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Abstract- In this paper, we specialized parameters and argument, Hypergeometric function Fg (au, oy, o, B1, B2, B2; Y1, Y2, Y3; COsh X,
cosh y, cosh z) Fg, Fx and Fy can be reduced to the hypergeometric function of Bailey’s F4(ou, B2, Y2, v3; -coshy, - cosh z) and also
discussed their reducible cases into Horn’s function. In the journal we consider hypergeometric function of three variables and obtain
its interesting reducible case into Bailey’s F, & Horn’s function.

In the section 2, hypergeometric function of four variables can be reduced to the hypergeometric function of one, two & three
variables with some new and interesting particular cases.

Index Terms- Matrix argument, Confluent, Hypergeometric function, Beta and Gamma integrals, M-transform

I. ONHYPERGEMOTERIC INTEGRALS

1.1 INTRODUCTION

We will study Laplace’s double integral for Saran’s function Fg (o, oy, o, B1, B2, B2; Y1, Y2, Y3; €0sh X, cosh y, coshz) which has
been reduced to Bailey’s F4 (o, B2, 2, v3; - €Osh y, - cosh z) and pochhamer type of Integrals for Fg, Fg, Fx and Fy and also

discussed their reducible cases into Horn’s functions. The purpose of studing only the function Fg, Fg, Fx and Fy is mainly due to the

function in their integral representation contain Appell’s function F; or F;, or the product of Gauss’s hypergeometric series which can

be reduced by the following relations.

S (2),(8),

I
oF1 (o, B; y; coshy) = km=0 (),m! cosh™y (1.1.1)

(a)n(ﬂ)n(ey _e_y)m

oF1 (o, B; v; coshy) = km=0 (7)pm £2m (1.1.2)
r) Jl' Y(1—t)" "t (1-tcosh y)“dt
2F1 (o, Bsv; coshy) = FO=AILP)s (1.1.3)
coshy
JF (o0 B 7 cosh y) = (1-cosh Y)Y oFy (oy-prys COSMY =1 (1.14)
Similarly
coshy
oF (o, B i coshy) = (1-coshy)® oFy (v- o0 By COSNY =1 (1.15)
oF1 (o, B; y; coshy) = (1- cosh y)"*P 5F; (y-o., v-B; v; coshy y) (1.1.6)
oF1 (o, B; v; coshy) = (1-coshy)™ (1.1.7)
F1(ou,p’,c: cosh x, cosh y) = (1 — cosh y) ™ (1 — cosh y) P (1.1.8)
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Fi(a.8.8.3./5; cosh x, cosh y) = (1 — cosh x — cosh y) (1.1.9)
Fo(a, 8.3, o, B"; cosh x, cosh y) = (1—cosh y) P (1—cosh x—cosh y)*  (1.10)

here |cosh x| <1 | cosh y| <1|Cosh z|<1 for (1.1.1) to (1.1.10)

1.2 Reduction of integrals of Fg(.) INTO BAIEY’S F, (.)

The hypergeometric function Fg is defined by

Fi1 (ou, o, 0, B1, B2, B2s v1, Y2, ¥3; €OSh X, cosh 'y, coshz)

>

- m,n, p=0 (yl)m(yZ)n(}/S)pm!n! pl (121)

(al)m+n+p(ﬂ1)m(b2)n+p COShm XCOShn yCOShp z

 Wnepy=t | |
absolutely convergent if m+ "|coshx|<1, |coshy|<I,|coshz|<] and |coshz|<] and It’s integral representation S. Saran
(1957) is given by

[ Ooe*p*t p“lfltﬁZ‘llF (B.; 7. pcosh x)
r(al)r(ﬂz)u s

FE =
XoF1 (y2;- pt cosh y)oF1(ys;- pt cosh z) dpdt (1.2.2)
Where R (o3)> 0 and R (o) > 0

Fa (ou, Bz, Y2, Ys, - COsh Y, - cosh z)

o0 0

_[_[’p‘ @A (7~ peosh X)

XoF1 (v3;- pt cosh y) dp dt (1.2.3)

- F(Oll)F(ﬂz

Changing the variable t to T by the substitution t = C*T?%/4p and writing

oy = Y2 (A+pto-p) B2 =2 (A+ptutp)
a’ b?
2 2
v, = utly;=v+l,coshy= € coshz= C (1.2.4)

2 2
l(ﬂwr,u+v—,o),1(/1+,u+v+,o),u+1,v+1—a—2,—b—2
F4 2 2 c° cC

e(ﬂ+,u+v)

2 (r+u+v+p1) r{; (y+pu+v— p)}l—‘{; (y+u+v+ ,0)}

0 CZTZ
je e pﬁ’*lTW*V*ﬂ*”ol:l(ﬂ+1;—iaZTZ)0 Fl(v+1,-—1b2T2)
0 4 4 dpdt

Oy 8

We know that [E.T. Wittaker and G.N. Watson (1902)]
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|

so the p- integral

1,
exp{-(ox +a/ 3ax = 2(c /) €/ A7 k2 Vac), (1.25)

% o CfT?
J~e P~p pp—ldpzz(CiT)pkp(z\/&)
0 (1.2.6)
and changing oF; in to Bessel function of the kind the relation
1
(- 2)
2 k+1-172)
a@=Tk+D) e, 4 (1.2.7)
11 o pvpe) L 1
" 2°7a"b'T E(}L+y+v+,oI“E(ﬂb+y+v—,o
t**J (at)J, (bt)Ip(ct)dt = —
;[ “ Y (u+DI(v +1)
2 2
B(A+,u+v+ p),%(/1+y+v— p), u+1+v +1;a—2,b—2}
Fs ¢ ¢ (1.2.8)

Where F, is fourth type of Appell’s function

13 REDUCTION OF Fg, Fg, Fk AND Fy INTO HORN’S FUNCTION

Let us consider the integral S. Saran (1955) for Fg viz.

C(7)0(ra)T 2y, = 75) B2t _1\ 7
FE: oy j ()7 (t-1)

coshy N cosh z)

Fo (0,1, Bosvs, v2 + va-1; cosh x, 1-t "qt (1.3.1)

where
lcoshy , coshz|

B 1-t |

|cosh x|+ <1 along the contour.

Puttting B, = y; and B, = v, + ys-1 in equation (1.3.1) we get
()T ()T 2—y, —7s)
Fe= (211i)?
coshy coshz
I ('t)_Y2 ('t) 7Y3(1'COSh X - t 1-t )»al dt

We can expand
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coshy coshz
(l-coshx - 1 1-t y* = (1-cosh x - cosh y)

i (al)mm( coshy 1—tjm( cosh z 1 )m

&= minl \1-coshx—coshy t 1—coshx—coshy 1—t

(1.3.2)

Where

| coshy 1—t| | coshz 1 |
1—coshx—coshy” t |_, [1-coshx—coshy 1-t|_,

along the contour

= (1 - cosh x — cosh y — cosh z) *

i (al)mm( coshy 1—tJm£ cosh z 1 Jm
. (133)

& minl {1-coshx—coshy—coshz t 1—coshx—coshy—coshy 1—t

where

| coshy 11 | coshz 1|
l1-cosh x—coshy-coshz  t | [1—cosh x—cosh y-coshz'1-t| _

<land,

along the contour using (1.3.2) and (1.3.3) and then evaluating the integral, after changing the order of the integration and summation,
keeping

j(_t)a—l (t _1)ﬂfldt — (277'1)2
. IFA-a)rd-p)(a+p)

We will get,

FE(ala Ay, O, Y1, V2 + Y3 _19 Y2 + Y3_1a Y1, Y2, V3s : COSh X, COSh y: Cosh Z)
= (1 —cosh x — coxh y) .
coshy coshz

cosh x +cosh y-1" cosh x +cosh y -1, (13.4)

Hi(1-vs, o, y2+ v3-1, v2;

= (1-cosh x — coshy — cosh z) ™.
coshy coshz

1-cosh x —cosh y - cosh z '1- cosh x —cosh y - cosh z )

Gi(ou,1- 2, 1-ys, (1.3.5)

When H; and G, are defined by Horn (1931)

i (@) i (B (B )i

In!
Gi(a,B, B’; cosh x, cosh y) = ™n=0 m:n: cosh™ x cosh"y  (1.3.6)

v (@00 (B)nin (M)n
Z min!(o),,

Hi(o.p,y,8; cosh x, cosh y) = ™Mn=0 cosh™ x cosh" y (1.3.7)
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coshy coshz

We also expand (1-cosh x- t 1-t Y by taking = (1-cosh x) “* as factor but that will only reduce Fe to Fj.

Similarly, we have Fg(ou, o, o, B1, B2 Bs; Y1, Y2, ¥3; €0sh X, cosh y, cosh z)

i (al)m+n+p (ﬂl)m (ﬂz)n (53) p
= mn=o Mty ) m (72)np

cosh™ x cosh” y coshP z (1.3.8)
absolutely convergent if m + n=1and m + p = 1 while
|cosh x|<1, |cosh y|<1, and |cosh z|<1

Its Integral representation is given by S. Saran (1955)

(o) ()L (2—p-p) J‘ (-)* (-1~

_ (2)°
Fo=
cosh x coshy coshz
—+—
FipBrye b IF(pu BaBava 1-t 1-t )dt (1.3.9)
2
1 105,£0{+l,ﬂ+1;—(005*”() 5
oF1(o,B, 2B;cosh x)=(1- 2 cosh X) % ,F, 2 2 2 2 (2—-coshx)

(1.3.10)
absolutely convergent if m +n =1 and m + p = 1 while |cosh x| <1, |cosh y|< 1, and |cosh z|< 1

It’s integral representation is given by

oF1 (o,B.B°, B+B’; cosh x, cosh y)
cosh x—cosh y

(1-coshy) “Fo(p.peps;  L7COSNY ) (13.11)

using (1.3.10) and then taking the new variable of integration u given by t = 1/2cosh x + (1-1/2 cosh X) u in Fg’s integral we will get

I'(p)” '2-p-— _ _
ECOSh « (p) (Pém()z £—p1) I(_u) PU-1)"
Fo(y:= 2B1)=(1- 2 ) c
1 1 1 1 (coshx)?
SPSPYSIBES,
cosh x cosh z
cosh x ' cosh x
(- )A-u) 1- )L—-u)
F1(p,Bas Bas 73i( 2 2 )du

Now using (1.3.11) after putting y, = 3, + B3 and introducing a new variable of integration v given by:

1 cosh x) 1 cosh x)
v=(1-coshz- 2 (1-v)/ (1- 2 (1.3.13)
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We will get, on Integration
Fo(ou, o, g, B1, B2, B3,2P1, P2,+Ps, P2+ Py cosh X, cosh y, cosh z)
1

= (1-coshz- 2 cosh x) ™

Cosh?®x Coshy-cosh z

2 b
1 4(2 - coshx - 2coshz) (1-cosh z -lcosh X)

Ha(ou, B2,B1t 2 » B2, Ba;

where

i (a)2m+n (ﬂ)n

In!
Ha(o,B.y,8; cosh x, cosh y) = Mn=0 m: n.(}/)m (5)" cosh™ x cosh" y
We will now consider the integral S. Saran (1955) for F to show that
Fi(ou, 0, ag, Y1+ v3— 1, v2, Y1+ v3-1; 71, Y2, v3; cOsh X, cosh y, cosh z)

= (1-coshy — coshy z)

cosh x
,—cosh X

Hy(1-y, o, o, ot ya-1, y5: COSNY TC0shz—1 |

= (1 - cosh x) ™ (1- coshy y)

cosh z coshz
coshy—1" cosh y-1,

Hy(1-ys, o, 0, Y2+ v3-1, v1;
= (1-cosh x) “** (1-cosh y — cosh z)

cosh z cosh z
1-coshy '1-cosh y - cosh z )

G0, 0, 1-y1,1- y3;

where H, and G, are defined by

i (@)1 (B)n (1), (9),

(1.3.14)

(1.3.15)

(1.3.16)

(1.3.17)

(1.3.18)

Inl
H,(a.B,y,8; 0; cosh x, cosh y) = ™n=0 min!(6),, cosh™ x cosh"y (1.3.19)
and
i (@) ()0 (B)nm (B)mn
Inl
Gy(a,a’,B,B° cosh x, cosh y)=""=0 m:n: cosh™ x cosh"y (1.3.20)

Fr(ou, o, a2, B1, B2, B1,20u, P2, Ba.; cosh x, cosh y, cosh z)

1
= (1 - 2 cosh x)”; (1- cosh y)
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cosh? x cosh z

1 - 2’ 1

= 42-coshx) (1—=cosh x)(1—cosh y)
Ha (B, 0, 0ut+ 2, vs; 2 ) (13.21)
This leads to Erdelyi’s (1948) when y =0
To prove these we know that
Fr(ou, oz, az, B1, B2,B1; Y1, Y2, ¥ 35 cosh X, cosh y, cosh z)

i (al)m (az)(ﬁl)m+p (ﬂZ)n
Inl p!

m,n=0 m:n: p(yl)m (7/2)n (7/3) p , cosh™ x cosh” y coshP z (1322)

absolutely convergent if p = (1-m) (1-n) where

|cosh x|< 1, |cosh y|<1, and |cosh z|<1

Fk(a, ag, oz, B, B2, B1iv1, ¥ 2, 73 COsh X, cosh'y, cosh z)

LA (p)I(2—p-p1) J'(_t)—p t-1)"

(27)?
1 coshx coshy
Fiposyt 20 U ) FalanBapuya v coshy, $7 1 yat (1.3.23)

|1|>|cosh x| and |cosh z/1- t|< 1-|cosh y| along the contour and B; = p+p;-1 putting y,= B, and y3 = p; we have

cosh z cosh z

)

F2 (02,B2,01 P2, p1; cOSHY, -9 (1-coshy - (1-1)

o0

Z (a,), coshz t

= (1- coshy - cosh )@ s M! “1-coshy—coshz 1-t'm (1.3.24)
= (o), ( cosh z . t
;n(dl_ coshy) 2 o m! "1-coshy—-coshz 1-t'm (1.3.25)
cosh x cosh X, _,
2F1 (o, o4, p; coshy, t )= t "
= (@,),,, coshx . 1 )"
= (1-cosh )@ mo Mt 1-coshx 1-t (1.3.26)

Thus if By =y1+v3-1 and B, =y, we will have

C()U()T 2=y, —7s) i\t 1\
) !( )7 (t-1)

FK:

Cosh y),al (1—coshy — Cosh z),az

a-
t -1 dt (1.3.27)
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Now writing down the expansion (1.3.24) and

< cosh x
cosh y 3 (al)lm ( )
@ t yazao Mt e (1.3.28)

and the integrating term by term by term we will be table to prove (1.3.16) — (1.3.24) can also be proved by applying (1.3.24) and
(1.3.26) and then integrating term by term.

Application of (1.3.25) and (1.3.26) will prove (1.3.17) the proof of (1.3.21) is however, similar to (1.3.14).
We can also prove the following results for Fy

Fn(ou,v2, Y2, Y1t K-1-Ba, v1i+K-15 1, 72, v3,; cosh X, cosh y, cosh 2)

= (1-cosh x) " (1-cosh y) P2

cosh x
,—cosh z

Hy(1-k, ok, yo+k-1, yo; COS X =1 ) (1.3.29)

= (1-cosh x) " (1-cosh y) P2
cosh x cosh z

Gy(ok,1- y1,1-k; L—Cosh x "1—cosh z ) (1.3.30)

Fn(ou, ag, o, B1, B2, B1,Y1, Y2, ¥a,; COsh X, cosh y, cosh z)

= (al)m(a)Z(ﬂl)m+p(ﬂ2)n
:m;O m|n| pl(71)m(72)n+p

cosh™ x cosh" y coshP z (1.3.31)
absolutely convergentifm+p=21andn=1
where |cosh x|<1, |cosh y|<1, and |cosh z|<1 and

it’s integral representations

Fn(ou, ag, o, B, B2, B1,Y1, Y2, ¥3,; COsh X, cosh y, cosh z)

LA (p)I(2—p-p1) J'(_t)—p t-1)"

(27)?
cosh x cosh z
) a-v
Filp, ou, v Fa(0z, B2, pr.y2;cosh y, dt (1.3.32)

Where B1= p+pl-1 and [t|>|coshx| and |1-t|>|cosh z| along the contour.

Il. REDUCIBLE CASES FOR THE QARDRUPLE HYPERGEOMETRIC FUNCTION

2.1 INTRODUCTION
The various Hypergeometric function of four variables are studied earlier by H. Exton, H. Srivastava and many others.
Here all 21 functions are given below in the terms of a table.
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1 | Ky (aaa,a;b,b,b,c;d,es,ezd; x,y,z,t) __(@k+m+n+p)bk+m+n)c, p)X<y™z"t?
(d,k+p)(e, m)(e,,n)kIm!n!p!
2. | Ky (a,8,8,a;b,b,b,c;dy,d;,d3,ds; X,y,2,1) __(@k+m+n+p)bk+m+n)c, p)xkymZ”tp
(d,, K)(d,, m)(d. n)(d,, p)kimInip!
3 K3 (a,a,a,a;bl,bl,bz,bz,;Cl,Cz,Cz,Cl; X,y,Z,t) _ z (a’ k +m+n+ p)(bl’ k + m)((b2 ’ n-+ p)xkymzntp
(¢, k+p)(c,,m+n)kImIn!p!
4 K4 (a,a,a,a;bl,bl,bz, bz;C,dl,dz,C; X,y,Z,t) _ z (a, k +m+n+ p)(b11 k + m)((b2 , n+ p)xkymzntp
(c,k+p)(d,m)d,,n)k!m!n!p!
5 | Ks(a,a,a,a;b1,01,b, 0;C1,C5,C5,C4; X,y,Z,1) s (a k+m-+n+p)(b, k+m)(b, n+ P)X<y™z"t?
(¢, k)(c,, m)(c,, n)(c,, p)K!ImInip!
6 | Ke(aaa,a;b,b,c1,co0e,d,d,d; X,y,2,1) s (a k+m+n+p)b,k+m)c,,n)c,, P)X<y™Z"t?
(e,k)(d,m+n+p)kimin!p!
7. | K7 (a,a,a,a;b,0,¢1,¢5,d1,d5,d1,d2; X,y,Z,t) s (@ k+m+n+p)(b.k+m)c,n)(c,, p)XEy™z"tP
(d;,k+n)(d,,m+p)kimin!p!
8. | Kg(aa,a,a;b,b,cy,co0d,e5,d,6 X,y,Z,1) s (a k+m+n+p)b,k+m)c,,n)c,, p)XkymZntp
(d,k+n)(e,, m)(e,, n)kIm!n!p!
9. | Kq(aa,a,a;b,b,c1,c5,61,6,,d,d; X,y,2,t) s (a k+m+n+p)b,k+m)c,,n)c,, P)Xy™z"t
(e;,K)(e,, m)(d,n + p)kim!n!p!
10 | Ky (a,a,a,3;b,b,¢1,C;01,d5,d3,d4; X,Y,Z,1) s (a k+m+n+p)b,k+m)c,,n)c,, PXy"2"t
(d,,k)(d,, m)(d;,n)(d,, p)k!m!n!p!
11 | Ky (a,a,a,a;b1,bp,bs,b4,c.c,0,d; X,y,2,t) _y (& k+m+n+p)(b,K)(b,, m)(b,, n)(b,, p)x“y"z"t"
(c,k+m-+n)(d,p)k!m!nip!
12 | Kiz (8.2.2:01 bz.Dsba 01,0120 X ¥.2,) _y @ K+m+n+p)(by, Kb, M)(by, N)(b,, P)X'y"2"t"
(¢, k+m)(c,,n+p)kimin!p!
13| Kaa (@a.2.aby bzbabac0.0dzi x,y,2,) _y (& k+mn+p)(b, K)(by, m)(bs, M(b,, PIX'y"2"t"
(c,k+m)(d,,n)(d,,p)k!m!n!p!
14 | Ky, (8,8,a,C3;0,c1,C4,b;d,d,d,d; X,y,2,t)

_y @k+m+n)(cy, p)bk+p)(G,m+ n)x“ymz"t?
(d,k+m+n+p))kiminip!
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15 | K¢ (a,a,a,b5;b1,b2,b3,b4;c,c,c,c; x,y,z,t) _s (a’ k +m+ n)(b5, p)(bl’ k)(bz, m)(b3, n)(b4, p)xkymzntp
(c,k+m-+n+p))kiminip!

10| Ko (B 24 Xy 2. _y (@ k+m)(a, k+n)(@;,n+p)(a,n+p)xy"zt
(c,k+m+n+p))kimin!p!

| Ko o dulbuDaici Xy 2.0 _y (ay K+ m)(ay, k+ n)(a;,n +p)(By, p)(b, PXY" 2"
(c,k+m+n+p))k!min!p!

18 | Ko o BulbuDaici Xy 2.1 _y (@ k+ m)(@, k+p)a;, m + n)(b,, )b, p)X'y" 2"t
(c,k+m+n+p))kimin!p!

19 | Ko Cutabubabobuici xy.z.) _y (@ K+ m)(a, k+n)(oy, m)(b,, n)(bs, p)xXy"2"t
(c,k+m+n+p))kiminip!

20 | Ky (ag,a2,b3,b4;b1,b5, a5, a5;c,C,C,C; X,Y,Z,1) s (al’ k)(az, m)(b3, n)(b4, p)(bl’ k)(bz, m)(aZ’ N p)xkymzntp
(c,k+m+n+p))kiminip!

21 | Ky (a,a,bg,bs;b1,by, b3, by;c,c,c.C; X,Y,2,t) s (a’ K + m)(be, n)(b5, p)(bp k)(bz, m)(b3, n)(b4, p)xkymzntp
(c,k+m+n+p)kimin!p!

All results are having convergent conditions and restrictions on parameters including variables due to Exton (1972)

As far as known to me all the results investigation in this journal are new and interesting which have a wide range of application in the
field mathematical series

2.2 In this Section Quadruple hypergeometric function reduced to the hypergeometric function of one variable.
(1) Theorem : By specializing the parameters of K4, we obtain the following
F(1,a,a,1;bq, by, by, by;by, by + byt by, byt by, byt by; X, y,z,1)
=(x+y-xy)t(z+t-zt)h
[X 2F1(batp,a2tp;bytbo+pta;X)+yoF(Do+,a2+p;bi+ho+ptaiy)]
[zaF1(b1,a2;01+02;2)+y,F 1 (b2,82,01+b5;t)] (2.2.1)
condition and restrictions are given in Exton (1972)
proof:
F(1,a2,a2,1;b1, by, by, byy;bi+by, byt by, byt by, byt by X, y,2,1)

i (l)m(az)n+p(1)q(b1)m+p(bz)n+q menzptq

m,n, p,q=0 (bl + bz)m+n+p+q min! p|q' (2.2.2)

i mh(@,),,, Dg (b + P)(B)), (b, +0),(b,), x"y"zPt*
— M, pg-0 (b, +b, + p+0),.n (B +5,) 00 min! plgf
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i (bl + p)m(bz +q)nxmyn (aZ + p)n i (bl)P(bz)qZptq (az)p(l)q
(b, +b, + p+0q) (b, +b, + p+0),., | nig!

— m,n=0 m+n n! p,q=0

(2.2.3)
by virtue of the result the to carlitz formula in the term

S (a)mw)nxmy”} {(a) X" } S [(ﬁ’) y}
:m;0|: (a+ﬂ)m+n :(X_I_y_xy)—lmzo (a+ﬂ) nZ ((l+ﬂ)

We have equation (2.2.3) in the term

{i Brpx™ 5 (0 a)y" }(aﬁp)n
cx+y-xyyils @b+ pra), i (b+b+pra), |

0 (bl)pzp+l © (b) tq+1 (az)p
.(Z+t-zt)1|:pzé (b1+b2) Z(; (b1+b) :I p!

(2.2.4)

|:Xi (bl + pb)n(az + p)nxI 4 yi (bz + qb)n(az + p)n yl :|
- (X+y-Xy)_1(Z+t-Zt)_l n=0 (bl + 2 + p + q)n n n=0 (bl + 2 + p + q)n n

S (bl)p(aZ)pr = (b)), (@), t
{ZZ borb), ol 2 by, p'}

then theorem follows

F(1,82,82,1;by, by, by, by,;b14b,, byt by, byt by, byt by; X, y,2,1)
=(x+y-xy)" (z+t-zt)*

[XoF1(b1+p,ax+p;by+bo+p+a;X) +y,F1 (bo+q,a0+p; by +bo+p+q;y)].
[22F1(b1,82;01+02;2)+Y2F1(D2,82,01+02;1)]

The completes the derivation of (2.2.1).
(2) Theorem by specializing the parameters of K4, we obtain the following.

(i) F(1,82,82,1;b4, by, by, by,;05+b,, byt by, byt by, byt by; 1, 1,1,1)

1ﬂ(bl"'bz + p"'Q)F(bz"'q_az - p) +F(b1+bz+ p+Q)F(b2 + p_q_az)
— F(bz + Q)F(bl + bz +q- az) F(b]. + Q)F(b1 + bz +P- az)
F(bl + bz)r(bz — az) + F(bl + bz)r(bz — az)
I'(0,)I'(b, +b, —a,) T'(b)I'(b, +b, -a,)

(2.2.6)

(”) F(1!a2|a211;a2!a2|a21a2;2a212a212a212a2;1111111)
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r@@f%p+mrm—p)+rmf+p+mrm—pfk{ r(2a,) }
I'(a, +q)l'(a, +9) [(a, +q)(a, +q) | [I'(&,)I(2,) 227)

Gii)  F@1,1,1,1;1,1,1,1;2,2,2,2;:1,1,1,1)

I'(p+g+2)

- T@+DUP+D) [rge1)+ rp+1)] (2.2.8)

(1) Proof :-
now putting X =y =z = 1 in equation (2.2.1) than we get

F(1,a2,82,1;b1,005,b1,05;01+b2,01+b5, b, +b5, b1 +0,;1,1,1,1)
=[,F1(by+p,ax+p;by+by+p+a;1)+,F: (bo+q,a0+p; by +b,+p+q;1)].

[2F1(b1,a0;01+b5;1)+ oF1(b2,a2,b+b,;1)] (2.2.9)
now Apply Gauss’s summation theorem (1812)

FNr(y—a-p)
Folapy:=L =)y =p) (2.2.10)

using equation (2.2.10) in (2.2.9) we get

1ﬂ(b1+b2"' p+q)1“(b2+q—a2— p)+F(b1+b2+ p+q)r(b1+ p_q_az)
F(bz +Q)F(b1+b2 +q_az) 1—‘(b1"'Q)l—‘(bl"'bz + p_az)

{r(b1 +b,)I(b, ~a,)  T(0 +b,)I(b, - az)}
['(b,)I'(b,+b,—a,) T()'({ +b,—-a,) (2.2.11)
This completes the derivation of (2.2.6)

2 Proof:- now putting b; = b, = a, in equation (2.2.11)

F(l!a2!a21a21;a21a21a2!a2;2a2!2a2!2a2|2a2;11111!1)

(28, +p+a)[(g-p) T@+p+ql(p-a)| T(2a,) . TI(2a)
F(@+ql@+a) I +pP@ +p) | T@)@) T@)(@)

T(28,+p+Q(@-p) , I(@+p+ar(p- q)}{ I(2a,) }
[(a, +)(a; +q)  [(a+p)l(a+p) | T(@)(,) (2.212)

This competes the derivation of (2.2.7)

3) Proof: now putting b; = b, =a, =1 in equation (2.2.12)

F(1,1,1,1;1,1,1,1;2,2,2,2;1,1,1,1)
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F(p+q+2)+F(p+q+2) rQ)
2I'(q+1) 2I'(q+1)
I'(p+qg+2)

- N(q+)r(p+1) [C(g+1)+T(p+1)] (2.2.13)
This completes the derivation of (2.2.8)

2.3 In this Section Quadruple hypergeometric function reduced to the Appell hypergeometric function
Q) Theorem By specializing the parameters of K1,,K1o,K;5 we obtain the following

Kiz (8, a, &, &; by, by, b, by, €4, €1, €y, €25 X,Y,Z,1)

=F1 (a, by, by; €15 X, y) Fy (@+m+n, bs, by ; ¢y ; 2,Y) (2.3.1)

K1z (a, a, a, a; by, by,bs,by, €1,¢1, C2,C5; 1,1,1,1)

F(Cl)r(cl _a_bl _bz) F(Cz)r(cz —a—-m-n _bs _b4)
= F(Cl - a)r(cl - bl - bz) . F(CZ - a)r(cz - bs - b4)

(2.3.2)
Ko (8, a, a, 8 b,b,cy,Cz; dy, dy, ds, dg; X, Y, Z, 1)

=F4 (a, b; dy, d; X, y) F (@+m+n, €1,C5;d3, ds; 2, 1) (2.3.3)

Kis (a, a, &, bs; by, by, b3, by; €, C,C,C Xy, 2, )

=F; (a, by, by; €; X, y) F3 (a+m+n, bs, bs, by; c+m+n; z, t) (2.3.4)

where (Fy, F, F3, F4,) are Appell hypergeometric function of two variables.

(1) Proof:
Now Quadruple hypergemotric function can be reduced to Appell function of two variable.

Ky (a &, a, & by, by, bs, by, €1, ¢1, €, €2 X, Y, Z, 1)
i (a)m+n+p+q (bl)m(bz)n(bS)p(b4)q me”Zptq

e (€) it min! p!q! (2.3.5)

i (a)m+n+p+q (bl)m (bZ)n men (a +Mm+ n) p+q (bS) p (b4)q z ptq
—mn,p,g=0 (Cl)m+n m!n! (Cz)p+q plql

i (a)m+n+p+q (bl)m(bz)nxmyn i (a+m+n) p+q (b3)p(b4)qutq
— m,n=0 (Cl)m+n m! n! p,q=0 (Cz) p+q plql
=F1 (a, by, by; ¢ %, y) F1(a+tm+n,bs,by; ¢; 2, 1) (2.3.6)

where Fy is Appell function of two variable
This completes the derivation of (2.3.1)

(2) Proof :-

now putting x =y =z =t=1 in equation (2.3.6)
K12 (a1 al a! a-v b11 b21 b31 b41 C11 C11 CZ! CZy 1111111)
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= Fy(a,by,bz;c0; 1,1) Fy (a+m+n,bg,by; €25 1,1) (2.3.7)

Now Apply Gauss's summation theorem

Iy —a--4)
Fioup prysl =L 7~ =F=F) (2.38)

Using equation (2.3.7) and (2.3.8)

r(cl)r(cl —a-— bl — bz) F(CZ)F(CZ —a-m-n-— b3 — b4)
- F(Cl - a)r(cl - bl - bz) - F(CZ - a)r(cz - b3 - b4)
This completes the derivation of (2.3.2)

(2.3.9)

3) Proof:

Ky (@ a a a;b,b, ¢y, Cy; dy, do, da, dg; X, Y, Z, 1)
i (a)m+n+p+q(b)m+n(cl)p(02)q menzptq

e (@),(d,),(d),(d,),  mintplgt 2310)
i (a)m+n(b)m+nxmyn (a)p+q (Cl)p (Cz)qutq

_mapao (di)n(dy),mint (d;),(d,),  plal

S (a)m+n(b)m+nxmyn S (a+m+n)P+q(Cl)P(C2)q 2"t
- méO (dl)m(dZ)nm!n! :||:p;0 (ds)p(d4)q plql

=F,(a, b;dy, dy; X, y) Fy (atm+n, €4,Cy; ds, dg; Z,t) (2.3.11)
where F, & F, are Appell function of two variable

This completes the derivation of (2.3.3)

(4) Proof:

Kis (a, a, a, bs; by, by, bs, bs; €, C, ¢, C; X, Y, 2, 1)

i (a)m+n+p(b5)q(bl)m(b2)n(b3)p(b4)q menzptq

=m,n,p,q:0 (C)m+n+p+q m!n! p!ql (2312)
i (a)m+n (bl)m (bz)n meﬂ (a+ m-+ n) p (b5)q (b4)q (b3) p Z ptq

_ mp=0 (©).ymint (c+m+n),, p'q!
i (@) men (01)  (B), X" y" i (a+m+n), (b),(b,), (by),z"t"

_[Lmn=0 (C)m+n min! p,q=0 (C +Mm+ n) p+q plql

= Fy(a, by, by; ¢ X, y) Fs(a+tm+n, bs,bs,b,; c+m+n; z, t) (2.3.13)

Where F; & F3 are Appell function of two variable
This completes the derivation of (2.3.4)

2.4 In this Section Quadruple hypergeometric function reduced to the Appell hypergeometric function Lauricella’s set
and Saran

Q) Theorem
By specializing the parameters of K;, Ky, Ki5 , Kg we obtain the following

WWWw.ijsrp.org



International Journal of Scientific and Research Publications, Volume 2, Issue 10, October 2012 15
ISSN 2250-3153
K, (a, a a a;b,b,b,c;d;dy, d3, dg; X,y,2,1)
=Fe (a, a3, b,b,c,; dy, do,ds ; X,y,1) JF1(atm+n+qg,b+m+n, d4; 2) (2.4.1)
Ko (8, a8, a; b, b, b, c; dy, dy, ds, dg; X,y,1,1)
rd,)rd,-a-b-q-2m-2n)

rd,-a-m-n-q)r'(d,

—b-m-n) Fe (a,a,a,b,b,c,; di,dp,d3; X, y, t) (2.4.2)

K12 (a! al av al b11b21 b31b41 Clv CJ_, C2| CZ! levzyt)
=Fc(a & a, by,bg, by, €1, Co; X,2,1) oF1 (@+m+p+q,by;ci+m;y) (2.4.3)

K12 ( a, 4, a, 4, bl, bz, b3, b4, Cq, C1,Cy, Cy X,l,Z,t)
(e, +mI(c, —a—b,—p-q)

F(Cl +tm-— bz)r(cl —a- p - q) FG (a, a, a, bl,bg, b4,; C1, C2 Cyy X, Y, Z, t) (244)
K15 ( a, a, a, b5;b4, bl,bz,bg; c,C CC XY, Z t)

= Fs( bs, a, a, bg,by,by;c,c.c; X,y,t) oF1 (a+m+n,bs ;c+q+m+n; z) (2.4.5)
Kis (&, a, a, bs; by, by, by, bsic, ¢, ¢, c; X, y, Z, 1)

I'c+g+m+n)'(c+g—a-b,)

F(C + q +m+n- bB)F(C + q B a) FS(bSI a-! ay b4| bll bZl; Clclcl X!y!t) (2'4'6)
Ks (a,a,a,a; b,b, ¢;,¢2:e, d,d,d;x,y,z,t)
=Fe(a, &, ab, ¢y, b, e,d,d; X,2,y) oF; (a+tm+p+n,c, ;d+p+n; t) (2.4.7)

KG ( a!a!aya; b!bl Clicz;ey d!dld;xlyvzyt)

rd+p+nl(d-m-a-c,)

~T(d-a-mI@A+p+n=C) ¢ 54 ab ¢, b, edd: xzy) (2.4.8)
Where (F4,F14, Fg,F7) & (Fg, Fr, Fg,Fs) are Lauriceila's set & Saran Triple hypergeometric Series.

(1) Proof:-
Now Quadruple hypergeometric function can be reduced to Lauricella's set and Saran Triple hypergometric Series.
KZ ( aia!a!a; b!blblc; dle!d3!d4;X!y!Zit)

i (a)m+n+p+q(b)m+n+p(c)q me”zptq
_mnpa-o (0)y(dz),(ds),(dy), mintplg! 249

E (@) mnig (0 (€ X"yt (@+m+n+0), (b+m+n), 2"
=m,n,zp,‘3=o (d,) (d), (d,)qmin! (ds), p!

& (@ ninig i (O XY I & (@+m+n+g)b+m+n) 2P
_ q,go (d,),,(d,),(d,) m!nlq! }LZ? (dy), p!

=Fe(a,aa b, bc,;di, dy d3, XY, t) oF; (a+m+n+qg, b+m+n, dg; 2)  (2.4.10)
This completes the derivation of (2.4.1)

2 Proof:
If z=1, in eugation (2.4.10)

K2 (al ay al a; bl b! by Cy dll dZ! d3! d41 len Ilt)
=Fe(a, a,a b, b,c,; dy, dy, dg XY, t) oF1 (a+m+n+qg, b+m+n, dg; 1) (2.4.11)

Now Apply Gauss's summation theorem in equation ( 2.4.11)
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r(Hry —a-p)

Fi(aB.y:1)= L(y =)' (y - B-)
K2 ( a, d,a,a, b, b, b, C, dl, dz, d3, d4, XY, I,t)
rd,)rd,-a-b—-q-2m-2n)

=T(d—a-m=n-g)l(d, =b=m=n) 4 2 abb c;dydads; x28) (24.12)
This completes the derivation of (2.4.2)

3) Proof:
Ky (& a8, 8a; by, by, bsbs,cicoco XYy, 2,1)

i (a)m+n+ p+q (bl)m (bZ)n (b3)p (b4)q menZ Ptd

_ o prg=0 (€)min(C2) g min! plq! (2.4.13)
i (a)m+n+p+q (bl)m (bS) p (b4) p mentq (a +Mm+ p + q)n (bz)n yn
_ M pa=0 (€)m(C2) puq m! plg!(c, + m),n!

5 (a)mmq(bl)m(bg)p(m)qxmyptq}Li (a+m+n+q>n<b2)ny“}

—[mp.a=0 (Cl)m (CZ) p+q m! plql (Cl + m)n n!

Fs(a, a, a, by, by, by; ¢4, €5,C5; X, 7, 1) oF1 (@+m+p+(; by; ¢ +m; y) (2.4.14)
This completes the derivation of (2.4.3)

(@) Proof:

Wheny =1, in equation (2.4.14) Then

K2 (a, a, a, a; by, by, bg, by, €4, €1, €y, €5 X1, 2,1)

=Fg (&, &, a, by, bs, by; €4, €2,Co; X, Z, 1). oF (a+m+p+q; by; ¢ +m; 1) (2.4.15)
Now Apply Gauss's summation theorem in equation ( 2.4.15)

r(Hry—a-p)
Fi(aB.y:1)= L(y—a)l'(y - p)

r'(c,+m)(c,—a—b,—p-q)

= F(Cl +m- bZ)F(Cl —a- p B q) FG( ay av alb17b3l b47cll CZ! CZV; Xlzlt) (2416)
This completes the derivation of (2.4.4)

(5) Proof :-
K15 (ai al a! b51 bll bZ! b3! b4 1 C! Cy C; C1 X; yl Zv t)

i (a)m+n+p (bS)q (bl)m (bz)n (b3) p (b4)q menz ptq

m,n, p,q=0 (C)m+n+p+q min! p|q|

i (05)q ()mn (B)q (B1) n (B,), X"y " (@+ M+ 1) (by) ,, 2°
—mn,p,g=0 (C)q+m+nq!m!n!(c+q+m+n)p pl

5 (b5>q<a)m+n<b4)q(b1>m(b2>nt‘*x“‘y“}{i (@a+m+p+ p+q>n<b2)ny"}

- m,p,q=0 (C)m+n qlml pl p=0 (C + q +Mm+ n)n n!

= Fs( bs, a, a, bg,by,byic,c.c; X,y,t) ,F; (a+m+n,bs ;c+g+m+n; 2) (2.4.17)
This completes the derivation of (2.4.5)

16
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(6) Proof :-

When z = 1 in equation (2.4.17) Then

Kis (a, &, , bs, by, by, by, b3; ¢, ¢, ¢, ¢ Xy, 1, t)

= F( bs, a, a, bg,by,bsic,c.C; X,y,t) oF1 (a+m+n,bsz ;c+g+m+n;1) (2.4.18)
Now Apply Gauss's summation theorem in equation

TNy —a—p)
Fl(OCyB,Y;l): F(7 - a)r(7 - ﬂ)

rc+g+m+n)l(c-q—a-hb,)
_I'(c+g+m+n-b,)I'(c+q-a) F(bs

a, a,b,,by, by, ¢, C,; X,Z,1) (2.4.19)
This completes the derivation of (2.4.6)

) Proof:-
KG ( a! al al a‘l bl b! C11C2 1 e! dy d! dy Xl yl Zy t)

i (a)m+n+p+q (b)m+n (Cl) p (Cz)q X" y”Z Pt

—m,n,p,g=0 (e)m (d)n+p+q min! pl ql (2.4_20)
i (a)m+p+n (b)m+n (Cl)p sz pyn (a +Mm+ p + n)q (Cz)qtq
—m,n,p,q=0 (e)m (d)n+p+q min! pl q'

- (a)m+p+n(b)m+n(cl)pszpyn - (a+m+ p+n)q(02)qtq
- m,%o (e)m(d)pm ml pl n! j“:g (d + p + n)q ql

=Fe(a, &, ab, ¢y, b, je,d,d; X,2,y) oF; (a+m+p+n,c, ;d+p+n; t) (2.4.21)
This complete the derivation of (2.4.7)

(8) Proof :-
Whent = 1 in equation (2.4.21) Then

Kes(a,a 2 ab,b, cicoedddxyz1)
=Fe(a, a, a,b, ¢y, b,; e,d,d; X,2,y) oF; (a+tm+p+n,c, ;d+p+n; 1) (2.4.22)
Now Apply Gauss's summation theorem in equation

Ly —a-p)
Fi(auB,y;1)= L(y—a)l'(y - B)

rd+p+ml(d-m-a-c,)
_Td—a-mrd+p+n=c) ¢ ape

b,;e,d,d; x,2,y) (2.4.23)

This completes the derivation of (2.4.8)
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