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Abstract: In this paper we obtain bounds for the number of zeros of a polynomial in a given
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1. Introduction and Statement of Results
In the literature we find a large number of published research papers
(e.0.[2,4,5,7,8,9,10,11,12,13,16,17,19,20]) concerning the number of zeros of a polynomial in
a circle.
S. K. Singh [18] proved the following result on the number of zeros of a polynomial:

Theorem A: Let P(z2) = iajzi be a polynomial o f degree n such that min
j=0

aj‘21

0<j<n

and max,;., aj\ <la,|, then the number of zeros of P(z) in [ g% does not exceed
2log{(n+1)[a,|R"}
log k
where
R = max{ 81 , &2 N sl 1.
an an ‘ an ‘

For the class of polynomials with real coefficients, Q. G. Mohammad [14] proved the following
result:

Theorem B: Let P(z) = iajzj be a polynomial o f degree n such that

j=0

>a,,>...28 23,>0.
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Then the number of zeros of P(z) in || s% does not exceed

1+Llogi.
log2 " a,

Bidkham an d Dewan [3] generalized Theorem B in the following way:

Theorem C: Let P(z2) = iajzi be a polynomial o f degree n such that

=0

a,<a,; <...<a,,<a 2a,=...2a =4, >0,

for some k,0<k <n.Then the number of zeros of P(z) in || s% does not exceed

Theorem D: Let P(z) = iajzj be a polynomial o f degree n with complex coefficients such that
j=0
T

2,ogjgn,and for some 0<t<1,0<k<n,

for some real o, 8, farga; - fj<a <
3y <tfay| < ... <t“ja | =t Yoy, > ... > t"a,].

Then the number of zeros of P(z) in || s% does not exceed

2t***a, |cos a + 2sin azn:t"‘aj‘—t”+l|an|(cos a +sina —1)
j-0

L lo
log 2 J tla,|

Ebadian et al [6] generalized the above results by proving the following

results:
Theorem E: Let P(z) = iajzj be a polynomial o f degree n such that

i=0

a <a, , <...<a,,<a, >a_, >...24a,
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for some k, 0<k <n.Then the number of zeros of P(z) in || < g,

R>0, does not exceed

n+1 k n
1 10g |a,[R™ +|a,| + R*(a, —a,) +R"(a, —a,) for R>1
log 2 |a,|
and
n+l n
1 o |a,|R™ +|a,|+ R(a, —a,) +R"(a, —a,) for R<1
log 2 ||

Theorem F: Let P(z) = iajzj be a polynomial o f degree n with complex coefficients such that

i=0

for some real «, 3, \argaj—ﬂ\Sasf,ogjgn,and for some R>0,0<k<n,
2

|a,| <Rlay| <..... < R¥ay | 2 R* a2 ... 2 R" [, .

Then the number of zeros of P(z) in || sg does not exceed

2R“"!|a, | cos & + 2Rssin azn: R/ ‘aj ‘ —R"™a,|(cos & + sinax - 1)
0

1 lo
log 2 J Rla,|

In this paper we give generalizations of Theorems E and F. More precisely we prove the
following results:

Theorem 1: Let P(z) = iajzi be a polynomial o f degree n with Re(a;)=«;, Im(a;) =4, such

j=0
that for some k,7,14,0<k<10<7<1,0<A<n,

ke, <o, S...<q,,<a,2a, ,2...2710,.

Then the number of zeros of P(z) in || g%(R >0,¢>1) does not exceed
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A-1
a,|R"™ +|a,|+ R*[e, —T(|0!o|+ao)+|ao|+|ﬂo|+|ﬁ/1|+ZZ‘ﬂj‘]
j=1

Ry~ k(| + ) + @, + 1B, <[, + 2 3[4

1 jA+l

log ¢ ||

for R>1

and

A-1
|a,|R™ +|a,|+ Rla, —7(|a,| + a,) +|aq| +|B| + |8, + 22‘,81. ‘]
=1

=A+1

n-1
+R"le, | - k(e |+ ) + +|ﬂl|+|ﬂn|+2_2‘ﬁj‘]
]

log ¢ ||

for R<1.

Remark 1: Taking k=17 =1, c=2,Theorem 1 reduces to Theorem E if a, are real i.e. g, =0,Vj.

For different values of the parameters k,z, 2etc. we get many interesting results e.g. if we take
r =1, we get the following result:

Corollary 1: Let P(z) = iajzj be a polynomial o f degree n with Re(a;)=«;, Im(a;) =4, such
j=0

that for some k,0<k <1,

ke, <o, <...<a,,ja,z2a,,>..20,,

0<A<n. Then the number of zeros of P(z) in || S%(R >0,c>1) does not exceed
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A-1
la, |R™ +|a, |+ R e, — g +| 8] +|B,] + 22\@. \]
j=1

Rty |~ Kl |+ ) + @, + 18]+, + 2 3[4

| j=4+1
log ¢ o9 3|
for R>1
and
A-1
|a,|R™ +|a,|+ Rla, —a, +|B,| +|B,| + ZZ‘ﬁj ‘]
-1
n-1
. +R"le, | - k(e |+ ) + +|ﬁ’l|+|ﬁ’n|+2_2‘ﬁj‘]
IOg j=A+1
log ¢ |a,|

for R<1.

Taking k=1,2=n in Theorem 1, we get the following result:

Corollary 2: Let P(z) = iajzj be a polynomial o f degree n with Re(a;)=«;, Im(a;) =4, such

i=0

that for some r,0<z <1,

a, 20, 4 ... 21Q.

Then the number of zeros of P(z) in || s%(R >0,c>1) does not exceed

. |ag|+ R™ [lar,| + e, — 7(|ro| + o) + |exo| +[Bo| + ZZ‘ﬂj‘]
log =

logc |a,|

for R>1
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and

. |ao|+ Rljery | + ary — 7| | + @) +|exo| +|Bo| + ZZ‘ﬁj ‘]
log =

log ¢ |

for R<1.

Taking r=1,1=0in Theorem 1, we get the following result:

Corollary 3: Let P(z) = iajzj be a polynomial o f degree n with Re(a;)=«;, Im(a;) =4, such

j=0
that for some k,0<k <1,
ko, <o, <...8, < a,

n n-1 —

then the number of zeros of P(z) in |z| s%(R >0,c>1) does not exceed

|ag| + R™ [, | - k(| |+ @) + g +|Bo| + ZZ‘ﬂj‘]
-1

1
log
log ¢ |a,|
for R>1
and
3|+ RI2a,| - k(a, |+ a,) + aq +|Bo] + ZZ"BJ' ‘]
log =
log c |
for R<1.

Applying Theorem 1 to the polynomial —iP(z) , we get the following result:
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Theorem 2: Let P(z) = iajzj be a polynomial o f degree n with Re(a;)=«;, Im(a;) =4, such
j=0

that for some k,0<k <10<7 <1,

KaB, <Py <o <Py <Bo =By = > 1B,

0<A<n, then the number of zeros of P(z) in | s%(R >0,c>1) does not exceed

A-1
|2, |R™ +|a,|+ R*[B, = (1Bs| + Bo) +|Bo| + |cxo| + || + 22‘0:]‘]
j=1

+R"[|ﬂn|—k<|ﬂn|+ﬂn>+ﬁﬂ+|a1|+|an|+2_"2\a,-\]

1 =i+l

log c ||

for R>1

and
A-1
|a,|R™ +|a,|+ RIS, —7(Bs|+ Bo) +|Bo| +|exo| +|ex| + 22‘04]‘]
j=1

SRYIB KB+ B) + By + ey + e +2 e ]

1 j=1+1

log ¢ |a,|

for R<1.

Theorem 3: Let P(z) = iajzj be a polynomial o f degree n with complex coefficients such that
j=0
T

2,ostn,and for some R>0,0<1<n0<k<10<7r<1,

for some real o, 8, farga; - fj<a <

7la,| <R[ <....<R*la,|>R*a, 4| >.....2 kR"[a,|.
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Then the number of zeros of P(z) in |z| S%(R >0,c>1) does not exceed

L ogt
logc J Rla,|

n-1

{2R*"[a,|cosa + 2Rsina)_R’[a;|—K[a,[R™* (cos —sina +1) + 2R a, |
j=1

— rR|aO|(cosa —sina+1) + 2R|a0|}] :

Remark 2: For different values of the parameters k, z, 1etc., we get many interesting results
from Theorem 3 as in case of Theorem 1. For k =1,z =1, c=2,Theorem 3 reduces to Theorem F.

2.Lemmas
For the proofs of the above results we need the following results:
Lemma 1: If f(z) is analytic in |z| < R,but not identically zero, f(0)= 0 and
f(a,)=0k=12,....,n, then

R
2]

Lemma 1 is the famous Jensen’s theorem (see page 208 of [1]).

1 2r i Ul
o jo log| f (Re"|d@ — log| f (0)] = Jz_lllog

Lemma 2: If f(z) is analytic and |f(z)|<M(r)in |z|<r, then the number of zeros of f(z) in || s%

(r>0,c>1)does not exceed

1 M (r)
oge ¥ [r )

Lemma 2 is a simple deduction from Lemma 1.

Lemma 3: Let P(z) = iajzj be a polynomial o f degree n with complex coefficients such that

=0
for some real ., 8, farga, —ﬂ\Sas%,ogjsn,and

la;|2|a;,|,0< j<n,then for any t>0,
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‘taj

— aj_l‘ < (t‘aj ‘ — ‘aj_l‘) CoOs o + (t‘aj ‘ + ‘aj_l‘)sin a.
Lemma 3 is due to Govil and Rahman [7].
3.Proofs of Theorems

Proof of Theorem 1: Consider the polynomial

F(2) =(1-2)P(2)

n-1
=-a,2"" +a, +[(ka, —a,,) - (k-Da,]z" + D (a; —a;,)z’

+ i(ai —a;,)7 +[(a, — ) + (r —Da, ]z

For |Z] <R, we have, by using the hypothesis

n-1 .
IF(2)|<|a,|R™ +|a,| + [(a —kar,) + L—K)|ex, [IR" + Z(O‘H -a;)R’

j=4+1
A

=1

Which gives

n-1
IF(2)|<|a,|R™ +|ag| + R"[|a,| - ke, | + @) + &, +|B,|+ |54 +2_Z‘,Bj ‘]
J

=A+1

A-1
+R[a, —z-(|ao|+ao)+|a0|+|ﬂo|+|[)’ﬂ|+22‘ﬂj‘]
-1

for R>1

and

n-1
IF(2)|<|a,|R™ +|a,| + R [, | — k(laxo| + @) + @, +|B,|+|B.] + 2 Z‘ﬂj‘]
J

j=A+1

+3 (e, —a, DR +[(@, - er0) + L 7)ero IR +iqﬁj\+\ﬂjl\)w .
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A-1
+Rla, — (o] + o) +|ero| +|Bo| +|B.| + 22‘,81‘]
-1

for R<1.
Thus
PO L g, IR g+ R~k )+, 18, 1]+ 2 S5,
|F(O)| |0| j=4+1
+R[e, —z'(|a0|+050)+|0‘o|+|ﬁ0|+|ﬂi|+22"81‘]
for R>1
and
PO L o R0 g+ Rl |kl )+, 15, 18+ 2 5
|F(0)| | 0| j=A+1

A-1
+Rla, — (| + o) +|ao| + | Bo| +| 8] +22‘ﬂj ‘]
i1
for R<1.

Hence , by Lemma 2,it follows that the number of zeros of F(z) in | s%(R >0,c¢>1) does not

exceed

A-1
|3, |R™ +|ag| + R* [, — z(|eo| + @) +]exo| + |Bo| + |8, ] + ZZ‘,Bj ‘]
=1
. +R" e, | -k(a,|+a,) +a, + |ﬂﬂ|+|ﬁ|+22‘ﬂ‘]
|Og j=A+1
logc EN

for R>1

and
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A-1
la,|R"™ +|a,|+ Rla, —7(|a,| + a,) +|aq| +|Bs| + |8, + ZZ‘ﬂj ‘]
j=1

Rty |~ k(g + )+, + 18]+, + 2 S|

j=A+1

log ¢ ||

for R<1.

As the number of zeros of P(z) in || s%(R >0,¢ >1) does not exceed the

number of zeros of F(z) in |z| g%(R >0,¢>1) , the theorem follows.
Proof of Theorem 3: Consider the polynomial
F(z) =(R-2)P(2)
=(R-2)(a,z"+a _,z"" +....+a,z+a,)
=-a,2" +Ra, +(Ra, —a,,)z" +(Ra, , —a, ,)2"" +....+(Ra, —a,)z
=-a,2"" +Ra, +[(kRa, —a, ,)— (kRa, —Ra,)]z" +(Ra, , —a, ,)z"*"

+...+(Ra,,-a,)2*" +(Ra, —a, ,)z* +....+(Ra, —a,)z°
+[(Ra1 _Tao)"'(fao _ao)]z

For |z <R, we have
IF(2)|<|a,|R™ +Rla,| +|k —1JR™|a,| +|kRa, —a,4|R" +|Ra,; —a, ,|R""

+....+|Ra,,, —a,|R** +|Ra, —a, ,|R* +.....+|Ra, — a,|R?

which gives ,by using Lemma 3and the hypothesis

IF(2)|<|a,|R™ + Rla,| + @ —k)R"|a,| +[(a,,| — kRla, ) cos & + (|a,_,| + kRla, ) sin «]R"
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+[(a,.| - Rla, 1) cosa + (|a, ,| + Rja, 4 sina]R"™ +......

+[(a,| - Rja, ) cosa + ([a,|+ Rla,,,|)sina]R*"

+[(Rla,|—|a, 4| cosa + (Rla,|+|a, ) sina]R" +......

+[(Rla,| - |a.[) cos @ + (Ra,| +[a,]) sin «]R? + [(Rla, | - 7]a,|) cos &
+ (Rlay| + 7]a, ) sin ]R + (1 - 7)[a, |R

=2R*"|a,|cosa —k|a,|R™*(cosar —sinar +1) + 2R"|a, |

n-1
—R[a,|(cos & —sin & +1) + 2Ra,| + 2Rsin ) R"‘aj‘
-1

=
=2R"*"[a,|cos a + 2Rsin anZRj‘aj‘— kla,|R™ (cos @ —sin e +1) + 2R"[a, |
-1

—1Ra,|(cos & —sina +1) + 2R[a,| .

The rest of the proof can be completed on the same lines as in the proof of Theorem 1.
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