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Abstract

Nazarov uncertainty principle has been proved for the Fourier transform and the continuous
modulated shearlet transform on the Euclidean motion group. These principles can be used
to deduce the Nazarov uncertainty principle for the well-known transforms such as the Gabor
transform, the wavelet transform and the shearlet transform on Euclidean motion group.
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1 Introduction

The Nazarov uncertainty principle is an important concept from harmonic analysis which is
closely related to the classical Heisenberg uncertainty principle in quantum mechanics, though
formulated in a more general mathematical setting. Introduced by Fedor Nazarov, this principle
places limits on the simultaneous localisation of a function and its Fourier transform [5]. In
simpler terms, this principle provides a quantitative constraint that a function and its Fourier
transform cannot both be sharply localized (concentrated) on the small sets of finite measure.
Jaming [3] established the Nazarov uncertainty inequality for the Fourier transform on R™, which
can be stated as follows.
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Theorem 1.1. There exists a constant C = C(n) such that, for every Ay C R™ and Ay C R7
of finite Lebesque measures |A1| and |As| respectively, and for every f € L*(R™),

[ s [ s ey [ ifoR

where J = CeC min{lbllA2l M o(Aa) wAnlA=l "} g g w(A1), w(A2) are mean widths of Ay, Ao

respectively.
Nazarov uncertainty principle was proved for quadratic-phase Fourier transform [7], for shearlet
transform on R™ [I], for non-separable linear canonical wavelet transform [8] and for linear

canonical transform [9].

In Section 2, we shall discuss some useful notations and results related to the Fourier transform.
The continuous modulated shearlet transform (CMST) that was introduced in [2] shall also
be reviewed. In the last section, we establish Nazarov uncertainty principle for the Fourier
transform and the CMST on the Euclidean motion group.

2 Preliminaries and notations

In this section, we briefly review some standard results that shall be used throughout the paper.
For a subset A C R", let |A| denote the Lebesgue measure of A which is assumed to be finite
and let w(A) denote the mean width of A (see [3, Pg. 36]).

2.1 Fourier transform

Assume G to be a unimodular, separable, locally compact group of type I. The left Haar measure
on G is denoted by ug. Let G denote the unitary dual of G, where G is the set of all the
equivalence classes of irreducible unitary representations of G. The space G is equipped with
the Mackey-Borel structure and the Plancherel measure pz on G can be determined uniquely
by the fixed Haar measure on G.

For cach 7 € G , let the Hilbert space H, denote the representation space of 7 and HS(#,) denote
the space of all Hilbert-Schmidt operators on H,. The space HS(H ) forms a Hilbert space with
respect to the inner product defined by (71, T2) = tr(7571). The family {HS(Hx)}, g of Hilbert

spaces indexed by @ is a field of Hilbert spaces over G. The direct integral $2(G A) of the family
{HS(Hx)},ca With respect to ug, is the space of all measurable vector fields K on G such that

1K e @y = IR diglr) < o0

where | - || is the norm on the Hilbert space HS(H,). Also, $2(G) forms a Hilbert space with
the inner product given by

(K1, Ko) gy = /é tr (K1 ()" K ()] dpugy ().
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For f € L'(G), the Fourier transform of f is defined by
71 =) = [ f@)w@) duc(o).

The Plancherel formula states that for all f € L'(G) N L?(G), we have Hﬂfnyﬂ(@) = £ll2-

2.2 Continuous modulated shearlet transform

In [2], Bansal, Bansal and Kumar defined the CMST that generalises the Gabor transform, the
shearlet transform and the wavelet transform. In this section, we briefly discuss the CMST
for the convenience of the reader. Let £ be a locally compact group equipped with left Haar
measure du (1) and Aut(H) denote the automorphism group of H, where H is a locally compact
abelian group which is second countable and has Haar measure duy (h).

Consider the homomorphism « : £ — Aut(H) by [ — «, ensuring the continuity of the map
(I, h) = oy(h) from the product space £ x H onto H. The set £ x H endowed with the product
topology and the operations

(LR W) = (1 heu (W)
(Lh) ™= (b))

is a locally compact group called the semi-direct product of £ and H and is denoted by £ x, H.
The set & = (L xoH) x G forms a locally compact group. Let 1, 13 and 1¢ denote the identity
elements of £, H and G respectively. For v = (I, h,z,7) € & x G, assume that

Hu = 7(2)HS(Hr),
where 7(z)HS($)) = {m(x)T : T € HS($H~)}. Then, $, is a Hilbert space with the inner product
given by
(m(2)T1, m(2)T2)s, = tr (T3 Th) = (T1, To)us(9,) -

Suppose that the inner product on §),, induces the norm || - ||,. It may be easily verified that
Ny = HS(ﬁW) for all u € & x G. The famlly {Hy 1 u € B x G} is a field of Hilbert spaces over
& x G. The direct integral of {$), : u € & x G}, denoted by $H2(6 x G), is the space of all vector
fields K on & x G which are measurable and satisfy

1K ey = [ NI o) < .

The space $2(& x @) is a Hilbert space having the inner product

<K1, K2> tr [KQ(U>* Kl(u)] dU(U)

52(&xE) — /GX@

and is equipped with the product measure
dor(u) = dpe (i, h, @) dyg(m).

3
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For each (I, h,z) € & and f, € L2(H x G), define T{;hx) :H x G — C by

T4y (o 1) = 6572 (1) (g1 (A k), 27 1y)

and for all (k,y) € H x G, define 3th)f:7-[ x G — C by

gy ) = Flyy) T (6.

We call a function ¢ € L*(H x G) admissible if
~ 2
Cpim /c ) [Frtbno N, o)| dpe(l) dug(@) < oo
X

which is independent of a.e. n € H.

For f € Cyo(H x G), the set of all continuous complex-valued functions on H x G with compact
supports and admissible function € L*(H x G), the CMST of f with respect to ¢ is a
measurable field of operators on & x G defined by

MS ) = [ [ ) T (ko) )" dindh) dicw)
MSy f(l, h,z, ) is a bounded linear operator on $) such that
[IMSEy f(Lh,z, ™) < [ fllzaxe) 1Yz2@xa)-

The operator MS,;, : Coo(H x G) — H2(S x G) defined by f MS,, f satisfies
IMSy Fllgasxay = Ci > I llz2xc) (1)

and thus can be extended uniquely to a bounded linear operator from L2(H x G) into $2(& x G).
This extension, which we still denote by MSy, satisfies (1) for each f € L?(H x G).

3 Euclidean Motion Group M (n)

Consider M (n) = R™ x K with K = SO(n) under the group operation defined by (z, k)(w, s) =
(z+k-w,ks) for z,w € R™ and k,s € K. The set M (n) is referred to as the Euclidean Motion
Group. The set M = SO(n — 1) can be regarded as a subgroup of K that fixes the point
e1 = (1,0,0,...,0). We can parameterize (upto unitary equivalence) all the irreducible unitary
representations of M (n) that are relevant for the Plancherel formula. This parameterization
consists of pairs of the type (n,7), where n > 0 and 7 € M. Here, M denotes the unitary dual
of M and 7 € M is realized on a Hilbert space H, of dimension d,. The motion group M (n)
is equipped with the Haar measure dg = dz dk, where dk denotes the normalized Haar measure
on SO(n) and dz denotes the Lebesgue measure on R™. For more details, one may refer to [0].

In this section, we shall establish Nazarov uncertainty principle for the Fourier transform and
for the CMST on M (n).
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Theorem 3.1. For every f € L?>(M(n)) and Ay, Ay C R" of finite Lebesque measures, there
exists a constant C'= C(n) such that

1713 < / / (k)2 dzdk + Je, / S de 170 ) 2
Rr\A; JK A

7 [ [ 17 dvdr,
Ay JK

: 2
where J = CeC mn{ Il Azl A M w(Ag)w(An) Az} Cp =

Proof. Let f € L?*(M(n)), then for almost all k € K,
/n |f (2, k)|? dz < .
For each k € K, define fx(2) = f(2,k), for all z € R™. Then, f;, € L?(R") for almost all k € K.

Let A1, Ao C R™ be of finite Lebesgue measures, then using Theorem 1.1, there exists a constant
C = C(n) such that

JCC IR O BRI

R"\AQ

= J/ |f (2, k)|? dz + J/ \.Z1 f (w, k)|? dw,
R”\A1 R"\A2

where J = CeC min{|[A][Az],|A1 ]/ w(Az),w(A1)| Az /™ } Integrating both sides w.r.t. dk, we get

3 k)[? dz dk k)[? dw dk
g [ [ as e [ ] d i &)

where %7 denotes the Fourier transform in the first variable. Now, using Plancherel formula on
R™ and M (n) (see [1]), we have

/ / \F1f(w, k) |? dw dk

Rn\AQ K

—/ / | F1f (w, k) dw dk—/ / \F1f(w, k)| dw dk
R JK Ao JK

= [ [ irenp i a- [ 2 [ 17 dw a

. /0 S dy 1707 s o dn— /A /K P (w, k) ? dw dF,
reM 2

2 . _ .
where ¢, = AT (" Using above equality in (2), we obtain the result. O
272 T (3)
)
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Theorem 3.2. Let G = M(n). For f,7p € L?>(H x G) such that ¢ is an admissible function
and A1, Ao C R"™ of finite Lebesque measures, there exists a constant C = C(n) such that

Cull 2200y < ICi / / . / 2 ) dun(h) de dk
"\ A1

+Jcn// ZdT IMSyf (0, by gy, ) do(l, by, u,m)

N lhyu)f> (L, w k)‘ da(l) dpc(l) duy(h) dy du dw dk,

2

_ (oC min{|Aq[[Az]| A1 [ w(Ag),w(Ar)|Ag| /™ } -~
where J = Ce and ¢, 52 T (%)

Proof. Let f,1 € L?*(H x G) such that ¢ is an admissible function and A;,As C R™ be of

finite Lebesgue measures. By [2, Eq. (6.1)], %y (3’(€hyu)f> (I,-) € L*(G) for almost every

(l,h,y,u) € &. Using Theorem 3.1, we have for almost every (I, h,y,u) € S,

/n /K “%* (3Z7h,y,u)f) (I,Z,k)‘2 dz dk
= J/R”\Al /K ’97_[ (357h7y,u)f) (1,2, k)’Q dz dk

00 2
+ Jcn/o Z;df (ﬁqﬁyhvy,u)f) (I,w)HHS "t dn

TeEM
).
Ao JK
2
:J/ / Ty (3 I,2,k)| dz dk
oo, i |74 (o) (200
+ Jcn/0 Z dr | MSy f(L by, un,7) s 1™ dn

M
_J/
Ao

Integrating both sides with respect to dq (1) dus(l) duy(h) dy du, we get
2
L L] 10 Gt f) (] 800) dic) dundv) dy u dz ak

< J/ /n\A / ’JH ST >(I,z,/<:)’2 Sa(l) dpc(l) dus(h) dy du dz dk

FoTu (T ) (L, k:)‘g dw dk

2
f ‘j(lhyu)f) (I7w7k)‘ dw dk

+ Jen / / Z dr IMSyf (L, by, ) g do(l, by, )

N lhyu)f> (Iv’ka)’ Sa(l) dus(l) duy(h) dy du dw dk.
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Using again [2, Eq. (6.1)], we obtain
Colf aguncy < 7Cs | [ . [ 15010 dh) =
"\Ay

e, / / Z de [MSyf (U, usn,7) g dol,hyy,u,n)

—J w )f) (I,w,k;)’ da (1) dur(l) duy(h) dy du dw dk. O

(l h,y,u

Ao

Remark 3.1. Using above result, one may deduce Nazarov uncertainty principle for Gabor
transform on M (n).
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