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I. INTRODUCTION

The cohomology theory is discussed as the following: Triangular Banach algebras' second-order cohomology groups are
researched in [10]. Factorization and bounded Hochschild cohomology of matrix-like Banach algebras are investigated in [14], while
the group cohomology of triangular Banach algebra is addressed in [5]. In [7], projective modules in quantized homology are introduced.
[6] Studies projective Hilbert modules over operator algebras. C*-algebra projective homological classification is investigated. Using
aspects of quantum theory, biprojective algebras, homological dimensions, and current advances in Banach homology theory are
addressed in [2]. In [8], the studies the disappearance of the third simplicial cohomology group for specific classes of C*-algebra. In
[95], an approximate identity for ideals of Segal algebras on a compact group and homology theory are examined.

Murry and von Neumann published a number of articles in the 1930s and 1940s that served as the foundation for the theory of
von Neumann algebras. Connes demonstrated in [1] that for any dual normal A-bimodule N, the cohomology of injective von Neumann
algebra H* (A, N) disappears. The Kadison theorem [15], which states that all derivations of any von Neumann algebra A into itself are
inner, is the earliest result in von Neumann algebra cohomology. It states that if the linear map d: A — A satisfies d(x,y) = xd(y) +
d(x)y, then there exists v in A such that d(x) = xv — vx. According to this, H! (A, A) = 0 for all A. in [9], the main finding in Hochschild
cohomology of von Neumann algebras is that for every whose type II,, H*(A, N) vanishes. The fully bounded cohomology of von
Neumann algebra disappears; Hg, (A, A) = 0, according to Sinclair and Smith's presentation and extension of results from [9] in [11].
In [8], the norm continuous cohomology Hg, (A, A) = 0 is investigated. A few finite von Neumann algebras' cohomology groups were
explored by Christensen, Smith, and in [3]. The Hochschild and cyclic cohomology groups vanish if B is C*-algebra without a nuclear
C*-algebra or bounded traces as in [2]. The cyclic and dihedral cohomology of a nuclear C*-algebra and the even dimensional dihedral
cohomology of a biflat algebra do not vanish as shown in [6] and [1].

The contents of this paper are as follows. After recalling some definitions and background notations in the category of operator
algebras, we study the vanishing and nonvanishing of the dihedral and reflexive cohomology groups of operator algebras. We study
examples of the vanishing of the reflexive and dihedral cohomology topological algebras. Firstly, we review a few definitions and
relations from [1], [3] and [4] on the category and dihedral (Reflexive) cohomology of topological algebra.

Il. SIMPLICIAL OBJECT

This part, introduce notations and | some definitions of simplicial object. The main references in this material are [3], [8] and [11].

The simplicial category A has objects of A are a bounded sets [n]: = {0,1, ..., n},n = 0, and morphisms are the functions [n] — [m].
A contravariant functor from A to a category C is simplicial object (A°? — C). The simplicial objects in C form a category, with
morphisms being the natural transformations of functors.
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We denote a category of objects with morphisms by a natural transformations of functors in C by sC. If atopology X € Ob(sC),
we denote X,,: = X([n]).

The category A is generated by two distinguished classes of morphisms {§¢}72L ., and {¢/ }62%<n, Whose images under X € sC. The
face and degeneracy maps of X are {§'}3Z\,, and {a/}{Z%,,, with X € sC . The injection map is 6%: [n — 1] - [n] and the face map is
di:=X(6Y: X, > X,_,. Similarly, the surjection o':[n + 1] - [n] for n > 0, in A. The image of ¢* under X is s;: = X(c%): X,, -
X,+1- The relations between face and degeneracy maps are:

did; =d;_4d; ifi<j

disj = Sj—ldi ifi <]

diS]' = dei—l ifi >] +1
Sisj = Sj+15i ifi S]
disj=1d ifi =j,j+1.

A set sSet define a category of the simplicial sets. The reduced simplicial set will be indicated as the entire subcategory of
sSet0. A simplicial set X is said to be pointed if it contains distinct simplices x,, € X,,, one for each degree, such thatn > 1, x,, =
So(xn_1). A basepoint of X is the sequence (xq, x1, X5, ... ) € [In=0Xn- A canonical basepoint exists in the category of pointed
simplicial sets.

Let X € sSet denote the set of nondegenerate n-simplices of X, which is defined as
Xni=Xp \ U 5i(Xn1)-

Definition (1):

For each object A € C, a simplicial object A, € sC can be associated, with A, = A and d;, s; becoming the identity map of A
for any n,i,j. This results in a fully embedding € < sC. The objects of sC that emerge in this manner are known as discrete
simplicial objects.

Definition (2)

The topological space

n
A= {(xg, vy Xpy) € R Z x=1,x = 0}
i=0
is the n-dimensional geometric simplex

Let e; represent the vertex of A™ with the it" one coordinate. There is a (unique) linear map R™** — R™** conveying e; to eer (i,
that limits to a map of topological spaces f*: A™ — A™ for each morphism f:[m] — [n] in. A*: = {A"},,5, forms a cosimplicial
space, i.e. a (covariant) functor A — Top, where Top denotes the category of topological spaces. This functor is faithful: it provides
a topological realisation of the simplicial category, which was historically the original definition of A.
Definition (3)

The Yoneda embedding is Y: A < sSet. The standard n-simplex is a functor Y assigns to [n] a simplicial set A[n], which A[n].
is writing by

A[n]g: = Homy ([k], [n]) = {(ng, ..,ne) 1 0 < ng < -+ < my, < n},
amap f:[k] = [n] is given with the sequence of its values (f(0), ..., f (k)). The degeneracy and face maps in A[n], are getting by
di(ng, ..., ny) = (g, .o, My, oo, ), Sj(Mg, ey y) = (no, My, M, ...,nk).

The natural bijection Homgg (A[n]., X) = X,, is exist for a simplicial set X, The A[n], is represent the functor: sSet — Set, X ~
X

n-
The functor | — | : sSet — Top defiend to each simplicial set X, a topological space |X| denoted by:
IX|: = |_| (X, X A™)/~,
nz0

Every X,, corresponding with discrete topology and given by;
(d;x,p) ~ (x,d'p) for (x,p) € X,, x A*1
(s;x,p) ~ (x,s7p) for (x,p) € X,_q X A™.
Let (X,*) be a pointed topological space. The singular complex of the topology X is a simplicial set S, (X) denoteby the form;
Sp(X): = Homp,, (A", X).
The Eilenberg subcomplex of S, (X) is S,,(X): = {f: A" - X: f(v;) == for all verticesv; € A"}.
If X is connected, the natural inclusion S, (X) © S, (X) is a weak equivalence of simplicial sets.
The induce inverse equivalences of a homotopy categories is : Ho(sSet,) = Ho(Topo,*).

I11. REPRESENTATION COHOMOLOGY
Now it is the time to articulate the research work with ideas gathered in above steps by adopting any of below suitable approaches:
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We give the basic theorem of the homotopy types of simplicial groups with those of pointed connected spaces. And study the
cohomology theory of the topological spaces. The important theorem in the cyclic and dihredral conomology of algebra is given with
proving in this part.

Definition (4)
For a topological space X € Top, ., we give the derived representation scheme DRep; (X) to be DRep, (T'X), such that I'X is a simplicial
group model of X. The representation homology of X in G is denote by the form:

HR,(X,G): = m,L(TX);.
By definition, HR, (X, G) is a graded commutative algebra, with HR, (X, G) naturally isomorphic to [7; (X)]; = O[Repg (7, (X))], the
coordinate ring of the representation scheme Rep¢ [, (X)]. The last isomorphism with the natural isomorphism 7o (I'X) = m; (X).
For a simplicial set X € s Set ,, a loop group GX provides a functorial simplicial group model for |X|. Since this simplicial group is
semi-free as, (HR, (X, G) = m,(GX),
This form used to calculate the representation homology in simple cases.

IV. THE CATEGORY OF ALGEBRAS

We recall that X = {X,},cz is a topological algebra. The nt"-dimensional homology of X is the quotient spaces H,(X) =
Zn(X0) /B (X). Z,(X) = Ker{d,: X, > X,_,} is the nt*-dimensional cycles and B, (X) = Im{d,,1: Xps1 = Xy} is the nth-
dimensional boundaries since B, (X) c Z,,(X). The family {#,,(X)} is known as the homology of X.

The short exact sequence 0 - B, (X) 3 Zn(X) 2 H,(X) — 0 is splitting since there are continuous operators g,,: H,,(X) = Z,,(X)
which satisfies:
Pn O G = 1d: 31, (X) - H,(X),
Id_(’l)nopn=dn+1o5n:Zn(x)_’Bn(x) _
Let X = {X,} be a dual complex of the space. The differentials d,: X, — X,_, induce the differentials of d,,: X _,4; = X_,. If

X is an admissible Banach complex, then X’ would also be an admissible Banach complex. The homology of the dual complex X is
the cohomology of X defined by the form:
H*(X) ={H™"(X)}, H™(X) =H_p(X).
Let X and Y be two Banach complexes where the mapping is #: X = Y s.h. # = {f,.}, #n: Xn = Ynam. We then define the
differentials & (#),, which maps among most of the linear spaces Hom,,,(X,Y) as d: Hom,,(X,Y) - Hom,,_,(X,Y) and define them
as:
A(f)n = dnym © Fu+ (= D" Fr10dn: Xy = Ynim
Clearly 4 o d = 0, thus the family Hom (X, Y) = {Hom,, (X,Y)} forms the complex in the category of linear spaces.
The chain map of (X, Y) is #: X — Y induces the following homology map:
H.(F) = {Hn(£)}: H.(Y) > H.(X),

H* () = {H"(H)}: H*(X) > H*(Y),

H™(#): H™(X) = H™(Y).

For the two chain functions #,g: X — Y, their homotopic is # = g if there exists a homotopic map £: X — Y that satisfies that
d(h) = g—fordy, Ohy+hy 10dy, =gn—Fn
If for the topological complexes X, Y there are chain mappings #: X - Y and g:Y —» X with go f =1Idy, $0g = Idy,

then X = Y are said to be homotopy equivalent. If § = g: X > Y, #=g: X - Y and X =Ythen X =T.
The tensor product of any two topological complexes X and Y is given by the formula (see [6]):

(x ® y)n = Zp+@=n xp ® ‘y@: (1)

and the cohomology map:

The differential is:
d"(xﬁ ® y,%) = d:p(x:p) v, +(-1D%x, ® dq.(yq.)' p+tqg=n

In the following part we introduce the cohomology theory of topological algebras. so, we explain some examples of topological algebras
and we introduce some states of trivial and nontrivial cohnomology theory of topological algebras.

1. (Co)homology of topological algebra

We begin by briefly recalling the basic definitions concerning (co)homology of algebras. For a gentler introduction see [1, 6 and 17].
Consider the algebra B which is a space with associative multiplication 7: B ® B — B, and the B-construction BB since:

BOn n>1
BB), = ’ =
(BB)n {O, n<o0
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The elements in B®™ are in the form [a,, ...a,], Va; € B. The differential & is defined as:
n—-1

d, [y, . ay] = Z(—1)i+1[a1, o1 ® @), s ]
i=1

If BB is admissible, then B is admissible. Every finite dimensional of algebras are admissible. For example, for the finite dimensional
of admissible topological algebra, let B = [; be the convergent series Y7, X, with multiplication:

[oe]

(o5 o2} n—-1
D XY Y= 2(23@ yk>
n=1 n=1 n=2 \k=1
The elements of the series are e; which remaining zeros. The map 5: B®™ — BO"+1 s defined as:
s(e, ®..Qe, ) = {;1 Beur @ Qe ;1 i i )
) 1 —
Satisfying 4 0 s 0 d = d, meaning that B is admissible algebra.
Let B =B ® B be algebra. The elements in B®" are a; @ ... ® a,, such that a; € B' or B". If we rewrite these elements to the
form 4, ® ... ® &, where &4, ..., b, are the tensor products of B* or B™, then we find that #; € BB® or 4; € BB"".
For the map &: B®™ — B®™+1 we have:
(61 Q.. Q b4y)
=8(b) QR b, ® .. Qb+ (—1)" (b —d08(67) Q 8(6,) ® .. ® by + -
+ (1Mt Hme1(by — d 0 5(61)) ® . @ (b — & 0 8(brm-1)) ® 5(bn)
Since, n; are dimensions of 4&; [10].
The (co)homology of B as the (co)homology of B-construction BB over B is denoted by H, (B)(}[*(B)), then H,.(B) =
H.(BB)(H*(B) = H*(BB)) [17].
Consider algebra B with unity e, then BB is contractible and complex with contracting homotopy 4: BB — BB which is defined as
#lay, .., a,] = [e,aq, ..., an]. This means that the (co)homology of B is trivial.
Let B be a unity algebra where the factorization algebra B/C. The (co)homology of B is the (co)homology of B/C.
An example of a homologically trivial Banach algebra is the algebra L, (G) in locally compact amenable group G. The algebra J (H) of
compact operators is in separable since H is Hilbert space [5].
We now go on to introduce some examples of the topology spaces which have non-trivial homology.
Example (5):
Consider B = C has trivial multiplication since (BB),, = C and the identity differential is equal to zero. From [6], the homology of C
for all n > 1 are isomorphic to C .
Example (6):
If B = [, is the convergent series Banach algebra, then the one-dimensional homology of B is isomorphic to C.
Example (7):
IfB=IT"= ll/lim). By [17], the one-dimensional homology of B is amorphic to C.
Example (8):
If B = CZ(;") (D) is the polynomial algebra of the analytical functions with domain © c C that vanishes at the z,, then we get the one-
dimensional homology B that is isomorphic to C*™*1,
Note that space Z™(B, B*) is a closed subspace of C™(B, M) but the subspace of B™(B, B*) is not closed see, [12].
C™"(B,B*) ~ C"*1(B, C), where C"*1(B, C) is the space of the bounded (n + 1)-linear forms in B. The relation between C™(B, B*)
and ¢"*1(B, C) is given by:
<ag¢(a,...,an) >=wy(ag ai,...,a), ¢ € C"(B,B*), wy € C™(B,0),
<,>:BXB*"->C, <a,f>=f(a). 3)
Theorem (9):[13]
If B is a properly infinite von Neumann algebra and B* is the dual of B, then;
H™(B,B*) =0 vn € N.
Corollary (10):
Let B be the algebra without bounded traces or nuclear algebra, and #™(B, B*) is the Hochschild cohnomology of B with coefficients
in B*. Then:
H™(B,B*) =0 vn € N.
Theorem (11):
The cyclic cohomology of the norm continuous algebra B is vanishing since B is the algebra without bounded traces.
Proof:
Let B be the C*-algebra without bounded traces, then 7 ¢°(B) = 0. From theorem (9), for n € N, we get (B, B*) = 0. From [17],
if we need to get a long exact sequence, we will find that ZC*(B) = 0, HC™ 1(B) = HC™1(B). By this way we get the required
result.
Corollary (12):
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For the nuclear algebra B, HC™(B) are vanished if n is odd. If n is even, then H'C™(B) are isomorphic to the spaces of all bounded
traces in B.

Proof:

Since B is a nuclear C*-algebra, then Z™(B) = 0 . Then we have HC™(B) = 0 if n odd and for even groups, 7 C"(B) = HC°(B)
such that 7 C°(B) is the space with bounded traces, see [6].

Now we give some results of this paper, which is a study of cases in which reflexive cohomology of algebras is vanish. We begin by
recalling the cyclic cohomology of algebras and how it relates to reflexive cohomology of algebras by the long exact sequence.

2-The reflexive and dihedral cohomology of algebras

Let B be an involution C*-algebra over a field C. The map weC™*1(B,C) is known to be « -dihedral, fulfilling the following
accompanying statements:

() w(ag,...,an_1,ay) = -D"w(ay, ay,...,a,_1), s a cyclic operator.

n(n+1)

(i) w(ag,...,an_1,an) = (1) 2 w(ag ay, ..., ay), is areflexive.

Define a; as the image of a; € B, i = 0,1,...n under the involution operator *: B — B. The map f € C™(B) is « -cochain dihedral if
it coincides with its o -dihedral w € ¢**1(B, C). The space CD"(B) is made up of dihedral n-cochains and is invariant with map
5 ntl.entl (B, (C) N C’n+2('B).

Definition (13):

The n-dimensional dihedral conomology of a C*-algebra B is defined by ,HD™(B) where

n
() =By @=L @
ZD™(B) is the dihedral n-cocycles and BD™(B) is the dihedral n-coboundaries, which are defined by the below formula :
ZD"(B) = CD™(B) n Z"*1(B,C), (5)
BD™(B) = CD™(B) N B**1(B,C) (6)
The functional w € C"1(B,0) is called a-reflexive if it satisfies the condition (ii). We can similarly get the reflexive
cohomology ;HR"(B), a = t1.
JHR™(B) = ZRTL(B)/B:R"(B) , a = +1, where
ZR™(B) = CR"(B) n Z"*1(B,C),
BR™(B) = CR™(B) N B™(B, C).
Lemma (14):
For a topological algebra B where X is the B-bimodule topological algebra with K € B™(B, X), we have
2(—DK(@say - @omy) =0 (7
Where a,,...,a, € B, ¢ is the permutation with n ordered.
Proof:

Let # € C"*1(B, X) be a cochain, that is K = §®~1#. From [15] and [16], we can show that
YD (Agy, -0 Aomy) = 0.
For a permutation o and 7 where
. t(i), i=12..,n1
U(H_l)_{r(n) i—0
the terms aq(qy - #(ag(2), -+ Agmy) and #(dr(n,---.dr(n—n) - armyare the approach and left-hand side of relation (7). This reality
holds for the accompanying:
#(xa(l)' o Xg(k)Xa(k+1)r -0 xU(n)) = ﬁ(xr(l)' s X)X (le+1)r -0 xr(n))

For every K < n. For more information, see [10] and [12].
Theorem (15):
For an algebra B, the sequence which is related to the cyclic HC¢™(B) and dihedral HD™(B) cohomology of B is the long exact
sequence:

o> THD"(B) » HC™(B) » HD™(B) » "HD"(B) - - 8)
Proof:
We can get the required from the short exact sequence:

0 - Tot C(B) » TotD(B) » Tot “D(B) - 0.

Theorem (16):
Let B be the commutative unital algebras with involution. If B has a condition codim B™ = n, n > 1, then ,HD™"(B) + 0, a = *+1.
Proof:

Since n < codim B2, there exists a linear independent element ey, ..., e, € =l defines the functional,

¢; €EB"=Homy(B,0),1<i<n+1
Such that:
1, i#j
$i/B* =0,p;(e)) = & = {0’ i=j
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Consider the cochain # € C™(B, B*) as follows,
F(ay,...,an) = ji(a1)...jn(@n)j1,  ay,...an €B.
Clearly, 6 #(a4,...,a,) = 0 hence # € Z™(B,B*) and from (7), it is equal ¢, therefore the cocycles do not equal the coboundaries.
Thus H™(B,B*) # 0.
Now consider the co-chain # € C™(B, B*) such that:
f(ai,....an) = j2(ai)-..jz(as)... jnsa(@n)jn + (=1) Y1 (a@1). .. jn(@i)jn+1 +
n i

n
+Z(_1) ji(@ai)---j2(@iv1)- - jnoiz1 (andjn-ivz + (1) jn-1(a1-1)-- - jn-is2

1=2
An immediate count shows that the map is # € ZD™(B). Using (15) and relation (7), we get:
JHDY(B) 0, a==+1.
Corollary (17):
One of the reflexive cohomology is ;HR™(B) # 0, a = +1.
Example (18):
Let A be a nuclear algebra, then ,H DA (A) = ,A". Where A - is all bounded traces in A,
AT =a A", a€A.,a=(-1kk>0.
Theorem (19):
Let X = L(H) be the algebra of the bounded operators in Hilbert algebra H. We then have the vanishing state of the reflexive
cohomology in the Hilbert space as the form:
“HR™(X) =0, n=0, a=+1

Proof:
Let X be a C*-algebra (that has no bounded traces). This means that 7°(X) = HC™(X) = 0. From [5] and [6], if we relate among the
sequence:

e = TEHDO(X) - TEHRY (X)) = - - CHDTH(X) - “EHDML(X) - - 9)
This is in addition to two short exact sequences:

0> *HR"(X)>0-> “HR"(X) >0

Then we find that, *HD™ (X) = “HR*(X) =0, n=>0, a=+1.(see[9]).
Theorem (20):
Let X be an arbitrary stable or nuclear algebra. Then *#D™(X) = “HR*(X) =0, n=0, a = +1, nis odd.
Proof:
For the nuclear C*-algebra X, from theorem (11), we have HC"™(X) = 0 if n is odd and it is isomorphic to X" if n is even. Using
theorem (15) we have the reflexive cohomology of X as vanishing for all odd groups and the dihedral cohomology is “HR™ (X) =
X,  a=+1asniseven.
Theorem (21):
Let P be the commutative unital algebra algebras with an involution and codim P™ = n, n > 1, then ;/HR™"(P) # 0, a = +1.
Proof:
Same manner as in theorem (16) and using [13] and [15] obtain our proof.

V. CONCLUSION

We study some result regarding the vanishing cohomology theory of the topological spaces. The reflexive and dihedral
cohomology groups of algebra are vanishing in some states as we proven. So, we have proved that there are instances of nontrivial
(co)homology groups in the operator algebras.
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