim (5)V (6, 6) = ()®
Definition of( A;5 )V, (B3 )™ :

Wherel (A;3)D, (Bi3)D, (p)D, ()@ Iare positive constants and |i = 13,14,15

They satisfy Lipschitz condition:

" ' " 2 r- W
1(a; YO (T14, 0) = (@] YD (g, )] < (3 ) DTy — Tyyle= (M)
(b YD, 1) = (b YPVG, D) < (ky3)D||G = G'||e~ (M) Dt

With the Lipschitz condition, we place a restriction on the behavior of functions
(a; YD (Ty,, Oand(a; YV (Tyy, t) . (T4, t)and  (Ty4,t) are points belonging to the interval
[(k13)D, (My5 )] . It is to be noted that (a; )V (Ty, t) is uniformly continuous. In the eventuality of

the fact, that if (M;3)® =1 then the function (a; ) (Ty4,t) , the first augmentation coefficient
attributable to the system, would be absolutely continuous.

Definition of ( M3 )@, (k3 )@

(My3)D, (ki3 )D,are positive constants

(a)® (b))
(M3)® " (My3)™

<1

Definition of( P13 ), ( Q13 )™ :

There exists two constants( P;3 ) and ( 0;3 )™ which together With ( M;3)®, (k;3)D, (A13)® and
( B;3 )Mand the constants(a;)®, (a))®, b))V, (b))D, ()P, ()D,i = 13,14,15,
satisfy the inequalities

m @O+ @O+ (A + () D (k)] <1
13

W[ B + 1)+ (Bi3)P + (Q13) P (kyz)M] < 1

Where we suppose

(ai)(Z)' (a;)(Z)l (a;' )(2)’ (bi)(Z)l (b;)(Z)l (bl” )(2) > 0; ll] = 16!17118

98

99

100

101
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The functions(a; )@, (b; )@ are positive continuousincreasing and bounded.

Definition of(p;)®, (r;)®:

(@ )B(Ty7,0) < )P < (Als)(Z) 102

(b )P (Gro,t) < ()P < ()P < (Bys)@ 103

leif}go(a;,)m (Ti7,8) = (p)@ 104
1im(6)® ((G19),6) = ()@ 105

Definition of ( A;5 )®, ( B1s )® : 106

Where‘ (A16)P,(B1)?, ()P, (r)@® ‘are positive constants and [i = 16,17,18

They satisfy Lipschitz condition:

1(a; YD (17, 8) = (] )P Ty, )| < (kyg )D|Ty; — Ty le~(Mie) @t 107

15 )@ ((G19),£) = (b )P ((G19), )| < (K16 YD NI(Go) — (Gyo)' e~ (160t 108

With the Lipschitz condition, we place a restriction on the behavior of functions (a;')(z)(T{7, t)
and(a; )@ (Ty7,t) .(Ty7,t) and (Ty7, t) are points belonging to the interval [( ki )@, (M )P]. Itis to
be noted that (a; ) (Ty5,t) is uniformly continuous. In the eventuality of the fact, that if ( M;s )@ =1
then the function (a;’ Y@(Ty,,t) , the first augmentation coefficient attributable to the system, would
be absolutely continuous.

Definition of ( M4 )@, (k16 )@ :

(M@, (kg )@ ,are positive constants 109

(ai)(z) (bi)(z)
(Mi6)® " (My)@

<1

Definition of ( Py3 )®, ( Q13 )@ :

There exists two constants( P )® and ( Q;4 )@ which together
with (M4 )@, (k16 )P, (A16)Pand ( Bjg )Pand the
constants(a;)®, (a))@, (b)®, (b)®, (p)®, 1)P,i = 16,17,18,

satisfy the inequalities

1 : A + (P k 110
(M )(2>[(ai)(2) @)@+ (Aie)®+ (P1s)P (ki) <1
16

om0+ @)D+ (B + (0i) (R )] < 1 e
16
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Where we suppose
@)®,(@)®, (@ )®, (B)®, B, (b )® > 0,i,j = 20,21,22 112
The functions(a;-' )3, (blf' )®are positive continuousincreasing and bounded.
Definition of(p,)®, (r;)®:
@)D (T31,6) < )P < (Ayg)®
(B)P (G2 t) < ()P < ()P < (By)@
Jim (@) (T1,6) = ()@ 113
lim (6)P (G33,6) = ()P
Definition of ( A,, )®, (B, )® :

Where (A )®, (By0)®, 0)®, (1) jare positive constants and [i = 20,21,22

They satisfy Lipschitz condition: 114

1(a; )BTy, 1) = (] )P (Tyy, 0)| < (fegg )Ty — Tyl (M0t
” ’ ” ~ i _ 3)
|(b; )P (Gas , ) — (b )P (a3, )] < (ag )P|[Go3 — Gz ||e™(M20)¢

With the Lipschitz condition, we place a restriction on the behavior of functions (a;I YO (Tyy, )

and(a; )® (Tyy, t) .(Tyy, t) And (Ty;, t) are points belonging to the interval [( &y )®, (M, )®] . Itis to
be noted that (a; )® (T4, t) is uniformly continuous. In the eventuality of the fact, that if ( M, )® =1
then the function (a; )®(T,, t), the first augmentation coefficient attributable to the system, would
be absolutely continuous.

Definition of ( M,y )®, (kyo )® : 115

(M )@, (kyo )P ,are positive constants
(ai)(3) (bi)(3)
(Mg )® " (Mp )®

There exists two constantsThere exists two constants( P,, )® and ( Q,, )®which together 116
with( My )@, (k0 )®, (A)Pand ( By )P and the

constants(a;)®, (a))®, (6)®, (b)®, )P, )P,i = 20,21,22,

satisfy the inequalities

W[ (@)® + (@)® + (Ay)® + (Py)P(kyy)P] <1
20

W[ B + 1) + (By)® + (020)P(ky)®P] <1
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Where we suppose
@)@, @)™, (@)@, b)D, )P, (b, )P > 0,i,j = 24,25,26 117
The functions(a;’ S (blf' )@ are positive continuousincreasing and bounded.
Definition of (p,))®, (1;)™¥:
(a; )P (Ty5,t) < ()™ < (Apy )@
B HP (G t) < ()W < (B)@ < (Bza)@
Jim ()@ (Tys, ) = () 118
lim (b)) ((Gz7),8) = ()@
Definition of ( A,, )®, (B, )® :

Where‘ (A)®, (By)®, (0@, ()W ‘are positive constants and [i = 24,25,26

They satisfy Lipschitz condition: 119

1(a; Y® (Tys, £) = (a; )P (Tys, )] < (Fepg )P|Tys — Tpg|e (Mas) Pt

15 )P ((Gy7), ) = (B YP((G27), £)] < (Raa YPI(Gap) — (Goy) [Je™ (M) Pt

With the Lipschitz condition, we place a restriction on the behavior of functions (a;' )@ (Tés' t)

and(a; )® (Tys, t) .(Tys, t) and (Ts, t) are points belonging to the interval [(kyq )®, ( My, )®] . Itis to
be noted that (a; ) (Tys, t) is uniformly continuous. In the eventuality of the fact, that if ( M, )® =

1 then the function (a; ) (T,s,t), the first augmentation coefficient attributable to the system, would
be absolutely continuous.

Definition of ( M,, )@, (kyy )@ : 120

( My )™, (kyy )P ,are positive constants

(ai)(4) (bi)(4)
(M )® " (Mpy )®

<1

Definition of ( Py, )™, (04 )™ : 121

There exists two constants( P, )* and ( Q,, ) which together
with( My, Y@, (ks )@, (A2)Pand ( By )Pand the
constants(a;)™®, (a)®, (b)®, (b)®, ()@, (1)@, i = 24,25,26,satisfy the inequalities

e @)W+ @@+ (A)® + (P)D(kas)V) <1
24
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W[ b)® + (B)® + (Boa)® + (Q2a)P (ks )P < 1
4

Where we suppose
(@)®, (@)®, (@), B)®, B)®, (6:)® > 0,i,j = 28,29,30 122
The functions(a;’ )®, (b;l )®are positive continuousincreasing and bounded.
Definition of(p;,)®, (r,)®:
(a; )O(Tz9,8) < ) < (A )®
B)IP(G),t) < () < ()P < (By)®
Jim (a;)® (Tz9,t) = (0)® 123
lim (b)® (G3,0) = ()®
Definition of( A,g ), (B, ) :

Wherel (Ay8)®, (B )®, 0)®, ()™ lare positive constants and [i = 28,29,30

They satisfy Lipschitz condition: 124

1(a; YO (Tyo, £) = (a; )& (Tpo, )] < (Kgg )| Tpg — Tygle (M)t

16 )Y (G31),6) — (0] )P ((G31), )] < (e YO [|(Ga1) — (Gap)'[[e™ M)t

With the Lipschitz condition, we place a restriction on the behavior of functions (a;' YO (Tyo, t)

and(a; )® (Tyo, t) .(Tze, t) and (Tyg, t) are points belonging to the interval [(kug)®, (M,5)®)] . Itis to
be noted that (a; )®) (T, t) is uniformly continuous. In the eventuality of the fact, that if ( Mg )® = 1
then the function (a;' )®)(Tyg, t) , the first augmentation coefficient attributable to the system, would
be absolutely continuous.

Definition of ( M,g ), (kpg )™ : 125

(Mg )®, (kyg ) ,are positive constants

(a)® (b)®
(Mg )® " (Mpg)®

Definition of ( P,g )®, ( Q5 ) : 126

There exists two constants( P,g )® and ( Q55 )®which together
with( M5 )®, (kz5)®), (Azg)Fand ( By )®and the
constants(a,)®, (¢)®, (b)®, (b)®, @), (1), i = 28,29,30,satisfy the inequalities
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W[(m)(s) + (@) + (Ayg)® + (Pyg ) (kps )®] < 1

W[ B + ) + (Byg )® + (25 )P (g )] < 1

Where we suppose
(@)@, @)@, (@)@, (), (b)®, (b)) > 0,i,j = 32,33,34 127
The functions(a;' )®), (b;l )®are positive continuousincreasing and bounded.
Definition of (p,)©®, (1;)®:
(@)@ (T35, 6) < )@ < (Ag)®
()P ((G3),) < ()@ < () < (B3)®
Jim () (T3, 6) = ) 128
Gli_)r{)lo(blf’)(@ ((Gss),t) = ()@
Definition of( A5, ), (B3, )©® :

Where‘(/ﬁz ), (B3,)®, (p)©@, (1)@ ‘are positive constantsand [i = 32,33,34

They satisfy Lipschitz condition:

(@ YO (Ts3,£) — (a; )O (T3, )] < (fzp )O|Ts3 — Tagle™ (M)

15 )®((Gs5)', ) — (b YO ((G35), £)] < (ezz YOI(Gas) — (Gas) [Je™Ms2)

With the Lipschitz condition, we place a restriction on the behavior of functions (a; )© (Ts3, t)

and(a; )© (Ts3, t) .(Ts3, t) and (T3, t) are points belonging to the interval [( ks, )©, (M5, )©] . Itis to
be noted that (a; )© (T3, t) is uniformly continuous. In the eventuality of the fact, that if ( M5, )© = 1
then the function (a; )© (Ts3,t) , the first augmentation coefficient attributable to the system, would
be absolutely continuous.

Definition of ( M3, )©, (k3, )© : 129

(M3, )®, ( k3, )®,are positive constants

(a)® (b)®

— P <1
(M3 )©® " (M3, )®

Definition of ( P;, )®, (03, )©® : 130

There exists two constants( P;, )® and ( 03, )®which together
with( M3, )©, (k3,)®, (43,)@and ( B;, )@and the
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constants(a;)©, (a,)©®, (b;)©, (b;)©, (p)©, (1)®,i = 32,33,34,
satisfy the inequalities

@@+ @@+ ()@ + (P) O (ka2 )O1 <1

W[ B)® + 1)@ + (B3) @+ (032) (k3 ) @] <1
3

Where we suppose
@ (@)P,@)P, @), B)P, NP, ()P > 0,i,] = 3637,38 1
(H) The functions(a;' D, (b;l )Pare positive continuousincreasing and bounded.
Definition of(p;), (r;)":
(a;’)(7)(T37,t) < P)? < (Az6)?
(b )P (Go,t) < ()7 < ()P < (B3 )
132
@ limp,e (@) (Ts7,1) = ()7
a

lim (6, )7 ((G30),8) = ()

Definition of ( Az )7, ( Bs )7 :

Where‘ (A36)D, (B3, ), ()P ‘are positive constants and [i = 36,37,38

They satisfy Lipschitz condition: 133
1(@)P (T37,8) = (@ )7 (T37, D] < (Rag )P|Tz7 — Tayle=(Fae )

16 )P ((G30)',£) — (b ) ((G30), )] < (Kzg )P NI(G30) — (Go)'[Jle= (3607t

With the Lipschitz condition, we place a restriction on the behavior of functions (a;')(7)(T3'7, t)
and(a; )7 (Ts7, t) .(Tsy, t) and (T3, t) are points belonging to the interval [( kg )™, (Msq )] . Itis to
be noted that (a; )7’ (T3, t) is uniformly continuous. In the eventuality of the fact, that if ( Mz )™ = 1

then the function (a;' Y (T35, 1), the first augmentation coefficient attributable to the system, would
be absolutely continuous.

Definition of ( M3 )™, (k36 )7 : 134

(K) (M36)D, (k36 )7 ,are positive constants
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(a)? (b))

— = <1
(M3 ) " (M36)?P

Definition of ( P35 )", (Q36 )7

(L) There exists two constants( Py )7 and ( Q36 )P which

with( M35 )7, (k36 )7, (A36)Pand ( Bss )and

149

135

together

the

constants(a,)?, (a,))?, (b)), (b)?, )P, ()7, i = 36,37,38,satisfy the inequalities

W[ (ai)(7) + (a;)(7) + (A3)D + (B3 ) 1236 NPT

W[ D + BDD + (Bse ) + (036 )V Ryg )D] < 1

Where we suppose
@)®, (@)@, (@)@, B, 1), (b )® > 0,i,j = 40,4142
The functions(a;' )®), (blf' )®are positive continuousincreasing and bounded
Definition of(p,)®, (r,)®:
(@ ) (Ty1,8) < (P)® < (A )®
()P ((G1), 1) < )@ < B)® < (Big)®
Tlim (a;')(g) (Ty1,8) = (pi)(g)
p—00
gim (blf’)(s) ((043)’ t) = (Ti)(a)

Definition of (A, )®, ( By )® :

Where‘ (A4)®, (By)®, (p)®, (r)® ‘are positive constants and [i = 40,41,42

They satisfy Lipschitz condition:

1(a; YO (T4, ) — (] YO (Tyr, )] < (kag )®|Tyy — Tyy e~ Moo )t

16 )® ((Ga3)', 8) = (b YO ((G43), )] < (Kag )P (Gaz) — (Gaz) ||~ Fa0) @t

136

137

138

139

140

141

142

143

With the Lipschitz condition, we place a restriction on the behavior of functions (a;’ YO (T,;,t) and
(@ )®(Tyy, t) .(Tyy, t) and (Tyy, t) are points belonging to the interval [( ko )®, (Mo )®] . It is to be
noted that (a; )® (T, t) is uniformly continuous. In the eventuality of the fact, that if (M )® =1
then the function (a;' Y®(T,,,t) , the first augmentation coefficient attributable to the system, would

be absolutely continuous.
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Definition of ( My )®, (kg9 )® :
(M )®, (k4o )®,are positive constants

(a))® (b)®
— R <
(My)® " (Myo )®

1

Definition of ( Py )®, ( Q49 )® :
There exists two constants( Py )® and ( Q4o ) ®which together with( My )®, (kgo )®, (A4o)®

( B4y )®and the constants(a;)®, (a)®, (b,)®, (b)®, (p)®, ()®,i = 40,41,42,
Satisfy the inequalities

@l @@+ @+ (A0)® + (o) (keo )] < 1
40

i@l T+ G+ (Bio)® + (Quo) P (Ruo)®] <1
40

Where we suppose
(@), @), (@), ), 1), (6, ) > 0,1,] = 44,4546
The functions(a;' ), (bg’ )@are positive continuousincreasing and bounded.
Definition of(p,)®, (r;)®:
(@) (Ti5,6) < PP < (Age)?
B)PGr, ) < (D = B < (Biy)®
leifc}o(a;’ ) (Tys, ) = )@
lim (6)® (Gi7,t) = (1)
Definition of ( A,4 )®, ( B4y ) :

Where‘ (A4), (B ), (0)®, (1)@ ‘are positive constants and |i = 44,45,46

They satisfy Lipschitz condition:

(@] YO (Tys, £) — (@ YO (Tys, )] < (Feag YO Tys — Tysle™(Maa) Pt

16 ) ((Ga7) ', £) = (b ) ((Gar), )] < (Rag YO (Gar) — (Ga)' ]~ (M)t

With the Lipschitz condition, we place a restriction on the behavior of functions
(a;;)(g) (Tys, tA)and(ag YO (Tys, t) (Tys, t) and (’?"45, t) are points belonging to the interval
[(k4s ), (M4 )P] . Itis to be noted that (a; )®(Tys, t) is uniformly continuous. In the eventuality of

144

145

146

146
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the fact, that if ( M,4 ) = 1 then the function (a; )® (Tys, t), the first augmentation coefficient
attributable to the system, would be absolutely continuous.

Definition of ( My ), (k4q ) :
(Myy ), (kyy ) ,are positive constants

(a)® (b)®

— = <1
(Myy )® " (Myy )®

Definition of ( B4 )@, ( Q44 ) :

There exists two constants( Py, )® and ( Q44 )©®which together

with( My ), (kyy ), (A1) and ( By, )P and the

constants(a,)®, ()@, (b)), (b)), ()@, ()D,i = 44,45,46,
satisfy the inequalities

(MAlW[ @)@+ @)+ (A + (Py) (ke )] < 1
44

W[ B+ 1) + (B )@+ (Q4s)P(kyy )P < 1

Theorem 1: if the conditions above are fulfilled, there exists a solution satisfying the conditions 147

Definition of G;(0),T;(0):

GO < (Py) VeVt [7G,(0) = 67 > 0]

Ti(t) < (Qy3)De™)Pt 1 (0) =T >0

Theorem 2 :if the conditions above are fulfilled, there exists a solution satisfying the conditions 148

Definition of G;(0),T;(0)

Gi(t) < (Prg)@elMe) @t

G:(0)=GY>0

T,(0) < (Q16) @Mt 1,0) =T >0

Theorem 3 : if the conditions above are fulfilled, there exists a solution satisfying the conditions 149
Gi(t) < (Pyy)PeM0)Pt 1 G(0) =G0 >0

Ti(t) < (Qp)PeM00Vt T,(0) =T >0

Theorem 4 : if the conditions above are fulfilled, there exists a solution satisfying the conditions 150

Definition of G;(0),T;(0):

G,(t) < (1324)(4)6(1@24)(4% | GO =6">0
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T,(t) < (Qz)Pe™0)Pt 1) =T">0

Theorem 5 : if the conditions above are fulfilled, there exists a solution satisfying the conditions 151

Definition of G;(0),T;(0):

G(O) < (P) et | [7G,(0) = 6! > 0]

T(t) < (Qy5)Pe™)Pt [1,0)=T">0

Theorem 6 : if the conditions above are fulfilled, there exists a solution satisfying the conditions 152

Definition of G;(0),T;(0):

Gi(©) < (Py) Vet [76,(0) = 6! > 0

T,(t) < (03) @™t [1,0)=T">0

Theorem 7: if the conditions above are fulfilled, there exists a solution satisfying the conditions 153

Definition of G;(0),T;(0):

G:(O) < (Pss) et [7G,(0) = 67 > 0]

Ti(t) < (Q36)PeM)Pt 1 (0) =T >0

Theorem 8: if the conditions above are fulfilled, there exists a solution satisfying the conditions 153

Definition of G;(0),T;(0):

G:() < (Pao) Ve [76,(0) = 60 > 0]

T,(t) < (Q4o )®eM0)Pt [1(0) =TI >0

Theorem 9: if the conditions above are fulfilled, there exists a solution satisfying the conditions 153

Definition of G;(0),T;(0):

Gi(6) < (Pyy) Vet [ G,(0) = 6! > 0]

T,(t) < (04 ) Q)P [T 0)=T" >0

Proof: Consider operator A" defined on the space of sextuples of continuous functions G;, T;: R, — 154
R, which satisfy
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G:(0) =G, T;(0) =T, G < (P3)V, T < (Q13)®, 155

0 < Gy(t) — G < (g )W)t 156

0 < Ti(t) = T < (g3 ) Ve M) 157

By 158

t
Gi3(t) = Gi3 +f [(a13)(1)614(s(13)) - ((a,13)(1) +ay3) (T (5(13))'5(13))) 613(5(13))] ds(13)
0

t
G1a(t) = Gy + f [(a14)(l)613 (sa3) — ((a,14)(1) + (a1) D (Tiy (5(13))'5(13))) 614(5(13))] ds(13)
0

t

Gi5(t) = Gfs + f [(a15)(1)014 (sam) = ((alls)(l) + (a15) P (Twa (5(13))'5(13))) 515(5(13))] ds(13)
0
t
Tis(t) = T3 +f [(b13)(1)T14(5(13)) - ((bis)(l) - (bf3)(1)(5(5(13))'5(13))) T13(5(13))] ds(13)
0
t
Tia(t) = T} +f [(b14)(1)T13 (5(13)) - ((bﬁ)(l) - (bf4)(1)(5(5(13))'5(13))) T14(5(13))] ds13)
0

t
TlS ® = T105 +f [(b15)(1)T14(5(13)) - ((bis)(l) - (bfs)(l)(G(S(n))'5(13))) T15(5(13))] ds(3)
0

Where s(;3) is the integrand that is integrated over an interval (0, t)
Proof: 159

Consider operator A® defined on the space of sextuples of continuous functions G;, T;: R, —» R,
which satisfy

G(0) =G, T,(0) =T, G® < (Ps )@, T < (016)?,
0 < G,(t) = G? < (B )Pe(Mis)t
0<Ti(t) = T < (g )P Me)

By 160

t
516 ® = G?e +f [(alé)(2)617(5(16)) - ((a'16)(2) + a'1'6)(2)(T17 (5(16))' 5(16))) Gie (5(16))] d5(16)
0
t
517(’5) = 0?7 + f [(a17)(2)616 (5(16)) - ((a’17)(2) + (a'1'7)(2)(T17 (5(16))' 5(17))) Gy (5(16))] d5(16)
0

t
Gig(t) = Gis + f [(a18)(2)617 (5(16)) - ((a,18)(2) + (allys)(z)(Tn (5(16))' 5(16))) Gig (5(16))] ds(1e)
0
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t
Ti6(t) = Ty + f [(ble)(Z)Tn (5(16)) - ((bi6)(2) - (bf6)(2)(619(5(16))‘ 5(16))) Ti6 (5(16))] ds(16)
0

t
Ty, (8) = Tf + f [(b17)(2)T16 (5(16)) - ((bi7)(2) - (bf7)(2)(619(5(16))‘ 5(16))) Ti7 (5(16))] ds(16)
0

t

Tig(t) = Ty + f [(bls)(Z)Tn (5(16)) - ((bis)(z) - (bfs)(z)(cw(s(m))‘ 5(16))) Tig (5(16))] ds(16)
0

Where s(4) is the integrand that is integrated over an interval (0, t)

Proof:

Consider operator A® defined on the space of sextuples of continuous functions G;, T;: R, - R,
which satisfy

Gi(0) =GP, Ti(0) =T, GP < (Py)®, T < (Q2)®,

0 < G,(t) — G° < (Pyy )Pe(M20)Pt

0 < Ty(t) = TP < (g9 )P (20t

By 161

Gao(t) = G3p + J: [(azo)(3)621(5(20)) - ((aéo)(3) + ago)(B)(Tm(S(ZO))’5(20))) 520(5(20))] ds(20)
Go1(t) = G31 + fot |(@20)® 620 (s20y) = ((@2)® + (@)D (Ta1 (s20y): S20)) ) 621 (520) | A cany
Gpa(t) = G, + fot |(@2)®621 (s20y) = ((@22)® + (@32) P (Taa (s20y): S20)) ) G2z (520) | A cany
T (t) = T5p + fot [(bzo)(3)T21(5(20)) - ((béo)(” - (bé’o)(”(Gza(S(zO))'5(20))) Tzo(s(zo))] ds(20)
Ty (t) = T + fot [(b21)(3)T20(S(20)) - ((bél)(” - (bgl)(3)(623(5(20))'5(20))) T21(5(zo))] ds(20)

t
T () = Tzoz +f [(bzz)(g)Tm(S(zo)) - ((béz)e) - (bgz)(3)(623(s(20)),5(20))) Ty, (5(20))] dsoy
0

Where s(;) is the integrand that is integrated over an interval (0, t)

Proof: Consider operator A® defined on the space of sextuples of continuous functions G;, T;: R, —
R, which satisfy

Gi(0) =GY, Ti(0) =T, G? < (P )®,TY < (Q24)®,
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0 < Gi(t) =GP < (Pyy )DeM2)™t

0 < Ty(t) = T < 0y )P e(M2) Pt

By 162

Gaa(t) = G34 + J: [(024)(4)025(5(24)) - ((024)(4) + 054)(4)(T25(5(z4))’5(24))) 524(5(24))] dS(a4)

Gos(t) = G35 + J: [(azs)(4)Gz4(5(24)) - ((a’zs)(d’) + (a35) @ (Tos (s2m)s 5(24))) Gas (5(24))] ds (aa)

Ga6(t) = G36 + fo t [(aza)“’) Gaos(sew) = ((a'zs)“’) + (a26)® (Tos (s24)). 5(24))) 526(5(24))] ds (aa)
Toa () =TSy + J, [(bz4)(4)T25(5(24)) - ((b£4)(4) - (b£’4)(4)(627(5(24))x5(24))) Tos (5(24))] ds (aa)

Tps () = Tgs + fo t |025) O Toa(520) = ((B25)® = ©3)@ (627 (5200, S2)) ) Tos (S2ay) | dscaay

t
Ty (1) = Tgg +f [(b26)(4)T25(5(24)) - ((bés)@) - (bge)(4)(527(5(24))x5(24))) T2 (5(24))] ds(24)
0

Where 5(,4) is the integrand that is integrated over an interval (0, t)

Proof: Consider operator A defined on the space of sextuples of continuous functions G;, T;: R, —
R, which satisfy

G:(0) =G, T;(0) =T, G) < (Py)®, T < (Q)®,
0 < Gi(t) — GO < (P )®e(M28)Dt

0<Ti(t) = TY < (Qpg )P M2s QL

By 163

G = e+ [ (@) Gao(s20) — (@)™ + ) (T (5c207)sScay)) G (5c2)] e
Gao () = Goo + fot |(@20) P Gas (528) = (@) + (@30) P (Tas (5289 528)) ) G0 (5028))] dsias
Gao(£) = Ggo + f(: [(@50) P 620 (50m) = (@50 + (@50) P (oo (s28)). 5289) ) a0 (528))] sy
Tos(6) = T3y +f |(B26) O Tas (50m) = (B2)® = (B36)P(Ga1(5028)). 528)) ) Tas (S2m) | dsas)

t
0
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t
Ty (t) = Tsy +J- [(b29)(5)T28(s(28)) - ((bét))(s) - (bé,9)(5)(631(5(28))'5(28))) T29(5(28))] ds (28)
0

t
T30 ® = T390 + f [(b30)(5)T29 (5(28)) - ((béo)(s) - (bé’o)(s)(cm(s(zs))'5(28))) T3 (5(28))] ds(2s)
0

Where s(,g) is the integrand that is integrated over an interval (0, t)
Proof:

Consider operator A©® defined on the space of sextuples of continuous functions G;, T;: R, - R,
which satisfy

G(0) =G, T,(0) =T, G < (Py) @, T? < (03,)®,
0 < G,(t) — G° < (Pyy )©e(M32) Pt
0 < Ty(t) = TP < (05, )@ (M)t

By 164

G2 () = G5 + J: |(@2) @653 (s32)) = (@520 + @5)O (T3 (5632)):5632)) ) G2 (5632)) | dsiany
Ga3 (1) = G3s + J: | (@) @652 (s32)) = ((@5)@ + (@3)® (T3 (562)s 5632)) ) Gas (562) | dsian)
Ga4 (1) = G54 + J: | (@)@ 635 (s52)) = (@500 + (@3 @ (T (s32)),5632)) ) G (562)) | dsisy
T (6) = Tsz + fot |(Bs2) T35 (56520) = (B52)@ = (B52) @ (G5 (532)). 5632)) ) T2 (5632)) | dscsy
Tis(6) = Tsz + fot |Bs3) T3 (552)) = (B3)@ = (B3) @ (G (532)), 532)) ) T (532)) | dscsy

t
T34 (1) = T, ‘|‘f [(b34)(6)T33 (5(32)) - ((bé4)(6) - (bg4)(6)(535 (5(32))'5(32))) T34 (5(32))] ds(3z)
0

Where s(35) is the integrand that is integrated over an interval (0, t)

Proof:
Consider operator A7) defined on the space of sextuples of continuous functions G;, T;: R, — R,
which satisfy

G:(0) =G, T;(0) =T, G) < (Ps) P, T < (Q36)7,

0 < G,(t) — GP < (Pyg ) Ve M3e) Pt
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0 < Ty(t) = TP < (Q36) Ve (M)t

By 165
t
Gs6(t) = G3s +f [(a36)(7)G37(5(36)) - ((aée)(7) + aze) (T (5(36))15(36))) G3e (5(36))] dse)
0

t
Gs7 (t) = G, +f [(a37)(7)G36(5(36)) - ((a'37)(7) + (a37) P (Ts7(536)), 5(36))) G3y (5(36))] dsze)
0

t

Gag(t) = Gy +J- [(a38)(7)G37(5(36)) - ((aéa)m + (a;S)(7)(T37(5(36))' 5(36))) Gsg (5(36))] ds(3e)
0

t
T36 @) = T396 +f [(b36)(7)T37 (5(36)) - ((bée)m - (bgG)(7)(639(5(36))15(36))) T36(S(36))] d5(36)
0

t

7_w37(’5) = T307 +f [(b37)(7)T36 (5(36)) - ((bé7)(7) - (b§7)(7)(639(5(36)); 5(36))) T37(S(36))] ds(3e)
0

t
Tag(t) = Tgs + f [(b38)(7)T37 (5(36)) - ((bé8)(7) - (béls)(7)(639(5(36)): 5(36))) T3 (5(36))] dsze)
0

Where 53¢ is the integrand that is integrated over an interval (0, t)

Proof:

Consider operator A® defined on the space of sextuples of continuous functions G;, T;: R, — R,
which satisfy

G(0) =G, T;(0) =T, GY < (Pyo )®, T < (04)®,
0 < Gi(t) — G < (Pyy )®e (M)t

0<Ti(0) =T < (Qug )P M0 )™

By 166

t
Gao(8) = G + f [(a40)(8)641 (o)) = ((a;to)(g) + a40)® (Tua (5a0)), 5(40))) Gao (5(40))] ds (40
0
t
Gyt (t) = Gy + f [(a41)(8)640 (s0)) = ((a;n)(g) + (a5) @ (Tu1 (sa0)), 5(40))) Ga (5(40))] ds (a0)
0

t
Gaz () = G + f [(a42)(8)641 (5(40)) - ((a;xz)(g) + (a;2)® (T41 (5(40))' 5(40))) Gar (5(40))] ds (40
0
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t
7_"40 @® = Tfo +f [(b4o)(8)T41 (5(40)) - ((bz,m)(s) - (b;o)(S)(G“ (5(40));5(40))) Ty (5(40))] d5(4o)
0

t
7141 ® = Tz& +J- [(b41)(8)T40 (5(40)) - ((bz,n)(g) - (b;1)(8)(643 (5(40))'5(40))) Ty (5(40))] ds o)
0

t
T42 ®= sz +f [(b42)(8)T41 (5(40)) - ((bitz)(s) - (bf{z)(S)(Gﬁ (5(40));5(40))) Ty, (5(40))] d5(4o)
0

Where s(4¢) is the integrand that is integrated over an interval (0, t)

Proof: 166
Consider operator A defined on the space of sextuples of continuous functions G;, T;: R, — R, A
which satisfy

Gi(0) =G}, Ti(0) =T, G? < (P4 )P, T < (Qua)?®,
0<G;(t)—G < (P )(9)6(M44)(9)t
0 < Ty(t) =T < (Q4y )V Ma)

By

t

544 ® = G& + f [(%4)(9)645 (5(44)) - ((0;14)(9) + a24)(9) (T45 (5(44)); 5(44))) Gy (5(44))] ds(a4)

0

t
Gys(t) = G5 + f [(a45)(9)G44 (5(44)) - ((alrs)(g) + (ay5)® (T45 (5(44)); 5(44))) Gys (5(44))] ds(aa)
0
t
Gas(t) = Gie + f [(a46)(9)G45 (5(44)) - ((a;m)(g) + (a46)® (T45 (5(44))» 5(44))) Gae (5(44))] ds(a4)
0
t
T () =Th + f [(b44)(9)T45 (5(44)) - ((b;m)(g) - (b;4)(9)(547 (5(44)): 5(44))) Tay (5(44))] dsas)
0

t
Tys(t) = Ty +f [(b45)(9)T44 (saan) — ((bixs)(g) — (b45) P (Gar (s4)), 5(44))) Tys (5(44))] ds(a4)
0
t
T46 ®= Tfe + f [(b46)(9)T45 (5(44)) - ((bz’m)(g) - (b‘:6)(9)(647 (5(44)): 5(44))) Tye (5(44))] ds 4y
0

Where s(44) is the integrand that is integrated over an interval (0, t)

The operator A maps the space of functions satisfying Equations into itself .Indeed it is obvious that 167
t

Gi3(t) < Gfs + f [(a13)(1) (Gf4+(1313 )(1)9(M13 )(1)5(13))] dsz) =
0

®cp,., YD
(a13)"(P13) (e(MB YD 1)

(€D)] 0
(1 + (alg) t)Gl4 + (M13 )(1)
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From which it follows that 168

(P13)D+68,

(Gy3(6) — Gly)e~ (M) Ve < 132 (as) ((P3)® + 094)(3(_ o ) (P )(1)]

(3 )

(GY)is as defined in the statement of theorem 1
Analogous inequalities hold also for Gi4, G5, T13, T14, Tis

The operator A® maps the space of functions satisfying Equations into itself .Indeed it is obvious
that

169
5 @
Gi6(t) < Gl + f [(a16)(2) (G1O7+( P )@eMs) 5(16))] ds(16)
@¢p,_ @
_ ) 0 (a16) ( 16 ) (M16)Pt _
(1 + (a16)Pt)GYy + T ® (e 1)
From which it follows that 170
@ (a16)@ <_ e )(02)+G(1)7)
(G16(t) = Gg)e(Me )™t < —2es (Mg )@ ((Ps)® +Gly)e o + (P )
Analogous inequalities hold also for Gy;,Gg, T14, T17, T1s
The operator A® maps the space of functions satisfying Equations into itself .Indeed it is obvious 171
that
~ 3)
Gao(t) < Ggo + J [(azo)(3) (Ggl +(Pyy )Pe M) 5(20))] ds(o) =
VNG
@0 2007 (Pro) (M30)3t _
(14 (az0)®t)63 + T ® (e 1)
From which it follows that 172
o - (a20)? (- L2 echs)
(GZO (t) - GZO)e_(MZO) t < W [(( PZO )( ) + 621)6 621 + (on )(3)l
Analogous inequalities hold also for G,q , G2z, Tog, T21, To
The operator A® maps the space of functions satisfying into itself .Indeed it is obvious that 173
t
5 4)
Go4(t) < G4 +f [(a24)(4) (Ggs +( Py )20 5(24)>] dse) =
0
@(p,, )@
@\ go. 4 (Ge) (P )7 0 g,y _
(1 + (a24) t)st + (M24 )(4) (e 24 1)
From which it follows that 174
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@ (a24)(4) (_ Mg%)
(G4 (t) — (;34)9—(1‘724) t< W (( Pyy )(4) + 035)6 G2s + (Pyy )(4)l
24

(GY)is as defined in the statement of theorem 4

The operator A® maps the space of functions satisfying Equations into itself .Indeed it is obvious

that
t

~ )
Gog(t) < G + J. [(azs)(s) (th)"‘( Pyg )(S)eng) 5(28))] ds(zg) =
0

G p,. )
a P.
(1 + (azg)(5)t)(;§’9 + M (e(Mzs )& _ 1)

(M )®
From which it follows that 175

o () ()
(Gag () — Gfg)e=(Mae )™t < (M,5)® ((Pyg)® + Ggo)e o2 + (P )®
28

(GY)is as defined in the statement of theorem 5

The operator A maps the space of functions satisfying Equations into itself .Indeed it is obvious 176
that

t

G, (t) < GY, +f [(032)(6) (G§3+( P, )(6)9(M32)(6)S(32))] ds@y) =
0

®) p,, 6
a
(1 + (agz)(6)t)G§3 + —( 32) ( 32 ) (Q(M32 )(é)t - 1)

(M3)®
From which it follows that 177
) (a32)(6) (‘ —0—”332 )(6)+Gg3>
(Gs,(t) — ng)e—(ﬁn) t< W (( Ps, )(6) + G§’3)e G33 + (P )(6)
32

(GY)is as defined in the statement of theorem 6
Analogous inequalities hold also for G5, Gyg, T4, Tos, Toe

(b) The operator A maps the space of functions satisfying Equations into itself .Indeed it is 178
obvious that

t
5 3 )7
Gs6(t) < G +f [(a36)(7) (6397+(P36 YDeHMse) 5(36)>] ds@ze) =
0
D¢ B N7
(az6) P (P3 )7 (e(ﬁ% YDy 1)

1+ (ass)"t)GY; + =
( ( 36) ) 37 (M36 )(7)
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From which it follows that
_(P36)D+6Y,

(7
< (ase) (( Py ) + G§7)e< —637—> + (B3 )(7)]

T (M)

(GY)is as defined in the statement of theorem 7

(G6(t) — GZp)e~(Mze) 7t

The operator A® maps the space of functions satisfying Equations into itself .Indeed it is obvious that
¢ 180

~ )
Gao(t) < Gy + f [(a10)® (G81+( Pig YO e M107V10))] ds g =
0

@¢cp, ®
(a40)™ (Pyo ) (e(M‘W NOIE 1)

1+ (ay)®t)GY + —
( ( 40) ) 41 (M4_0 )(8)

From which it follows that 181

ao®, _ (@)® |, <_<m_o><08>+_a21) )
ot < BN (g y® - ai)el 4 (i
40

(GY)is as defined in the statement of theorem 8

(Gao (1) — Gip)

Analogous inequalities hold also for G4q , G4y, T4, Ta1, Ty

The operator A®maps the space of functions satisfying 34,35,36 into itself .Indeed it is obvious
that

t
~ ©)
Gaa(t) < GJy + f [(a44)(9) (Gfs +( Py )OeMar) 5(44))] dsuey =
0

O cp )(9)
) 0 (a4a)"” (Pys (M4a) Dt _
(1 + (a44) t)G4_5 + —( M44 )—(9) (e 44 1)

From which it follows that

. (a )(9) (_ (P4 )(9)+Ggs>
~(Aa)e < Z ((Pea)® + Gi5)e f1s + (Pyy )(9)l

(Gaa (1) — Giy)e S ()

(GY)is as defined in the statement of theorem 9

Analogous inequalities hold also for Gys , G4g, Tys, Tss, Tae

i i @® W 182
It is now sulfficient to take D i )® < 1 and to choose
(Pi3)® and ( Q3 )Plarge to have
(P13 )(1)‘*’6? 183

(a)™

o joway
W) ® (Pi)® + ((P13 )P +GP)e K < (P3)®
13
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b )(1) ((@13 )(1)+T?> 184
i A\ 0 T 4.\ A,y
W((Qm)”*‘ﬂ)e J +(Q13) P < (Q13)™
In order that the operator A transforms the space of sextuples of functions G, , T; satisfying
Equations into itself
The operator-A™) is a contraction with respect to the metric 185
d ((G<1), TW), (6P, T(Z))) =
sup{max|G¢™(t) — Gi(Z)(t)|e_(M13)(1)t, max|T0 () - Tl.(z)(t)|e_(M13)(l)t}
i teR+ teER4
Indeed if we denote
Definition ofG, T : (G, T) = AMV(G, T)
It results
t
(’jl(é) _ (’ji(2)| < f(aw)(l) |Gl(i) _ Gl(i)|e—(7713)(1)5(13)6(7W13)(1)5(13) dsqs) +
0
t
f (@) D)6Y = 6P |e~ M Vs~ Vsaa) 4
0
" _ ) )
(ai) V(1) 5(13))|G1(;) - G1(§)|e (F15) Vs o (M13)Vsaaz) 4
2 " 1 " 2 (M (¢8) ™ [€Y)
621 V(TS sa3) = (@) V(T sazy)| e M3 sane (M) Usands

Where s(;3) represents integrand that is integrated over the interval [0, t]
From the hypotheses it follows

¢ — G(z>|e—mlg><“r 186

1 , —~
< W((QB)(D + (a13)® + (A;3)D
13

+ (1) D (Tyz)D)d ((Gu),Tu); G(z)'T@)))
And analogous inequalities forG; and T;. Taking into account the hypothesis the result follows

Remark 1: The fact that we supposed (aj3)™" and (b;3)Pdepending also ontcan be considered as not
conformal with the reality, however we have put this hypothesis ,in order that we can postulate
condition necessary to prove the uniqueness of the solution bounded by

(7’13)(1)6(%3)(1)t and (013)(1)em13)(1)t respectively of R,.

If insteadof proving the existence of the solution onR,, we have to prove it only on a compact then it
suffices to consider that (a;’ Y™ and (b;l YD, i =13,14,15 depend only on Ty, and respectively on
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G (and not on t) and hypothesis can replaced by a usual Lipschitz condition.
Remark 2: There does not existany t where G; (t) = 0and T; (t) =0

From 19 to 24 it results

ROE Gioe[—f(f{(a;)“)—(a;’ D (T1a(san)san)ldsan] > o

T, (t) = Tioe(_(blr)(l)t) >0 fort>0

Definition of(( M3)™") , ((M13)®), and ((My3)™), : 187
Remark 3: if G;3 is bounded, the same property have also G4 and G5 . indeed if

Gi3 < (My3)@ it follows d;’% < ((’1\7113)(1))1 — (a14) G4 and by integrating

Gy < ((/M13)(1))2 =Gy + 2(a14)(1)((/M13)(1))1/(al14)(1)
In the same way , one can obtain
Gis < ((My3)®), = Gfs +2(a15) P ((M12)®), / (a15)™
If G14 or G5 is bounded, the same property follows for G;3, G5 and Gy3, G4 respectively.

Remark 4: If G;3 is bounded, from below, the same property holds forG;4 and G5 . The proofis 188
analogous with the preceding one. An analogous property is true if G, is bounded from below.

Remark 5:1f T;5 is bounded from below and lim,_,., ((b; )V (G(t),t)) = (b14)® then T;, — oo. 189
Definition of(m)® and ¢ :
Indeed let t; be so thatfort > t;
(1) = (BHIP(G(1), 1) < &, Ty3 () > (M)
Then d;% > (a;4) P (M)W — g Ty, which leads to

(a19)Dm)D

1,
- ) (1 —e~1%) + T e 1t If we take t such that e 61t = Sitresults
1

T 2 (

Ty, =

((a14)<1>(m)<1> 2 , . :
f)' t =log - By taking now &; sufficiently small one sees that Ty, is unbounded.

The same property holds for Ty if lim, e (b1s)® (G(t),t) = (by5)®
We now state a more precise theorem about the behaviors at infinity of the solutions of equations

@) 2
It is now sufficient to take (f‘) s (f‘) < 1 and to choose 190
(M16)@) 7 (M16)P

(P )P and ( 0,4 )Plarge to have
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( )(2) <(1316 )(2)+G?> 191
a; = PN 6 PN
——— | (Pye)® + ((Ps )P +G")e J < (Pg)®
(M16)(2) ( 16) (( 16 ) "j ) ( 16 )
(016)P+1? 192
(bi)(z) A 2 0 _( 70 ]> A A 2
W((Qm)()‘*’l})e ] +(016)P[ < (016)®
In order that the operator A ? transforms the space of sextuples of functions G, , T; satisfying 193
Equations into itself
The operatorA® is a contraction with respect to the metric 194
d (((619)®, (M) D), ((619)@, (T1)®)) =
sup{max|Gi(1)(t) - Gi(z)(t)|e_m16)(z)t,max|Ti(1) ) - ﬂ(z)(t)|e_(’q16)(2)t}
i teRy teERy
Indeed if we denote 195
Definition ofGyo, Tro : (Gro, Trg) = AP (Gyg, Tro)
It results 196
t
(’jl(é) _ (’ji(2)| < f(alé)(Z) |G1(71) _ Gl(;)|e—(7716)(2)5(16)6(7W16)(2)5(16) dsqe) +
0
t
[ i@l - 6le- Mo aoe-o s 4
0
(aie) (17, 5(16))|Gl(61) - Gl(é)|e_(m“’)ms(lé)em“’)(z)s(lé) +
2 " 1 " 2 (M @) ™ 2)
Gl(é)l(a16)(2)(T1(7)' Sa16)) — (alﬁ)(z)(T1(7):S(16))| e~ (M1e)Tsae)e(M1e) 756} ds g
Where s(;4) represents integrand that is integrated over the interval [0, t] 197
From the hypotheses it follows
—(M+)@
|(G1)® — (G19)P|e~(M1e)™
1 , ~
< ——((a1e)® + (a15)@ + (By)@
Gim (@0 + @ + (i)
+ (Pi)@ (k1)) (((G10) D, (Ti)D; (G10)@, (T19)?))
And analogous inequalities forG; and T;. Taking into account the hypothesis the result follows 198

Remark 6:The fact that we supposed (ajs)® and (b;s)? depending also ontcan be considered as not 199
conformal with the reality, however we have put this hypothesis ,in order that we can postulate
condition necessary to prove the uniqueness of the solution bounded by
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@

(Pre)@eM10@t and (Qy)@eM10Pt respectively of R,.

If insteadof proving the existence of the solution onR,, we have to prove it only on a compact then it
suffices to consider that (a;’ )@ and (b;l )@, i =16,17,18 depend only on T;; and respectively on
(G19)(and not on t) and hypothesis can replaced by a usual Lipschitz condition.

Remark 7: There does not exist any t where G; (t) = 0and T; (t) =0 200

it results

G (©) = G?e[_ l@)@ =@ YA (T17(s(16))516))}ds(16) >0

T, (D) = Tioe(_(blr)(z)t) >0 fort>0
Definition of((M;6)®),, (My5)®), and ((M;6)@), : 201

Remark 8:if G is bounded, the same property have also G;; and G;g . indeed if

Gy < (My)@ it follows di% < ((ﬂ16)(2))1 — (a17)®Gy; and by integrating

Gi7 < ((/Mls)(z))z = Gf; + 2(“17)(2)((/Mm)(z))l/(aln)(z)
In the same way , one can obtain
Gig < ((/M16)(2))3 = Gig + z(als)(z)((/Mls)(z))z/(ais)(z)
If G17 or Gyg is bounded, the same property follows for G4, Gig and Gy¢, Gy7 respectively.

Remark 9: If Gy is bounded, from below, the same property holds forGy; and G;g. The proof is 202
analogous with the preceding one. An analogous property is true if G;; is bounded from below.

Remark 10:If T;¢ is bounded from below and lim,_,., ((b; )® ((G19) (1), 1)) = (by;)® then Ty; — co. 203
Definition of(m)® and ¢, :
Indeed let t, be so thatfort > t,

(b17)® = (b, )P ((G19) (D, D) < &, Ty () > (M@

SLRLAPS (a17)@ (m)P — &,T,; which leads to 204

Then "

(a17)Pm)®

- ) (1 —e®2%) + T e ®2t If we take t such that e 2t = %it results
2

Ty = (
(@17)Pm)® 2 . .. . 205
Ti; 2 (f), t= logs— By taking now ¢, sufficiently small one sees that T;; is unbounded.
2

The same property holds for Tyg if lim,_,, (b;3)® ((Glg)(t), t) = (b1g)®

We now state a more precise theorem about the behaviors at infinity of the solutions of equations
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(ap® b)®

(M20)® " (f129)®) <1 and to choose

It is now sufficient to take

(Pyu )® and (Q, )P large to have

(@)® <(1320 ><3>+G§’>
& B N3 5 3 0y, \ ¢ 5 G
() ® (P2)® + ((P)® +G)e i S (Py)®
B)® ((@zo )(3)+T§’>

: R | ~ ~

l ((Q20)® + 7}0)3 g +(Q20)®] < (020)®

(M50)®

In order that the operator A® transforms the space of sextuples of functions G; , T; satisfying

Equations into itself

The operatorA®) is a contraction with respect to the metric

d (((G)D, (Tp3) D), ((6:9)P, (Tp5) @) ) =

sup{max|Gi(1)(t) - Gi(z)(t)|e_m2°)(3)t,max|Ti(1) ) - ﬂ(z)(t)|e_(’q20)(3)t}
. teRy teRy

Indeed if we denote
Definition ofG,;3, T3 :(@). (FTst)) = AG((G3), (T23))

It results

t

~(1 ~(2 1 2)| . —(Mpg)® 0)3)
Gz(o) _ Gi( )l < f(azo)@) |GZ(1) _ Gz(l)|e (M20)*520) g (M20)*520) ds() +

0

t
, _ 3) _ ®3)
f{(azo)(3)|62(é) _Gz(g)|e (M20)5(20) g =(M20)"s(20) 4
0

(@)D (TS, 500|655 = 65 e ™M)V staw e (Fao) Ve

2 " 1 " 2 (M) 3) M) 3
G2(0)|(a20)(3)(T2(1)'5(20))_(azo)(g)(Tz(l)'S(zo)N e~ (M20)s(20) o (M20) 5@0}ds 50y

Where 5,9y represents integrand that is integrated over the interval [0, t]
From the hypotheses it follows
|GZ3 (1) _ 623 (2) |e—(7\720)(3)t

1 , ~
< W((azo)m + (az0)® + (Az)®
20

+ (P20)® (ka0)®)d (620D, (T33) Vs (G25)@, (T23)P))

166

207

208

209

210

211

212

213

214
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And analogous inequalities forG; and T;. Taking into account the hypothesis the result follows

Remark 11: The fact that we supposed (az,)® and (b,,)®depending also ontcan be considered as not ~ 215
conformal with the reality, however we have put this hypothesis ,in order that we can postulate
condition necessary to prove the uniqueness of the solution bounded by

(?20)(3)6(%0)(3)‘7 and (@20)(3)63(%0)(3)‘ respectively of R,.

If insteadof proving the existence of the solution onR,, we have to prove it only on a compact then it
suffices to consider that (a;' )® and (bl-” )® i =20,21,22 depend only on T,; and respectively on
(Gy3)(and not on t) and hypothesis can replaced by a usual Lipschitz condition.

Remark 12: There does not exist any t where G; (t) = 0and T; (t) = 0 216

it results
G, (©) = Goel @ P-@)HP(a(scn)senlisen] 5
T, () = T2e-t0¥) > 0 fort > 0
Definition of(('1\7120)(3))1, ((WZO)@))2 and ((ﬂzo)@))3 : 217

Remark 13:if G,, is bounded, the same property have also G,; and G,, . indeed if

d

Gao < (Myo)® it follows Gfl < ((/1\7120)(3))1 — (a3;)® G, and by integrating

d
Go1 < (My0)®), = 631 +2(a20) P ((M20)P), /(a21)®

In the same way , one can obtain
Gy < ((’1‘7120)(3))3 =G5 + 2(a22)(3)((7\7120)(3))2/(a'22)(3)

If Go1 or G,, is bounded, the same property follows for G, , G,, and G,,, G,; respectively.

Remark 14: If G, is bounded, from below, the same property holds forG,; and G,, . The proofis 218
analogous with the preceding one. An analogous property is true if G,;is bounded from below.

Remark 15:If T,, is bounded from below and lim,_,, ((b; )® ((G23)(®), 1)) = (b31)® then T,y — oo, 219
Definition of(m)® and «; :
Indeed let t3 be so that for t > t;

(b31)® — (B YD ((G43) (1), ) < &3, Ty (£) > (M)®

Then % > (ay1)® (mM)® — &;T,,; which leads to 220
(a2 —e3t 0 ,—e3t -3t 1.
Ty = (E—) (1 —e53Y) + Ty e 83t If we take t such thate 3" = Jit results
3
@DN®m® 2 . . .
Ty = (f), t= logg— By taking now &3 sufficiently small one sees that T,; is unbounded.
3
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The same property holds for T,y if lim, ., (b3;)® ((G23)(£), ) = (b3)®

168

We now state a more precise theorem about the behaviors at infinity of the solutions of equations

@® @

(Fas)® * (flyg )@ < 1 and to choose

It is now sufficient to take

(P, )™ and (Q,4 )Mlarge to have

(a)@® <(7’24 W67
i B \(4 5 \(4 0}, 60 5\
W(P24)()+((P24)()+Gj)e J < (Pyy)®
B)® ((624 )(4>+T§’>

: R | ~ ~

l (( Q24)® + 7}'0)3 g +(Q2)P| < (Q24)®

(M54)®

221

222

223

In order that the operator A® transforms the space of sextuples of functions G;,T; satisfying 224

Equations into itself

The operatorsA™ is a contraction with respect to the metric
d (6D, (1)), ((6:)P, (T;)®)) =

1 2 — 4) 1 2 — (4)
Sup{rtré%f|6i( )(t) _ Gi( )(t)|€ (M3p4) t Zré%f"]"t( )(t) _ Ti( )(t)|e (Mp4) 9

Indeed if we denote
Definition of(G,,), () : (@: @77)) = AW ((Gy7), (T27))

It results

t
~ ~ 4 4
Gz(i) _ Gi(2)| < J (a30)® |G2(;) _ GZ(§>|6—(%4)( s(24) o (M2) P (24 ds +
0

t
, 4 4
f {(a24)(4)|02(1) _ GZ(Z)|6_(MZ4)( )5(24)6_(ﬂ24)( )5 24 +
0

(@O, s 657 — 6P le T Ve P 4

2 " 1 " 2 (o) Mou)@
62(4)|(a24)(4)(T2(5), 5(24)) _ (a24)(4)(T2(5),s(24))| e~ (M24)""s(24) o (M24) Sen}ds g
Where s(,4) represents integrand that is integrated over the interval [0, t]

From the hypotheses on Equations it follows

225
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(G — ((;27)<2)|e—(m4><4)r 226
1 , _
= W((azﬁm + (a2)® + (A)®
+ (PP (Be)®)d ((G)D, ()5 6@, (1))

And analogous inequalities forG; and T;. Taking into account the hypothesis the result follows

Remark 16: The fact that we supposed (az,)® and (b,,)®depending also ontcan be considered as not 227
conformal with the reality, however we have put this hypothesis ,in order that we can postulate
condition necessary to prove the uniqueness of the solution bounded by

(?24)(4)6(%4)(4)‘7 and (024)(4)€(ﬁ24)(4)t respectively of R,.

If insteadof proving the existence of the solution onRR,, we have to prove it only on a compact then it
suffices to consider that (a;' Y@ and (bl-” Y@, i = 24,25,26 depend only on T,s and respectively on
(Gy7)(and not on t) and hypothesis can replaced by a usual Lipschitz condition.

Remark 17: There does not exist any t where G; (t) = 0and T; (t) = 0 228

it results
G (t) > Gi"e[_ Io{@)® =@ YP(T25(szm) sea)ldsen] > ¢

T, () = T2e-CO™) > 0 fort> 0
Definition of((ﬂ24)(4))1, ((’1\7124)(4))2 and ((’1\7124)(4))3 : 229
Remark 18:if G,, is bounded, the same property have also G,5 and G4 . indeed if
Gyy < (Myy)™@ it follows d;;% < ((7\7124)(4))1 — (a35)®G,5 and by integrating

Gys < (Mp)®), = G35 + 2(a25)(4)((7\7124)(4))1/(a’25)(4)
In the same way , one can obtain

Gae < ((7‘7[24)(4))3 =Gj + 2(a26)(4)((’M24)(4))2/(a,26)(4)
If Go5 or G,¢ is bounded, the same property follows for G,, , G,¢ and G,, , G,5 respectively.

Remark 19: If G,, is bounded, from below, the same property holds forG,s and G, . The proof is 230
analogous with the preceding one. An analogous property is true if G5 is bounded from below.

Remark 20:1f T,, is bounded from below and lim,_,., ((b; )® ((G37)(£),t)) = (bys)™® then Tps — oo. 231
Definition of(m)® and ¢, :
Indeed let t, be so thatfort > t,

(025)® = (b )P ((G27) (1), ) < £4,Toy (&) > (M)®
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Then % > (ay5)® (mM)® — g,T,5 which leads to 232
(az5) P ()@ —e4t 0 ,—e4t —e4t 1.
Tys = (57) (1 —e#") 4+ Tyse 4" If we take t such thate ™4 = Sitresults
4
(az5) P ()@ 2 . — .
Tys = (f), t= logg— By taking now ¢, sufficiently small one sees that T,5 is unbounded.
4

The same property holds for Ty if 1im, e, (b36)™ ((G27)(t), t) = (bye)™

We now state a more precise theorem about the behaviors at infinity of the solutions of equations 37
to 42

Analogous inequalities hold also for G,q, G3g, T>g, T9, T3g

(5 NG)
It is now sulfficient to take (f@al) & ,% < 1 and to choose 233
28 28
(Pyg )™ and (Q,g )®large to have
(P2g)®)+6) 234
w® [ o (=gt
s [(P2)® + ((P)® + G)e K < (Py)®
(M)
28
(028)5)+17 235
®® [, () A
——=((Q28)® + T )e g +(Q28)P[ = (Q28)®
(Mag)®
In order that the operator A® transforms the space of sextuples of functions G;,T; satisfying
Equations into itself
The operatorsA® is a contraction with respect to the metric 236

d (((631)(1). (T:0D), ((G3)P, (T31)(2))) =

1 2 - (5) 1 2 - (5)
Sup{‘rtrelg'flGi( )(t) _ Gi( )(t)|e (M) t Ttré]%flrrl( )(t) _ Ti( )(t)|€ (Mg) 9

Indeed if we denote
M{E{n’), @ : (@. @) = 04(5)((531). (T31))

It results

t
~ ~ _ 5) )
EY —¢?| < f (26)® |62 — 62 ]e M) V5o Fo)Psam) i ) +
0

t
) 5 =1\
f {(azg)(5)|62(513) _ Gz(é)|e—(ﬁzs)( )S(zs)e—(Mzs)( )s(28) +
0

(ags)(s)(Tz(;)' 3(28))|GZ%) - Gz(é)|e_m28)(5)5(28)e(%8)(5)5(28) +
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Osas) e (7‘728)(5)5(28)}(15(28)

Gyg 1(a38) (T35, s 0m)) — (az) (T35, 502y) | €M7
Where s(,4) represents integrand that is integrated over the interval [0, t]
From the hypotheses on it follows
(G3)® — (631)(2)|e—(7‘728)(5)t 237
< 55 (@) + @) + ()
+ (Pre)® (Kp8)®)d (((631)(1), (T51)Y; (631)P, (T31)(2)))

And analogous inequalities forG; and T;. Taking into account the hypothesis the result follows

Remark 21: The fact that we supposed (a,5)® and (b,g)® depending also ontcan be considered as not 238
conformal with the reality, however we have put this hypothesis ,in order that we can postulate
condition necessary to prove the uniqueness of the solution bounded by

(Prg)®e ™20t qnd (Q,g)®e(M20)®t respectively of R, .

If insteadof proving the existence of the solution onR,, we have to prove it only on a compact then it
suffices to consider that (a;’ )®) and (bg’ )®) i = 28,29,30 depend only on T,y and respectively on
(G31)(and not on t) and hypothesis can replaced by a usual Lipschitz condition.

Remark 22: There does not existany t where G; (t) = 0and T; (t) =0 239
it results
G, (t) > G,Oe[—fot{(aé)(s)—(a;’ ) (Tag (5(28)).528))}d5 28| > 0
> G >

D) 50 fort>0

T, (t) = TPe(-®
Definition of((ﬁzg)(s))l, ((/1\7128)(5))2 and ((’1\7128)(5))3 : 240
Remark 23:if G,5 is bounded, the same property have also G,9 and Gs, . indeed if

Gag < (Myg)® it follows ds% < ((’1\7128)(5))1 — (a39)® G,y and by integrating

Gao < (M35)®), = Gy + 2(a20) P ((M25)®), /(a20)®
In the same way , one can obtain
G3o < ((My5)®), = G + 2(a30)®((Mp5)®), /(az0)®
If Go9 o1 G3( is bounded, the same property follows for G, , Gzg and G,g, G,9 respectively.

Remark 24: If G,5 is bounded, from below, the same property holds forG,q and G3,. The proof is 241
analogous with the preceding one. An analogous property is true if G,9 is bounded from below.

Remark 25:If T,g is bounded from below and lim,_,., ((b; )® ((G31)(t), 1)) = (bye)® then Tpq — 0. 242

www.ijsrp.org



International Journal of Scientific and Research Publications, Volume 3, Issue 10, October 2013 172
ISSN 2250-3153

Definition of(m)®’ and & :
Indeed let ts5 be so that fort > tg

(b29)® — (b YO ((G31) (1), t) < &5, Tg (£) > (M)

Then % > (ay9)® (M) — £5T,q which leads to 243
(a29)®m)® —est 0 ,—est —es5t 1
Ty = (s—) (1 —e7%") 4+ Tyge *5t If we take t such thate 5" = Jit results
5

() (m)®)
Ty = (M), t= logi By taking now &5 sufficiently small one sees that T,q is unbounded.

The same property holds for Ty if lim,_, (b30)® ((G31)(t), t) = (b3)®
We now state a more precise theorem about the behaviors at infinity of the solutions of equations

Analogous inequalities hold also for Gs33, G3y, T3y, T33, T34

(6) 3(6)
It is now sulfficient to take (1(@‘11) @ ,% < 1 and to choose 244
32 32
(P, )® and (Q3, )®large to have
(P32)®)+6Y 245
] PV (1)
W (P3)® + ((P3)® +G)e K < (P)©
32
(032)®)+1) 246
(b)® R —(—o—, ) . A
W ((032)® + 7}0)3 g +(032)®] < (Q3)®
32
In order that the operator A® transforms the space of sextuples of functions G,,T; satisfying
Equations into itself
The operatorsA® is a contraction with respect to the metric 247

d((63)®, (T35)®), ((63)?, (T35)@) ) =

1 2 - (6) 1 2 - [©)
Sup{‘rtrelg'flGi( )(t) _ Gi( )(t)|e (M33) t Ttré]%flrrl( )(t) _ Ti( )(t)|€ (M33) 9

Indeed if we denote
Definition of(Gss), (T35) : ((@?l @) = A®((G35), (T35))

It results

¢

~(1 ~(2 1 2)| . —(M4,)® =) (6)

ngz) _ Gi( )| < f(a32)(6) |(;3(3) _ G3(3) e~ (M32)"s(32) o (M32)"*5(32) ds ) +
0
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t
' _ (6) _ (6)
J- {(a32)(6)|63(§) _ 63(5) e~ (M32)Vs32) o =(M32)s(32) +
0

(@32) (15, 562)) |65 — 65 |e™Fs2) Vs (Far) V) 4

G3(§)|(a;2)(6)(T3(§),5(32)) - (a'3'2)(6)(T3(32),s(32))| e_m”)(é)s(”)em32)(6)5(32)}d5(32)
Where s(3,) represents integrand that is integrated over the interval [0, t]
From the hypotheses it follows
|(G35)® — (635)(2)|e—(7‘732)(6)5 248
= W((a32)(6) + (a3)© + (45)®
+ (P3) @ (k32)@)d (((535)(1)' (T35)D; (G35)@, (T35)(2)))

And analogous inequalities forG; and T;. Taking into account the hypothesis the result follows

Remark 26: The fact that we supposed (az,)® and (b3,)©®depending also ontcan be considered as not 249
conformal with the reality, however we have put this hypothesis ,in order that we can postulate
condition necessary to prove the uniqueness of the solution bounded by

(P3)©e M3t gnd (0s,)@ e M3t respectively of R, .

If insteadof proving the existence of the solution onR,, we have to prove it only on a compact then it
suffices to consider that (a;' )® and (bl-” )©® i =32,33,34 depend only on Ts; and respectively on
(G35)(and not on t) and hypothesis can replaced by a usual Lipschitz condition.

Remark 27: There does not exist any t where G; (t) = 0and T; (t) = 0 250

it results
G, () = Gioe[—f(f{(a;)(e')—(a;’ ) (T33(s(32)).532)) s (32) | >0

T, () = T2t > 0 fort> 0
Definition of(( M3;)®),, (M3,)®), and ((’1\732)<6>)3 : 251
Remark 28:if G, is bounded, the same property have also Gs3 and Gs, . indeed if
Gz, < (M3,)® it follows d:% < ((M3)®), - (a33)® G35 and by integrating

G33 < ((’1\7132)(6))2 =G3s + 2(“33)(6)((’M32)(6))1/(a,33)(6)
In the same way , one can obtain

G3y < ((/M32)(6))3 =G + 2(“34)(6)((/M32)(6))2/(a,34)(6)

If G33 or Gs, is bounded, the same property follows for G3, , G34 and Gz, , G33 respectively.
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Remark 29: If G3, is bounded, from below, the same property holds forGz; and Gz, . The proof is 252
analogous with the preceding one. An analogous property is true if G33 is bounded from below.

Remark 30:1f T3, is bounded from below and lim,_,., ((b; )® ((G35)(£),t)) = (b33)® then T35 — oo. 253
Definition of(m)® and & :
Indeed let t be so that fort > tg

(b33)® — (b YO ((G35) (1), t) < &6, T3z (£) > (M)©®

Then d;% > (a33)® (m)©® — g,T;; which leads to 254
(a33)® (m)©® —egt 0 ,—ept —ept 1.
T3z = (87) (1 —e7%6") 4+ T33e7*6" If we take t such thate™®¢! = Sitresults
6

(a33) @ m)©® 2 . - .
T3 = (f), t= logg By taking now g4 sufficiently small one sees that T3 is unbounded.

The same property holds for Ty, if 1im, e, (b3,)® ((G35)(t), (), t) = (b34)©
We now state a more precise theorem about the behaviors at infinity of the solutions of equations

Analogous inequalities hold also for G3;, Gsg, T34, T37, T35 255

@? o
(M36)M) " (M36 )7
(P36 )™ and ( Q34 )large to have

It is now sufficient to take < 1 and to choose

@ )(7) _<(ﬁ36 )(7)+G?> 256
W (P36)™ + ((P3s)? + G)e g < (Py)?
36
257
(b)) (@36 >”)+T?>
. R o — A ~
———[((Q36) 7 + 7}0)3 g +(Q36) 7| = (Q36)7
(M)
36
In order that the operator A7) transforms the space of sextuples of functions G,,T; satisfying
Equations into itself
The operator-A) is a contraction with respect to the metric 258

d (((G39)(1). (T39)®), ((G39)®, (T39)(2))) =
sup{max|GV(t) — Gi(z)(t)|e_(1ﬁ36)(7)t,max|Ti(1) ®) - 7}(2)(15)|e_('q36)(7)t}
i teER4 teER4

Indeed if we denote

Definition of (Go), (o) : (@); @) = AP ((Gs9), (T39))
It results
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¢
G_?Eé) _ G”i(2)| < f(a36)(7) |G3(%) _ GB(;)|e—(ﬁ36)(7)5(36)6(7‘?36)(7)5(36) dse) +
0

t
' 7 7
f {(036)(7)|G§é) _ G?)(é)|e_(ﬁ36)( )5(36)8—(71236)( )s36) +
0

(@36) P (TSP, 536))| G35 = 65236 5300 (Fse) Py 4

2 " 1 " 2 _ 7 @)
G§6)|(a36)(7) (T3(7), 5(36)) — (a36)? (T3(7), 5(36))| e~ (M36)""5(36) o (M36) G }ds (3¢
Where s(3¢) represents integrand that is integrated over the interval [0, t]
From the hypotheses on it follows
|(G39)® — (639)(2)|e—m36)<7% 259
1
- @ N ) A.,.)D
= (P30)® ((a36)? + (aze)”) + (Asz6)
+ (P36)7 (k3e))d (((639)(1), (T39)W; (G39)?, (T39)(2)))
And analogous inequalities forG; and T;. Taking into account the hypothesis the result follows
Remark 31: The fact that we supposed (az¢)” and (bs¢)”depending also ontcan be considered as not 260

conformal with the reality, however we have put this hypothesis ,in order that we can postulate
condition necessary to prove the uniqueness of the solution bounded by

(P36)Pe ™37t and (se) Ve M3t respectively of R, .

If insteadof proving the existence of the solution onR,, we have to prove it only on a compact then it

suffices to consider that (a; )@ and (bi” )P, i = 36,37,38 depend only on T;; and respectively on

(G39)(and not on t) and hypothesis can replaced by a usual Lipschitz condition.

Remark 32: There does not existany t where G; (t) = 0and T; (t) =0 261
it results

G, (t) > Gioe[—fot{(a;)m—(a;’ YD(T37(s36))536))}536)] >0

D7) 50 fort>0

T, (t) = TPe(-®
Definition of(( M36) ™)., (M36)"), and ((Ms) "), : 262
Remark 33:if G54 is bounded, the same property have also G5, and Gsg . indeed if

Gz < (M36)? it follows d:% < ((M30)7), - (a3;)"G3, and by integrating

Ga7 < (M36)7), = G + 2(az7) " ((M36)7), / (a37)”
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In the same way, one can obtain
G3g < ((7‘7[36)(7))3 =G + 2(a38)(7)((/M36)(7))2/(a;>8)(7)
If G37 or G3g is bounded, the same property follows for G345, G35 and Gz, G37 respectively.

Remark 34: If G35 is bounded, from below, the same property holds forG;; and G3g. The proof is 263
analogous with the preceding one. An analogous property is true if G3; is bounded from below.

Remark 35:1f Tz is bounded from below and lim,_,, ((b; )7 ((G39)(t), 1)) = (b3;)? then T3, — oo. 264
Definition of(m)™ and &, :
Indeed let t; be so that fort >t

(b37) P — (b )P ((G39) (1), £) < &7, T3 (£) > (M)?

Then dz;% > (a37)?P(m)?) — &,T;; which leads to 265
(a37)(7)(m)(7) —e7t 0 ,—e7t —g7t 1
T3; = (E—) (1 —e™ ") + T3ye 747" If we take t such that e 7" = Sit results
7
(az)P )™ 2 . _ .
T3; = (f), t= logg— By taking now &, sufficiently small one sees that T;; is unbounded.
7

The same property holds for Tsg if lim, e, (b35)" ((G39) (), t) = (b3g)”
We now state a more precise theorem about the behaviors at infinity of the solutions of equations

() @
It is now sulfficient to take (f;;; ® ,(1(;;3 @ < 1 and to choose 266
(Pyo )® and ( Q4 )®large to have
( )(8) <(1340 )(8)+G?> 267
a; ~ . i A A
W (Pao)® + ((Pao)® +G)e K < (Py)®
40
268
(b)® ((@40 )(8)+T?>
. R o — A ~
Fo@ | (@)@ +T0e 5 T4 (Qa0) P < (Qu0)®
(My)®
In order that the operator A® transforms the space of sextuples of functions G,,T; satisfying
Equations into itself
The operator-A® is a contraction with respect to the metric
d (((G43)(1), (T43)(1)), ((G43)(2); (T43)(2))) = 269
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2 — 8) 2 _ 8)
Sup{_’z,éu%x|Gl(1)(t) _ GL( )(t)|e (M40) t!";reln%x|71l(1)(t) _ Tl( )(t)|e (M40) t}
i + +

Indeed if we denote 270
Definition of(Gy3), (Ty3)  :  ((G3), (Tuz)) = A®((Gy3), (T43))
It results 271

t
G _ Gi(2)| < f (@49)® |Gﬁ) _ Gg)|e—(7\?40)(8)5(40)6(7‘740)(8)5(40) dswo) +
0

t
' 8 8
f {(a40)(8)|64%) _ Gig)|e_(ﬂ4°)( )5(40)6—(7\?40)( )sa0) +
0

41 40
2 " 1 " 2 (M) ® Man)®
G£0)|(a40)(8)(T4(1), 5(40)) _ (a40)(8)(']"4(1),5(40))| e~ (M40)*s(40) o (M40) 540 }ds (4)

. - ) )
(@)@ (T, 5040) |65y = 6™ Moo 540 (Fao)Pscaor

Where s(49) represents integrand that is integrated over the interval [0, t] 272
From the hypotheses it follows
|(Gys)® — (643)(2)|e—(mo)<8>r 273

1 , ~
< ———((a40)® + (a40)® + (Ayo)®
(My)®
40

+ (Pi0)® (Fag) @) (((643)®, (Ti3) Vs (64)P, (1))

And analogous inequalities forG; and T;. Taking into account the hypothesis the result follows
Remark 36: The fact that we supposed (a4y)® and (b4)®depending also ontcan be considered as not 274

conformal with the reality, however we have put this hypothesis ,in order that we can postulate
condition necessary to prove the uniqueness of the solution bounded by

(Pao)®eMi00®t gnd (Q40) @ eM00™¢ respectively of R, .
If insteadof proving the existence of the solution onR,, we have to prove it only on a compact then it

suffices to consider that (a;')(g) and (bl-”)(s),i = 40,41,42 depend only on T;; and respectively on
(G43)(and not on t) and hypothesis can replaced by a usual Lipschitz condition.

Remark 37 There does not exist any t where G; (t) = 0and T; (t) =0 275

it results
G (t) = G,Oe[—fot{(aé)(g)—(a;, )(8)(T41(5(40))'5(40))}‘15(40)] >0
= G; =

T, (¢) = T2e-t0¥) > 0 fort > 0
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Definition of((M40)®),, (M40)®), and ((M4)®), : 276
Remark 38:if G,, is bounded, the same property have also G,; and G,, . indeed if
Gao < (Mye)® it follows d;‘% < ((7\7[40)(8))1 — (a3;)® G4y and by integrating

Gy < ((/M40)(8))2 =G5 + 2(a41)(8)((/szo)(s))l/(a;n)(g)
In the same way, one can obtain
Gy < ((/M40)(8))3 =G+ 2(a42)(8)((7\7140)(8))2/(“;2)(8)
If G41 or G4, is bounded, the same property follows for G,y , G4 and G4, G4 respectively.

Remark 39: If G4, is bounded, from below, the same property holds forG,,; and G4, . The proof is 277
analogous with the preceding one. An analogous property is true if G4; is bounded from below.

Remark 40:1f T,, is bounded from below and lim,_,., ((b; )® ((G43)(£), ) = (by;)® then T,; — o, 278
Definition of(m)® and &g :
Indeed let tg be so that for t > tg

(byy)® — (bi”)(S)((GAIS)(t)' t) < &g, Tyo (&) > (M)®

Then % > (a4,)® (M)® — g4T,; which leads to 279
(as)®m)® —egt 0 ,—egt —egt 1
Ty = (E—) (1 —e%8") + T, e %8 If we take t such that e 78" = Jit results
8
(a41)(8)(m)(8) 2 . . . .
Ty = (f), t= logg— By taking now &g sufficiently small one sees that T,; is unbounded.
8

The same property holds for Ty, if 1im, e, (bsz)® ((G43)(©), t (1), t) = (bsz)®

279
@® _®®
(M4 ) 7 (Mgq )

It is now sufficient to take < 1 and to choose ( P,y ) and ( Q44 )@large to have

( )(9) <(1344)(9)+G?>

a; ~ o~ B 0 5

W (Pi)@ + ((P)O +62e \ % < (P)®
44

5)® ((@44 )(9)+T})>

. R - ~ ~

W ((Qua)®P +T0)e g +(Q4s)?[ < (Q4a)®
44

In order that the operator A transforms the space of sextuples of functions G; , T; satisfying 39,35,36
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into itself
The operator-A(®) is a contraction with respect to the metric

4 (6D, TDD), (6P, (T @) =
sup{max|Gi(1)(t) _ Gi(Z) (t)|e_(M44)(9)t,maJC|Ti(1) t) — Ti(Z) (t)|e_(M44)(9)t}
i teER4 teERy

Indeed if we denote

Definition of(G,,), (T,7) : ((E;) (TAT)) = AV ((Gy7), (Tyy))
It results

t

A #72) 1) @)| ,—(M4g)® Myg)®

Gy — G |SJ-(a44)(9)|G45 —G,s |e (M) s (44) o (M44)* 5 (44) ds(44)+
0

t
[ i1 - 6Ple- T ang- s 4
0

(@) (T, 500|653 = 6L |~ ManPsta e P Vs 4

2 " 1 1 2 (M) Mas)@
GP1@r) (TS, suay) — (@1)® (T4(5);S(44))| e~ (Mad) s g (Man) Tsnyds
Where s(44) represents integrand that is integrated over the interval [0, t]

From the hypotheses on 45,46,47,28 and 29 it follows

|(G47)(1) _ G(Z)|e—(ﬂ44)(9)f
1 , ~
< ® (@)@ + (a3)@ + (44)®
44

+ (?44)(9)(7‘44)(9))‘1 (((547)(1), (T47)(1); (547)(2): (T47)(2)))

And analogous inequalities forG; and T;. Taking into account the hypothesis (39,35,36) the result
follows

Remark 41: The fact that we supposed (a,,)® and (bs,)® depending also ontcan be considered as not
conformal with the reality, however we have put this hypothesis ,in order that we can postulate
condition necessary to prove the uniqueness of the solution bounded by

(P) Qe 4P g (Q4s) @ e MaP¢ respectively of R,.
If insteadof proving the existence of the solution onR,, we have to prove it only on a compact then it

suffices to consider that (a; )® and (b, )®,i = 44,4546 depend only on T,s and respectively on
(G47)(and not on t) and hypothesis can replaced by a usual Lipschitz condition.

Remark 42: There does not exist any t where G; (t) = 0and T; (t) =0

From 99 to 44 it results
Gi (t) > Gpe[_f(:{(a;)(‘?)_(a;' )(9)(T45(5(44)).5(44))}115(44)] > 0
> G; >

T, (¢) = T2t > 0 fort > 0
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Definition of((M44)®) , (M44)®), and ((M4)®), :
Remark 43:if G4, is bounded, the same property have also G5 and G, . indeed if
Gay < (Myy)® it follows dg% < ((W44)(9))1 — (a45)®Gys and by integrating

Gys < ((7‘7144)(9))2 = Ggs5 + 2(a45)(9)((/1\7144)(9))1/(@5)(9)
In the same way , one can obtain
Gas < (M4n)®), = Gifg +2(a46) @ (Mas)®), / (a46)®
If G45 or G, is bounded, the same property follows for Gu4 , G4 and G4, Gu5 respectively.

Remark 44: If G4 is bounded, from below, the same property holds forG,s and G4 . The proof is
analogous with the preceding one. An analogous property is true if G5 is bounded from below.

Remark 45:1f T, is bounded from below and lim, ., ((b; ) ((G47)(£),t)) = (bys)® then T)5 — oo.
Definition of(m)® and &, :
Indeed let ty be so that for t > ¢tq
(bys)® — (bi”)(g)((G4-7)(t)' t) < &9, Ty (t) > (m)®
Then d;% > (a45) P (M)® — £4Tys which leads to

(a45) P (m)®

1,
- ) (1—e™®) + Txe ¢ If we take t such that e™9¢ = Sitresults
9

Tys 2 (

(a45) P m)®
rie = (1)

The same property holds for Ty if lim,_,., (byg)® ((647)(t), t) = (bye)®
We now state a more precise theorem about the behaviors at infinity of the solutions of equations 37
to 92

, t= log; By taking now &4 sufficiently small one sees that Ty5 is unbounded.
9

Behavior of the solutions of equation 280

Theorem If we denote and define
Definition of(al)(l) , (Gz)(l) ) (Tl)(l) ) (Tz)(l) :

(0D, (0) DV, ()P, (1) four constants satisfying
—(0)® < —(a13)® + (a1)® = (a13) P (Tha, ) + (a1) P (Ti4, 1) < —(07)P

—(1)® < =(b13)™ + (b1)® = (b13) (G, 8) = (b)) P (G, 1) < = (7)™
Definition of(v;)®, (v;)@®, (u)®, (u) W, vV, u® : 281

By (v)® >0, (v,)® < 0and respectively (1) > 0, (u,)® < 0 the roots of the equations
(@) DEDO) + @)DvD — (@)D = 0and B)DED)’ + @E@Vu® = (b1 = 0
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Definition of(v;)®,, (V) @, (1)@, (7i,)® : 282

By (7)™ > 0, () < 0and respectively (&i;)? > 0, (i1,) < 0 the roots of the equations
(a14)(1)(v(1))2 + (0)PvW — (a43)™ = 0 and (b14)(1)(u(1))2 + (1) Pu® — (by3)® = 0

Definition of(m; )™, (m2)®, (u)®, (u2)®, (vo)® - 283

If we define (m;)®, (my)®, (u)®, (u)® by
m)® = () D, (m)® = ()D, if WP < ()P

(m)® = ()D, (D = @)D, if v)D < (ve)P < (7)D,

0
and| (vy)® = %
14

(mz)(l) = (Vl)(l)' (ml)(l) = (Vo)(l): if (171)(1) < (Vo)(l)
and analogously 284
(Hz)(l) = (Uo)(l):(ﬂl)(l) = (ul)(l): if (uo)(l) < (ul)(l)

W)™ = W), (u)® = @)® ,if w)® < we)® < @)®,

TU
and| (uy)® = T1—03
1

'S

()P = @)D, ()P = W)W, if @)P < (up) Pwhere(uy)®, ()™
are defined

Then the solution of global equations satisfies the inequalities 285
G%e((sl)(l)_(plg)(l))t < Gi3(t) < G&e(sl)(l)t

where (p;) is defined by equation

1
5933((51)(1)—(P13)(1))f < Gpa(t) £ ——=G? 1Mt

(m)® (mp)®
(1) 0
( (a15) Gl3 [e((sl)(l)_(p13)(1))t — e—(sz)(l)t:l + GO e—(SZ)(l)t < G (t) 286
(m1)(1)((51)(1) - (P13)(1) - (52)(1)) 13 =S
(‘115)(1)6103 €}) EPNAING)) ERAINGH)
= (S — @@yl e e
T8e Rt < 7, (¢) < TG e(RDD+01)D)e 287
1 o wp® 1, Dy gD 288
——TLe®D™Vt < T (t) < ——— TS e(RD W+ )t

(#1)(1) (#2)(1)
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(b1s) VTS
) D((R)D = (by5)D)

[e(R1)(1)f — e‘(bis)(l)t] + Tlose_(blﬁ)(l)t STis(t) <

(als)(l)T103
() D ((R)D + (r13) P + (R)WD)

[e((Rl)(1)+(T13)(1))f — e—(RZ)(l)t] +T% e~ (RMt

Definition of(5), ($)®, (R)D, (R;) V-
Where ()M = (a13)® (m)™ = (1)
)W = (a15) = (p15)®
R)® = (b13) P () ® = (b13)®
(R)W = (by5)® = (ry5)™

Behavior of the solutions of equation

Theorem 2: If we denote and define
M@H)(z) ) (02)(2) ) (Tl)(z) ) (Tz)(z) :

(6))P,(0,)P, (t))?, (1) Pfour constants satisfying
—(0)® < —(a16)® + (@17)@ — (@16) P (Ty7, t) + (a17) P (Ty7,t) < —(0)@

(1)@ < =(b1e)® + (0;7)® = (b16) P ((G10), ) — (1) P ((Gro), t) < —(1))@
Definition of(v;)@®, (v,)®, (u)@, (u)® :
By (v)® >0, (v,)® < 0and respectively (u)® > 0, (u,)® < 0 the roots
of the equations (a17)(2)(v(2))2 + (6)Pv® — (a;6)P =0
and (b1)@u®@)” + (1))Pu® — (b;6)® = 0 and
Definition of(v,)®,, (v2)®, (@)@, (@)@ :
By (1)® > 0, (¥,)@® < 0and respectively (;)® >0, (7i,)® < 0 the
roots of the equations (a17)(2)(v(2))2 +(0)Pv® — (a19)P =0
and (bi7)@(u®)” + (©)@u® — (b1)® = 0
Definition of(m;)® , (m»)@ , (1)@, (u2)® -
Ifwe define (my)®, (my)®, (u)@, () by
(Mm)® = ()@, ()P = ()@,  if ()@ < ()@

(my)® = (v)®, ()P = @)D ,if (v)P < (W@ < (1)P,

182

289

290

291

292

293
294
295
296
297

298

299
300

301
302

303
304
305

306
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0
and|(v)® = 3¢
G17
(mz)(z) = (Vl)(z)' (ml)(Z) = (Vo)(z)' if(ﬁl)(z) < (Vo)(z) 307
and analogously 308

)P = )P, @) = @)?,  if ) < @)@

W2)® = W)@, (u)® = @)@, if W)@ < (w)® < @)?,

0
and| (ug)@® = -4¢
17

(12)® = W)@, (1)@ = (ue)®, if (@)® < (u)® 309

Then the solution of global equations satisfies the inequalities 310
G?se((sl)(Z)_(plﬁ)(Z))t < Gi(t) < Gg)se(sl)(z)t

(p)® is defined by equation

311
= G0 eEDP-@10P)t < 6 (1) < —— GO, eSDPt
(m1)(2) 16 17( ) (mz)(z) 16
@0
( (a18)*~’Gis [e((Sl)(z)—(me)(z))t _ e—(Sz)(z)t] +Q° e—(Sz)(z)t < Gy 312
Mm@ (SN — (p16)® — (S2)@) ' -
(a15) PGP @r (@ NG
S PGHP — @@y T Gl
Toe®DPt < (1) < T e(®RDP+r10) @) 313
;Tloﬁe(m(”t < Tye(t) < ;T&e((}h)(zh(ms)(”)t 314
(1)@ a T (1)@
(b1g) DTy [ @ @ @) 315
Rt _ a=(b1g) f] + Tl e 18) 7t < T <
7 e e 18€ <Tig(t) <
(#1)(2)((R1)(2) - (bls)(z))
@0
(a15) “Ti [e((Rl)(2)+(T16)(2))f _ e—(Rz)(z)t] +TO e—(Rz)(Z)t
() D ((R)P + (116)@ + (R)P) '
Definition of(S;)®, (S,)@, (R))®, (Ry)®:- 316
Where (51)(2) = (a16)(2)(m2)(2) - (alle)(z) 317

(Sz)(z) = (a18)(2) - (P18)(2)
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(R)P = (b16) P ()™ — (by)®
(R = (byg)® — (115)?
Behavior of the solutions
Theorem 3: If we denote and define
Definition of(6,)®, (65)®, (1)@, (7,)® :

(0P, (0)®, (1)@, (1,)Pfour constants satisfying

—(02)® < —(a20)® + (a21)® = (a30)® (T2, 1) + (a21) B (Tp1, 1) < —(0)®

~(1)® < =(b30)® + (21)® = (b20) P (623, ) = (b21)P((G23),t) < ~(7)P

M(VI)G)' (Vz)m' (ul)(S)r (Uz)(S) :

184

318

319

320

By (v)® >0, (v,)® < 0and respectively (u;)® > 0, (u,)® < 0 the roots of the equations

(@)PEO) + @)V — (@)@ =0
and (by))®u®)’ + (1)@u® = (b,0)® = 0 and

By (1)® > 0, (¥,)® < 0 and respectively (ii;)® > 0, (i1,)® < 0 the
roots of the equations (a21)(3)(v(3))2 + (0)v® = (a,0)® =0
and (b,)®®)? + (1,)Pu® — (b)) =0
Definition of(m;,)® , (m,)® , (1))@, (uy)® :-

If we define (m;)®, (m2)®, (u))®, (1)@ by
(my)® = (v))®, (M)® = ()@, if (v))® < (v)®

m)® = )®, (m)® = 7)P,if )P < V)P < @),

0
and) (vo)® = 2
G21
(m)® = (W)@, (m)® = (v)®, if (1)® < (v)®
and analogously
U2)® = w)®, (u)® = u)®, if (u)® < (u)®
0
)@ = @), ()@ = @)@, if W) < w)® < @)@, and ()@ =72
21

(1) = @)@, @@ = @), F @ < @)®

Then the solution of global equations satisfies the inequalities

321

322
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GLeEDP =209 < 6, (£) < 68 eD

(p)® is defined by equation

1
0 ((5Y3) —(pr )3t 0 ,(51)®t
Wczoe(( DY -@200)t < Gy (t) < Wczoe( 1)
(azz)(3)6200
(M) (5P = (p20)® = (5)®)
< (azz)mGgo
T (m)®((S)® — (azz)(3))

(

(0P =020t — o=V ] 4 696DV < Gy (1)

[Pt — g=(@22)Pt] 4 (Y g—(@z) Pty

79 e®DPt < 7, (1) < T9 e (RDP+i20))e

- @ 1 ®) 4 (ry )@
Gy e ™ S T ®) < gy e
1 2
(b22) TS

RDPt _ —(by)®t 0 _—(byy)®t < <
(1) ®((R)D — (by)®) [e e ]+Tzze 2)7 < Ty (¢) <

(azz)(3)T200
(t2) P ((R)DP + (1,0)® + (R)®)

[e((Rl)(3)+(7”20)(3))f — e—(Rz)mt] + T3, e~ (R)®t

Definition of(S;)®, (5,)®, (R))®, (R,)®:-
Where (S)® = (a20)® (m;)® — (a0)®
($2)® = (a22)® — 022)®
(R = (b20)® (12)® = (b30)®
(R)® = (b3)® = (1)@
Behavior of the solutions of equation

Theorem: If we denote and define
Definition of(6,))® , (65)™® , (1))@, (7,)® :
(0@, (6)W, (1)@, (1) Pfour constants satisfying
—(0)® < —(a24)™® + (a25)® = (a24)® (Tp5, ) + (a25) P (To5, 1) < —(07)@
— (@)™ < =(b2)™® + (by5)™® = (b3) P ((G27), t) = (b25) P ((G27), 1) < = ()@
Definition of (v;)®, (v))®, (u))™@, (up)®,v®, u® .

By (v)® >0, (v,)® < 0and respectively (u)® > 0, (u,)® < 0 the roots of the equations
(@)D (D) + @)D — ()@ = 0
and (by5)®(®)” + (2)Pu® — (by)® = 0 and

323

324

325

326

327

328

329
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Definition of (v, )®, , (V) ™, (1)@, (7i,) @ : 330

By (7))@ > 0, ()™ < 0 and respectively (ii;)® > 0, (ii,)® < 0 the
roots of the equations (a,5)® (v(4))2 + (0,) v ® — (ay)® =0
and (bys)®@(u®)? + (1,)®u® — (b)® =0
Definition of(m;)® , (m,)®, (u))®, (u2)@, (vo)® :-

If we define (m)®, (m)®, (u)®, ()™ by
(mz)(4) = (Vo)(4)' (ml)(4) = (Vl)(4)' if (Vo)(4) < (Vl)(4)

(my)® = (v)®, (M@ = D, if ()@ < W@ < ()@,

0
and| (v))® = 2t
25

(mz)(4) = (v4)(4), (ml)(4) = (Vo)(4)r if(ﬁ4)(4) < (Vo)(4)

and analogously

331
(Hz)m = (Uo)(4): (Hl)(4) = (ul)(4)r if(uo)(4) < (u1)(4)
)@ = (W)@, (u)™® = @YW, if W)™ < W)™ < @)@,
TO
and| (u)® =3
25
(1)@ = W)@, ()@ = ()@, if @)™ < (up) Pwhere(u)™W, (@)™
Then the solution of global equations satisfies the inequalities
332
Ge@EW-020") < 6, (1) < G, e D™
where (p,)® is defined by equation
1
9 (P -2) P 0 o)Wt
(ml)(4) GZ4e < GZS (t) < (mz)(4) (;246 333
@) 0
( N 5326) G24(4) o) [0 P02t _ =61 1 666DVt < Gy (1) 35k
(M)W (D™ = (p24)™ = (52)
B ;G0 , .
- (az6)™" G2y ’ [e(sl)(‘”t _e_(a26)(4)t:| +G£)6€_(a26)(4)t>
(M)W ((S)™ — (aze)®)
79,e®F0Yt <, () < T2°4e((R1)(4)+(r24)(4))f|
1 75e®®t <1, (1) < 1 79, e (RDD+20)®)e 335
()™ ()™
(bae) VT3, 336

R)®e _ —(b'ze)(4)t] TO o=b2e)Pt < T
7 e e + Thee 726 STh(t) <
(1) D ((R)W = (bye)™)
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(‘126)(4)7204
(U2) P ((R)D™ + (124)® + (R)W)

[e((Rl)(4)+(T24)(4))t — e—(RZ)(4)t] + T206e_(R2)(4)t

Definition of(S;)®, (5,)®, (R))@, (R,)@:- 337
Where (S)® = (az4)® (mp)® — (az4)®
(52)(4) = (azs)(4) - (P26)(4)
(R)W = (bp0)® () ® — (o)™
(Rz)(4) = (bés)(@ - (Tzs)(4)

Behavior of the solutions of equation 338

Theorem 2: If we denote and define
Definition of(d,)®, (65)®, (1,)®, (1,)® :
(0, (0)®, (1)), (1,)®four constants satisfying
—(02)® < —(az8)® + (a20)® = (a26) P Ty, ) + (a29) P (T, 1) < —(0)®
—(12)® < =(b3)® + (b29)® = (b25)®((G31), ) — (b20) P ((G31),8) < =(2)®
Definition of(v;)®, (v;,)®, (u))®, (u)®,v®, u® : 339

By (v)® >0, (v,)® < 0and respectively (1;)® > 0, (u,)® < 0 the roots of the equations
(a29)® (V(S))z +(0) v = (a5)® = 0
and (bys)® (u®)’ + (1)OuU® — (b5)® = 0 and

Definition of(v,)®,, (,)®, (i1;)®, (ii,)® : 340

By (7,)® > 0, (¥,)® < 0 and respectively (ii;)® > 0, (i1,)® < 0 the
roots of the equations (a,9)® (v(s))z + (0,) OV — (ay)® =0
and (b)) (u®)’ + (1)OuS — (byg)® =0
Definition of(m;)® , (m,)®, (u)®, (u2)®, (vg)® :-

If we define (m;)®, (m)®, (u)®, (u)® by
(mz)(s) = (Vo)(s): (ml)(s) = (Vl)(s): if(Vo)(s) < (Vl)(s)
(m)® = (), (M) = @), if )P < (V) < @),

0
and| (vy)® = %
29

(m)® = (v)®, (m)® = (v)®, if (1)® < (v))®
and analogously 341

(#2)(5) = (uo)(s)' (#1)(5) = (ul)(s): if(uo)(s) < (ul)(s)
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W2)® = W)®, wu)® = @), if w)® < w)® < @)@,

and| (uy)® = 2

(1)@ = W)®, (1) = W)™, if @) < (up)®where(u;)®, ()

Then the solution of global equations satisfies the inequalities 342
Ggge((Sl)(s)—(pzs)(S))f < Gyg(t) < Ggge(sﬂ(s)t

where (p,)® is defined by equation

1 ®) 343
= G0 (D))t < () <« ——— GO (5Pt
(mS)(S) 28 29( ) (mz)(s) 28
(5) 0
(a30) 628 [e((31)(5)—(1128)(5))t _ e_(sz)(S)t] + Go e_(gz)(5)t <G (t) 344
(M) (DD = 28)® = (52)) 30 -
)0 , ,
< (azp)~’Gzg ’ [e(Sl)(S)t 3 e—(ago)(s)t] 4+ G0 (@)t
~ ()P ((SDD — (a30)®) %0
The®®t < 7,0 (1) < Tzose((Rl)(5)+(T28)(5))t| 345
1 ® ©) ©) 346
0 ,(R)®t 0 ,((R)P+(r8))t
e The®Pt < 7,0 (1) < ® 79, e (R +(2)™)
(b30) )Ty ®) ) O\ 347
RD®t _ —(b30)t 0 ,—(b30)®t
(M1)(5)((R1)(5) — (béo)(s)) [e 1 e~ \P30 ] + T3pe 730 S T3(t) <
G)70
(a30) " T2g [e((Rl)(5)+(T28)(5))t _ e—(Rz)(s)t] +T0 e—(Rz)(s)t
U2)D (R + (125)® + (R)S) %0
Definition of(S;)®, (5,)®, (R))®, (R,)®:- 348
Where (51)® = (az4)®(my)® — (a36)®
(52)(5) = (a30)(5) - (P30)(S)
(Rl)(s) = (bza)(s)(ﬂz)(s) - (blza)(s)
(R)® = (b30)® — (139)®
Behavior of the solutions of equation 349

Theorem 2: If we denote and define
Definition of(6,)® , (65)®, (1)@, (7,)® :

(0)®, (0,)®, (1)@, (1,)@four constants satisfying
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—(02)® < —(a3)® + (a33)® — (a3,) @ (Ts3,t) + (a33) O (Ta3,t) < —(67)®

—(1)©® < =(b3)© + (b33)©@ — (b3) @ ((G35), t) — (b33) @ ((G35),t) < —(11)©®

Definition of (v;)®, (v5)©, (1)@, (uy)®,v®, u® .

189

350

By (v))® >0, (v,)® < 0and respectively (u;)® > 0, (u;)® < 0 the roots of the equations

(@)@ (V@) + @) OV — (a5)® = 0
and (b33)©(u®)’ + (1) Ou® — (by)® = 0 and

Definition of(7,)®,, (72)®, (14;)®, (i1,)® :

By (v))® > 0, (#,)® < 0 and respectively (i1;)® > 0, (i1,)©® < 0 the
roots of the equations (az3)® (v(ﬁ))z + (0,)Ov© — (g3,)® =0
and (b33)(6)(u(6))2 + (1) Ou® — (hyy)® =0
Definition of(m;)® , (m,)®, (1) ©, (u2)©@, (vo)® :-

If we define (m;)®, (m)®, (u)@, (1)@ by
(my)® = (v)®, (Mm@ = (v)©, if (v)© < (v)®
(my)® = (v))©®, (Mm@ = T) @, if (1)@ < (v)©@ < (7)®,

G3p
G

|(-MO

and|(vo)® =

wo

3

(mz)(6) = (Vl)(6)r (ml)(6) = (Vo)(6)r if(ﬁl)(@ < (Vo)(6)
and analogously
(#2)(6) = (uo)(6): (Ml)(6) = (ul)(G)' if(uo)(6) < (ul)(6)

W2)® = W)@, ()@ = @)@, if )@ < (w)® < @)@,

T3

~
wo|w,
Solle

and| (ug)® =

(12)® = W)@, (1)@ = (we)®, if (@)@ < (up) @where(u;)®, (i1;)®

Then the solution of global equations satisfies the inequalities

G3,e(G0 @0t < G, (1) < G,V

where (p;)© is defined by equation

6e(DP-w) < G (¢) < Gl e@n®

(m1)(6) (mz)(6)

351

352

353

354
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355

((134)(6)6??2 [e((sl)(ﬁ)_(p32)(6))t _ e_(sz)(ﬁ)t] + GO e_(sz)(ﬁ)t <G (t)
(Mm@ ()@ — (p32)©® = (5)®) * -

< (a34) @G,
h (mz)(6)((51)(6) - (a;4)(6))

[em)“’)t _ e—(aén“)t] + 5348—01'34)(6%)

T3026(R1)(6)t < Ty (t) < T302e((R1)(6)+(r32)(6))t 356

L 0 < 1 (1) < 70 (R0 )

(u)® (u)® %

(b34)®TS,
(1) O (R)® — (b3y)©®)

357

358

[B(Rl)(ﬁ)t - e‘(bé4)(6)t] + T304e_(b/34)(6)t STau() <

(a34)(6)T302
(12) @ ((R)® + (132)© + (Ry)©)

[e((Rl)(6)+(r32)(6))t — e—(Rz)(e)t] + T304e_(R2)(6)t

Definition of(S;)®, (5,)©, (R))©, (R,)©:- 359
Where (S)® = (a32)® (m3)©® — (az,)®
(5)©® = (a3)® — (3)©
(RD® = (b32) @ (u2)® — (b3,)©®

(Rz)(6) = (bé4)(6) - (T34)(6)
Behavior of the solutions of equation

Theorem 2: If we denote and define
Definition of(6,)™ , (65)7, (r)7, (7)) :
(0@)7, (6)7, (1), ()7 four constants satisfying
—(02)7 < —=(az)? + (az)” = (a36) (T3, ) + (a37) (T3, ) < (o)
—(12)7) < =(b36)” + (b37) P = (b36) 7 ((G30), t) — (b37) 7 ((G30), £) < —(z) 7
Definition of(v;) ", (v,) ™, (u))?, (u) P, v?, u™ : 361

By (v >0,1,)? <0 and respectively (u;)? >0, (u;)7’ <0 the roots of the equations
(@ P(P) + @)V (a3 = 0
and (b)) (u®)’ + (1) DuU® — (bye)? = 0 and

Definition of(v;)",, (v,) 7, ()™, (i) : 362

By (7)) >0, (#,)7 < 0and respectively (i;;)” > 0, (i1,)7’ < 0 the
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roots of the equations (as;)” (v(7))2 + (0,) VD = (aze)? = 0
and (by7) P (u®)” + @) Pu” — (bye) ™ = 0
Definition of(m;) ™, ()™, (u)?, (42)?, (ve) 7 -

If we define (m;)”, (my)@, (u)?, () by
(mz)m = (Vo)m' (m1)(7) = (VI)U)' if(Vo)m < (Vl)(7)

(m)? = w)?, ()P = @)D, if(v)? < (W) < (F)D,

GO
and| (v)? = G%
37

(mz)m = (Vl)(7)r (ml)(7) = (Vo)mr if(V1)(7) < (Vo)m
and analogously 363
(#2)(7) = (Uo)m: (.“1)(7) = (ul)(7)r if(uo)m < (ul)(7)

W)? = @w)?, (u)? = @7, if w)? < (w)” < @)?,

0
and| (u)? = 3¢
T3

~

(12)7 = w)?, ()7 = (o), if @)7 < (up) P where(uy)?, (@)

Then the solution of global equations satisfies the inequalities 364
0369((31)(7)_(”36)(7))': < Gze(b) < Ggée(sl)mf

where (p;)” is defined by equation

D ey 1 %) 365
e =@36))t < (oo () < ——= Gl eVt
(m7)(7) (mz)m
() 20
SV =(p36)V7 )t _ p—(S2)t 0 ,—(S2)Vt <«
( (a38) 636 e(( ” (7)) e ( @ + G38€ ( @ >~ G38(t) 366
(m)D((S)D = (p36) 7 = (52)7)
(7) 0 ) ,
< (a38) G36 : [8(51)(7)t _ e_(a38)(7)t] +60 e_(a38)(7)t)
= (M) D (S — (a35)P) %
T306€(R1)(7)t S T36(0) < T306e((R1)(7)+(r36)(7))f 367
;T& e®DPt < T (1) < LT& o (RDD+(r3e) )t 368
(M1)(7) h h (#2)(7)
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T e = e 4 T < ) < ”
(az5) T, [e((Rl)(7)+(T36)(7))t B e_(Rz)W)t] 470 o~ Dt
(1) P ((R)D + (136) 7 + (R)P) 3
Definition of(S;)”, (5,)™, (R)) ™, (R,):- 370
Where ()7 = (az6)? (m)? — (a§6)(7)
(5)7 = (az5)” = (p3g)™”
(R1)(7) = (b36)(7) (#2)(7) - (béa)m
(R = (bés)m — (r3)?
Behavior of the solutions of equation 371
Theorem 2: If we denote and define
Definition of(d,)®, (6,)®, (1))®, (1,)® :
(0)®, (0)®, (1)®, (1,)® four constants satisfying
—(0)® < —(a30)® + (a21)® = (@4) P (T, ) + (@)@ (T4, 1) < —(0)®
—(@2)® < =(b30)® + (031)® — (b10) P ((Ga3), t) = (b31) P ((Ga3),t) < = (1)@
Definition of(v;)®, (v,)®, (u))®, (u))®,v®, u® : 372

By (v))® >0,(v,)® <0 and respectively (u;)® >0, (u;)® < 0 the roots of the equations
(a41)(8)(v(8))2 +(0)Ov® = (a9)® = 0
and (by)@(u®)” + (1) Pu® — (bgy)® = 0and

Definition of (v;)®,, (,)®, (,)®, (7,)® :

By (7,)® > 0, (¥,)® < 0and respectively (ii;)® >0, (i1,)® < 0 the
roots of the equations (a4;)® (V(S))Z + (0)®v® — (a,)® =0

and (b)) @ (®)" + (@) Ou® = (bi)® = 0

Definition of(m;)® , (m2)®, (u)®, (u2)®, (v0)® -

If we define (m;)®, (m2)® , (u))®, (1)® by

www.ijsrp.org



International Journal of Scientific and Research Publications, Volume 3, Issue 10, October 2013 193
ISSN 2250-3153

m)® = (v)®, m)N® = v)N®,  iIfW® < (@

m)® = )®, (m)® = @)N®,if(1)® < VH® < T)®,

GO
and| (v)® = 0
4

(m)® = W)@, (m)® = ))®,  if@)® < (v))®
and analogously 374
U2)® = W)@, (u)® = w)®, if (u)® < (u)®

12)® = @)®, (w)® = @)@, if w)® < @W)® < @)H®,

0
and| (uy)® = ;4—00
11

(12)® = @)®, w)® = (up)®,if @)® < (uo)®where(u)®, (i1;)®
Then the solution of global equations satisfies the inequalities 375
®);

6Le©E@-w0) )t < G, (1) < Gle®)

where (p;)® is defined by equation

1 ® 376
G0 e(DP-ws)®) < . (1) < GO o()®t
(ml)(g) 40 41( ) (mz)(B) 40
®) 0
( (Gz) G (@0 -@ )t — =62 V] 4 69 6= < G,y (1) 377
M)®((SN® — (P0)® — (5)®) 2 -
8) -0 , ,
< ©) (a42)(8) Gao —® [6(51)(8)t - e—(a42)(8)t] + sze_(a“)(g)t)
T (mM)®((51)®) = (ayy)®)
TRe®®t < T, (6) < The (B4 @) 378
;TO e(Rl)(S)f < Tyo(t) < ;TO e((Rl)(8)+(1’40)(8))t 379
(u)® % T (up)®
(ba)®TH 380

RD®t _ ,~(by)®t 0 L —(bsy)®t
u)®(RD® — (byy)®) [e e ]+T4ze 27 < Ty (8) <

(a)®T (RO®+(ra)®)e _ R 0 —(R®¢
(1) B ((R)D® + (130)® + (R,)®) [e (R1)*+(r40) — e~ (R2) ]_|_ T e~ (R2)
2 1 40 2
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Definition of(S;)®, (5,)®, (R)®, (R,)®:- .
Where (5))® = (a40)®(m,)® — (a,)®
(5)® = (ag)® — (ps)®
(R1)(8) - (b40)(8)(‘u2)(8) _ (b"m)(g)

(Rz)(g) = (bzltz)(g) - (7’42)(8)
Behavior of the solutions of equation 37 to 92 382

Theorem 2: If we denote and define
Definition of(d,)® , (6,), (t)®, () :
(@)D, (6)?, ()P, (1) @four constants satisfying
—(02)? < —(a)® + (a45)® — (a4) P (Tys, ) + (a45) ) (Tys , 1) < —(07)
—(1)@ < =(b34)® + (b4s)® = (b4) P ((Ga7), t) = (b4s)? ((G47), t) < = (7))
Definition of (v;)®, (v5)®, (u)®, (1)@, v®,u® .

By (v))® >0,(v,)® < 0and respectively (u;)® > 0, (u,)® < 0 the roots of the equations
(@) ?) + @) = (@) =0

and (bys)@ (1) + (£)OuU® = (byy)® = 0 and
Definition of ()@, , (7,)®, (,)®, (@) :

By (7))@ > 0, (¥,)® < 0 and respectively (7i;)® >0, (%) < 0 the
roots of the equations (a4s)® (1/(9))2 + (0) v — ()P =0
and (bys)® ()" + (1) Pu® — (bs)® = 0
M(ml)(g) ) (mz)(g) ) (Ml)(g): (Hz)(g): (Vo)(g) -

If we define (m;)®, (m)®, (1), (u2)® by
(M) = (v)®, (M) = (v)®, if ()@ < (v)®

(m2)® = (v, (M) = )P, if (1) < (V)@ < @),

0
and|(vy)® = %
45

(m)® = (), (M) = (v))®, if (1) < (v))®
and analogously
#2)® = (wp)®, (1) = (W), if ()@ < (u)®

U2)® = W)@, (W)@ = @)D, if W) < (w)® < @),
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0
and| (ug)® = ;‘*—0‘*
45

(1)@ = W), () = W)@, if @) < (ug)@Pwhere(u)®, (@)@
are defined by 59 and 69 respectively

Then the solution of 19,20,21,22,23 and 24 satisfies the inequalities
6,e -0t < G, (1) < GLeED

where (p;)® is defined by equation 45

1
G&e((sﬂ(g)—(mz})(g))t < Gys(t) < 76&6(51)(9%

(mg)® (my)®

(a46)6), (DD =a) )t _(Sz)w)t] 0 —$)©t
_ < <
DO (DO i O—)®) L € + Gage S Gy (D) =

(a46))61y S —(age) Ot 0 ,—(ays) Pt
(mz)(g)((51)(9)_(0';6)(9)) [e 1 — e 46 ] + G46e 46 )

(78,6 ®07t < Ty (1) < Ty (@O +0a )

1 © 1 ©) ©
® Te®t < T, (1) < WT‘& e (RO +(4) )t

(bs) VTS,
(1)@ (RD® = (bye))

[er® e—(bés)(g)t] + The 107t < Tye(6) <

(a )(9)T0 9 9 9 9
46 44 [6((R1)( )+(r44)( ))t _ e_(Rz)( )t] + T e_(RZ)( )¢
(U)P((RDD + (134)@ + (R)®) 46

Definition of(S;)®, (5,)®, (R)®, (R,)@:-
Where (5)® = (a44)® (m)® — (a44)®
($2)@ = (@16)® — (Pas)®
(R)® = (b4a)® (42)@ — (b4s)®

(R)® = (by)® — (126)®

Proof: From global equations we obtain 383
dv® , , ., ,
dr (a3)® — ((a13)(1) — (@)™ + (a3) P (T4, t)) — (a12)® (Tya, VD — (g ) v ®
Definition ofv® :- y@ = 3
G14
It follows
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dv@®

1
2 v 2
~ (@) + @)D — (@)P) £ —— < = (@)PE®)” + @)DV ~ (1))

From which one obtains

Definition of(v;)®, (vy)® :-

0
For 0 < |(vy)® = % < ()W < @)D

-~

D+ Dy el ~@ D (@M= ™) ]
1+(C)(1)e [—(a 14)(1)((1/1)(1)_("0)(1)) t]

_ eW-®

)
vi(t) = " w)D-wp®

, |(O®

it follows (vy)™® < vV (¢) < (v)®

In the same manner, we get 384

T +OD @y D@ (EDD-2D) ]
1_,_(5)(1)9[*(a14)(1)((71)(1)*(172)(1)) t]

1) _ 0D)D-g®
O = e mme®

vD(t) <

From which we deduce(vy)® < vV (t) < (1,)W

0
If 0<(w)® < (vy)® = % < (7;)Wwe find like in the previous case, 385
14
b < DD+ @D Del@n eV ®)d
< < <
) < 14 (C)(1)e[_(a14)(1)((V1)(1)_(VZ)(l)) t] svi®=
@)D + (C‘)(l)(gz)(l)e[-(a14)(1)((V1)(1)—(Vz)(1)) ] W
< (5
1+ (C_‘)(l)e[—(a14)(1)(Wl)(l)—(Vz)(l)) t] < ()
0 386
If 0<()® < @)D <|(v)P = % , we obtain
14

) + ()0 7)) Vel-@ @ O-E ) ]
1+ (C_‘)(l)e[—(a14)(1)(Wl)(l)—ﬁz)(l)) t]

(Vl)(l) < v(l)(t) < < (VO)(l)

And so with the notation of the first part of condition (c) , we have

Definition of vV (¢) :-

(mz)(l) < V(l)(t) < (m1)(1), v(l)(t) _ G13®
G14(t)

In a completely analogous way, we obtain

Definition of u (¢) :-
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1) < u© < @@, |u® () = =3
T14(t)

Now, using this result and replacing it in global equations we get easily the result stated in the

theorem.

Particular case :

197

If (aj3)® = (a7,)D, then (6,)P = (6,)® and in this case (v;)® = ()P if in addition (vy)® =
v)® then vV (t) = (vy)™ and as a consequence Gy3(t) = (Vo) G4 (¢) this also defines (vy)® for
1 0 q 13 0 14 0

the special case

Analogously if (by3)® = (by)®, then (1,)® = (,)® and then

(u)® = (;)Pif in addition (ug)™® = (uy)® then Ty5(t) = (ug)PTy4(t) This is an important

consequence of the relation between (v;)® and (), and definition of (uy)™.

Proof : From global equations we obtain 387
dv® , , . .
Tl (a16)® — ((‘116)(2) — (a)® + (a16)(2)(T17rt)) — (a17) P (Ty7, Ov® — (ay7)Pv®
Definition ofv® :-  [v® =26 388
G17
It follows 389
@)
2 dv 2
~(@NPE®)" + (@) ~ (019)?) £ —= < = ((@NPE®)” + (@)@ — (a10)?)
From which one obtains 390
Definition of(v;)®, (v)® :-
G _
For0 < (v)® = ﬁ <)@ < (@7)?®
_ @ (v @)@
v(z)(t) > (vl)(2)+(C)(2)(vZ)(2)g[ @17)@(v1P-wo) )t] (C)(Z) _ )@ —y)@
B 14(0) @@ @ (DD -0 @) ] ’ ) D)@
it follows (v))® < v@(t) < (v)@
In the same manner, we get 391
V(Z)(t) < (71)(2)+(f)(2)(72)(2)e[_(“17)(2)((71)(2)_@2)(2)) t] (C)(Z) — )P -
- 1+(C)(2)e[_(a17)(2)(@1)(2)_(72)(2))‘] ’ ()P —(v,)
From which we deduce(vy)® < v@(t) < ()@ 392
393

0
If 0<()® < (v)® = g% < (7;)@Pwe find like in the previous case,
17
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)@ + (O@ (v,)Pel-@NP (DD -]

@) )
v < < v¥(t) <
()™= 14 (O)@el-@@ (@ -2)@) 1] v =
@)@ + (©® () Pel- @@ (@D -0)@) ] < (5@
V.
1+ (©)@el-@@(@D@-)@)] =)

0
If 0<()® < @)® < (v))? = g% , we obtain 394

17

)@ + (O (7,)Del- @ (@D -a®) ]

@) « @ < < (2)
() = VRO < 1+ (0)@el- @@ (@DD-2)@) (] < (o)

And so with the notation of the first part of condition (c) , we have
Definition of v (¢t) :- 395

) ) () @) (4 — G16(8)
(my) < v¥(t) < (m)™, | v () =

G17(t)

In a completely analogous way, we obtain 396

Definition of u® (¢) :-

(1)@ < u®@) < (1)@, | u@ () = 1e®
T17(t)

Now, using this result and replacing it in global equations we get easily the result stated in the
theorem.

Particular case : 397

If (a16)® = (a;17)@, then (61)® = (6,)® and in this case (v;)? = (¥,)@ if in addition (v,)® =
(v))® then v (t) = (v)® and as a consequence G4 (t) = (V)@ Gy, (t)

Analogously if (byg)® = (by7)®, then (1,)® = (1,)@ and then

()@ = (;)@if in addition (ug)® = (uy)® then Ty4(t) = (ug)P Ty, (t) This is an important
consequence of the relation between (v;)® and (v,)®

Proof : From global equations we obtain 398

dv®
dt

= (az0)® - ((aéo)(3) — (a21)® + (az0)® (To1, f)) = (@3) O (T, OV = (@) Ov®
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399

@ = G20

Definition ofv® :-
Go1

It follows

2 dv® 2
- (((121)(3)(1/(3)) + (o) v — (azo)(g)) < T < - ((021)(3)(1/(3)) + (o) v — (azo)(S))

400

From which one obtains

0
For 0 < (v))® = % < )® < @3)®

_ 0®-p®

—(a21)B (v )P = )3
(vl)(3)+(C)(3)(V2)(3)e[ (a21) (( 1) o) )f] (C)(3) _
’ v)®-w)®

1+(0)®e [-@20® (@ )H®-)®) ]

v®(t) =

it follows (v))® < v (¢) < (v)®

In the same manner, we get 401

1D+ Pl @2P(TDD -T2 ®) o]
140l @2O(TDO-2 @) ]

_ ®-wp®
— w®-®

, [(©O®

v@() <

Definition of(v;)® :-

From which we deduce(vy)® < v®(t) < (v)®

0
If 0<(v)® < (v)® = % < (7;)®we find like in the previous case, 402
21

3) 3) 3) [—(a21)(3)((1/1)(3)—(1/2)(3)) t]
V. + (C V. e

@)
v <
(1) 1 + (€)®el- (@) ()P -w)P) (]

T + (OP (7)) Del-e) (@O0 ]

< (1)®
1+ (C_‘)(3)e[—(a21)(3)((71)(3)—@2)(3)) t] 1)

0
If0<)® <@)® < )® = % , we obtain 403

= N\(3) A3 \3) 4 [~(ar))® ()P - 3¢
)® + (O)® (7,) P el (@)D (@D -02) )]S(VO)(3)

®) < @) (p) <
)™ = v < 1+ (6)®el-(@)P (@) ]

And so with the notation of the first part of condition (c) , we have

Definition of v®(¢) :-

(my)® < v® (@) < (m)®, [ v (@) = G20(t)
G21(8)
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In a completely analogous way, we obtain

Definition of u® (¢) :-

)P < u®@® < @@, |u® (@) =25
721 ()

Now, using this result and replacing it in global equations we get easily the result stated in the
theorem.

Particular case :

If (a30)® = (a3;)®, then (6,)® = (0,)® and in this case (v;)® = (#,)® if in addition (v()® =
(v))® then v®(t) = (v))® and as a consequence G, (t) = (v)®) Gy, (1)

Analogously if (byg)® = (by)®, then (1,)® = (7,)® and then

(u)® = (;)@if in addition (uy)® = (uy)® then Ty, (t) = (uy)® Ty (t) This is an important
consequence of the relation between (v;)® and (v;)®

Proof : From global equations we obtain 404
dv® , , . .
i (az4)® — ((a24)(4) — (a25)® + (a4)® (Ts, t)) — (az5)® (To5, OV — (@p5) v ®
Definition ofv® :- v® = zﬁ
25
It follows
@
2 dv 2
~(@)@ED) + (@)D — (020)@) < —— < = (@NPE®) + (@) OV — (a)?)

From which one obtains
Definition of (v, )™®, (vy)™® :-

0

For 0 <|(vo)® = 2| < (v)® < (7))@

25

v () = DO y@e[ @)D D-00D)] (©)® = W P=e0®
= 4+(C)(4)e[—(azs)(‘l')((‘v1)(4)_(\,0)(4)) t] 4 - (VO)(4)_(V2)(4)
it follows (vy)® < v (t) < (v)®
In the same manner, we get 405
v() < O HODEyWel P (E0D-02®) ] (€)@ = T =00
T oWl @P(En®-02®) ’ )@ -)®

From which we deduce(vy)® < v®(t) < (v))@®

0
If0<()® < ()@ = (G;% < (v;)®we find like in the previous case, 406
25
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)@ + (€)@ (vy)@el-(@2) P (@DP-w2)®) (]

wv)® < < v <

1+ (C)(4)e[—(azs)(4)((Vl)(4)—(vz)(4)) t]

@)@ + (O)D (7,) @ el-(@) D (@DD-m)®) (]
1+ (5)(4)(3[—(azs)(4)((71)(4)—(72)(4)) ¢]

< (@)™

9 407
If0<(w)® <@)® <|(vy)® = % , we obtain
25
— = - — @O (B —7,)D)
()® < v < WEH Qe Vel e 00D )
! - a 14+ (C_')(4)e[—(azs)m((71)(4)—(72)(4)) t] =
And so with the notation of the first part of condition (c) , we have
Definition of v (¢t) :-
m)® < v (©) < (m)®, | v (r) = 29
Gos ()
In a completely analogous way, we obtain
Definition of u™ (t) :-
@ < 4@ @ | @) = 26©
)™ = w(t) < ()™, | u™ (@) =
T25(t)
Now, using this result and replacing it in global equations we get easily the result stated in the
theorem.
Particular case :
If (a3)® = (ay5)®, then (6,)® = (0,)® and in this case (v;)® = (#,)® if in addition (v)® =
(v)® then v (t) = (vo)® and as a consequence G, (t) = (Vo) G5 (t)this also defines (vy)® for
the special case .
Analogously if (byy)® = (bys)®, then (1)@ = (7,)® and then
(u)® = () @ifin addition (ug)® = (u)™® then T4 (t) = (uy) P Tys (t) This is an important
consequence of the relation between (v;)® and (v,)*,and definition of (u,)®.
408
Proof : From global equations we obtain
dv® 5 CNG LNG "N "G 5 5).,(5
= (@) = ((@20)® ~ @) + (a3)(T3,0)) = (a30)® (T, W — (a) v
Definition ofv® :- y® = G2
G29
It follows

dv®
dt

(@)Y + @)V = (@) @) £ —— < = (@) V®)" + @)V - (@)®)

From which one obtains
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Definition of(v;)®, (vy)® :-

0
For 0 < |(vy)® = % <)® < @)®

©

DO+ ()@l @29 P (DO -0 )]

_ 0vD®-®
5+ 0@l PCDP-cO®) ] W®-0)®

— )®-)®

V(S)(t) > ’ (C)(S)

it follows (v)® < v®(¢) < (v)®

In the same manner, we get 409

1O 1)) ) e [(a20)®(@D®-T®) (]

_ 0®-0p®
5+(C-)(5)e[—(azg)(5)((V1)(5)—(V2)(5)) t]

(5) (V1 —
vt < (v0)®)- (7))

, |(©®

From which we deduce(vy)® < v®(t) < (v5)®
® ® = 5% < (5 YC) we find like i ; 410
If 0 < ()™ <(vg)™ = o < (v1)™’we find like in the previous case,
29

1) + (0)® (1) ®el-@2) (@D -w2)P) ]
1+ (€)®el-(@2)P (1) -w2)®) ¢]

wv)® < < vO@) <
) + (O (172)(5)9[—(azg)(5)((V1)(5)—(V2)(5)) t]
1+ (C_‘)(S)e[—(azg)(5)((71)(5)—(72)(5)) t]

0 411
G .
“Z8| we obtain
Gy

< (@)®

If0<)® < @)® <|(w)® =

O + (OO () Oel-@ @ -E )
1+ (C_‘)(S)e[—(a29)(5)((71)(5)—(72)(5)) t]

) < vO () < < ()

And so with the notation of the first part of condition (c) , we have
Definition of v® (¢) :-

(mz)(S) < V(S)(t‘) < (ml)(s)’ V(S)(t) — Gog(t)
Ga9(t)

In a completely analogous way, we obtain
Definition of u® (t) :-

W)® < u® () < @)®, |u® () =2
T29(t)

Now, using this result and replacing it in global equations we get easily the result stated in the
theorem.

Particular case :
If (a29)® = (a39)®, then (6,)® = (6,)® and in this case (v;)® = (¥;,)® if in addition (v,)® =

(vs)® then v®(t) = (vy)® and as a consequence G,g(t) = (vy) Gy (t)this also defines (v,)® for
the special case .

www.ijsrp.org



International Journal of Scientific and Research Publications, Volume 3, Issue 10, October 2013 203
ISSN 2250-3153

Analogously if (byg)® = (byo)®, then (7,)® = (1,)® and then
(u)® = (1) ®ifin addition (u)® = (u;)® then Tyg(t) = (1) Ty (t) This is an important
consequence of the relation between (v;)® and (¥;)®,and definition of (uy)®.

Proof : From global equations we obtain 412
g q
dv® , , y .,
i (az)® — ((‘132)(6) — (a33)©@ + (a3,)® (T3, t)) — (a33)©(T33, )v® — (az3) Ov®
Definition ofv(® :- v® = Zﬁ
33
It follows
(6)
2 dv 2
~(@D@E®) + @)V ~ (a3)®) £ —— < = (@)@ EO) + @)V — (a5)®)
From which one obtains
Definition of(v;)®, (vy)© :-
0
For 0 <|(vy)® = g% < (1)® < (7)®
33
v () = D@+ @y @l @3 (VO -C0 @) ] ©)© = 9-00®
- 14+(0)® @3 (eDO-00©)) ] ’ ) ©—()®
it follows (v)©® < v©(t) < (v)©®
In the same manner, we get 413
vO (1) < TDO+O O @[3 (D@2 ) ] ©)©® = WO-00®
= 1+(€)(6)e[—(a33)(6)((71)(6)_(172)(6)) t] ) (VO)(é)_(VZ)(é)

From which we deduce(vy)® < v®(t) < (v,)®

0
If0<(v)® < (v))® = % < (7;)©we find like in the previous case, 414
33
© <« O+ (OO ) Ol @O0
< < <
)™ < 1+ (C)(6)3[—(a33)(6)((Vl)(G)—(Vz)(G)) t] svP® <
@)© + (6)© (#,)®el-@s) (@@= ) ¢] ©
< (o
1+ (C_‘)(G)e[—(a33)(6)((71)(6)—(72)(6)) ] < ()
415

0
If0<)® <@)® <|(v))® = % , we obtain
33

7)© + (0)© (7,)©®el-(as) (@D @-m2) ) ¢]

()@ < vO® (@) < < (vp)®

1+ (C_‘)(G)e[—(a33)(6)((71)(6)—(72)(6)) ¢]
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And so with the notation of the first part of condition (c) , we have
Definition of v®(¢) :-

(m)® < vO©) < (m)©, | vO(r) = 229
G33(t)

In a completely analogous way, we obtain
Definition of u(® (¢) :-

1)@ < u®@ < @)@, |u®©) =243
T33(t)

Now, using this result and replacing it in global equations we get easily the result stated in the
theorem.

Particular case :

If (a3,)©@ = (a33)©@, then (61)©® = (0,)® and in this case (v;)©® = (#,)© if in addition (v)©® =
(v1)© then v®(t) = (v,)©® and as a consequence G, (t) = (Vo) G35 (t)this also defines (v,)© for
the special case .

Analogously if (b3;)® = (b33)®, then (1,)® = (1,)® and then

(u)® = () @if in addition (u()® = (uy)® then T3, (t) = (ug)®Ts3(t) This is an important
consequence of the relation between (v;)® and (v;)(®,and definition of (u,)®.

416
Proof : From global equations we obtain
dv® , , . .
dt = (a36)(7) - ((a36)(7) - (a37)(7) + (a36)(7) (Ts7, t)) - (a37)(7)(T37, v — (a37)(7)v(7)
Definition ofv” :- v = &6
G37
It follows
@)
2 dv 2
~(@NPP) + @)V = (a30)7) £ —= < = (@D P ) + @)V = (a3) )
From which one obtains
Definition of(v;,) 7, (vy) ™ :-
0
For 0 <|(vo)® = 22| < (v < (1)
37
@) D) D (v )
VO (b) = (vl)(7)+(C)(7)(vZ)(7)e[ @3N (v P-0P)1 O = o)
- 14+(0) el =@ (@DD-w0 D) ’ v0) -7
it follows (v)? < v (¢) < (v)?
In the same manner, we get 417
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(71)(7)+(C—)(7)(72)(7)e[—(a37)(7)((?1)(7)—(72)(7)) t] TP —we)®

D) < A7) = )=o) -
v < Ol @D @D )] , |(©) o) D=
From which we deduce(vy)? < v?(t) < (v,)7
@) @ = 56 < 5D we find like i : 418
Ifo< ()Y’ <)V’ = 0 < (v1)""’we find like in the previous case,
37

@)D + (0D (vy) Del-tasn V=02 ?) )

%)
% <
(1) 1+ (€)Del-@NP (P -w) D) ¢]

< v <

@)D + (O)D(#,)Del-@NP(@DP-m) D) (]
1+ (C_‘)(7)e[—(a37)(7)((71)(7)—(72)(7)) ¢]

< @)?

0 419
If 0< (v)? < (7)) <|(v))? =Z¢, we obtain
3

~

@)D + ()P (7,) Vel @DV -w2)7) ]

)P < v < < ()"

1+ (C_‘)(7)e[—(a37)(7)((71)(7)—(72)(7)) t]

And so with the notation of the first part of condition (c) , we have
Definition of v (¢) :-

(mz)(7) < vD@) < (ml)(7)’ v (t) = G36(t)
G37(t)

In a completely analogous way, we obtain

Definition of u (t) :- 420

)7 < uD(@) < ()P, | u?(e) =28
T37(t)

Now, using this result and replacing it in global equations we get easily the result stated in the
theorem.

Particular case :

If (az6)” = (az;)?, then (6,)7 = (6,)” and in this case (v;)? = )P if in addition (vy)? =
(v)? then v (t) = (v))™ and as a consequence Gs4(t) = (Vo)) G5, (t)this also defines (vo)™ for
the special case .

Analogously if  (b3g)? = (b3;) 7, then (7,)? = (1,)@ and then (u;)? = (#;)Pif in addition

() = ()7 then Tz (t) = (up) Ty, (t) This is an important consequence of the relation between
(v))? and (7,)7,and definition of (u,)".
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Proof : From global equations we obtain 421
dv® : : , ,
T (a40)® — ((a40)(8) — (@4)® + (a40)® Ty, t)) — (a31)® (Tay, OV® — (a4)EOv®
Definition ofv® :- y® = G0
G41
It follows

dv®
dt

~ (@)@ E®) + (@) — (@)®) = —— < — (@)@ (®)” + (6) v — (2,0)®)

From which one obtains

Definition of(7,)®, (vy)® :-

G _
For 0 <|(vy)® = ﬁ <()® < [#)®

(vl)(8)+(C)(8)(vz)(8)e[‘(“41)(8)(("1)(8)‘(V0)(8)) t] 0 ®—e)®

G () > ® — 0 -)™
IO 1+(C)(s)e[—(a41)(8)((V1)(8)—(VO)(8))t] » 1O )®-®
it follows (v))® < v®(t) < (v)®
In the same manner , we get 422
. a1 B (1)@ (7 ® -
v(g)(t) < (vl)(8)+(q<s>(vz)<s>e[ @)@ (F)®-®)1 (C')(g) _ DO —)®
- 140 ® el @ O(TDO-2®)) ] ’ ) ®—)®

From which we deduce(vy)® < v®(t) < (vg)®

0
If0< ()® < (v)® = % < (v;)®we find like in the previous case, 423
41
® < O+ OO @el OO0 ®)d
< < <
)™ < 14 (C)(B)e[—(a41)(8)((1/1)(8)—(1/2)(8)) t] svE® =
@)® + (O)® (172)(8)@[-(a41)(8)((V1)(8)—(Vz)(8)) ] ®
< (o
1+ (C)®el-(@)® (@O - ®) ] < ()
424

0
Ifo<w)®<@)® <|(v))® = % , we obtain
41

T)® + (OO (7) Pel-@(@®-0 )]

® ®
v < vY¥N(t) <
) © 1+ (C_‘)(S)e[—(a41)(8)((71)(8)—(72)(8)) ¢]

< (v)®

And so with the notation of the first part of condition (c) , we have
Definition of v®(¢) :-
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m)® < v () < (m)®, | v (1) = 220
Gaq(t)

In a completely analogous way, we obtain
Definition of u® (t) :-

1)@ < u®® < @)@, |u®(@) =25
Ty1(t)

Now, using this result and replacing it in global equations we get easily the result stated in the
theorem.

Particular case :

If (a30)® = (ay)®, then (0,)® = (0,)® and in this case (v;)® = (#,)® if in addition (v,)® =
(v1)® then v®(t) = (v;)® and as a consequence Gy (t) = (vo)® G, (¢)this also defines (v,)® for
the special case .

Analogously if (byo)® = (by)®, then (1,)® = (7,)® and then
(u)® = (@) ®if in addition (ur)® = (u;)® then Ty(t) = (ug)® Ty (t) This is an important
consequence of the relation between (v;)® and (v;)®,and definition of (u,)®.

424
Proof: From 99,20,44,22,23,44 we obtain A
dv® ) ) } )
= (@) - (@)@ = (@)@ + (@) (Ts, 1) = (@45)® (Tis, OV = (a45) v
Definition ofv® :- @ = G4t
G5
It follows

dv®
dt

~(@)OP) + @)V — (@)@) € —— < = (@) ()" + (@) - (@)®)

From which one obtains

Definition of(7,)®, (vy)® :-

GY _
For 0 <|(vy)® = ﬁ < () < @)D

DD+ wp@el 19X (1P -00 )]
1+(C)(9)e[_(“45)(9)((V1)(9)_(V0)(9)) t]

_ 0DP-®

©
ez — w)@-)®

, (C)(9)

it follows (o) < vO(t) < (v9)®

In the same manner , we get

T+ D y)@el @) P (TDP-2) ]
1+(0) @~ @)D (TDO -2 ) ]

(O = V=)

©
Voo s ~ 00®-w)®
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From which we deduce(vy)® < v (t) < (#)®
0
If0<()® < ()® = % < (1)®Pwe find like in the previous case,
45

W)@ + (€) (v,) el -1 (ED®-2)*) 1]

()@ < <O <

1+ (€)@el~@s) ()P -2)) ]

DO + (O (7)Pel-@V (@ -) ]

< (@)@
1 + (0)@el~@)P (@O - ¢] (1)

0
If0<)®<@)® <|(v)® = % , we obtain

@) + (O 7)Pel- @) (@0O-0)1]

)@ < v @) < < ()@

1 + (0)@el~(@) (TP -@)) ]

And so with the notation of the first part of condition (c) , we have
Definition of v (¢) :-

(m)® < v ) < (), |vO () = 245
Gys (1)

In a completely analogous way, we obtain
Definition of u® (t) :-

(1)@ < u®) < ()P, | u®(t) = 1O
Tys5(¢)

Now, using this result and replacing it in 99, 20,44,22,23, and 44 we get easily the result stated in the
theorem.

Particular case :
If (a434) = (ay45)@, then (6,)® = (0,)® and in this case (v;)® = (#,)® if in addition (vy)® =
(v then v (t) = (vy)® and as a consequence Gy, () = (V)@ G, (t)this also defines (vy)® for
the special case .
Analogously if (byy)® = (bys)®, then (1)@ = (1) and then
(u)® = () Pif in addition (1)@ = (u;)® then Ty, (t) = (ug)?Tys (¢) This is an important
consequence of the relation between (v;)® and (,)®,and definition of (7).
We can prove the following 425
Theorem : If (a;' YDand (bl-” )M are independent on t , and the conditions with the notations
(a13) P (a1)® — (a13)P (a1 )® <0

(a,13)(1)(a,14)(1) — (@13) P (a1)® + (a13) P (1)@ + (a'14)(1)(p14)(1) + (013)P (1) >0

(b13) P (b1)® = (b13) P (01)P >0,

(b13)(1)(bi4)(1) - (b13)(1)(b14)(1) - (bi3)(1)(7’14)(1) - (bi4)(1)(7”14)(1) + (7”13)(1)(7”14)(1) <0
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with (p13)®, (14) @ as defined by equation are satisfied , then the system

Theorem : If (a; )@ and (b; )® are independent on t, and the conditions with the notations 426
(a16)@(a17)® = (a16)@(a;7)® < 0 427

(a16)@(a17)® = (a16) P (a17)® + (a16) P P16)? + (@17) P P17) P + (P16) P (P17)@ > 0 428
(b16) @ (b17)® = (b16) @ (b17)@ >0, 429
(bie)(z)(bh)(z) — (b16) @ (017)® — (bie)(z)(rn)(z) - (bi7)(2)(rl7)(2) + (1) P (r,)® <0 430

with (p1g)@, (177)@ as defined by equation are satisfied , then the system
Theorem : If (a;' Y®and (bl-” )® are independent on ¢, and the conditions with the notations 431
(a20) (a21)® = (a29)®(a1)® < 0
(a20)®(@21)® = (a20)® (2200 + (a20)® (P20)® + (a21)® P21)® + (P20)® (P21)® > 0
(b20)® (b21)® = (b39)®(b21)® >0,
(b20)® (b21)® = (b30)® (b21)® = (b20)® (121)® = (b1) P (1) P + (r20)P (1) < 0
with (py)®, (121)® as defined by equation are satisfied , then the system
We can prove the following 432
Theorem : If (a; Y®and (bl-” )® are independent on ¢, and the conditions with the notations
(a24)® (a25)® — (a24)® (a5)™® < 0
(a2)® (a25)® = (@24)® (a25)® + (@24) P P20)® + (@25)® 25)® + 02) P (P25)® > 0
(b24) (b25)® — (by4) @ (b25)® >0,
(b2)® (bés)m — (b24) @ (by5)™ — (bp0)™ (r5)® — (bés)@)(rzs)(‘*) + (124) P (15)® < 0
with (ppa)®, (,5)® as defined by equation are satisfied , then the system
Theorem : If (a; )®and (b; )® are independent on ¢, and the conditions with the notations 433
(a28)®(a20)® — (az)® (a29)™ < 0
(a28)® (a29)® = (a28)® (a20)® + (a26)® (P28)® + (a20)® (P20)® + (P25)® (020)® > 0
(b2g)® (b29) ™ — (b)) (b)) > 0,
(bés)(s)(bé9)(5) - (bzs)(s)(bzg)(s) - (bég)(s)(rzg)(s) - (béf;)(S)(Tz&))(s) + (7"28)(5)(7"29)(5) <0

with (p2g)®, (159)® as defined by equation are satisfied , then the system
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Theorem If (a;' )®and (bl-” )® are independent on ¢, and the conditions with the notations 434
(a32)®(a33)®@ = (a32) @ (as3)® < 0
(a32) @ (az3)® — (a32) @ (@330 + (a32) @ 032)©@ + (a33) @ (033)©@ + (P32) @ (P33)© > 0
(b32)© (b33)© = (b32) @ (b33)® >0,
(b32) @ (b33)® = (b32) @ (b33)® — (b32) @ (r33)@ = (b33) @ (7133)® + (132) @ (r33) @ < 0
with (p3)®, (133)© as defined by equation are satisfied , then the system

Theorem : If (a; )P and (b; )7 are independent on t, and the conditions with the notations 435
(a36) 7 (a37)” = (a36) 7 (az))? < 0
(a36) 7 (a37) ™ = (a36) P (a37)? + (a36) 7 (P36) 7 + (a37) 7 (037)7 + (036) 7 (037)7 > 0
(b3)7 (b37)7) = (b36) 7 (b3)” > 0,
(bé6)(7) (b::;7)(7) — (b36) P (b37)? — (bée)m (rs))? — (b§7)(7)(7’37)(7) + (r36) 7 (137)7 < 0

with (p3g)7, (r37)7 as defined by equation are satisfied , then the system

Theorem : If (a; )®and (b; )® are independent on ¢, and the conditions with the notations 436
(a20)® (a41)® — (a40)®(as)® < 0
(a20)® (a21)® = (@40)®(@41)® + (240)® @10)® + (@4)® P11)® + P10)® (4:1)® > 0
(b40)® (041)® = (b4o)® (b4)® >0,
(bz’w)(g) (bz’u)(g) - (b40)(8)(b41)(8) - (bz’m)(S) (r1)® — (bz,u)(B) (r)® + (7'40)(8) (n1)® <0
with (p40)(8), (r41)® as defined by equation are satisfied , then the system

Theorem : If (a; )®and (b; )® are independent on t , and the conditions (with the notations 436
45,46,27,28) A

(@3) @ (@45)@ — (a40) P (a45)® < 0
(@3)@(@45)®@ = (@40) @ (@45)@ + (@4) P @) + (@45)P Pa5) + P40) P (045)® > 0
(b4a)® (b4s)® — (b40) @ (bys)® > 0,

(b;4)(9)(b;5)(9) - (b44)(9)(b45)(9) - (bz’m)(g) (7”45)(9) - (bixs)(g) (T45)(9) + (7"44)(9) (7"45)(9) <0
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with (p4)®, (135)® as defined by equation 45 are satisfied , then the system

(a13) PGy — [(@13) D + (1) P (T12)]G13 = 0 437
(@) V613 = [(@)D + (@) (T1)]Gus = 0 438
(a15) PGy — [(@15)® + (a15) P (T12)]Gis = 0 439
(b13) DTy — [(h13)® — (by3)P(6) ITyz = 0 440
(b14) Vi3 = [(b1) ™ = (1) P (6) ITs = 0 441
(b15) W Tag = [(b15)™ = (b15)V(6) ITys = 0 442

has a unique positive solution, which is an equilibrium solution for the system

(a16)P 617 — [(a16)® + (a16) P (T17)]G16 = 0 443
(a17) @Gy — [(a'17)(2) + (a,1,7)(2)(T17)]Gl7 =0 444
(a18) PG5 — [(a15)® + (afs) P (T17)]Gig = 0 445
(b16)PTy7 — [(b16)® — (b16) P (G19) 1Ty = 0 446
(b17)PTis — [(b17)P = (b17) P (G19) ITh7 = 0 447
(b1g) DTy = [(b1g)@ — (b1g) P (G1o) ITig = 0 448
has a unique positive solution , which is an equilibrium solution
(a20)®Ga1 — [(@20)® + (a30)® (T21)] G2 = 0 449
(a21)® Gy — [(@21)® + (a31) P (T21)]G21 = 0 450
(a2)®Gyy — [(alzz)@) + (agz)(3)(T21)]Gzz =0 451
(b30) P Tay — [(b30)® — (b30)®(G23) 1Tz0 = 0 452
(by1) Ty — [(b21)® = (b31)P(G23) 121 = 0O 453
(b22)PTy1 = [(022)® = (022)®(G23) T2z = 0 454
has a unique positive solution, which is an equilibrium solution
(a2) PG5 — [(a24)™ + (a24) P (T25)]Gos = 0 455
(a25)®Gas — [(a25)™® + (a25) @ (T35)] G5 = 0 456
(a26) W Gas — [(a26)™ + (a26) P (T25)]Go6 = 0 457
(b24) PTy5 = [(b2)® = (b2) P ((G27)) 1T24 = 0 458
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(bys) W Ty — [(bys)™® — (bgs)(@((Gzﬂ) 1T2s

(by6) P Tys — [(b36)™® — (b36) P ((G27)) 1T26

has a unique positive solution , which is an equilibrium solution

(a28)®Grg — [(a2e)® + (a28) ) (T29)]Gog =

(az9)® Gpg — [(a,29)(5) + (a;9)(5)(T29)]Gz9

(az0)® Gy — [(a;o)(s) + (az)® (T29)]G30

(by) O Tyg — [(b26)® — (b36) P (G31) 1Tos =

(b29) O Tog — [(b29)® — (b29)® (G31) 1Tog

(b3o)(5)T29 - [(béo)(s) - (bgo)(s)(Gm) T30 =

has a unique positive solution, which is an equilibrium solution
(a3) @ G35 — [(a32)® + (a3) @ (T33)] G,

(a33)® G, — [(a33)© + (a33)® (T33)]G33

(a34)®G33 — [(a34)© + (a34)® (T33)]G34

(b32) @ T35 = [(b32)© = (b32)® (G35) T3

(b33)©Tsz = [(b33)© — (b33)©(Gs) |T53

(b34)©Tz3 = [(034)© — (b34)© (G35) T34
has a unique positive solution, which is an equilibrium solution

(a36)PGs7 — [(a36)? + (a36) 7 (T37)]G36 = 0

(a37) 7 G36 — [(a37)? + (az7) 7 (T37)]G37

(a38) " G3; — [(aze)? + (az) " (T37)]Gg

(b36) P T37 — [(b36) 7 — (b36) 7 (G39)]T36 =

212

459

460

461

462

463

464

465

466

467

468

469

470

471

472

473

474
475

476
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(b37) T3 — [(b37)? = (b37)7 (G39) T3y = 0 477
(b3g) P Ts; — [(b3s) " — (b3g) 7 (G39) 1Tz = O 478
(a40)® Gy — [(a40)® + (ag0) @ (T41)]Gao = 0 479
(a41)®Gyo — [(@4)® + (ag1) @ (T41)]Gay = 0 480
(a12) PGy — [(a12)® + (ag) @ (T41)]Ga = 0 481
(bso) BTy — [(b40)® — (b4o)®(G43) 1Tyo = 0 482
(bs1)®Tyo — [(b41)® — (b41)®(G13) 1Ty = 0 483
(bsz)®Ty — [(b42)® — (b42)®(Gg3) 1T = 0 484
(a44) PG5 — [(@14)@ + (a34) P (Tys)]Gag = 0 :84

(a45)PGyq — [(aés)(g) + (ays)® (T45)]G45 =0
(a46) G5 — [(as6)® + (a46)P (T45)]Gas = 0
(b44)(9)T45 - [(b;z;)(g) - (b;4)(9)(647) ]T44 =0

(bss) Ty — [(b45)® — (bas) P (Gy7) 1Tys = 0
(b4) O Tys — [(bas)® — (b4e) ) (Ga7) 1Ts = 0

Proof: 485

(a) Indeed the first two equations have a nontrivial solution Gy3, G14 if

F(T) = (a13)®(a10)® = (@13) P (a10)® + (a13) P (a1) P (T1a) + (a14) P (ay3) P (Thg)
+ (a13) P (T1y) (a1) P (Tyy) = 0

Proof: 486

(b) Indeed the first two equations have a nontrivial solution G4, G;7 if

F(Ti9) = (a16) @ (@17)® = (a16) @ (017)@ + (a16) P (a17) P (T17) + (a17)P (a16) P (T17)
+ (a16) P (T17) (a17)P(Ty7) = 0

Proof: 487

(a) Indeed the first two equations have a nontrivial solution G,q, G,; if
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F(Ty3) = (a30)®(a51)® — (a20)® (a21)® + (a30)® (a31) @ (To1) + (a31)® (a0)® (Ty1)
+ (a30) @ (T1) (a31) P (T21) = 0
Proof: 488

(a) Indeed the first two equations have a nontrivial solution G,4, G,5 if

F(Ty7) = (a24)® (a25)™® — (a20)® (a25)® + (a24)® (a35)® (Ta5) + (az5)™ (azq)® (Tos)
+ (a34) @ (Tz5) (az5) P (Ts) = 0

Proof: 489

(a) Indeed the first two equations have a nontrivial solution G,g, G59 if

F(T31) = (a26)® (a20)® — (a28)®(a29)® + (a38)® (a20)® (Ta9) + (@20)® (az8)® (T9)
+ (a28) ) (T29) (a29) P (To) = 0

Proof: 490

(a) Indeed the first two equations have a nontrivial solution Gs,, G353 if

F(Tss) = (a32)® (a33)® — (a3,) @ (@33)©@ + (a32)® (a33)® (T33) + (a33)® (a3,)® (T33)
+ (a35)©(T33) (az3) @ (T33) = 0

Proof: 491

(a) Indeed the first two equations have a nontrivial solution Gz¢, G37 if

F(T39) = (a,36)(7)(a,37)(7) - (a36)(7) (a37)(7) + (a’36)(7) (a§7)(7) (Ts7) + (aé7)(7) (a§6)(7)(T37)
+ (a36) " (T37) (az7,) P (T37) = 0
Proof: 492

(a) Indeed the first two equations have a nontrivial solution G4, G41 if

F(Ty3) = (a:m ) @) (a:u ) ® _ (aso) ®) (as1) ® + (a;w ) ®) (a;1 ) ®) (Tyy) + (a;n ) ®) (a;o ) @) (T41)
+ (a40)®(Ty1)(a4)®(Tyy) = 0
Proof: 492

(a) Indeed the first two equations have a nontrivial solution Gy, G45 if

F(Ty7) = (a14)® (a45)® = (a44) (a45)® + (a14) (a45) P (Tys) + (a45)® (a44) (Ty5)
+ (a44) P (Ty5) (a45) P (Tys) = 0

Definition and uniqueness ofTy; :- 493

After hypothesis f(0) < 0, f(e0) > 0 and the functions (a; ) (T;4) being increasing, it follows that
there exists a unique Ty, for which f(Ty;) = 0. With this value , we obtain from the three first
equations

www.ijsrp.org



International Journal of Scientific and Research Publications, Volume 3, Issue 10, October 2013 215
ISSN 2250-3153

G = (a13) V614 Gie = (a15) D614
137 @)D+ D(11y)] 157 (d15) D+(a1) D ()]
Definition and uniqueness ofTy; :- 494

After hypothesis f(0) < 0, f() > 0 and the functions (a;' )@(T},) being increasing, it follows that
there exists a unique Ty for which f(Ty;) = 0. With this value , we obtain from the three first
equations

Gi = — (alﬁ)(%)G17 Gro = (a18)PG1y 495
167 [(@19)@+a19) D (Ti7)] 187 [(a19)@+(a1) D (Ti7)]
Definition and uniqueness ofTy; :- 496

After hypothesis f(0) < 0, f(c0) > 0 and the functions (a; ) (T,;) being increasing, it follows that
there exists a unique Ty; for which f(T5;) = 0. With this value , we obtain from the three first

equations
Gon = (a20)®6y1 Gy = (a22)®6y4
207 () P+ (15)] 22 7 [(ag)®+(az)®(13)]
Definition and uniqueness ofT,; :- 497

After hypothesis f(0) < 0, f(c0) > 0 and the functions (a; )*(T,s) being increasing, it follows that
there exists a unique Ty for which f(T;5) = 0. With this value , we obtain from the three first

equations
Gy = (a24)® G5 Gor = (a26) P65
2 [ ®+(az)D(155)] 26 ™ [(ape) @ +(are) D (T55)]
Definition and uniqueness ofTy :- 498

After hypothesis f(0) < 0, f(e0) > 0 and the functions (a; ) (T,,) being increasing, it follows that
there exists a unique Ty for which f(T59) = 0. With this value , we obtain from the three first

equations
Goo = (a28) 659 G = (a30)®639
287 [(az)P+aze)®(135)] 307 [(a30) P +(a30)®(T55)]
Definition and uniqueness ofT3; :- 499

After hypothesis £(0) < 0, f(e0) > 0 and the functions (a; ) (Ts3) being increasing, it follows that
there exists a unique T3; for which f(T33;) = 0. With this value , we obtain from the three first
equations

G = (a32)®633 Gos = (a34) 633
327 [(a3)©+(az)®O(r55)] 3 7 (a3 ©+(a3)©(T33)]

Definition and uniqueness ofT3; :- 500

After hypothesis f(0) < 0,f(e0) > 0 and the functions (a; )”’(Ts;) being increasing, it follows that
there exists a unique T3; for which f(T3;) = 0. With this value , we obtain from the three first
equations
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Gor = — (a36)(7)037 Gao = (a38) V637
36 7 [(a36) D +(aze)D(13)] 38 7 [(azg) D +(aze) D (T5)]
Definition and uniqueness ofT;; :- 501

After hypothesis f(0) < 0, f(e) >0 and the functions (a; )® (T,;) being increasing, it follows that
there exists a unique T;; for which f(T;;) = 0. With this value , we obtain from the three first
equations

(a22)® 641
[(as2) B +(as)®(157)]

(a40)®6m
[(a30) B +(ag)®(157)] '

G40 = G42 =

Definition and uniqueness ofT,; :- 501

After hypothesis f(0) < 0, f() > 0 and the functions (a;’ )O(T,s) being increasing, it follows that
there exists a unique T;5 for which f(T,5) = 0. With this value , we obtain from the three first
equations

(a46) G5

(a44)P6ys5 _
[(a46) P +(as6) D (155)]

Gua = — . )
T (@) O +ag ) (145)]

Gae

By the same argument, the equations admit solutions Gy3, Gy4 if 502
9(G) = (bi3)(1)(bi4)(1) — (b13)P (1) -

[(B13) P (b1) P () + (b14) P (b13) P (6)]+(by3) P (6) (b1) P (6) = 0

Where in G(G;3, G14, Gy5), G13, G15 must be replaced by their values from 96. It is easy to see that @ is a
decreasing function in Gy, taking into account the hypothesis ¢(0) > 0, ¢ () < 0 it follows that
there exists a unique G{4 such that ¢(G*) =0

By the same argument, the equations admit solutions Gy, Gy7 if 503

@(Gyo) = (bie)(z)(bb)(z) - (ble)(z)(bn)(z) -
[(b16)® (017)P (Gr9) + (b17) P (b16) P (G19) |+ (b16) P (G19) (b17) P (Gr9) = 0

Where in (G19)(G1¢, G17, G1g), G16, G1g must be replaced by their values from 96. It is easy to see that ¢ 504
is a decreasing function in G, taking into account the hypothesis ¢@(0) > 0, ¢(o) < 0 it follows that
there exists a unique G, such that ((G19)*) =0

By the same argument, the equations admit solutions G, G4 if 505

9(Gy3) = (béo)(g)(bél)(g) - (bzo)(g)(bn)(g) -
[(béo)(3)(bgl)(3)(623) + (bé1)(3)(bgo)(S)(Gz3)]+(b,2,0)(3) (G23) (b31) P (Go3) = 0

Where in Gy3(G2g, G21, G22), Gog, G, must be replaced by their values from 96. It is easy to see that ¢ is
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a decreasing function in G,; taking into account the hypothesis ¢(0) > 0, ¢(c0) < 0 it follows that
there exists a unique G;; such that ¢((G,3)*) =0

By the same argument, the equations admit solutions G4, G5 if 506

<P(Gz7) = (bé4)(4)(bé5)(4) - (b24)(4)(b25)(4) -
[(b24)® (b35) P (G27) + (b25) ™ (b24) P (G27) |+ (b34) @ (G27) (b35) P (Go7) = 0

Where in (G27)(Gas, G25, G26), G24, G2 must be replaced by their values from 96. It is easy to see that ¢
is a decreasing function in G,5 taking into account the hypothesis ¢(0) > 0, ¢(o0) < 0 it follows that
there exists a unique G5 such that ¢((G,7)*) =0

By the same argument, the equations admit solutions G,g, G,9 if 507
@(G31) = (b25)® (b20)® — (b25)® (b29)® —

[(bés)(s)(bgg)(s)((%ﬂ + (bég)(s)(bgs)(s)(G31)]+(bg8)(5)(531)(11;9)(5)(531) =0

Where in (G31)(G,g, G2g, G3), G2g, G5 must be replaced by their values from 96. It is easy to see that ¢
is a decreasing function in G,4 taking into account the hypothesis ¢(0) > 0, () < 0 it follows that
there exists a unique G54 such that ¢((G31)*) =0

By the same argument, the equations admit solutions G3,, G35 if 508
¢(Gzs) = (béz)(G)(bés)(G) — (b32)® (b33)® —

[(b32)© (b33) @ (G35) + (b33) @ (b32) @ (G35) |+ (b32) @ (G35) (b33)® (G35) = 0

Where in (G35)(G3y, G3, G34), G332, Gz, must be replaced by their values from 96. It is easy to see that ¢
is a decreasing function in G3; taking into account the hypothesis ¢(0) > 0, ¢(o0) < 0 it follows that
there exists a unique G35 such that ¢(Gs5™) = 0

By the same argument, the equations admit solutions G3g, G37 if 509
9(G39) = (b36) 7 (b37) P — (b36) P (b37)" —
[(B36) 7 (B37) 7 (G30) + (B37) 7 (b36) 7 (G39)]+(D36) 7 (G39) (b37) 7 (G39) = 0

Where in (G39)(Gsg, G37, G3g), G36, G3g must be replaced by their values from 96. It is easy to see that ¢
is a decreasing function in G3; taking into account the hypothesis ¢(0) > 0, () < 0 it follows that
there exists a unique G5, such that ¢(G3") = 0

By the same argument, the equations admit solutions G,q, G4 if 510
9 (Gy3) = (bz,to)(g) (b;,l )(8) - (b40)(8) (b41)(8) -
[(40)® (b41)® (Ga3) + (b41)® (b4)® (Ga3) ]+ (b40)® (G43) (b41)® (G43) = 0

Where in (Gy43)(Gag, G41, Gaz), Gag, G4, must be replaced by their values from 96. It is easy to see that ¢

is a decreasing function in G,; taking into account the hypothesis @(0) > 0, @(x) < 0 it follows that
there exists a unique G;; such that (G,3") =0
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By the same argument, the equations 92,93 admit solutions G4, Gys5 if
9(Gi7) = (b43)® (b45)® = (b4a) (b45)® —

[(44)® (b45) (G47) + (bis) @ (b42) (Gar) ]+ (b42)® (Ga7) (bas) P (G47) = 0

218

Where in (G47)(Gyy4, Gas, Gag), Gaa, G4 must be replaced by their values from 96. It is easy to see that ¢
is a decreasing function in G5 taking into account the hypothesis ¢(0) > 0, (o) < 0 it follows that

there exists a unique G5 such that p((G47)*) =0
Finally we obtain the unique solution

G, given by ¢(G*) = 0, T{ given by f(Ty,) = 0 and

G = (a13)W63, G = (a15)M63,

B 7 @)D+ O(15)] 7 71 T (@) D+@ls)D(11y)]
TE = (b13) 17y Th = (b15)T7y

BT oD-010@] 7 BT [019)D-015)D @)

Obviously, these values represent an equilibrium solution
Finally we obtain the unique solution

Gi7 given by ((Gy0)*) = 0, T} given by £(T;;) = 0 and

G = (a16)P61, Gr. = (a18) P63,
167 [@1)@+@1)@(Ti7)] 7 18 7 [a15)@P+@19)@(Ti7)]
b16) 2T} b1g)@T}
Ty, = (b16)\“’'T17 | Ty = (b1g)'\“’'T17

T 01)@-016)@(G19)7)] T 0@ -1 P ((619))]
Obviously, these values represent an equilibrium solution

Finally we obtain the unique solution

G, given by @((G,3)*) = 0, T, given by f(T5;) = 0 and

Gl o= — (azo)(i)GéH G: = — (azz)(i)Gﬁl
207 [(a0)®+(az0)®(157)] 7 22 T [(a)®+ap)®(13)]
. (b20)®)T3; . (b22)®)T3

TS = — , TS, = — ,
20 T {h30)®=h3)®G23M] 7 22 T [h2) B = (b)) (G239)]

Obviously, these values represent an equilibrium solution of global equations

Finally we obtain the unique solution

G35 given by ¢(Gy7) = 0, T5s given by f(T55) = 0 and

Gy = — (a24)(i)055 Gie = — (aze)(‘:)Gfs
[(a2)®+(ap)D(155)] [(a26)®+(az6) @ (755)]
bos) DT b2e) DT
Ty, = (b24)\' T35 | Ty = (b26)\ T35

[(B2) =03 ® (G27)")] [(b26) M —(b26) D ((G27)7)]

511

512

513

514

515

516

517
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Obviously, these values represent an equilibrium solution of global equations

Finally we obtain the unique solution

G3q givenby ¢((G31)") = 0, T3 given by f(T55) = 0 and

Glp = — (azs)(i)Gi‘g Glo = — (a30)(i)G§9
[(a28)®)+(az))(T35)] [(@30)®)+(a30) D (T30)]
b2g) )T, b30) )T
Ty = (b28)*’T59 L TS (b30)*’T39

T [b2e) P -25) P (631)9)] T (50 ®=30® (G3)]

Obviously, these values represent an equilibrium solution of global equations

Finally we obtain the unique solution

G33 given by ¢((G3s5)™) = 0, T35 given by f(T53) = 0 and

GE = (a32)®633 GE, = (a34)©633
32 7 [(a3)©+az)®(153)] 7 3 T [(a30)©@+(a30)©(133)]
TE = (b32) 133 T = (b34)©T3;
32 T 3@ -3 ®(G35)0] 7 T3 T [030)©@—(b3) O ((G35)")]

Obviously, these values represent an equilibrium solution of global equations

Finally we obtain the unique solution

G37 given by ¢((G39)") = 0, T37 given by f(T57) = 0 and

Gt = (a36) 7637 Gt = (a38) 763,
36 7 [(a30)P+(aze)D(157)] 7 738 T [(a3e) P +(a3)P(137)]
« (b36) 137 ¥ (b3g) 137

TS = — 4 T = — 4
36 T {h3e) D =(b3)D((G39)0] 7 38 T [b3) D =(b3g) P ((G39))]

Finally we obtain the unique solution

Gy given by ¢((G43)*) = 0, T, given by f(T,;) = 0 and

Gi = (a40)®64y G = (a42)®65y
0T [(@a)®+@az)®(157)] 7 T T (@) ®+(ag)® (1)

« (b40)®T * (ba2)®T

Th = — 4 TS = — 4
407 [h30)®=b0)®((6G12)0]  * *2 T [(ha)®=(bs2)®((643)9)]

Finally we obtain the unique solution of 89 to 99

G5 given by ¢ ((G47)*) = 0, Ty given by f(T,5) = 0 and
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Gl = (a4)P6}s G = (a46)@6ss5

M @)D +@)O(Ts)] 7 T4 T [(a4) P +(ae) O (Ts)]

T = — (b44)u(9)T4*5 TE = (b46?,(9)TIS

T [ D =) @DG)D] 7 4 T [(hae) D —(bse) D ((647)9)]

ASYMPTOTIC STABILITY ANALYSIS 524

Theorem 4: If the conditions of the previous theorem are satisfied and if the functions
(a; ) and (b; ) Belong to C™( R,) then the above equilibrium point is asymptotically stable.

Proof:Denote
Definition ofG;, T; :-
Gl:Gl*-I_Gl ,T'l':Ti*'i‘Ti

da1)®

. ab; HWD
W(lel) = (q)? ,

9G;

(G") =sj

Then taking into account equations and neglecting the terms of power 2, we obtain

dG , . 525
dt13 - _((‘113)(1) + (P13)(1))Gl3 + (a13) MGy — (Q13)(1)513T14
dG , . 526
dt14 - —((a14)(1) + (P14)(1))Gl4 + (a12)MGy3 — (Q14)(1)G14T14
dGqs , . 527
dtt1 = —((@15)™ + (15)P)Gys + (@15) PGy — (q15) PG5 Ty
oT, , 15 528
i ~((b13)® = (1)) T3 + (by3) DTy + Z (sanpTisG)
j=13
iTes , 15 529
dr _((b14)(1) - (r14)(1))'11‘14 + (b)) VT3 + Z (5(14)0)T1*4Gj)
j=13
IT.e , 15 530
L2 = (i) ® = @) D) s + Bris) VTog + ) (a5 TisG)
j=13
ASYMPTOTIC STABILITY ANALYSIS 531

Theorem 4:If the conditions of the previous theorem are satisfied and if the functions
(a;)® and (b; )® Belong to C?( R,) then the above equilibrium point is asymptotically stable

Proof: Denote

Definition ofG;, T; :-
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GL=G:+GL 'TL=TL*+TL 532
@@ . A )@ . 533
%(Tn) = ()@, a—(;,((cl") ) =5y
taking into account equations and neglecting the terms of power 2, we obtain
dGye : . 534
TR _((‘116)(2) + (p16)(2))G16 + (a16) PGy — (916) P Gi6 Ty
dG,; : . 535
Q- _((‘117)(2) + (P17)(2))G17 + (a17) PGy — (917)PGi; Ty
dGg : . 536
FT —((a18)® + P18) @) Gg + (a18) PGy — (18) PGigTyy
dTye , 8 537
T —((16)® = (r16) @) Ty + (bys) DTy, + Z (5(16)(;')Tf6Gj)
j=16
ATy 3@ @ @ N . 538
FTa —((b17)@ = (7)) P)Ty7 + (by7) P Ty + Z (5(17)(}')T17Gj)
j=16
dT,, , 18 539
T —((b1g)® — (r1g)P)Tig + (b1g) P Ty; + Z (sasy T G;)
j=16
ASYMPTOTIC STABILITY ANALYSIS 540
Theorem 4:If the conditions of the previous theorem are satisfied and if the functions
(a;)® and (b; )® Belong to C®( R,) then the above equilibrium point is asymptotically stable.
Proof: Denote
Definition ofG;, T; :-
Gl:Gl*—l—(Gl '7'1':Ti*+’]ri
(@)@ s 9 )@ .
%(BO = (q2)® , a—(;]_((Gn) ) =5
Then taking into account equations and neglecting the terms of power 2, we obtain
dGyg , . 541
- —((@20)® + 020)®) Gz + (a20) PGy — (q20)P G50 T
dGy; , . 542
ar —((@20)® + 020)®) G2 + (a21) PGz — (421) 631 Ty
dGy; ' . 543
i —((a22)® + 022)®) Gz + (a22) PGz — (422) P63, Ty
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22
dTy , .
di —((b20)® = (r20)®) T + (by) Ty + Z (S(ZO)U)TZOG}’)
=20
22
dT21 ' "
T —((b21)® = (1)) Ty + (b)) Ty + Z (5(21)(j)T21Gj)
=20
22
dT,, , .
i —((022)® = (1) D) Ty + (by)PTy + Z (S(ZZ)U)TZZGj)
=20

ASYMPTOTIC STABILITY ANALYSIS

Theorem 4:If the conditions of the previous theorem are satisfied and if the functions

222

544

545

546

547

(a;)® and (b; )® Belong to C( R,) then the above equilibrium point is asymptotically stable.

Proof: Denote

Definition ofG;, T; :-

Gl=GL*+(Gl ’Ti=Ti*+Ti
Aazs)™® . A )™ .
ﬁ(Tzs) = (‘hs)m ) a—(;j((G”) )= Sij

Then taking into account equations and neglecting the terms of power 2, we obtain

dGyy , %
i —((024)(4) + (p24)(4))((}24 + (a20) P Gys — (q24) PG5, Tos
dGys , X
i —((azs)® + (P25)®) G5 + (a25) PGy — (q25) P G35 T2s
dGZG ’ «
i —((a26)® + (P26)®) Gz + (a26) PG5 — (q26) P G36T25
4T 26
24 , X
a —((b20)™ = (1) @) Tq + (byy) P Tos + z (seay(h T54G;)
/=24
4T 26
25 : .
Pk —((b25)® = (r35) W) Tp5 + (bps) Py + Z (s@s)(T25Gy)
=24
4T 26
26 : i
i —((b26)™ = (r26)P)T6 + (boe) P Tos + Z (e T56G;)
/=24

ASYMPTOTIC STABILITY ANALYSIS

Theorem 5:If the conditions of the previous theorem are satisfied and if the functions

548

549

550

551

552

553

554

555

(a;)® and (b; )® Belong to C®( R,) then the above equilibrium point is asymptotically stable.

www.ijsrp.org



International Journal of Scientific and Research Publications, Volume 3, Issue 10, October 2013

ISSN 2250-3153

Proof: Denote

Definition of G;, T; :-

GlzGl*‘l'Gl

a
(azg) (Ty) = (%9)(5) ,

'TizTi*+Ti

a(b )

((631) ) - Sl]

Then taking into account equations and neglecting the terms of power 2, we obtain

dng ’ «
a —((azs)(s) + (pzs)(s))st + (a28) P Gp9 — (q28)G3gT2g
dGZg r .
i —((a29)(5) + (P29)(5))Gz9 + (a29)®Gzg — (q29) G539 Ty
dGsg , X
dr —((030)(5) + (p30)(5))(G30 + (a30)®Gy9 — (q30) G350 T29
dT 3
28 . .
FT —((b28)® — (r2g) )Ty + (byg) DTy + Z (S(ZS)U)TZB(Gj)
j=28
dT 2
29 ) X
- —((h29)® = (129) ) T29 + (bog) P Tyq + z (59 T29G;)
=28
4T 30
30 . .
dr —((b30)® = (130) ) T30 + (b30) P T + Z (saoy(H T30 G))
j=28

ASYMPTOTIC STABILITY ANALYSIS

Theorem 6:If the conditions of the previous theorem are satisfied and if the functions

223

556

557

558

559

560

561

562

563

(a;)® and (b; )© Belongto C©( R,) then the above equilibrium point is asymptotically stable.

Proof: Denote

Definition of G;, T; :-

G1=GL*+(GII

wmw

(T33) = (%3)(6) ,

T, =T + T,

6(b )( )

((GSS) ) = Sy

Then taking into account equations and neglecting the terms of power 2, we obtain

dGs, . X

i —((@32)@ + (32)©)G3z + (a32) @Gz — (q32) @63, T3
ngg , .

b —((a33)®@ + (p33)©)G33 + (a33) @Gz, — (q33) 63333

564

565

566
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dGgzy ' . 567
- —((a3)©@ + (030))G34 + (a30) @ G33 — (934) @634 T35
dTs, , 3 568
dt —((b32)® = (r3) ) T3z + (b3,) T35 + Z (5(32)Q)T§sz)
j=32
ATy, , 34 569
i —((b33)© = (r33) @) T35 + (b33) T3, + Z (s@3y(H T3 G;)
j=32
dTs, , 34 570
T —((b34)® = (r3)©) T34 + (b3) T35 + Z (5(34)U)T§4Gj)
j=32
ASYMPTOTIC STABILITY ANALYSIS 571
Theorem 7:If the conditions of the previous theorem are satisfied and if the functions
(@) and (b; )™ Belongto C( R,) then the above equilibrium point is asymptotically stable.
Proof: Denote
Definition ofG;, T; :- 572
Gl=GL*+(Gl ’Ti=Ti*+Ti
] ab; )™ .
2?1y = (g:)? 2207 ((60)) = 5,
Then taking into account equations and neglecting the terms of power 2, we obtain from
dGgzs ' . 573
i —((a36)? + (036)7) Gz + (a36) P G37 — (q36) 7 G36T37
dGszy ' . 574
- —((az)? + (037)7)G37 + (a37) PGz — (q37) 763, T3y
dGsg ' . 575
i —((a3)? + (p38) 7)) Gzg + (a33) P G37 — (q38) VG35 T3y
dTs6 , S 576
dt —((b36)") = (136) ) T36 + (b36) ' T37 + Z (s636)) T36G;)
j=36
dTs; , 38 578
i —((b37) 7 = (r37)P)T37 + (b37) VT34 + Z (5(37)0)T§7Gj)
j=36
dTsg , 38 579
dt —((b3g)") = (135) ) T35 + (b3g) ' T3; + Z (sae)) T3 G;)
j=36

www.ijsrp.org



International Journal of Scientific and Research Publications, Volume 3, Issue 10, October 2013
ISSN 2250-3153

Obviously, these values represent an equilibrium solution

ASYMPTOTIC STABILITY ANALYSIS

225

Theorem 8:If the conditions of the previous theorem are satisfied and if the functions
(a;)® and (b; )® Belongto C®( R,) then the above equilibrium point is asymptotically stable.

Proof: Denote
Definition of G;, T; :-
GLZGL*+Gl 'T'i:Ti*+Ti

a(b )

‘"a“) Ti) = (@)® L (G)) = 5y

Then taking into account equations and neglecting the terms of power 2, we obtain

dG ,
d:O = _((‘140)(8) + (P40)(8))G40 + (40)®Gyy — (qa0) PG Ty
dGyy , X
di —((a41)(8) + (P41)(8))G41 + (a41)® Gy — (q2) P65 Ty
dGy, , X
i —((a42)(8) + (P4z)(8))@142 + (a42)® Gy — (q42) P65, Ty
4T 42
40 . .
i —((b40)® — (130)®)Tag + (bag)®Tyy + Z (5o T G;)
=20
4T 42
41 . .
i —((b4)® = (3)®) Ty + (ba1)®Tyg + Z (san(HTnG;)
=20
4T 42
42 . .
T —((b42)® = (1) ®) Ty + (bar)®Tsy + 2 (san)TeG;)
=20

ASYMPTOTIC STABILITY ANALYSIS

Theorem 9:If the conditions of the previous theorem are satisfied and if the functions

580

581

582

583

584

585

586

586

(@)@ and (b; )® Belong to C( R,) then the above equilibrium point is asymptotically stable.

Proof: Denote
Definition ofG;, T; :-
G1=GL*+(GII lTi=Ti*+Ti

0(a45)< ) a(b )< )

(Ts) = (Q45)(9) ) ((G47)") = Sij

www.ijsrp.org



International Journal of Scientific and Research Publications, Volume 3, Issue 10, October 2013

ISSN 2250-3153

226

Then taking into account equations 89 to 99 and neglecting the terms of power 2, we obtain from 99 to

44

dGyy ' X
dr —((a44)(9) + (p44)(9))(G44 + (a44)PGys — (q42) PG4 Tys
dGys , .
a —((@45)® + (P45) D) Gys + (a45) P Gy — (qa5) GisTys
dG46 r «
a —((a26)® + (P46) ) G + (a46) P Gys — (946) Gy Tas
4T 46
44 ' .
i —((044)® = (134) )Ty + (b4s) P Tys + Z (sun( TiaG;)
j=44
4T 46
45 ' .
T = ~((045) = u)®)Tas + (b4s) P Ty + Z (sun(TisG)
j=44
4T 46
46 ' .
i —((b46)@ — (116) ) Tyg + (bas) O Tys + Z (see)(yTisG;)
=44

The characteristic equation of this system is

(DD + (b)) = (1) D)N(DD + (ag5)® + (py5) D)

(DD + (@)D + (1) V) @) D61, + (@) V(@) V61 )]

(((A)(l) + (b)) — (T13)(1))S(14),(14)T1*4+(b14)(1)5(13),(14)T1*4)

(DD + (@)D + (P13)P) ((@15)P (1) P61y + (a10) P (a35) P (q13)V613)

+ (((A)(l) + (@)D + (P14)(1))(CI13)(1)01*3 + (a13)(1)(CI14)(1)Gf4)
(((/1)(1) + (by3)® — (Tls)(l))5(14),(13)T1*4 + (b14)(1)5(13),(13)711*3)
2 ) )
(WD) + (@) + @)D + i) + P D) D ®)

(DD + (Br)® + Bi)® = (1)D + () P)DD)

+ (WD) + (@D + (@)D + @)D + @) V) DD) (415) V6

(((/1)(1) + (b)) — (7’13)(1))5(14),(15)7'1*4 +(b14)(1)5(13),(15)T1*3>} =0

(D@ + (1)® ~ (1) P)(DP + (a15)® + (p19)?)

586

586

586

586

586

586

587
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(WP + (@)@ + B16)P) @) P67 + (a17)P(16) PGl )|
(DD + (b1)® = 16)®)san,anTir+bi7) PseanTiy )
+((DD + @@ + G1)®) (@16) P61 + (@)D (@) D6 )
(DD + 1P = 1)@ )san,ae T + i) Pse,a6Tis)
(D) + (@2 + (@)@ + @) + 1) P)DP)
(W) + (1)@ + B - (1)@ + (1) P) D)D)

+ (W) + (@)@ + @)@ + P10) + @)Y DP) (1) DGy

DD + (@0 + 1)@ ((@19)® (@17) P61 + (@) P (@16)® (416) 6

(((A)(Z) + (b1e)? — (7”16)(2))5(17),(18)Tf7 +(b17)(2)5(16),(18)T1*6)} =0

(DD + (020D = (2)ON(DP + (@) + P2)®)
(WD + @20)® + @20)P) (420 PG51 + (@20)P(20)P 650 )]
(DD + 20)® = 20) D)5, 51+ b2) D50, T )
+ (DD + (@)@ + P2)®)(@0) D630 + (@200 (42 V65,1 )
(DD + G200 = (20050 51 + b21)Ps0,00)T50)
(D) + (@)D + @) + P2)® + E2)P)DD)
(D) + (B)® + 15209 = () + () P)DD)
+ (WD) + (@0)® + @) + @)@ + @)D D) (422) D62
HDP + (a20)® + P20)P)((02)P (020D 631 + (@21)® (@22)® (20)P 630

(((/1)(3) + (by)® — (7‘20)(3))5(21),(22)Tz*1+(b21)(3)5(20),(22)T50>} =0
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(DD + (b26)® = (26D (DD + (026)® + (P2)™)
(DD + @)@ + @2)®)(425) PG5 + (a25) P (024) V63|
(DD + ) = (1205025, 25) s+ (25) V524,05 T55)
+ (DD + (@)@ + B25)®)(@20) PG54 + (@2 (425) G35 )
(@D + B2 = (r2)P)s25),20Tss + (b2) P52 20T
(D) + (@)@ + @)@ + P2)® + B25)?) D)
(D) + (B + (b25)® = ()@ + () P)D®)
+ (WD) + (@)™ + (@) + P2)® + P25)P)DD) (426)® G2
(DD + (@)@ + @20)D) ((26) (025) D635 + (a25) P (a26) P (424)D634)

(((/1)(4) + (byy)™® — (T24)(4))5(25),(26)T;5+(b25)(4)5(24),(26)T54)} =0

(DD + (b3)® = (3@ (DD + (@) + 30))
(DS + (@) + 26)) (426) PG + (a26) S (426) G35 )|
(D + B2)® = 2)D)5(20) 250 50+ (b29) V528, 20) T )

+ (WS + (@) + 029)9)(26) 635 + (a20) (420) V655
(D + B2)® = 126)D)520),08) T35 + (b29) 508, 20)Tss )
(W) + (@) + (@) + B2)® + (029)P) D)
(WD) + ()@ + (bi0)® = (1) + (12)) (D)
+((@®) + (@)@ + (@) + @20)® + P29)P) D) (430) VG50
+H(D® + (@2)® + (26)) ((@30)® (@29)® 63 + (29)® (30)® (20) G35)

(((/1)(5) + (b2g)® — (128)™)520),30) T30 +(b29)(5)5(28),(30)T2*8)} =0
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(DO + B3 = (DD + (@) © + @2)®)
(D + @)@ + P32)©)(43) 655 + (a33) @ (32) @63 )]
(D@ + B32)@ = (32) @) s3T5+ (b33) O30, 35T )

+ (D + (@3 + (33)©) (@3) 0632 + (a32)® (933) €635 )
((@© + (Bs)® = (r52))s33),60)Tss + (b33) V552,520 T2 )
(D) + (@)@ + (@)@ + P32)@ + P3)@) D)
(DO + (B3 + (1:)® = ()@ + () @YD)
+((W®)° + (@)@ + (@)@ + P32)© + P3) @)D (434)@ G4
+H(D® + (@)@ + 032)@) (@3 (453) @635 + (a33) @ (a3)© (432)©632)

(((/1)(6) + (b3)® — (7'32)(6))5(33),(34)T§3+(b33)(6)5(32),(34)T§2)} =0

(D + (b3)? = (r3) P )(D? + (az)” + (p3)”)
(W7 + @)D + 03607 (@3) 7637 + (a37) 7 (a36) 7636 )|
(DD + B3 = (30?5767 T +bs7) Vs Ti7)
+ (WP + @)? + (37) V) a36) 636 + (a36)7 (457) 67 )
(DD + )P = (r30) )5 7,30 Ts7 + bs7) V536,36 o)
(WD) + (@) + @)? + @s6)? + @) )N
(WD) + (B3P + B3)? = (136) + () P)YDD)
+ (@) + ((@)? + (@) + @30)7 + @3)P)D?) (439)7 G
(D + (@56)? + 130)7) (36) (057) V637 + (a37) 7 (@39) 7 (36)V655)

(((A)m + (b3s)" — (T36)(7))5(37),(38)T§7+(b37)(7)5(36),(38)T§6)} =0
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(D@ + (1)@ = GDOH(D® + (@)@ + (Pi2)®)

[((D® + @0)® + Pa)®) (@) D61 + (2)® (020) D60 )|

(D@ + Bi)® = (1) )swy 4 T+ ba) @sa0y a0y Ti )

+ (DD + (@)@ + Pa)®)(@10) 6o + (@40)® (44) 651 )

(DD + (b1)® = 120)®) sy a0 Tir + Ba1) @5 401,400 Tio )

(D) + (@)@ + @) + Pi)® + ) @) D)D)

((W®) + (i)® + (bi)® = (:0)® + 1)) D®)
+((W®)° + (@)@ + @)@ + @i)® + @) @)D ) (422) D6
+H(D® + (@)@ + Pa0)®) (@) (@4 D 651 + (@4) @ (1) @ (020) D G5 )

(((/1)(8) + (by)® — (7'40)(8))5(41),(42)721+(b41)(8)5(40),(42)Tfo)} =0

(D + i) = G)OWDD + (@)@ + 0a6)®)
(DD + @)@ + i) ) @) Gis + (a15) (@) 63 )|
([ + i = 1)) s 45y, Tis +(bas) sy 45)Tis )
+ (DD + (@) + P5)®) (@) 6 + (01)? (015) V65 )
([ + ®i)® = (1) s 45,40 Tis + Bas) s aay, 4 Tia )
(WD) + (@)@ + (@)@ + Pa)® + Pas)@) D)
(WD) + (G + Bi)® = 1) + () )N
+ (@) + (@)@ + @) + a)® + Bas)®) D) (446) PG
DD + (@) + ) ((@16)P (@45) G5 + (@45)? (@16) (024) G

(((A)(g) + (bag)® — (T44)(9))5(45),(46)Tfs+(b45)(9)5(44),(46)Tf4)} =0

And as one sees, all the coefficients are positive. It follows that all the roots have negative real part, and
this proves the theorem.
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