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I. INTRODUCTION

Brownian motors and Brownian heat engines are
paradigmatic nonequilibrium systems that convert ther-
mal fluctuations into directed motion and useful work
[1–4, 54]. They provide minimal yet physically informa-
tive models of energy conversion at microscopic scales,
where thermal fluctuations cannot be neglected and may
instead be used as a source of transport. When different
regions of a reaction coordinate are maintained at dif-
ferent temperatures, local detailed balance is broken. A
particle moving in a periodic potential can then acquire
a nonzero average velocity and perform work against an
opposing load, even when the potential itself is spatially
symmetric [5–8, 114, 119, 122, 126]. The spatial tempera-
ture field—specifically, where heat is supplied and where
it is removed along the potential—is therefore not merely
a boundary condition. It is the principal thermodynamic
resource that determines the direction, strength, and en-
ergetic performance of the engine.

Previous studies have established the behavior of
Brownian heat engines for several prescribed temper-
ature arrangements. Piecewise-constant hot–cold pro-
files produced exactly solvable models and enabled the
maximum-power analysis of Asfaw and Bekele [9], and
related piecewise thermal arrangements were analyzed
in Refs. [93, 94, 96, 100, 103]. Brownian transport in
a linearly varying temperature field was investigated in
Refs. [10, 86], including exact time-dependent solutions
[77, 82]. More recently, an exponentially decreasing tem-
perature profile was shown to yield the Curzon–Ahlborn
form

η = 1−
√
Tc
Th

(1)

exactly in the quasistatic limit [11, 12]. This result es-
tablished a direct connection between a continuous mi-
croscopic temperature field and a central efficiency ex-
pression of endoreversible thermodynamics. In a comple-
mentary variational approach, the periodic temperature
field was held fixed while the potential landscape was op-
timized [13]. Taken together, these studies demonstrate
that thermal geometry strongly influences current, sus-
tainable load, efficiency, power, and dissipation.

Despite this progress, the temperature field has gener-
ally been specified before the dynamics are solved. Such
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studies address the forward problem: given a profile T (x),
determine the current J , efficiency η, entropy production,
and other thermodynamic properties. The corresponding
inverse problem is fundamentally different: given a ther-
modynamic objective, determine the temperature profile
T ∗(x) that optimizes it. Evaluating a small number of
assumed profiles—such as piecewise-constant, linear, or
exponential functions—cannot solve this problem rigor-
ously because T (x) belongs to an infinite-dimensional
function space. A comparison among selected profiles
can identify the best member of that limited set, but it
cannot establish the global optimum over all admissible
temperature fields.

The answer also depends on which temperature fields
are physically or mathematically admissible. Under a
pointwise temperature constraint, a discontinuous hot–
cold piecewise-constant profile is permitted. In an ex-
perimental device, however, finite thermal conductivity,
limited spatial resolution, and the cost of sustaining steep
thermal gradients may require T (x) to be continuous
or smooth. Fixed endpoint temperatures, monotonicity,
finite-gradient conditions, and thermal-control penalties
can therefore change the optimal profile. It is essential
to distinguish the ideal optimum obtained under minimal
constraints from the realizable optimum obtained when
spatial smoothness or finite-conductance restrictions are
included.

Moreover, there is no single optimization problem be-
cause different observables reward different properties of
the thermal landscape. A profile that maximizes qua-
sistatic efficiency need not maximize finite current or
output power. A profile that maximizes current need
not maximize entropy production, and neither profile is
generally expected to maximize the configurational Shan-
non entropy of the stationary probability density. Sharp
thermal profiles can generate a large thermodynamic bias
while simultaneously creating a kinetic bottleneck in a
cold region. Smooth profiles may reduce that bottleneck
and increase the current, even though they produce a
smaller quasistatic efficiency. A systematic theory must
therefore treat efficiency, current, power, dissipation, and
probability spreading as distinct design objectives.

In the present work, both the temperature field T (x)
and the barrier height U0 are treated as control variables
for an overdamped Brownian particle moving in a sym-
metric triangular periodic potential under a constant op-
posing load f . The fundamental restriction on the tem-
perature field is the pointwise box constraint

Tc ≤ T (x) ≤ Th, (2)

where Th > Tc > 0. No piecewise-constant, linear, ex-
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ponential, or other functional form is assumed at the
outset. Fixed endpoint temperatures, monotonicity, and
gradient penalties are introduced only when required by
a particular optimization problem. This formulation con-
verts the study of Brownian heat engines from a compari-
son of selected temperature profiles into an inverse-design
problem over the complete admissible class.

The first principal result is an exact expression for the
stationary current and probability density for an arbi-
trary bounded temperature field. The current separates
naturally into a thermodynamic driving factor, deter-
mined by the cycle affinity, and a strictly positive nonlo-
cal transport resistance. This decomposition makes the
physical structure transparent: the affinity determines
the direction and strength of the thermodynamic bias,
whereas the resistance measures the kinetic difficulty of
traversing the entire spatial period.

In the quasistatic limit, the stall force and efficiency
reduce to exact functionals of two inverse-temperature
integrals,

A[T ] =

∫ L/2

0

dx

T (x)
, B[T ] =

∫ L

L/2

dx

T (x)
, (3)

defined over the uphill and downhill branches, respec-
tively. The efficiency is

η[T ] = 1− A[T ]

B[T ]
. (4)

A direct global inequality and an independent functional-
derivative calculation show that the unique box-
constrained maximizer, apart from changes on sets of
zero measure, is the hot-uphill/cold-downhill piecewise-
constant profile. Its ideal configurational efficiency is

ηmax = 1− Tc
Th
. (5)

This result establishes the global optimum without re-
stricting the calculation to any assumed family of trial
profiles.

The exponential temperature field has a different but
equally precise variational role. Although it does not
maximize the box-constrained quasistatic efficiency, it is
the unique fixed-endpoint minimizer of the squared loga-
rithmic temperature gradient,∫ L

0

[∂x lnT (x)]
2
dx. (6)

It is therefore the smoothest profile when temperature
variations are measured relative to the local temperature.
This result explains why the exponential profile occupies
a distinguished position among continuous thermal land-
scapes and clarifies its connection to the previously ob-
tained Curzon–Ahlborn-type efficiency [11].

At finite current, the optimization changes qualita-
tively. A local variation of T (x) changes not only the

cycle affinity but also the transport resistance through-
out the cell. The exact functional gradient of the current
therefore contains a genuinely nonlocal term, and its sign
cannot be determined solely from the local temperature
or potential slope. Consequently, the finite-current or
power-maximizing profile is not generally the hot–cold
piecewise-constant profile that maximizes quasistatic ef-
ficiency. The present work derives the exact functional
gradient and the corresponding box-constrained optimal-
ity conditions, thereby reducing finite-current thermal de-
sign to a well-defined nonlocal variational problem.

The barrier height introduces an additional design de-
gree of freedom. For any prescribed temperature profile,
the cycle affinity is exactly linear in U0. The current-
maximizing barrier satisfies an exact balance condition:
the marginal increase in thermal rectification produced
by raising the barrier must equal the associated marginal
increase in transport resistance. A physically transparent
activation estimate gives

U∗
0 ≃ Tact, T−1

act =
2

L

∫ L/2

0

dx

T (x)
, (7)

which identifies the inverse-temperature weight of the up-
hill branch as the characteristic scale controlling the op-
timal barrier.

The thermodynamic and information-theoretic objec-
tives are also shown to select different designs. A consis-
tent steady-state entropy balance gives

ėp = ḣd = JA, (8)

so entropy production and entropy extraction have the
same optimizer, although that optimizer generally differs
from the efficiency- and current-maximizing profiles. By
contrast, maximum configurational Shannon entropy is
obtained by flattening the stationary probability density.
Whenever it is compatible with the temperature bounds,
this condition selects the potential-compensating family

TS(x) = T0 − Us(x), (9)

which has a geometry fundamentally different from the
hot-uphill/cold-downhill efficiency optimum. Finally, in-
troducing a logarithmic-gradient penalty produces a regu-
larized optimization that continuously connects the ideal
piecewise-constant profile to the smooth exponential field
as the cost of spatial temperature variation is increased.

Because the temperature varies in space, the thermal
noise is multiplicative and the associated entropy book-
keeping requires particular care [14–19, 62, 64, 66, 72, 97].
All entropy-production and entropy-extraction rates in
this work are derived from the same Fokker–Planck
current used to describe the dynamics. The resulting
identities therefore belong consistently to the configura-
tional overdamped theory. Kinetic-energy transport be-
tween regions of different temperature and the entropic
anomaly arising in the small-mass limit are treated sep-
arately and are not included in the ideal configurational
efficiency.
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The remainder of the paper is organized as follows.
Section II introduces the model, specifies the stochas-
tic convention, and derives the exact stationary current
and probability density for an arbitrary bounded tem-
perature field. Section III obtains the stall force and the
quasistatic efficiency functional, establishes its global op-
timum, and evaluates it for the piecewise-constant, lin-
ear, and exponential profiles. Section IV develops the
finite-current optimization with respect to T (x), U0, and
f . Section V derives the entropy balance and optimizes
the dissipation, and Sec. VI solves the Shannon-entropy
problem. Section VII introduces the regularized smooth-
profile optimization, identifies the variational role of
the exponential field, and relates the results to the
exponential-temperature engine. Section VIII discusses
the design principles that emerge and the limitations of
the overdamped description, and Sec. IX summarizes the
main conclusions. Technical derivations are provided in
the appendixes.

II. MODEL AND STATIONARY STATE

A. Dynamics and thermal control

We consider one spatial period 0 ≤ x ≤ L of the sym-
metric triangular potential

Us(x) =


2U0

L
x, 0 ≤ x ≤ L/2,

2U0

(
1− x

L

)
, L/2 ≤ x ≤ L,

(10)

with barrier height U0 > 0 and constant slopes

U ′
s(x) =

{
+k, 0 < x < L/2,

−k, L/2 < x < L,
k ≡ 2U0

L
. (11)

A constant opposing load f > 0 is included through the
tilted potential

U(x) = Us(x) + fx, U ′(x) = U ′
s(x) + f, (12)

so that the deterministic force on the particle is −U ′(x).
We set kB = 1 and retain the viscous friction coefficient
γ.

The thermal control is a measurable positive field obey-
ing the pointwise box constraint

0 < Tc ≤ T (x) ≤ Th, Th > Tc. (13)

This broad class is used for the exact extremal results;
fixed endpoints, monotone cooling, or gradient penalties
are imposed only when stated. Figure 1 shows the poten-
tial together with the three canonical profiles analyzed
later.

To remain consistent with the exponential-profile en-
gine of Ref. [11], we adopt the divergence-form Smolu-
chowski equation

∂P

∂t
=

1

γ

∂

∂x

[
U ′(x)P +

∂

∂x

(
T (x)P

)]
= −∂xJ, (14)

0 L/2 L
x

0

1

U
s(x

)/U
0

barrier peak
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FIG. 1. (a) Symmetric triangular potential Us(x) of Eq. (10);
the particle climbs the ascending (uphill) branch on 0 < x <
L/2 and descends the downhill branch on L/2 < x < L,
and a net forward velocity v = LJ arises when the thermal
field breaks detailed balance. (b) The three canonical ther-
mal landscapes obeying the box constraint of Eq. (13) for
Th = 2Tc: the piecewise-constant profile is hot on the entire
uphill branch and cold on the entire downhill branch, while
the linear and exponential profiles decrease continuously from
Th at x = 0 to Tc at x = L.

with probability current

J(x, t) = − 1

γ

[
U ′(x)P + ∂x

(
T (x)P

)]
. (15)

At steady state J is independent of x. Because the noise
is multiplicative, Eq. (14) fixes one stochastic convention;
the sensitivity of individual results to this choice is ana-
lyzed in Appendix F.

A profile that decreases from Th at x = 0+ to Tc at
x = L− is repeated periodically with a thermal reset
at the cell boundary. For Eq. (14) the interface con-
ditions across an ideal zero-width reset are continuity
of the probability flux J and continuity of the product
T (x)P (x); consequently, the density P itself can jump
inversely with T . Smooth periodic profiles are included
as the special case without a reset. Closed-cycle line in-
tegrals below include the reset contribution whenever a
logarithmic derivative of T appears.

B. Exact stationary current and density

At steady state, ∂tP = 0 forces ∂xJ = 0, so the current
is a single unknown constant J , and Eq. (15) becomes the
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ordinary differential equation

d

dx

[
T (x)Ps(x)

]
+ U ′(x)Ps(x) = −γJ, (16)

where Ps(x) is the stationary density. Equation (16)
contains the unknown function in two places, inside the
derivative as TPs and undifferentiated as Ps; the natural
strategy is therefore to adopt the combination inside the
derivative as the new dependent variable. Define

Q(x) = T (x)Ps(x), Φ(x) =

∫ x

0

U ′(z)

T (z)
dz, (17)

where Φ, the thermal action, is the potential drop
weighted at every point by the local inverse temperature;
it will turn out to control both the sign of the current
and the stall condition. Writing Ps = Q/T in the second
term of Eq. (16),

U ′(x)Ps(x) =
U ′(x)

T (x)
Q(x) = Φ′(x)Q(x), (18)

so the steady-state equation collapses to the standard
first-order linear form

Q′(x) + Φ′(x)Q(x) = −γJ. (19)

Because the coefficient of Q is exactly the derivative of
Φ, the integrating factor is eΦ(x): multiplying Eq. (19) by
it,

eΦQ′ + eΦΦ′Q =
d

dx

[
eΦ(x)Q(x)

]
= −γJ eΦ(x), (20)

the left-hand side becomes a total derivative. Integrating
Eq. (20) from 0 to x and solving for Q,

Q(x) = e−Φ(x)

[
Q(0)− γJ

∫ x

0

eΦ(y) dy

]
. (21)

Two constants remain undetermined, Q(0) and J ; they
are fixed by the two conditions available, periodicity and
normalization.

Denote

ΦL ≡ Φ(L), IΦ ≡
∫ L

0

eΦ(y) dy. (22)

The interface rule of Sec. II states that the quantity con-
tinuous across the cell boundary is precisely TP = Q;
periodicity therefore requires Q(L−) = Q(0+). Evaluat-
ing Eq. (21) at x = L and imposing this condition,

Q(0) = e−ΦL
[
Q(0)− γJ IΦ

]
, (23)

which, upon multiplying through by eΦL and collecting
the terms in Q(0), gives

(
eΦL − 1

)
Q(0) = −γJ IΦ and

hence

Q(0) =
γJ IΦ
1− eΦL

. (24)

The remaining constant J will be fixed below by normal-
ization. Substituting Eq. (24) back into Eq. (21) and
using the identity

IΦ −
(
1− eΦL

) ∫ x

0

eΦ(y) dy

=

∫ L

x

eΦ(y) dy + eΦL

∫ x

0

eΦ(y) dy (25)

gives the density in the compact form

Ps(x) =
γJ

1− eΦL

e−Φ(x)

T (x)
G(x), (26)

where the strictly positive kernel

G(x) =
∫ L

x

eΦ(y) dy + eΦL

∫ x

0

eΦ(y) dy (27)

collects the influence of the entire cell on the point x;
both integrands in Eq. (27) are positive, so G(x) > 0
everywhere. Define the strictly positive transport resis-
tance as the integral of the density prefactor,

R[T, f ] =

∫ L

0

e−Φ(x)

T (x)
G(x) dx > 0. (28)

Integrating Eq. (26) over the cell then gives∫ L

0

Ps(x) dx =
γJ

1− eΦL
R[T, f ] = 1, (29)

and solving Eq. (29) for J yields the exact stationary
current and density for arbitrary bounded T (x),

J [T, f ] =
1− eΦL

γR[T, f ]
, (30)

Ps[T ](x) =
e−Φ(x) G(x)
T (x)R[T, f ]

. (31)

No assumption of a piecewise-constant, linear, or expo-
nential profile has entered these expressions; an alterna-
tive route to the same result is given in Appendix A.

Because R > 0, the sign of the current is fixed entirely
by the thermal action over one period,

sgn J = − sgnΦL. (32)

It is therefore natural to define the cycle affinity

A[T, f ] ≡ −ΦL = −
∮ L

0

U ′(x)

T (x)
dx, (33)

in terms of which

J =
1− e−A

γR
, J > 0 ⇐⇒ A > 0. (34)
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The heat-engine sector is A > 0; at stall, J = 0 and
A = 0.

Equation (34) exposes the structure that governs ev-
erything that follows. The numerator 1 − e−A mea-
sures the thermodynamic bias accumulated around one
closed cycle: it vanishes when the weighted potential
drop

∮
U ′/T dx vanishes and saturates for strong driv-

ing. The denominator γR is a kinetic resistance accu-
mulated over the complete cell; it depends nonlocally on
T (x) through both Φ and the kernel G. A local change
of temperature can increase the affinity while simultane-
ously increasing the resistance, and it is exactly this com-
petition that separates finite-current optimization from
quasistatic efficiency optimization.

The conceptual content of this section can be summa-
rized as follows. For an arbitrary bounded thermal field,
the stationary state is fixed by a single scalar, the ther-
mal action ΦL accumulated around one period, together
with one positive functional, the resistance R. The affin-
ity A = −ΦL decides whether the engine runs forward
and how strongly it is driven; the resistance decides how
fast probability can circulate for a given drive. Every de-
sign question addressed below is a question about how a
proposed modification of T (x) or U0 redistributes weight
between these two quantities. The quasistatic problem
depends on the affinity alone, which is why it admits a
closed-form global solution; the finite-current problems
depend on both, which is why they become genuinely
nonlocal.

III. QUASISTATIC EFFICIENCY

A. Stall force and efficiency functional

Define the inverse-temperature integrals over the as-
cending and descending branches,

A[T ] =

∫ L/2

0

dx

T (x)
, B[T ] =

∫ L

L/2

dx

T (x)
. (35)

Throughout, A[T ] and B[T ] denote these geometric func-
tionals and are always distinct from the cycle affinity A
of Eq. (33). Using the constant slopes of Eq. (11), the
thermal action over one period is

ΦL = (k + f)A+ (f − k)B. (36)

The stall force fst is defined by J = 0, i.e., by ΦL = 0.
Setting f = fst in Eq. (36),

(k + fst)A+ (fst − k)B = 0, (37)

and collecting the terms proportional to fst and to k,

fst (A+B) = k (B −A), (38)

so that

fst[T ] = k
B[T ]−A[T ]

A[T ] +B[T ]
=

2U0

L

B −A

A+B
. (39)

A positive stall force requires B > A: the engine can hold
a load only if the downhill branch carries more inverse-
temperature weight than the uphill branch.

For the energetics we use the standard idealized over-
damped cycle bookkeeping of the Brownian-ratchet lit-
erature [7, 9, 11]. In one net forward period at load
0 < f < fst[T ], the useful work and the configurational
heat absorbed while climbing the barrier are

W (f) = fL, Qin(f) = U0 +
fL

2
. (40)

The corresponding ideal cycle efficiency,

ηcyc(f) =
fL

U0 + fL/2
,

dηcyc
df

=
LU0

(U0 + fL/2)2
> 0,

(41)
increases monotonically with f at fixed U0. In this book-
keeping the temperature profile does not enter at fixed
load; its role is to determine how large a load the engine
can sustain. The largest ideal efficiency of a given profile
is therefore approached quasistatically, as f ↑ fst[T ] with
J → 0+.

Setting f = fst in Eq. (40) and inserting Eq. (39), the
work per period is

Wst = fstL = 2U0
B −A

A+B
, (42)

while for the heat input the two contributions combine
over a common denominator,

Qin,st = U0 +
fstL

2
= U0

[
1 +

B −A

A+B

]
= U0

(A+B) + (B −A)

A+B
=

2U0B

A+B
. (43)

Dividing Eq. (42) by Eq. (43), both the barrier height U0

and the common factor (A+B)−1 cancel,

η[T ] =
Wst

Qin,st
=

2U0(B −A)/(A+B)

2U0B/(A+B)
=
B −A

B
, (44)

and the quasistatic efficiency becomes the exact func-
tional

η[T ] = 1− A[T ]

B[T ]
= 1−

∫ L/2

0

dx/T (x)∫ L

L/2

dx/T (x)

. (45)

The cancellation of U0 is not accidental: both the sus-
tainable load and the barrier climb are proportional to
the same energy scale U0, so their quasistatic ratio can
depend only on the thermal geometry.

Equation (45) is the first central result: the quasistatic
efficiency depends on the entire thermal geometry only
through the ratio of the inverse-temperature weights of
the uphill and downhill branches. All details of where
within each branch the temperature is high or low are
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irrelevant at stall; only the two integrals A and B sur-
vive. The finite-load expression (41) is an ideal-cycle
estimate; a full microscopic heat-current efficiency re-
quires the underdamped kinetic-energy transfer discussed
in Sec. VIII B.

B. Global optimum under the temperature bounds

Equation (45) already contains the solution of the ef-
ficiency design problem; this section makes it explicit,
first by a direct global inequality and then by functional
differentiation.

Because A > 0 and B > 0, maximizing η = 1 − A/B
is equivalent to minimizing the ratio A/B. The deci-
sive observation is that the two integrals are indepen-
dently controllable: A involves the temperature only
on the uphill half, and B only on the downhill half.
On the uphill branch the box constraint (13) implies
1/Th ≤ 1/T (x) ≤ 1/Tc, so A is minimized pointwise by
T (x) = Th for 0 < x < L/2, giving

Amin =
L

2Th
. (46)

On the downhill branch, B appears in the denominator
of A/B and should be maximized; the integrand 1/T is
largest when T is smallest, so T (x) = Tc for L/2 < x < L,
giving

Bmax =
L

2Tc
. (47)

Hence, for every admissible profile,

A

B
≥ Amin

Bmax
=
Tc
Th
, η[T ] ≤ 1− Tc

Th
, (48)

with equality if and only if both pointwise choices are
made simultaneously, up to sets of measure zero. Under
the sole constraint Tc ≤ T (x) ≤ Th, the global maximizer
is therefore the piecewise-constant profile

T ∗
η (x) =

{
Th, 0 < x < L/2,

Tc, L/2 < x < L,
(49)

with the ideal configurational efficiency

ηmax = 1− Tc
Th
. (50)

This is not merely a stationary point found by a deriva-
tive test; the inequality (48) establishes the global box-
constrained optimum without assuming any trial family.

The same conclusion follows from a functional varia-
tion, which will also be needed for the finite-current prob-
lems below. A local variation means replacing T (x) by
Tϵ(x) = T (x) + ϵ ϑ(x), where ϑ is an arbitrary admis-
sible perturbation and ϵ → 0; the functional derivative

δη/δT (x) is defined by δη =
∫ L

0
[δη/δT (x)]ϑ(x) dx. From

Eq. (35),

δA = −
∫ L/2

0

ϑ(x)

T (x)2
dx, (51)

δB = −
∫ L

L/2

ϑ(x)

T (x)2
dx. (52)

The signs follow from δ(1/T ) = −ϑ/T 2: heating any
point lowers the inverse-temperature integral through
that point. Since η = 1−A/B, the quotient rule gives

δη = − δ

(
A

B

)
= −B δA−AδB

B2
= −δA

B
+
A

B2
δB, (53)

and inserting Eqs. (51) and (52),

δη =
1

B

∫ L/2

0

ϑ

T 2
dx− A

B2

∫ L

L/2

ϑ

T 2
dx, (54)

so that

δη

δT (x)
=


1

B T (x)2
> 0, 0 < x < L/2,

− A

B2T (x)2
< 0, L/2 < x < L.

(55)

The gradient has a fixed sign on each half-cell: raising
the local temperature anywhere on the uphill branch al-
ways increases the efficiency, and lowering it anywhere
on the downhill branch always increases the efficiency.
Because the derivative never vanishes in the interior of ei-
ther branch, no smooth unconstrained stationary profile
exists between the bounds, and the optimum is pushed
onto the box boundary, reproducing Eq. (49).

The physical content parallels the mathematics. The
uphill half is where the particle must acquire energy to
climb the barrier; placing the hottest permitted bath
there maximizes thermal assistance where it is needed.
The downhill half enters the stall ratio through B; plac-
ing the coldest permitted bath there maximizes the
inverse-temperature asymmetry B/A that sets the sus-
tainable load. Every departure from T = Th on the up-
hill half or from T = Tc on the downhill half strictly
lowers the ideal quasistatic efficiency on a set of nonzero
measure.

Two remarks complete the picture. Without an engine-
orientation constraint, the mathematical minimum of η
is the reversed piecewise-constant profile and is negative.
If T is instead required to decrease monotonically from
hot to cold, then A ≤ B and η ≥ 0, and the infimum
0 is approached by an almost uniform profile whose end-
point changes are confined to narrow layers. Finally, the
Carnot form (50) belongs to the ideal overdamped book-
keeping of Eqs. (40)–(41); it does not assert that a micro-
scopic engine with kinetic heat leakage attains reversible
Carnot performance (Sec. VIII B).
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C. Piecewise-constant, linear, and exponential
profiles

The three canonical profiles are now obtained as spe-
cial cases of the single functional (45), which makes their
comparison exact rather than model dependent.

For the piecewise-constant profile (49),

Apc =
L

2Th
, Bpc =

L

2Tc
, (56)

so

ηpc = 1− Tc
Th
. (57)

For the linear profile

Tlin(x) = Th − Th − Tc
L

x, (58)

let Tm = (Th + Tc)/2 denote the midpoint temperature,
Tm = Tlin(L/2). The integrand 1/Tlin has the constant-
slope antiderivative∫

dx

Tlin(x)
= − L

Th − Tc
lnTlin(x) + const, (59)

so evaluating between the endpoints of each half-cell,

Alin =
L

Th − Tc
ln

Tlin(0)

Tlin(L/2)
=

L

Th − Tc
ln

(
Th
Tm

)
, (60)

Blin =
L

Th − Tc
ln
Tlin(L/2)

Tlin(L)
=

L

Th − Tc
ln

(
Tm
Tc

)
, (61)

so

ηlin = 1− ln[2Th/(Th + Tc)]

ln[(Th + Tc)/(2Tc)]
. (62)

For the exponentially decreasing profile studied in
Ref. [11],

Texp(x) = Th exp

[
− x

L
ln

(
Th
Tc

)]
, (63)

write r = Th/Tc. The inverse profile is itself an exponen-
tial,

1

Texp(x)
=

1

Th
e(x/L) ln r, (64)

which integrates elementarily; over the two half-cells,

Aexp =
1

Th

L

ln r

[
e(1/2) ln r − 1

]
=

L

Th ln r

(√
r − 1

)
, (65)

Bexp =
1

Th

L

ln r

[
eln r − e(1/2) ln r

]
=

L

Th ln r

(
r −

√
r
)
.

(66)

Factoring
√
r out of Eq. (66) gives r−

√
r =

√
r (

√
r−1),

so the two integrals are locked into the exact ratio

Bexp =
√
r Aexp =

√
Th
Tc

Aexp, (67)
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FIG. 2. Exact quasistatic efficiency, Eq. (45), versus Tc/Th

for the piecewise-constant [Eq. (57)], exponential [Eq. (68)],
and linear [Eq. (62)] profiles. The piecewise-constant profile
attains the box-constrained maximum 1 − Tc/Th for every
temperature ratio; the exponential profile gives the Curzon–
Ahlborn form.

and Eq. (45) gives

ηexp = 1−
√
Tc
Th
, (68)

recovering exactly the Curzon–Ahlborn-type result of
Ref. [11]. Figure 2 compares the three expressions. For
every 0 < Tc/Th < 1 the ordering is

ηpc > ηexp > ηlin, (69)

in accordance with the global bound (48): any smooth
monotone profile spends part of the uphill branch below
Th and part of the downhill branch above Tc, and both
departures reduce the ratio B/A. The exponential profile
lies above the linear one because its faster initial decrease
keeps more of the low-temperature weight on the down-
hill branch.

Three conclusions emerge from this section. First, the
quasistatic efficiency is controlled entirely by the geomet-
ric ratio A/B: the position of the hot and cold regions
relative to the ascending and descending branches is what
matters, and the fine structure of the temperature field
within each branch is invisible at stall. Second, because A
and B are controlled independently, the box-constrained
optimum is not a compromise but a simultaneous satura-
tion of both bounds, which necessarily produces a discon-
tinuous piecewise-constant field. Third, the three canon-
ical profiles are not competing models but three evalu-
ations of one functional, and their ordering (69) follows
from the global bound rather than from numerical com-
parison. The Carnot form obtained here is the maximum
of the idealized configurational bookkeeping; whether it
can be approached microscopically is a separate question
addressed in Sec. VIII B. What the quasistatic analysis
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cannot decide is how fast the engine runs, and this is the
subject of the next section.

IV. FINITE-CURRENT OPTIMIZATION

At finite current the engine delivers the output power

P[T, f, U0] = fLJ [T, f, U0]. (70)

At fixed load f > 0, maximizing P over either T (x) or U0

is equivalent to maximizing the current J . The decisive
difference from the stall problem is visible in Eq. (34):
the current

J =
1− eΦL

γR
=

1− e−A

γR
(71)

contains two independent ingredients, the cycle affinity
A measuring thermodynamic driving and the positive
nonlocal resistance R measuring kinetic opposition. A
temperature change that increases A can simultaneously
increase R, so finite-current optimization cannot be de-
cided from the affinity alone.

A. Temperature variation

Write N [T ] ≡ 1− eΦL , so that J = N/(γR) and

ln J = lnN − ln γ − lnR. (72)

Working with ln J rather than J is deliberate: the current
is a ratio, and taking the logarithm converts the ratio into
a difference, so the driving and resistance contributions
to any derivative appear as separate, additively combined
relative sensitivities. This bookkeeping will be used for
every optimization below.

Consider first how the thermal action responds to a
local change of temperature. Under T → T + ϵϑ, the
integrand of Φ varies through δ(1/T ) = −ϑ/T 2, so to
first order

δΦ(x) =

∫ x

0

U ′(z) δ

(
1

T (z)

)
dz = −

∫ x

0

U ′(z)

T (z)2
ϑ(z) dz.

(73)
A perturbation localized at z contributes only if z lies
inside the integration range, i.e., only for x > z; reading
off the kernel of Eq. (73),

δΦ(x)

δT (z)
= −U ′(z)

T (z)2
Θ(x− z), (74)

where Θ is the Heaviside function: heating the point z
reduces the inverse-temperature weight U ′/T there and
therefore shifts Φ(x) for every downstream point x > z.
In particular, at the cell boundary,

δΦL

δT (z)
= −U ′(z)

T (z)2
. (75)

The numerator therefore responds purely locally: by the
chain rule, δN = −eΦL δΦL, so

δ lnN

δT (z)
=

1

N

δN

δT (z)
=

−eΦL

1− eΦL

δΦL

δT (z)
=

eΦL

1− eΦL

U ′(z)

T (z)2
.

(76)
The resistance responds nonlocally, because the tem-

perature enters Eq. (28) through three distinct routes:
the explicit factor 1/T (x) in the integrand, the local
weight e−Φ(x), and the kernel G(x), which itself contains
Φ at every point of the cell. Varying the kernel (27) term
by term,

δG(x)
δT (z)

=

∫ L

x

eΦ(y) δΦ(y)

δT (z)
dy + eΦL

δΦL

δT (z)

∫ x

0

eΦ(y) dy

+ eΦL

∫ x

0

eΦ(y) δΦ(y)

δT (z)
dy, (77)

and varying Eq. (28), including the explicit 1/T (x) factor
at x = z,

δR
δT (z)

=

∫ L

0

e−Φ(x)

T (x)

[
−G(x)δΦ(x)

δT (z)
+
δG(x)
δT (z)

]
dx

− e−Φ(z)G(z)
T (z)2

. (78)

The three routes are now visible term by term: the first
bracketed term is the variation of the weight e−Φ, the
second is the variation of the kernel, and the final term
outside the integral comes from the explicit 1/T factor
evaluated at the varied point. Combining Eqs. (76) and
(78) through Eq. (72),

δ ln J

δT (z)
=

eΦL

1− eΦL

U ′(z)

T (z)2
− 1

R
δR
δT (z)

, (79)

and hence

δJ

δT (z)
= J

δ ln J

δT (z)
,

δP
δT (z)

= fLJ
δ ln J

δT (z)
. (80)

The structure of Eq. (79) should be read carefully. The
first term is local: it depends only on the slope and tem-
perature at the varied point. The second term is gen-
uinely nonlocal: a change of T at one point z modifies
the thermal action for all x > z, thereby the kernel G(x)
everywhere, thereby the stationary density, and thereby
the resistance accumulated over the whole cell. Its sign
depends on the complete temperature landscape, the bar-
rier height, the load, and the stochastic convention (Ap-
pendix F).

Under the pointwise bounds (13), a maximizing pro-
file of any finite-current objective O[T ] must satisfy the
standard box-constrained (Karush–Kuhn–Tucker) condi-
tions: wherever δO/δT (z) > 0 the optimal tempera-
ture saturates the upper bound, T ∗(z) = Th; wherever
δO/δT (z) < 0 it saturates the lower bound, T ∗(z) = Tc;
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and an interior value Tc < T ∗(z) < Th is possible only
where the functional derivative vanishes,

δO
δT (z)

= 0 on interior sets. (81)

For power, the relevant gradient is Eq. (80). The con-
trast with efficiency is fundamental: the efficiency gradi-
ent (55) has a fixed sign on each half-cell and yields a
closed-form global optimum, whereas the sign of Eq. (79)
is not fixed locally. Consequently, no universal finite-
barrier temperature profile maximizing current or power
can be inferred from the bounds alone, and smooth pro-
files can carry more current than the sharp piecewise-
constant profile over finite parameter ranges even though
the piecewise-constant profile maximizes the quasistatic
efficiency.

B. Optimal barrier height

For a fixed temperature profile, the affinity depends
on the barrier height in a remarkably simple way. Insert-
ing the slopes (11) into Eq. (33) and using the half-cell
integrals (35),

A(U0, f ;T ) = −(k + f)A+ (k − f)B

=
2U0

L
(B −A)− f(A+B). (82)

Introducing the two positive profile functionals (for a hot-
to-cold engine profile with B > A)

KT ≡ 2

L
(B −A), MT ≡ A+B, (83)

the affinity becomes exactly linear in the two control pa-
rameters,

A(U0, f ;T ) = KT U0 −MT f. (84)

The linearity is exact because the triangular slopes are
constant on each half-cell, so U0 and f enter U ′/T only
through the fixed weights A and B. One immediate con-
sequence is an onset threshold: for a positive load, for-
ward engine transport requires A > 0, i.e.,

U0 > U0,on(f ;T ) =
MT

KT
f =

Lf (A+B)

2 (B −A)
. (85)

Equation (85) is the stall relation (39) solved for U0

rather than for f : below the threshold, the load drives
the particle backward.

At fixed T (x) and f , the barrier-optimization problem
is one dimensional and can be solved exactly. Differenti-
ating ln J rather than J is again the efficient route: by
Eq. (72) the stationarity condition ∂U0

J = 0 becomes
an equality of two separately computable relative sensi-
tivities, one from the driving factor and one from the

resistance. For the driving factor, lnN = ln(1 − e−A),
and the linearity (84) gives

∂A
∂U0

= KT , (86)

so by the chain rule

∂ lnN

∂U0
=

e−A

1− e−A
∂A
∂U0

=
KT

eA − 1
, (87)

where the last step multiplies numerator and denomina-
tor by eA. Subtracting the resistance sensitivity,

∂ ln J

∂U0
=

KT

eA − 1
− ∂ lnR

∂U0
. (88)

An interior current maximum therefore satisfies the exact
condition

KT

eKTU∗
0 −MT f − 1

=
∂ lnR
∂U0

∣∣∣∣
U∗

0

. (89)

This is the central finite-current result for the barrier: the
left-hand side is the marginal gain in thermal rectification
produced by increasing the barrier, and the right-hand
side is the accompanying marginal increase in transport
resistance. The optimum occurs when the marginal gain
in thermal rectification produced by increasing the bar-
rier is equal to the accompanying marginal increase in
transport resistance; the fastest motor operates exactly
at this balance.

The resistance derivative in Eq. (89) is itself fully ex-
plicit. Define

g(x) ≡ ∂U ′
s(x)

∂U0
=

{
2/L, 0 < x < L/2,

−2/L, L/2 < x < L,
(90)

and the barrier sensitivity of the action,

ψ(x) ≡ ∂Φ(x)

∂U0
=

∫ x

0

g(z)

T (z)
dz. (91)

Evaluating ψ over the full period, the two half-cells con-
tribute with opposite signs of g,

ψ(L) =
2

L

[∫ L/2

0

dz

T (z)
−
∫ L

L/2

dz

T (z)

]

=
2

L
(A−B) = −KT , (92)

consistent with ∂U0
ΦL = −∂U0

A = −KT from Eq. (84).
Differentiating the kernel (27) under the integral sign,

∂G(x)
∂U0

=

∫ L

x

ψ(y) eΦ(y) dy + eΦLψ(L)

∫ x

0

eΦ(y) dy

+ eΦL

∫ x

0

ψ(y) eΦ(y) dy, (93)
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and therefore, from Eq. (28),

∂R
∂U0

=

∫ L

0

e−Φ(x)

T (x)

[
−ψ(x)G(x) + ∂G(x)

∂U0

]
dx. (94)

Thus Eq. (89) contains no unspecified quantity; for any
proposed T (x) it is a one-dimensional root problem in U0,
evaluated by quadratures (the general parameter deriva-
tive is given in Appendix B). A local maximum addition-
ally requires ∂2J/∂U2

0 < 0 at U∗
0 , which is conveniently

tested through

∂2 ln J

∂U2
0

= − K2
T e

A

(eA − 1)2
− ∂2 lnR

∂U2
0

. (95)

The existence of an interior optimum is physically ex-
pected from the two limits. As U0 → 0 the periodic
potential flattens, thermal rectification disappears, and
J → 0; as U0 → ∞ barrier crossing becomes strongly
activated and again J → 0. By continuity, at zero
load at least one intermediate maximum of J(U0) exists
for any nontrivial hot-to-cold thermal arrangement. At
f > 0 the current is load-driven backward below the
onset threshold (85), becomes positive above it, and van-
ishes once more in the large-barrier trapping limit, so
a positive engine-current maximum occurs above U0,on

whenever the engine sector is accessible.

C. Activation estimate

The exact root of Eq. (89) is the result to use for quan-
titative work; a transparent scale estimate follows by sep-
arating weak-barrier rectification from activated through-
put. Define the effective inverse activation temperature
of the uphill branch,

βact[T ] ≡
2

L

∫ L/2

0

dx

T (x)
=

2A

L
, Tact ≡ β−1

act. (96)

A minimal interpolation between the small-barrier linear
growth of the rectification and the large-barrier Arrhe-
nius suppression is

J(U0, f) ≃ C(f, T )U0 exp

[
−βact

(
U0 +

fL

2

)]
, (97)

where the prefactor C varies slowly compared with the
exponential. The factor U0 encodes the vanishing of rec-
tification with the barrier, and the exponential encodes
the Arrhenius cost of climbing U0 + fL/2 against the
uphill inverse temperature βact. Taking the logarithm,

ln J ≃ lnC + lnU0 − βact

(
U0 +

fL

2

)
, (98)

and differentiating term by term (the slowly varying lnC
contributing negligibly),

∂ ln J

∂U0
≃ 1

U0
− βact, (99)

which vanishes at a single point, so the estimated opti-
mum is

U∗
0 ≃ Tact. (100)

This is a useful scale estimate, not the exact optimal bar-
rier: it does not reproduce the load shift contained in
Eq. (89) and should be used as an initial physical esti-
mate before the exact condition is solved. Its content is
that the optimal barrier is set by the inverse-temperature
weight of the uphill branch alone.

For the three canonical profiles the activation scales
follow directly from the half-cell integrals of Sec. III C.
For the piecewise-constant profile, βact,pc = 1/Th and

U
∗(act)
0,pc = Th. (101)

For the linear profile,

βact,lin =
2

Th − Tc
ln

2Th
Th + Tc

, U
∗(act)
0,lin =

Th − Tc

2 ln
2Th

Th + Tc

.

(102)
For the exponential profile, with r = Th/Tc,

βact,exp =
2(
√
r − 1)

Th ln r
, U

∗(act)
0,exp =

Th ln r

2(
√
r − 1)

. (103)

Because βact,pc < βact,exp < βact,lin, the piecewise-
constant profile supports the largest optimal barrier and
the linear profile the smallest; the entire temperature
field thus changes the effective barrier scale that the par-
ticle experiences. Figure 3 displays the normalized activa-
tion estimate for Th = 2Tc; the exact quantitative optima
follow from Eq. (89), for which these scales serve as ini-
tial guesses, and the numerical procedure of Appendix E
traces U∗

0 (f) for each profile without presupposing any
current ordering.

D. Power optimization

At fixed nonzero load, P = fLJ is proportional to the
current, so the power-maximizing barrier coincides with
the current-maximizing barrier,

U∗
0,P (f ;T ) = U∗

0,J (f ;T ). (104)

If U0 and f are optimized jointly, Eq. (89) must be supple-
mented by the stationarity condition in the load. From
Eq. (84),

∂A
∂f

= −MT , (105)

so, in complete analogy with Eq. (88),

∂ ln J

∂f
= − MT

eA − 1
− ∂ lnR

∂f
. (106)

International Journal of Scientific and Research Publications, Volume 16, Issue 9, September 2026 
ISSN 2250-3153 134

This publication is licensed under Creative Commons Attribution CC BY. 
10.29322/IJSRP.16.09.2026.p17712  

www.ijsrp.org



11

0 1 2 3 4 5 6
U0/Tc

0.0

0.2

0.4

0.6

0.8

1.0
J(

U
0)/

J(
U

* 0)

Th = 2Tc

piecewise constant
exponential
linear

FIG. 3. Barrier-height dependence of the current in the acti-
vation estimate, Eq. (97), for Th = 2Tc and zero load. Each
curve is normalized by its own maximum, so the figure dis-
plays the shift of the optimal barrier with the temperature
profile rather than an ordering of peak currents; markers and
dotted verticals locate the optima U∗

0 = Tact of Eq. (100),
which decrease from the piecewise-constant to the exponen-
tial to the linear profile [Eqs. (101)–(103)]. Exact optima
follow from Eq. (89).

Since ∂f lnP = 1/f + ∂f ln J , the condition ∂fP = 0
reads

1

f∗P
=

MT

eA(U∗
0 ,f

∗
P ) − 1

+
∂ lnR
∂f

∣∣∣∣
U∗

0 ,f
∗
P

. (107)

The joint optimum is determined by Eqs. (89) and (107)
together; the required derivative ∂f lnR is given by the
same quadratures (Appendix B). This pair makes the
speed–power distinction precise: at fixed load, current
and power select the same barrier, but once the load is
also varied, power balances the gain in work per period
against the loss of current.

Equation (71) explains why the profile with the largest
stall force or quasistatic efficiency need not carry the
largest finite current. The hot–cold piecewise-constant
profile maximizes the efficiency because it minimizes
A/B, but its extended cold region can create a strong
kinetic bottleneck in R. Smooth linear or exponen-
tial fields distribute the cold region over the path and
can reduce the dominant resistance. The exponentially
decreasing-temperature engine of Ref. [11] indeed ex-
hibits enhanced finite-current transport and entropy pro-
duction over broad parameter ranges relative to sharper
reference arrangements; this is fully compatible with the
efficiency result of Sec. III B because η[T ] and J [T ] are
different functionals.

The ordering can also change with barrier height. In
the strict Arrhenius limit the uphill exponential suppres-
sion is controlled by βact; since βact,pc = 1/Th is the
smallest of the three, the piecewise-constant-profile cur-
rent is the least exponentially suppressed at asymptot-

ically large U0, even though a smooth profile can have
a lower finite-barrier resistance and a larger current at
moderate U0. A crossing of current curves as U0 grows is
therefore physically natural rather than contradictory.

The finite-current results can be summarized in one
statement: throughput is the ratio of a thermodynamic
drive to a kinetic resistance, and every control variable—
the temperature field, the barrier height, and the load—
enters both. For the temperature field, this makes the op-
timization nonlocal and forbids any universal placement
rule of the kind that governs the quasistatic efficiency.
For the barrier height, it produces an interior optimum
located by an exact marginal balance, Eq. (89), whose
scale is set by the uphill inverse temperature. For the
load, it distinguishes maximum speed from maximum
power. The practical consequence is that comparisons
among thermal profiles are meaningful only when the bar-
rier is either held fixed or optimized separately for each
profile, and that a profile with the highest quasistatic effi-
ciency may be a slower engine than a smooth profile over
a broad range of barrier heights.

V. ENTROPY PRODUCTION AND
EXTRACTION

A. Entropy balance

The configurational Shannon entropy relative to a fixed
reference length ℓr is

S(t) = −
∫ L

0

P (x, t) ln[ℓrP (x, t)] dx; (108)

the additive constant set by ℓr affects no optimizing pro-
file. Differentiating under the integral sign,

Ṡ = −
∫ L

0

(
ln[ℓrP ]+1

)
∂tP dx =

∫ L

0

(
ln[ℓrP ]+1

)
∂xJ dx,

(109)
where the continuity equation ∂tP = −∂xJ was used.
The constant term integrates to J(L)− J(0) = 0 around
the closed cycle, and integrating the remaining term by
parts,

Ṡ =
[
J ln(ℓrP )

]L
0
−
∫ L

0

J ∂x lnP dx = −
∫ L

0

J ∂x lnP dx.

(110)
For a smooth periodic profile the boundary term vanishes
by periodicity of J and P . For a profile with an ideal ther-
mal reset, the closed-cycle convention of Sec. II assigns
the reset jumps of both lnP and lnT to the correspond-
ing line integrals; since TP is continuous across the reset,
the jump of lnP is exactly −∆lnT , and the two jump
contributions cancel in the combination appearing below,
so no boundary term survives in either case.

The density gradient is now eliminated in favor of the
current. Expanding the derivative in the current defini-
tion (15), γJ = −

(
U ′P + T ′P + TP ′), and solving for
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P ′,

TP ′ = −γJ − U ′P − T ′P ; (111)

dividing Eq. (111) by TP ,

∂x lnP = − γJ

PT
− U ′

T
− T ′

T
. (112)

Substituting Eq. (112) into Eq. (110), the integrand be-
comes

−J ∂x lnP =
γJ2

PT
+ J

(
U ′

T
+
T ′

T

)
, (113)

and integrating over the cell,

Ṡ = γ

∫ L

0

J2

PT
dx+

∫ L

0

J

(
U ′

T
+
T ′

T

)
dx. (114)

The split in Eq. (113) is not arbitrary: the first term
is a positive-definite square generated by the current it-
self, while the second is linear in the current and changes
sign with it; this is exactly the signature separating ir-
reversible production from reversible exchange. Consis-
tently with the same current, we identify the entropy-
production rate

ėp = γ

∫ L

0

J2

Ps(x)T (x)
dx ≥ 0 (115)

and the entropy-extraction rate

ḣd = −
∫ L

0

J

(
U ′

T
+
T ′

T

)
dx, (116)

so that the balance takes the standard form

Ṡ = ėp − ḣd. (117)

Equation (117) has the usual flux-force structure: ėp is a
positive-definite quadratic form in the current, while ḣd
is the entropy flow into the environment carried by the
same current.

At a nonequilibrium steady state, Ṡ = 0 and J is a
constant. In Eq. (116), the term

∫ L

0
(T ′/T ) dx is the

closed-cycle integral of d lnT and vanishes for any pe-
riodic thermal cycle, including the reset jump of Sec. II;
the remaining term is J

∫ L

0
(U ′/T ) dx = JΦL. Hence

ėp = ḣd = −J ΦL = J A. (118)

The same identity follows directly from the stationary
equation, which provides an independent check of the
bookkeeping. Dividing Eq. (19) by Q = TPs,

Q′

Q
= − γJ

TPs
− Φ′, (119)

and integrating around the cell: the left-hand side is∮
d lnQ, which vanishes because Q = TP is the quan-

tity that is continuous and periodic across the boundary,
so

0 = −γJ
∫ L

0

dx

PsT
− ΦL. (120)

Multiplying Eq. (120) by J and recognizing the first term
as −ėp from Eq. (115),

0 = −ėp − JΦL =⇒ ėp = −JΦL = JA, (121)

reproducing Eq. (118). Equation (118) states that the
steady-state dissipation is the product of one flux, the
cycle current J , and one conjugate force, the cycle affinity
A.

At strict stall the configurational current vanishes and
both rates in Eq. (118) vanish. This does not imply that
an underdamped particle ceases to transport kinetic en-
ergy between hot and cold regions; that anomalous con-
tribution lies outside Eq. (14) [15, 16] and is discussed in
Sec. VIII B.

B. Optimization of dissipation

Equation (118) yields one exact structural statement
immediately: at every nonequilibrium steady state of the
adopted overdamped model,

ėp[T, f, U0] = ḣd[T, f, U0], (122)

so entropy production and entropy extraction are not in-
dependent optimization problems. Any variation of T (x),
U0, or f changes them identically, and their maximizers
and minimizers coincide.

This equality does not imply that maximizing Shan-
non entropy minimizes either rate, nor that maximizing
the affinity alone maximizes dissipation. Since ėp = JA,
both the nonlocal transport factor J and the local driv-
ing factor A matter. The affinity gradient is purely local:
from Eq. (33) and the variation used in Eq. (75),

δA
δT (x)

=
U ′(x)

T (x)2
, (123)

whereas the current gradient is Eq. (80). By the product
rule,

δėp
δT (x)

= A δJ

δT (x)
+ J

U ′(x)

T (x)2
, (124)

which at steady state is also the functional gradient of
ḣd. The box-constrained maximizing field obeys the op-
timality rule of Eq. (81) with the gradient (124). Be-
cause the first term is nonlocal, there is no general finite-
barrier statement forcing the ėp-maximizing field to co-
incide with the efficiency-maximizing piecewise-constant
profile; maximum dissipation is a third, distinct design
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problem. We emphasize that maximizing entropy pro-
duction is not in itself an engineering goal; identifying its
extremizer serves to reveal how dissipation is distributed
and how it relates to power; complementary scaling re-
lations among current, activity, and entropy production
are discussed in Refs. [57, 65].

For a prescribed T (x) the barrier dependence is again
transparent. Using A = KTU0 −MT f and Eq. (88),

∂ ln ėp
∂U0

=
∂ ln J

∂U0
+
KT

A
=

KT

eA − 1
− ∂ lnR

∂U0
+
KT

A
, (125)

so an interior barrier maximizing both ėp and ḣd satisfies

KT

eA − 1
+
KT

A
=
∂ lnR
∂U0

. (126)

Comparing with the current condition (89), the addi-
tional positive term KT /A shows that the dissipation-
optimal barrier is generically shifted toward larger ther-
modynamic driving: entropy production rewards affinity
as well as throughput.

The minimum is simpler in the configurational over-
damped model. Since ėp ≥ 0, any stall state with J = 0
attains

ėp,min = ḣd,min = 0 (127)

within this description. As emphasized in Sec. VIII B,
an underdamped particle can retain kinetic-energy-
mediated entropy production even when the configura-
tional current vanishes, so Eq. (127) is not a claim of
microscopic reversibility in the full phase-space model.

The entropy analysis adds a third design objective and
simultaneously constrains it. The identity ėp = ḣd =
JA shows that, within the configurational overdamped
model, dissipation at steady state is completely specified
by the same two quantities that specify the current, so
maximizing entropy production is a finite-current prob-
lem of the same nonlocal type as maximizing power, with
the additional weighting by the affinity that shifts the op-
timal barrier toward stronger driving. The balance there-
fore does not introduce a new independent optimizer; it
locates dissipation within the affinity–resistance frame-
work of Sec. IV. What it does not determine is the shape
of the stationary distribution itself, which is governed by
a different functional and, as shown next, by a different
optimal profile.

VI. SHANNON ENTROPY

A. Uniform density and the compensating profile

The stationary configurational entropy is the func-
tional

S[T ] = −
∫ L

0

Ps[T ](x) ln[ℓrPs[T ](x)] dx. (128)

For any normalized density on an interval of length L,

S ≤ ln
L

ℓr
, (129)

with equality if and only if the density is uniform,

Ps(x) =
1

L
; (130)

a short relative-entropy proof is given in Appendix C.
The Shannon-entropy design problem is therefore solved
by asking which admissible temperature fields render the
stationary density uniform.

Substituting Eq. (130) into the current definition (15):
with P = 1/L constant, the term ∂x(TP ) reduces to
T ′/L, so

J = − 1

γL
[U ′(x) + T ′(x)] . (131)

The left-hand side is a constant at steady state while
the right-hand side is a function of position; consistency
therefore requires

U ′(x) + T ′(x) = C (132)

for some constant C. The constant is fixed by integrating
Eq. (132) once around the ring for a continuous periodic
thermal field. Using U ′ = U ′

s + f from Eq. (12),

CL =

∫ L

0

(
U ′
s + f + T ′) dx = 0 + fL+ 0 = fL, (133)

since Us and T are periodic and their derivatives integrate
to zero, while the load contributes fL. Hence C = f , and
subtracting the load from Eq. (132), the spatial parts
must cancel separately at every point,

T ′(x) = −U ′
s(x). (134)

Integrating,

T ∗
S(x) = T0 − Us(x), (135)

where T0 is an integration constant. This profile exactly
compensates the spatial part of the deterministic drift;
the resulting density is uniform, and

JS = − f

γL
, Smax = ln

L

ℓr
. (136)

The temperature profile that maximizes configurational
entropy therefore compensates the spatial potential
rather than maximizing the thermodynamic bias respon-
sible for directed transport. For a positive opposing load
the unconstrained entropy maximum is not even a heat
engine: the load drives the particle backward while the
density is flattened.

For the triangular potential, Eq. (135) reads explicitly

T ∗
S(x) =

{
T0 − 2U0x/L, 0 < x < L/2,

T0 − 2U0(1− x/L), L/2 < x < L,
(137)
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which is hottest at the potential minima and coldest at
the barrier top—a geometry entirely different from the
hot-uphill piecewise-constant profile of Sec. III B. The
profile obeys the box constraint (13) provided T0 −U0 ≥
Tc and T0 ≤ Th can hold simultaneously, i.e., provided

U0 ≤ Th − Tc. (138)

When Eq. (138) holds, every member of the one-
parameter family

T ∗
S(x) = T0 − Us(x), Tc + U0 ≤ T0 ≤ Th, (139)

produces Ps = 1/L and attains the absolute bound
Smax = ln(L/ℓr). Conversely, within the periodic
divergence-form model, any admissible profile attaining
the bound must belong to this family up to changes
on sets of measure zero: equality in Eq. (129) forces
Ps = 1/L, Eqs. (131)–(132) then force T ′ = −U ′

s, and
periodicity fixes the profile up to the constant T0 con-
strained only by the bounds. Figure 4 illustrates that the
compensating family produces a flat stationary density,
unlike the efficiency-optimal piecewise-constant profile or
the exponential field.

0.0 0.2 0.4 0.6 0.8 1.0
x/L

0.6

0.8

1.0

1.2

1.4

1.6

1.8

L
P s

(x
)

compensating, T0 − Us(x)
piecewise constant
exponential

FIG. 4. Exact stationary densities Ps(x) from Eq. (31), eval-
uated with the element-exact quadrature of Appendix E, for
L = γ = Tc = 1, Th = 2, U0 = 0.8, and f = 0.25. The
potential-compensating profile T0−Us(x) with T0 = 1.9 yields
the exactly uniform density that attains the Shannon-entropy
bound (129); the piecewise-constant and exponential fields
yield nonuniform densities and strictly smaller entropy. The
piecewise-constant-profile density jumps at x = L/2 because
the interface rule of Sec. II makes TP , not P , continuous
across a temperature discontinuity.

B. Constrained maximization

If U0 > Th − Tc, no bounded temperature can can-
cel the full potential, and the maximization becomes a
genuine constrained problem. Its exact gradient can be

obtained without differentiating the lengthy explicit den-
sity formula by an adjoint construction.

Let ϑ(x) = δT (x), p(x) = δPs(x), and j = δJ denote
linked first-order variations. Linearizing the stationary
equation (16),

d

dx

[
T p+ Ps ϑ

]
+ U ′p = −γj,

∫ L

0

p dx = 0, (140)

where the second relation preserves normalization. The
entropy variation is

δS = −
∫ L

0

(
ln[ℓrPs(x)] + 1

)
p(x) dx

= −
∫ L

0

ln[ℓrPs(x)] p(x) dx, (141)

the constant term dropping by normalization. Equa-
tion (141) expresses δS through the density response p,
which depends on ϑ only implicitly through the linearized
state equation (140). The adjoint method removes this
implicit dependence by introducing a fixed dual field that
trades the unknown response p for the known perturba-
tion ϑ. Introduce a periodic adjoint field χ(x) satisfying

−T (x)χ′(x) + U ′(x)χ(x) = − ln[ℓrPs(x)] + Λ, (142)

with the gauge ∫ L

0

χ(x) dx = 0. (143)

The left-hand side of Eq. (142) is precisely the combina-
tion that will multiply p after integration by parts, and
the right-hand side is chosen to be the entropy weight of
Eq. (141); the constant Λ enforces periodic solvability of
the adjoint equation, and the gauge (143) will eliminate
the unknown current response j.

Multiply Eq. (140) by χ and integrate over the cell,∫ L

0

χ
d

dx

[
Tp+ Psϑ

]
dx+

∫ L

0

U ′χp dx

= −γj
∫ L

0

χ dx = 0, (144)

where the right-hand side vanishes by the gauge (143).
Integrating the first term by parts, with the boundary
term vanishing by periodicity,∫ L

0

χ
d

dx

[
Tp+Psϑ

]
dx = −

∫ L

0

χ′ [Tp+Psϑ
]
dx, (145)

so Eq. (144) rearranges to∫ L

0

p
[
−Tχ′ + U ′χ

]
dx =

∫ L

0

Ps χ
′ ϑ dx. (146)

Inserting the adjoint equation (142) on the left, the
constant Λ drops out by the normalization constraint
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15∫ L

0
p dx = 0, and what remains is exactly the entropy

variation (141),∫ L

0

p
(
− ln[ℓrPs] + Λ

)
dx = −

∫ L

0

p ln[ℓrPs] dx = δS.

(147)
Combining Eqs. (146) and (147),

δS =

∫ L

0

Ps(x)χ
′(x)ϑ(x) dx, (148)

so the exact functional gradient is
δS

δT (x)
= Ps(x)χ

′(x). (149)

The box-constrained entropy maximizer therefore obeys
the rule (81) with this gradient: since Ps > 0, interior
(nonsaturated) temperature values require χ′ = 0, and
hot or cold saturated regions occur where the sign of χ′

demands them.
A useful candidate consistent with these conditions is

the clipped compensation profile
TS,clip(x;T0) = min

{
Th,max

[
Tc, T0 − Us(x)

]}
, (150)

with T0 chosen to maximize S. It retains the exact com-
pensating slope T ′ = −U ′

s wherever neither bound is ac-
tive and saturates where full compensation is impossible.
The numerical procedure of Appendix E verifies the gra-
dient (149) against finite differences and converges to this
clipped structure for the triangular potential.

Finally, if the Shannon entropy is maximized subject
to heat-engine operation, the inequality A[T, f ] ≥ 0 must
be adjoined. With a multiplier ζ ≥ 0 and the gradients
(149) and (123), stationarity of S + ζA requires

δ

δT (x)

(
S + ζA

)
= Ps(x)χ

′(x) + ζ
U ′(x)

T (x)2
, ζA = 0,

(151)
together with the box conditions. Unlike the uncon-
strained uniform-density result, the engine-constrained
entropy maximizer is generally parameter dependent;
Eq. (151) with the adjoint equation (142) gives its com-
plete characterization.

The Shannon-entropy problem has a qualitatively dif-
ferent character from all preceding objectives. Efficiency,
current, power, and dissipation reward thermal asymme-
try between the two branches, whereas configurational
entropy rewards the cancellation of the potential by the
temperature field, T ′ = −U ′

s, which flattens the station-
ary density. The two designs are geometrically opposite:
the efficiency optimum is hottest where the potential rises
and coldest where it falls, while the entropy optimum is
hottest at the potential minima and coldest at the barrier
top. When the barrier exceeds the available temperature
window, full compensation becomes impossible and the
problem turns into a constrained adjoint problem whose
solution saturates the bounds where compensation fails.
A high-entropy stationary state is therefore neither a low-
dissipation state nor a fast motor; it answers a different
question.

VII. SMOOTH TEMPERATURE PROFILES

A. Regularized optimization

The ideal piecewise-constant profile of Eq. (49) has an
infinite gradient. It is mathematically admissible under
the box constraint but experimentally idealized: laser
heating, thermoplasmonic gradients, substrate heat dif-
fusion, and interfacial thermal resistance all limit how
sharply a temperature field can vary, and engineered ther-
mal landscapes with localized hot or cold regions realize
only finite gradients in practice [56]. A natural smooth-
control problem penalizes sharp relative gradients,

max
T

{
O[T ]− µ

∫ L

0

(
∂x lnT

)2
dx

}
, µ > 0, (152)

where the objective O can be η, P, ėp, ḣd, or S, and the
penalty weight µ quantifies the physical cost assigned to
steep logarithmic temperature gradients.

Let y = lnT , so that δT = T δy and the penalty is
µ
∫
(y′)2 dx. Working in the variable y is natural because

the penalty is then quadratic and the box constraint re-
mains a simple interval. Consider a variation δy(x) van-
ishing at any fixed endpoints. The objective responds
through the chain rule,

δO =

∫ L

0

δO
δT (x)

δT (x) dx =

∫ L

0

T (x)
δO
δT (x)

δy(x) dx,

(153)
while the penalty responds as

δ

∫ L

0

(y′)2 dx = 2

∫ L

0

y′ δy′ dx = −2

∫ L

0

y′′ δy dx, (154)

after one integration by parts with vanishing boundary
contributions. Stationarity of Eq. (152) for arbitrary δy
therefore requires the pointwise condition

2µ y′′(x) + T (x)
δO
δT (x)

= 0, (155)

which holds in the interior of the admissible set for every
choice of objective. For the efficiency objective, inserting
the gradient (55),

2µ y′′ +
e−y

B
= 0, 0 < x < L/2, (156)

2µ y′′ − A

B2
e−y = 0, L/2 < x < L, (157)

where A and B are evaluated self-consistently on the solu-
tion. First integrals and matching conditions are derived
in Appendix D.

B. Sharp and smooth limits

The two limits of the penalty weight connect the ideal
and the smooth designs. As µ → 0+, the source terms
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FIG. 5. Numerically optimized efficiency profiles from
Eq. (152) with fixed endpoints T (0) = 2Tc, T (L) = Tc and
box bounds Tc ≤ T ≤ Th, for logarithmic-gradient penalties
µ = 10−4–3 (in units of Tc; darker to lighter with increasing
µ), obtained by the gradient-based method of Appendix E. As
µ → 0 the optimum approaches the ideal hot/cold piecewise-
constant profile (dotted); as µ grows it converges to the expo-
nentially decreasing profile (dashed), the unique minimizer of
the penalty functional at fixed endpoints.

in Eqs. (156)–(157) dominate, the solution develops a
narrow transition layer at x = L/2, and the profile ap-
proaches the piecewise-constant efficiency optimum (49).

The opposite limit selects the profile that minimizes
the penalty alone, and this profile can be identified ex-
actly. Define the logarithmic-gradient cost

Clog[T ] =

∫ L

0

(
T ′(x)

T (x)

)2

dx =

∫ L

0

[y′(x)]2 dx, (158)

with fixed endpoints y(0) = lnTh and y(L) = lnTc. The
Euler–Lagrange equation of this quadratic functional is
y′′ = 0, whose fixed-endpoint solution is

y(x) = lnTh − x

L
ln
Th
Tc
, (159)

which is exactly the exponential profile (63). The opti-
mality is global rather than merely stationary: by the
Cauchy–Schwarz inequality,

∫ L

0

(y′)2 dx ≥ 1

L

(∫ L

0

y′ dx

)2

=
1

L
ln2

Th
Tc
, (160)

with equality only for constant y′. As µ→ ∞, Eqs. (156)–
(157) reduce to y′′ ≃ 0, so the regularized optimum con-
verges to this unique minimizer. By contrast, minimizing
the absolute-gradient cost

∫ L

0
(T ′)2 dx gives T ′′ = 0 and

selects the linear profile (58); the exponential is there-
fore the smoothest profile when temperature variations
are measured relative to the local temperature, which is

the measure relevant to a multiplicative-noise problem in
which 1/T is the natural weight.

The three canonical profiles thus solve three different
variational problems: the piecewise-constant profile maxi-
mizes the quasistatic efficiency η[T ]; the exponential min-
imizes the relative-gradient cost (158) at fixed endpoints;
and the linear profile minimizes the absolute-gradient
cost. The regularized problem interpolates continuously
between the first two; Fig. 5 displays this interpolation.
For regularized power, entropy production, or Shannon
entropy, Eq. (155) is used with the gradients (80), (124),
or (149), respectively, so all five design problems share
one state–adjoint boundary-value architecture.

C. Relation to the exponential-temperature engine

Reference [11] introduced the exponentially decreasing
field (63) and derived its exact Curzon–Ahlborn-type qua-
sistatic efficiency. The present arbitrary-profile theory
embeds that solvable model and clarifies its standing in
four respects.

First, the functional (45) shows exactly why the expo-
nential profile yields Eq. (68): its half-cell integrals obey
Bexp =

√
Th/TcAexp. The same functional proves that

the exponential is not the unconstrained efficiency maxi-
mizer; the hot–cold piecewise-constant profile attains the
larger Carnot form.

Second, finite-current transport is governed by the
affinity–resistance ratio (71), not by the efficiency alone.
The earlier exponential engine found larger current and
entropy production over broad finite-parameter regions
than sharper reference arrangements [11]; the present
theory explains how this can occur, since a smooth dis-
tributed decrease of temperature can reduce the nonlocal
resistance R enough to compensate for a smaller affin-
ity. The exact gradient (79) replaces any universal finite-
barrier ranking by a parameter-dependent control prob-
lem.

Third, the barrier is an additional design coordinate.
Equations (89) and (126) show that each profile possesses
its own current-, power-, and dissipation-optimal barrier.
Profiles should therefore be compared either at one speci-
fied U0 or after optimizing U0 separately for each; mixing
the two comparisons can obscure the actual transport ad-
vantage.

Fourth, the exponential profile has an independent
variational meaning as the unique fixed-endpoint mini-
mizer of the squared logarithmic gradient (Sec. VII B)
and as the large-penalty limit of the regularized prob-
lem (Sec. VII). The earlier exponential engine and
the present theory thus answer complementary ques-
tions: the piecewise-constant profile is the ideal efficiency
extremizer, the exponential is the minimum-relative-
gradient field, and finite-current throughput is decided
by the competition between affinity and resistance.

Taken together, the regularized problem and its two
limits clarify the standing of the exponential field within
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the complete design picture. The piecewise-constant pro-
file is the ideal quasistatic optimum under pointwise
bounds alone; the exponential profile is the smoothest
field in the relative sense of Eq. (158) and the natural
end point when sharp thermal gradients carry a cost; and
the finite-current advantage of smooth profiles reported
earlier follows from the resistance term in the current,
not from the efficiency. The single stationarity equa-
tion (155), used with the appropriate gradient, places all
five objectives within one state–adjoint framework, so the
same numerical machinery serves the efficiency, power,
dissipation, and entropy problems once the cost of ther-
mal control is specified.

VIII. DISCUSSION

A. Design principles

The results separate several distinct design mecha-
nisms. Quasistatic efficiency depends only on the inverse-
temperature geometry through A/B. Making the entire
uphill branch as hot as possible and the entire downhill
branch as cold as possible simultaneously minimizes A
and maximizes B, which is why the efficiency optimum
is a sharp piecewise-constant profile.

Finite-current speed and power pose an additional ki-
netic question: how rapidly can probability traverse the
complete cell? The affinity A measures the thermody-
namic bias around the cycle, while R measures the time-
consuming resistance generated by diffusion and barrier
crossing. A sharp cold domain can raise the affinity yet
create a bottleneck; a smooth field can relieve the bottle-
neck yet sacrifice some affinity. The finite-current opti-
mum is a global balance, not a local placement rule.

Barrier height exposes the same competition in a single
scalar variable. A very small barrier provides little ther-
mal rectification, whereas a very large barrier traps the
particle by Arrhenius activation. Equation (89) locates
the intermediate optimum by equating the marginal rec-
tification gain with the marginal resistance cost, and the
approximate rule U∗

0 ≃ Tact supplies the experimental
starting scale before the exact root is computed.

Shannon entropy asks a third question: how uniform
can the stationary density be made? Its maximizing
field locally compensates the potential slope, T ′ = −U ′

s,
rather than maximizing directed transport. A high-
entropy stationary state therefore need not be a low-
dissipation state and need not be a fast motor.

Real thermal fields have finite spatial resolution. The
regularized functional (152) allows implementation costs
of sharp gradients to be included quantitatively without
confusing them with the ideal box-constrained efficiency
result, and it identifies the exponential profile as the nat-
ural smooth end point of the design family.

B. Limitations of the overdamped description

Three limitations of the present overdamped treatment
must remain explicit.

First, the efficiency calculation uses the conventional
configurational heat input of Eq. (40) and neglects the
kinetic energy exchanged when the particle crosses be-
tween regions at different temperatures. Such a heat leak
prevents true reversible Carnot operation in microscopic
thermal ratchets [8, 15, 16]. Equation (50) is therefore
the maximum of the stated idealized configurational func-
tional, not a claim that all microscopic heat currents van-
ish at the optimum.

Second, multiplicative thermal noise admits inequiva-
lent stochastic representations. The present work fixes
the divergence-form current (15) and derives ėp and ḣd
from that same equation; combining the current of one
convention with the entropy-flow term of another would
invalidate the balance (117). Appendix F shows which re-
sults are convention independent within a one-parameter
family of conventions—the stall condition and the qua-
sistatic efficiency functional are—and which are not, no-
tably the finite-current resistance and all optimality con-
ditions that involve it.

Third, the underdamped phase-space problem contains
velocity degrees of freedom. A particle can carry kinetic
energy from hot to cold even when the configurational
current vanishes, producing the entropic anomaly of the
small-mass limit [15, 16]. Optimizing the full under-
damped entropy production is a separate control problem
and need not select the same profile as the overdamped
conditions of Sec. V B.

IX. SUMMARY AND CONCLUSIONS

The spatial temperature field and the barrier height of
a Brownian heat engine have been treated as thermody-
namic design variables. For an arbitrary bounded profile
the stationary current and density are exact, Eqs. (30)
and (31), and the quasistatic efficiency admits the simple
exact representation η[T ] = 1−A[T ]/B[T ] of Eq. (45). Its
global box-constrained maximizer is the hot-uphill/cold-
downhill piecewise-constant profile, with the ideal config-
urational value 1−Tc/Th; the exponential profile plays a
different exact role, giving the Curzon–Ahlborn form and
uniquely minimizing the integrated squared logarithmic
temperature gradient.

Finite-current performance obeys no such local rule.
The current is a ratio of a driving numerator and a non-
local resistance, its complete functional gradient (79) con-
tains a term whose sign depends on the entire landscape,
and consequently no universal finite-barrier current or
power maximizer follows from the temperature bounds
alone. This reconciles the exact efficiency result with the
finite-current advantages of smooth distributed profiles,
including the exponential field, reported previously [11].
For any prescribed profile the barrier admits an exact op-
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timization: the affinity is linear in U0, A = KTU0−MT f ,
and the current-maximizing barrier satisfies the balance
condition (89) in which the marginal rectification gain
equals the marginal resistance cost, with the activation
scale U∗

0 ≃ Tact as a physical estimate and Eq. (107)
completing the joint power optimum.

A consistent entropy balance gives ėp = ḣd =
JA at steady state, so entropy production and en-
tropy extraction always share one optimizer; that opti-
mizer is itself a nonlocal finite-current problem, and the
dissipation-optimal barrier (126) generically differs from
the maximum-speed barrier. Shannon entropy defines
yet another design problem: whenever U0 ≤ Th − Tc, the
potential-compensating family T0−Us(x) renders the sta-
tionary density uniform and attains the absolute entropy
bound, while stronger barriers lead to a constrained ad-
joint problem with clipped compensation.

The central physical conclusion is that no single spa-
tial thermal profile is optimal for every observable. Ef-
ficiency, throughput, dissipation, and configurational en-
tropy reward different combinations of thermal bias, ki-
netic accessibility, and probability spreading, and the
arbitrary-profile efficiency functional, the exact finite-
current optimality conditions, and the barrier balance
law together provide a systematic framework for match-
ing the thermal design to the quantity actually being op-
timized. Natural extensions include experimental ther-
mal design with realistic gradient constraints; the full
underdamped phase-space optimization, in which kinetic
heat leaks modify both the attainable efficiency and the
entropy bookkeeping; coupled degrees of freedom such
as dimers and short polymer chains transported through
inhomogeneous thermal landscapes [71, 78, 95, 99, 106,
111]; and hybrid engines that alternate between active
and passive operation [55, 63, 70].

Appendix A: Alternative derivation of the exact
current

Starting from Eq. (21), impose the interface condition
Q(L) = Q(0) directly:

Q(0) = e−ΦL
[
Q(0)− γJ IΦ

]
, (A1)

Q(0)
(
eΦL − 1

)
= −γJ IΦ, (A2)

Q(0) =
γJ IΦ
1− eΦL

. (A3)

Substituting Eq. (A3) into Eq. (21),

Q(x) =
γJ e−Φ(x)

1− eΦL

[
IΦ −

(
1− eΦL

) ∫ x

0

eΦ(y) dy

]
(A4)

=
γJ e−Φ(x)

1− eΦL
G(x), (A5)

by the identity (25). Division by T gives Eq. (26), and
normalization gives

1 =
γJ

1− eΦL
R, (A6)

which is Eq. (30).
At stall, ΦL → 0, the kernel reduces to G(x) → IΦ,

and the density becomes the Boltzmann-like form

Pst(x) =
e−Φ(x)

T (x)Z
, Z =

∫ L

0

e−Φ(x)

T (x)
dx. (A7)

Appendix B: Parameter derivatives of the transport
resistance

For any parameter p that enters the potential slope but
not the prescribed temperature profile, define

ψp(x) =
∂Φ(x)

∂p
=

∫ x

0

∂pU
′(z)

T (z)
dz, ψp,L = ψp(L).

(B1)
Differentiating the kernel (27),

∂pG(x) =
∫ L

x

ψp(y) e
Φ(y) dy + eΦLψp,L

∫ x

0

eΦ(y) dy

+ eΦL

∫ x

0

ψp(y) e
Φ(y) dy, (B2)

and therefore

∂pR =

∫ L

0

e−Φ(x)

T (x)
[−ψp(x)G(x) + ∂pG(x)] dx. (B3)

For p = U0, ∂U0
U ′ = g(x) of Eq. (90) and ψU0,L = −KT ,

recovering Eqs. (93)–(94). For p = f , ∂fU ′ = 1, so

ψf (x) =

∫ x

0

dz

T (z)
, ψf,L =MT . (B4)

These quadratures supply ∂U0
lnR and ∂f lnR as re-

quired by the exact conditions (89) and (107); higher
derivatives follow by one further differentiation of the
same expressions.

Appendix C: Relative-entropy proof of the Shannon
bound

Let Pu = 1/L denote the uniform density. The
Kullback–Leibler divergence of any normalized density
P from Pu is nonnegative,

D(P∥Pu) =

∫ L

0

P (x) ln
P (x)

1/L
dx ≥ 0. (C1)

Expanding the logarithm,

D(P∥Pu) =

∫ L

0

P ln[ℓrP ] dx+ ln
L

ℓr
= ln

L

ℓr
− S, (C2)

so S ≤ ln(L/ℓr), with equality only when P = Pu almost
everywhere.
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Appendix D: First integrals of the regularized
efficiency equations

On the first half-cell, Eq. (156) reads 2µy′′+e−y/B = 0.
Multiplying by y′,

µ
d

dx

(
y′2
)
− 1

B

d

dx
e−y = 0, (D1)

so

µ y′2 − e−y

B
= C1. (D2)

On the second half-cell, Eq. (157) gives, by the same
manipulation,

µ y′2 +
A

B2
e−y = C2. (D3)

For fixed endpoints, y is continuous, and the natural cor-
ner condition of the variational problem requires continu-
ity of y′ at x = L/2. The constants C1 and C2, together
with the self-consistent definitions of A and B on the solu-
tion, determine the smooth profile by a shooting method.
In the small-µ limit the first integrals resolve the narrow
transition layer near L/2; in the large-µ limit both reduce
to nearly constant y′, i.e., the exponential profile.

Appendix E: Numerical discretization and checks

Divide the cell into N elements of width h = L/N . On
element i, take Ti and U ′

i constant and define

gi =
U ′
i

Ti
, Φi+1 = Φi + gih. (E1)

The integrating-factor integral is evaluated exactly on
each element,∫ h

0

eΦi+gis ds = eΦi
egih − 1

gi
, (E2)

with the limit heΦi as gi → 0. These exact element in-
tegrals construct the kernel G(x) and the resistance R
of Eqs. (27)–(28); the midpoint density from Eq. (31) is
then used for S.

For the regularized fixed-endpoint optimization of
Fig. 5, the control is discretized on the nodal loga-
rithmic variables yi = lnTi with y0 = lnTh and
yN = lnTc held fixed and the interior nodes bounded
by lnTc ≤ yi ≤ lnTh. The discrete objective η −
µ
∑

i(yi+1−yi)2/h is maximized by a bound-constrained
quasi-Newton method, using the analytic efficiency gra-
dient obtained by discretizing Eq. (55) and applying
the chain rule ∂T/∂y = T , together with the standard
quadratic-penalty gradient. An equivalent monotone pa-
rameterization writes the temperature drops as nonnega-
tive weights wj with

∑
j wj = 1,

Ti = Tc + (Th − Tc)
(
1−

∑
j<i

wj

)
, (E3)

which enforces T0 = Th, TN−1 = Tc, and Ti+1 ≤ Ti
exactly. Grid refinement verifies convergence of J , S,
and the roots of Eqs. (89) and (126).

The functional gradients were checked by centered fi-
nite differences. For a perturbation localized on element
i, the difference quotient

J(Ti + ϵ)− J(Ti − ϵ)

2ϵ
(E4)

converges to Eq. (80), and the analogous entropy quo-
tient converges to Eq. (149). Constrained entropy opti-
mization for U0 > Th − Tc converges to the clipped form
(150), with the compensating slope on nonsaturated in-
tervals.

Appendix F: Stochastic convention and interface
matching

A convenient way to expose which results are conven-
tion independent is the one-parameter family of currents

Ja = − 1

γ

[
U ′P + TP ′ + aT ′P

]
, 0 ≤ a ≤ 1. (F1)

The choices a = 1, a = 1/2, and a = 0 correspond, respec-
tively, to the divergence-form current used in Eq. (15), a
midpoint thermal drift, and a Fick-type current. Define

Qa = T aP, Φ(x) =

∫ x

0

U ′(z)

T (z)
dz. (F2)

The stationary equation becomes

Q′
a +

U ′

T
Qa = −γJa T a−1, (F3)

so the quantity continuous across an ideal temperature
jump is T aP . Integration by the same integrating-factor
construction as in Sec. II B gives

P (a)
s (x) =

e−Φ(x) Ga(x)

T (x)a Ra
, Ja =

1− eΦL

γRa
, (F4)

where

Ga(x) =

∫ L

x

T (y)a−1eΦ(y) dy

+ eΦL

∫ x

0

T (y)a−1eΦ(y) dy, (F5)

Ra =

∫ L

0

e−Φ(x)

T (x)a
Ga(x) dx. (F6)

The sign and stall condition are independent of a,

sgn Ja = − sgnΦL, Ja = 0 ⇐⇒
∮
U ′

T
dx = 0,

(F7)
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so the stall force and the quasistatic efficiency functional
of Secs. III and III B are convention independent within
this family.

The finite-current results are not convention indepen-
dent. Writing

qa =
T aPs

Ja
, ν =

1

T
, (F8)

the state equation and normalization become

q′a = −γ ν1−a − U ′ν qa, J−1
a =

∫ L

0

νaqa dx. (F9)

The denominator, and therefore the response of the resis-
tance to changes in T (x), depends explicitly on a. Finite-

current optimality conditions and profile rankings must
consequently be evaluated with one fixed convention and
its corresponding interface rule.

The uniform-density condition also changes with con-
vention. Substituting Ps = 1/L into Eq. (F1) gives

U ′
s(x) + aT ′(x) = 0, (F10)

so for a > 0 the absolute Shannon-entropy maximizer is

T ∗
S,a(x) = T0 −

Us(x)

a
(F11)

whenever it obeys the bounds; Eq. (135) is the a = 1
member of this family.
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