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Abstract

Nazarov uncertainty principle has been proved for the Fourier transform and the continuous
modulated shearlet transform on the Euclidean motion group. These principles can be used
to deduce the Nazarov uncertainty principle for the well-known transforms such as the Gabor
transform, the wavelet transform and the shearlet transform on Euclidean motion group.
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1 Introduction

The Nazarov uncertainty principle is an important concept from harmonic analysis which is
closely related to the classical Heisenberg uncertainty principle in quantum mechanics, though
formulated in a more general mathematical setting. Introduced by Fedor Nazarov, this principle
places limits on the simultaneous localisation of a function and its Fourier transform [5]. In
simpler terms, this principle provides a quantitative constraint that a function and its Fourier
transform cannot both be sharply localized (concentrated) on the small sets of finite measure.
Jaming [3] established the Nazarov uncertainty inequality for the Fourier transform on Rn, which
can be stated as follows.
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Theorem 1.1. There exists a constant C = C(n) such that, for every Λ1 ⊂ Rn and Λ2 ⊂ R̂n
of finite Lebesgue measures |Λ1| and |Λ2| respectively, and for every f ∈ L2(Rn),∫

Rn

|f(x)|2 dx ≤ J

∫
Rn\Λ1

|f(x)|2 dx+ J

∫
R̂n\Λ2

|f̂(ζ)|2 dζ,

where J = CeC min{|Λ1| |Λ2|,|Λ1|1/nw(Λ2),w(Λ1)|Λ2|1/n} and w(Λ1), w(Λ2) are mean widths of Λ1, Λ2

respectively.

Nazarov uncertainty principle was proved for quadratic-phase Fourier transform [7], for shearlet
transform on Rn [1], for non-separable linear canonical wavelet transform [8] and for linear
canonical transform [9].

In Section 2, we shall discuss some useful notations and results related to the Fourier transform.
The continuous modulated shearlet transform (CMST) that was introduced in [2] shall also
be reviewed. In the last section, we establish Nazarov uncertainty principle for the Fourier
transform and the CMST on the Euclidean motion group.

2 Preliminaries and notations

In this section, we briefly review some standard results that shall be used throughout the paper.
For a subset Λ ⊂ Rn, let |Λ| denote the Lebesgue measure of Λ which is assumed to be finite
and let ω(Λ) denote the mean width of Λ (see [3, Pg. 36]).

2.1 Fourier transform

Assume G to be a unimodular, separable, locally compact group of type I. The left Haar measure
on G is denoted by µG. Let Ĝ denote the unitary dual of G, where Ĝ is the set of all the
equivalence classes of irreducible unitary representations of G. The space Ĝ is equipped with
the Mackey-Borel structure and the Plancherel measure µ

Ĝ
on Ĝ can be determined uniquely

by the fixed Haar measure on G.
For each π ∈ Ĝ, let the Hilbert spaceHπ denote the representation space of π and HS(Hπ) denote
the space of all Hilbert-Schmidt operators on Hπ. The space HS(Hπ) forms a Hilbert space with
respect to the inner product defined by ⟨T1, T2⟩ = tr(T ∗

2 T1). The family {HS(Hπ)}π∈Ĝ of Hilbert

spaces indexed by Ĝ, is a field of Hilbert spaces over Ĝ. The direct integral H2(Ĝ) of the family
{HS(Hπ)}π∈Ĝ with respect to µ

Ĝ
, is the space of all measurable vector fields K on Ĝ such that

∥K∥2
H2(Ĝ)

=

∫
Ĝ
∥K(π)∥2π dµĜ(π) <∞,

where ∥ · ∥π is the norm on the Hilbert space HS(Hπ). Also, H2(Ĝ) forms a Hilbert space with
the inner product given by

⟨K1,K2⟩H2(Ĝ)
=

∫
Ĝ
tr [K1(π)

∗K2(π)] dµĜ(π).
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For f ∈ L1(G), the Fourier transform of f is defined by

Ff(π) = π(f) =

∫
G
f(x)π(x)∗ dµG(x).

The Plancherel formula states that for all f ∈ L1(G) ∩ L2(G), we have ∥Ff∥
H2(Ĝ)

= ∥f∥2.

2.2 Continuous modulated shearlet transform

In [2], Bansal, Bansal and Kumar defined the CMST that generalises the Gabor transform, the
shearlet transform and the wavelet transform. In this section, we briefly discuss the CMST
for the convenience of the reader. Let L be a locally compact group equipped with left Haar
measure dµL(l) and Aut(H) denote the automorphism group of H, where H is a locally compact
abelian group which is second countable and has Haar measure dµH(h).

Consider the homomorphism α : L → Aut(H) by l 7→ αl, ensuring the continuity of the map
(l, h) 7→ αl(h) from the product space L×H onto H. The set L×H endowed with the product
topology and the operations

(l, h)(l′, h′) = (l l′, h αl(h
′))

(l, h)−1 = (l−1, αl−1(h−1))

is a locally compact group called the semi-direct product of L and H and is denoted by L×αH.
The set S = (L×αH)×G forms a locally compact group. Let 1L, 1H and 1G denote the identity
elements of L, H and G respectively. For u = (l, h, x, π) ∈ S× Ĝ, assume that

Hu = π(x)HS(Hπ),

where π(x)HS(Hπ) = {π(x)T : T ∈ HS(Hπ)}. Then, Hu is a Hilbert space with the inner product
given by

⟨π(x)T1, π(x)T2⟩Hu = tr (T ∗
2 T1) = ⟨T1, T2⟩HS(Hπ).

Suppose that the inner product on Hu induces the norm ∥ · ∥u. It may be easily verified that
Hu = HS(Hπ) for all u ∈ S × Ĝ. The family {Hu : u ∈ S × Ĝ} is a field of Hilbert spaces over
S× Ĝ. The direct integral of {Hu : u ∈ S× Ĝ}, denoted by H2(S× Ĝ), is the space of all vector
fields K on S× Ĝ which are measurable and satisfy

∥K∥2
H2(S×Ĝ)

=

∫
S×Ĝ

∥K(u)∥2u dσ(u) <∞.

The space H2(S× Ĝ) is a Hilbert space having the inner product

⟨K1,K2⟩H2(S×Ĝ)
=

∫
S×Ĝ

tr [K2(u)
∗ K1(u)] dσ(u)

and is equipped with the product measure

dσ(u) = dµS(l, h, x) dµĜ(π).
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For each (l, h, x) ∈ S and f, ψ ∈ L2(H×G), define Tψ(l,h,x) : H×G→ C by

Tψ(l,h,x)(k, y) = δ1/2α (l) ψ(αl−1(h−1k), x−1y)

and for all (k, y) ∈ H ×G, define Jψ(l,h,x)f : H×G→ C by

Jψ(l,h,x)f(k, y) = f(k, y) Tψ(l,h,x)(k, y).

We call a function ψ ∈ L2(H×G) admissible if

Cψ :=

∫
L×G

∣∣∣FH ψ̃(η ◦ λl, x)
∣∣∣2 dµL(l) dµG(x) <∞

which is independent of a.e. η ∈ Ĥ.

For f ∈ C00(H×G), the set of all continuous complex-valued functions on H×G with compact
supports and admissible function ψ ∈ L2(H × G), the CMST of f with respect to ψ is a
measurable field of operators on S× Ĝ defined by

MSψf(l, h, x, π) =
∫
H

∫
G
f(k, y) Tψ(l,h,x)(k, y) π(y)

∗ dµH(k) dµG(y).

MSψf(l, h, x, π) is a bounded linear operator on Hπ such that

∥MSψf(l, h, x, π)∥ ≤ ∥f∥L2(H×G) ∥ψ∥L2(H×G).

The operator MSψ : C00(H×G) → H2(S× Ĝ) defined by f 7→ MSψf satisfies

∥MSψf∥H2(S×Ĝ)
= C

1/2
ψ ∥f∥L2(H×G) (1)

and thus can be extended uniquely to a bounded linear operator from L2(H×G) into H2(S×Ĝ).
This extension, which we still denote by MSψ, satisfies (1) for each f ∈ L2(H×G).

3 Euclidean Motion Group M(n)

Consider M(n) = Rn⋊K with K = SO(n) under the group operation defined by (z, k)(w, s) =
(z + k · w, ks) for z, w ∈ Rn and k, s ∈ K. The set M(n) is referred to as the Euclidean Motion
Group. The set M = SO(n − 1) can be regarded as a subgroup of K that fixes the point
e1 = (1, 0, 0, . . . , 0). We can parameterize (upto unitary equivalence) all the irreducible unitary
representations of M(n) that are relevant for the Plancherel formula. This parameterization

consists of pairs of the type (η, τ), where η > 0 and τ ∈ M̂ . Here, M̂ denotes the unitary dual

of M and τ ∈ M̂ is realized on a Hilbert space Hτ of dimension dτ . The motion group M(n)
is equipped with the Haar measure dg = dz dk, where dk denotes the normalized Haar measure
on SO(n) and dz denotes the Lebesgue measure on Rn. For more details, one may refer to [6].
In this section, we shall establish Nazarov uncertainty principle for the Fourier transform and
for the CMST on M(n).
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Theorem 3.1. For every f ∈ L2(M(n)) and Λ1,Λ2 ⊂ Rn of finite Lebesgue measures, there
exists a constant C = C(n) such that

∥f∥22 ≤ J

∫
Rn\Λ1

∫
K
|f(z, k)|2 dz dk + Jcn

∫ ∞

0

∑
τ∈M̂

dτ ∥f̂(η, τ)∥2HS η
n−1 dη

− J

∫
Λ2

∫
K
|F1f(w, k)|2 dw dk,

where J = CeC min{|Λ1| |Λ2|,|Λ1|1/nw(Λ2),w(Λ1)|Λ2|1/n} and cn =
2

2n/2 Γ
(
n
2

) .
Proof. Let f ∈ L2(M(n)), then for almost all k ∈ K,∫

Rn

|f(z, k)|2 dz <∞.

For each k ∈ K, define fk(z) = f(z, k), for all z ∈ Rn. Then, fk ∈ L2(Rn) for almost all k ∈ K.
Let Λ1,Λ2 ⊂ Rn be of finite Lebesgue measures, then using Theorem 1.1, there exists a constant
C = C(n) such that∫

Rn

|fk(z)|2 dz ≤ J

∫
Rn\Λ1

|fk(z)|2 dz + J

∫
Rn\Λ2

|f̂k(w)|2 dw

= J

∫
Rn\Λ1

|f(z, k)|2 dz + J

∫
Rn\Λ2

|F1f(w, k)|2 dw,

where J = CeC min{|Λ1| |Λ2|,|Λ1|1/nw(Λ2),w(Λ1)|Λ2|1/n}. Integrating both sides w.r.t. dk, we get

∥f∥22 ≤ J

∫
Rn\Λ1

∫
K
|f(z, k)|2 dz dk + J

∫
Rn\Λ2

∫
K
|F1f(w, k)|2 dw dk, (2)

where F1 denotes the Fourier transform in the first variable. Now, using Plancherel formula on
Rn and M(n) (see [4]), we have∫
Rn\Λ2

∫
K
|F1f(w, k)|2 dw dk

=

∫
Rn

∫
K
|F1f(w, k)|2 dw dk −

∫
Λ2

∫
K
|F1f(w, k)|2 dw dk

=

∫
Rn

∫
K
|f(z, k)|2 dz dk −

∫
Λ2

∫
K
|F1f(w, k)|2 dw dk

= cn

∫ ∞

0

∑
τ∈M̂

dτ ∥f̂(η, τ)∥2HS η
n−1 dη −

∫
Λ2

∫
K
|F1f(w, k)|2 dw dk,

where cn =
2

2n/2 Γ
(
n
2

) . Using above equality in (2), we obtain the result.
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Theorem 3.2. Let G = M(n). For f, ψ ∈ L2(H × G) such that ψ is an admissible function
and Λ1,Λ2 ⊂ Rn of finite Lebesgue measures, there exists a constant C = C(n) such that

Cψ∥f∥2L2(H×G) ≤ JCψ

∫
H

∫
Rn\Λ1

∫
K
|f(h, z, k)|2 dµH(h) dz dk

+ Jcn

∫
S

∫ ∞

0

∑
τ∈M̂

dτ ∥MSψf(l, h, y, u, η, τ)∥2HS dσ(l, h, y, u, η)

− J

∫
S

∫
Λ2

∫
K

∣∣∣F2FH

(
Jψ(l,h,y,u)f

)
(I, w, k)

∣∣∣2 δα(l) dµL(l) dµH(h) dy du dw dk,

where J = CeC min{|Λ1| |Λ2|,|Λ1|1/nw(Λ2),w(Λ1)|Λ2|1/n} and cn =
2

2n/2 Γ
(
n
2

) .
Proof. Let f, ψ ∈ L2(H × G) such that ψ is an admissible function and Λ1,Λ2 ⊂ Rn be of

finite Lebesgue measures. By [2, Eq. (6.1)], FH

(
Jψ(l,h,y,u)f

)
(I, ·) ∈ L2(G) for almost every

(l, h, y, u) ∈ S. Using Theorem 3.1, we have for almost every (l, h, y, u) ∈ S,∫
Rn

∫
K

∣∣∣FH

(
Jψ(l,h,y,u)f

)
(I, z, k)

∣∣∣2 dz dk
≤ J

∫
Rn\Λ1

∫
K

∣∣∣FH

(
Jψ(l,h,y,u)f

)
(I, z, k)

∣∣∣2 dz dk
+ Jcn

∫ ∞

0

∑
τ∈M̂

dτ

∥∥∥FGFH

(
Jψ(l,h,y,u)f

)
(I, η, τ)

∥∥∥2
HS

ηn−1 dη

− J

∫
Λ2

∫
K

∣∣∣F2FH

(
Jψ(l,h,y,u)f

)
(I, w, k)

∣∣∣2 dw dk

= J

∫
Rn\Λ1

∫
K

∣∣∣FH

(
Jψ(l,h,y,u)f

)
(I, z, k)

∣∣∣2 dz dk
+ Jcn

∫ ∞

0

∑
τ∈M̂

dτ ∥MSψf(l, h, y, u, η, τ)∥2HS η
n−1 dη

− J

∫
Λ2

∫
K

∣∣∣F2FH

(
Jψ(l,h,y,u)f

)
(I, w, k)

∣∣∣2 dw dk

Integrating both sides with respect to δα(l) dµL(l) dµH(h) dy du, we get∫
S

∫
Rn

∫
K

∣∣∣FH

(
Jψ(l,h,y,u)f

)
(I, z, k)

∣∣∣2 δα(l) dµL(l) dµH(h) dy du dz dk
≤ J

∫
S

∫
Rn\Λ1

∫
K

∣∣∣FH

(
Jψ(l,h,y,u)f

)
(I, z, k)

∣∣∣2 δα(l) dµL(l) dµH(h) dy du dz dk
+ Jcn

∫
S

∫ ∞

0

∑
τ∈M̂

dτ ∥MSψf(l, h, y, u, η, τ)∥2HS dσ(l, h, y, u, η)

− J

∫
S

∫
Λ2

∫
K

∣∣∣F2FH

(
Jψ(l,h,y,u)f

)
(I, w, k)

∣∣∣2 δα(l) dµL(l) dµH(h) dy du dw dk.
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Using again [2, Eq. (6.1)], we obtain

Cψ∥f∥2L2(H×G) ≤ JCψ

∫
H

∫
Rn\Λ1

∫
K
|f(h, z, k)|2 dµH(h) dz dk

+ Jcn

∫
S

∫ ∞

0

∑
τ∈M̂

dτ ∥MSψf(l, h, y, u, η, τ)∥2HS dσ(l, h, y, u, η)

− J

∫
S

∫
Λ2

∫
K

∣∣∣F2FH

(
Jψ(l,h,y,u)f

)
(I, w, k)

∣∣∣2 δα(l) dµL(l) dµH(h) dy du dw dk.

Remark 3.1. Using above result, one may deduce Nazarov uncertainty principle for Gabor
transform on M(n).

References

[1] M. Bahri, F.A. Shah, A.Y. Tantary, Uncertainty principles for the continuous shearlet transforms in arbitrary
space dimensions, Integ. Transf. Special Funct. 31 (2020), no. 7, 538-555.

[2] P. Bansal, A. Kumar, A. Bansal, Continuous modulated shearlet transform, Adv. Pure Appl. Math. 13 (2022),
no. 4, 29-57.

[3] P. Jaming, Nazarov’s uncertainty principles in higher dimension, J. Approx. Theory 149 (2007), no. 1, 30-41.

[4] K. Kumahara, K. Okamoto, An analogue of the Paley-Wiener theorem for the euclidean motion group, Osaka
J. Math. 10 (1973), no. 1, 77-92.

[5] F.L. Nazarov, Local estimates for exponential polynomials and their applications to inequalities of the uncer-
tainty principle type, Algebra i Analiz 5 (1993), no. 4, 3-66.

[6] R.P. Sarkar, S. Thangavelu, On the theorems of Beurling and Hardy for the euclidean motion group, Tohoku
Math. J. 57 (2005), no. 3, 335-351.

[7] F.A. Shah, K.S. Nisar, W.Z. Lone, A.Y. Tantary, Uncertainty principles for the quadratic-phase Fourier
transforms, Math. Methods Appl. Sci. 44 (2021), no. 13, 10416-10431.

[8] H.M. Srivastava, F.A. Shah, T.K. Garg, W.Z. Lone, H.L. Qadri, Non-separable linear canonical wavelet
transform, Symmetry 13 (2021), no. 11, 2182:1-21.

[9] Q. Zhang, Zak transform and uncertainty principles associated with the linear canonical transform, IET Signal
Processing 10 (2016), no. 7, 791-797.

7

International Journal of Scientific and Research Publications, Volume 15, Issue 9, September 2025 
ISSN 2250-3153  75

This publication is licensed under Creative Commons Attribution CC BY. 
10.29322/IJSRP.15.09.2025.p16508

www.ijsrp.org


	Introduction
	Preliminaries and notations
	Fourier transform
	Continuous modulated shearlet transform

	Euclidean Motion Group 



