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Abstract- Representation theory (G-module theory) has had its
origin in the 20"century. In the 19" century, groups were
generally regarded as subsets of some permutation set, or of the
set GL(V) of automorphisms of a vector space V, closed under

composition and inverse. Here we consider F, the periodic
arithmetical functions (mod r), define a fuzzy G-module on it and
verify the quasi injective property of its summands.

Index Terms- Injectivity, quasi injectivity, fuzzy set, fuzzy G-
module, fuzzy injectivity and quasi fuzzy injectivity.

l. INTRODUCTION

I n representation theory, we consider the embedding of a finite
group into a linear group. Here we consider those finite
groups, which can be embedded in a finite linear group. The
fuzzy set theory was introduced by L.A. Zadeh[2] in 1965.
Rosenfield[4] started fuzzification of algebraic structures. As a
continuation of these works the concept fuzzy finite G-module
was introduced and analysed by us in [5].

In this paper, we discuss injectivity and quasi injectivity of
fuzzy G-modules. We introduce the G-module & of periodic
arithmetic functions mod r and discuss quasi injectivity in
relation to it.

1. Preliminaries

1.1. Definition [1]. Let G be a finite group, M be a vector
space over K ( a subfield of C ) and GL(M) be the group of all
linear isomorphisms from M onto itself. A linear
representation of G with  representation space M is a
homomorphism T : G — GL(M).

1.2. Example. Let F be a field, K be an extension field of F
and a € K. Let M = F(a), the field obtained by adjoining ‘a’ to F.

(i.e) M = F(a)={ by+bia+h,a’+...........: b; £ F}

Let G = (a), the cyclic group generated by ‘a’. For j € Z,
define T;: M > M by
Ty (X Bia)=3 pia”

Then T; is an isomorphism of M onto itself. Also the map
T:G-> GL(M) defined by
T@) =T, vjez
is a homomorphism and hence a linear representation of G.

1.3. Definition [1]. Let G be a finite group. A vector space
M over a field Kis called a G-module if for every ge G and
m & M, there exist a product ( called the action of Gon M )
m.g ¢ M satisfying the following axioms:
(i) mlc=m,¥vmeM(lg beingthe identity element in G)
(if) m.(g.h)= (m.g).h, vm ¢ M; g, h € G; and

(lll) (k1m1+k2m2).g = kl(mlg) + kz(mz.g), V Ky, ks € K;
m;, M, eM;geG

1.4. Example. Let G = {1,-1} and M=Q(\2). Then M is a
vector space over Q, and under the usual addition and
multiplication of the elements of M, we can show that, M is a
G-module.

1.5. Definition [6]. An arithmetical function is a complex-
valued function defined on the set of positive integers.
For a positive integer r, an arithmetical function f is said to be
periodic (mod r) if f (n +r) =f(n) for alln € N

1.6. Proposition. Let & denote the set of all periodic
arithmetical functions (mod r). Then & is a complex vector

space. Also & is isomorphic to C", the r-dimensional complex
space

Proof: Given & = {functions f: N— C/ f(n + r) = f(n) for
alln e N}

Define the operations addition and scalar multiplication in
£ by
[f+a]l(m)=f(n)+g(M),neN
[cf](n) =cf(n),ceC,neN

Then & is a complex vector space. It is an r-dimensional

-1
space and is isomorphic to C" . The set {%r=7r5:k=1 2,
.., r}is a basis of & , where & € & is defined by &k (n) =

{21::'.&?1'..-'?)

exp =

1.7. Remark. Let G = {1,-1} or G = {1,-1.i.-i}.Then the
vector space £+ isa G-module.

1.8. Definition[3] Let My, M,, ......... , M, be vectorspaces
over a field K. Then the set {m;+m,+......... +m, : m; ¢ Mi}
becomes a vectorspace over K under the operations
(my+my+......... +my) + (M +my’+......... +m,’) = (my+my’) +
(my+my’) +......... +(m,+m,’) and
a(my+my+......... +mp)=om;+ amy+......... + om,; o ¢ K, m;, mj’e

direct sum

n

It is called the of the vector spaces

Mi,Ms,........ .M. Itis denoted by Elflﬂfi_

1.9. Example. The set Q(V2,\3) is the field obtained by
adjoining the real numbers V2,73 to Q. Then we have Q(v2,V3)
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is a vector space over Q and the set { 1,¥2,¥3,V6} is a basis for
Q(V2,\3) over Q. Let M;=Q, M, =Q(\2), M;=Q(\3) and

M, = Q(V6). Then Q(V2,V3) = ima M

1.10. Remark. The G-module M = £ can be expressed as
the direct sum of r G-sub modules as follows:

We have observed that & is a complex vector space. It is
an r-dimensional space and is isomorphic to C" . The set {% =

—1

ig k=12 ..., r}is a basis of & , where & € B is
2wikn "

defined by & (n)=exp( 'r{"") Then Z:Mi | where Mi=

Cay

1.11. Definition[1]. A G-module M is injective if for any
G-module M* and any G-submodule N of M*, every
homomorphism from N into M can be extended to a
homomorphism from M* into M.

1.12. Example. Let G ={1,-1,i,-i } and M= C, which isa
vector space over C. Then M is a G-module with respect to
trivial action. Also, except the zero G-submodule, no proper
subset of C becomes a G-module.

Let M* be any other G-module. Then following are some
prominent cases of M*:

(i) M=*={0}

(i) M*=C" (n>1) or M* a G-submodule of C"

(iii) M* = Space of all functions from any set S into C

(iv) M* = C™" = Space of all mxn matrices over the field C or
a G-submodule of M*

Let N be a G-submodule of M* and @ : N> M bea
homomorphism .

Case(i) : Here N = M* = {0}, and so 0=y : M* > M
extends the homomorphism ¢ .

Case(ii) : Since C" is n-dimensional, then Dim.M* =k <
n. Let Dim.N=m and let {01, dz,........ am} be a basis of N
such that {ay, 0,.. Om, Om+1.. Ok} IS @ basis of M*. Then
N=Cuo;® Ca, @..... ® Ca,, and
M* = Ca;D Co,D....D Cam D Comer®D....D Coye
v : M* > M defined by
v (ciogt....tCpy +...CkOk) = @
homomorphism which extends ¢ .

The map

(croqt....+Cpom) IS @

Case(iii) :Here M* = M;(® M,, where M; is the G-
submodule of M* consisting of all odd functions and M, is the
G-submodule of M* of all even functions. Then as in (ii), there
exits a homomorphism y :M = M*, which lifts ¢ .

Case(iv): Since C™" is an mn-dimensioal vector space
over C, DimM* <mn, and so as in (ii), there exits a
homomorphism v :M = M*, which lifts ¢ Similarly for any
G-module M* and any G-submodule N* of M*, every
homomorphism ¢ : N*¥*>M can be extended to a homomorphism
vy :M*->M. Therefore M is an injective G — module.

1.13. Definition[1]. Let M and M* be G-modules. Then M
is M*-injective if for every G-submodule N of M*, any

homomorphism ¢ :N->M can be extended to a homomorphism v
M* >M.

1.14. Proposition[5]. Let M = M;(® M,, where M, and
M, are G-submodules of M. Then M is injective if and only if
M, and M, are both injective.

Proof: Let M be injective. Let M* be a G-module and N

be any G-submodule of M* and let n: N > M; bea
homomorphism .Sincer M  is injective, there exists a
homomorphism 1! : M*¥ > M. Let ©: M > M; be the

projection map. Then n'' =men': M*>M; is an extension of
n. Therefore M, is injective. Similarly we can show that M, is
injective.

Conversely suppose M; and M, are injective. Let M* be
a G-module and N be any G-submodule of M* and let 1 : N >
M be a homomorphism. Let m; and 7w, be the projections of
M; and M, respectively. Since M; and M, are injective, the
mappings m'n : N > M; and m* n: N> M, can be
extended to homomorphisms mn;: M*>M; and 1, : M* >
M2 respectively. Define n3: M* > M by
Nz (m) =ny (m) + 12 (M), Vme M*.
Then m3 is a homomorphism. Also for every m € M,
Nz (M)=n1 (m) + 12 (M) = m1° M (M)+ w20 M (M) =1(m)
Therefore n3; extends n and hence M is injective m

1.15. Proposition[5]. Let M and M* be G-modules such
tha M is M*-injective. If N* is a G- submodule of M*, then M is
N*-injective and M is M*/N*-injective

Proof: Since N* € M* and M is M*-injective, it is obvious
that M is N*-injective.

Let X*/N* be a G-submodule of M*/N* and ¢: X*/N* >
M be a homomorphism. Let : M*—> M*/N* be the canonical
map and ©' = @t|x+. Then ¢ x': X* 2> M is a homomorphism.
Since M is M*-injective D an extension 8: M* > M of ¢ *x'.
Then O(N*) = ¢ *n'(N*) = ¢ (n'(N*)) = ¢ (0) = 0. Therefore
Ker.m is a G-submodule of Ker.0 and so 3 a map y:M*/N* >
M such that y er =6. Also for any x € X,

v (xHNF)=y (1(x)) = 6(x) = (¢ *1)(X) = ¢ (x+N¥).
Therefore y extends ¢. Hence M is M*/N*-injective g

1.16. Example. Let M* = R". This is n-dimensional vector
space over R. Let {aj,a,,.. ak,.. 0.} be a basis for M*. Then
M* =Ra;® Ra, D -------- ® Ra.,,.

Let M =R and G be any finite multiplicative subgroup of R.
Then both M* and M are G-modules. Let N be any G-submodule
M* and ¢ : N-> M be a homomorphism.

(i). If N= {0}, then ¢ =0, then y =0: M>M* extends ¢ .
(ii). If N = Ra; (1<j<n).

Then y: M—>M* defined by
y(ci0gt...+Cjaj+---+Ch0n) = @ (cja; ) is @ homomorphism
which extends ¢ .

(iii). N = ELHEJ' (k<n), then y: M>M* defined by
y(ciog ...+ Ck0kt-—-+Chan) = @ (cro+....+Ckayx ) extends o.
Therefore M is M*- injective .

1.17. Definition[1].
M is M-injective.

A G-module M is Quasi-injective if
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1.18. Example. Let S ={1,0,0%},where ® is a complex
cube root of unity and G =S;, the symmetric group of degree
three. Let M = span(S) over R ={ o+ o + y o® : a.py € R}.
Then M is a vector space over R. For each x € G, define Ty :M
-> M by

Tx (a+ Bo +yo?) = a x(+H x(@)+ v x(0%)

Then T, is an isomorphism of M onto itself. Also the map
T: G> GL(M) defined by
TX)=Tx, VxeG,
is a representation of G, and hence M is a G-module. Also the
only G-submodules of M are M and {0}. We will show that M is
M-injective. Let N be any G-submodule of M. Then N={0} or
N=M. Let ¢: N > M be any homomorphism.

Case(i). N={0}: Then the map y : M—> M defined by vy
(x)=0, V x ¢ M extends ¢ .

Case(ii). N=M: In this case, ¢ is a homomorphism from M
into itself;, and hence y = ¢ is the required extension.

Thus, in both cases, :N = M can be extended to a
homomorphism y :M - M. Therefore M is M-injective; and
hence quasi-injective .

Il. Fuzzy G-MODULE INJECTIVITY

2.1. Definition (Fuzzy set) [2]. The characteristic function
of a crisp set (classical set or non-fuzzy sets) assigns a value of
either 1 or 0 to each individual element in the universal set,
thereby discriminating between members and non-members of
the crisp sets under consideration. This function can be
generalised in such a way that the values assigned to the
elements of the universal set fall within a specified range and
indicate the membership grade of these elements in the set in
question. Larger values denote the higher degrees of the set
membership. Such a function is called a membership function,
and the set defined by it a fuzzy set.

The most commonly used range of values of membership
functions is the unit interval [0,1].

i.e. A fuzzy set p on the set X is a function p : X—[0,1].

2.2. Definition [5]. Let G be a finite group and M be a G-module
over K, which is a subfield of complex numbers. Then a fuzzy
G-module on M is a fuzzy subset p of M such that

(1) p(axtby) 2 pu (x) *p(y),Va,beKandx,ye M
and (ii) p(gm) > p@m), V g e G, m ¢ M. Where A is the
minimum[ infimum] operator.

2.3. Example. Let G = {1,-1, i, -i}. Then M = C, the field
of complex numbers is a G-module over itself. Define p : M

->[0,1] by

p(xtiy) =1, if x=y=0
=, if x#0,y=0
=Y, if yA0

Then p is a fuzzy G-module on M.

2.4. Theorem. Let M be the G-module & . Then there
exist a fuzzy G-module on M.

Proof: Here M is an r-dimensional G-module over K= C.

-1
LetB={%= 725 :k=1,2... r}, abasis for M.
Define v : M > [0,1] by
v (Cla1+C2a2+..+Crar) =1, if ¢;=0foralli
=Y, if €170, cp=C3=.....=¢,=0
=ls, if ¢, 70, c3=C4=.....=C,=0
=V, if €370, c4=Cs5=.....=C,=0

=1/r-1, if ¢.»#0, c,.1=C,=0
=1/r, if ¢.1#0, c,=0
=1/r+1, if ¢, A0

Then v is a fuzzy G-module on M

2.5. Proposition[5]. For any fuzzy G-module p on a G-
module M and for each ke (0,1], px: M = [0,1] defined by
uk(x) = ku(x), Vx ¢ M is also a fuzzy G-module on M g

2.6. Proposition. For any positive integer r, there exits
infinite number of fuzzy G-modules on the G-module F-.

Proof: Let M be the G-module . Then from theorem 2.4,
there exists a fuzzy G-module v on M. Let k ¢ (0,1], then from
the above proposition we have vy defined by

vi(x) = kv(x), Vx e M

is a fuzzy G-module on M. In the definition of fuzzy G-
module v in the theorem 1.15, replace 1 in the numerator by k.
Then vy is a fuzzy G-module on M for each ke (0,1] m

2.7. Definition[5]. Let M and M* be G-modules. Let p be
any fuzzy G-module on M and v be any fuzzy G-module on
M*. Then p is v-injective if
(1) Mis M*-injective.

(ii)v(m) < p(y(m)),V yeHom(M*M) and V m € M*.
Where Hom(M*,M) is the set of all G-module homomorphism’s
from M* to M.

2.8. Example. Let G=(i), M=C and M*=Q(1i).
Then M and M* are G-modules over Q. Define p : M >
[0,1] and v :M* > [0,1] by

wx)= 1, if x=0

=%, if xeQ (i)-{0}

=Y, ifxeC-Q (i)
and

v(x) =", ifx=0

=Y, ifxA0

Then p and v are fuzzy G-modules on M and M*
respectively. Let X be any G-submodule of M*. Then either X
= {0} or X=M*.Let ¢ : X > M be any homomorphism.

Case(i ) If X={0}:theno =0,s0y =0:M* > M
extends o .

Case(ii ) If X=M*: then y= ¢ extends o .

Therefore M is M*-injective. Also it follows from the
definitions of p and v that

v(m) < u( y(m) ), vV y e Hom(M*,M) and V me M*.
Therefore p is v-injective .

www.ijsrp.org


http://ijsrp.org/

International Journal of Scientific and Research Publications, Volume 5, Issue 9, September 2015 4

ISSN 2250-3153

2.9. Definition[5]. Let M be a G-module and p be a
fuzzy G-module on M. Then p is quasi-injective if

(1) M isquasi-injective

(i) pm) < w(y(@m)), v ye Hom(M,M) and me M.

2.10. Remark. Let M be a quasi-injective G-module. Then
the functions pw: M - [0,1] defined by (i) pux)=t,Vvxe
M and

(i) px)=1, if x=0
=t, if x #0, where ‘t’ is a fixed element in [0,1] , are
quasi-injective fuzzy G-modules on M.

2.11. Example. The G-module M in example 1.16 is
quasi-injective. On this M, if we define a function p as in
remark 2.10, then p is quasi-injective .

2.12. Proposition[5]. Let M be a G-module over K

and M = g':fle, where M;’s are G-submodules of M .If v;

(1<ign) are fuzzy G-submoduleson M;, then v:M - [0,1]
defined by

v(m)= A {v;(m):i=12,..,n}, where m= Zami ¢ M
is a fuzzy G-module on M.

Proof: Since each v;is a fuzzy G-module on M;, for
every x,y € Mj, ge G & a,b ¢ K, we have
vi (axtby) > vi (X) A vi(y) and v; (gx)>v; (X)
Let x=>m;, y=>m;' ¢ M and ab K, then
v(ax+by) =v(X(am;+bmi))
= A{vi(ami+bm):i=12,...,n}

vi (ami+bm;'), where 1<j<n
vi (M) A vi (mi*)
v(x) A v(y)
Also for ge G andx=>m; ¢ M,
vigo)=v(Xgm)= A {viZgm)::i=12..,n}

=vj(g m;) , fore some j

= vj (M)

> v(x)
Therefore v isa fuzzy G-module on M g

VIV I

2.13. Remark. In the above proposition, if v;(0) are all
equal then we have v(0) = A { v; (0) :i=1,2,.....,n}=v; (0), for all i

2.14. Definition[5]. The fuzzy G-module v on M = = M
_in the proposition 2.12 with v(0) = v;(0) for all i, is called the
direct sum of the fuzzy G-modules v; and is denoted by v =

n
@ Vi
=1 -

2.15. Example.Let G ={1,-1} and M= C over R. Then M
is a G-module. We have M= M;@® M,

where M;=R, M,=iR. Define v : M - [0,1] by
v(xtiy) =1, ifx=y=0
=1, if x#0,y=0
=5, y#0
Then v is a fuzzy G-module on M. Also the
mappings v1 : M; = [0,1] defined by

v1(X)=0, if x=0

=1, if x£0
and v,: M2 - [0,1] defined by

v2(y)=0, ify=0

=1, if y#0
are fuzzy G-modules on M; and M, respectively and v =
Vi Vo m

2.16. Theorem[5]. Let M bea G-module such that M =

g':fle, where M;’s are G-sub modules of M. Let

n

vi’s
be fuzzy G-modules on M; and let v = EL""'-'_.Let n be
any fuzzy G-module on M .Then p is v-injective if and only
if p is vi-injective, for all i.

Proof: (=) Assume p is v-injective. Then

(i) MisM= 2 Miinjective and

(ii) v(m) < p(y (m)), for all y e Hom(M,M).

To prove that p is vi-injective, for 1 < i < n.(i.e to
prove (&) M is Mi-injective and (b) vi (M;) < w(y (mj)),
for all y ¢ Hom(M;,M) )

Proof of (a): Since M; is a G-submodule of M, from
proposition 1.15, it follows that M is M;-injective.
Proof of (0) :  Let y ¢ Hom (M;, M) and let m;e M;, so
m; = 0+0+.....0+m;+0+...+0. Then v(m;) =
v(0+0+.....0+m;+0+...+0)

=vi () AV, () A..... Avi(m) A ...... Av, (0)

= vi (mi)

Since M is M-injective, D an extention ¢ : M 2> M of y ;
and hence for each m; € M;,
vi (M) = v(m;)
< (mi) [by(ii)]
< u(y(mj))

Thus vi (M;) < pu(y(m;)), for all y € Hom (M;,M)
Therefore p is vi-injective for alli (1< 1 < n).
(&)Assum p is vi-injective foralli (1< i < n).

To prove p is v-injective. ( ( i.e, to prove (c) M is M-
injective and (d) v(m) < p(y(m)), for all y € Hom (M,M) ).
Proof of (c): Let N be a G-submodule of M and ¢ :

N> M =S

cases ;
(1) Nisa G-submodule of M; for some i
(2) N=M;, for somei

(3) N =-_'I:f1 Mf, where m <n

be a homomorphism .Then we have three

Case(1). N is a G-submodule of M;, for some i : Since M
is Mj-injective, D an extension y: M; > M of ¢ . Then n: M
> M defined by n(m) = y(m;), where m= Zimi ¢ M isa
homomorphism and n|mi=Wy. So n|n = y|n = ¢, and therefore n
extends @
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Case(2). N = M;, for some i : The function n obtained as
in case (1) with y =¢ is an extension Case(3). If N =£E;1M£,
where m<n: Then the mappingn: M > M defined by
nm) = ¢ (ELImi) , where m = Zi=1Mig M is a
homomorphism and n extends ¢ .

Thus in all the cases, n: M 2 M extends ¢ ; and hence M
is M-injective.

Proof of (d) : Let y € Hom (M, M) and m ¢ M. Then m
=E?=1mi, where m; € M;, for each i
v (m) =v (2=
=A {V i (mi) Ui =1,2,...,n}
<v;i (my), for all i (1)

Since p is vi- injective for every i,

vi(mi) < p(wi(mi)), where yi= ylwmi
~ o vi(mi) < w(y(mi)) foralli

(2)
(3)

From (1)and (3), v(m)<v;(m;) <p(y(m;)), foralli
v(im) <A {u(y (m;) :i=1,2,....,n}

< (v (my) +y (my)+---mmmm- +y (my) ), since p is a
fuzzy G-module
< p(y (my+mpt--mmmmne- +m,))

Thus, v(m) < p(y (m)) for all y € Hom(M,M). Hence p is v-
injective g

2.17. Theorem. Let M; and M, be G-submodules of a G-
module M such that M = M;@® M,. If M is quasi-injective, then
M; is Mj-injective for i,j €{1,2}. Further if v;’s are fuzzy G-
modules on M; (i =1,2) such that v=v,@® v, andif v is
quasi-injective, then v; is vi-injective for i,j e {1,2}.

Proof: Assume that M = M;(® M, is quasi-injective.
Then by proposition 1.15, M is Mj-injective for j =1,2. Also it
follows from proposition 1.14, M; is M;-injective for ije
{1,2}. This proves the first part of the theorem.

Now assume that v is quasi-injective. Then (i) Mis M-
injective and (ii) v (m) < v(y (m) ) for all y € Hom(M,M).
First to prove v, is vo-injective (i.e, to prove (@) M; is M;-
injective and (b) v, (m2) < v; (y(m2) ) for all y ¢ Hom
(Mz,Ml) and m; ¢ Mz)

Proof of (a) : From (i), we have M is M —injective. Hence
it follows from the first part of the theorem that M; is
M,-injective.

Proof of (b): Let y & Hom (M, M;). Consider the
inclusion homomorphism ¢ : M; > My@® M, =M. Then
V' =0 *y: M; 2> M;@® M; = M is ahomomorphism. Since M is
M-injective, D an extension ¢ ': M > M of v,
so that ¢ '|m2 =y (1)

Since ¢ ' € Hom (M,M), from (ii),

!(m)) forall meM (2)

Since M =M1® M,, if m, e M,, then m, =0+ m, ¢ M1® M,
=M

v(m) < v(o

~ From ( 2), we get

v(m2)<v (e '(m2)) (3)

Also, v (my) =v(0+mjy)
=v1(0) A vz (my)
=vz (M) (4)
From (1),

¢ '(mp) = y'(mp) = ¢ (y (m2)) =y (my).
Therefore, v (¢ '(my))=v (¥ (my))

= v (y (mz) +0)
vi (v (m2)) A vz (0)

= v (y (my)) (5)
From (3),(4)and (5),
vz (My) < vy (y (my)), forall yw & Hom(M;,M,)
Therefore v; is v,-injective.
Similarly we can show that v, is vy -injective .
Now to prove v, is vi-injective.

From (i) we have, M is M-injective. Hence, from the
first part of this theorem, we get, M; is M;-injective. Now,
let y & Hom (M;,M;) and let ¢ : M; = M be the inclusion
homomorphism. Then ¢ sy : M; = M is a homomorphism.
Since M is M-injective, D an extension @ " : M 2> M of ¢ *vy,
so that ¢ "|y1= ¢ *y. Since ¢ "¢ Hom(M,M), from (ii), we get
vim) < v(p"(m)), YmeM
“ov(mg) < V(e "(mg)), VMg e My
If m;eM;, then we have
v(m;) =v (m; + 0)

=vi (My) Av, (0)

=vi(my) (7)
Also, "(my1) =(¢ *y)(m1)= ¢ (y(my)) =y (my) € My

V(¢ "(my)) =v (y (my))

(6)

=v (y(my)+ 0)
=v1 (y(my)) A vy (0)
= vy (y(my)) (8)

From (6),(7)and (8), we get
vi (My) < vy (y(my)), for all y € Hom(My,M;) .

Therefore v is vy -injective. Similarly we can show that
v, is vp-injective.
This completes the proof g

2.18. Corollory. Let M= s':flebe a G-module, where

M;’s are G-submodules of M. If M is quasi-injective, then
M; is Mj-injective for i, j & {1,2,.,n}. Also if v;’s are fuzzy G-
modules on M;’s such that v =i=: “iand if v is quasi-injective,
then v; is vj-injective for everyiand j u

® M. . _
2.19. Theorem. If the G-module M = F- = -_-=1M'- is quasi-
injective, then M; is Mj-injective for i,j e {1,2,.r}. Also any
fuzzy G-module v on F is quasi injective, then the corresponding
summands Vi’s are also quasi injective for every i

Proof: The first part is clear from the preceding corollary.
=1

We have the set B = {&k = rigk=1,2... r}, a basis for M.
Then from the theorem 2.4, the function v M -> [01]
defined by
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v (Cla1+C2a2+..+Crar) =1, if ¢;=0foralli
=1, if ¢170, c;=C3=.....=¢,=0
=, if ¢, 70, c3=C4=
=Yy,

=1/r-1, if ¢,»#0, ¢,.1=C,=0
=1/r, if ¢.1#0, ¢,=0
=1/r+1, if ¢, 40

is a fuzzy G-module on M =+ .Then for each i, the function Vi :
M; > [0,1] defined by

Vi (Ciai) =1, if ¢;=0

1 .?( .
= Ji+1, ifc;£0

are fuzzy G-modules on M and from the preceding theorem v; is
vi-injective for every i and j. So Vi’s are quasi injective for
everyi. m

I1l. CONCLUSION

We have discussed injectivity and quasi injectivity of fuzzy
G-modules, in some detail, and have constructed some structure

revealing examples. We have also introduced a new G-module £
of periodic analytic functions mod r and proved that it is the
direct sum of r specific G-submodules (remark 1.9). It is proved

that & has infinitely many fuzzy G-modules on it. In theorem
2.19, we have proved that, if & is quasi injective, then each Mi is
M; injective, where i and M; are summands in &
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