
International Journal of Scientific and Research Publications, Volume 3, Issue 9, September 2013 1 

ISSN 2250-3153  
 

Supersymmetry: Sonderforschungsbereich: 

Collaborative Research 

Dr. K.N.P. Kumar 

 

Post Doctoral fellow, Department of Mathematics, Kuvempu University, Shankaraghatta, Karnataka, India 

Abstract: In the following two modules we give a concatenated mathematical statement of the 

supersymmetry, gravity and warped extra dimension,. It is to be stated in unequivocal terms that the 

classification is based on the characterstics of the systems under investigation. Perspicuous forbearance, 

Sophisticated seasoning, constituent structure, concept formulation, concept formulation, beat cadence, 

interiority of perfect causes, incompatibility of conjunctions’, resonantial resumptions, hypothetical 

propositions, logical compatibilities, on causal correspondences, predicational inherence, emphasis related 

phenomenological methodologies, Partcipational observation, Background actuality, Addressed 

aestheticism, polished perception, refined proficiency, Existential worldliness, Existential strife, 

Predicational anteriorities, apophthegm and axiom, brocard- gnome, implantation and inculcation, 

pronouncement and proposition, declaration dogma, Character consonance, shift and stratagem, Ontological 

consonance, Primordial exactitude, Phenomenological correlates, Accolytish representation, Atrophied 

asseveration, supposition, surmise, theorization Anamensial alienisms, Anchorite aperitif, Arcadian Atticism 

all delineated in the conditionalities and functionalities and orinetatilities of the system which incorporate 

the rules and regulations, axiomatic predications and postulation alcovishness of the foregoing state. 

Characterstics of such systems are taken in to consideration in the complete consolidation and 

consummation of the systems. It is to be noted that despite the fact the treat is done in two piecemeal 

for the seemingly inexorable and ineluctable process of typing 24 superscripts and subscripts and 

attendant and sine qua non confusion. Entire monograph is to be read with one whole and conclusions 

derived thereof follow suit. Kindly bear with me for it is unassailable task to concatenate all the 

systems together which however the intention is. 

 

 

INTRODUCTION—VARIABLES USED 

(1) If this symmetry exists, it must be broken(e&eb) 

(2) If this symmetry exists the superpartners would (=) have the same exact masses as the normal 

particles, and hence would’ve been discovered by now. 

(3) If SUSY is to exist at the appropriate scale to solve the hierarchy problem, the LHC — once it 

reaches its full energy of 14 TeV — ought (eb)to find at least one superpartner 

(4) If SUSY is to exist at the appropriate scale to solve the hierarchy problem, the LHC — once it 

reaches its full energy of 14 TeV ought (eb) to find as well as at least a second Higgs particle. 

(5) Otherwise, the existence of very heavy superpartners would create (eb) yet another puzzling 

hierarchy problem, one with no good solution.  

(6) For those of you wondering, the absence of SUSY particles at all energies would be enough to 

(e) invalidate string theory, as supersymmetry is a requirement of string theories that contain 

the standard model of particles. 
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Image credit: Matt Strassler. 

(7) Technicolor. No, this isn’t a 1950s cartoon; Technicolor is the term for physics theories that 

require(e) new gauge interactions, 

(8)  Technicolor is the term for physics theories also that (e) have either no Higgs particles or 

unstable/unobservable (i.e., composite) Higgses.  

(9) There would also be an interesting new slew of observable particles. Although this could have 

been a plausible solution in principle, the recent discovery of what appears to be a 

fundamental; spin-0 scalar at the right energy to be the Higgs seems to (e) invalidate this 

possible solution to the hierarchy problem. 

NOTATION   

Module One 

If this symmetry exists, it must be broken(e&eb) 

 

    :  Category one of  symmetry exists            

    :  Category two of symmetry exists 

    : Category three of symmetry exists 

 

    :  Category one of symmetry must be broken 

    :  Category two of symmetry must be broken 
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    :  Category three of symmetry must be broken  

Module Two 

If this symmetry exists the superpartners would (=) have the same exact masses as the normal particles, and 

hence would’ve been discovered by now 

 

    : Category one of same exact masses as the normal particles, and hence would’ve been discovered by 

now 

    :  Category two of same exact masses as the normal particles, and hence would’ve been discovered by 

now 

    : Category three of same exact masses as the normal particles, and hence would’ve been discovered by 

now 

 

    :  Category one of symmetry exists the superpartners 

    :  Category two of symmetry exists the superpartners 

    :  Category three of symmetry exists the superpartners 

 

Module three 

If SUSY is to exist at the appropriate scale to solve the hierarchy problem, the LHC — once it reaches its 

full energy of 14 TeV — ought (eb)to find at least one superpartner 

 

    :  Category one of SUSY is to exist at the appropriate scale to solve the hierarchy problem, the LHC — 

once it reaches its full energy of 14 TeV 

    :  Category two of SUSY is to exist at the appropriate scale to solve the hierarchy problem, the LHC — 

once it reaches its full energy of 14 TeV 

    :  Category three of SUSY is to exist at the appropriate scale to solve the hierarchy problem, the LHC — 

once it reaches its full energy of 14 TeV 

 

    :  Category one of at least one superpartner. Note that we are talking of the investigatable systems that 

satisfy the definition and statement made in the foregoing of the symmetry. Perspicuous forbearance, 

Sophisticated seasoning, constituent structure, concept formulation, concept formulation, beat cadence, 

interiority of perfect causes, incompatibility of conjunctions’, resonantial resumptions, hypothetical 

propositions, logical compatibilities, on causal correspondences, predicational inherence, emphasis related 

phenomenological methodologies, Partcipational observation, Background actuality, Addressed 

aestheticism, polished perception, refined proficiency, Existential worldliness, Existential strife, 

Predicational anteriorities, apophthegm and axiom, brocard- gnome, implantation and inculcation, 

pronouncement and proposition, declaration dogma, Character consonance, shift and stratagem, Ontological 

consonance, Primordial exactitude, Phenomenological correlates, Accolytish representation, Atrophied 

asseveration, supposition, surmise, theorization Anamensial alienisms, Anchorite aperitif, Arcadian Atticism 

all delineated in the conditionalities and functionalities and orinetatilities of the system which incorporate 

the rules and regulations, axiomatic predications and postulation alcovishness of the foregoing state. 

Characterstics of such systems are taken in to consideration in the complete consolidation and 

consummation of the systems 

    :   Category two of at least one superpartner 
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    :  Category three of at least one superpartner 

Module four 

If SUSY is to exist at the appropriate scale to solve the hierarchy problem, the LHC — once it reaches its 

full energy of 14 TeV ought (eb) to find as well as at least a second Higgs particle 

 

    :  Category one of SUSY is to exist at the appropriate scale to solve the hierarchy problem, the LHC — 

once it reaches its full energy of 14 TeV 

    :  Category two of SUSY is to exist at the appropriate scale to solve the hierarchy problem, the LHC — 

once it reaches its full energy of 14 TeV 

    :  Category three of SUSY is to exist at the appropriate scale to solve the hierarchy problem, the LHC — 

once it reaches its full energy of 14 TeV 

 

    :  Category one of at least a second Higgs particle. This does not mean there are 3 or 6 Higgs bosons. we 

reiterate we are talking of the characterstics of the investigatable system which bear the characterstics, 

namely possession of the mass giving particle. And there are differential masses. Primordial exactitude, 

Phenomenological correlates, Accolytish representation, Atrophied asseveration, supposition, surmise, 

theorization Anamensial alienisms, Anchorite aperitif, Arcadian Atticism all delineated in the 

conditionalities and functionalities and orinetatilities of the system which incorporate the rules and 

regulations, axiomatic predications and postulation alcovishness of the foregoing state. Characterstics of 

such systems are taken in to consideration in the complete consolidation and consummation of the 

systems 

    :  Category two of at least a second Higgs particle 

    :  Category three of at least a second Higgs particle 

 

Module five 

Otherwise, the existence of very heavy superpartners would create (eb) yet another puzzling hierarchy 

problem, one with no good solution 

 

    :  Category one of existence of very heavy superpartners 

    :  Category two of existence of very heavy superpartners 

    :  Category three of existence of very heavy superpartners 

 

    :  Category one of another puzzling hierarchy problem, one with no good solution. Please note the 

classification is based on the characterstics of the investigatable problem, and there are legion. 

aspectionalities that is taken in to consideration is that they satisfy the conditionalities and functionalities of 

the main graded system. 

    :  Category two of another puzzling hierarchy problem, one with no good solution 

    : Category three of  another puzzling hierarchy problem, one with no good solution 

 

Module six  
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For those of you wondering, the absence of SUSY particles at all energies would be enough to (e) invalidate 

string theory, as supersymmetry is a requirement of string theories that contain the standard model of 

particles 

    :  Category one of string theory, as supersymmetry is a requirement of string theories that contain the 

standard model of particles 

    :  Category two of string theory, as supersymmetry is a requirement of string theories that contain the 

standard model of particles 

    :  Category three of string theory, as supersymmetry is a requirement of string theories that contain the 

standard model of particles 

 

    :  Category one of absence of SUSY particles at all energies would be enough 

    :  Category two of absence of SUSY particles at all energies would be enough 

    :  Category three of absence of SUSY particles at all energies would be enough 

 

Module seven 

technicolor is the term for physics theories that require(e) new gauge interactions 

 

    :  Category one of new gauge interactions 

    :  Category two of new gauge interactions 

    : Category three of new gauge interactions 

 

     :  Category one of technicolor is the term for physics theories 

    :  Category two of technicolor is the term for physics theories 

    : Category three of technicolor is the term for physics theories 

 

Module eight 

Technicolor is the term for physics theories also that (e) have either no Higgs particles or 

unstable/unobservable (i.e., composite) Higgses 

 

    :  Category one of either no Higgs particles or unstable/unobservable (i.e., composite) Higgses. 

Perspicuous forbearance, Sophisticated seasoning, constituent structure, concept formulation, concept 

formulation, beat cadence, interiority of perfect causes, incompatibility of conjunctions’, resonantial 

resumptions, hypothetical propositions, logical compatibilities, on causal correspondences, predicational 

inherence, emphasis related phenomenological methodologies, Partcipational observation, Background 

actuality, Addressed aestheticism, polished perception, refined proficiency, Existential worldliness, 

Existential strife, Predicational anteriorities, apophthegm and axiom, brocard- gnome, implantation and 

inculcation, pronouncement and proposition, declaration dogma, Character consonance, shift and stratagem, 

Ontological consonance, Primordial exactitude, Phenomenological correlates, Accolytish representation, 

Atrophied asseveration, supposition, surmise, theorization Anamensial alienisms, Anchorite aperitif, 

Arcadian Atticism all delineated in the conditionalities and functionalities and orinetatilities of the system 

which incorporate the rules and regulations, axiomatic predications and postulation alcovishness of the 

foregoing state. Characterstics of such systems are taken in to consideration in the complete 
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consolidation and consummation of the systems. This holds good for the entire monograph. We will 

not repeat the same 

    :  Category two of either no Higgs particles or unstable/unobservable (i.e., composite) Higgses 

    : Category three of either no Higgs particles or unstable/unobservable (i.e., composite) Higgses 

    :  Category one of Technicolor is the term for physics theories 

    :  Category two of Technicolor is the term for physics theories 

    : Category three of Technicolor is the term for physics theories 

 

Module Nine 

There would also be an interesting new slew of observable particles. Although this could have been a 

plausible solution in principle, the recent discovery of what appears to be a fundamental; spin-0 scalar at the 

right energy to be the Higgs seems to (e) invalidate this possible solution to the hierarchy problem 

 

    :  Category one of possible solution to the hierarchy problem. We are again talking of the systemic 

characterstics and not the fact there are three solutions. Characterstics of these innumerable systems form the 

basis of the classification scheme. 

    :  Category two of possible solution to the hierarchy problem 

    : Category three of possible solution to the hierarchy problem 

 

    :  Category one of recent discovery of what appears to be a fundamental; spin-0 scalar at the right energy 

to be the Higgs 

    :  Category two of recent discovery of what appears to be a fundamental; spin-0 scalar at the right energy 

to be the Higgs 

    : Category three of recent discovery of what appears to be a fundamental; spin-0 scalar at the right 

energy to be the Higgs 
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are Dissipation coefficients 

 Module Numbered One 

 

The differential system of this model is now (Module Numbered one) 
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Module Numbered Two 

 

The differential system of this model is now ( Module numbered two) 
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 Module Numbered Three 

 

The differential system of this model is now (Module numbered three) 
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The differential system of this model is now (Module numbered  Four) 
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The differential system of this model is now (Module number five) 
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The differential system of this model is now (Module numbered Six) 
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The differential system of this model is now (Seventh Module) 
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The differential system of this model is now  
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 The differential system of this model is now 

 

    

  
 (   )

( )    [(   
 )( )  (   

  )( )(     )]     49 

    

  
 (   )

( )    [(   
 )( )  (   

  )( )(     )]     50 

    

  
 (   )

( )    [(   
 )( )  (   

  )( )(     )]     51 

    

  
 (   )

( )    [(   
 )( )  (   

  )( )((   )  )]     52 

    

  
 (   )

( )    [(   
 )( )  (   

  )( )((   )  )]      53 

    

  
 (   )

( )    [(   
 )( )  (   

  )( )((   )  )]      54 

 (   
  )( )(     )    First augmentation factor   

 (   
  )( )((   )  )     First detrition factor     

    

  
 (   )

( )    

[
 
 
 
 
 
(   

 )( )  (   
  )( )(     )   (   

  )(    )(     )   (   
  )(    )(     )   

 (   
  )(        )(     )   (   

  )(        )(     )   (   
  )(        )(     )  

 (   
  )(   )(     )   (   

  )(   )(     )   (   
  )(                 )(     ) ]

 
 
 
 

     

55 

    

  
 (   )

( )    

[
 
 
 
 
 
(   

 )( )  (   
  )( )(     )   (   

  )(    )(     )   (   
  )(    )(     )   

 (   
  )(        )(     )   (   

  )(        )(     )   (   
  )(        )(     )  

 (   
  )(   )(     )   (   

  )(   )(     )   (   
  )(                 )(     ) ]

 
 
 
 

     

56 

    

  
 (   )

( )    

[
 
 
 
 
 
(   

 )( )  (   
  )( )(     )   (   

  )(    )(     )   (   
  )(    )(     )  

 (   
  )(        )(     )   (   

  )(        )(     )   (   
  )(        )(     )

  

 (   
  )(   )(     )   (   

  )(   )(     )   (   
  )(                 )(     ) ]

 
 
 
 

     

57 

Where (   
  )( )(     )   (   
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  )( )(     )   are first augmentation coefficients for 

category 1, 2 and 3  

  (   
  )(    )(     )  ,  (   

  )(    )(     )  ,  (   
  )(    )(     )  are second  augmentation coefficient for 

category 1, 2 and 3   

  (   
  )(    )(     )    (   

  )(    )(     )    (   
  )(    )(     )  are third  augmentation coefficient for 

category 1, 2 and 3  
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Where  (   
  )( )(   )    (   

  )( )(   )    (   
  )( )(   )  are first detrition coefficients for category 1, 

2 and 3    

 (   
  )(    )(     )    (   

  )(    )(     )    (   
  )(    )(     )   are second detrition coefficients for 

category 1, 2 and 3    

 (   
  )(    )(     )    (   

  )(    )(     )    (   
  )(    )(     )  are third  detrition coefficients for 

category 1, 2 and 3    

 (   
  )(        )(     )    (   
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  )(        )(     )  are fourth  detrition coefficients 

for category 1, 2 and 3    

 (   
  )(        )(     )  ,  (   
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  )(        )(     )  are fifth detrition coefficients for 

category 1, 2 and 3    

 (   
  )(        )(     )  ,  (   
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  )(        )(     )  are sixth detrition coefficients for 

category 1, 2 and 3   

– (   
  )(    )(     )   – (   

  )(    )(     )  , – (   
  )(    )(     )  are seventh detrition coefficients for 

category 1, 2 and 3   

– (   
  )(   )(     )  – (   

  )(   )(     )  – (   
  )(   )(     )  are eight detrition coefficients for category 1, 

2 and 3 

– (   
  )(                 )(     )  , – (   

  )(                 )(     )  , – (   
  )(                 )(     )  are ninth 

 



International Journal of Scientific and Research Publications, Volume 3, Issue 9, September 2013 11 

ISSN 2250-3153  
 

detrition coefficients for category 1, 2 and 3 

  

    

  
 (   )

( )    

[
 
 
 
 
  

(   
 )( )  (   

  )( )(     )   (   
  )(    )(     )   (   

  )(     )(     )   

 (   
  )(         )(     )   (   

  )(         )(     )   (   
  )(         )(     )

 

 (   
  )(     )(     )   (   

  )(     )(     )   (   
  )(   )(     ) ]

 
 
 
 

     

61 

    

  
 (   )

( )    

[
 
 
 
 
 

(   
 )( )  (   

  )( )(     )   (   
  )(    )(     )   (   

  )(     )(     )   

 (   
  )(         )(     )   (   

  )(         )(     )   (   
  )(         )(     )

 

 (   
  )(     )(     )   (   

  )(     )(     )   (   
  )(   )(     ) ]

 
 
 
 

     

62 

    

  
 (   )

( )    

[
 
 
 
 
  

(   
 )( )  (   

  )( )(     )   (   
  )(    )(     )   (   

  )(     )(     )   

 (   
  )(         )(     )   (   

  )(         )(     )   (   
  )(         )(     )

 

 (   
  )(     )(     )   (   

  )(     )(     )   (   
  )(   )(     ) ]

 
 
 
 

     

63 

Where  (   
  )( )(     )     (   

  )( )(     )    (   
  )( )(     )  are first augmentation coefficients for 

category 1, 2 and 3   

 (   
  )(    )(     )  ,  (   

  )(    )(     )  ,  (   
  )(    )(     )   are second augmentation coefficient for 

category 1, 2 and 3    

 (   
  )(     )(     )    (   

  )(     )(     )    (   
  )(     )(     )  are third  augmentation coefficient for 

category 1, 2 and 3   

 (   
  )(         )(     )   (   

  )(         )(     )   (   
  )(         )(     )   are fourth augmentation 

coefficient for category 1, 2 and 3   

 (   
  )(         )(     ) ,  (   

  )(         )(     )  ,  (   
  )(         )(     )   are fifth  augmentation 

coefficient for category 1, 2 and 3   

 (   
  )(         )(     ) ,  (   

  )(         )(     )  ,  (   
  )(         )(     )   are sixth augmentation 

coefficient for category 1, 2 and 3   

  (   
  )(     )(     )    (   

  )(     )(     )  ,  (   
  )(     )(     )  are seventh augmentation coefficient 

for category 1, 2 and 3   

 (   
  )(     )(     )    (   

  )(     )(     )    (   
  )(     )(     )  are eight augmentation coefficient for 

category 1, 2 and 3   

 (   
  )(   )(     )  ,  (   

  )(   )(     )  ,  (   
  )(   )(     )  are ninth augmentation coefficient for 

category 1, 2 and 3   

 

    

  
 (   )

( )    

[
 
 
 
 
 

(   
 )( )  (   

  )( )(     )    (   
  )(    )(   )  – (   

  )(      )(     )   

 (   
  )(         )(     )  – (   

  )(         )(     )  – (   
  )(         )(     )

 

– (   
  )(     )(     )  – (   

  )(     )(     )  – (   
  )(   )(     ) ]

 
 
 
 

     

64 

    

  
 (   )

( )    

[
 
 
 
 
 

(   
 )( )  (   

  )( )(     )    (   
  )(    )(   )  – (   

  )(      )(     )  

– (   
  )(         )(     )  – (   

  )(         )(     )  – (   
  )(         )(     )

 

– (   
  )(     )(     )  – (   

  )(     )(     )  – (   
  )(   )(     ) ]

 
 
 
 

     

65 
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 (   )

( )    

[
 
 
 
 
 

(   
 )( )  (   

  )( )(     )    (   
  )(    )(   )  – (   

  )(      )(     )   

 (   
  )(         )(     )  – (   

  )(         )(     )  – (   
  )(         )(     )

 

– (   
  )(     )(     )  – (   

  )(     )(     )  – (   
  )(   )(     ) ]

 
 
 
 

     

66 

        (   
  )( )(     )    ,  (   

  )( )(     )   ,  (   
  )( )(     )    are first detrition coefficients for 

category 1, 2 and 3  

 (   
  )(    )(   )    (   

  )(    )(   )  ,  (   
  )(    )(   )   are second detrition coefficients for category 

1,2 and 3  

 (   
  )(      )(     )    (   

  )(      )(     )    (   
  )(      )(     )   are  third  detrition coefficients for 

category 1,2 and 3  

 (   
  )(         )(     )   (   

  )(         )(     )   (   
  )(         )(     )   are  fourth detrition 

coefficients for category 1,2 and 3  

 (   
  )(         )(     )  ,  (   

  )(         )(     )  ,  (   
  )(         )(     )  are  fifth detrition coefficients 

for category 1,2 and 3  

 (   
  )(         )(     )   (   

  )(         )(     )  ,  (   
  )(         )(     )   are  sixth detrition coefficients 

for category 1,2 and 3  

   – (   
  )(     )(     )  ,   – (   

  )(     )(     ) , – (   
  )(     )(     )  are  seventh detrition coefficients for 

category 1,2 and 3  

– (   
  )(     )(     )  , – (   

  )(     )(     )  , – (   
  )(     )(     )  are  eight detrition coefficients for 

category 1,2 and 3 

– (   
  )(   )(     )  , – (   

  )(   )(     )  , – (   
  )(   )(     )  are  ninth detrition coefficients for category 

1,2 and 3 

 

    

  
 (   )

( )    

[
 
 
 
 
 

(   
 )( )  (   

  )( )(     )   (   
  )(     )(     )   (   

  )(      )(     )  

 (   
  )(           )(     )   (   

  )(           )(     )   (   
  )(           )(     )

 

 

 (   
  )(       )(     )   (   

  )(       )(     )   (   
  )(     )(     ) ]

 
 
 
 

     

67 

    

  
 (   )

( )    

[
 
 
 
 (   

 )( )  (   
  )( )(     )   (   

  )(     )(     )   (   
  )(      )(     )   

 (   
  )(           )(     )   (   

  )(           )(     )   (   
  )(           )(     )

 (   
  )(       )(     )   (   

  )(       )(     )   (   
  )(     )(     ) ]

 
 
 
 

     

68 

    

  
 (   )

( )    

[
 
 
 
 (   

 )( )  (   
  )( )(     )   (   

  )(     )(     )   (   
  )(      )(     )   

 (   
  )(           )(     )   (   

  )(           )(     )   (   
  )(           )(     )

 (   
  )(       )(     )   (   

  )(       )(     )   (   
  )(     )(     ) ]

 
 
 
 

     

69 

 (   
  )( )(     ) ,  (   

  )( )(     ) ,  (   
  )( )(     )   are  first  augmentation coefficients for 

category 1, 2 and 3  

 (   
  )(     )(     )    (   

  )(     )(     )  ,  (   
  )(     )(     )  are second augmentation coefficients 

for category 1, 2 and 3    

 (   
  )(      )(     )    (   

  )(      )(     )    (   
  )(      )(     )    are third augmentation coefficients 

for category 1, 2 and 3    
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 (   
  )(           )(     )  ,  (   

  )(           )(     )    (   
  )(           )(     )  are fourth augmentation 

coefficients for category 1, 2 and 3   

 (   
  )(           )(     )   (   

  )(           )(     )    (   
  )(           )(     )  are fifth augmentation 

coefficients for category 1, 2 and 3   

 (   
  )(           )(     )    (   

  )(           )(     )   (   
  )(           )(     )  are sixth augmentation 

coefficients for category 1, 2 and 3    

 (   
  )(       )(     )  ,  (   

  )(       )(     )  ,  (   
  )(       )(     )  are seventh augmentation 

coefficients for category 1, 2 and 3    

 (   
  )(       )(     )  ,  (   

  )(       )(     ) ,  (   
  )(       )(     )  are eight augmentation coefficients 

for category 1, 2 and 3    

 (   
  )(     )(     )  ,  (   

  )(     )(     )  ,  (   
  )(     )(     )  are ninth augmentation coefficients for 

category 1, 2 and 3    

    

  
 (   )

( )    

[
 
 
 
 
 

(   
 )( )  (   

  )( )(     )  – (   
  )(     )(     )  – (   

  )(      )(   )   

 (   
  )(           )(     )  – (   

  )(           )(     )  – (   
  )(           )(     )

 

– (   
  )(       )(     )  – (   

  )(       )(     )  – (   
  )(     )(     ) ]

 
 
 
 

     

70 

    

  
 (   )

( )    

[
 
 
 
 (   

 )( )  (   
  )( )(     )  – (   

  )(     )(     )  – (   
  )(      )(   )   

  (   
  )(           )(     )  – (   

  )(           )(     )  – (   
  )(           )(     )

 

– (   
  )(       )(     )  – (   

  )(       )(     )  – (   
  )(     )(     ) ]

 
 
 
 

     

71 

    

  
 (   )

( )    

[
 
 
 
 
 

(   
 )( )  (   

  )( )(     )  – (   
  )(     )(     )  – (   

  )(      )(   )   

 (   
  )(           )(     )  – (   

  )(           )(     )  – (   
  )(           )(     )

 

– (   
  )(       )(     )  – (   

  )(       )(     )  – (   
  )(     )(     ) ]

 
 
 
 

     

72 

 (   
  )( )(     )    (   

  )( )(     )     (   
  )( )(     )   are first  detrition coefficients  for category 1, 

2 and 3   

 (   
  )(     )(     )  ,  (   

  )(     )(     )  ,  (   
  )(     )(     )   are second detrition coefficients for 

category 1, 2 and 3      

 (   
  )(      )(   )    (   

  )(      )(   )  ,  (   
  )(      )(   )   are third detrition coefficients for category 

1,2 and 3  

 (   
  )(           )(     )   (   

  )(           )(     )   (   
  )(           )(     )  are fourth  detrition 

coefficients  for category 1, 2 and 3   

 (   
  )(           )(     )   (   

  )(           )(     )    (   
  )(           )(     )  are fifth  detrition 

coefficients  for category 1, 2 and 3   

 (   
  )(           )(     )   (   

  )(           )(     )   (   
  )(           )(     )  are sixth detrition 

coefficients  for category 1, 2 and 3   

– (   
  )(       )(     )  , – (   

  )(       )(     )  – (   
  )(       )(     )  are seventh detrition coefficients  

for category 1, 2 and 3  

 – (   
  )(       )(     )  , – (   

  )(       )(     )  , – (   
  )(       )(     )  are eight detrition coefficients  for 

category 1, 2 and 3   

 



International Journal of Scientific and Research Publications, Volume 3, Issue 9, September 2013 14 

ISSN 2250-3153  
 

– (   
  )(     )(     )  , – (   

  )(     )(     )  , – (   
  )(     )(     )  are ninth detrition coefficients  for 

category 1, 2 and 3   

    

  
 (   )

( )    

[
 
 
 
 
 
(   

 )( )  (   
  )( )(     )   (   

  )(    )(     )   (   
  )(    )(     )   

 (   
  )(       )(     )   (   

  )(       )(     )   (   
  )(       )(     )

 

 (   
  )(         )(     )   (   

  )(         )(     )   (   
  )(       )(     ) ]

 
 
 
 

     

73 

    

  
 (   )

( )    

[
 
 
 
 
 
(   

 )( )  (   
  )( )(     )   (   

  )(    )(     )   (   
  )(   )(     )   

 (   
  )(       )(     )   (   

  )(       )(     )   (   
  )(       )(     )

 

 (   
  )(         )(     )   (   

  )(         )(     )   (   
  )(       )(     ) ]

 
 
 
 

     

74 

    

  
 (   )

( )    

[
 
 
 
 
 
(   

 )( )  (   
  )( )(     )   (   

  )(    )(     )   (   
  )(    )(     )  

 (   
  )(       )(     )   (   

  )(       )(     )   (   
  )(       )(     )

  

 (   
  )(         )(     )   (   

  )(         )(     )   (   
  )(       )(     ) ]

 
 
 
 

     

75 

(   
  )( )(     )   (   

  )( )(     )   (   
  )( )(     )                                        

                 

  (   
  )(    )(     )    (   

  )(    )(     )    (   
  )(    )(     )                            

                                      

  (   
  )(    )(     )    (   

  )(    )(     )    (   
  )(    )(     )                           

                                      

 (   
  )(       )(     )   (   

  )(       )(     )   (   
  )(       )(     )   

                                                            

 (   
  )(       )(     ) ,  (   

  )(       )(     )   (   
  )(       )(     )  

                                                           

 (   
  )(       )(     ) ,  (   

  )(       )(     ) ,  (   
  )(       )(     )  

                                                            

 (   
  )(         )(     )  ,  (   

  )(         )(     ) ,  (   
  )(         )(     )  

                                                              

 (   
  )(         )(     )  ,  (   

  )(         )(     )  ,  (   
  )(         )(     )  

                                                            

 (   
  )(       )(     )  ,  (   

  )(       )(     )  ,  (   
  )(       )(     )  are ninth detrition coefficients for 

category 1 2 3 

 

    

  
 (   )

( )    

[
 
 
 
 (   

 )( )  (   
  )( )(     )    (   

  )(    )(     )  – (   
  )(    )(     )   

 (   
  )(       )(   )    (   

  )(       )(     )  – (   
  )(       )(     )

– (   
  )(         )(     )  – (   

  )(         )(     )  – (   
  )(       )(     ) ]

 
 
 
 

     

76 

    

  
 (   )

( )    

[
 
 
 
 (   

 )( )  (   
  )( )(     )    (   

  )(    )(     )  – (   
  )(    )(     )   

 (   
  )(       )(   )    (   

  )(       )(     )  – (   
  )(       )(     )

– (   
  )(         )(     )  – (   

  )(         )(     )  – (   
  )(       )(     ) ]

 
 
 
 

     

77 
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 (   )

( )    

[
 
 
 
 
 
(   

 )( )  (   
  )( )(     )    (   

  )(    )(     )  – (   
  )(    )(     )   

 (   
  )(       )(   )    (   

  )(       )(     )  – (   
  )(       )(     )

– (   
  )(         )(     )  – (   

  )(         )(     )  – (   
  )(       )(     ) ]

 
 
 
 

     

78 

      – (   
  )( )(     )    (   

  )( )(     )    (   
  )( )(     )                                   

                           

 (   
  )(    )(     )    (   

  )(    )(     )    (   
  )(    )(     )                                      

                          

 (   
  )(    )(     )    (   

  )(    )(     )    (   
  )(    )(     )                                    

                          

 (   
  )(       )(   )   (   

  )(       )(   )  ,  (   
  )(       )(   )   

                                                             

 (   
  )(       )(     ) ,  (   

  )(       )(     ) ,  (   
  )(       )(     )  

                                                           

– (   
  )(       )(     )  – (   

  )(       )(     )  – (   
  )(       )(     )  

                                                           

  – (   
  )(         )(     )  , – (   

  )(         )(     )  , – (   
  )(         )(     )  

                                                          

– (   
  )(         )(     )  , – (   

  )(         )(     )   – (   
  )(         )(     )  

                                                         

– (   
  )(       )(     )  , – (   

  )(       )(     )  , – (   
  )(       )(     )  are ninth detrition coefficients for 

category 1 2 3 

 

    

  
 (   )

( )    

[
 
 
 
 
 

(   
 )( )  (   

  )( )(     )   (   
  )(    )(     )   (   

  )(     )(     )   

 (   
  )(         )(     )   (   

  )(         )(     )   (   
  )(         )(     )

 

 (   
  )(           )(     )   (   

  )(           )(     )   (   
  )(         )(     ) ]

 
 
 
 

     

79 

    

  
 (   )

( )    

[
 
 
 
 
 

(   
 )( )  (   

  )( )(     )   (   
  )(    )(     )   (   

  )(     )(     )   

 (   
  )(         )(     )   (   

  )(         )(     )   (   
  )(         )(     )

 

 (   
  )(           )(     )   (   

  )(           )(     )   (   
  )(         )(     ) ]

 
 
 
 

     

80 

    

  
 (   )

( )    

[
 
 
 
 
 

(   
 )( )  (   

  )( )(     )   (   
  )(    )(     )   (   

  )(     )(     )   

 (   
  )(         )(     )   (   

  )(         )(     )   (   
  )(         )(     )

 

 

 (   
  )(           )(     )   (   

  )(           )(     )   (   
  )(         )(     ) ]

 
 
 
 

     

81 

       (   
  )( )(     )    (   

  )( )(     )    (   
  )( )(     )                          

                                      

     (   
  )(    )(     )    (   

  )(    )(     )    (   
  )(    )(     )                           

                                       

 (   
  )(     )(     )    (   

  )(     )(     )    (   
  )(     )(     )                           

                                     

 (   
  )(         )(     )   (   

  )(         )(     )   (   
  )(         )(     )   are fourth augmentation 
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coefficients for category 1,2, and 3 

 (   
  )(         )(     )   (   

  )(         )(     )   (   
  )(         )(     )  are fifth augmentation 

coefficients for category 1,2,and  3 

 (   
  )(         )(     )   (   

  )(         )(     )   (   
  )(         )(     )   are sixth augmentation 

coefficients for category 1,2, 3 

 (   
  )(           )(     )  ,  (   

  )(           )(     )  ,  (   
  )(           )(     )  are seventh augmentation 

coefficients for category 1,2, 3 

 (   
  )(            )(     )  ,  (   

  )(           )(     )  ,  (   
  )(           )(     )  are eighth augmentation 

coefficients for category 1,2, 3 

 (   
  )(         )(     )  ,  (   

  )(         )(     )  ,  (   
  )(         )(     )  are ninth  augmentation 

coefficients for category 1,2, 3 

    

  
 (   )

( )    

[
 
 
 
 

 
(   

 )( )  (   
  )( )(     )    (   

  )(    )(     )  – (   
  )(     )(     )   

 (   
  )(         )(   )    (   

  )(         )(     )  – (   
  )(         )(     )

 

– (   
  )(           )(     )  – (   

  )(           )(     )  – (   
  )(         )(     ) ]

 
 
 
 

     

82 

    

  
 (   )

( )    

[
 
 
 
 

 
(   

 )( )  (   
  )( )(     )    (   

  )(    )(     )  – (   
  )(     )(     )   

 (   
  )(         )(   )    (   

  )(         )(     )  – (   
  )(         )(     )

 

– (   
  )(           )(     )  – (   

  )(           )(     )  – (   
  )(         )(     ) ]

 
 
 
 

     

83 

    

  
 (   )

( )    

[
 
 
 
 

 
(   

 )( )  (   
  )( )(     )    (   

  )(    )(     )  – (   
  )(     )(     )   

 (   
  )(          )(   )    (   

  )(         )(     )  – (   
  )(         )(     )  

– (   
  )(           )(     )  – (   

  )(           )(     )  – (   
  )(         )(     ) ]

 
 
 
 

     

84 

      – (   
  )( )(     )      (   

  )( )(     )     (   
  )( )(     )                                       

                         

 (   
  )(    )(     )    (   

  )(    )(     )    (   
  )(    )(     )                                      

                        

 (   
  )(     )(     )    (   

  )(     )(     )    (   
  )(     )(     )                                       

                        

 (   
  )(         )(   )   (   

  )(         )(   )     (   
  )(          )(   )   are fourth detrition coefficients for 

category 1,2, and 3 

 (   
  )(         )(     )   (   

  )(         )(     )   (   
  )(         )(     )  are fifth detrition coefficients 

for category 1,2, and 3 

– (   
  )(         )(     ) , – (   

  )(         )(     )  – (   
  )(         )(     )  are sixth  detrition coefficients 

for category 1,2, and 3 

 – (   
  )(           )(     )  ,  – (   

  )(           )(     )  , – (   
  )(           )(     )  are seventh  detrition 

coefficients for category 1,2, and 3 

– (   
  )(           )(     )  , – (   

  )(           )(     )  , – (   
  )(           )(     )  are eighth  detrition 

coefficients for category 1,2, and 3 

– (   
  )(         )(     )  , – (   

  )(         )(     )  , – (   
  )(         )(     )  are ninth   detrition coefficients 

for category 1,2, and 3 
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 (   )

( )   

 

[
 
 
 
 (   

 )( )  (   
  )( )(     )   (   

  )(     )(     )   (   
  )(      )(     )   

 (   
  )(           )(     )   (   

  )(           )(     )   (   
  )(           )(     )

 (   
  )(             )(     )    (   

  )(             )(     )   (   
  )(           )(     ) ]

 
 
 
 

     

85 

    

  
 (   )

( )    

[
 
 
 
 (   

 )( )  (   
  )( )(     )   (   

  )(     )(     )   (   
  )(      )(     )   

 (   
  )(           )(     )   (   

  )(           )(     )   (   
  )(           )(     )

 (   
  )(             )(     )   (   

  )(             )(     )   (   
  )(           )(     ) ]

 
 
 
 

     

86 

    

  
 (   )

( )    

[
 
 
 
 (   

 )( )  (   
  )( )(     )   (   

  )(     )(     )   (   
  )(      )(     )   

 (   
  )(           )(     )   (   

  )(           )(     )   (   
  )(           )(     )

 (   
  )(             )(     )   (   

  )(             )(     )   (   
  )(           )(     ) ]

 
 
 
 

     

87 

 (   
  )( )(     )   (   

  )( )(     )   (   
  )( )(     )                                          

                        

 (   
  )(     )(     )    (   

  )(     )(     )    (   
  )(     )(     )                           

                                       

 (   
  )(      )(     )    (   

  )(      )(     )    (   
  )(      )(     )                           

                                        

 (   
  )(           )(     )   (   

  )(           )(     )   (   
  )(           )(     )   - are fourth augmentation 

coefficients 

 (   
  )(           )(     )   (   

  )(           )(     )   (   
  )(           )(     )    - fifth augmentation 

coefficients 

 (   
  )(           )(     ) ,  (   

  )(           )(     )   (   
  )(           )(     )   sixth  augmentation 

coefficients  

  (   
  )(             )(     )  ,  (   

  )(             )(     ) ,  (   
  )(             )(     )  

                                   

 (   
  )(             )(     )  ,  (   

  )(             )(     )  ,  (   
  )(             )(     )  

Eighth  augmentation coefficients 

 (   
  )(           )(     )  ,  (   

  )(           )(     )  ,  (   
  )(           )(     )  ninth augmentation 

coefficients 

 

 

    

  
 (   )

( )    

[
 
 
 
 (   

 )( )  (   
  )( )(     )  – (   

  )(     )(     )  – (   
  )(      )(     )   

 (   
  )(           )(   )    (   

  )(           )(     )  – (   
  )(           )(     )

– (   
  )(             )(     )  – (   

  )(             )(     )  – (   
  )(           )(     ) ]

 
 
 
 

     

88 

    

  
 (   )

( )    

[
 
 
 
 (   

 )( )  (   
  )( )(     )  – (   

  )(     )(     )  – (   
  )(      )(     )   

 (   
  )(           )(   )    (   

  )(           )(     )  – (   
  )(           )(     )

– (   
  )(             )(     )  – (   

  )(             )(     )  – (   
  )(           )(     ) ]

 
 
 
 

     

89 
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 (   )

( )    

[
 
 
 
 (   

 )( )  (   
  )( )(     )  – (   

  )(     )(     )  – (   
  )(      )(     )   

 (   
  )(           )(   )    (   

  )(           )(     )  – (   
  )(           )(     )

– (   
  )(             )(     )  – (   

  )(             )(     )  – (   
  )(           )(     ) ]

 
 
 
 

     

90 

  

 (   
  )( )(     )    (   

  )( )(     )     (   
  )( )(     )                                      

                          

 (   
  )(     )(     )    (   

  )(     )(     )    (   
  )(     )(     )                                      

                            

 (   
  )(      )(     )    (   

  )(      )(     )    (   
  )(      )(     )                                     

                        

 (   
  )(           )(   )   (   

  )(           )(   )   (   
  )(           )(   )    are fourth detrition  coefficients 

for category 1, 2, and 3 

 (   
  )(           )(     ) ,  (   

  )(           )(     )   (   
  )(           )(     )   are fifth detrition  

coefficients for category 1, 2, and 3 

– (   
  )(           )(     ) , – (   

  )(           )(     )  – (   
  )(           )(     )   are sixth detrition 

coefficients for category 1, 2, and 3 

– (   
  )(             )(     ) ,  – (   

  )(             )(     ) , – (   
  )(             )(     )  are seventh detrition 

coefficients for category 1, 2, and 3 

– (   
  )(             )(     )  , – (   

  )(             )(     )  , – (   
  )(             )(     )   

are eighth detrition coefficients for category 1, 2, and 3 

– (   
  )(           )(     )  , – (   

  )(           )(     )  , – (   
  )(           )(     )  are ninth detrition 

coefficients for category 1, 2, and 3 

 

    

  

 (   )
( )    

[
 
 
 
 
 
(   

 )( )  (   
  )( )(     )   (   

  )(             )(     )   (   
  )(             )(     )   

 (   
  )(             )(     )   (   

  )(             )(     )   (   
  )(             )(     )  

 (   
  )(             )(     )   (   

  )(                )(     )   (   
  )(             )(     ) ]

 
 
 
 

     

91 

    

  

 (   )
( )    

[
 
 
 
 
 
(   

 )( )  (   
  )( )(     )   (   

  )(             )(     )   (   
  )(             )(     )   

 (   
  )(             )(     )   (   

  )(             )(     )   (   
  )(             )(     )  

 (   
  )(             )(     )   (   

  )(               )(     )   (   
  )(             )(     ) ]

 
 
 
 

     

92 

    

  

 (   )
( )    

[
 
 
 
 
 
(   

 )( )  (   
  )( )(     )   (   

  )(             )(     )   (   
  )(             )(     )  

 (   
  )(             )(     )   (   

  )(             )(     )   (   
  )(             )(     )

  

 (   
  )(             )(     )   (   

  )(               )(     )   (   
  )(             )(     ) ]

 
 
 
 

     

93 

Where (   
  )( )(     )   (   

  )( )(     )   (   
  )( )(     )   are first augmentation coefficients for 

category 1, 2 and 3  
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  (   
  )(             )(     )  ,  (   

  )(             )(     )  ,  (   
  )(             )(     )  are second  

augmentation coefficient for category 1, 2 and 3   

  (   
  )(             )(     )    (   

  )(             )(     )    (   
  )(             )(     )  are third  

augmentation coefficient for category 1, 2 and 3  

 (   
  )(             )(     )   ,  (   

  )(             )(     )  ,  (   
  )(             )(     )  are fourth 

augmentation coefficient for category 1, 2 and 3 

 (   
  )(             )(     )   (   

  )(             )(     )    (   
  )(             )(     )   are fifth  augmentation 

coefficient for category 1, 2 and 3 

 (   
  )(             )(     ) ,  (   

  )(             )(     )  ,  (   
  )(             )(     )   are sixth augmentation 

coefficient for category 1, 2 and 3 

 (   
  )(             )(     )  ,  (   

  )(             )(     )  ,  (   
  )(             )(     )   are seventh 

augmentation coefficient for category 1, 2 and 3 

 (   
  )(               )(     )  ,  (   

  )(               )(     )  ,  (   
  )(                )(     )  

are eighth augmentation coefficient for 1,2,3 

 (   
  )(             )(     )  ,  (   

  )(             )(     )  ,  (   
  )(             )(     )  are ninth augmentation 

coefficient for 1,2,3 

 
    

  
 

(   )
( )    

[
 
 
 
 
 
 

(   
 )( )  (   

  )( )(     )    (   
  )(             )(     )  – (   

  )(             )(     )  

– (   
  )(             )(     )  – (   

  )(             )(     )  – (   
  )(             )(     )  

 

– (   
  )(             )(   )  – (   

  )(               )(     )  – (   
  )(             )(     )

 

]
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(   )
( )    

[
 
 
 
 
 
(   

 )( )  (   
  )( )(     )    (   

  )(             )(     )  – (   
  )(             )(     )   

 (   
  )(             )(     )  – (   

  )(             )(     )  – (   
  )(             )(     )

 

– (   
  )(             )(   )  – (   

  )(               )(     )  – (   
  )(             )(     ) ]

 
 
 
 

     

 

    

  
 

(   )
( )    

[
 
 
 
 
 
(   

 )( )  (   
  )( )(     )    (   

  )(             )(     )  – (   
  )(             )(     )  

– (   
  )(             )(     )  – (   

  )(             )(     )  – (   
  )(             )(     )

 

– (   
  )(             )(   )  – (   

  )(               )(     )  – (   
  )(             )(     ) ]

 
 
 
 

     

 

Where  (   
  )( )(     )    (   

  )( )(     )    (   
  )( )(     )  are first detrition coefficients for 

category 1, 2 and 3    

 (   
  )(             )(     )    (   

  )(             )(     )    (   
  )(             )(     )   are second detrition 

coefficients for category 1, 2 and 3    

 (   
  )(             )(     )    (   

  )(             )(     )    (   
  )(             )(     )  are third  detrition 

coefficients for category 1, 2 and 3    

 (   
  )(             )(     )    (   

  )(             )(     )    (   
  )(             )(     )  are fourth  detrition 

coefficients for category 1, 2 and 3    
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 (   
  )(             )(     )  ,  (   

  )(             )(     )  ,  (   
  )(             )(     )  are fifth detrition 

coefficients for category 1, 2 and 3    

 (   
  )(             )(     )  ,  (   

  )(             )(     )  ,  (   
  )(             )(     )  are sixth detrition 

coefficients for category 1, 2 and 3   

– (   
  )(             )(   )  , – (   

  )(             )(   )  , – (   
  )(             )(   )  

 are seventh detrition coefficients for category 1, 2 and 3   

– (   
  )(               )(     )  , – (   

  )(               )(     )  , – (   
  )(               )(     )  are eighth detrition 

coefficients for category 1, 2 and 3   

– (   
  )(             )(     )  , – (   

  )(             )(     )  , – (   
  )(             )(     )  are ninth detrition 

coefficients for category 1, 2 and 3   
    

  
 (   )

( )   

 

[
 
 
 
 
 
(   

 )( )  (   
  )( )(     )   (   

  )(               )(     )   (   
  )(               )(     )   

 (   
  )(               )(     )   (   

  )(               )(     )   (   
  )(               )(     )  

 (   
  )(               )(     )   (   

  )(               )(     )   (   
  )(               )(     ) ]
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 (   )

( )   

 

[
 
 
 
 
 
(   

 )( )  (   
  )( )(     )   (   

  )(               )(     )   (   
  )(               )(     )   

 (   
  )(               )(     )   (   

  )(               )(     )   (   
  )(               )(     )  

 (   
  )(               )(     )   (   

  )(               )(     )   (   
  )(               )(     ) ]

 
 
 
 

     

 

    

  
 (   )

( )   

 

[
 
 
 
 
 
(   

 )( )  (   
  )( )(     )   (   

  )(               )(     )   (   
  )(               )(     )  

 (   
  )(               )(     )   (   

  )(               )(     )   (   
  )(               )(     )

  

 (   
  )(               )(     )   (   

  )(               )(     )   (   
  )(               )(     ) ]

 
 
 
 

     

 

Where  (   
  )( )(     )    (   

  )( )(     )    (   
  )( )(     )   are first augmentation coefficients for 

category 1, 2 and 3  

  (   
  )(               )(     )  ,  (   

  )(               )(     )  ,  (   
  )(               )(     )  are second  

augmentation coefficient for category 1, 2 and 3   

  (   
  )(               )(     )    (   

  )(               )(     )    (   
  )(               )(     )  are third  

augmentation coefficient for category 1, 2 and 3  

 (   
  )(               )(     )   ,  (   

  )(               )(     )  ,  (   
  )(               )(     )  are fourth 

augmentation coefficient for category 1, 2 and 3 

 (   
  )(               )(     )   (   

  )(               )(     )    (   
  )(               )(     )   are fifth  

augmentation coefficient for category 1, 2 and 3 

 (   
  )(               )(     ) ,  (   

  )(               )(     )  ,  (   
  )(               )(     )   are sixth 

augmentation coefficient for category 1, 2 and 3 
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 (   
  )(               )(     )   (   

  )(               )(     )   (   
  )(               )(     )  are seventh 

augmentation coefficient for 1,2,3 

 (   
  )(               )(     )  ,  (   

  )(               )(     )  ,  (   
  )(               )(     )  are eighth 

augmentation coefficient for 1,2,3 

 (   
  )(               )(     )  ,  (   

  )(               )(     )  ,  (   
  )(               )(     )  are ninth 

augmentation coefficient for 1,2,3 

 
    

  
 

(   )
( )    

[
 
 
 
 
 

 

(   
 )( )  (   

  )( )(     )    (   
  )(               )(     )  – (   

  )(               )(     )  

– (   
  )(               )(     )  – (   

  )(               )(     )  – (   
  )(               )(     )  

– (   
  )(               )(   )  – (   

  )(               )(     )  – (   
  )(               )(     )

 ]
 
 
 
 
 

     

 

    

  
 

(   )
( )    

[
 
 
 
 
 
(   

 )( )  (   
  )( )(     )    (   

  )(               )(     )  – (   
  )(               )(     )   

 (   
  )(               )(     )  – (   

  )(               )(     )  – (   
  )(               )(     )

 

– (   
  )(               )(   )  – (   

  )(               )(     )  – (   
  )(               )(     ) ]

 
 
 
 

     

 

    

  
 

(   )
( )    

[
 
 
 
 
 
(   

 )( )  (   
  )( )(     )    (   

  )(               )(     )  – (   
  )(               )(     )  

– (   
  )(               )(     )  – (   

  )(               )(     )  – (   
  )(               )(     )

 

– (   
  )(               )(   )  – (   

  )(               )(     )  – (   
  )(               )(     ) ]

 
 
 
 

     

 

Where  (   
  )( )(     )    (   

  )( )(     )    (   
  )( )(     )  are first detrition coefficients for 

category 1, 2 and 3    

 (   
  )(               )(     )    (   

  )(               )(     )    (   
  )(               )(     )   are second 

detrition coefficients for category 1, 2 and 3    

 (   
  )(               )(     )    (   

  )(               )(     )    (   
  )(               )(     )  are third  detrition 

coefficients for category 1, 2 and 3    

 (   
  )(               )(     )    (   

  )(               )(     )    (   
  )(               )(     )  are fourth  

detrition coefficients for category 1, 2 and 3    

 (   
  )(               )(     )  ,  (   

  )(               )(     )  ,  (   
  )(               )(     )  are fifth detrition 

coefficients for category 1, 2 and 3    

 (   
  )(        )(     )  ,  (   

  )(        )(     )  , – (   
  )(               )(   )  are sixth detrition coefficients 

for category 1, 2 and 3   

– (   
  )(               )(   )   – (   

  )(               )(   )  , – (   
  )(    )(     )  are seventh detrition 

coefficients for category 1, 2 and 3   

– (   
  )(               )(     )  , – (   

  )(               )(     )  , – (   
  )(               )(     )  are eighth detrition 

coefficients for category 1, 2 and 3   

– (   
  )(               )(     )  , – (   

  )(               )(     )  , – (   
  )(               )(     )  are ninth detrition 

coefficients for category 1, 2 and 3   
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 (   )

( )   

 

[
 
 
 
 
 

(   
 )( )  (   

  )( )(     )   (   
  )(                 )(     )   (   

  )(                 )(     )   

 (   
  )(                 )(     )   (   

  )(                 )(     )   (   
  )(                 )(     )  

 (   
  )(                 )(     )   (   

  )(                 )(     )   (   
  )(                 )(     ) ]
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 (   )

( )   

 

[
 
 
 
 
 

(   
 )( )  (   

  )( )(     )   (   
  )(                 )(     )   (   

  )(                 )(     )   

 (   
  )(                 )(     )   (   

  )(                 )(     )   (   
  )(                 )(     )  

 (   
  )(                 )(     )   (   

  )(                 )(     )   (   
  )(                 )(     ) ]

 
 
 
 

     

 

    

  
 (   )

( )   

 

[
 
 
 
 
 

(   
 )( )  (   

  )( )(     )   (   
  )(                 )(     )   (   

  )(                 )(     )  

 (   
  )(                 )(     )   (   

  )(                 )(     )   (   
  )(                 )(     )

  

 (   
  )(                 )(     )   (   

  )(                 )(     )   (   
  )(                 )(     ) ]

 
 
 
 

     

 

Where  (   
  )( )(     )    (   

  )( )(     )    (   
  )( )(     )   are first augmentation coefficients for 

category 1, 2 and 3  

  (   
  )(                 )(     )  ,  (   

  )(                 )(     )  ,  (   
  )(                 )(     )  are second  

augmentation coefficient for category 1, 2 and 3   

  (   
  )(                 )(     )    (   

  )(                 )(     )    (   
  )(                 )(     )  are third  

augmentation coefficient for category 1, 2 and 3  

 (   
  )(                 )(     )   ,  (   

  )(                 )(     )  ,  (   
  )(                 )(     )  are fourth 

augmentation coefficient for category 1, 2 and 3 

 (   
  )(                 )(     )   (   

  )(                 )(     )    (   
  )(                 )(     )   are fifth  

augmentation coefficient for category 1, 2 and 3 

 (   
  )(                 )(     ) ,  (   

  )(                 )(     )  ,  (   
  )(                 )(     )   are sixth 

augmentation coefficient for category 1, 2 and 3 

 (   
  )(                 )(     )  ,  (   

  )(                 )(     )  ,  (   
  )(                 )(     )   are Seventh 

augmentation coefficient for category 1, 2 and 3 

 (   
  )(                 )(     )   (   

  )(                 )(     )   (   
  )(                 )(     )  are eighth 

augmentation coefficient for 1,2,3 

 (   
  )(                 )(     )  ,  (   

  )(                 )(     ) ,  (   
  )(                 )(     )  are ninth 

augmentation coefficient for 1,2,3 

 

 

    

  
 

(   )
( )    

 



International Journal of Scientific and Research Publications, Volume 3, Issue 9, September 2013 23 

ISSN 2250-3153  
 

[
 
 
 
 
 
 

(   
 )( )  (   

  )( )(     )    (   
  )(                 )(     )  – (   

  )(                 )(     )  

– (   
  )(                 )(     )  – (   

  )(                 )(     )  – (   
  )(                 )(     )  

 

– (   
  )(                 )(   )  – (   

  )(                 )(     )  – (   
  )(                 )(     )

 

]
 
 
 
 
 

     

    

  
 

(   )
( )    

[
 
 
 
 
 
(   

 )( )  (   
  )( )(     )    (   

  )(               )(     )  – (   
  )(               )(     )   

 (   
  )(               )(     )  – (   

  )(               )(     )  – (   
  )(               )(     )

 

– (   
  )(               )(   )  – (   

  )(               )(     )  – (   
  )(                 )(     ) ]

 
 
 
 

     

 

    

  
 

(   )
( )    

[
 
 
 
 
 
(   

 )( )  (   
  )( )(     )    (   

  )(               )(     )  – (   
  )(               )(     )  

– (   
  )(               )(     )  – (   

  )(               )(     )  – (   
  )(               )(     )

 

– (   
  )(               )(   )  – (   

  )(               )(     )  – (   
  )(                 )(     ) ]

 
 
 
 

     

 

Where  (   
  )( )(     )    (   

  )( )(     )    (   
  )( )(     )  are first detrition coefficients for 

category 1, 2 and 3    

 (   
  )(                 )(     )    (   

  )(                 )(     )    (   
  )(                 )(     )   are second 

detrition coefficients for category 1, 2 and 3    

 (   
  )(               )(     )    (   

  )(               )(     )    (   
  )(               )(     )  are third  detrition 

coefficients for category 1, 2 and 3    

 (   
  )(               )(     )    (   

  )(               )(     )    (   
  )(               )(     )  are fourth  

detrition coefficients for category 1, 2 and 3    

 (   
  )(               )(     )  ,  (   

  )(               )(     )  ,  (   
  )(               )(     )  are fifth detrition 

coefficients for category 1, 2 and 3    

 (   
  )(               )(     )  ,  (   

  )(               )(     )  ,  (   
  )(               )(     )  are sixth detrition 

coefficients for category 1, 2 and 3   

– (   
  )(               )(   )  , – (   

  )(               )(   )  , – (   
  )(                 )(   )  are seventh detrition 

coefficients for category 1, 2 and 3   

– (   
  )(               )(     )   – (   

  )(               )(     )  , – (   
  )(               )(     )  are eighth detrition 

coefficients for category 1, 2 and 3   

– (   
  )(                 )(     )  , – (   

  )(                 )(     )  , – (   
  )(                 )(     )  are ninth  

detrition coefficients for category 1, 2 and 3   

 

Where we suppose  

 (  )
( ) (  

 )( ) (  
  )( ) (  )

( ) (  
 )( ) (  

  )( )                       

 

 The functions (  
  )( ) (  

  )( ) are positive continuous increasing and bounded. 

 

Definition of (  )
( )   (  )

( ): 

     (  
  )( )(     )  (  )

( )  (  ̂   )
( )  
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     (  
  )( )(   )    (  )

( )  (  
 )( )  (  ̂   )

( ) 

        (  
  )( ) (     )  (  )

( )  

      (  
  )( ) (   )    (  )

( )      

Definition of (  ̂   )
( ) (  ̂   )

( ) : 

Where (  ̂   )
( ) (  ̂   )

( ) (  )
( )   (  )

( )  are positive constants and              

98 

They satisfy  Lipschitz condition: 

   (  
  )( )(   

   )  (  
  )( )(     )  (  ̂   )

( )         
    (  ̂   )( )   

 (  
  )( )(    )  (  

  )( )(   )  (  ̂   )
( )          (  ̂   )( )   

99 

With the Lipschitz condition, we place a restriction on the behavior of functions 

(  
  )( )(   

   )   and(  
  )( )(     )   (   

   ) and (     ) are points belonging to the interval  

[(  ̂   )
( ) (  ̂   )

( )] . It is to be noted that (  
  )( )(     ) is uniformly continuous. In the eventuality of 

the fact, that if (  ̂   )
( )    then the function  (  

  )( )(     ) , the first augmentation coefficient 

attributable to the system, would be absolutely continuous.  

 

Definition of (  ̂   )
( ) (  ̂   )

( ) : 

 (  ̂   )
( ) (  ̂   )

( )   are positive constants 

 

  
(  )

( )

(  ̂   )( )    
(  )

( )

(  ̂   )( )    

100 

Definition of (  ̂   )
( ) (  ̂   )

( ) : 

 There exists two constants (  ̂   )
( ) and (  ̂   )

( )which together  With (  ̂   )
( ) (  ̂   )

( ) ( ̂  )
( )  

and  (  ̂   )
( )  and the constants (  )

( ) (  
 )( ) (  )

( ) (  
 )( ) (  )

( )   (  )
( )             

satisfy the inequalities  

 

(  ̂   )( )   (  )
( )  (  

 )( )    (  ̂   )
( )   (  ̂   )

( ) (  ̂   )
( )     

 

(  ̂   )( )    (  )
( )  (  

 )( )    (  ̂   )
( )   (  ̂   )

( )  (  ̂   )
( )     

101 

Where we suppose  

 (  )
( ) (  

 )( ) (  
  )( ) (  )

( ) (  
 )( ) (  

  )( )                        

 The functions (  
  )( ) (  

  )( ) are positive continuous increasing and bounded.  

Definition of (  )
( )   (  )

( ):  

(  
  )( )(     )  (  )

( )  (  ̂   )
( )

  102 
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(  
  )( )(     )    (  )

( )  (  
 )( )  (  ̂   )

( )  103 

    
    

(  
  )( ) (     )  (  )

( ) 104 

       (  
  )( ) ((   )  )    (  )

( )  105 

Definition of (  ̂   )
( ) (  ̂   )

( ) : 

Where (  ̂   )
( ) (  ̂   )

( ) (  )
( )   (  )

( ) are positive constants  and              

106 

They satisfy  Lipschitz condition:  

 (  
  )( )(   

   )  (  
  )( )(     )  (  ̂   )

( )         
    (  ̂   )( )   107 

 (  
  )( )((   )

   )  (  
  )( )((   )  )  (  ̂   )

( )  (   )  (   )
     (  ̂   )( )   108 

With the Lipschitz condition, we place a restriction on the behavior of functions (  
  )( )(   

   )   

and(  
  )( )(     )  . (   

   ) and (     ) are points belonging to the interval  [(  ̂   )
( ) (  ̂   )

( )] . It is 

to be noted that (  
  )( )(     ) is uniformly continuous. In the eventuality of the fact, that if 

(  ̂   )
( )    then the function  (  

  )( )(     ) , the first augmentation coefficient attributable to the 

system, would be absolutely continuous.  

 

Definition of (  ̂   )
( ) (  ̂   )

( ) :  

 (  ̂   )
( ) (  ̂   )

( )   are positive constants 

 

      
(  )

( )

(  ̂   )( )    
(  )

( )

(  ̂   )( )    

109 

Definition of (  ̂   )
( ) (  ̂   )

( ) : 

There exists two constants (  ̂   )
( ) and (  ̂   )

( ) which together 

with (  ̂   )
( ) (  ̂   )

( ) ( ̂  )
( )    (  ̂   )

( )  and the constants 

(  )
( ) (  

 )( ) (  )
( ) (  

 )( ) (  )
( )   (  )

( )             

  satisfy the inequalities  

 

 

(  ̂   )( )   (  )
( )  (  

 )( )    (  ̂   )
( )   (  ̂   )

( ) (  ̂   )
( )     110 

 

(  ̂   )( )    (  )
( )  (  

 )( )    (  ̂   )
( )   (  ̂   )

( )  (  ̂   )
( )     111 

Where we suppose  

    (  )
( ) (  

 )( ) (  
  )( ) (  )

( ) (  
 )( ) (  

  )( )                       

 

The functions (  
  )( ) (  

  )( ) are positive continuous increasing and bounded. 

Definition of (  )
( )   (  )

( ): 
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     (  
  )( )(     )  (  )

( )  (  ̂   )
( )  

     (  
  )( )(     )    (  )

( )  (  
 )( )  (  ̂   )

( ) 

       (  
  )( ) (     )  (  )

( )  

      (  
  )( ) (     )    (  )

( )           

 Definition of (  ̂   )
( ) (  ̂   )

( ) : 

Where (  ̂   )
( ) (  ̂   )

( ) (  )
( )   (  )

( )  are positive constants   and              

113 

They satisfy  Lipschitz condition: 

 (  
  )( )(   

   )  (  
  )( )(     )  (  ̂   )

( )         
    (  ̂   )( )   

 (  
  )( )(   

   )  (  
  )( )(     )  (  ̂   )

( )         
     (  ̂   )( )   
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With the Lipschitz condition, we place a restriction on the behavior of functions (  
  )( )(   

   )   

and(  
  )( )(     )  . (   

   ) And (     ) are points belonging to the interval  [(  ̂   )
( ) (  ̂   )

( )] . It is 

to be noted that (  
  )( )(     ) is uniformly continuous. In the eventuality of the fact, that if 

(  ̂   )
( )    then the function  (  

  )( )(     ) , the first augmentation coefficient attributable to the 

system, would be absolutely continuous.  

 

Definition of (  ̂   )
( ) (  ̂   )

( ) : 

 (  ̂   )
( ) (  ̂   )

( )   are positive constants 

      
(  )

( )

(  ̂   )( )    
(  )

( )

(  ̂   )( )    

115 

There exists two constants There exists two constants (  ̂   )
( ) and (  ̂   )

( ) which together with 

(  ̂   )
( ) (  ̂   )

( ) ( ̂  )
( )    (  ̂   )

( )  and the constants 

(  )
( ) (  

 )( ) (  )
( ) (  

 )( ) (  )
( )   (  )
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satisfy the inequalities  
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Where we suppose  

(  )
( ) (  

 )( ) (  
  )( ) (  )

( ) (  
 )( ) (  

  )( )                       

 

 The functions (  
  )( ) (  

  )( ) are positive continuous increasing and bounded. 

 

Definition of (  )
( )   (  )

( ): 
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  )( )(     )  (  )

( )  (  ̂   )
( )  
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     (  
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( )  (  
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( ) 

         (  
  )( ) (     )  (  )

( ) 

      (  
  )( ) ((   )  )    (  )

( )         

Definition of (  ̂   )
( ) (  ̂   )

( ) : 

Where (  ̂   )
( ) (  ̂   )

( ) (  )
( )   (  )

( )  are positive constants and              
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   They satisfy  Lipschitz condition: 

 (  
  )( )(   

   )  (  
  )( )(     )  (  ̂   )

( )         
    (  ̂   )( )   

 (  
  )( )((   )

   )  (  
  )( )((   )  )  (  ̂   )

( )  (   )  (   )
     (  ̂   )( )   
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With the Lipschitz condition, we place a restriction on the behavior of functions (  
  )( )(   

   )   

and(  
  )( )(     )  . (   

   ) and (     ) are points belonging to the interval  [(  ̂   )
( ) (  ̂   )

( )] . It is 

to be noted that (  
  )( )(     ) is uniformly continuous. In the eventuality of the fact, that if 

(  ̂   )
( )    then the function  (  

  )( )(     ) , the first augmentation coefficient attributable to the 

system, would be absolutely continuous.  

 

Definition of (  ̂   )
( ) (  ̂   )

( ) : 

(  ̂   )
( ) (  ̂   )

( )   are positive constants 

 

(  )
( )

(  ̂   )( )    
(  )

( )

(  ̂   )( )     
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Definition of (  ̂   )
( ) (  ̂   )

( ) : 

There exists two constants (  ̂   )
( ) and (  ̂   )

( ) which together with 

(  ̂   )
( ) (  ̂   )

( ) ( ̂  )
( )    (  ̂   )

( )  and the constants 
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( ) (  
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Where we suppose  

(  )
( ) (  

 )( ) (  
  )( ) (  )

( ) (  
 )( ) (  

  )( )                      

 

The functions (  
  )( ) (  

  )( ) are positive continuous increasing and bounded. 

 

Definition of (  )
( )   (  )

( ): 

     (  
  )( )(     )  (  )

( )  (  ̂   )
( )  

122 



International Journal of Scientific and Research Publications, Volume 3, Issue 9, September 2013 28 

ISSN 2250-3153  
 

     (  
  )( )((   )  )    (  )

( )  (  
 )( )  (  ̂   )

( ) 

        (  
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Definition of (  ̂   )
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( ) : 

Where (  ̂   )
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( )  are positive constants  and              
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They satisfy  Lipschitz condition: 
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   )  (  
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    (  ̂   )( )   

 (  
  )( )((   )
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     (  ̂   )( )   
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With the Lipschitz condition, we place a restriction on the behavior of functions (  
  )( )(   

   )   

and(  
  )( )(     )  . (   

   ) and (     ) are points belonging to the interval  [(  ̂   )
( ) (  ̂   )

( )] . It is 

to be noted that (  
  )( )(     ) is uniformly continuous. In the eventuality of the fact, that if 

(  ̂   )
( )    then the function  (  

  )( )(     ) , the first augmentation coefficient attributable to the 

system, would be absolutely continuous.  

 

Definition of (  ̂   )
( ) (  ̂   )

( ) : 

(  ̂   )
( ) (  ̂   )

( )   are positive constants 

 

      
(  )

( )

(  ̂   )( )    
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( )

(  ̂   )( )    
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Definition of (  ̂   )
( ) (  ̂   )

( ) : 

There exists two constants (  ̂   )
( ) and (  ̂   )

( ) which together with 

(  ̂   )
( ) (  ̂   )

( ) ( ̂  )
( )    (  ̂   )

( )  and the constants 
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Where we suppose  

(  )
( ) (  

 )( ) (  
  )( ) (  )

( ) (  
 )( ) (  

  )( )                       

 

 The functions (  
  )( ) (  

  )( ) are positive continuous increasing and bounded. 

 

Definition of (  )
( )   (  )

( ): 
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  )( )(     )  (  )

( )  (  ̂   )
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They satisfy  Lipschitz condition: 
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With the Lipschitz condition, we place a restriction on the behavior of functions (  
  )( )(   

   )   

and(  
  )( )(     )  . (   

   ) and (     ) are points belonging to the interval  [(  ̂   )
( ) (  ̂   )

( )] . It is 

to be noted that (  
  )( )(     ) is uniformly continuous. In the eventuality of the fact, that if 

(  ̂   )
( )    then the function  (  

  )( )(     ) , the first augmentation coefficient attributable to the 

system, would be absolutely continuous.  
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Definition of (  ̂   )
( ) (  ̂   )

( ) : 

There exists two constants (  ̂   )
( ) and (  ̂   )

( ) which together with 
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Where we suppose 

 

 

(A) (  )
( ) (  

 )( ) (  
  )( ) (  )

( ) (  
 )( ) (  

  )( )                        

 

(B) The functions (  
  )( ) (  

  )( ) are positive continuous increasing and bounded. 

 

Definition of (  )
( )   (  )

( ): 
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With the Lipschitz condition, we place a restriction on the behavior of functions (  
  )( )(   

   )   

and(  
  )( )(     )  . (   

   ) and (     ) are points belonging to the interval  [(  ̂   )
( ) (  ̂   )

( )] . It is 

to be noted that (  
  )( )(     ) is uniformly continuous. In the eventuality of the fact, that if 

(  ̂   )
( )    then the function  (  

  )( )(     ) , the first augmentation coefficient attributable to the 

system, would be absolutely continuous.  

 

 

        Definition of (  ̂   )
( ) (  ̂   )

( ) : 

 

(E) (  ̂   )
( ) (  ̂   )

( )   are positive constants 
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           Definition of (  ̂   )
( ) (  ̂   )

( ) : 

 

(F) There exists two constants (  ̂   )
( ) and (  ̂   )

( ) which together with 
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( ) (  ̂   )
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 The functions (  
  )( ) (  

  )( ) are positive continuous increasing and bounded  

Definition of (  )
( )   (  )

( ): 
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  )( )(     )  (  )
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( )      
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Definition of (  ̂   )
( ) (  ̂   )

( ) : 

 

Where (  ̂   )
( ) (  ̂   )

( ) (  )
( )   (  )

( )  are positive constants and              

 

 

They satisfy  Lipschitz condition:  
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With the Lipschitz condition, we place a restriction on the behavior of functions  (  
  )( )(   

   )    and 

(  
  )( )(     )  . (   

   ) and (     ) are points belonging to the interval  [(  ̂   )
( ) (  ̂   )

( )] . It is to be 

noted that (  
  )( )(     ) is uniformly continuous. In the eventuality of the fact, that if (  ̂   )

( )    

then the function  (  
  )( )(     ) , the first augmentation coefficient attributable to the system, would 

be absolutely continuous.  

 

Definition of (  ̂   )
( ) (  ̂   )

( ) : 

 

 

 (  ̂   )
( ) (  ̂   )

( )   are positive constants 
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Definition of (  ̂   )
( ) (  ̂   )

( ) : 

 

 There exists two constants (  ̂   )
( ) and (  ̂   )

( ) which together with (  ̂   )
( ) (  ̂   )

( ) ( ̂  )
( )   

(  ̂   )
( )  and the constants (  )

( ) (  
 )( ) (  )
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 The functions (  
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  )( ) are positive continuous increasing and bounded. 
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            Where (  ̂   )
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With the Lipschitz condition, we place a restriction on the behavior of functions (  
  )( )(   

   )   

and(  
  )( )(     )  . (   

   ) and (     ) are points belonging to the interval  [(  ̂   )
( ) (  ̂   )

( )] . It is 

to be noted that (  
  )( )(     ) is uniformly continuous. In the eventuality of the fact, that if 

(  ̂   )
( )    then the function  (  

  )( )(     ) , the first augmentation coefficient attributable to the 
system, would be absolutely continuous.  
 

 

        Definition of (  ̂   )
( ) (  ̂   )

( ) : 
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Theorem 1: if the conditions   above are fulfilled, there exists a solution satisfying the conditions 

Definition of     ( )    ( ) : 

   ( )   (  ̂   )
( )

 (  ̂   )( )    ,        ( )    
    

  ( )   (  ̂   )
( ) (  ̂   )( )      ,         ( )    

    

147 

Theorem  2 : if the conditions   above are fulfilled, there exists a solution satisfying the conditions 

Definition of     ( )    ( ) 
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( ) (  ̂   )( )      ,         ( )    
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Theorem 3  : if the conditions   above are fulfilled, there exists a solution satisfying the conditions 

   ( )   (  ̂   )
( ) (  ̂   )( )    ,        ( )    
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( ) (  ̂   )( )      ,         ( )    
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Theorem 4  : if the conditions   above are fulfilled, there exists a solution satisfying the conditions 

Definition of     ( )    ( ) : 
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150 

Theorem 5 : if the conditions  above are fulfilled, there exists a solution satisfying the conditions 

Definition of     ( )    ( ) : 
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Theorem 6 : if the conditions   above are fulfilled, there exists a solution satisfying the conditions 

Definition of     ( )    ( ) : 
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( )
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  ( )   (  ̂   )
( ) (  ̂   )( )      ,         ( )    
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Theorem 7: if the conditions   above are fulfilled, there exists a solution satisfying the conditions 

 

          Definition of     ( )    ( ) : 
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Theorem 8: if the conditions   above are fulfilled, there exists a solution satisfying the conditions 

 

Definition of     ( )    ( ) : 
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A 

Theorem 9: if the conditions   above are fulfilled, there exists a solution satisfying the conditions 

          Definition of     ( )    ( ) : 
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B 

Proof: Consider operator   ( )  defined on the space of sextuples of continuous functions            

   which satisfy                                           
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By 
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Where  (  )  is the integrand that is integrated over an interval (   ) 
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Consider operator   ( )  defined on the space of sextuples of continuous functions               
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Where  (  )  is the integrand that is integrated over an interval (   ) 

 

 

The operator  ( ) maps the space of functions satisfying Equations into itself .Indeed it is obvious that 
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 From which it follows that 
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 (  ̂   )
( )]  

(  
 ) is as defined in the statement of theorem 1 
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Analogous inequalities hold also for                        

The operator  ( ) maps the space of functions satisfying Equations into itself .Indeed it is obvious 
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Analogous inequalities hold also for                        

The operator  ( ) maps the space of functions satisfying Equations into itself .Indeed it is obvious 

that 

    ( )     
  ∫ [(   )

( ) (   
  (  ̂   )

( ) (  ̂   )( ) (  ))] 
 

 
  (  )    

           (  (   )
( ) )   

  
(   )( )(  ̂   )( )

(  ̂   )( ) ( (  ̂   )( )   )  

171 

 From which it follows that 

(   ( )     
 )  (  ̂   )( )  

(   )( )

(  ̂   )( ) [((  ̂   )
( )     

 ) 
(  

(  ̂   )( )    
 

   
 )

 (  ̂   )
( )]  

172 

Analogous inequalities hold also for                        
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The operator  ( ) maps the space of functions satisfying Equations into itself .Indeed it is obvious 
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The operator  ( ) maps the space of functions satisfying Equations into itself .Indeed it is obvious 

that 
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Analogous inequalities hold also for                       
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(a) The operator  ( ) maps the space of functions satisfying Equations into itself .Indeed it is 

obvious that 

 

    ( )     
  ∫ [(   )

( ) (   
  (  ̂   )

( ) (  ̂   )( ) (  ))] 
 

 
  (  )    

           (  (   )
( ) )   

  
(   )( )(  ̂   )( )

(  ̂   )( ) ( (  ̂   )( )   )  

 

178 

 

 From which it follows that 

(   ( )     
 )  (  ̂   )( )  

(   )( )

(  ̂   )( ) [((  ̂   )
( )     

 ) 
(  

(  ̂   )( )    
 

   
 )

 (  ̂   )
( )]  

(  
 ) is as defined in the statement of theorem 7 

 

 

The operator  ( ) maps the space of functions satisfying Equations into itself .Indeed it is obvious that  

    ( )     
  ∫ [(   )

( ) (   
  (  ̂   )

( ) (  ̂   )( ) (  ))] 
 

 
  (  )    

           (  (   )
( ) )   

  
(   )( )(  ̂   )( )

(  ̂   )( ) ( (  ̂   )( )   )  

 

180 

 From which it follows that 

(   ( )     
 )  (  ̂   )( )  

(   )( )

(  ̂   )( ) [((  ̂   )
( )     

 ) 
(  

(  ̂   )( )    
 

   
 )

 (  ̂   )
( )]  

(  
 ) is as defined in the statement of theorem 8 

181 



International Journal of Scientific and Research Publications, Volume 3, Issue 9, September 2013 42 

ISSN 2250-3153  
 

Analogous inequalities hold also for                       

 

 The operator  ( ) maps the space of functions satisfying 34,35,36 into itself .Indeed it is obvious 

that 
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Analogous inequalities hold also for                       
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In order that the operator  ( ) transforms the space of sextuples of functions        satisfying 

Equations into itself 

 

The operator  ( ) is a contraction with respect to the metric  

 (( ( )  ( )) ( ( )  ( )))    

   
 

    
    

 

 |  
( )( )    

( )( )|  ( ̂  )( )     
    

 |  
( )( )    

( )( )|  ( ̂  )( )    
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 Indeed if we denote   

Definition of  ̃  ̃ : (  ̃  ̃ )   ( )(   ) 

It results 

| ̃  
( )

  ̃ 
( )

|  ∫ (   )
( ) 
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( )
    

( )
|  (  ̂  )( ) (  ) (  ̂  )( ) (  )   (  )    
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Where  (  ) represents integrand that is integrated over the interval       

From the hypotheses it follows 

| ( )   ( )|  (  ̂  )( )  
 

(  ̂  )( ) ((   )
( )   (   

 )( )  (  ̂  )
( )  (  ̂  )

( )(  ̂  )
( )) (( ( )  ( )   ( )  ( )))  

And analogous inequalities for          . Taking into account the hypothesis the result follows 
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Remark 1: The fact that we supposed (   
  )( )     (   

  )( ) depending also on   can be considered as not 

conformal with the reality, however we have put this hypothesis ,in order that we can postulate 

condition necessary to prove the uniqueness of the solution bounded by 

(  ̂  )
( ) (  ̂  )( )      (  ̂  )

( ) (  ̂  )( )  respectively of     

If instead of proving the existence of the solution on   , we have to prove it only on a compact then it 

suffices to consider that (  
  )( )     (  

  )( )            depend only on     and respectively on 

 (             ) and hypothesis can replaced by a usual Lipschitz condition. 

 

Remark 2: There does not exist any    where    ( )           ( )      

From 19 to 24 it results  

   ( )    
  [ ∫ {(  

 )( ) (  
  )( )(   ( (  ))  (  ))}  (  )
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  ( (  

 )( ) )      for     

 

Definition of  ((  ̂  )
( ))
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( ))
 
     ((  ̂  )
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 : 

Remark 3: if     is bounded, the same property have also              . indeed if  

    (  ̂  )
( ) it follows 

    

  
 ((  ̂  )

( ))
 
 (   

 )( )    and by integrating  
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( )((  ̂  )
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 (   
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In the same way , one can obtain 

    ((  ̂  )
( ))

 
    

   (   )
( )((  ̂  )

( ))
 
 (   

 )( )  

 If             is bounded, the same property follows for           and            respectively. 
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Remark 4: If         bounded, from below, the same property holds for                The proof is 

analogous with the preceding one. An analogous property is true if     is bounded from below. 
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 Remark 5: If       is bounded from below and       ((  
  )( ) ( ( )  ))  (   

 )( ) then         

Definition of  ( )( )        : 

Indeed let     be so that for        
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( )  (  

  )( )( ( )  )         ( )  ( )( )  
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Then  
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( )( )( )        which leads to  

     (
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) (       )     

        If we take    such that         
 

 
  it results  

     (
(   )( )( )( )

 
)           

 

  
  By taking now      sufficiently small one sees that      is unbounded. 

The same property holds for      if       (   
  )( ) ( ( )  )  (   

 )( ) 

We now state a more precise theorem about the behaviors at infinity of the solutions of  equations  
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In order that the operator  ( ) transforms the space of sextuples of functions        satisfying 

Equations into itself 
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The operator  ( ) is a contraction with respect to the metric  
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Indeed if we denote   

Definition of    ̃    ̃ :   (    ̃    ̃ )   ( )(       ) 
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Where  (  ) represents integrand that is integrated over the interval       

From the hypotheses it follows 
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And analogous inequalities for          . Taking into account the hypothesis the result follows 198 

Remark 6: The fact that we supposed (   
  )( )     (   

  )( ) depending also on   can be considered as not 

conformal with the reality, however we have put this hypothesis ,in order that we can postulate 

condition necessary to prove the uniqueness of the solution bounded by 

(  ̂  )
( ) (  ̂  )( )      (  ̂  )

( ) (  ̂  )( )  respectively of     

If instead of proving the existence of the solution on   , we have to prove it only on a compact then it 

suffices to consider that (  
  )( )     (  

  )( )            depend only on     and respectively on 

(   )(             ) and hypothesis can replaced by a usual Lipschitz condition. 
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Remark 7: There does not exist any    where    ( )           ( )      

it results  

   ( )    
  [ ∫ {(  

 )( ) (  
  )( )(   ( (  ))  (  ))}  (  )
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  ( (  

 )( ) )      for     
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Definition of  ((  ̂  )
( ))

 
  ((  ̂  )

( ))
 
     ((  ̂  )

( ))
 

 : 

Remark 8: if     is bounded, the same property have also              . indeed if  

    (  ̂  )
( ) it follows 

    

  
 ((  ̂  )

( ))
 
 (   

 )( )    and by integrating  

    ((  ̂  )
( ))

 
    

   (   )
( )((  ̂  )

( ))
 
 (   

 )( )  

In the same way , one can obtain 

    ((  ̂  )
( ))
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( )((  ̂  )

( ))
 
 (   

 )( )  

 If             is bounded, the same property follows for           and            respectively. 
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Remark 9: If         bounded, from below, the same property holds for                The proof is 

analogous with the preceding one. An analogous property is true if     is bounded from below. 
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 Remark 10: If       is bounded from below and       ((  
  )( ) ((   )( )  ))  (   

 )( ) then         203 
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Definition of  ( )( )        : 

Indeed let     be so that for        

(   )
( )  (  

  )( )((   )( )  )         ( )  ( )( )  

Then  
     

  
 (   )

( )( )( )        which leads to  

     (
(   )( )( )( )

  
) (       )     

        If we take    such that         
 

 
  it results  
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    (
(   )( )( )( )

 
)           

 

  
  By taking now      sufficiently small one sees that     is unbounded. 

The same property holds for      if       (   
  )( ) ((   )( )  )  (   

 )( ) 

We now state a more precise theorem about the behaviors at infinity of the solutions of  equations  
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It is now sufficient to take 
(  )

( )

(  ̂   )( )    
(  )

( )

(  ̂   )( )     and to choose 

(  ̂   )
( )     (  ̂   )

( ) large to have 
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In order that the operator  ( ) transforms the space of sextuples of functions        satisfying 

Equations into itself 
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The operator  ( ) is a contraction with respect to the metric  
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Indeed if we denote   

Definition of    ̃    ̃ :( (   )̃ (   )̃ )   ( )((   ) (   )) 
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It results 
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Where  (  ) represents integrand that is integrated over the interval       

From the hypotheses it follows 
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And analogous inequalities for          . Taking into account the hypothesis the result follows 
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Remark 11: The fact that we supposed (   
  )( )     (   

  )( ) depending also on   can be considered as 

not conformal with the reality, however we have put this hypothesis ,in order that we can postulate 

condition necessary to prove the uniqueness of the solution bounded by 

(  ̂  )
( ) (  ̂  )( )      (  ̂  )

( ) (  ̂  )( )  respectively of     

If instead of proving the existence of the solution on   , we have to prove it only on a compact then it 

suffices to consider that (  
  )( )     (  

  )( )            depend only on     and respectively on 

(   )(             ) and hypothesis can replaced by a usual Lipschitz condition. 
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Remark 12: There does not exist any    where    ( )           ( )      

it results  

   ( )    
  [ ∫ {(  

 )( ) (  
  )( )(   ( (  ))  (  ))}  (  )
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Definition of  ((  ̂  )
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     ((  ̂  )
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Remark 13: if     is bounded, the same property have also              . indeed if  

    (  ̂  )
( ) it follows 
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 )( )    and by integrating  
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In the same way , one can obtain 
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 If             is bounded, the same property follows for           and            respectively. 

Remark 14: If         bounded, from below, the same property holds for                The proof is 

analogous with the preceding one. An analogous property is true if     is bounded from below. 
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 Remark 15: If       is bounded from below and       ((  
  )( ) ((   )( )  ))  (   

 )( ) then         

Definition of  ( )( )        : 

Indeed let     be so that for        

(   )
( )  (  

  )( )((   )( )  )         ( )  ( )( )  
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Then  
     

  
 (   )

( )( )( )        which leads to  

     (
(   )( )( )( )

  
) (       )     

        If we take    such that         
 

 
  it results  

     (
(   )( )( )( )

 
)           

 

  
  By taking now      sufficiently small one sees that      is unbounded. 

The same property holds for      if       (   
  )( ) ((   )( )  )  (   

 )( ) 

We now state a more precise theorem about the behaviors at infinity of the solutions of  equations  
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It is now sufficient to take 
(  )

( )

(  ̂   )( )    
(  )

( )

(  ̂   )( )     and to choose 
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( )     (  ̂   )

( ) large to have 
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In order that the operator  ( ) transforms the space of sextuples of functions        satisfying 

Equations into itself 
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The operator  ( ) is a contraction with respect to the metric  
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Indeed if we denote   

Definition of (   )̃ (   )̃ :    ( (   )̃ (   )̃ )   ( )((   ) (   )) 
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It results 
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Where  (  ) represents integrand that is integrated over the interval       

From the hypotheses on Equations it follows 
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And analogous inequalities for          . Taking into account the hypothesis the result follows 
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Remark 16: The fact that we supposed (   
  )( )     (   

  )( ) depending also on   can be considered as 

not conformal with the reality, however we have put this hypothesis ,in order that we can postulate 

condition necessary to prove the uniqueness of the solution bounded by 

(  ̂  )
( ) (  ̂  )( )      (  ̂  )

( ) (  ̂  )( )  respectively of     

If instead of proving the existence of the solution on   , we have to prove it only on a compact then it 

suffices to consider that (  
  )( )     (  

  )( )            depend only on     and respectively on 

(   )(             ) and hypothesis can replaced by a usual Lipschitz condition. 
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Remark 17: There does not exist any    where    ( )           ( )      

it results  
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  [ ∫ {(  
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Definition of  ((  ̂  )
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Remark 18: if     is bounded, the same property have also              . indeed if  

    (  ̂  )
( ) it follows 
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 If             is bounded, the same property follows for           and            respectively. 

Remark 19: If         bounded, from below, the same property holds for                The proof is 

analogous with the preceding one. An analogous property is true if     is bounded from below. 
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Remark 20: If       is bounded from below and       ((  
  )( ) ((   )( )  ))  (   

 )( ) then         

Definition of  ( )( )        : 

Indeed let     be so that for        

(   )
( )  (  

  )( )((   )( )  )         ( )  ( )( )  
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Then  
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( )( )( )        which leads to  
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) (       )     

        If we take    such that         
 

 
  it results  
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(   )( )( )( )
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  By taking now      sufficiently small one sees that      is unbounded. 

The same property holds for      if       (   
  )( ) ((   )( )  )  (   

 )( ) 

We now state a more precise theorem about the behaviors at infinity of the solutions of  equations 37 

to 42 

Analogous inequalities hold also for                       
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It is now sufficient to take 
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In order that the operator  ( ) transforms the space of sextuples of functions        satisfying 

Equations into itself 

 

The operator  ( ) is a contraction with respect to the metric  
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Definition of (   )̃ (   )̃ :    ( (   )̃ (   )̃ )   ( )((   ) (   )) 

It results 
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Where  (  ) represents integrand that is integrated over the interval       

From the hypotheses on   it follows 
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And analogous inequalities for          . Taking into account the hypothesis   the result follows 
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Remark 21: The fact that we supposed (   
  )( )     (   

  )( ) depending also on   can be considered as 

not conformal with the reality, however we have put this hypothesis ,in order that we can postulate 

condition necessary to prove the uniqueness of the solution bounded by 

(  ̂  )
( ) (  ̂  )( )      (  ̂  )

( ) (  ̂  )( )  respectively of     

If instead of proving the existence of the solution on   , we have to prove it only on a compact then it 

suffices to consider that (  
  )( )     (  

  )( )            depend only on     and respectively on 

(   )(             ) and hypothesis can replaced by a usual Lipschitz condition. 
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Remark 22: There does not exist any    where    ( )           ( )      

  it results  
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Definition of  ((  ̂  )
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Remark 23: if     is bounded, the same property have also              . indeed if  

    (  ̂  )
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 )( )    and by integrating  
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In the same way , one can obtain 
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 If             is bounded, the same property follows for           and            respectively. 

Remark 24: If         bounded, from below, the same property holds for                The proof is 

analogous with the preceding one. An analogous property is true if     is bounded from below. 
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Remark 25: If       is bounded from below and       ((  
  )( ) ((   )( )  ))  (   

 )( ) then         

Definition of  ( )( )        : 

Indeed let     be so that for        
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  )( )((   )( )  )         ( )  ( )( ) 
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Then  
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( )( )( )        which leads to  
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        If we take    such that         
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  By taking now      sufficiently small one sees that      is unbounded. 

The same property holds for      if       (   
  )( ) ((   )( )  )  (   

 )( ) 

We now state a more precise theorem about the behaviors at infinity of the solutions of  equations   

Analogous inequalities hold also for                       
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It is now sufficient to take 
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In order that the operator  ( ) transforms the space of sextuples of functions        satisfying 

Equations into itself 

 

The operator  ( ) is a contraction with respect to the metric  
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 Indeed if we denote   

Definition of (   )̃ (   )̃ :    ( (   )̃ (   )̃ )   ( )((   ) (   )) 

It results 
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Where  (  ) represents integrand that is integrated over the interval       

From the hypotheses   it follows 
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And analogous inequalities for          . Taking into account the hypothesis   the result follows 
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Remark 26: The fact that we supposed (   
  )( )     (   

  )( ) depending also on   can be considered as 

not conformal with the reality, however we have put this hypothesis ,in order that we can postulate 

condition necessary to prove the uniqueness of the solution bounded by 

(  ̂  )
( ) (  ̂  )( )      (  ̂  )

( ) (  ̂  )( )  respectively of     

If instead of proving the existence of the solution on   , we have to prove it only on a compact then it 

suffices to consider that (  
  )( )     (  

  )( )            depend only on     and respectively on 

(   )(             ) and hypothesis can replaced by a usual Lipschitz condition. 
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Remark 27: There does not exist any    where    ( )           ( )      

  it results  

   ( )    
  [ ∫ {(  

 )( ) (  
  )( )(   ( (  ))  (  ))}  (  )

 
 ]     

   ( )    
  ( (  

 )( ) )      for     

250 
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Remark 28: if     is bounded, the same property have also              . indeed if  
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In the same way , one can obtain 
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 If             is bounded, the same property follows for           and            respectively. 

Remark 29: If         bounded, from below, the same property holds for                The proof is 

analogous with the preceding one. An analogous property is true if     is bounded from below. 
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Remark 30: If       is bounded from below and       ((  
  )( ) ((   )( )  ))  (   

 )( ) then         

Definition of  ( )( )        : 

Indeed let     be so that for        
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  )( ) ((   )( )  ( )  )  (   

 )( ) 

We now state a more precise theorem about the behaviors at infinity of the solutions of  equations   
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Analogous inequalities hold also for                       
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In order that the operator  ( ) transforms the space of sextuples of functions        satisfying 

Equations into itself 

 

The operator  ( ) is a contraction with respect to the metric  
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Indeed if we denote   
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And analogous inequalities for          . Taking into account the hypothesis   the result follows 
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Remark 31: The fact that we supposed (   
  )( )     (   

  )( ) depending also on   can be considered as 

not conformal with the reality, however we have put this hypothesis ,in order that we can postulate 

condition necessary to prove the uniqueness of the solution bounded by 

(  ̂  )
( ) (  ̂  )( )      (  ̂  )

( ) (  ̂  )( )  respectively of     

 

If instead of proving the existence of the solution on   , we have to prove it only on a compact then it 

suffices to consider that (  
  )( )     (  

  )( )            depend only on     and respectively on 

(   )(             ) and hypothesis can replaced by a usual Lipschitz condition. 
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  By taking now      sufficiently small one sees that      is unbounded. 
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We now state a more precise theorem about the behaviors at infinity of the solutions of  equations  
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In order that the operator  ( ) transforms the space of sextuples of functions        satisfying 

Equations into itself 

 

The operator  ( ) is a contraction with respect to the metric  
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Where  (  ) represents integrand that is integrated over the interval       

 

From the hypotheses it follows 
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And analogous inequalities for          . Taking into account the hypothesis the result follows 
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Remark 36: The fact that we supposed (   
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In order that the operator  ( ) transforms the space of sextuples of functions        satisfying 39,35,36 
into itself 

 

The operator  ( ) is a contraction with respect to the metric   
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Where  (  ) represents integrand that is integrated over the interval       
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And analogous inequalities for          . Taking into account the hypothesis (39,35,36) the result 
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Remark 41: The fact that we supposed (   
  )( )     (   
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not conformal with the reality, however we have put this hypothesis ,in order that we can postulate 
condition necessary to prove the uniqueness of the solution bounded by 

(  ̂  )
( ) (  ̂  )( )      (  ̂  )

( ) (  ̂  )( )  respectively of     
 
If instead of proving the existence of the solution on   , we have to prove it only on a compact then it 
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  )( )            depend only on     and respectively on 
(   )(             ) and hypothesis can replaced by a usual Lipschitz condition. 
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Remark 44: If         bounded, from below, the same property holds for                The proof is 
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We now state a more precise theorem about the behaviors at infinity of the solutions of  equations 37 
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375 

 

      (  )( )    
  ((  )( ) (   )( ))     ( )  

 

(  )( )    
  (  )( )   

 

376 

( 
(   )( )   

 

(  )( )((  )( ) (   )( ) (  )( ))
[ ((  )( ) (   )( ))    (  )( )  ]     

   (  )( )     ( )  377 
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(   )( )   
 

(  )( )((  )( ) (   
 )( ))

  (  )( )    (   
 )( )       

   (   
 )( ) )  

 

   
  (  )( )     ( )     

  ((  )( ) (   )( ))    

 

378 

 

(  )( )    
  (  )( )     ( )  

 

(  )( )    
  ((  )( ) (   )( ))   

 

379 

(   )( )   
 

(  )( )((  )( ) (   
 )( ))

[ (  )( )    (   
 )( ) ]     

   (   
 )( )     ( )    

 
(   )( )   

 

(  )( )((  )( ) (   )( ) (  )( ))
[ ((  )( ) (   )( ))    (  )( ) ]     

   (  )( )   

 

380 

Definition of (  )
( ) (  )

( ) (  )
( ) (  )

( ):- 

 

Where (  )
( )  (   )

( )(  )
( )  (   

 )( )  

  

             (  )
( )  (   )

( )  (   )
( )  

 

             (  )
( )  (   )

( )(  )
( )  (   

 )( )   

 

             (  )
( )  (   

 )( )  (   )
( )  

381 

Behavior of the solutions of equation 37 to 92 
 
Theorem 2: If we denote and define 
 

 Definition of  (  )
( )  (  )

( )  (  )
( )  (  )

( ) : 
 
 (  )

( )  (  )
( )  (  )

( )  (  )
( )   four constants satisfying 

 

 (  )
( )   (   

 )( )  (   
 )( )  (   

  )( )(      )  (   
  )( )(      )   (  )

( )   
 

  (  )
( )   (   

 )( )  (   
 )( )  (   

  )( )((   )  )  (   
  )( )((   )  )   (  )

( )  
 

382 

Definition of  (  )
( ) (  )

( ) (  )
( ) (  )

( )  ( )  ( ) : 
 
 By   (  )

( )     (  )
( )    and respectively (  )

( )     (  )
( )    the roots of    the equations  

(   )
( )( ( ))

 
 (  )

( ) ( )  (   )
( )     

and  (   )
( )( ( ))

 
 (  )

( ) ( )  (   )
( )    and 

 

 

Definition of  ( ̅ )
( )  ( ̅ )

( ) ( ̅ )
( ) ( ̅ )

( ) : 
 

       By ( ̅ )
( )     ( ̅ )

( )    and  respectively  ( ̅ )
( )     ( ̅ )

( )    the 

      roots of the equations (   )
( )( ( ))

 
 (  )

( ) ( )  (   )
( )     

     and  (   )
( )( ( ))

 
 (  )

( ) ( )  (   )
( )     

Definition of  (  )
( )  (  )

( )  (  )
( ) (  )

( ) (  )
( ) :- 

 
 If we define (  )

( )  (  )
( )  (  )

( ) (  )
( )    by 
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      (  )
( )  (  )

( ) (  )
( )  (  )

( )    (  )
( )  (  )

( ) 
 
       (  )

( )  (  )
( ) (  )

( )  ( ̅ )
( )     (  )

( )  (  )
( )  ( ̅ )

( )  

      and  (  )
( )  

   
 

   
   

 

    (   )
( )  (  )

( ) (  )
( )  (  )

( )    ( ̅ )
( )  (  )

( )  
 
and analogously 

 

       (  )
( )  (  )

( ) (  )
( )  (  )

( )    (  )
( )  (  )

( ) 
 

       (  )
( )  (  )

( ) (  )
( )  ( ̅ )

( )     (  )
( )  (  )

( )  ( ̅ )
( )  

     and (  )
( )  

   
 

   
   

 

    (   )
( )  (  )

( ) (  )
( )  (  )

( )    ( ̅ )
( )  (  )

( )  where (  )
( ) ( ̅ )

( ) 
are defined by 59 and 69 respectively 
 

 

Then the solution of 19,20,21,22,23 and 24 satisfies the inequalities 
 

          
  ((  )( ) (   )( ))     ( )     

  (  )( )  
 

where (  )
( ) is defined by equation 45 

 

 

 

      (  )( )    
  ((  )( ) (   )( ))     ( )  

 

(  )( )    
  (  )( )   

 

 

( 

(   )( )   
 

(  )( )((  )( ) (   )( ) (  )( ))
[ ((  )( ) (   )( ))    (  )( )  ]     

   (  )( )     ( )  

(   )( )   
 

(  )( )((  )( ) (   
 )( ))

  (  )( )    (   
 )( )       

   (   
 )( ) ) 

 

 

   
  (  )( )     ( )     

  ((  )( ) (   )( ))    

 

 

 

(  )( )    
  (  )( )     ( )  

 

(  )( )    
  ((  )( ) (   )( ))   

 

 

(   )( )   
 

(  )( )((  )( ) (   
 )( ))

[ (  )( )    (   
 )( ) ]     

   (   
 )( )     ( )    

 
(   )( )   

 

(  )( )((  )( ) (   )( ) (  )( ))
[ ((  )( ) (   )( ))    (  )( ) ]     

   (  )( )   

 

 

Definition of (  )
( ) (  )

( ) (  )
( ) (  )

( ):- 
 
Where (  )

( )  (   )
( )(  )

( )  (   
 )( )  

  

             (  )
( )  (   )

( )  (   )
( )  

 

                 (  )
( )  (   )

( )(  )
( )  (   

 )( )   
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             (  )
( )  (   

 )( )  (   )
( )  

 
Proof : From  global equations we obtain  

  ( )

  
 (   )

( )  ((   
 )( )  (   

 )( )  (   
  )( )(     ))   (   

  )( )(     ) 
( )  (   )

( ) ( )  

Definition of  ( ) :-          ( )  
   

   
 

It follows 

  ((   )
( )( ( ))

 
 (  )

( ) ( )  (   )
( ))  

  ( )

  
  ((   )

( )( ( ))
 
 (  )

( ) ( )  (   )
( )) 

 From which one obtains  

Definition of ( ̅ )
( ) (  )

( ) :- 

 For   (  )
( )  

   
 

   
  (  )

( )  ( ̅ )
( ) 

 

       ( )( )  
(  )( ) ( )( )(  )( ) 

[ (   )( )((  )( ) (  )( ))  ]

  ( )( ) 
[ (   )( )((  )( ) (  )( ))  ]

     ,    ( )( )  
(  )( ) (  )( )

(  )( ) (  )( )  

            (  )
( )   ( )( )  (  )

( ) 

383 

 In the same manner , we get 

  ( )( )  
( ̅ )( ) ( ̅)( )( ̅ )( ) 

[ (   )( )(( ̅ )( ) ( ̅ )( ))  ]

  ( ̅)( ) 
[ (   )( )(( ̅ )( ) ( ̅ )( ))  ]

      ,   ( ̅)( )  
( ̅ )( ) (  )( )

(  )( ) ( ̅ )( )    

   From which we deduce (  )
( )   ( )( )  ( ̅ )

( ) 

384 

 If    (  )
( )  (  )

( )  
   

 

   
  ( ̅ )

( ) we find like in the previous case, 

 

      (  )
( )  

(  )( ) ( )( )(  )( ) 
[ (   )( )((  )( ) (  )( ))  ]

  ( )( ) 
[ (   )( )((  )( ) (  )( ))  ]

   ( )( )   

            
( ̅ )( ) ( ̅)( )( ̅ )( ) 

[ (   )( )(( ̅ )( ) ( ̅ )( ))  ]

  ( ̅)( ) 
[ (   )( )(( ̅ )( ) ( ̅ )( ))  ]

 ( ̅ )
( )  

385 

 If    (  )
( )  ( ̅ )

( )  (  )
( )  

   
 

   
   , we obtain 

 

  (  )
( )    ( )( )  

( ̅ )( ) ( ̅)( )( ̅ )( ) 
[ (   )( )(( ̅ )( ) ( ̅ )( ))  ]

  ( ̅)( ) 
[ (   )( )(( ̅ )( ) ( ̅ )( ))  ]

 (  )
( ) 

386 
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And so with the notation of the first part of condition (c) , we have  

Definition of   ( )( ) :- 

(  )
( )    ( )( )  (  )

( ),     ( )( )  
   ( )

   ( )
 

In a completely analogous way, we obtain  

Definition of   ( )( )  :- 

(  )
( )    ( )( )  (  )

( ),     ( )( )  
   ( )

   ( )
   

Now, using this result and replacing it in global equations we get easily the result stated in the 

theorem. 

Particular case : 

If (   
  )( )  (   

  )( )      (  )
( )  (  )

( )  and in this case (  )
( )  ( ̅ )

( ) if in addition (  )
( )  

(  )
( ) then   ( )( )  (  )

( ) and as a consequence    ( )  (  )
( )   ( ) this also defines (  )

( ) for 

the special case  

Analogously if  (   
  )( )  (   

  )( )      (  )
( )  (  )

( ) and then 

 (  )
( )   ( ̅ )

( )if in addition (  )
( )  (  )

( ) then     ( )  (  )
( )   ( ) This is an important 

consequence of the relation between (  )
( ) and ( ̅ )

( )  and definition of (  )
( )  

Proof : From global equations we obtain  

  ( )

  
 (   )

( )  ((   
 )( )  (   

 )( )  (   
  )( )(     ))  (   

  )( )(     ) 
( )  (   )

( ) ( )  

387 

Definition of  ( ) :-          ( )  
   

   
 388 

It follows 

  ((   )
( )( ( ))

 
 (  )

( ) ( )  (   )
( ))  

  ( )

  
  ((   )

( )( ( ))
 
 (  )

( ) ( )  (   )
( )) 

389 

From which one obtains  

Definition of ( ̅ )
( ) (  )

( ) :- 

 For   (  )
( )  

   
 

   
  (  )

( )  ( ̅ )
( ) 

 

    ( )( )  
(  )( ) ( )( )(  )( ) 

[ (   )( )((  )( ) (  )( ))  ]

  ( )( ) 
[ (   )( )((  )( ) (  )( ))  ]

     ,    ( )( )  
(  )( ) (  )( )

(  )( ) (  )( )  

            (  )
( )   ( )( )  (  )

( )  

390 
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In the same manner , we get 

  ( )( )  
( ̅ )( ) ( ̅)( )( ̅ )( ) 

[ (   )( )(( ̅ )( ) ( ̅ )( ))  ]

  ( ̅)( ) 
[ (   )( )(( ̅ )( ) ( ̅ )( ))  ]

      ,   ( ̅)( )  
( ̅ )( ) (  )( )

(  )( ) ( ̅ )( )    

391 

From which we deduce (  )
( )   ( )( )  ( ̅ )

( ) 392 

 If    (  )
( )  (  )

( )  
   

 

   
  ( ̅ )

( ) we find like in the previous case, 

 

(  )
( )  

(  )( ) ( )( )(  )( ) 
[ (   )( )((  )( ) (  )( ))  ]

  ( )( ) 
[ (   )( )((  )( ) (  )( ))  ]

   ( )( )    

    
( ̅ )( ) ( ̅)( )( ̅ )( ) 

[ (   )( )(( ̅ )( ) ( ̅ )( ))  ]

  ( ̅)( ) 
[ (   )( )(( ̅ )( ) ( ̅ )( ))  ]

 ( ̅ )
( )  

393 

 If    (  )
( )  ( ̅ )

( )  (  )
( )  

   
 

   
   , we obtain 

 

  (  )
( )    ( )( )  

( ̅ )( ) ( ̅)( )( ̅ )( ) 
[ (   )( )(( ̅ )( ) ( ̅ )( ))  ]

  ( ̅)( ) 
[ (   )( )(( ̅ )( ) ( ̅ )( ))  ]

 (  )
( ) 

And so with the notation of the first part of condition (c) , we have  

394 

Definition of   ( )( ) :- 

(  )
( )    ( )( )  (  )

( ),     ( )( )  
   ( )

   ( )
 

395 

In a completely analogous way, we obtain  

Definition of   ( )( )  :- 

(  )
( )    ( )( )  (  )

( ),     ( )( )  
   ( )

   ( )
 

396 

 Now, using this result and replacing it in global equations we get easily the result stated in the 

theorem. 

 

Particular case : 

If (   
  )( )  (   

  )( )      (  )
( )  (  )

( )  and in this case (  )
( )  ( ̅ )

( ) if in addition 

(  )
( )  (  )

( ) then   ( )( )  (  )
( ) and as a consequence    ( )  (  )

( )   ( ) 

Analogously if  (   
  )( )  (   

  )( )      (  )
( )  (  )

( ) and then 

 (  )
( )   ( ̅ )

( )if in addition (  )
( )  (  )

( ) then     ( )  (  )
( )   ( ) This is an important 

consequence of the relation between (  )
( ) and ( ̅ )

( ) 

397 

Proof : From global equations we obtain  398 
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  ( )

  
 (   )

( )  ((   
 )( )  (   

 )( )  (   
  )( )(     ))  (   

  )( )(     ) 
( )  (   )

( ) ( )  

Definition of  ( ) :-          ( )  
   

   
 

It follows 

  ((   )
( )( ( ))

 
 (  )

( ) ( )  (   )
( ))  

  ( )

  
  ((   )

( )( ( ))
 
 (  )

( ) ( )  (   )
( )) 

399 

 

 From which one obtains  

 For   (  )
( )  

   
 

   
  (  )

( )  ( ̅ )
( ) 

 

 ( )( )  
(  )( ) ( )( )(  )( ) 

[ (   )( )((  )( ) (  )( ))  ]

  ( )( ) 
[ (   )( )((  )( ) (  )( ))  ]

     ,    ( )( )  
(  )( ) (  )( )

(  )( ) (  )( )  

            (  )
( )   ( )( )  (  )

( )  

400 

 In the same manner , we get 

  ( )( )  
( ̅ )( ) ( ̅)( )( ̅ )( ) 

[ (   )( )(( ̅ )( ) ( ̅ )( ))  ]

  ( ̅)( ) 
[ (   )( )(( ̅ )( ) ( ̅ )( ))  ]

      ,   ( ̅)( )  
( ̅ )( ) (  )( )

(  )( ) ( ̅ )( )    

Definition of ( ̅ )
( ) :- 

From which we deduce (  )
( )   ( )( )  ( ̅ )

( ) 

401 

 If    (  )
( )  (  )

( )  
   

 

   
  ( ̅ )

( ) we find like in the previous case, 

 

 (  )
( )  

(  )( ) ( )( )(  )( ) 
[ (   )( )((  )( ) (  )( ))  ]

  ( )( ) 
[ (   )( )((  )( ) (  )( ))  ]

   ( )( )   

 
( ̅ )( ) ( ̅)( )( ̅ )( ) 

[ (   )( )(( ̅ )( ) ( ̅ )( ))  ]

  ( ̅)( ) 
[ (   )( )(( ̅ )( ) ( ̅ )( ))  ]

 ( ̅ )
( )  

402 

 If    (  )
( )  ( ̅ )

( )  (  )
( )  

   
 

   
   , we obtain 

 

(  )
( )    ( )( )  

( ̅ )( ) ( ̅)( )( ̅ )( ) 
[ (   )( )(( ̅ )( ) ( ̅ )( ))  ]

  ( ̅)( ) 
[ (   )( )(( ̅ )( ) ( ̅ )( ))  ]

 (  )
( )  

And so with the notation of the first part of condition (c) , we have  

Definition of   ( )( ) :- 

403 
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(  )
( )    ( )( )  (  )

( ),     ( )( )  
   ( )

   ( )
 

In a completely analogous way, we obtain  

Definition of   ( )( )  :- 

(  )
( )    ( )( )  (  )

( ),     ( )( )  
   ( )

   ( )
 

Now, using this result and replacing it in global equations we get easily the result stated in the 

theorem. 

Particular case : 

If (   
  )( )  (   

  )( )      (  )
( )  (  )

( )  and in this case (  )
( )  ( ̅ )

( ) if in addition (  )
( )  

(  )
( ) then   ( )( )  (  )

( ) and as a consequence    ( )  (  )
( )   ( ) 

Analogously if  (   
  )( )  (   

  )( )      (  )
( )  (  )

( ) and then 

 (  )
( )   ( ̅ )

( )if in addition (  )
( )  (  )

( ) then     ( )  (  )
( )   ( ) This is an important 

consequence of the relation between (  )
( ) and ( ̅ )

( ) 

Proof : From global equations we obtain  
 

  ( )

  
 (   )

( )  ((   
 )( )  (   

 )( )  (   
  )( )(     ))  (   

  )( )(     ) 
( )  (   )

( ) ( )  

 
 

Definition of  ( ) :-          ( )  
   

   
 

 
It follows 

  ((   )
( )( ( ))

 
 (  )

( ) ( )  (   )
( ))  

  ( )

  
  ((   )

( )( ( ))
 
 (  )

( ) ( )  (   )
( )) 

 From which one obtains  
 

Definition of ( ̅ )
( ) (  )

( ) :- 
 

 For   (  )
( )  

   
 

   
  (  )

( )  ( ̅ )
( ) 

 

   ( )( )  
(  )( ) ( )( )(  )( ) 

[ (   )( )((  )( ) (  )( ))  ]

  ( )( ) 
[ (   )( )((  )( ) (  )( ))  ]

     ,    ( )( )  
(  )( ) (  )( )

(  )( ) (  )( )  

 

            (  )
( )   ( )( )  (  )

( )  
 

404 

In the same manner , we get 
 

  ( )( )  
( ̅ )( ) ( ̅)( )( ̅ )( ) 

[ (   )( )(( ̅ )( ) ( ̅ )( ))  ]

  ( ̅)( ) 
[ (   )( )(( ̅ )( ) ( ̅ )( ))  ]

      ,   ( ̅)( )  
( ̅ )( ) (  )( )

(  )( ) ( ̅ )( )    

 

   From which we deduce (  )
( )   ( )( )  ( ̅ )

( ) 

405 
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 If    (  )
( )  (  )

( )  
   

 

   
  ( ̅ )

( ) we find like in the previous case, 

 

      (  )
( )  

(  )( ) ( )( )(  )( ) 
[ (   )( )((  )( ) (  )( ))  ]

  ( )( ) 
[ (   )( )((  )( ) (  )( ))  ]

   ( )( )   

 

            
( ̅ )( ) ( ̅)( )( ̅ )( ) 

[ (   )( )(( ̅ )( ) ( ̅ )( ))  ]

  ( ̅)( ) 
[ (   )( )(( ̅ )( ) ( ̅ )( ))  ]

 ( ̅ )
( )  

406 

 If    (  )
( )  ( ̅ )

( )  (  )
( )  

   
 

   
   , we obtain 

 

  (  )
( )    ( )( )  

( ̅ )( ) ( ̅)( )( ̅ )( ) 
[ (   )( )(( ̅ )( ) ( ̅ )( ))  ]

  ( ̅)( ) 
[ (   )( )(( ̅ )( ) ( ̅ )( ))  ]

 (  )
( ) 

 
And so with the notation of the first part of condition (c) , we have  

Definition of   ( )( ) :- 
 

(  )
( )    ( )( )  (  )

( ),     ( )( )  
   ( )

   ( )
 

In a completely analogous way, we obtain  

Definition of   ( )( )  :- 
 

(  )
( )    ( )( )  (  )

( ),     ( )( )  
   ( )

   ( )
 

   
Now, using this result and replacing it in global equations we get easily the result stated in the 
theorem. 
 
Particular case : 
 

If (   
  )( )  (   

  )( )      (  )
( )  (  )

( )  and in this case (  )
( )  ( ̅ )

( ) if in addition (  )
( )  

(  )
( ) then   ( )( )  (  )

( ) and as a consequence    ( )  (  )
( )   ( ) this also defines (  )

( ) for 
the special case . 
 

Analogously if  (   
  )( )  (   

  )( )      (  )
( )  (  )

( ) and then 

 (  )
( )   ( ̅ )

( )if in addition (  )
( )  (  )

( ) then     ( )  (  )
( )   ( ) This is an important 

consequence of the relation between (  )
( ) and ( ̅ )

( )  and definition of (  )
( )   

407 

  
         
Proof : From global equations we obtain  

 
  ( )

  
 (   )

( )  ((   
 )( )  (   

 )( )  (   
  )( )(     ))  (   

  )( )(     ) 
( )  (   )

( ) ( )  

 
 

Definition of  ( ) :-          ( )  
   

   
 

 
It follows 

  ((   )
( )( ( ))

 
 (  )

( ) ( )  (   )
( ))  

  ( )

  
  ((   )

( )( ( ))
 
 (  )

( ) ( )  (   )
( )) 

 
 

408 
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 From which one obtains  
 
Definition of ( ̅ )

( ) (  )
( ) :- 

 

 For   (  )
( )  

   
 

   
  (  )

( )  ( ̅ )
( ) 

 

       ( )( )  
(  )( ) ( )( )(  )( ) 

[ (   )( )((  )( ) (  )( ))  ]

  ( )( ) 
[ (   )( )((  )( ) (  )( ))  ]

     ,    ( )( )  
(  )( ) (  )( )

(  )( ) (  )( )  

 
            (  )

( )   ( )( )  (  )
( )  

 
In the same manner , we get 

 

  ( )( )  
( ̅ )( ) ( ̅)( )( ̅ )( ) 

[ (   )( )(( ̅ )( ) ( ̅ )( ))  ]

  ( ̅)( ) 
[ (   )( )(( ̅ )( ) ( ̅ )( ))  ]

      ,   ( ̅)( )  
( ̅ )( ) (  )( )

(  )( ) ( ̅ )( )    

 

   From which we deduce (  )
( )   ( )( )  ( ̅ )

( ) 
 

409 

 If    (  )
( )  (  )

( )  
   

 

   
  ( ̅ )

( ) we find like in the previous case, 

 

      (  )
( )  

(  )( ) ( )( )(  )( ) 
[ (   )( )((  )( ) (  )( ))  ]

  ( )( ) 
[ (   )( )((  )( ) (  )( ))  ]

   ( )( )   

 

            
( ̅ )( ) ( ̅)( )( ̅ )( ) 

[ (   )( )(( ̅ )( ) ( ̅ )( ))  ]

  ( ̅)( ) 
[ (   )( )(( ̅ )( ) ( ̅ )( ))  ]

 ( ̅ )
( )  

410 

 If    (  )
( )  ( ̅ )

( )  (  )
( )  

   
 

   
   , we obtain 

 

  (  )
( )    ( )( )  

( ̅ )( ) ( ̅)( )( ̅ )( ) 
[ (   )( )(( ̅ )( ) ( ̅ )( ))  ]

  ( ̅)( ) 
[ (   )( )(( ̅ )( ) ( ̅ )( ))  ]

 (  )
( ) 

 
And so with the notation of the first part of condition (c) , we have  

Definition of   ( )( ) :- 
 

(  )
( )    ( )( )  (  )

( ),     ( )( )  
   ( )

   ( )
 

In a completely analogous way, we obtain  

Definition of   ( )( )  :- 
 

(  )
( )    ( )( )  (  )

( ),     ( )( )  
   ( )

   ( )
 

   
Now, using this result and replacing it in global equations we get easily the result stated in the 
theorem. 
 
Particular case : 
 

If (   
  )( )  (   

  )( )      (  )
( )  (  )

( )  and in this case (  )
( )  ( ̅ )

( ) if in addition (  )
( )  

(  )
( ) then   ( )( )  (  )

( ) and as a consequence    ( )  (  )
( )   ( ) this also defines (  )

( ) for 
the special case . 

411 



International Journal of Scientific and Research Publications, Volume 3, Issue 9, September 2013 82 

ISSN 2250-3153  
 

 

Analogously if  (   
  )( )  (   

  )( )      (  )
( )  (  )

( ) and then 

 (  )
( )   ( ̅ )

( )if in addition (  )
( )  (  )

( ) then     ( )  (  )
( )   ( ) This is an important 

consequence of the relation between (  )
( ) and ( ̅ )

( )  and definition of (  )
( )  

 
   Proof : From global equations we obtain  

 
  ( )

  
 (   )

( )  ((   
 )( )  (   

 )( )  (   
  )( )(     ))  (   

  )( )(     ) 
( )  (   )

( ) ( )  

 
 

Definition of  ( ) :-          ( )  
   

   
 

 
It follows 

  ((   )
( )( ( ))

 
 (  )

( ) ( )  (   )
( ))  

  ( )

  
  ((   )

( )( ( ))
 
 (  )

( ) ( )  (   )
( )) 

 
 From which one obtains  

 

Definition of ( ̅ )
( ) (  )

( ) :- 
 

 For   (  )
( )  

   
 

   
  (  )

( )  ( ̅ )
( ) 

 

       ( )( )  
(  )( ) ( )( )(  )( ) 

[ (   )( )((  )( ) (  )( ))  ]

  ( )( ) 
[ (   )( )((  )( ) (  )( ))  ]

     ,    ( )( )  
(  )( ) (  )( )

(  )( ) (  )( )  

 
            (  )

( )   ( )( )  (  )
( )  

 

412 

In the same manner , we get 
 

  ( )( )  
( ̅ )( ) ( ̅)( )( ̅ )( ) 

[ (   )( )(( ̅ )( ) ( ̅ )( ))  ]

  ( ̅)( ) 
[ (   )( )(( ̅ )( ) ( ̅ )( ))  ]

      ,   ( ̅)( )  
( ̅ )( ) (  )( )

(  )( ) ( ̅ )( )    

 

   From which we deduce (  )
( )   ( )( )  ( ̅ )

( ) 
 

413 

 If    (  )
( )  (  )

( )  
   

 

   
  ( ̅ )

( ) we find like in the previous case, 

 

      (  )
( )  

(  )( ) ( )( )(  )( ) 
[ (   )( )((  )( ) (  )( ))  ]

  ( )( ) 
[ (   )( )((  )( ) (  )( ))  ]

   ( )( )   

 

  
( ̅ )( ) ( ̅)( )( ̅ )( ) 

[ (   )( )(( ̅ )( ) ( ̅ )( ))  ]

  ( ̅)( ) 
[ (   )( )(( ̅ )( ) ( ̅ )( ))  ]

 ( ̅ )
( )  

414 

 If    (  )
( )  ( ̅ )

( )  (  )
( )  

   
 

   
   , we obtain 

 

  (  )
( )    ( )( )  

( ̅ )( ) ( ̅)( )( ̅ )( ) 
[ (   )( )(( ̅ )( ) ( ̅ )( ))  ]

  ( ̅)( ) 
[ (   )( )(( ̅ )( ) ( ̅ )( ))  ]

 (  )
( ) 

 
And so with the notation of the first part of condition (c) , we have  

Definition of   ( )( ) :- 

415 
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(  )
( )    ( )( )  (  )

( ),     ( )( )  
   ( )

   ( )
 

In a completely analogous way, we obtain  
Definition of   ( )( )  :- 
 

(  )
( )    ( )( )  (  )

( ),     ( )( )  
   ( )

   ( )
 

   
Now, using this result and replacing it in global equations we get easily the result stated in the 
theorem. 
 
Particular case : 
 

If (   
  )( )  (   

  )( )      (  )
( )  (  )

( )  and in this case (  )
( )  ( ̅ )

( ) if in addition (  )
( )  

(  )
( ) then   ( )( )  (  )

( ) and as a consequence    ( )  (  )
( )   ( ) this also defines (  )

( ) for 
the special case . 

Analogously if  (   
  )( )  (   

  )( )      (  )
( )  (  )

( ) and then 

 (  )
( )   ( ̅ )

( )if in addition (  )
( )  (  )

( ) then     ( )  (  )
( )   ( ) This is an important 

consequence of the relation between (  )
( ) and ( ̅ )

( )  and definition of (  )
( )  

         

Proof : From global equations we obtain  

 

  ( )

  
 (   )

( )  ((   
 )( )  (   

 )( )  (   
  )( )(     ))  (   

  )( )(     ) 
( )  (   )

( ) ( ) 

 

Definition of  ( ) :-          ( )  
   

   
 

 

It follows 

  ((   )
( )( ( ))

 
 (  )

( ) ( )  (   )
( ))  

  ( )

  
  ((   )

( )( ( ))
 
 (  )

( ) ( )  (   )
( )) 

 

 From which one obtains  

 

Definition of ( ̅ )
( ) (  )

( ) :- 

 

 For   (  )
( )  

   
 

   
  (  )

( )  ( ̅ )
( ) 

 

       ( )( )  
(  )( ) ( )( )(  )( ) 

[ (   )( )((  )( ) (  )( ))  ]

  ( )( ) 
[ (   )( )((  )( ) (  )( ))  ]

     ,    ( )( )  
(  )( ) (  )( )

(  )( ) (  )( )  

 

            (  )
( )   ( )( )  (  )

( )  

 

416 

In the same manner , we get 

 

  ( )( )  
( ̅ )( ) ( ̅)( )( ̅ )( ) 

[ (   )( )(( ̅ )( ) ( ̅ )( ))  ]

  ( ̅)( ) 
[ (   )( )(( ̅ )( ) ( ̅ )( ))  ]

      ,   ( ̅)( )  
( ̅ )( ) (  )( )

(  )( ) ( ̅ )( )    

 

417 



International Journal of Scientific and Research Publications, Volume 3, Issue 9, September 2013 84 

ISSN 2250-3153  
 

   From which we deduce (  )
( )   ( )( )  ( ̅ )

( ) 

 

 If    (  )
( )  (  )

( )  
   

 

   
  ( ̅ )

( ) we find like in the previous case, 

 

      (  )
( )  

(  )( ) ( )( )(  )( ) 
[ (   )( )((  )( ) (  )( ))  ]

  ( )( ) 
[ (   )( )((  )( ) (  )( ))  ]

   ( )( )   

 

            
( ̅ )( ) ( ̅)( )( ̅ )( ) 

[ (   )( )(( ̅ )( ) ( ̅ )( ))  ]

  ( ̅)( ) 
[ (   )( )(( ̅ )( ) ( ̅ )( ))  ]

 ( ̅ )
( )  
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If    (  )
( )  ( ̅ )

( )  (  )
( )  

   
 

   
   , we obtain 

 

  (  )
( )    ( )( )  

( ̅ )( ) ( ̅)( )( ̅ )( ) 
[ (   )( )(( ̅ )( ) ( ̅ )( ))  ]

  ( ̅)( ) 
[ (   )( )(( ̅ )( ) ( ̅ )( ))  ]

 (  )
( ) 

 

And so with the notation of the first part of condition (c) , we have  

Definition of   ( )( ) :- 

 

(  )
( )    ( )( )  (  )

( ),     ( )( )  
   ( )

   ( )
 

In a completely analogous way, we obtain  

 

419 

Definition of   ( )( )  :- 

 

(  )
( )    ( )( )  (  )

( ),     ( )( )  
   ( )

   ( )
 

   

Now, using this result and replacing it in global equations we get easily the result stated in the 

theorem. 

 

Particular case : 

 

If (   
  )( )  (   

  )( )      (  )
( )  (  )

( )  and in this case (  )
( )  ( ̅ )

( ) if in addition (  )
( )  

(  )
( ) then   ( )( )  (  )

( ) and as a consequence    ( )  (  )
( )   ( ) this also defines (  )

( ) for 

the special case . 

 

Analogously if  (   
  )( )  (   

  )( )      (  )
( )  (  )

( ) and then (  )
( )   ( ̅ )

( )if in addition 

(  )
( )  (  )

( ) then     ( )  (  )
( )   ( ) This is an important consequence of the relation between 

(  )
( ) and ( ̅ )

( )  and definition of (  )
( )  

 

420 

      

Proof : From global equations we obtain  

 
  ( )

  
 (   )

( )  ((   
 )( )  (   

 )( )  (   
  )( )(     ))  (   

  )( )(     ) 
( )  (   )

( ) ( )  
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Definition of  ( ) :-          ( )  
   

   
 

 

It follows 

  ((   )
( )( ( ))

 
 (  )

( ) ( )  (   )
( ))  

  ( )

  
  ((   )

( )( ( ))
 
 (  )

( ) ( )  (   )
( )) 

 

 From which one obtains  

 

Definition of ( ̅ )
( ) (  )

( ) :- 

 

 For   (  )
( )  

   
 

   
  (  )

( )  ( ̅ )
( ) 

 

       ( )( )  
(  )( ) ( )( )(  )( ) 

[ (   )( )((  )( ) (  )( ))  ]

  ( )( ) 
[ (   )( )((  )( ) (  )( ))  ]

     ,    ( )( )  
(  )( ) (  )( )

(  )( ) (  )( )  

 

            (  )
( )   ( )( )  (  )

( )  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

In the same manner , we get 

 

  ( )( )  
( ̅ )( ) ( ̅)( )( ̅ )( ) 

[ (   )( )(( ̅ )( ) ( ̅ )( ))  ]

  ( ̅)( ) 
[ (   )( )(( ̅ )( ) ( ̅ )( ))  ]

      ,   ( ̅)( )  
( ̅ )( ) (  )( )

(  )( ) ( ̅ )( )    

 

   From which we deduce (  )
( )   ( )( )  ( ̅ )

( ) 

 

422 

 If    (  )
( )  (  )

( )  
   

 

   
  ( ̅ )

( ) we find like in the previous case, 

 

      (  )
( )  

(  )( ) ( )( )(  )( ) 
[ (   )( )((  )( ) (  )( ))  ]

  ( )( ) 
[ (   )( )((  )( ) (  )( ))  ]

   ( )( )   

 

            
( ̅ )( ) ( ̅)( )( ̅ )( ) 

[ (   )( )(( ̅ )( ) ( ̅ )( ))  ]

  ( ̅)( ) 
[ (   )( )(( ̅ )( ) ( ̅ )( ))  ]

 ( ̅ )
( )  

423 

 If    (  )
( )  ( ̅ )

( )  (  )
( )  

   
 

   
   , we obtain 

 

  (  )
( )    ( )( )  

( ̅ )( ) ( ̅)( )( ̅ )( ) 
[ (   )( )(( ̅ )( ) ( ̅ )( ))  ]

  ( ̅)( ) 
[ (   )( )(( ̅ )( ) ( ̅ )( ))  ]

 (  )
( ) 

 

And so with the notation of the first part of condition (c) , we have  

Definition of   ( )( ) :- 

 

(  )
( )    ( )( )  (  )

( ),     ( )( )  
   ( )

   ( )
 

In a completely analogous way, we obtain  

Definition of   ( )( )  :- 

424 
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(  )
( )    ( )( )  (  )

( ),        ( )( )  
   ( )

   ( )
 

   

Now, using this result and replacing it in global equations we get easily the result stated in the 

theorem. 

 

Particular case : 

 

If (   
  )( )  (   

  )( )      (  )
( )  (  )

( )  and in this case (  )
( )  ( ̅ )

( ) if in addition (  )
( )  

(  )
( ) then   ( )( )  (  )

( ) and as a consequence    ( )  (  )
( )   ( ) this also defines (  )

( ) for 

the special case . 

 

Analogously if  (   
  )( )  (   

  )( )      (  )
( )  (  )

( ) and then 

 (  )
( )   ( ̅ )

( )if in addition (  )
( )  (  )

( ) then     ( )  (  )
( )   ( ) This is an important 

consequence of the relation between (  )
( ) and ( ̅ )

( )  and definition of (  )
( )  

         
Proof : From 99,20,44,22,23,44 we obtain  

 
  ( )

  
 (   )

( )  ((   
 )( )  (   

 )( )  (   
  )( )(     ))  (   

  )( )(     ) 
( )  (   )

( ) ( ) 

 

Definition of  ( ) :-          ( )  
   

   
 

 
It follows 

  ((   )
( )( ( ))

 
 (  )

( ) ( )  (   )
( ))  

  ( )

  
  ((   )

( )( ( ))
 
 (  )

( ) ( )  (   )
( ))  

 
 From which one obtains  

 

Definition of ( ̅ )
( ) (  )

( ) :- 
 

 For   (  )
( )  

   
 

   
  (  )

( )  ( ̅ )
( ) 

 

       ( )( )  
(  )( ) ( )( )(  )( ) 

[ (   )( )((  )( ) (  )( ))  ]

  ( )( ) 
[ (   )( )((  )( ) (  )( ))  ]

     ,    ( )( )  
(  )( ) (  )( )

(  )( ) (  )( )  

 

            (  )
( )   ( )( )  (  )

( )  
 

424
A 

In the same manner , we get 
 

  ( )( )  
( ̅ )( ) ( ̅)( )( ̅ )( ) 

[ (   )( )(( ̅ )( ) ( ̅ )( ))  ]

  ( ̅)( ) 
[ (   )( )(( ̅ )( ) ( ̅ )( ))  ]

      ,   ( ̅)( )  
( ̅ )( ) (  )( )

(  )( ) ( ̅ )( )    

 

   From which we deduce (  )
( )   ( )( )  ( ̅ )

( ) 
 

 

 If    (  )
( )  (  )

( )  
   

 

   
  ( ̅ )

( ) we find like in the previous case, 
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      (  )
( )  

(  )( ) ( )( )(  )( ) 
[ (   )( )((  )( ) (  )( ))  ]

  ( )( ) 
[ (   )( )((  )( ) (  )( ))  ]

   ( )( )   

 

            
( ̅ )( ) ( ̅)( )( ̅ )( ) 

[ (   )( )(( ̅ )( ) ( ̅ )( ))  ]

  ( ̅)( ) 
[ (   )( )(( ̅ )( ) ( ̅ )( ))  ]

 ( ̅ )
( )  

 If    (  )
( )  ( ̅ )

( )  (  )
( )  

   
 

   
   , we obtain 

 

  (  )
( )    ( )( )  

( ̅ )( ) ( ̅)( )( ̅ )( ) 
[ (   )( )(( ̅ )( ) ( ̅ )( ))  ]

  ( ̅)( ) 
[ (   )( )(( ̅ )( ) ( ̅ )( ))  ]

 (  )
( ) 

 
And so with the notation of the first part of condition (c) , we have  

Definition of   ( )( ) :- 
 

(  )
( )    ( )( )  (  )

( ),     ( )( )  
   ( )

   ( )
 

In a completely analogous way, we obtain  

Definition of   ( )( )  :- 
 

(  )
( )    ( )( )  (  )

( ),     ( )( )  
   ( )

   ( )
 

   
Now, using this result and replacing it in 99, 20,44,22,23, and 44 we get easily the result stated in the 
theorem. 
 
Particular case : 
 

If (   
  )( )  (   

  )( )      (  )
( )  (  )

( )  and in this case (  )
( )  ( ̅ )

( ) if in addition (  )
( )  

(  )
( ) then   ( )( )  (  )

( ) and as a consequence    ( )  (  )
( )   ( ) this also defines (  )

( ) for 
the special case . 
 
Analogously if  (   

  )( )  (   
  )( )      (  )

( )  (  )
( ) and then 

 (  )
( )   ( ̅ )

( )if in addition (  )
( )  (  )

( ) then     ( )  (  )
( )   ( ) This is an important 

consequence of the relation between (  )
( ) and ( ̅ )

( )  and definition of (  )
( )  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

We can prove the following 

Theorem  : If (  
  )( )    (  

  )( ) are independent on   , and the conditions  with the notations   

(   
 )( )(   

 )( )  (   )
( )(   )

( )      

(   
 )( )(   

 )( )  (   )
( )(   )

( )  (   )
( )(   )

( )  (   
 )( )(   )

( )  (   )
( )(   )

( )     

(   
 )( )(   

 )( )  (   )
( )(   )

( )    ,  

(   
 )( )(   

 )( )  (   )
( )(   )

( )  (   
 )( )(   )

( )  (   
 )( )(   )

( )  (   )
( )(   )

( )     

      (   )
( ) (   )

( ) as defined by equation   are satisfied , then the system 

425 

Theorem  : If (  
  )( )    (  

  )( ) are independent on   , and the conditions  with the notations   426 

(   
 )( )(   

 )( )  (   )
( )(   )

( )      427 
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(   
 )( )(   

 )( )  (   )
( )(   )

( )  (   )
( )(   )

( )  (   
 )( )(   )

( )  (   )
( )(   )

( )     428 

(   
 )( )(   

 )( )  (   )
( )(   )

( )    ,  429 

(   
 )( )(   

 )( )  (   )
( )(   )

( )  (   
 )( )(   )

( )  (   
 )( )(   )

( )  (   )
( )(   )

( )     

      (   )
( ) (   )

( ) as defined by equation   are satisfied , then the system 

430 

Theorem  : If (  
  )( )    (  

  )( ) are independent on   , and the conditions  with the notations   

(   
 )( )(   

 )( )  (   )
( )(   )

( )      

(   
 )( )(   

 )( )  (   )
( )(   )

( )  (   )
( )(   )

( )  (   
 )( )(   )

( )  (   )
( )(   )

( )     

(   
 )( )(   

 )( )  (   )
( )(   )

( )    ,  

(   
 )( )(   

 )( )  (   )
( )(   )

( )  (   
 )( )(   )

( )  (   
 )( )(   )

( )  (   )
( )(   )

( )     

      (   )
( ) (   )

( ) as defined by equation  are satisfied , then the system 

431 

We can prove the following 

Theorem  : If (  
  )( )    (  

  )( ) are independent on   , and the conditions  with the notations   

(   
 )( )(   

 )( )  (   )
( )(   )

( )      

(   
 )( )(   

 )( )  (   )
( )(   )

( )  (   )
( )(   )

( )  (   
 )( )(   )

( )  (   )
( )(   )

( )     

(   
 )( )(   

 )( )  (   )
( )(   )

( )    ,  

(   
 )( )(   

 )( )  (   )
( )(   )

( )  (   
 )( )(   )

( )  (   
 )( )(   )

( )  (   )
( )(   )

( )     

      (   )
( ) (   )

( ) as defined by equation   are satisfied , then the system 

432 

Theorem  : If (  
  )( )    (  

  )( ) are independent on   , and the conditions  with the notations   

(   
 )( )(   

 )( )  (   )
( )(   )

( )      

(   
 )( )(   

 )( )  (   )
( )(   )

( )  (   )
( )(   )

( )  (   
 )( )(   )

( )  (   )
( )(   )

( )     

(   
 )( )(   

 )( )  (   )
( )(   )

( )    ,  

(   
 )( )(   

 )( )  (   )
( )(   )

( )  (   
 )( )(   )

( )  (   
 )( )(   )

( )  (   )
( )(   )

( )     

      (   )
( ) (   )

( ) as defined by equation   are satisfied , then the system 

433 

Theorem   If (  
  )( )    (  

  )( ) are independent on   , and the conditions  with the notations   

(   
 )( )(   

 )( )  (   )
( )(   )

( )      

(   
 )( )(   

 )( )  (   )
( )(   )

( )  (   )
( )(   )

( )  (   
 )( )(   )

( )  (   )
( )(   )

( )     
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(   
 )( )(   

 )( )  (   )
( )(   )

( )    ,  

(   
 )( )(   

 )( )  (   )
( )(   )

( )  (   
 )( )(   )

( )  (   
 )( )(   )

( )  (   )
( )(   )

( )     

      (   )
( ) (   )

( ) as defined by equation   are satisfied , then the system 

Theorem  : If (  
  )( )    (  

  )( ) are independent on   , and the conditions  with the notations   

 

(   
 )( )(   

 )( )  (   )
( )(   )

( )      

 

(   
 )( )(   

 )( )  (   )
( )(   )

( )  (   )
( )(   )

( )  (   
 )( )(   )

( )  (   )
( )(   )

( )     

 

(   
 )( )(   

 )( )  (   )
( )(   )

( )    ,  

 

(   
 )( )(   

 )( )  (   )
( )(   )

( )  (   
 )( )(   )

( )  (   
 )( )(   )

( )  (   )
( )(   )

( )     

 

      (   )
( ) (   )

( ) as defined by equation   are satisfied , then the system 
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Theorem  : If (  
  )( )    (  

  )( ) are independent on   , and the conditions  with the notations   

 

(   
 )( )(   

 )( )  (   )
( )(   )

( )      

 

(   
 )( )(   

 )( )  (   )
( )(   )

( )  (   )
( )(   )

( )  (   
 )( )(   )

( )  (   )
( )(   )

( )     

 

(   
 )( )(   

 )( )  (   )
( )(   )

( )    ,  

 

(   
 )( )(   

 )( )  (   )
( )(   )

( )  (   
 )( )(   )

( )  (   
 )( )(   )

( )  (   )
( )(   )

( )     

 

      (   )
( ) (   )

( ) as defined by equation   are satisfied , then the system 

 

436 

Theorem  : If (  
  )( )    (  

  )( ) are independent on   , and the conditions (with the notations 

45,46,27,28) 

(   
 )( )(   

 )( )  (   )
( )(   )

( )      

(   
 )( )(   

 )( )  (   )
( )(   )

( )  (   )
( )(   )

( )  (   
 )( )(   )

( )  (   )
( )(   )

( )     

(   
 )( )(   

 )( )  (   )
( )(   )

( )    ,  

(   
 )( )(   

 )( )  (   )
( )(   )

( )  (   
 )( )(   )

( )  (   
 )( )(   )

( )  (   )
( )(   )

( )     

      (   )
( ) (   )

( ) as defined by equation 45 are satisfied , then the system 

436

A 

(   )
( )    [(   

 )( )  (   
  )( )(   )]        437 

(   )
( )    [(   

 )( )  (   
  )( )(   )]        438 
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  )( )(   )]        450 

(   )
( )    [(   

 )( )  (   
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 )( )  (   
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 )( )  (   
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( )     (   

 )( )  (   
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458 
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459 

(   )
( )     (   
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has a unique positive solution , which is an equilibrium solution    
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(   )
( )     (   

 )( )  (   
  )( )(   )           

Proof:  

(a) Indeed the first two equations have a nontrivial solution          if  

 ( )  (   
 )( )(   

 )( )  (   )
( )(   )

( )  (   
 )( )(   

  )( )(   )  (   
 )( )(   
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Proof:  

(a) Indeed the first two equations have a nontrivial solution          if  

 (   )  (   
 )( )(   

 )( )  (   )
( )(   )

( )  (   
 )( )(   

  )( )(   )  (   
 )( )(   

  )( )(   )  

(   
  )( )(   )(   

  )( )(   )      

487 

Proof:  488 



International Journal of Scientific and Research Publications, Volume 3, Issue 9, September 2013 93 

ISSN 2250-3153  
 

(a) Indeed the first two equations have a nontrivial solution          if  
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(a) Indeed the first two equations have a nontrivial solution          if  

 (   )  (   
 )( )(   

 )( )  (   )
( )(   )

( )  (   
 )( )(   

  )( )(   )  (   
 )( )(   

  )( )(   )  

(   
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Proof:  

(a) Indeed the first two equations have a nontrivial solution          if  
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A 

Definition  and uniqueness of    
   :-   

After hypothesis   ( )     ( )     and the functions (  
  )( )(   ) being increasing, it follows that 

there exists a unique      
    for which   (   

 )   . With this value , we obtain from the three first 

equations  

     
(   )( )   

[(   
 )( ) (   

  )( )(   
 )]

      ,           
(   )( )   

[(   
 )( ) (   

  )( )(   
 )]
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Definition  and uniqueness of    
   :-   

After hypothesis   ( )     ( )     and the functions (  
  )( )(   ) being increasing, it follows that 

there exists a unique      
    for which   (   

 )   . With this value , we obtain from the three first 
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equations  

     
(   )( )   

[(   
 )( ) (   

  )( )(   
 )]

      ,           
(   )( )   

[(   
 )( ) (   

  )( )(   
 )]
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Definition  and uniqueness of    
   :-   

After hypothesis   ( )     ( )     and the functions (  
  )( )(   ) being increasing, it follows that 

there exists a unique      
    for which   (   

 )   . With this value , we obtain from the three first 
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 )( ) (   

  )( )(   
 )]
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 )( ) (   

  )( )(   
 )]
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After hypothesis   ( )     ( )     and the functions (  
  )( )(   ) being increasing, it follows that 

there exists a unique      
    for which   (   

 )   . With this value , we obtain from the three first 

equations  
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After hypothesis   ( )     ( )     and the functions (  
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there exists a unique      
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 )   . With this value , we obtain from the three first 
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(   )( )   
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 )( ) (   

  )( )(   
 )]
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 By the same argument, the equations    admit solutions         if  

 ( )  (   
 )( )(   

 )( )  (   )
( )(   )

( )    

[(   
 )( )(   

  )( )( )  (   
 )( )(   

  )( )( )] (   
  )( )( )(   

  )( )( )     

 Where in  (           )         must be replaced by their values from 96. It is easy to see that   is a 

decreasing function in     taking into account the hypothesis   ( )      ( )     it follows that 

there exists a unique    
  such that  (  )    

502 

 By the same argument, the equations    admit solutions         if  

 

 (   )  (   
 )( )(   

 )( )  (   )
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  )( )(   )  (   
 )( )(   

  )( )(   )] (   
  )( )(   )(   

  )( )(   )      
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Where in (   )(           )         must be replaced by their values from 96. It is easy to see that   

is a decreasing function in     taking into account the hypothesis   ( )      ( )     it follows that 

there exists a unique    
  such that  ((   )

 )    
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[(   
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Where in (   )(           )         must be replaced by their values from 96. It is easy to see that   

is a decreasing function in     taking into account the hypothesis   ( )      ( )     it follows that 

there exists a unique    
  such that  ((   )

 )    

 By the same argument, the equations    admit solutions         if  
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 By the same argument, the equations 92,93  admit solutions         if  
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Finally we obtain the unique solution   

   
            (  )    ,    

            (   
 )    and 

   
  

(   )( )   
 

[(   
 )( ) (   

  )( )(   
 )]

    ,      
  

(   )( )   
 

[(   
 )( ) (   

  )( )(   
 )]

     

   
  

(   )( )   
 

[(   
 )( ) (   

  )( )(  )]
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(   )( )   

 

[(   
 )( ) (   

  )( )(  )]
 

Obviously, these values represent an equilibrium solution   
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Obviously, these values represent an equilibrium solution of global equations 
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Theorem 4:   If the conditions of the previous theorem are satisfied and if the functions 

(  
  )( )     (  

  )( )  Belong to  ( )(   ) then the above equilibrium point is asymptotically stable. 

Proof:  Denote 

Definition of       :- 

                           
             ,      

     

                      
 (   

  )( )

    
(   

 )  (   )
( )   ,  

 (  
  )( )

   
(    )       

Then taking into account equations   and neglecting the terms of power 2, we obtain    
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ASYMPTOTIC STABILITY ANALYSIS 

Theorem 4:   If the conditions of the previous theorem are satisfied and if the functions 

(  
  )( )     (  

  )( )  Belong to  ( )(   ) then the above equilibrium point is asymptotically stable. 

Proof:  Denote 

Definition of       :- 
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( (   )

  )       
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Then taking into account equations   and neglecting the terms of power 2, we obtain    
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ASYMPTOTIC STABILITY ANALYSIS 

Theorem 4:   If the conditions of the previous theorem are satisfied and if the functions 

(  
  )( )     (  

  )( )  Belong to  ( )(   ) then the above equilibrium point is asymptotically stable. 

Proof:  Denote 
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Definition of       :- 
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Then taking into account equations   and neglecting the terms of power 2, we obtain    
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ASYMPTOTIC STABILITY ANALYSIS 

Theorem 5:   If the conditions of the previous theorem are satisfied and if the functions 

(  
  )( )     (  

  )( )  Belong to  ( )(   ) then the above equilibrium point is asymptotically stable. 

Proof:  Denote 
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Then taking into account equations   and neglecting the terms of power 2, we obtain    
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ASYMPTOTIC STABILITY ANALYSIS 

Theorem 6:   If the conditions of the previous theorem are satisfied and if the functions 

(  
  )( )     (  

  )( )  Belong to  ( )(   ) then the above equilibrium point is asymptotically stable. 

Proof:  Denote 
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Definition of       :- 
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Then taking into account equations   and neglecting the terms of power 2, we obtain    

    

  
  ((   

 )( )  (   )
( ))    (   )

( )    (   )
( )   

      565 

    

  
  ((   

 )( )  (   )
( ))    (   )

( )    (   )
( )   

      566 

    

  
  ((   

 )( )  (   )
( ))    (   )

( )    (   )
( )   

      567 

    

  
  ((   

 )( )  (   )
( ))    (   )

( )    ∑ ( (  )( )   
   )

  
      568 

    

  
  ((   

 )( )  (   )
( ))    (   )

( )    ∑ ( (  )( )   
   )

  
      569 

    

  
  ((   

 )( )  (   )
( ))    (   )

( )    ∑ ( (  )( )   
   )

  
      570 

ASYMPTOTIC STABILITY ANALYSIS 

 

Theorem 7:   If the conditions of the previous theorem are satisfied and if the functions 

(  
  )( )     (  

  )( )  Belong to  ( )(   ) then the above equilibrium point is asymptotically stable. 

 

Proof:  Denote 
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Then taking into account equations   and neglecting the terms of power 2, we obtain from   
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Obviously, these values represent an equilibrium solution   

 

ASYMPTOTIC STABILITY ANALYSIS 

 

Theorem 8:   If the conditions of the previous theorem are satisfied and if the functions 

(  
  )( )     (  

  )( )  Belong to  ( )(   ) then the above equilibrium point is asymptotically stable. 

 

Proof:  Denote 
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Then taking into account equations   and neglecting the terms of power 2, we obtain   
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ASYMPTOTIC STABILITY ANALYSIS 
 
Theorem 9:   If the conditions of the previous theorem are satisfied and if the functions 

(  
  )( )     (  

  )( )  Belong to  ( )(   ) then the above equilibrium point is asymptotically stable. 
Proof:  Denote 
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Definition of       :- 
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Then taking into account equations 89 to 99 and neglecting the terms of power 2, we obtain from 99 to 
44 
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The characteristic equation of this system is 587 
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And as one sees, all the coefficients are positive. It follows that all the roots have negative real part, and 

this proves the theorem. 
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Warped extra Dimensions and Gravity: Tweedledee and Tweedledee  

Abstract: Habit makes you and mars you also. Sometime I think repetitive thoughts make a person mad. I have 

apprehensions about the same with the particles. Think that your friend snubbed and nagged you ten times, it 

becomes thousand fold stronger. Are constellations and galaxies perforating their duty in grand design as a matter of 

habit? Is death also a habit? I donot know. It is true of human beings and also other systems. We talk of muscles 

having memory, fluids having memory and for that matter all autopoietic systems having one so they can practice. 

only politicians do not have memory! They preach something and practice another! And there is no guilty 

consciousness! With that all the deprivational feelings are dissolved. .Jack the ripper, must also have found a sadistic 

pleasure in doing what he did. There is one thing I can be sure of: I am going to die. But what am I to make of that 

fact? This course will examine a number of issues that arise once we begin to reflect on our mortality. The 

possibility that death may not actually be the end is considered. Are we, in some sense, immortal? Would 

immortality be desirable? Also a clearer notion of what it is to die is examined. What does it mean to say that a 

person has died? What kind of fact is that? And, finally, different attitudes to death are evaluated. Is death an evil? 

How? Why? Is suicide morally permissible? Is it rational? How should the knowledge that I am going to die affect 

the way I live my life? (Shelly Kagan). Practice action and perform and just forget it as if you have done some office 

work. There shall be no ego or expectations. It becomes a habit. In the eventuality you have achieved sat Chit 

Ananda, although you might have that perpetual frown on the face. Believe me it is true.  Tell baby from the 

beginning that this is space and this is time and you are on a perpetual search which nobody knows. A few days I 

was writing something and it became very clear God is not in an hat NAD or the space between ragas, but really 

cares two hoots for the language. That is the ultimate destiny. Experience the fact like Ramakrishna and you shall 

get the results.  

INTRODUCTION—VARIABLES USED 

National Geographic Society: The Greatest Unsolved Problem in Theoretical Physics 

Posted by Ethan on September 19, 2012 

 

 

There are two other possibilities, one which is much more promising than the other, and both involving extra 
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dimensions.  

Image credit: Cetin BAL, as far as I can tell. 

(1) Warped Extra Dimensions. This theory — pioneered by the aforementioned Lisa Randall along with 

Raman Sundrum — hold that gravity is just (=) as strong as the other forces, but not in our three-

spatial-dimension Universe.  

(2) It lives in a different three-spatial-dimension Universe that’s offset (=, e, eb) by some tiny amount — 

like 10-31 meters — from our own Universe in the fourth spatial dimension. 

(3)  (Or, as the diagram above indicates, in the fifth dimension, once time is included.) This is interesting, 

because it would be stable, and it could (eb) provide a possible explanation as to why our Universe 

began expanding so rapidly at the beginning (warped spacetime can do that), so it’s got some 

compelling perks. 

(4) What it should also (e) include are an extra set of particles; not supersymmetric particles, but Kaluza-

Klein particles, which are a direct consequence (e) of there being extra dimensions.  

(5) For what it’s worth, there has been a hint from one experiment in space that there might (eb) be a 

Kaluza-Klein particle at energy of about 600 GeV, or about 5 times the mass of the Higgs.

 
Image credit: J. Chang et al. (2008), Nature, from the Advanced Thin Ionization Calorimeter (ATIC). 
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(6) This is by no means a certainty, as it’s(=) just an excess of observed electrons over(e) the expected 

background, but it’s worth keeping in mind as the LHC eventually ramps up to full energy; a new 

particle that’s below 1,000 GeV in mass should be within range of this machine. 

And finally… 

 

Image credit: Universe-review.ca. 

(7)  Large Extra Dimensions. Instead of being warped, the extra dimensions could be “large”, where large 

is only large relative (e) to the warped ones, which were 10-31 meters in scale. 

(8)  The “large” extra dimensions would be around millimeter-sized, which meant that new particles 

would start showing (eb) up right around the scale that the LHC is capable of probing. 

(9)  Again, there would be new Kaluza-Klein particles, and this could be a possible solution (e) to the 

hierarchy problem. 

NOTATION  

Module One 

Warped Extra Dimensions. This theory — pioneered by the aforementioned Lisa Randall along with Raman 

Sundrum — hold that gravity is just (=) as strong as the other forces, but not in our three-spatial-dimension 

Universe 

    :  Category one of strong as the other forces, but not in our three-spatial-dimension Universe             

    :  Category two of strong as the other forces, but not in our three-spatial-dimension Universe 

    : Category three of strong as the other forces, but not in our three-spatial-dimension Universe 

    :  Category one of Warped Extra Dimensions. This theory — pioneered by the aforementioned Lisa Randall 

along with Raman Sundrum — hold that gravity  

    :  Category two of Warped Extra Dimensions. This theory — pioneered by the aforementioned Lisa Randall 

along with Raman Sundrum — hold that gravity  

    :  Category three of Warped Extra Dimensions. This theory — pioneered by the aforementioned Lisa Randall 

along with Raman Sundrum — hold that gravity  

Module Two(Care: both the cases are discussed) 

It lives in a different three-spatial-dimension Universe that’s offset (=, e, eb) by some tiny amount — like 10-

31 meters — from our own Universe in the fourth spatial dimension 

    : Category one of gravity lives in a different three-spatial-dimension Universe; some tiny amount — like 10-

31 meters — from our own Universe in the fourth spatial dimension 

    :  Category two of gravity lives in a different three-spatial-dimension Universe; some tiny amount — like 10-

31 meters — from our own Universe in the fourth spatial dimension 

    : Category three of gravity lives in a different three-spatial-dimension Universe; some tiny amount — like 10-

31 meters — from our own Universe in the fourth spatial dimension 

    :  Category one of some tiny amount — like 10-31 meters — from our own Universe in the fourth spatial 
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dimension; gravity lives in a different three-spatial-dimension Universe 

    :  Category two of some tiny amount — like 10-31 meters — from our own Universe in the fourth spatial 

dimension ;gravity lives in a different three-spatial-dimension Universe 

    :  Category three of some tiny amount — like 10-31 meters — from our own Universe in the fourth spatial 

dimension;  gravity lives in a different three-spatial-dimension Universe 

Module three 

(Or, as the diagram above indicates, in the fifth dimension, once time is included.) This is interesting, because 

gravity it would be stable, and it could (eb) provide a possible explanation as to why our Universe began expanding 

so rapidly at the beginning (warped spacetime can do that), so it’s got some compelling perks. 

    :  Category one of gravity it would be stable (Please see the background above) 

    :  Category two of gravity it would be stable 

    :  Category three of gravity it would be stable 

    :  Category one of possible explanation as to why our Universe began expanding so rapidly at the beginning 

(warped spacetime can do that), so it’s got some compelling perks 

    :   Category two of possible explanation as to why our Universe began expanding so rapidly at the beginning 

(warped spacetime can do that), so it’s got some compelling perks 

    :  Category three of possible explanation as to why our Universe began expanding so rapidly at the beginning 

(warped spacetime can do that), so it’s got some compelling perks 

Module four 

What it should also (e) include are an extra set of particles; not supersymmetric particles, but Kaluza-Klein 

particles, which are a direct consequence (e) of there being extra dimensions 

    :  Category one of gravity and warped extra dimensions should also  include are an extra set of particles; not 

supersymmetric particles, but Kaluza-Klein particles 

    :  Category two of gravity and warped extra dimensions should also  include are an extra set of particles; not 

supersymmetric particles, but Kaluza-Klein particles 

    :  Category three of gravity and warped extra dimensions should also  include are an extra set of particles; not 

supersymmetric particles, but Kaluza-Klein particles 

    :  Category one of extra dimensions 

    :  Category two of extra dimensions 

    :  Category three of extra dimensions 

Module five 

For what it’s worth, there has been a hint from one experiment in space that there might (eb) be a Kaluza-Klein 

particle at energy of about 600 GeV, or about 5 times the mass of the Higgs 

    :  Category one of experiment in space  gives insinuations and innuendos 
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    :  Category two of experiment in space  gives insinuations and innuendos 

    :  Category three of experiment in space  gives insinuations and innuendos 

    :  Category one of Kaluza-Klein particle at energy of about 600 GeV, or about 5 times the mass of the Higgs 

    :  Category two of Kaluza-Klein particle at energy of about 600 GeV, or about 5 times the mass of the Higgs 

    : Category three of  Kaluza-Klein particle at energy of about 600 GeV, or about 5 times the mass of the Higgs 

Module six 

This is by no means a certainty, as it’s(=) just an excess of observed electrons over(e) the expected background, but 

it’s worth keeping in mind as the LHC eventually ramps up to full energy; a new particle that’s below 1,000 GeV in 

mass should be within range of this machine 

    :  Category one of indeterminism of Kaluza-Klein particle at energy of about 600 GeV, or about 5 times the 

mass of the Higgs 

    :  Category two of indeterminism of Kaluza-Klein particle at energy of about 600 GeV, or about 5 times the 

mass of the Higgs 

    :  Category three of indeterminism of Kaluza-Klein particle at energy of about 600 GeV, or about 5 times the 

mass of the Higgs 

    :  Category one of excess of observed electrons over(e) the expected background, but it’s worth keeping in mind 

as the LHC eventually ramps up to full energy; a new particle that’s below 1,000 GeV in mass should be within 

range of this machine 

    :  Category two of excess of observed electrons over(e) the expected background, but it’s worth keeping in mind 

as the LHC eventually ramps up to full energy; a new particle that’s below 1,000 GeV in mass should be within 

range of this machine 

    :  Category three of excess of observed electrons over(e) the expected background, but it’s worth keeping in 

mind as the LHC eventually ramps up to full energy; a new particle that’s below 1,000 GeV in mass should be 

within range of this machine 

Module seven 

Large Extra Dimensions. Instead of being warped, the extra dimensions could be “large”, where large is only large 

relative (e) to the warped ones, which were 10-31 meters in scale 

    :  Category one of Instead of being warped, the extra dimensions could be “large”, where large is only large; 

warped ones, which were 10-31 meters in scale 

    :  Category two of Instead of being warped, the extra dimensions could be “large”, where large is only large; 

warped ones, which were 10-31 meters in scale 

    : Category three of Instead of being warped, the extra dimensions could be “large”, where large is only large; 

warped ones, which were 10-31 meters in scale 
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     :  Category one of warped ones, which were 10-31 meters in scale; Instead of being warped, the extra 

dimensions could be “large”, where large is only large 

    :  Category two of warped ones, which were 10-31 meters in scale; Instead of being warped, the extra 

dimensions could be “large”, where large is only large 

    : Category three of warped ones, which were 10-31 meters in scale ;Instead of being warped, the extra 

dimensions could be “large”, where large is only large 

Module eight 

The “large” extra dimensions would be around millimeter-sized, which meant that new particles would start 

showing (eb) up right around the scale that the LHC is capable of probing 

    :  Category one of “large” extra dimensions would be around millimeter-sized, which meant that new particles 

    :  Category two of “large” extra dimensions would be around millimeter-sized, which meant that new particles 

    : Category three of “large” extra dimensions would be around millimeter-sized, which meant that new particles 

    :  Category one of right around the scale that the LHC is capable of probing. It is to be repeated that we are 

talking of system that satisfy the conditions of the so stated axiomatic predication in the foregoing. 

    :  Category two of right around the scale that the LHC is capable of probing 

    : Category three of right around the scale that the LHC is capable of probing 

Module Nine 

Again, there would be new Kaluza-Klein particles, and this could be a possible solution (e) to the hierarchy 

problem 

    :  Category one of Kaluza-Klein particles, and this could be a possible solution 

    :  Category two of Kaluza-Klein particles, and this could be a possible solution 

    : Category three of Kaluza-Klein particles, and this could be a possible solution 

    :  Category one of hierarchy problem 

    :  Category two of hierarchy problem 

    : Category three of hierarchy problem 
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are Dissipation coefficients 

 Module Numbered One 

 

The differential system of this model is now (Module Numbered one) 
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The differential system of this model is now ( Module numbered two) 
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The differential system of this model is now (Module numbered three) 
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The differential system of this model is now (Module numbered  Four) 
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The differential system of this model is now (Module number five) 
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The differential system of this model is now (Module numbered Six) 
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The differential system of this model is now (Seventh Module) 
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 The differential system of this model is now 
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Where (   
  )( )(     )   (   

  )( )(     )   (   
  )( )(     )   are first augmentation coefficients for 

category 1, 2 and 3  

  (   
  )(    )(     )  ,  (   

  )(    )(     )  ,  (   
  )(    )(     )  are second  augmentation coefficient for 

category 1, 2 and 3   

  (   
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  )(    )(     )  are third  augmentation coefficient for 

category 1, 2 and 3  
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  )(        )(     )  are fourth augmentation 

coefficient for category 1, 2 and 3 
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Where  (   
  )( )(   )    (   

  )( )(   )    (   
  )( )(   )  are first detrition coefficients for category 1, 

2 and 3    
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  )(    )(     )   are second detrition coefficients for 

category 1, 2 and 3    
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category 1, 2 and 3   
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 (   )

( )    

[
 
 
 
 
  

(   
 )( )  (   

  )( )(     )   (   
  )(    )(     )   (   

  )(     )(     )   

 (   
  )(         )(     )   (   

  )(         )(     )   (   
  )(         )(     )

 

 (   
  )(     )(     )   (   

  )(     )(     )   (   
  )(   )(     ) ]

 
 
 
 

     

61 

    

  
 (   )

( )    

[
 
 
 
 
 

(   
 )( )  (   

  )( )(     )   (   
  )(    )(     )   (   

  )(     )(     )   

 (   
  )(         )(     )   (   

  )(         )(     )   (   
  )(         )(     )

 

 (   
  )(     )(     )   (   

  )(     )(     )   (   
  )(   )(     ) ]

 
 
 
 

     

62 

    

  
 (   )

( )    

[
 
 
 
 
  

(   
 )( )  (   

  )( )(     )   (   
  )(    )(     )   (   

  )(     )(     )   

 (   
  )(         )(     )   (   

  )(         )(     )   (   
  )(         )(     )

 

 (   
  )(     )(     )   (   

  )(     )(     )   (   
  )(   )(     ) ]

 
 
 
 

     

63 

Where  (   
  )( )(     )     (   

  )( )(     )    (   
  )( )(     )  are first augmentation coefficients for 

category 1, 2 and 3   

 (   
  )(    )(     )  ,  (   

  )(    )(     )  ,  (   
  )(    )(     )   are second augmentation coefficient for 

category 1, 2 and 3    

 (   
  )(     )(     )    (   

  )(     )(     )    (   
  )(     )(     )  are third  augmentation coefficient for 

category 1, 2 and 3   

 (   
  )(         )(     )   (   

  )(         )(     )   (   
  )(         )(     )   are fourth augmentation 

coefficient for category 1, 2 and 3   

 (   
  )(         )(     ) ,  (   

  )(         )(     )  ,  (   
  )(         )(     )   are fifth  augmentation 

coefficient for category 1, 2 and 3   

 (   
  )(         )(     ) ,  (   

  )(         )(     )  ,  (   
  )(         )(     )   are sixth augmentation 

coefficient for category 1, 2 and 3   

  (   
  )(     )(     )    (   

  )(     )(     )  ,  (   
  )(     )(     )  are seventh augmentation coefficient 

for category 1, 2 and 3   

 (   
  )(     )(     )    (   

  )(     )(     )    (   
  )(     )(     )  are eight augmentation coefficient for 

category 1, 2 and 3   

 (   
  )(   )(     )  ,  (   

  )(   )(     )  ,  (   
  )(   )(     )  are ninth augmentation coefficient for 

category 1, 2 and 3   
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 (   )

( )    

[
 
 
 
 
 

(   
 )( )  (   

  )( )(     )    (   
  )(    )(   )  – (   

  )(      )(     )   

 (   
  )(         )(     )  – (   

  )(         )(     )  – (   
  )(         )(     )

 

– (   
  )(     )(     )  – (   

  )(     )(     )  – (   
  )(   )(     ) ]

 
 
 
 

     

64 

    

  
 (   )

( )    

[
 
 
 
 
 

(   
 )( )  (   

  )( )(     )    (   
  )(    )(   )  – (   

  )(      )(     )  

– (   
  )(         )(     )  – (   

  )(         )(     )  – (   
  )(         )(     )

 

– (   
  )(     )(     )  – (   

  )(     )(     )  – (   
  )(   )(     ) ]

 
 
 
 

     

65 

    

  
 (   )

( )    

[
 
 
 
 
 

(   
 )( )  (   

  )( )(     )    (   
  )(    )(   )  – (   

  )(      )(     )   

 (   
  )(         )(     )  – (   

  )(         )(     )  – (   
  )(         )(     )

 

– (   
  )(     )(     )  – (   

  )(     )(     )  – (   
  )(   )(     ) ]

 
 
 
 

     

66 

        (   
  )( )(     )    ,  (   

  )( )(     )   ,  (   
  )( )(     )    are first detrition coefficients for 

category 1, 2 and 3  

 (   
  )(    )(   )    (   

  )(    )(   )  ,  (   
  )(    )(   )   are second detrition coefficients for category 

1,2 and 3  

 (   
  )(      )(     )    (   

  )(      )(     )    (   
  )(      )(     )   are  third  detrition coefficients for 

category 1,2 and 3  

 (   
  )(         )(     )   (   

  )(         )(     )   (   
  )(         )(     )   are  fourth detrition 

coefficients for category 1,2 and 3  

 (   
  )(         )(     )  ,  (   

  )(         )(     )  ,  (   
  )(         )(     )  are  fifth detrition coefficients 

for category 1,2 and 3  

 (   
  )(         )(     )   (   

  )(         )(     )  ,  (   
  )(         )(     )   are  sixth detrition coefficients 

for category 1,2 and 3  

   – (   
  )(     )(     )  ,   – (   

  )(     )(     ) , – (   
  )(     )(     )  are  seventh detrition coefficients for 

category 1,2 and 3  

– (   
  )(     )(     )  , – (   

  )(     )(     )  , – (   
  )(     )(     )  are  eight detrition coefficients for 

category 1,2 and 3 

– (   
  )(   )(     )  , – (   

  )(   )(     )  , – (   
  )(   )(     )  are  ninth detrition coefficients for category 

1,2 and 3 

 

    

  
 (   )

( )    

[
 
 
 
 
 

(   
 )( )  (   

  )( )(     )   (   
  )(     )(     )   (   

  )(      )(     )  

 (   
  )(           )(     )   (   

  )(           )(     )   (   
  )(           )(     )

 

 

 (   
  )(       )(     )   (   

  )(       )(     )   (   
  )(     )(     ) ]

 
 
 
 

     

67 

    

  
 (   )

( )    

[
 
 
 
 (   

 )( )  (   
  )( )(     )   (   

  )(     )(     )   (   
  )(      )(     )   

 (   
  )(           )(     )   (   

  )(           )(     )   (   
  )(           )(     )

 (   
  )(       )(     )   (   

  )(       )(     )   (   
  )(     )(     ) ]

 
 
 
 

     

68 
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 (   )

( )    

[
 
 
 
 (   

 )( )  (   
  )( )(     )   (   

  )(     )(     )   (   
  )(      )(     )   

 (   
  )(           )(     )   (   

  )(           )(     )   (   
  )(           )(     )

 (   
  )(       )(     )   (   

  )(       )(     )   (   
  )(     )(     ) ]

 
 
 
 

     

69 

 (   
  )( )(     ) ,  (   

  )( )(     ) ,  (   
  )( )(     )   are  first  augmentation coefficients for 

category 1, 2 and 3  

 (   
  )(     )(     )    (   

  )(     )(     )  ,  (   
  )(     )(     )  are second augmentation coefficients 

for category 1, 2 and 3    

 (   
  )(      )(     )    (   

  )(      )(     )    (   
  )(      )(     )    are third augmentation coefficients 

for category 1, 2 and 3    

 (   
  )(           )(     )  ,  (   

  )(           )(     )    (   
  )(           )(     )  are fourth augmentation 

coefficients for category 1, 2 and 3   

 (   
  )(           )(     )   (   

  )(           )(     )    (   
  )(           )(     )  are fifth augmentation 

coefficients for category 1, 2 and 3   

 (   
  )(           )(     )    (   

  )(           )(     )   (   
  )(           )(     )  are sixth augmentation 

coefficients for category 1, 2 and 3    

 (   
  )(       )(     )  ,  (   

  )(       )(     )  ,  (   
  )(       )(     )  are seventh augmentation 

coefficients for category 1, 2 and 3    

 (   
  )(       )(     )  ,  (   

  )(       )(     ) ,  (   
  )(       )(     )  are eight augmentation coefficients 

for category 1, 2 and 3    

 (   
  )(     )(     )  ,  (   

  )(     )(     )  ,  (   
  )(     )(     )  are ninth augmentation coefficients for 

category 1, 2 and 3    

 

    

  
 (   )

( )    

[
 
 
 
 
 

(   
 )( )  (   

  )( )(     )  – (   
  )(     )(     )  – (   

  )(      )(   )   

 (   
  )(           )(     )  – (   

  )(           )(     )  – (   
  )(           )(     )

 

– (   
  )(       )(     )  – (   

  )(       )(     )  – (   
  )(     )(     ) ]

 
 
 
 

     

70 

    

  
 (   )

( )    

[
 
 
 
 (   

 )( )  (   
  )( )(     )  – (   

  )(     )(     )  – (   
  )(      )(   )   

  (   
  )(           )(     )  – (   

  )(           )(     )  – (   
  )(           )(     )

 

– (   
  )(       )(     )  – (   

  )(       )(     )  – (   
  )(     )(     ) ]

 
 
 
 

     

71 

    

  
 (   )

( )    

[
 
 
 
 
 

(   
 )( )  (   

  )( )(     )  – (   
  )(     )(     )  – (   

  )(      )(   )   

 (   
  )(           )(     )  – (   

  )(           )(     )  – (   
  )(           )(     )

 

– (   
  )(       )(     )  – (   

  )(       )(     )  – (   
  )(     )(     ) ]

 
 
 
 

     

72 

 (   
  )( )(     )    (   

  )( )(     )     (   
  )( )(     )   are first  detrition coefficients  for category 1, 

2 and 3   

 (   
  )(     )(     )  ,  (   

  )(     )(     )  ,  (   
  )(     )(     )   are second detrition coefficients for 

category 1, 2 and 3      

 (   
  )(      )(   )    (   

  )(      )(   )  ,  (   
  )(      )(   )   are third detrition coefficients for category 

1,2 and 3  

 (   
  )(           )(     )   (   

  )(           )(     )   (   
  )(           )(     )  are fourth  detrition 
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coefficients  for category 1, 2 and 3   

 (   
  )(           )(     )   (   

  )(           )(     )    (   
  )(           )(     )  are fifth  detrition 

coefficients  for category 1, 2 and 3   

 (   
  )(           )(     )   (   

  )(           )(     )   (   
  )(           )(     )  are sixth detrition 

coefficients  for category 1, 2 and 3   

– (   
  )(       )(     )  , – (   

  )(       )(     )  – (   
  )(       )(     )  are seventh detrition coefficients  

for category 1, 2 and 3  

 – (   
  )(       )(     )  , – (   

  )(       )(     )  , – (   
  )(       )(     )  are eight detrition coefficients  for 

category 1, 2 and 3   

– (   
  )(     )(     )  , – (   

  )(     )(     )  , – (   
  )(     )(     )  are ninth detrition coefficients  for 

category 1, 2 and 3   

    

  
 (   )

( )    

[
 
 
 
 
 
(   

 )( )  (   
  )( )(     )   (   

  )(    )(     )   (   
  )(    )(     )   

 (   
  )(       )(     )   (   

  )(       )(     )   (   
  )(       )(     )

 

 (   
  )(         )(     )   (   

  )(         )(     )   (   
  )(       )(     ) ]

 
 
 
 

     

73 

    

  
 (   )

( )    

[
 
 
 
 
 
(   

 )( )  (   
  )( )(     )   (   

  )(    )(     )   (   
  )(   )(     )   

 (   
  )(       )(     )   (   

  )(       )(     )   (   
  )(       )(     )

 

 (   
  )(         )(     )   (   

  )(         )(     )   (   
  )(       )(     ) ]

 
 
 
 

     

74 

    

  
 (   )

( )    

[
 
 
 
 
 
(   

 )( )  (   
  )( )(     )   (   

  )(    )(     )   (   
  )(    )(     )  

 (   
  )(       )(     )   (   

  )(       )(     )   (   
  )(       )(     )

  

 (   
  )(         )(     )   (   

  )(         )(     )   (   
  )(       )(     ) ]

 
 
 
 

     

75 

(   
  )( )(     )   (   

  )( )(     )   (   
  )( )(     )                                        

                 

  (   
  )(    )(     )    (   

  )(    )(     )    (   
  )(    )(     )                            

                                      

  (   
  )(    )(     )    (   

  )(    )(     )    (   
  )(    )(     )                           

                                      

 (   
  )(       )(     )   (   

  )(       )(     )   (   
  )(       )(     )   

                                                            

 (   
  )(       )(     ) ,  (   

  )(       )(     )   (   
  )(       )(     )  

                                                           

 (   
  )(       )(     ) ,  (   

  )(       )(     ) ,  (   
  )(       )(     )  

                                                            

 (   
  )(         )(     )  ,  (   

  )(         )(     ) ,  (   
  )(         )(     )  

                                                              

 (   
  )(         )(     )  ,  (   

  )(         )(     )  ,  (   
  )(         )(     )  

                                                            

 (   
  )(       )(     )  ,  (   

  )(       )(     )  ,  (   
  )(       )(     )  are ninth detrition coefficients for 

category 1 2 3 
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 (   )

( )    

[
 
 
 
 (   

 )( )  (   
  )( )(     )    (   

  )(    )(     )  – (   
  )(    )(     )   

 (   
  )(       )(   )    (   

  )(       )(     )  – (   
  )(       )(     )

– (   
  )(         )(     )  – (   

  )(         )(     )  – (   
  )(       )(     ) ]

 
 
 
 

     

76 

    

  
 (   )

( )    

[
 
 
 
 (   

 )( )  (   
  )( )(     )    (   

  )(    )(     )  – (   
  )(    )(     )   

 (   
  )(       )(   )    (   

  )(       )(     )  – (   
  )(       )(     )

– (   
  )(         )(     )  – (   

  )(         )(     )  – (   
  )(       )(     ) ]

 
 
 
 

     

77 

    

  
 (   )

( )    

[
 
 
 
 
 
(   

 )( )  (   
  )( )(     )    (   

  )(    )(     )  – (   
  )(    )(     )   

 (   
  )(       )(   )    (   

  )(       )(     )  – (   
  )(       )(     )

– (   
  )(         )(     )  – (   

  )(         )(     )  – (   
  )(       )(     ) ]

 
 
 
 

     

78 

      – (   
  )( )(     )    (   

  )( )(     )    (   
  )( )(     )                                   

                           

 (   
  )(    )(     )    (   

  )(    )(     )    (   
  )(    )(     )                                      

                          

 (   
  )(    )(     )    (   

  )(    )(     )    (   
  )(    )(     )                                    

                          

 (   
  )(       )(   )   (   

  )(       )(   )  ,  (   
  )(       )(   )   

                                                             

 (   
  )(       )(     ) ,  (   

  )(       )(     ) ,  (   
  )(       )(     )  

                                                           

– (   
  )(       )(     )  – (   

  )(       )(     )  – (   
  )(       )(     )  

                                                           

  – (   
  )(         )(     )  , – (   

  )(         )(     )  , – (   
  )(         )(     )  

                                                          

– (   
  )(         )(     )  , – (   

  )(         )(     )   – (   
  )(         )(     )  

                                                         

– (   
  )(       )(     )  , – (   

  )(       )(     )  , – (   
  )(       )(     )  are ninth detrition coefficients for 

category 1 2 3 

 

    

  
 (   )

( )    

[
 
 
 
 
 

(   
 )( )  (   

  )( )(     )   (   
  )(    )(     )   (   

  )(     )(     )   

 (   
  )(         )(     )   (   

  )(         )(     )   (   
  )(         )(     )

 

 (   
  )(           )(     )   (   

  )(           )(     )   (   
  )(         )(     ) ]

 
 
 
 

     

79 

    

  
 (   )

( )    

[
 
 
 
 
 

(   
 )( )  (   

  )( )(     )   (   
  )(    )(     )   (   

  )(     )(     )   

 (   
  )(         )(     )   (   

  )(         )(     )   (   
  )(         )(     )

 

 (   
  )(           )(     )   (   

  )(           )(     )   (   
  )(         )(     ) ]

 
 
 
 

     

80 

    

  
 (   )

( )    

[
 
 
 
 
 

(   
 )( )  (   

  )( )(     )   (   
  )(    )(     )   (   

  )(     )(     )   

 (   
  )(         )(     )   (   

  )(         )(     )   (   
  )(         )(     )

 

 

 (   
  )(           )(     )   (   

  )(           )(     )   (   
  )(         )(     ) ]

 
 
 
 

     

81 
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       (   
  )( )(     )    (   

  )( )(     )    (   
  )( )(     )                          

                                      

     (   
  )(    )(     )    (   

  )(    )(     )    (   
  )(    )(     )                           

                                       

 (   
  )(     )(     )    (   

  )(     )(     )    (   
  )(     )(     )                           

                                     

 (   
  )(         )(     )   (   

  )(         )(     )   (   
  )(         )(     )   are fourth augmentation 

coefficients for category 1,2, and 3 

 (   
  )(         )(     )   (   

  )(         )(     )   (   
  )(         )(     )  are fifth augmentation 

coefficients for category 1,2,and  3 

 (   
  )(         )(     )   (   

  )(         )(     )   (   
  )(         )(     )   are sixth augmentation 

coefficients for category 1,2, 3 

 (   
  )(           )(     )  ,  (   

  )(           )(     )  ,  (   
  )(           )(     )  are seventh augmentation 

coefficients for category 1,2, 3 

 (   
  )(            )(     )  ,  (   

  )(           )(     )  ,  (   
  )(           )(     )  are eighth augmentation 

coefficients for category 1,2, 3 

 (   
  )(         )(     )  ,  (   

  )(         )(     )  ,  (   
  )(         )(     )  are ninth  augmentation 

coefficients for category 1,2, 3 

 

    

  
 (   )

( )    

[
 
 
 
 

 
(   

 )( )  (   
  )( )(     )    (   

  )(    )(     )  – (   
  )(     )(     )   

 (   
  )(         )(   )    (   

  )(         )(     )  – (   
  )(         )(     )

 

– (   
  )(           )(     )  – (   

  )(           )(     )  – (   
  )(         )(     ) ]

 
 
 
 

     

82 

    

  
 (   )

( )    

[
 
 
 
 

 
(   

 )( )  (   
  )( )(     )    (   

  )(    )(     )  – (   
  )(     )(     )   

 (   
  )(         )(   )    (   

  )(         )(     )  – (   
  )(         )(     )

 

– (   
  )(           )(     )  – (   

  )(           )(     )  – (   
  )(         )(     ) ]

 
 
 
 

     

83 

    

  
 (   )

( )    

[
 
 
 
 

 
(   

 )( )  (   
  )( )(     )    (   

  )(    )(     )  – (   
  )(     )(     )   

 (   
  )(          )(   )    (   

  )(         )(     )  – (   
  )(         )(     )  

– (   
  )(           )(     )  – (   

  )(           )(     )  – (   
  )(         )(     ) ]

 
 
 
 

     

84 

      – (   
  )( )(     )      (   

  )( )(     )     (   
  )( )(     )                                       

                         

 (   
  )(    )(     )    (   

  )(    )(     )    (   
  )(    )(     )                                      

                        

 (   
  )(     )(     )    (   

  )(     )(     )    (   
  )(     )(     )                                       

                        

 (   
  )(         )(   )   (   

  )(         )(   )     (   
  )(          )(   )   are fourth detrition coefficients for 

category 1,2, and 3 

 (   
  )(         )(     )   (   

  )(         )(     )   (   
  )(         )(     )  are fifth detrition coefficients 

for category 1,2, and 3 

– (   
  )(         )(     ) , – (   

  )(         )(     )  – (   
  )(         )(     )  are sixth  detrition coefficients 
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for category 1,2, and 3 

 – (   
  )(           )(     )  ,  – (   

  )(           )(     )  , – (   
  )(           )(     )  are seventh  detrition 

coefficients for category 1,2, and 3 

– (   
  )(           )(     )  , – (   

  )(           )(     )  , – (   
  )(           )(     )  are eighth  detrition 

coefficients for category 1,2, and 3 

– (   
  )(         )(     )  , – (   

  )(         )(     )  , – (   
  )(         )(     )  are ninth   detrition coefficients 

for category 1,2, and 3 
    

  
 (   )

( )   

 

[
 
 
 
 (   

 )( )  (   
  )( )(     )   (   

  )(     )(     )   (   
  )(      )(     )   

 (   
  )(           )(     )   (   

  )(           )(     )   (   
  )(           )(     )

 (   
  )(             )(     )    (   

  )(             )(     )   (   
  )(           )(     ) ]

 
 
 
 

     

85 

    

  
 (   )

( )    

[
 
 
 
 (   

 )( )  (   
  )( )(     )   (   

  )(     )(     )   (   
  )(      )(     )   

 (   
  )(           )(     )   (   

  )(           )(     )   (   
  )(           )(     )

 (   
  )(             )(     )   (   

  )(             )(     )   (   
  )(           )(     ) ]

 
 
 
 

     

86 

    

  
 (   )

( )    

[
 
 
 
 (   

 )( )  (   
  )( )(     )   (   

  )(     )(     )   (   
  )(      )(     )   

 (   
  )(           )(     )   (   

  )(           )(     )   (   
  )(           )(     )

 (   
  )(             )(     )   (   

  )(             )(     )   (   
  )(           )(     ) ]

 
 
 
 

     

87 

 (   
  )( )(     )   (   

  )( )(     )   (   
  )( )(     )                                          

                        

 (   
  )(     )(     )    (   

  )(     )(     )    (   
  )(     )(     )                           

                                       

 (   
  )(      )(     )    (   

  )(      )(     )    (   
  )(      )(     )                           

                                        

 (   
  )(           )(     )   (   

  )(           )(     )   (   
  )(           )(     )   - are fourth augmentation 

coefficients 

 (   
  )(           )(     )   (   

  )(           )(     )   (   
  )(           )(     )    - fifth augmentation 

coefficients 

 (   
  )(           )(     ) ,  (   

  )(           )(     )   (   
  )(           )(     )   sixth  augmentation 

coefficients  

  (   
  )(             )(     )  ,  (   

  )(             )(     ) ,  (   
  )(             )(     )  

                                   

 (   
  )(             )(     )  ,  (   

  )(             )(     )  ,  (   
  )(             )(     )  

Eighth  augmentation coefficients 

 (   
  )(           )(     )  ,  (   

  )(           )(     )  ,  (   
  )(           )(     )  ninth augmentation 

coefficients 
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 (   )

( )    

[
 
 
 
 (   

 )( )  (   
  )( )(     )  – (   

  )(     )(     )  – (   
  )(      )(     )   

 (   
  )(           )(   )    (   

  )(           )(     )  – (   
  )(           )(     )

– (   
  )(             )(     )  – (   

  )(             )(     )  – (   
  )(           )(     ) ]

 
 
 
 

     

88 

    

  
 (   )

( )    

[
 
 
 
 (   

 )( )  (   
  )( )(     )  – (   

  )(     )(     )  – (   
  )(      )(     )   

 (   
  )(           )(   )    (   

  )(           )(     )  – (   
  )(           )(     )

– (   
  )(             )(     )  – (   

  )(             )(     )  – (   
  )(           )(     ) ]

 
 
 
 

     

89 

    

  
 (   )

( )    

[
 
 
 
 (   

 )( )  (   
  )( )(     )  – (   

  )(     )(     )  – (   
  )(      )(     )   

 (   
  )(           )(   )    (   

  )(           )(     )  – (   
  )(           )(     )

– (   
  )(             )(     )  – (   

  )(             )(     )  – (   
  )(           )(     ) ]

 
 
 
 

     

90 

  

 (   
  )( )(     )    (   

  )( )(     )     (   
  )( )(     )                                      

                          

 (   
  )(     )(     )    (   

  )(     )(     )    (   
  )(     )(     )                                      

                            

 (   
  )(      )(     )    (   

  )(      )(     )    (   
  )(      )(     )                                     

                        

 (   
  )(           )(   )   (   

  )(           )(   )   (   
  )(           )(   )    are fourth detrition  coefficients 

for category 1, 2, and 3 

 (   
  )(           )(     ) ,  (   

  )(           )(     )   (   
  )(           )(     )   are fifth detrition  

coefficients for category 1, 2, and 3 

– (   
  )(           )(     ) , – (   

  )(           )(     )  – (   
  )(           )(     )   are sixth detrition 

coefficients for category 1, 2, and 3 

– (   
  )(             )(     ) ,  – (   

  )(             )(     ) , – (   
  )(             )(     )  are seventh detrition 

coefficients for category 1, 2, and 3 

– (   
  )(             )(     )  , – (   

  )(             )(     )  , – (   
  )(             )(     )   

are eighth detrition coefficients for category 1, 2, and 3 

– (   
  )(           )(     )  , – (   

  )(           )(     )  , – (   
  )(           )(     )  are ninth detrition 

coefficients for category 1, 2, and 3 

 

    

  

 (   )
( )    

[
 
 
 
 
 
(   

 )( )  (   
  )( )(     )   (   

  )(             )(     )   (   
  )(             )(     )   

 (   
  )(             )(     )   (   

  )(             )(     )   (   
  )(             )(     )  

 (   
  )(             )(     )   (   

  )(                )(     )   (   
  )(             )(     ) ]

 
 
 
 

     

91 

    

  

 (   )
( )    

[
 
 
 
 
 
(   

 )( )  (   
  )( )(     )   (   

  )(             )(     )   (   
  )(             )(     )   

 (   
  )(             )(     )   (   

  )(             )(     )   (   
  )(             )(     )  

 (   
  )(             )(     )   (   

  )(               )(     )   (   
  )(             )(     ) ]

 
 
 
 

     

92 
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 (   )
( )    

[
 
 
 
 
 
(   

 )( )  (   
  )( )(     )   (   

  )(             )(     )   (   
  )(             )(     )  

 (   
  )(             )(     )   (   

  )(             )(     )   (   
  )(             )(     )

  

 (   
  )(             )(     )   (   

  )(               )(     )   (   
  )(             )(     ) ]

 
 
 
 

     

93 

Where (   
  )( )(     )   (   

  )( )(     )   (   
  )( )(     )   are first augmentation coefficients for 

category 1, 2 and 3  

  (   
  )(             )(     )  ,  (   

  )(             )(     )  ,  (   
  )(             )(     )  are second  

augmentation coefficient for category 1, 2 and 3   

  (   
  )(             )(     )    (   

  )(             )(     )    (   
  )(             )(     )  are third  

augmentation coefficient for category 1, 2 and 3  

 (   
  )(             )(     )   ,  (   

  )(             )(     )  ,  (   
  )(             )(     )  are fourth 

augmentation coefficient for category 1, 2 and 3 

 (   
  )(             )(     )   (   

  )(             )(     )    (   
  )(             )(     )   are fifth  augmentation 

coefficient for category 1, 2 and 3 

 (   
  )(             )(     ) ,  (   

  )(             )(     )  ,  (   
  )(             )(     )   are sixth augmentation 

coefficient for category 1, 2 and 3 

 (   
  )(             )(     )  ,  (   

  )(             )(     )  ,  (   
  )(             )(     )   are seventh 

augmentation coefficient for category 1, 2 and 3 

 (   
  )(               )(     )  ,  (   

  )(               )(     )  ,  (   
  )(                )(     )  

are eighth augmentation coefficient for 1,2,3 

 (   
  )(             )(     )  ,  (   

  )(             )(     )  ,  (   
  )(             )(     )  are ninth augmentation 

coefficient for 1,2,3 

 

 

    

  
 

(   )
( )    

[
 
 
 
 
 
 

(   
 )( )  (   

  )( )(     )    (   
  )(             )(     )  – (   

  )(             )(     )  

– (   
  )(             )(     )  – (   

  )(             )(     )  – (   
  )(             )(     )  

 

– (   
  )(             )(   )  – (   

  )(               )(     )  – (   
  )(             )(     )

 

]
 
 
 
 
 

     

94 

    

  
 

(   )
( )    

[
 
 
 
 
 
(   

 )( )  (   
  )( )(     )    (   

  )(             )(     )  – (   
  )(             )(     )   

 (   
  )(             )(     )  – (   

  )(             )(     )  – (   
  )(             )(     )

 

– (   
  )(             )(   )  – (   

  )(               )(     )  – (   
  )(             )(     ) ]

 
 
 
 

     

 

    

  
 

(   )
( )    

[
 
 
 
 
 
(   

 )( )  (   
  )( )(     )    (   

  )(             )(     )  – (   
  )(             )(     )  

– (   
  )(             )(     )  – (   

  )(             )(     )  – (   
  )(             )(     )

 

– (   
  )(             )(   )  – (   

  )(               )(     )  – (   
  )(             )(     ) ]

 
 
 
 

     

 

Where  (   
  )( )(     )    (   

  )( )(     )    (   
  )( )(     )  are first detrition coefficients for  
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category 1, 2 and 3    

 (   
  )(             )(     )    (   

  )(             )(     )    (   
  )(             )(     )   are second detrition 

coefficients for category 1, 2 and 3    

 (   
  )(             )(     )    (   

  )(             )(     )    (   
  )(             )(     )  are third  detrition 

coefficients for category 1, 2 and 3    

 (   
  )(             )(     )    (   

  )(             )(     )    (   
  )(             )(     )  are fourth  detrition 

coefficients for category 1, 2 and 3    

 (   
  )(             )(     )  ,  (   

  )(             )(     )  ,  (   
  )(             )(     )  are fifth detrition 

coefficients for category 1, 2 and 3    

 (   
  )(             )(     )  ,  (   

  )(             )(     )  ,  (   
  )(             )(     )  are sixth detrition 

coefficients for category 1, 2 and 3   

– (   
  )(             )(   )  , – (   

  )(             )(   )  , – (   
  )(             )(   )  

 are seventh detrition coefficients for category 1, 2 and 3   

– (   
  )(               )(     )  , – (   

  )(               )(     )  , – (   
  )(               )(     )  are eighth detrition 

coefficients for category 1, 2 and 3   

– (   
  )(             )(     )  , – (   

  )(             )(     )  , – (   
  )(             )(     )  are ninth detrition 

coefficients for category 1, 2 and 3   
    

  
 (   )

( )   

 

[
 
 
 
 
 
(   

 )( )  (   
  )( )(     )   (   

  )(               )(     )   (   
  )(               )(     )   

 (   
  )(               )(     )   (   

  )(               )(     )   (   
  )(               )(     )  

 (   
  )(               )(     )   (   

  )(               )(     )   (   
  )(               )(     ) ]

 
 
 
 

     

95 

    

  
 (   )

( )   

 

[
 
 
 
 
 
(   

 )( )  (   
  )( )(     )   (   

  )(               )(     )   (   
  )(               )(     )   

 (   
  )(               )(     )   (   

  )(               )(     )   (   
  )(               )(     )  

 (   
  )(               )(     )   (   

  )(               )(     )   (   
  )(               )(     ) ]

 
 
 
 

     

 

    

  
 (   )

( )   

 

[
 
 
 
 
 
(   

 )( )  (   
  )( )(     )   (   

  )(               )(     )   (   
  )(               )(     )  

 (   
  )(               )(     )   (   

  )(               )(     )   (   
  )(               )(     )

  

 (   
  )(               )(     )   (   

  )(               )(     )   (   
  )(               )(     ) ]

 
 
 
 

     

 

Where  (   
  )( )(     )    (   

  )( )(     )    (   
  )( )(     )   are first augmentation coefficients for 

category 1, 2 and 3  

  (   
  )(               )(     )  ,  (   

  )(               )(     )  ,  (   
  )(               )(     )  are second  

augmentation coefficient for category 1, 2 and 3   

  (   
  )(               )(     )    (   

  )(               )(     )    (   
  )(               )(     )  are third  
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augmentation coefficient for category 1, 2 and 3  

 (   
  )(               )(     )   ,  (   

  )(               )(     )  ,  (   
  )(               )(     )  are fourth 

augmentation coefficient for category 1, 2 and 3 

 (   
  )(               )(     )   (   

  )(               )(     )    (   
  )(               )(     )   are fifth  

augmentation coefficient for category 1, 2 and 3 

 (   
  )(               )(     ) ,  (   

  )(               )(     )  ,  (   
  )(               )(     )   are sixth 

augmentation coefficient for category 1, 2 and 3 

 (   
  )(               )(     )   (   

  )(               )(     )   (   
  )(               )(     )  are seventh 

augmentation coefficient for 1,2,3 

 (   
  )(               )(     )  ,  (   

  )(               )(     )  ,  (   
  )(               )(     )  are eighth 

augmentation coefficient for 1,2,3 

 (   
  )(               )(     )  ,  (   

  )(               )(     )  ,  (   
  )(               )(     )  are ninth 

augmentation coefficient for 1,2,3 

 
    

  
 

(   )
( )    

[
 
 
 
 
 

 

(   
 )( )  (   

  )( )(     )    (   
  )(               )(     )  – (   

  )(               )(     )  

– (   
  )(               )(     )  – (   

  )(               )(     )  – (   
  )(               )(     )  

– (   
  )(               )(   )  – (   

  )(               )(     )  – (   
  )(               )(     )

 ]
 
 
 
 
 

     

 

    

  
 

(   )
( )    

[
 
 
 
 
 
(   

 )( )  (   
  )( )(     )    (   

  )(               )(     )  – (   
  )(               )(     )   

 (   
  )(               )(     )  – (   

  )(               )(     )  – (   
  )(               )(     )

 

– (   
  )(               )(   )  – (   

  )(               )(     )  – (   
  )(               )(     ) ]

 
 
 
 

     

 

    

  
 

(   )
( )    

[
 
 
 
 
 
(   

 )( )  (   
  )( )(     )    (   

  )(               )(     )  – (   
  )(               )(     )  

– (   
  )(               )(     )  – (   

  )(               )(     )  – (   
  )(               )(     )

 

– (   
  )(               )(   )  – (   

  )(               )(     )  – (   
  )(               )(     ) ]

 
 
 
 

     

 

Where  (   
  )( )(     )    (   

  )( )(     )    (   
  )( )(     )  are first detrition coefficients for 

category 1, 2 and 3    

 (   
  )(               )(     )    (   

  )(               )(     )    (   
  )(               )(     )   are second 

detrition coefficients for category 1, 2 and 3    

 (   
  )(               )(     )    (   

  )(               )(     )    (   
  )(               )(     )  are third  detrition 

coefficients for category 1, 2 and 3    

 (   
  )(               )(     )    (   

  )(               )(     )    (   
  )(               )(     )  are fourth  

detrition coefficients for category 1, 2 and 3    

 (   
  )(               )(     )  ,  (   

  )(               )(     )  ,  (   
  )(               )(     )  are fifth detrition 

coefficients for category 1, 2 and 3    

 (   
  )(        )(     )  ,  (   

  )(        )(     )  , – (   
  )(               )(   )  are sixth detrition coefficients 
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for category 1, 2 and 3   

– (   
  )(               )(   )   – (   

  )(               )(   )  , – (   
  )(    )(     )  are seventh detrition 

coefficients for category 1, 2 and 3   

– (   
  )(               )(     )  , – (   

  )(               )(     )  , – (   
  )(               )(     )  are eighth detrition 

coefficients for category 1, 2 and 3   

– (   
  )(               )(     )  , – (   

  )(               )(     )  , – (   
  )(               )(     )  are ninth detrition 

coefficients for category 1, 2 and 3   

 
    

  
 (   )

( )   

 

[
 
 
 
 
 

(   
 )( )  (   

  )( )(     )   (   
  )(                 )(     )   (   

  )(                 )(     )   

 (   
  )(                 )(     )   (   

  )(                 )(     )   (   
  )(                 )(     )  

 (   
  )(                 )(     )   (   

  )(                 )(     )   (   
  )(                 )(     ) ]

 
 
 
 

     

96 

    

  
 (   )

( )   

 

[
 
 
 
 
 

(   
 )( )  (   

  )( )(     )   (   
  )(                 )(     )   (   

  )(                 )(     )   

 (   
  )(                 )(     )   (   

  )(                 )(     )   (   
  )(                 )(     )  

 (   
  )(                 )(     )   (   

  )(                 )(     )   (   
  )(                 )(     ) ]

 
 
 
 

     

 

    

  
 (   )

( )   

 

[
 
 
 
 
 

(   
 )( )  (   

  )( )(     )   (   
  )(                 )(     )   (   

  )(                 )(     )  

 (   
  )(                 )(     )   (   

  )(                 )(     )   (   
  )(                 )(     )

  

 (   
  )(                 )(     )   (   

  )(                 )(     )   (   
  )(                 )(     ) ]

 
 
 
 

     

 

Where  (   
  )( )(     )    (   

  )( )(     )    (   
  )( )(     )   are first augmentation coefficients for 

category 1, 2 and 3  

  (   
  )(                 )(     )  ,  (   

  )(                 )(     )  ,  (   
  )(                 )(     )  are second  

augmentation coefficient for category 1, 2 and 3   

  (   
  )(                 )(     )    (   

  )(                 )(     )    (   
  )(                 )(     )  are third  

augmentation coefficient for category 1, 2 and 3  

 (   
  )(                 )(     )   ,  (   

  )(                 )(     )  ,  (   
  )(                 )(     )  are fourth 

augmentation coefficient for category 1, 2 and 3 

 (   
  )(                 )(     )   (   

  )(                 )(     )    (   
  )(                 )(     )   are fifth  

augmentation coefficient for category 1, 2 and 3 

 (   
  )(                 )(     ) ,  (   

  )(                 )(     )  ,  (   
  )(                 )(     )   are sixth 

augmentation coefficient for category 1, 2 and 3 

 (   
  )(                 )(     )  ,  (   

  )(                 )(     )  ,  (   
  )(                 )(     )   are Seventh 

augmentation coefficient for category 1, 2 and 3 

 



International Journal of Scientific and Research Publications, Volume 3, Issue 9, September 2013 131 

ISSN 2250-3153  
 

 (   
  )(                 )(     )   (   

  )(                 )(     )   (   
  )(                 )(     )  are eighth 

augmentation coefficient for 1,2,3 

 (   
  )(                 )(     )  ,  (   

  )(                 )(     ) ,  (   
  )(                 )(     )  are ninth 

augmentation coefficient for 1,2,3 

 
    

  
 

(   )
( )    

[
 
 
 
 
 
 

(   
 )( )  (   

  )( )(     )    (   
  )(                 )(     )  – (   

  )(                 )(     )  

– (   
  )(                 )(     )  – (   

  )(                 )(     )  – (   
  )(                 )(     )  

 

– (   
  )(                 )(   )  – (   

  )(                 )(     )  – (   
  )(                 )(     )

 

]
 
 
 
 
 

     

 

    

  
 

(   )
( )    

[
 
 
 
 
 
(   

 )( )  (   
  )( )(     )    (   

  )(               )(     )  – (   
  )(               )(     )   

 (   
  )(               )(     )  – (   

  )(               )(     )  – (   
  )(               )(     )

 

– (   
  )(               )(   )  – (   

  )(               )(     )  – (   
  )(                 )(     ) ]

 
 
 
 

     

 

    

  
 

(   )
( )    

[
 
 
 
 
 
(   

 )( )  (   
  )( )(     )    (   

  )(               )(     )  – (   
  )(               )(     )  

– (   
  )(               )(     )  – (   

  )(               )(     )  – (   
  )(               )(     )

 

– (   
  )(               )(   )  – (   

  )(               )(     )  – (   
  )(                 )(     ) ]

 
 
 
 

     

 

Where  (   
  )( )(     )    (   

  )( )(     )    (   
  )( )(     )  are first detrition coefficients for 

category 1, 2 and 3    

 (   
  )(                 )(     )    (   

  )(                 )(     )    (   
  )(                 )(     )   are second 

detrition coefficients for category 1, 2 and 3    

 (   
  )(               )(     )    (   

  )(               )(     )    (   
  )(               )(     )  are third  detrition 

coefficients for category 1, 2 and 3    

 (   
  )(               )(     )    (   

  )(               )(     )    (   
  )(               )(     )  are fourth  

detrition coefficients for category 1, 2 and 3    

 (   
  )(               )(     )  ,  (   

  )(               )(     )  ,  (   
  )(               )(     )  are fifth detrition 

coefficients for category 1, 2 and 3    

 (   
  )(               )(     )  ,  (   

  )(               )(     )  ,  (   
  )(               )(     )  are sixth detrition 

coefficients for category 1, 2 and 3   

– (   
  )(               )(   )  , – (   

  )(               )(   )  , – (   
  )(                 )(   )  are seventh detrition 

coefficients for category 1, 2 and 3   

– (   
  )(               )(     )   – (   

  )(               )(     )  , – (   
  )(               )(     )  are eighth detrition 

coefficients for category 1, 2 and 3   

– (   
  )(                 )(     )  , – (   

  )(                 )(     )  , – (   
  )(                 )(     )  are ninth  

detrition coefficients for category 1, 2 and 3   
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Where we suppose  

 (  )
( ) (  

 )( ) (  
  )( ) (  )

( ) (  
 )( ) (  

  )( )                       

 

 The functions (  
  )( ) (  

  )( ) are positive continuous increasing and bounded. 

 

Definition of (  )
( )   (  )

( ): 

     (  
  )( )(     )  (  )

( )  (  ̂   )
( )  

     (  
  )( )(   )    (  )

( )  (  
 )( )  (  ̂   )

( ) 

97 

        (  
  )( ) (     )  (  )

( )  

      (  
  )( ) (   )    (  )

( )      

Definition of (  ̂   )
( ) (  ̂   )

( ) : 

Where (  ̂   )
( ) (  ̂   )

( ) (  )
( )   (  )

( )  are positive constants and              

98 

They satisfy  Lipschitz condition: 

   (  
  )( )(   

   )  (  
  )( )(     )  (  ̂   )

( )         
    (  ̂   )( )   

 (  
  )( )(    )  (  

  )( )(   )  (  ̂   )
( )          (  ̂   )( )   

99 

With the Lipschitz condition, we place a restriction on the behavior of functions 

(  
  )( )(   

   )   and(  
  )( )(     )   (   

   ) and (     ) are points belonging to the interval  

[(  ̂   )
( ) (  ̂   )

( )] . It is to be noted that (  
  )( )(     ) is uniformly continuous. In the eventuality of 

the fact, that if (  ̂   )
( )    then the function  (  

  )( )(     ) , the first augmentation coefficient 

attributable to the system, would be absolutely continuous.  

 

Definition of (  ̂   )
( ) (  ̂   )

( ) : 

 (  ̂   )
( ) (  ̂   )

( )   are positive constants 

 

  
(  )

( )

(  ̂   )( )    
(  )

( )

(  ̂   )( )    

100 

Definition of (  ̂   )
( ) (  ̂   )

( ) : 

 There exists two constants (  ̂   )
( ) and (  ̂   )

( )which together  With (  ̂   )
( ) (  ̂   )

( ) ( ̂  )
( )  

and  (  ̂   )
( )  and the constants (  )

( ) (  
 )( ) (  )

( ) (  
 )( ) (  )

( )   (  )
( )             

satisfy the inequalities  

 

(  ̂   )( )   (  )
( )  (  

 )( )    (  ̂   )
( )   (  ̂   )

( ) (  ̂   )
( )     

 

(  ̂   )( )    (  )
( )  (  

 )( )    (  ̂   )
( )   (  ̂   )

( )  (  ̂   )
( )     

101 
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Where we suppose  

 (  )
( ) (  

 )( ) (  
  )( ) (  )

( ) (  
 )( ) (  

  )( )                        

 The functions (  
  )( ) (  

  )( ) are positive continuous increasing and bounded.  

Definition of (  )
( )   (  )

( ):  

(  
  )( )(     )  (  )

( )  (  ̂   )
( )

  102 

(  
  )( )(     )    (  )

( )  (  
 )( )  (  ̂   )

( )  103 

    
    

(  
  )( ) (     )  (  )

( ) 104 

       (  
  )( ) ((   )  )    (  )

( )  105 

Definition of (  ̂   )
( ) (  ̂   )

( ) : 

Where (  ̂   )
( ) (  ̂   )

( ) (  )
( )   (  )

( ) are positive constants  and              

106 

They satisfy  Lipschitz condition:  

 (  
  )( )(   

   )  (  
  )( )(     )  (  ̂   )

( )         
    (  ̂   )( )   107 

 (  
  )( )((   )

   )  (  
  )( )((   )  )  (  ̂   )

( )  (   )  (   )
     (  ̂   )( )   108 

With the Lipschitz condition, we place a restriction on the behavior of functions (  
  )( )(   

   )   

and(  
  )( )(     )  . (   

   ) and (     ) are points belonging to the interval  [(  ̂   )
( ) (  ̂   )

( )] . It is 

to be noted that (  
  )( )(     ) is uniformly continuous. In the eventuality of the fact, that if 

(  ̂   )
( )    then the function  (  

  )( )(     ) , the first augmentation coefficient attributable to the 

system, would be absolutely continuous.  

 

Definition of (  ̂   )
( ) (  ̂   )

( ) :  

 (  ̂   )
( ) (  ̂   )

( )   are positive constants 

 

      
(  )

( )

(  ̂   )( )    
(  )

( )

(  ̂   )( )    

109 

Definition of (  ̂   )
( ) (  ̂   )

( ) : 

There exists two constants (  ̂   )
( ) and (  ̂   )

( ) which together 

with (  ̂   )
( ) (  ̂   )

( ) ( ̂  )
( )    (  ̂   )

( )  and the constants 

(  )
( ) (  

 )( ) (  )
( ) (  

 )( ) (  )
( )   (  )

( )             

  satisfy the inequalities  

 

 

(  ̂   )( )   (  )
( )  (  

 )( )    (  ̂   )
( )   (  ̂   )

( ) (  ̂   )
( )     110 
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(  ̂   )( )    (  )
( )  (  

 )( )    (  ̂   )
( )   (  ̂   )

( )  (  ̂   )
( )     111 

Where we suppose  

    (  )
( ) (  

 )( ) (  
  )( ) (  )

( ) (  
 )( ) (  

  )( )                       

 

The functions (  
  )( ) (  

  )( ) are positive continuous increasing and bounded. 

Definition of (  )
( )   (  )

( ): 

     (  
  )( )(     )  (  )

( )  (  ̂   )
( )  

     (  
  )( )(     )    (  )

( )  (  
 )( )  (  ̂   )

( ) 

112 

       (  
  )( ) (     )  (  )

( )  

      (  
  )( ) (     )    (  )

( )           

 Definition of (  ̂   )
( ) (  ̂   )

( ) : 

Where (  ̂   )
( ) (  ̂   )

( ) (  )
( )   (  )

( )  are positive constants   and              

113 

They satisfy  Lipschitz condition: 

 (  
  )( )(   

   )  (  
  )( )(     )  (  ̂   )

( )         
    (  ̂   )( )   

 (  
  )( )(   

   )  (  
  )( )(     )  (  ̂   )

( )         
     (  ̂   )( )   

114 

With the Lipschitz condition, we place a restriction on the behavior of functions (  
  )( )(   

   )   

and(  
  )( )(     )  . (   

   ) And (     ) are points belonging to the interval  [(  ̂   )
( ) (  ̂   )

( )] . It is 

to be noted that (  
  )( )(     ) is uniformly continuous. In the eventuality of the fact, that if 

(  ̂   )
( )    then the function  (  

  )( )(     ) , the first augmentation coefficient attributable to the 

system, would be absolutely continuous.  

 

Definition of (  ̂   )
( ) (  ̂   )

( ) : 

 (  ̂   )
( ) (  ̂   )

( )   are positive constants 

      
(  )

( )

(  ̂   )( )    
(  )

( )

(  ̂   )( )    

115 

There exists two constants There exists two constants (  ̂   )
( ) and (  ̂   )

( ) which together with 

(  ̂   )
( ) (  ̂   )

( ) ( ̂  )
( )    (  ̂   )

( )  and the constants 

(  )
( ) (  

 )( ) (  )
( ) (  

 )( ) (  )
( )   (  )

( )                   

satisfy the inequalities  

 

(  ̂   )( )   (  )
( )  (  

 )( )    (  ̂   )
( )   (  ̂   )

( ) (  ̂   )
( )     

 

(  ̂   )( )    (  )
( )  (  

 )( )    (  ̂   )
( )   (  ̂   )

( )  (  ̂   )
( )     
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Where we suppose  

(  )
( ) (  

 )( ) (  
  )( ) (  )

( ) (  
 )( ) (  

  )( )                       

 

 The functions (  
  )( ) (  

  )( ) are positive continuous increasing and bounded. 

 

Definition of (  )
( )   (  )

( ): 

     (  
  )( )(     )  (  )

( )  (  ̂   )
( )  

     (  
  )( )((   )  )    (  )

( )  (  
 )( )  (  ̂   )

( ) 
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         (  
  )( ) (     )  (  )

( ) 

      (  
  )( ) ((   )  )    (  )

( )         

Definition of (  ̂   )
( ) (  ̂   )

( ) : 

Where (  ̂   )
( ) (  ̂   )

( ) (  )
( )   (  )

( )  are positive constants and              

118 

   They satisfy  Lipschitz condition: 

 (  
  )( )(   

   )  (  
  )( )(     )  (  ̂   )

( )         
    (  ̂   )( )   

 (  
  )( )((   )

   )  (  
  )( )((   )  )  (  ̂   )

( )  (   )  (   )
     (  ̂   )( )   

119 

With the Lipschitz condition, we place a restriction on the behavior of functions (  
  )( )(   

   )   

and(  
  )( )(     )  . (   

   ) and (     ) are points belonging to the interval  [(  ̂   )
( ) (  ̂   )

( )] . It is 

to be noted that (  
  )( )(     ) is uniformly continuous. In the eventuality of the fact, that if 

(  ̂   )
( )    then the function  (  

  )( )(     ) , the first augmentation coefficient attributable to the 

system, would be absolutely continuous.  

 

Definition of (  ̂   )
( ) (  ̂   )

( ) : 

(  ̂   )
( ) (  ̂   )

( )   are positive constants 

 
(  )

( )

(  ̂   )( )    
(  )

( )

(  ̂   )( )     

120 

Definition of (  ̂   )
( ) (  ̂   )

( ) : 

There exists two constants (  ̂   )
( ) and (  ̂   )

( ) which together with 

(  ̂   )
( ) (  ̂   )

( ) ( ̂  )
( )    (  ̂   )

( )  and the constants 

(  )
( ) (  

 )( ) (  )
( ) (  

 )( ) (  )
( )   (  )

( )             satisfy the inequalities  

 
 

(  ̂   )( )   (  )
( )  (  

 )( )    (  ̂   )
( )   (  ̂   )

( ) (  ̂   )
( )     

 

(  ̂   )( )    (  )
( )  (  

 )( )    (  ̂   )
( )   (  ̂   )

( )  (  ̂   )
( )     
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Where we suppose  

(  )
( ) (  

 )( ) (  
  )( ) (  )

( ) (  
 )( ) (  

  )( )                      

 

The functions (  
  )( ) (  

  )( ) are positive continuous increasing and bounded. 

 

Definition of (  )
( )   (  )

( ): 

     (  
  )( )(     )  (  )

( )  (  ̂   )
( )  

     (  
  )( )((   )  )    (  )

( )  (  
 )( )  (  ̂   )

( ) 
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        (  
  )( ) (     )  (  )

( ) 

           (  
  )( ) (     )    (  )

( )           

Definition of (  ̂   )
( ) (  ̂   )

( ) : 

Where (  ̂   )
( ) (  ̂   )

( ) (  )
( )   (  )

( )  are positive constants  and              

123 

They satisfy  Lipschitz condition: 

   (  
  )( )(   

   )  (  
  )( )(     )  (  ̂   )

( )         
    (  ̂   )( )   

 (  
  )( )((   )

   )  (  
  )( )((   )  )  (  ̂   )

( )  (   )  (   )
     (  ̂   )( )   

124 

With the Lipschitz condition, we place a restriction on the behavior of functions (  
  )( )(   

   )   

and(  
  )( )(     )  . (   

   ) and (     ) are points belonging to the interval  [(  ̂   )
( ) (  ̂   )

( )] . It is 

to be noted that (  
  )( )(     ) is uniformly continuous. In the eventuality of the fact, that if 

(  ̂   )
( )    then the function  (  

  )( )(     ) , the first augmentation coefficient attributable to the 

system, would be absolutely continuous.  

 

Definition of (  ̂   )
( ) (  ̂   )

( ) : 

(  ̂   )
( ) (  ̂   )

( )   are positive constants 

 

      
(  )

( )

(  ̂   )( )    
(  )

( )

(  ̂   )( )    
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Definition of (  ̂   )
( ) (  ̂   )

( ) : 

There exists two constants (  ̂   )
( ) and (  ̂   )

( ) which together with 

(  ̂   )
( ) (  ̂   )

( ) ( ̂  )
( )    (  ̂   )

( )  and the constants 

(  )
( ) (  

 )( ) (  )
( ) (  

 )( ) (  )
( )   (  )

( )                   satisfy the inequalities  

 
 

(  ̂   )( )   (  )
( )  (  

 )( )    (  ̂   )
( )   (  ̂   )

( ) (  ̂   )
( )     

 

(  ̂   )( )    (  )
( )  (  

 )( )    (  ̂   )
( )   (  ̂   )

( )  (  ̂   )
( )     
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Where we suppose  

(  )
( ) (  

 )( ) (  
  )( ) (  )

( ) (  
 )( ) (  

  )( )                       

 

 The functions (  
  )( ) (  

  )( ) are positive continuous increasing and bounded. 

 

Definition of (  )
( )   (  )

( ): 

     (  
  )( )(     )  (  )

( )  (  ̂   )
( )  

     (  
  )( )((   )  )    (  )

( )  (  
 )( )  (  ̂   )

( ) 
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         (  
  )( ) (     )  (  )

( ) 

           (  
  )( ) ((   )  )    (  )

( )           

Definition of (  ̂   )
( ) (  ̂   )

( ) : 

            Where (  ̂   )
( ) (  ̂   )

( ) (  )
( )   (  )

( )  are positive constants and              

128 

They satisfy  Lipschitz condition: 

 (  
  )( )(   

   )  (  
  )( )(     )  (  ̂   )

( )         
    (  ̂   )( )   

 (  
  )( )((   )

   )  (  
  )( )((   )  )  (  ̂   )

( )  (   )  (   )
     (  ̂   )( )   

 

With the Lipschitz condition, we place a restriction on the behavior of functions (  
  )( )(   

   )   

and(  
  )( )(     )  . (   

   ) and (     ) are points belonging to the interval  [(  ̂   )
( ) (  ̂   )

( )] . It is 

to be noted that (  
  )( )(     ) is uniformly continuous. In the eventuality of the fact, that if 

(  ̂   )
( )    then the function  (  

  )( )(     ) , the first augmentation coefficient attributable to the 

system, would be absolutely continuous.  

 

Definition of (  ̂   )
( ) (  ̂   )

( ) :  

(  ̂   )
( ) (  ̂   )

( )   are positive constants 

 

      
(  )

( )

(  ̂   )( )    
(  )

( )

(  ̂   )( )    

129 

Definition of (  ̂   )
( ) (  ̂   )

( ) : 

There exists two constants (  ̂   )
( ) and (  ̂   )

( ) which together with 

(  ̂   )
( ) (  ̂   )

( ) ( ̂  )
( )    (  ̂   )

( )  and the constants 

(  )
( ) (  

 )( ) (  )
( ) (  

 )( ) (  )
( )   (  )

( )             

satisfy the inequalities  

 

(  ̂   )( )   (  )
( )  (  

 )( )    (  ̂   )
( )   (  ̂   )

( ) (  ̂   )
( )     
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(  ̂   )( )    (  )
( )  (  

 )( )    (  ̂   )
( )   (  ̂   )

( )  (  ̂   )
( )     

Where we suppose 

 

 

(G) (  )
( ) (  

 )( ) (  
  )( ) (  )

( ) (  
 )( ) (  

  )( )                        

 

(H) The functions (  
  )( ) (  

  )( ) are positive continuous increasing and bounded. 

 

Definition of (  )
( )   (  )

( ): 

 

     (  
  )( )(     )  (  )

( )  (  ̂   )
( )  

 

     (  
  )( )(     )    (  )

( )  (  
 )( )  (  ̂   )

( ) 
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(I)         (  
  )( ) (     )  (  )

( ) 

(J)  

           (  
  )( ) ((   )  )    (  )

( )           

 

            Definition of (  ̂   )
( ) (  ̂   )

( ) : 

 

            Where (  ̂   )
( ) (  ̂   )

( ) (  )
( )   (  )

( )  are positive constants  and              

 

132 

           They satisfy  Lipschitz condition: 

 

          (  
  )( )(   

   )  (  
  )( )(     )  (  ̂   )

( )         
    (  ̂   )( )   

 

          (  
  )( )((   )

   )  (  
  )( )((   )  )  (  ̂   )

( )  (   )  (   )
     (  ̂   )( )  
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With the Lipschitz condition, we place a restriction on the behavior of functions (  
  )( )(   

   )   

and(  
  )( )(     )  . (   

   ) and (     ) are points belonging to the interval  [(  ̂   )
( ) (  ̂   )

( )] . It is 

to be noted that (  
  )( )(     ) is uniformly continuous. In the eventuality of the fact, that if 

(  ̂   )
( )    then the function  (  

  )( )(     ) , the first augmentation coefficient attributable to the 

system, would be absolutely continuous.  

 

 

        Definition of (  ̂   )
( ) (  ̂   )

( ) : 

 

(K) (  ̂   )
( ) (  ̂   )

( )   are positive constants 

 

      
(  )

( )

(  ̂   )( )    
(  )

( )

(  ̂   )( )    
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           Definition of (  ̂   )
( ) (  ̂   )

( ) : 

 

(L) There exists two constants (  ̂   )
( ) and (  ̂   )

( ) which together with 

(  ̂   )
( ) (  ̂   )

( ) ( ̂  )
( )    (  ̂   )

( )  and the constants 
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(  )
( ) (  

 )( ) (  )
( ) (  

 )( ) (  )
( )   (  )

( )             satisfy the inequalities  

 
 

(  ̂   )
( )

  (  )
( )  (  

 )( )    (  ̂   )
( )   (  ̂   )

( ) (  ̂   )
( )    

 
 

(  ̂   )
( )

   (  )
( )  (  

 )( )    (  ̂   )
( )   (  ̂   )

( )  (  ̂   )
( )    

 

Where we suppose 

 

 

 (  )
( ) (  

 )( ) (  
  )( ) (  )

( ) (  
 )( ) (  

  )( )                       
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 The functions (  
  )( ) (  

  )( ) are positive continuous increasing and bounded  

Definition of (  )
( )   (  )

( ): 

 

137 

(  
  )( )(     )  (  )

( )  (  ̂   )
( )  
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(  
  )( )((   )  )    (  )

( )  (  
 )( )  (  ̂   )

( )  139 

        (  
  )( ) (     )  (  )

( )      

      

140 

      (  
  )( ) ((   )  )    (  )

( )           141 

Definition of (  ̂   )
( ) (  ̂   )

( ) : 

 

Where (  ̂   )
( ) (  ̂   )

( ) (  )
( )   (  )

( )  are positive constants and              

 

 

They satisfy  Lipschitz condition:  

 (  
  )( )(   

   )  (  
  )( )(     )  (  ̂   )

( )         
    (  ̂   )( )   

 

142 

 (  
  )( )((   )

   )  (  
  )( )((   )  )  (  ̂   )

( )  (   )  (   )
     (  ̂   )( )   143 

With the Lipschitz condition, we place a restriction on the behavior of functions  (  
  )( )(   

   )    and 

(  
  )( )(     )  . (   

   ) and (     ) are points belonging to the interval  [(  ̂   )
( ) (  ̂   )

( )] . It is to be 

noted that (  
  )( )(     ) is uniformly continuous. In the eventuality of the fact, that if (  ̂   )

( )    

then the function  (  
  )( )(     ) , the first augmentation coefficient attributable to the system, would 

be absolutely continuous.  

 

Definition of (  ̂   )
( ) (  ̂   )

( ) : 

 

 

 (  ̂   )
( ) (  ̂   )

( )   are positive constants 

 

 

(  )
( )

(  ̂   )( )    
(  )

( )

(  ̂   )( )     

 

144 

Definition of (  ̂   )
( ) (  ̂   )

( ) :  
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 There exists two constants (  ̂   )
( ) and (  ̂   )

( ) which together with (  ̂   )
( ) (  ̂   )

( ) ( ̂  )
( )   

(  ̂   )
( )  and the constants (  )

( ) (  
 )( ) (  )

( ) (  
 )( ) (  )

( )   (  )
( )                

        Satisfy  the inequalities  

 
 

(  ̂   )
( )

  (  )
( )  (  

 )( )    (  ̂   )
( )   (  ̂   )

( ) (  ̂   )
( )    
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(  ̂   )
( )

   (  )
( )  (  

 )( )    (  ̂   )
( )   (  ̂   )

( )  (  ̂   )
( )    

 

146 

Where we suppose 
 

 

 (  )
( ) (  

 )( ) (  
  )( ) (  )

( ) (  
 )( ) (  

  )( )                        
 

 The functions (  
  )( ) (  

  )( ) are positive continuous increasing and bounded. 
 

Definition of (  )
( )   (  )

( ): 
 

     (  
  )( )(     )  (  )

( )  (  ̂   )
( )  

 

     (  
  )( )(     )    (  )

( )  (  
 )( )  (  ̂   )

( ) 

146
A 

  
    
    

(  
  )( ) (     )  (  )

( ) 

 
      (  

  )( ) (     )    (  )
( )           

 
            Definition of (  ̂   )

( ) (  ̂   )
( ) : 

 

            Where (  ̂   )
( ) (  ̂   )

( ) (  )
( )   (  )

( )  are positive constants and              

 

 

           They satisfy  Lipschitz condition: 
 

          (  
  )( )(   

   )  (  
  )( )(     )  (  ̂   )

( )         
    (  ̂   )( )   

 

          (  
  )( )((   )

   )  (  
  )( )((   )  )  (  ̂   )

( )  (   )  (   )
     (  ̂   )( )  

 

 

With the Lipschitz condition, we place a restriction on the behavior of functions (  
  )( )(   

   )   

and(  
  )( )(     )  . (   

   ) and (     ) are points belonging to the interval  [(  ̂   )
( ) (  ̂   )

( )] . It is 

to be noted that (  
  )( )(     ) is uniformly continuous. In the eventuality of the fact, that if 

(  ̂   )
( )    then the function  (  

  )( )(     ) , the first augmentation coefficient attributable to the 
system, would be absolutely continuous.  
 

 

        Definition of (  ̂   )
( ) (  ̂   )

( ) : 
 

(  ̂   )
( ) (  ̂   )

( )   are positive constants 
 

      
(  )

( )

(  ̂   )( )    
(  )

( )

(  ̂   )( )    
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           Definition of (  ̂   )
( ) (  ̂   )

( ) : 
 
There exists two constants (  ̂   )

( ) and (  ̂   )
( ) which together with 

(  ̂   )
( ) (  ̂   )

( ) ( ̂  )
( )    (  ̂   )

( )  and the constants 

(  )
( ) (  

 )( ) (  )
( ) (  

 )( ) (  )
( )   (  )

( )             
       satisfy the inequalities  
 

 

(  ̂   )
( )

  (  )
( )  (  

 )( )    (  ̂   )
( )   (  ̂   )

( ) (  ̂   )
( )    

 
 

(  ̂   )
( )

   (  )
( )  (  

 )( )    (  ̂   )
( )   (  ̂   )

( )  (  ̂   )
( )    

 

 

Theorem 1: if the conditions   above are fulfilled, there exists a solution satisfying the conditions 

Definition of     ( )    ( ) : 

   ( )   (  ̂   )
( )

 (  ̂   )( )    ,        ( )    
    

  ( )   (  ̂   )
( ) (  ̂   )( )      ,         ( )    

    

147 

Theorem  2 : if the conditions   above are fulfilled, there exists a solution satisfying the conditions 

Definition of     ( )    ( ) 

   ( )   (  ̂   )
( ) (  ̂   )( )    ,        ( )    

    

  ( )   (  ̂   )
( ) (  ̂   )( )      ,         ( )    
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Theorem 3  : if the conditions   above are fulfilled, there exists a solution satisfying the conditions 

   ( )   (  ̂   )
( ) (  ̂   )( )    ,        ( )    

    

  ( )   (  ̂   )
( ) (  ̂   )( )      ,         ( )    
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Theorem 4  : if the conditions   above are fulfilled, there exists a solution satisfying the conditions 

Definition of     ( )    ( ) : 

   ( )   (  ̂   )
( )

 (  ̂   )( )    ,        ( )    
    

  ( )   (  ̂   )
( ) (  ̂   )( )      ,         ( )    
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Theorem 5 : if the conditions  above are fulfilled, there exists a solution satisfying the conditions 

Definition of     ( )    ( ) : 

   ( )   (  ̂   )
( )

 (  ̂   )( )    ,        ( )    
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  ( )   (  ̂   )
( ) (  ̂   )( )      ,         ( )    

    

Theorem 6 : if the conditions   above are fulfilled, there exists a solution satisfying the conditions 

Definition of     ( )    ( ) : 

   ( )   (  ̂   )
( )

 (  ̂   )( )    ,        ( )    
    

  ( )   (  ̂   )
( ) (  ̂   )( )      ,         ( )    

    

152 

Theorem 7: if the conditions   above are fulfilled, there exists a solution satisfying the conditions 

 

          Definition of     ( )    ( ) : 

 

   ( )   (  ̂   )
( )

 (  ̂   )( )    ,        ( )    
    

  ( )   (  ̂   )
( ) (  ̂   )( )      ,         ( )    
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Theorem 8: if the conditions   above are fulfilled, there exists a solution satisfying the conditions 

 

Definition of     ( )    ( ) : 

 

   ( )   (  ̂   )
( )

 (  ̂   )( )    ,        ( )    
    

  ( )   (  ̂   )
( ) (  ̂   )( )      ,   ( )    

    

 

153

A 

Theorem 9: if the conditions   above are fulfilled, there exists a solution satisfying the conditions 

          Definition of     ( )    ( ) : 

   ( )   (  ̂   )
( )

 (  ̂   )( )    ,        ( )    
    

  ( )   (  ̂   )
( ) (  ̂   )( )      ,         ( )    

    

153

B 

Proof: Consider operator   ( )  defined on the space of sextuples of continuous functions            

   which satisfy                                           

154 

  ( )    
      ( )    

      
  (  ̂   )

( )    
  (  ̂   )

( )    155 

    ( )    
  (  ̂   )

( ) (  ̂   )( )     156 

    ( )    
  (  ̂   )

( ) (  ̂   )( )   157 

By 158 
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 ̅  ( )     
   ∫ [(   )

( )   ( (  ))   ((   
 )( )     

  )( )(   ( (  ))  (  )))    ( (  ))]   (  )
 

 
  

  ̅  ( )     
   ∫ [(   )

( )   ( (  ))  ((   
 )( )  (   

  )( )(   ( (  ))  (  )))   ( (  ))]   (  ) 
 

 
   

 ̅  ( )     
   ∫ [(   )

( )   ( (  ))  ((   
 )( )  (   

  )( )(   ( (  ))  (  )))    ( (  ))]   (  ) 
 

 
   

 ̅  ( )     
  ∫ [(   )

( )   ( (  ))   ((   
 )( )   (   

  )( )( ( (  ))  (  )))    ( (  ))]   (  )
 

 
   

 ̅  ( )     
  ∫ [(   )

( )   ( (  ))   ((   
 )( )   (   

  )( )( ( (  ))  (  )))    ( (  ))]   (  )
 

 
   

 ̅  ( )     
  ∫ [(   )

( )   ( (  ))   ((   
 )( )   (   

  )( )( ( (  ))  (  )))    ( (  ))]   (  )
 

 
  

Where  (  )  is the integrand that is integrated over an interval (   ) 

 

Proof:  

Consider operator   ( )  defined on the space of sextuples of continuous functions               

which satisfy             

159 

  ( )    
      ( )    

      
  (  ̂   )

( )    
  (  ̂   )

( )     

    ( )    
  (  ̂   )

( ) (  ̂   )( )      

    ( )    
  (  ̂   )

( ) (  ̂   )( )    

By 

 ̅  ( )     
   ∫ [(   )

( )   ( (  ))   ((   
 )( )     

  )( )(   ( (  ))  (  )))    ( (  ))]   (  )
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 ̅  ( )     
  ∫ [(   )

( )   ( (  ))  ((   
 )( )  (   

  )( )(   ( (  ))  (  )))    ( (  ))]   (  ) 
 

 
   

 ̅  ( )     
  ∫ [(   )

( )   ( (  ))  ((   
 )( )  (   

  )( )(   ( (  ))  (  )))    ( (  ))]   (  ) 
 

 
   

 ̅  ( )     
  ∫ [(   )

( )   ( (  ))   ((   
 )( )   (   

  )( )(   ( (  ))  (  )))    ( (  ))]   (  )
 

 
   

 ̅  ( )     
  ∫ [(   )

( )   ( (  ))   ((   
 )( )   (   

  )( )(   ( (  ))  (  )))    ( (  ))]   (  )
 

 
   

 ̅  ( )     
  ∫ [(   )

( )   ( (  ))   ((   
 )( )   (   

  )( )(   ( (  ))  (  )))    ( (  ))]   (  )
 

 
  

Where  (  )  is the integrand that is integrated over an interval (   ) 

 

Proof:  

Consider operator   ( )  defined on the space of sextuples of continuous functions               

which satisfy         
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  ( )    
      ( )    

      
  (  ̂   )

( )    
  (  ̂   )

( )     

    ( )    
  (  ̂   )

( ) (  ̂   )( )      

    ( )    
  (  ̂   )

( ) (  ̂   )( )    

By 

 ̅  ( )     
   ∫ [(   )

( )   ( (  ))   ((   
 )( )     

  )( )(   ( (  ))  (  )))    ( (  ))]   (  )
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  ̅  ( )     
  ∫ [(   )

( )   ( (  ))  ((   
 )( )  (   

  )( )(   ( (  ))  (  )))   ( (  ))]   (  ) 
 

 
   

 ̅  ( )     
   ∫ [(   )

( )   ( (  ))  ((   
 )( )  (   

  )( )(   ( (  ))  (  )))    ( (  ))]   (  ) 
 

 
   

 ̅  ( )     
  ∫ [(   )

( )   ( (  ))   ((   
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Where  (  )  is the integrand that is integrated over an interval (   ) 

 

Proof: Consider operator   ( )  defined on the space of sextuples of continuous functions            
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Where  (  )  is the integrand that is integrated over an interval (   ) 

Proof: Consider operator   ( )  defined on the space of sextuples of continuous functions            

   which satisfy               
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Where  (  )  is the integrand that is integrated over an interval (   ) 

 

Proof:  

Consider operator   ( )  defined on the space of sextuples of continuous functions               
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Where  (  )  is the integrand that is integrated over an interval (   ) 

 

Proof:  

Consider operator   ( )  defined on the space of sextuples of continuous functions               
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Where  (  )  is the integrand that is integrated over an interval (   ) 
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Consider operator   ( )  defined on the space of sextuples of continuous functions               
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Where  (  )  is the integrand that is integrated over an interval (   ) 
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Consider operator   ( )  defined on the space of sextuples of continuous functions               
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Where  (  )  is the integrand that is integrated over an interval (   ) 
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The operator  ( ) maps the space of functions satisfying Equations into itself .Indeed it is obvious that 

    ( )     
  ∫ [(   )

( ) (   
  (  ̂   )

( ) (  ̂   )( ) (  ))] 
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 From which it follows that 
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(   )( )

(  ̂   )( ) [((  ̂   )
( )     

 ) 
(  

(  ̂   )( )    
 

   
 )

 (  ̂   )
( )]  

(  
 ) is as defined in the statement of theorem 1 
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Analogous inequalities hold also for                        

The operator  ( ) maps the space of functions satisfying Equations into itself .Indeed it is obvious 

that 
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 From which it follows that 
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Analogous inequalities hold also for                        

The operator  ( ) maps the space of functions satisfying Equations into itself .Indeed it is obvious 

that 
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Analogous inequalities hold also for                        

The operator  ( ) maps the space of functions satisfying into itself .Indeed it is obvious that 
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 From which it follows that 174 
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 (  ̂   )
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 ) is as defined in the statement of theorem 4 

The operator  ( ) maps the space of functions satisfying Equations into itself .Indeed it is obvious 

that 
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 ) is as defined in the statement of theorem 5 
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The operator  ( ) maps the space of functions satisfying Equations into itself .Indeed it is obvious 

that 
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 (  ̂   )
( )]  

(  
 ) is as defined in the statement of theorem 6 

Analogous inequalities hold also for                       
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(b) The operator  ( ) maps the space of functions satisfying Equations into itself .Indeed it is 

obvious that 
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(  
 ) is as defined in the statement of theorem 7 

 

The operator  ( ) maps the space of functions satisfying Equations into itself .Indeed it is obvious that  
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 From which it follows that 
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(  ̂   )( )    
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 ) is as defined in the statement of theorem 8 

Analogous inequalities hold also for                       
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 The operator  ( ) maps the space of functions satisfying 34,35,36 into itself .Indeed it is obvious 

that 
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 ) is as defined in the statement of theorem 9 

Analogous inequalities hold also for                       

 

It is now sufficient to take 
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( )

(  ̂   )( )    
(  )

( )

(  ̂   )( )     and to choose 
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( ) large to have 
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 ) 
 (  
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 )

 (  ̂   )
( )]  (  ̂   )

( )  
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In order that the operator  ( ) transforms the space of sextuples of functions        satisfying 

Equations into itself 

 

The operator  ( ) is a contraction with respect to the metric  

 (( ( )  ( )) ( ( )  ( )))    

185 
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 |  
( )( )    

( )( )|  ( ̂  )( )     
    

 |  
( )( )    

( )( )|  ( ̂  )( )    

 Indeed if we denote   

Definition of  ̃  ̃ : (  ̃  ̃ )   ( )(   ) 

It results 

| ̃  
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∫  (   
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(   
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 (   
  )( )(   
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  (  ))  (   

  )( )(   
( )

  (  ))    
 (  ̂  )( ) (  ) (  ̂  )( ) (  )   (  )  

Where  (  ) represents integrand that is integrated over the interval       

From the hypotheses it follows 

 

| ( )   ( )|  (  ̂  )( )  
 

(  ̂  )( ) ((   )
( )   (   

 )( )  (  ̂  )
( )  (  ̂  )

( )(  ̂  )
( )) (( ( )  ( )   ( )  ( )))  

And analogous inequalities for          . Taking into account the hypothesis the result follows 
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Remark 1: The fact that we supposed (   
  )( )     (   

  )( ) depending also on   can be considered as not 

conformal with the reality, however we have put this hypothesis ,in order that we can postulate 

condition necessary to prove the uniqueness of the solution bounded by 

(  ̂  )
( ) (  ̂  )( )      (  ̂  )

( ) (  ̂  )( )  respectively of     

If instead of proving the existence of the solution on   , we have to prove it only on a compact then it 

suffices to consider that (  
  )( )     (  

  )( )            depend only on     and respectively on 

 (             ) and hypothesis can replaced by a usual Lipschitz condition. 

 

Remark 2: There does not exist any    where    ( )           ( )      

From 19 to 24 it results  

   ( )    
  [ ∫ {(  

 )( ) (  
  )( )(   ( (  ))  (  ))}  (  )

 
 ]     

   ( )    
  ( (  

 )( ) )      for     

 

Definition of  ((  ̂  )
( ))

 
  ((  ̂  )

( ))
 
     ((  ̂  )

( ))
 

 : 

Remark 3: if     is bounded, the same property have also              . indeed if  

    (  ̂  )
( ) it follows 

    

  
 ((  ̂  )

( ))
 
 (   

 )( )    and by integrating  
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 (   

 )( )  

In the same way , one can obtain 

    ((  ̂  )
( ))

 
    

   (   )
( )((  ̂  )

( ))
 
 (   

 )( )  

 If             is bounded, the same property follows for           and            respectively. 

Remark 4: If         bounded, from below, the same property holds for                The proof is 

analogous with the preceding one. An analogous property is true if     is bounded from below. 
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 Remark 5: If       is bounded from below and       ((  
  )( ) ( ( )  ))  (   

 )( ) then         

Definition of  ( )( )        : 

Indeed let     be so that for        

(   )
( )  (  

  )( )( ( )  )         ( )  ( )( )  
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Then  
     

  
 (   )

( )( )( )        which leads to  

     (
(   )( )( )( )

  
) (       )     

        If we take    such that         
 

 
  it results  

     (
(   )( )( )( )

 
)           

 

  
  By taking now      sufficiently small one sees that      is unbounded. 

The same property holds for      if       (   
  )( ) ( ( )  )  (   

 )( ) 

We now state a more precise theorem about the behaviors at infinity of the solutions of  equations  

 

It is now sufficient to take 
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(  ̂   )( )    
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( ̂  )( ) [((  ̂   )
( )    

 ) 
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( )]  (  ̂   )
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192 

In order that the operator  ( ) transforms the space of sextuples of functions        satisfying 

Equations into itself 

193 

The operator  ( ) is a contraction with respect to the metric  

 (((   )
( ) (   )

( )) ((   )
( ) (   )
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Where  (  ) represents integrand that is integrated over the interval       

From the hypotheses it follows 
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And analogous inequalities for          . Taking into account the hypothesis the result follows 198 

Remark 6: The fact that we supposed (   
  )( )     (   

  )( ) depending also on   can be considered as not 

conformal with the reality, however we have put this hypothesis ,in order that we can postulate 

condition necessary to prove the uniqueness of the solution bounded by 

(  ̂  )
( ) (  ̂  )( )      (  ̂  )

( ) (  ̂  )( )  respectively of     

If instead of proving the existence of the solution on   , we have to prove it only on a compact then it 

suffices to consider that (  
  )( )     (  

  )( )            depend only on     and respectively on 

(   )(             ) and hypothesis can replaced by a usual Lipschitz condition. 
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Remark 7: There does not exist any    where    ( )           ( )      

it results  

   ( )    
  [ ∫ {(  

 )( ) (  
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Definition of  ((  ̂  )
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Remark 8: if     is bounded, the same property have also              . indeed if  

    (  ̂  )
( ) it follows 

    

  
 ((  ̂  )

( ))
 
 (   

 )( )    and by integrating  
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In the same way , one can obtain 
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 If             is bounded, the same property follows for           and            respectively. 

Remark 9: If         bounded, from below, the same property holds for                The proof is 

analogous with the preceding one. An analogous property is true if     is bounded from below. 

202 

 Remark 10: If       is bounded from below and       ((  
  )( ) ((   )( )  ))  (   

 )( ) then         

Definition of  ( )( )        : 

Indeed let     be so that for        

(   )
( )  (  

  )( )((   )( )  )         ( )  ( )( )  
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Then  
     

  
 (   )

( )( )( )        which leads to  

     (
(   )( )( )( )

  
) (       )     

        If we take    such that         
 

 
  it results  
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(   )( )( )( )

 
)           

 

  
  By taking now      sufficiently small one sees that     is unbounded. 

The same property holds for      if       (   
  )( ) ((   )( )  )  (   

 )( ) 

We now state a more precise theorem about the behaviors at infinity of the solutions of  equations  
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It is now sufficient to take 
(  )

( )

(  ̂   )( )    
(  )

( )

(  ̂   )( )     and to choose 

(  ̂   )
( )     (  ̂   )

( ) large to have 
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In order that the operator  ( ) transforms the space of sextuples of functions        satisfying 

Equations into itself 

210 

The operator  ( ) is a contraction with respect to the metric  
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( ) (   )

( )) ((   )
( ) (   )
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Where  (  ) represents integrand that is integrated over the interval       

From the hypotheses it follows 
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And analogous inequalities for          . Taking into account the hypothesis the result follows 
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Remark 11: The fact that we supposed (   
  )( )     (   

  )( ) depending also on   can be considered as 

not conformal with the reality, however we have put this hypothesis ,in order that we can postulate 

condition necessary to prove the uniqueness of the solution bounded by 

(  ̂  )
( ) (  ̂  )( )      (  ̂  )

( ) (  ̂  )( )  respectively of     

If instead of proving the existence of the solution on   , we have to prove it only on a compact then it 

suffices to consider that (  
  )( )     (  

  )( )            depend only on     and respectively on 

(   )(             ) and hypothesis can replaced by a usual Lipschitz condition. 
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Remark 12: There does not exist any    where    ( )           ( )      

it results  

   ( )    
  [ ∫ {(  
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Remark 13: if     is bounded, the same property have also              . indeed if  
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 If             is bounded, the same property follows for           and            respectively. 

Remark 14: If         bounded, from below, the same property holds for                The proof is 

analogous with the preceding one. An analogous property is true if     is bounded from below. 
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 Remark 15: If       is bounded from below and       ((  
  )( ) ((   )( )  ))  (   

 )( ) then         

Definition of  ( )( )        : 

Indeed let     be so that for        
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  )( )((   )( )  )         ( )  ( )( )  
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Then  
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        If we take    such that         
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  By taking now      sufficiently small one sees that      is unbounded. 

The same property holds for      if       (   
  )( ) ((   )( )  )  (   

 )( ) 

We now state a more precise theorem about the behaviors at infinity of the solutions of  equations  
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It is now sufficient to take 
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In order that the operator  ( ) transforms the space of sextuples of functions        satisfying 

Equations into itself 
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The operator  ( ) is a contraction with respect to the metric  225 
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And analogous inequalities for          . Taking into account the hypothesis the result follows 
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Remark 16: The fact that we supposed (   
  )( )     (   

  )( ) depending also on   can be considered as 

not conformal with the reality, however we have put this hypothesis ,in order that we can postulate 

condition necessary to prove the uniqueness of the solution bounded by 

(  ̂  )
( ) (  ̂  )( )      (  ̂  )

( ) (  ̂  )( )  respectively of     

If instead of proving the existence of the solution on   , we have to prove it only on a compact then it 

suffices to consider that (  
  )( )     (  

  )( )            depend only on     and respectively on 

(   )(             ) and hypothesis can replaced by a usual Lipschitz condition. 
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Remark 17: There does not exist any    where    ( )           ( )      

it results  
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Remark 18: if     is bounded, the same property have also              . indeed if  
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 If             is bounded, the same property follows for           and            respectively. 

Remark 19: If         bounded, from below, the same property holds for                The proof is 

analogous with the preceding one. An analogous property is true if     is bounded from below. 
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Remark 20: If       is bounded from below and       ((  
  )( ) ((   )( )  ))  (   

 )( ) then         

Definition of  ( )( )        : 

Indeed let     be so that for        
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Then  
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        If we take    such that         
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  By taking now      sufficiently small one sees that      is unbounded. 

The same property holds for      if       (   
  )( ) ((   )( )  )  (   

 )( ) 

We now state a more precise theorem about the behaviors at infinity of the solutions of  equations 37 
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Analogous inequalities hold also for                       
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In order that the operator  ( ) transforms the space of sextuples of functions        satisfying 

Equations into itself 
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The operator  ( ) is a contraction with respect to the metric  
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Where  (  ) represents integrand that is integrated over the interval       

From the hypotheses on   it follows 
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And analogous inequalities for          . Taking into account the hypothesis   the result follows 

237 

Remark 21: The fact that we supposed (   
  )( )     (   

  )( ) depending also on   can be considered as 

not conformal with the reality, however we have put this hypothesis ,in order that we can postulate 

condition necessary to prove the uniqueness of the solution bounded by 

(  ̂  )
( ) (  ̂  )( )      (  ̂  )

( ) (  ̂  )( )  respectively of     

If instead of proving the existence of the solution on   , we have to prove it only on a compact then it 

suffices to consider that (  
  )( )     (  

  )( )            depend only on     and respectively on 

(   )(             ) and hypothesis can replaced by a usual Lipschitz condition. 
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Remark 22: There does not exist any    where    ( )           ( )      

  it results  
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Remark 23: if     is bounded, the same property have also              . indeed if  
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 If             is bounded, the same property follows for           and            respectively. 

Remark 24: If         bounded, from below, the same property holds for                The proof is 

analogous with the preceding one. An analogous property is true if     is bounded from below. 
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Remark 25: If       is bounded from below and       ((  
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 )( ) then         

Definition of  ( )( )        : 
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  By taking now      sufficiently small one sees that      is unbounded. 
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We now state a more precise theorem about the behaviors at infinity of the solutions of  equations   

Analogous inequalities hold also for                       
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In order that the operator  ( ) transforms the space of sextuples of functions        satisfying 

Equations into itself 
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The operator  ( ) is a contraction with respect to the metric  
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Where  (  ) represents integrand that is integrated over the interval       
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And analogous inequalities for          . Taking into account the hypothesis   the result follows 
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Remark 26: The fact that we supposed (   
  )( )     (   

  )( ) depending also on   can be considered as 

not conformal with the reality, however we have put this hypothesis ,in order that we can postulate 

condition necessary to prove the uniqueness of the solution bounded by 

(  ̂  )
( ) (  ̂  )( )      (  ̂  )

( ) (  ̂  )( )  respectively of     

If instead of proving the existence of the solution on   , we have to prove it only on a compact then it 

suffices to consider that (  
  )( )     (  

  )( )            depend only on     and respectively on 

(   )(             ) and hypothesis can replaced by a usual Lipschitz condition. 
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Remark 28: if     is bounded, the same property have also              . indeed if  
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Remark 29: If         bounded, from below, the same property holds for                The proof is 

analogous with the preceding one. An analogous property is true if     is bounded from below. 
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We now state a more precise theorem about the behaviors at infinity of the solutions of  equations   
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Equations into itself 

The operator  ( ) is a contraction with respect to the metric  
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And analogous inequalities for          . Taking into account the hypothesis   the result follows 
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Remark 31: The fact that we supposed (   
  )( )     (   

  )( ) depending also on   can be considered as 

not conformal with the reality, however we have put this hypothesis ,in order that we can postulate 

condition necessary to prove the uniqueness of the solution bounded by 

(  ̂  )
( ) (  ̂  )( )      (  ̂  )

( ) (  ̂  )( )  respectively of     

 

If instead of proving the existence of the solution on   , we have to prove it only on a compact then it 

suffices to consider that (  
  )( )     (  

  )( )            depend only on     and respectively on 

(   )(             ) and hypothesis can replaced by a usual Lipschitz condition. 
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Remark 34: If         bounded, from below, the same property holds for                The proof is 

analogous with the preceding one. An analogous property is true if     is bounded from below. 
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  By taking now      sufficiently small one sees that      is unbounded. 
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We now state a more precise theorem about the behaviors at infinity of the solutions of  equations  
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Where  (  ) represents integrand that is integrated over the interval       

 

From the hypotheses it follows 
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And analogous inequalities for          . Taking into account the hypothesis the result follows 

 

273 

Remark 36: The fact that we supposed (   
  )( )     (   

  )( ) depending also on   can be considered as 

not conformal with the reality, however we have put this hypothesis ,in order that we can postulate 

condition necessary to prove the uniqueness of the solution bounded by 

(  ̂  )
( ) (  ̂  )( )      (  ̂  )

( ) (  ̂  )( )  respectively of     

 

If instead of proving the existence of the solution on   , we have to prove it only on a compact then it 

suffices to consider that (  
  )( )     (  

  )( )            depend only on     and respectively on 

(   )(             ) and hypothesis can replaced by a usual Lipschitz condition. 
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Where  (  ) represents integrand that is integrated over the interval       

 
From the hypotheses on 45,46,47,28 and 29 it follows 
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And analogous inequalities for          . Taking into account the hypothesis (39,35,36) the result 
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Remark 41: The fact that we supposed (   
  )( )     (   

  )( ) depending also on   can be considered as 
not conformal with the reality, however we have put this hypothesis ,in order that we can postulate 
condition necessary to prove the uniqueness of the solution bounded by 

(  ̂  )
( ) (  ̂  )( )      (  ̂  )

( ) (  ̂  )( )  respectively of     
 
If instead of proving the existence of the solution on   , we have to prove it only on a compact then it 

suffices to consider that (  
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  )( )            depend only on     and respectively on 
(   )(             ) and hypothesis can replaced by a usual Lipschitz condition. 
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Remark 43: if     is bounded, the same property have also              . indeed if  
 

    (  ̂  )
( ) it follows 

    

  
 ((  ̂  )

( ))
 
 (   

 )( )    and by integrating  

 
    ((  ̂  )

( ))
 

    
   (   )

( )((  ̂  )
( ))

 
 (   

 )( )  

 
In the same way , one can obtain 
 
    ((  ̂  )

( ))
 

    
   (   )

( )((  ̂  )
( ))

 
 (   

 )( )  

 
 If             is bounded, the same property follows for           and            respectively. 
 

 

Remark 44: If         bounded, from below, the same property holds for                The proof is 
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We now state a more precise theorem about the behaviors at infinity of the solutions of  equations 37 
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 )( ))

  (  )( )    (   
 )( )       

   (   
 )( ) )  

 

377 

   
  (  )( )     ( )     

  ((  )( ) (   )( ))    

 

378 

 

(  )( )    
  (  )( )     ( )  

 

(  )( )    
  ((  )( ) (   )( ))   

 

379 

(   )( )   
 

(  )( )((  )( ) (   
 )( ))

[ (  )( )    (   
 )( ) ]     

   (   
 )( )     ( )    

 
(   )( )   

 

(  )( )((  )( ) (   )( ) (  )( ))
[ ((  )( ) (   )( ))    (  )( ) ]     

   (  )( )   

 

380 

Definition of (  )
( ) (  )

( ) (  )
( ) (  )

( ):- 

 

Where (  )
( )  (   )

( )(  )
( )  (   

 )( )  

  

             (  )
( )  (   )

( )  (   )
( )  

 

             (  )
( )  (   )

( )(  )
( )  (   

 )( )   

 

             (  )
( )  (   

 )( )  (   )
( )  

381 

Behavior of the solutions of equation 37 to 92 
 
Theorem 2: If we denote and define 
 

 Definition of  (  )
( )  (  )

( )  (  )
( )  (  )

( ) : 
 

 (  )
( )  (  )

( )  (  )
( )  (  )

( )   four constants satisfying 
 

 (  )
( )   (   

 )( )  (   
 )( )  (   

  )( )(      )  (   
  )( )(      )   (  )

( )   
 
  (  )

( )   (   
 )( )  (   

 )( )  (   
  )( )((   )  )  (   

  )( )((   )  )   (  )
( )  

 

382 

Definition of  (  )
( ) (  )

( ) (  )
( ) (  )

( )  ( )  ( ) : 
 

 By   (  )
( )     (  )

( )    and respectively (  )
( )     (  )

( )    the roots of    the equations  

(   )
( )( ( ))

 
 (  )

( ) ( )  (   )
( )     

and  (   )
( )( ( ))

 
 (  )

( ) ( )  (   )
( )    and 

 

 

Definition of  ( ̅ )
( )  ( ̅ )

( ) ( ̅ )
( ) ( ̅ )

( ) : 
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       By ( ̅ )
( )     ( ̅ )

( )    and  respectively  ( ̅ )
( )     ( ̅ )

( )    the 

      roots of the equations (   )
( )( ( ))

 
 (  )

( ) ( )  (   )
( )     

     and  (   )
( )( ( ))

 
 (  )

( ) ( )  (   )
( )     

Definition of  (  )
( )  (  )

( )  (  )
( ) (  )

( ) (  )
( ) :- 

 

 If we define (  )
( )  (  )

( )  (  )
( ) (  )

( )    by 
 

      (  )
( )  (  )

( ) (  )
( )  (  )

( )    (  )
( )  (  )

( ) 
 

       (  )
( )  (  )

( ) (  )
( )  ( ̅ )

( )     (  )
( )  (  )

( )  ( ̅ )
( )  

      and  (  )
( )  

   
 

   
   

 

    (   )
( )  (  )

( ) (  )
( )  (  )

( )    ( ̅ )
( )  (  )

( )  
 
and analogously 

 

       (  )
( )  (  )

( ) (  )
( )  (  )

( )    (  )
( )  (  )

( ) 
 
       (  )

( )  (  )
( ) (  )

( )  ( ̅ )
( )     (  )

( )  (  )
( )  ( ̅ )

( )  

     and (  )
( )  

   
 

   
   

 
    (   )

( )  (  )
( ) (  )

( )  (  )
( )    ( ̅ )

( )  (  )
( )  where (  )

( ) ( ̅ )
( ) 

are defined by 59 and 69 respectively 
 

 

Then the solution of 19,20,21,22,23 and 24 satisfies the inequalities 
 

          
  ((  )( ) (   )( ))     ( )     

  (  )( )  
 

where (  )
( ) is defined by equation 45 

 

 

 

      (  )( )    
  ((  )( ) (   )( ))     ( )  

 

(  )( )    
  (  )( )   

 

 

( 

(   )( )   
 

(  )( )((  )( ) (   )( ) (  )( ))
[ ((  )( ) (   )( ))    (  )( )  ]     

   (  )( )     ( )  

(   )( )   
 

(  )( )((  )( ) (   
 )( ))

  (  )( )    (   
 )( )       

   (   
 )( ) ) 

 

 

   
  (  )( )     ( )     

  ((  )( ) (   )( ))    

 

 

 

(  )( )    
  (  )( )     ( )  

 

(  )( )    
  ((  )( ) (   )( ))   

 

 

(   )( )   
 

(  )( )((  )( ) (   
 )( ))

[ (  )( )    (   
 )( ) ]     

   (   
 )( )     ( )    

 
(   )( )   

 

(  )( )((  )( ) (   )( ) (  )( ))
[ ((  )( ) (   )( ))    (  )( ) ]     

   (  )( )   
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Definition of (  )
( ) (  )

( ) (  )
( ) (  )

( ):- 
 

Where (  )
( )  (   )

( )(  )
( )  (   

 )( )  
  

             (  )
( )  (   )

( )  (   )
( )  

 

                 (  )
( )  (   )

( )(  )
( )  (   

 )( )   
 
             (  )

( )  (   
 )( )  (   )

( )  
 

 

Proof : From  global equations we obtain  

  ( )

  
 (   )

( )  ((   
 )( )  (   

 )( )  (   
  )( )(     ))   (   

  )( )(     ) 
( )  (   )

( ) ( )  

Definition of  ( ) :-          ( )  
   

   
 

It follows 

  ((   )
( )( ( ))

 
 (  )

( ) ( )  (   )
( ))  

  ( )

  
  ((   )

( )( ( ))
 
 (  )

( ) ( )  (   )
( )) 

 From which one obtains  

Definition of ( ̅ )
( ) (  )

( ) :- 

 For   (  )
( )  

   
 

   
  (  )

( )  ( ̅ )
( ) 

 

       ( )( )  
(  )( ) ( )( )(  )( ) 

[ (   )( )((  )( ) (  )( ))  ]

  ( )( ) 
[ (   )( )((  )( ) (  )( ))  ]

     ,    ( )( )  
(  )( ) (  )( )

(  )( ) (  )( )  

            (  )
( )   ( )( )  (  )

( ) 

383 

 In the same manner , we get 

  ( )( )  
( ̅ )( ) ( ̅)( )( ̅ )( ) 

[ (   )( )(( ̅ )( ) ( ̅ )( ))  ]

  ( ̅)( ) 
[ (   )( )(( ̅ )( ) ( ̅ )( ))  ]

      ,   ( ̅)( )  
( ̅ )( ) (  )( )

(  )( ) ( ̅ )( )    

   From which we deduce (  )
( )   ( )( )  ( ̅ )

( ) 

384 

 If    (  )
( )  (  )

( )  
   

 

   
  ( ̅ )

( ) we find like in the previous case, 

 

      (  )
( )  

(  )( ) ( )( )(  )( ) 
[ (   )( )((  )( ) (  )( ))  ]

  ( )( ) 
[ (   )( )((  )( ) (  )( ))  ]

   ( )( )   

            
( ̅ )( ) ( ̅)( )( ̅ )( ) 

[ (   )( )(( ̅ )( ) ( ̅ )( ))  ]

  ( ̅)( ) 
[ (   )( )(( ̅ )( ) ( ̅ )( ))  ]

 ( ̅ )
( )  

385 
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 If    (  )
( )  ( ̅ )

( )  (  )
( )  

   
 

   
   , we obtain 

 

  (  )
( )    ( )( )  

( ̅ )( ) ( ̅)( )( ̅ )( ) 
[ (   )( )(( ̅ )( ) ( ̅ )( ))  ]

  ( ̅)( ) 
[ (   )( )(( ̅ )( ) ( ̅ )( ))  ]

 (  )
( ) 

And so with the notation of the first part of condition (c) , we have  

Definition of   ( )( ) :- 

(  )
( )    ( )( )  (  )

( ),     ( )( )  
   ( )

   ( )
 

In a completely analogous way, we obtain  

Definition of   ( )( )  :- 

(  )
( )    ( )( )  (  )

( ),     ( )( )  
   ( )

   ( )
   

Now, using this result and replacing it in global equations we get easily the result stated in the 

theorem. 

Particular case : 

If (   
  )( )  (   

  )( )      (  )
( )  (  )

( )  and in this case (  )
( )  ( ̅ )

( ) if in addition (  )
( )  

(  )
( ) then   ( )( )  (  )

( ) and as a consequence    ( )  (  )
( )   ( ) this also defines (  )

( ) for 

the special case  

Analogously if  (   
  )( )  (   

  )( )      (  )
( )  (  )

( ) and then 

 (  )
( )   ( ̅ )

( )if in addition (  )
( )  (  )

( ) then     ( )  (  )
( )   ( ) This is an important 

consequence of the relation between (  )
( ) and ( ̅ )

( )  and definition of (  )
( )  

386 

Proof : From global equations we obtain  

  ( )

  
 (   )

( )  ((   
 )( )  (   

 )( )  (   
  )( )(     ))  (   

  )( )(     ) 
( )  (   )

( ) ( )  

387 

Definition of  ( ) :-          ( )  
   

   
 388 

It follows 

  ((   )
( )( ( ))

 
 (  )

( ) ( )  (   )
( ))  

  ( )

  
  ((   )

( )( ( ))
 
 (  )

( ) ( )  (   )
( )) 

389 

From which one obtains  

Definition of ( ̅ )
( ) (  )

( ) :- 

 For   (  )
( )  

   
 

   
  (  )

( )  ( ̅ )
( ) 

390 
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    ( )( )  
(  )( ) ( )( )(  )( ) 

[ (   )( )((  )( ) (  )( ))  ]

  ( )( ) 
[ (   )( )((  )( ) (  )( ))  ]

     ,    ( )( )  
(  )( ) (  )( )

(  )( ) (  )( )  

            (  )
( )   ( )( )  (  )

( )  

In the same manner , we get 

  ( )( )  
( ̅ )( ) ( ̅)( )( ̅ )( ) 

[ (   )( )(( ̅ )( ) ( ̅ )( ))  ]

  ( ̅)( ) 
[ (   )( )(( ̅ )( ) ( ̅ )( ))  ]

      ,   ( ̅)( )  
( ̅ )( ) (  )( )

(  )( ) ( ̅ )( )    

391 

From which we deduce (  )
( )   ( )( )  ( ̅ )

( ) 392 

 If    (  )
( )  (  )

( )  
   

 

   
  ( ̅ )

( ) we find like in the previous case, 

 

(  )
( )  

(  )( ) ( )( )(  )( ) 
[ (   )( )((  )( ) (  )( ))  ]

  ( )( ) 
[ (   )( )((  )( ) (  )( ))  ]

   ( )( )    

    
( ̅ )( ) ( ̅)( )( ̅ )( ) 

[ (   )( )(( ̅ )( ) ( ̅ )( ))  ]

  ( ̅)( ) 
[ (   )( )(( ̅ )( ) ( ̅ )( ))  ]

 ( ̅ )
( )  

393 

 If    (  )
( )  ( ̅ )

( )  (  )
( )  

   
 

   
   , we obtain 

 

  (  )
( )    ( )( )  

( ̅ )( ) ( ̅)( )( ̅ )( ) 
[ (   )( )(( ̅ )( ) ( ̅ )( ))  ]

  ( ̅)( ) 
[ (   )( )(( ̅ )( ) ( ̅ )( ))  ]

 (  )
( ) 

And so with the notation of the first part of condition (c) , we have  

394 

Definition of   ( )( ) :- 

(  )
( )    ( )( )  (  )

( ),     ( )( )  
   ( )

   ( )
 

395 

In a completely analogous way, we obtain  

Definition of   ( )( )  :- 

(  )
( )    ( )( )  (  )

( ),     ( )( )  
   ( )

   ( )
 

396 

 Now, using this result and replacing it in global equations we get easily the result stated in the 

theorem. 

 

Particular case : 

If (   
  )( )  (   

  )( )      (  )
( )  (  )

( )  and in this case (  )
( )  ( ̅ )

( ) if in addition 

(  )
( )  (  )

( ) then   ( )( )  (  )
( ) and as a consequence    ( )  (  )

( )   ( ) 

397 
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Analogously if  (   
  )( )  (   

  )( )      (  )
( )  (  )

( ) and then 

 (  )
( )   ( ̅ )

( )if in addition (  )
( )  (  )

( ) then     ( )  (  )
( )   ( ) This is an important 

consequence of the relation between (  )
( ) and ( ̅ )

( ) 

Proof : From global equations we obtain  

  ( )

  
 (   )

( )  ((   
 )( )  (   

 )( )  (   
  )( )(     ))  (   

  )( )(     ) 
( )  (   )

( ) ( )  

398 

Definition of  ( ) :-          ( )  
   

   
 

It follows 

  ((   )
( )( ( ))

 
 (  )

( ) ( )  (   )
( ))  

  ( )

  
  ((   )

( )( ( ))
 
 (  )

( ) ( )  (   )
( )) 

399 

 

 From which one obtains  

 For   (  )
( )  

   
 

   
  (  )

( )  ( ̅ )
( ) 

 

 ( )( )  
(  )( ) ( )( )(  )( ) 

[ (   )( )((  )( ) (  )( ))  ]

  ( )( ) 
[ (   )( )((  )( ) (  )( ))  ]

     ,    ( )( )  
(  )( ) (  )( )

(  )( ) (  )( )  

            (  )
( )   ( )( )  (  )

( )  

400 

 In the same manner , we get 

  ( )( )  
( ̅ )( ) ( ̅)( )( ̅ )( ) 

[ (   )( )(( ̅ )( ) ( ̅ )( ))  ]

  ( ̅)( ) 
[ (   )( )(( ̅ )( ) ( ̅ )( ))  ]

      ,   ( ̅)( )  
( ̅ )( ) (  )( )

(  )( ) ( ̅ )( )    

Definition of ( ̅ )
( ) :- 

From which we deduce (  )
( )   ( )( )  ( ̅ )

( ) 

401 

 If    (  )
( )  (  )

( )  
   

 

   
  ( ̅ )

( ) we find like in the previous case, 

 

 (  )
( )  

(  )( ) ( )( )(  )( ) 
[ (   )( )((  )( ) (  )( ))  ]

  ( )( ) 
[ (   )( )((  )( ) (  )( ))  ]

   ( )( )   

 
( ̅ )( ) ( ̅)( )( ̅ )( ) 

[ (   )( )(( ̅ )( ) ( ̅ )( ))  ]

  ( ̅)( ) 
[ (   )( )(( ̅ )( ) ( ̅ )( ))  ]

 ( ̅ )
( )  

402 

 If    (  )
( )  ( ̅ )

( )  (  )
( )  

   
 

   
   , we obtain 

 

403 
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(  )
( )    ( )( )  

( ̅ )( ) ( ̅)( )( ̅ )( ) 
[ (   )( )(( ̅ )( ) ( ̅ )( ))  ]

  ( ̅)( ) 
[ (   )( )(( ̅ )( ) ( ̅ )( ))  ]

 (  )
( )  

And so with the notation of the first part of condition (c) , we have  

Definition of   ( )( ) :- 

(  )
( )    ( )( )  (  )

( ),     ( )( )  
   ( )

   ( )
 

In a completely analogous way, we obtain  

Definition of   ( )( )  :- 

(  )
( )    ( )( )  (  )

( ),     ( )( )  
   ( )

   ( )
 

Now, using this result and replacing it in global equations we get easily the result stated in the 

theorem. 

Particular case : 

If (   
  )( )  (   

  )( )      (  )
( )  (  )

( )  and in this case (  )
( )  ( ̅ )

( ) if in addition (  )
( )  

(  )
( ) then   ( )( )  (  )

( ) and as a consequence    ( )  (  )
( )   ( ) 

Analogously if  (   
  )( )  (   

  )( )      (  )
( )  (  )

( ) and then 

 (  )
( )   ( ̅ )

( )if in addition (  )
( )  (  )

( ) then     ( )  (  )
( )   ( ) This is an important 

consequence of the relation between (  )
( ) and ( ̅ )

( ) 

Proof : From global equations we obtain  
 

  ( )

  
 (   )

( )  ((   
 )( )  (   

 )( )  (   
  )( )(     ))  (   

  )( )(     ) 
( )  (   )

( ) ( )  

 
 

Definition of  ( ) :-          ( )  
   

   
 

 
It follows 

  ((   )
( )( ( ))

 
 (  )

( ) ( )  (   )
( ))  

  ( )

  
  ((   )

( )( ( ))
 
 (  )

( ) ( )  (   )
( )) 

 From which one obtains  
 

Definition of ( ̅ )
( ) (  )

( ) :- 
 

 For   (  )
( )  

   
 

   
  (  )

( )  ( ̅ )
( ) 

 

   ( )( )  
(  )( ) ( )( )(  )( ) 

[ (   )( )((  )( ) (  )( ))  ]

  ( )( ) 
[ (   )( )((  )( ) (  )( ))  ]

     ,    ( )( )  
(  )( ) (  )( )

(  )( ) (  )( )  

 

            (  )
( )   ( )( )  (  )

( )  

404 
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In the same manner , we get 

 

  ( )( )  
( ̅ )( ) ( ̅)( )( ̅ )( ) 

[ (   )( )(( ̅ )( ) ( ̅ )( ))  ]

  ( ̅)( ) 
[ (   )( )(( ̅ )( ) ( ̅ )( ))  ]

      ,   ( ̅)( )  
( ̅ )( ) (  )( )

(  )( ) ( ̅ )( )    

 
   From which we deduce (  )

( )   ( )( )  ( ̅ )
( ) 

 

405 

 If    (  )
( )  (  )

( )  
   

 

   
  ( ̅ )

( ) we find like in the previous case, 

 

      (  )
( )  

(  )( ) ( )( )(  )( ) 
[ (   )( )((  )( ) (  )( ))  ]

  ( )( ) 
[ (   )( )((  )( ) (  )( ))  ]

   ( )( )   

 

            
( ̅ )( ) ( ̅)( )( ̅ )( ) 

[ (   )( )(( ̅ )( ) ( ̅ )( ))  ]

  ( ̅)( ) 
[ (   )( )(( ̅ )( ) ( ̅ )( ))  ]

 ( ̅ )
( )  

406 

 If    (  )
( )  ( ̅ )

( )  (  )
( )  

   
 

   
   , we obtain 

 

  (  )
( )    ( )( )  

( ̅ )( ) ( ̅)( )( ̅ )( ) 
[ (   )( )(( ̅ )( ) ( ̅ )( ))  ]

  ( ̅)( ) 
[ (   )( )(( ̅ )( ) ( ̅ )( ))  ]

 (  )
( ) 

 
And so with the notation of the first part of condition (c) , we have  

Definition of   ( )( ) :- 
 

(  )
( )    ( )( )  (  )

( ),     ( )( )  
   ( )

   ( )
 

In a completely analogous way, we obtain  

Definition of   ( )( )  :- 
 

(  )
( )    ( )( )  (  )

( ),     ( )( )  
   ( )

   ( )
 

   
Now, using this result and replacing it in global equations we get easily the result stated in the 
theorem. 
 
Particular case : 
 

If (   
  )( )  (   

  )( )      (  )
( )  (  )

( )  and in this case (  )
( )  ( ̅ )

( ) if in addition (  )
( )  

(  )
( ) then   ( )( )  (  )

( ) and as a consequence    ( )  (  )
( )   ( ) this also defines (  )

( ) for 
the special case . 
 

Analogously if  (   
  )( )  (   

  )( )      (  )
( )  (  )

( ) and then 

 (  )
( )   ( ̅ )

( )if in addition (  )
( )  (  )

( ) then     ( )  (  )
( )   ( ) This is an important 

consequence of the relation between (  )
( ) and ( ̅ )

( )  and definition of (  )
( )   

407 

  
         
Proof : From global equations we obtain  

 
  ( )

  
 (   )

( )  ((   
 )( )  (   

 )( )  (   
  )( )(     ))  (   

  )( )(     ) 
( )  (   )

( ) ( )  

 
 

408 
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Definition of  ( ) :-          ( )  
   

   
 

 
It follows 

  ((   )
( )( ( ))

 
 (  )

( ) ( )  (   )
( ))  

  ( )

  
  ((   )

( )( ( ))
 
 (  )

( ) ( )  (   )
( )) 

 
 
 From which one obtains  

 

Definition of ( ̅ )
( ) (  )

( ) :- 
 

 For   (  )
( )  

   
 

   
  (  )

( )  ( ̅ )
( ) 

 

       ( )( )  
(  )( ) ( )( )(  )( ) 

[ (   )( )((  )( ) (  )( ))  ]

  ( )( ) 
[ (   )( )((  )( ) (  )( ))  ]

     ,    ( )( )  
(  )( ) (  )( )

(  )( ) (  )( )  

 

            (  )
( )   ( )( )  (  )

( )  
 

In the same manner , we get 
 

  ( )( )  
( ̅ )( ) ( ̅)( )( ̅ )( ) 

[ (   )( )(( ̅ )( ) ( ̅ )( ))  ]

  ( ̅)( ) 
[ (   )( )(( ̅ )( ) ( ̅ )( ))  ]

      ,   ( ̅)( )  
( ̅ )( ) (  )( )

(  )( ) ( ̅ )( )    

 
   From which we deduce (  )

( )   ( )( )  ( ̅ )
( ) 

 

409 

 If    (  )
( )  (  )

( )  
   

 

   
  ( ̅ )

( ) we find like in the previous case, 

 

      (  )
( )  

(  )( ) ( )( )(  )( ) 
[ (   )( )((  )( ) (  )( ))  ]

  ( )( ) 
[ (   )( )((  )( ) (  )( ))  ]

   ( )( )   

 

            
( ̅ )( ) ( ̅)( )( ̅ )( ) 

[ (   )( )(( ̅ )( ) ( ̅ )( ))  ]

  ( ̅)( ) 
[ (   )( )(( ̅ )( ) ( ̅ )( ))  ]

 ( ̅ )
( )  

410 

 If    (  )
( )  ( ̅ )

( )  (  )
( )  

   
 

   
   , we obtain 

 

  (  )
( )    ( )( )  

( ̅ )( ) ( ̅)( )( ̅ )( ) 
[ (   )( )(( ̅ )( ) ( ̅ )( ))  ]

  ( ̅)( ) 
[ (   )( )(( ̅ )( ) ( ̅ )( ))  ]

 (  )
( ) 

 
And so with the notation of the first part of condition (c) , we have  

Definition of   ( )( ) :- 
 

(  )
( )    ( )( )  (  )

( ),     ( )( )  
   ( )

   ( )
 

In a completely analogous way, we obtain  

Definition of   ( )( )  :- 
 

(  )
( )    ( )( )  (  )

( ),     ( )( )  
   ( )

   ( )
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Now, using this result and replacing it in global equations we get easily the result stated in the 
theorem. 
 
Particular case : 
 
If (   

  )( )  (   
  )( )      (  )

( )  (  )
( )  and in this case (  )

( )  ( ̅ )
( ) if in addition (  )

( )  

(  )
( ) then   ( )( )  (  )

( ) and as a consequence    ( )  (  )
( )   ( ) this also defines (  )

( ) for 
the special case . 
 

Analogously if  (   
  )( )  (   

  )( )      (  )
( )  (  )

( ) and then 

 (  )
( )   ( ̅ )

( )if in addition (  )
( )  (  )

( ) then     ( )  (  )
( )   ( ) This is an important 

consequence of the relation between (  )
( ) and ( ̅ )

( )  and definition of (  )
( )  

 
   Proof : From global equations we obtain  

 
  ( )

  
 (   )

( )  ((   
 )( )  (   

 )( )  (   
  )( )(     ))  (   

  )( )(     ) 
( )  (   )

( ) ( )  

 
 

Definition of  ( ) :-          ( )  
   

   
 

 
It follows 

  ((   )
( )( ( ))

 
 (  )

( ) ( )  (   )
( ))  

  ( )

  
  ((   )

( )( ( ))
 
 (  )

( ) ( )  (   )
( )) 

 
 From which one obtains  

 

Definition of ( ̅ )
( ) (  )

( ) :- 
 

 For   (  )
( )  

   
 

   
  (  )

( )  ( ̅ )
( ) 

 

       ( )( )  
(  )( ) ( )( )(  )( ) 

[ (   )( )((  )( ) (  )( ))  ]

  ( )( ) 
[ (   )( )((  )( ) (  )( ))  ]

     ,    ( )( )  
(  )( ) (  )( )

(  )( ) (  )( )  

 
            (  )

( )   ( )( )  (  )
( )  

 

412 

In the same manner , we get 
 

  ( )( )  
( ̅ )( ) ( ̅)( )( ̅ )( ) 

[ (   )( )(( ̅ )( ) ( ̅ )( ))  ]

  ( ̅)( ) 
[ (   )( )(( ̅ )( ) ( ̅ )( ))  ]

      ,   ( ̅)( )  
( ̅ )( ) (  )( )

(  )( ) ( ̅ )( )    

 

   From which we deduce (  )
( )   ( )( )  ( ̅ )

( ) 
 

413 

 If    (  )
( )  (  )

( )  
   

 

   
  ( ̅ )

( ) we find like in the previous case, 

 

      (  )
( )  

(  )( ) ( )( )(  )( ) 
[ (   )( )((  )( ) (  )( ))  ]

  ( )( ) 
[ (   )( )((  )( ) (  )( ))  ]

   ( )( )   

 

  
( ̅ )( ) ( ̅)( )( ̅ )( ) 

[ (   )( )(( ̅ )( ) ( ̅ )( ))  ]

  ( ̅)( ) 
[ (   )( )(( ̅ )( ) ( ̅ )( ))  ]

 ( ̅ )
( )  
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 If    (  )
( )  ( ̅ )

( )  (  )
( )  

   
 

   
   , we obtain 

 

  (  )
( )    ( )( )  

( ̅ )( ) ( ̅)( )( ̅ )( ) 
[ (   )( )(( ̅ )( ) ( ̅ )( ))  ]

  ( ̅)( ) 
[ (   )( )(( ̅ )( ) ( ̅ )( ))  ]

 (  )
( ) 

 
And so with the notation of the first part of condition (c) , we have  

Definition of   ( )( ) :- 
 

(  )
( )    ( )( )  (  )

( ),     ( )( )  
   ( )

   ( )
 

In a completely analogous way, we obtain  

Definition of   ( )( )  :- 
 

(  )
( )    ( )( )  (  )

( ),     ( )( )  
   ( )

   ( )
 

   
Now, using this result and replacing it in global equations we get easily the result stated in the 
theorem. 
 
Particular case : 
 
If (   

  )( )  (   
  )( )      (  )

( )  (  )
( )  and in this case (  )

( )  ( ̅ )
( ) if in addition (  )

( )  

(  )
( ) then   ( )( )  (  )

( ) and as a consequence    ( )  (  )
( )   ( ) this also defines (  )

( ) for 
the special case . 

Analogously if  (   
  )( )  (   

  )( )      (  )
( )  (  )

( ) and then 

 (  )
( )   ( ̅ )

( )if in addition (  )
( )  (  )

( ) then     ( )  (  )
( )   ( ) This is an important 

consequence of the relation between (  )
( ) and ( ̅ )

( )  and definition of (  )
( )  

415 

         

Proof : From global equations we obtain  

 

  ( )

  
 (   )

( )  ((   
 )( )  (   

 )( )  (   
  )( )(     ))  (   

  )( )(     ) 
( )  (   )

( ) ( ) 

 

Definition of  ( ) :-          ( )  
   

   
 

 

It follows 

  ((   )
( )( ( ))

 
 (  )

( ) ( )  (   )
( ))  

  ( )

  
  ((   )

( )( ( ))
 
 (  )

( ) ( )  (   )
( )) 

 

 From which one obtains  

 

Definition of ( ̅ )
( ) (  )

( ) :- 

 

 For   (  )
( )  

   
 

   
  (  )

( )  ( ̅ )
( ) 

 

       ( )( )  
(  )( ) ( )( )(  )( ) 

[ (   )( )((  )( ) (  )( ))  ]

  ( )( ) 
[ (   )( )((  )( ) (  )( ))  ]

     ,    ( )( )  
(  )( ) (  )( )

(  )( ) (  )( )  
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            (  )
( )   ( )( )  (  )

( )  

 

In the same manner , we get 

 

  ( )( )  
( ̅ )( ) ( ̅)( )( ̅ )( ) 

[ (   )( )(( ̅ )( ) ( ̅ )( ))  ]

  ( ̅)( ) 
[ (   )( )(( ̅ )( ) ( ̅ )( ))  ]

      ,   ( ̅)( )  
( ̅ )( ) (  )( )

(  )( ) ( ̅ )( )    

 

   From which we deduce (  )
( )   ( )( )  ( ̅ )

( ) 

 

417 

 If    (  )
( )  (  )

( )  
   

 

   
  ( ̅ )

( ) we find like in the previous case, 

 

      (  )
( )  

(  )( ) ( )( )(  )( ) 
[ (   )( )((  )( ) (  )( ))  ]

  ( )( ) 
[ (   )( )((  )( ) (  )( ))  ]

   ( )( )   

 

            
( ̅ )( ) ( ̅)( )( ̅ )( ) 

[ (   )( )(( ̅ )( ) ( ̅ )( ))  ]

  ( ̅)( ) 
[ (   )( )(( ̅ )( ) ( ̅ )( ))  ]

 ( ̅ )
( )  

 

418 

 

 

 

 

If    (  )
( )  ( ̅ )

( )  (  )
( )  

   
 

   
   , we obtain 

 

  (  )
( )    ( )( )  

( ̅ )( ) ( ̅)( )( ̅ )( ) 
[ (   )( )(( ̅ )( ) ( ̅ )( ))  ]

  ( ̅)( ) 
[ (   )( )(( ̅ )( ) ( ̅ )( ))  ]

 (  )
( ) 

 

And so with the notation of the first part of condition (c) , we have  

Definition of   ( )( ) :- 

 

(  )
( )    ( )( )  (  )

( ),     ( )( )  
   ( )

   ( )
 

In a completely analogous way, we obtain  

 

419 

Definition of   ( )( )  :- 

 

(  )
( )    ( )( )  (  )

( ),     ( )( )  
   ( )

   ( )
 

   

Now, using this result and replacing it in global equations we get easily the result stated in the 

theorem. 

 

Particular case : 

 

If (   
  )( )  (   

  )( )      (  )
( )  (  )

( )  and in this case (  )
( )  ( ̅ )

( ) if in addition (  )
( )  

(  )
( ) then   ( )( )  (  )

( ) and as a consequence    ( )  (  )
( )   ( ) this also defines (  )

( ) for 

the special case . 

 

Analogously if  (   
  )( )  (   

  )( )      (  )
( )  (  )

( ) and then (  )
( )   ( ̅ )

( )if in addition 
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(  )
( )  (  )

( ) then     ( )  (  )
( )   ( ) This is an important consequence of the relation between 

(  )
( ) and ( ̅ )

( )  and definition of (  )
( )  

 

      

Proof : From global equations we obtain  

 

  ( )

  
 (   )

( )  ((   
 )( )  (   

 )( )  (   
  )( )(     ))  (   

  )( )(     ) 
( )  (   )

( ) ( )  

 

Definition of  ( ) :-          ( )  
   

   
 

 

It follows 

  ((   )
( )( ( ))

 
 (  )

( ) ( )  (   )
( ))  

  ( )

  
  ((   )

( )( ( ))
 
 (  )

( ) ( )  (   )
( )) 

 

 From which one obtains  

 

Definition of ( ̅ )
( ) (  )

( ) :- 

 

 For   (  )
( )  

   
 

   
  (  )

( )  ( ̅ )
( ) 

 

       ( )( )  
(  )( ) ( )( )(  )( ) 

[ (   )( )((  )( ) (  )( ))  ]

  ( )( ) 
[ (   )( )((  )( ) (  )( ))  ]

     ,    ( )( )  
(  )( ) (  )( )

(  )( ) (  )( )  

 

            (  )
( )   ( )( )  (  )

( )  
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In the same manner , we get 

 

  ( )( )  
( ̅ )( ) ( ̅)( )( ̅ )( ) 

[ (   )( )(( ̅ )( ) ( ̅ )( ))  ]

  ( ̅)( ) 
[ (   )( )(( ̅ )( ) ( ̅ )( ))  ]

      ,   ( ̅)( )  
( ̅ )( ) (  )( )

(  )( ) ( ̅ )( )    

 

   From which we deduce (  )
( )   ( )( )  ( ̅ )

( ) 

 

422 

 If    (  )
( )  (  )

( )  
   

 

   
  ( ̅ )

( ) we find like in the previous case, 

 

      (  )
( )  

(  )( ) ( )( )(  )( ) 
[ (   )( )((  )( ) (  )( ))  ]

  ( )( ) 
[ (   )( )((  )( ) (  )( ))  ]

   ( )( )   

 

            
( ̅ )( ) ( ̅)( )( ̅ )( ) 

[ (   )( )(( ̅ )( ) ( ̅ )( ))  ]

  ( ̅)( ) 
[ (   )( )(( ̅ )( ) ( ̅ )( ))  ]

 ( ̅ )
( )  

423 

 If    (  )
( )  ( ̅ )

( )  (  )
( )  

   
 

   
   , we obtain 

 

  (  )
( )    ( )( )  

( ̅ )( ) ( ̅)( )( ̅ )( ) 
[ (   )( )(( ̅ )( ) ( ̅ )( ))  ]

  ( ̅)( ) 
[ (   )( )(( ̅ )( ) ( ̅ )( ))  ]

 (  )
( ) 
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And so with the notation of the first part of condition (c) , we have  

Definition of   ( )( ) :- 

 

(  )
( )    ( )( )  (  )

( ),     ( )( )  
   ( )

   ( )
 

In a completely analogous way, we obtain  

Definition of   ( )( )  :- 

 

(  )
( )    ( )( )  (  )

( ),        ( )( )  
   ( )

   ( )
 

   

Now, using this result and replacing it in global equations we get easily the result stated in the 

theorem. 

 

Particular case : 

 

If (   
  )( )  (   

  )( )      (  )
( )  (  )

( )  and in this case (  )
( )  ( ̅ )

( ) if in addition (  )
( )  

(  )
( ) then   ( )( )  (  )

( ) and as a consequence    ( )  (  )
( )   ( ) this also defines (  )

( ) for 

the special case . 

 

Analogously if  (   
  )( )  (   

  )( )      (  )
( )  (  )

( ) and then 

 (  )
( )   ( ̅ )

( )if in addition (  )
( )  (  )

( ) then     ( )  (  )
( )   ( ) This is an important 

consequence of the relation between (  )
( ) and ( ̅ )

( )  and definition of (  )
( )  

         
Proof : From 99,20,44,22,23,44 we obtain  

 
  ( )

  
 (   )

( )  ((   
 )( )  (   

 )( )  (   
  )( )(     ))  (   

  )( )(     ) 
( )  (   )

( ) ( ) 

 

Definition of  ( ) :-          ( )  
   

   
 

 
It follows 

  ((   )
( )( ( ))

 
 (  )

( ) ( )  (   )
( ))  

  ( )

  
  ((   )

( )( ( ))
 
 (  )

( ) ( )  (   )
( ))  

 
 From which one obtains  

 
Definition of ( ̅ )

( ) (  )
( ) :- 

 

 For   (  )
( )  

   
 

   
  (  )

( )  ( ̅ )
( ) 

 

       ( )( )  
(  )( ) ( )( )(  )( ) 

[ (   )( )((  )( ) (  )( ))  ]

  ( )( ) 
[ (   )( )((  )( ) (  )( ))  ]

     ,    ( )( )  
(  )( ) (  )( )

(  )( ) (  )( )  

 

            (  )
( )   ( )( )  (  )

( )  
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  ( )( )  
( ̅ )( ) ( ̅)( )( ̅ )( ) 

[ (   )( )(( ̅ )( ) ( ̅ )( ))  ]

  ( ̅)( ) 
[ (   )( )(( ̅ )( ) ( ̅ )( ))  ]

      ,   ( ̅)( )  
( ̅ )( ) (  )( )

(  )( ) ( ̅ )( )    

 
   From which we deduce (  )

( )   ( )( )  ( ̅ )
( ) 

 

 If    (  )
( )  (  )

( )  
   

 

   
  ( ̅ )

( ) we find like in the previous case, 

 

      (  )
( )  

(  )( ) ( )( )(  )( ) 
[ (   )( )((  )( ) (  )( ))  ]

  ( )( ) 
[ (   )( )((  )( ) (  )( ))  ]

   ( )( )   

 

            
( ̅ )( ) ( ̅)( )( ̅ )( ) 

[ (   )( )(( ̅ )( ) ( ̅ )( ))  ]

  ( ̅)( ) 
[ (   )( )(( ̅ )( ) ( ̅ )( ))  ]

 ( ̅ )
( )  

 

 If    (  )
( )  ( ̅ )

( )  (  )
( )  

   
 

   
   , we obtain 

 

  (  )
( )    ( )( )  

( ̅ )( ) ( ̅)( )( ̅ )( ) 
[ (   )( )(( ̅ )( ) ( ̅ )( ))  ]

  ( ̅)( ) 
[ (   )( )(( ̅ )( ) ( ̅ )( ))  ]

 (  )
( ) 

 
And so with the notation of the first part of condition (c) , we have  

Definition of   ( )( ) :- 
 

(  )
( )    ( )( )  (  )

( ),     ( )( )  
   ( )

   ( )
 

In a completely analogous way, we obtain  

Definition of   ( )( )  :- 
 

(  )
( )    ( )( )  (  )

( ),     ( )( )  
   ( )

   ( )
 

   
Now, using this result and replacing it in 99, 20,44,22,23, and 44 we get easily the result stated in the 
theorem. 
 
Particular case : 
 

If (   
  )( )  (   

  )( )      (  )
( )  (  )

( )  and in this case (  )
( )  ( ̅ )

( ) if in addition (  )
( )  

(  )
( ) then   ( )( )  (  )

( ) and as a consequence    ( )  (  )
( )   ( ) this also defines (  )

( ) for 
the special case . 
 
Analogously if  (   

  )( )  (   
  )( )      (  )

( )  (  )
( ) and then 

 (  )
( )   ( ̅ )

( )if in addition (  )
( )  (  )

( ) then     ( )  (  )
( )   ( ) This is an important 

consequence of the relation between (  )
( ) and ( ̅ )

( )  and definition of (  )
( )  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

We can prove the following 

Theorem  : If (  
  )( )    (  

  )( ) are independent on   , and the conditions  with the notations   

(   
 )( )(   

 )( )  (   )
( )(   )

( )      

(   
 )( )(   

 )( )  (   )
( )(   )

( )  (   )
( )(   )

( )  (   
 )( )(   )

( )  (   )
( )(   )

( )     
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(   
 )( )(   

 )( )  (   )
( )(   )

( )    ,  

(   
 )( )(   

 )( )  (   )
( )(   )

( )  (   
 )( )(   )

( )  (   
 )( )(   )

( )  (   )
( )(   )

( )     

      (   )
( ) (   )

( ) as defined by equation   are satisfied , then the system 

Theorem  : If (  
  )( )    (  

  )( ) are independent on   , and the conditions  with the notations   426 

(   
 )( )(   

 )( )  (   )
( )(   )

( )      427 

(   
 )( )(   

 )( )  (   )
( )(   )

( )  (   )
( )(   )

( )  (   
 )( )(   )

( )  (   )
( )(   )

( )     428 

(   
 )( )(   

 )( )  (   )
( )(   )

( )    ,  429 

(   
 )( )(   

 )( )  (   )
( )(   )

( )  (   
 )( )(   )

( )  (   
 )( )(   )

( )  (   )
( )(   )

( )     

      (   )
( ) (   )

( ) as defined by equation   are satisfied , then the system 

430 

Theorem  : If (  
  )( )    (  

  )( ) are independent on   , and the conditions  with the notations   

(   
 )( )(   

 )( )  (   )
( )(   )

( )      

(   
 )( )(   

 )( )  (   )
( )(   )

( )  (   )
( )(   )

( )  (   
 )( )(   )

( )  (   )
( )(   )

( )     

(   
 )( )(   

 )( )  (   )
( )(   )

( )    ,  

(   
 )( )(   

 )( )  (   )
( )(   )

( )  (   
 )( )(   )

( )  (   
 )( )(   )

( )  (   )
( )(   )

( )     

      (   )
( ) (   )

( ) as defined by equation  are satisfied , then the system 

431 

We can prove the following 

Theorem  : If (  
  )( )    (  

  )( ) are independent on   , and the conditions  with the notations   

(   
 )( )(   

 )( )  (   )
( )(   )

( )      

(   
 )( )(   

 )( )  (   )
( )(   )

( )  (   )
( )(   )

( )  (   
 )( )(   )

( )  (   )
( )(   )

( )     

(   
 )( )(   

 )( )  (   )
( )(   )

( )    ,  

(   
 )( )(   

 )( )  (   )
( )(   )

( )  (   
 )( )(   )

( )  (   
 )( )(   )

( )  (   )
( )(   )

( )     

      (   )
( ) (   )

( ) as defined by equation   are satisfied , then the system 
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Theorem  : If (  
  )( )    (  

  )( ) are independent on   , and the conditions  with the notations   

(   
 )( )(   

 )( )  (   )
( )(   )

( )      

(   
 )( )(   

 )( )  (   )
( )(   )

( )  (   )
( )(   )

( )  (   
 )( )(   )

( )  (   )
( )(   )

( )     

(   
 )( )(   

 )( )  (   )
( )(   )

( )    ,  
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(   
 )( )(   

 )( )  (   )
( )(   )

( )  (   
 )( )(   )

( )  (   
 )( )(   )

( )  (   )
( )(   )

( )     

      (   )
( ) (   )

( ) as defined by equation   are satisfied , then the system 

Theorem   If (  
  )( )    (  

  )( ) are independent on   , and the conditions  with the notations   

(   
 )( )(   

 )( )  (   )
( )(   )

( )      

(   
 )( )(   

 )( )  (   )
( )(   )

( )  (   )
( )(   )

( )  (   
 )( )(   )

( )  (   )
( )(   )

( )     

(   
 )( )(   

 )( )  (   )
( )(   )

( )    ,  

(   
 )( )(   

 )( )  (   )
( )(   )

( )  (   
 )( )(   )

( )  (   
 )( )(   )

( )  (   )
( )(   )

( )     

      (   )
( ) (   )

( ) as defined by equation   are satisfied , then the system 

434 

Theorem  : If (  
  )( )    (  

  )( ) are independent on   , and the conditions  with the notations   

 

(   
 )( )(   

 )( )  (   )
( )(   )

( )      

 

(   
 )( )(   

 )( )  (   )
( )(   )

( )  (   )
( )(   )

( )  (   
 )( )(   )

( )  (   )
( )(   )

( )     

 

(   
 )( )(   

 )( )  (   )
( )(   )

( )    ,  

 

(   
 )( )(   

 )( )  (   )
( )(   )

( )  (   
 )( )(   )

( )  (   
 )( )(   )

( )  (   )
( )(   )

( )     

 

      (   )
( ) (   )

( ) as defined by equation   are satisfied , then the system 
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Theorem  : If (  
  )( )    (  

  )( ) are independent on   , and the conditions  with the notations   

 

(   
 )( )(   

 )( )  (   )
( )(   )

( )      

 

(   
 )( )(   

 )( )  (   )
( )(   )

( )  (   )
( )(   )

( )  (   
 )( )(   )

( )  (   )
( )(   )

( )     

 

(   
 )( )(   

 )( )  (   )
( )(   )

( )    ,  

 

(   
 )( )(   

 )( )  (   )
( )(   )

( )  (   
 )( )(   )

( )  (   
 )( )(   )

( )  (   )
( )(   )

( )     

 

      (   )
( ) (   )

( ) as defined by equation   are satisfied , then the system 

 

436 

Theorem  : If (  
  )( )    (  

  )( ) are independent on   , and the conditions (with the notations 

45,46,27,28) 

(   
 )( )(   

 )( )  (   )
( )(   )

( )      

(   
 )( )(   

 )( )  (   )
( )(   )

( )  (   )
( )(   )

( )  (   
 )( )(   )

( )  (   )
( )(   )

( )     
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(   
 )( )(   

 )( )  (   )
( )(   )

( )    ,  

(   
 )( )(   

 )( )  (   )
( )(   )

( )  (   
 )( )(   )

( )  (   
 )( )(   )

( )  (   )
( )(   )

( )     

      (   )
( ) (   )
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Definition  and uniqueness of    
   :-   

After hypothesis   ( )     ( )     and the functions (  
  )( )(   ) being increasing, it follows that 

there exists a unique      
    for which   (   

 )   . With this value , we obtain from the three first 
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decreasing function in     taking into account the hypothesis   ( )      ( )     it follows that 

there exists a unique    
  such that  (  )    

502 

 By the same argument, the equations    admit solutions         if  

 

 (   )  (   
 )( )(   

 )( )  (   )
( )(   )

( )    

[(   
 )( )(   

  )( )(   )  (   
 )( )(   

  )( )(   )] (   
  )( )(   )(   

  )( )(   )      

503 

Where in (   )(           )         must be replaced by their values from 96. It is easy to see that   

is a decreasing function in     taking into account the hypothesis   ( )      ( )     it follows that 

there exists a unique    
  such that  ((   )

 )    

504 

 By the same argument, the equations    admit solutions         if  

 

 (   )  (   
 )( )(   

 )( )  (   )
( )(   )

( )    

505 



International Journal of Scientific and Research Publications, Volume 3, Issue 9, September 2013 204 

ISSN 2250-3153  
 

[(   
 )( )(   

  )( )(   )  (   
 )( )(   

  )( )(   )] (   
  )( )(   )(   

  )( )(   )      

Where in    (           )         must be replaced by their values from 96. It is easy to see that   is 

a decreasing function in     taking into account the hypothesis   ( )      ( )     it follows that 

there exists a unique    
  such that  ((   )

 )    

 By the same argument, the equations    admit solutions         if  

 

 (   )  (   
 )( )(   

 )( )  (   )
( )(   )

( )    

[(   
 )( )(   

  )( )(   )  (   
 )( )(   

  )( )(   )] (   
  )( )(   )(   

  )( )(   )      

Where in (   )(           )         must be replaced by their values from 96. It is easy to see that   

is a decreasing function in     taking into account the hypothesis   ( )      ( )     it follows that 

there exists a unique    
  such that  ((   )

 )    

506 

 By the same argument, the equations    admit solutions         if  

 (   )  (   
 )( )(   

 )( )  (   )
( )(   )

( )    

[(   
 )( )(   

  )( )(   )  (   
 )( )(   

  )( )(   )] (   
  )( )(   )(   

  )( )(   )      

Where in (   )(           )         must be replaced by their values from 96. It is easy to see that   

is a decreasing function in     taking into account the hypothesis   ( )      ( )     it follows that 

there exists a unique    
  such that  ((   )

 )    

507 

 By the same argument, the equations    admit solutions         if  

 (   )  (   
 )( )(   

 )( )  (   )
( )(   )

( )    

[(   
 )( )(   

  )( )(   )  (   
 )( )(   

  )( )(   )] (   
  )( )(   )(   

  )( )(   )      

Where in (   )(           )         must be replaced by their values from 96. It is easy to see that   

is a decreasing function in     taking into account the hypothesis   ( )      ( )     it follows that 

there exists a unique    
  such that  (   

 )    

508 

 

 

 

 By the same argument, the equations    admit solutions         if 

 (   )  (   
 )( )(   

 )( )  (   )
( )(   )

( )    

[(   
 )( )(   

  )( )(   )  (   
 )( )(   

  )( )(   )] (   
  )( )(   )(   

  )( )(   )      

 

Where in (   )(           )         must be replaced by their values from 96. It is easy to see that   

is a decreasing function in     taking into account the hypothesis   ( )      ( )     it follows that 

there exists a unique    
  such that  (   

 )    

 

509 

 By the same argument, the equations    admit solutions         if  

 (   )  (   
 )( )(   

 )( )  (   )
( )(   )

( )    

[(   
 )( )(   

  )( )(   )  (   
 )( )(   

  )( )(   )] (   
  )( )(   )(   

  )( )(   )      

 

Where in (   )(           )         must be replaced by their values from 96. It is easy to see that   

is a decreasing function in     taking into account the hypothesis   ( )      ( )     it follows that 

there exists a unique    
  such that  (   

 )    

510 



International Journal of Scientific and Research Publications, Volume 3, Issue 9, September 2013 205 

ISSN 2250-3153  
 

 

 By the same argument, the equations 92,93  admit solutions         if  

 (   )  (   
 )( )(   

 )( )  (   )
( )(   )

( )    

[(   
 )( )(   

  )( )(   )  (   
 )( )(   

  )( )(   )] (   
  )( )(   )(   

  )( )(   )      

Where in (   )(           )         must be replaced by their values from 96. It is easy to see that   

is a decreasing function in     taking into account the hypothesis   ( )      ( )     it follows that 

there exists a unique    
  such that  ((   )

 )    

 

Finally we obtain the unique solution   

   
            (  )    ,    

            (   
 )    and 

   
  

(   )( )   
 

[(   
 )( ) (   

  )( )(   
 )]

    ,      
  

(   )( )   
 

[(   
 )( ) (   

  )( )(   
 )]

     

   
  

(   )( )   
 

[(   
 )( ) (   

  )( )(  )]
      ,      

  
(   )( )   

 

[(   
 )( ) (   

  )( )(  )]
 

Obviously, these values represent an equilibrium solution   

511 

Finally we obtain the unique solution    

   
            ((   )

 )    ,    
            (   

 )    and 512 

   
  

(   )( )   
 

[(   
 )( ) (   

  )( )(   
 )]

    ,      
  

(   )( )   
 

[(   
 )( ) (   

  )( )(   
 )]

     513 

   
  

(   )( )   
 

[(   
 )( ) (   

  )( )((   ) )]
      ,      

  
(   )( )   

 

[(   
 )( ) (   

  )( )((   ) )]
 514 

Obviously, these values represent an equilibrium solution    

Finally we obtain the unique solution   

   
            ((   )

 )    ,    
            (   

 )    and 

   
  

(   )( )   
 

[(   
 )( ) (   

  )( )(   
 )]

    ,      
  

(   )( )   
 

[(   
 )( ) (   

  )( )(   
 )]

     

   
  

(   )( )   
 

[(   
 )( ) (   

  )( )(   
 )]

      ,      
  

(   )( )   
 

[(   
 )( ) (   

  )( )(   
 )]

 

Obviously, these values represent an equilibrium solution of global equations 

515 

Finally we obtain the unique solution   

   
            (   )    ,    

            (   
 )    and 

   
  

(   )( )   
 

[(   
 )( ) (   

  )( )(   
 )]

    ,      
  

(   )( )   
 

[(   
 )( ) (   

  )( )(   
 )]

    

516 



International Journal of Scientific and Research Publications, Volume 3, Issue 9, September 2013 206 

ISSN 2250-3153  
 

   
  

(   )( )   
 

[(   
 )( ) (   

  )( )((   ) )]
      ,      

  
(   )( )   

 

[(   
 )( ) (   

  )( )((   ) )]
 

Obviously, these values represent an equilibrium solution of global equations 

517 

Finally we obtain the unique solution   

   
            ((   )

 )    ,    
            (   

 )    and 

   
  

(   )( )   
 

[(   
 )( ) (   

  )( )(   
 )]

    ,      
  

(   )( )   
 

[(   
 )( ) (   

  )( )(   
 )]

 

518 

   
  

(   )( )   
 

[(   
 )( ) (   

  )( )((   ) )]
      ,      

  
(   )( )   

 

[(   
 )( ) (   

  )( )((   ) )]
 

Obviously, these values represent an equilibrium solution of global equations 

519 

Finally we obtain the unique solution   

   
            ((   )

 )    ,    
            (   

 )    and 

   
  

(   )( )   
 

[(   
 )( ) (   

  )( )(   
 )]

    ,      
  

(   )( )   
 

[(   
 )( ) (   

  )( )(   
 )]

     

520 

   
  

(   )( )   
 

[(   
 )( ) (   

  )( )((   ) )]
      ,      

  
(   )( )   

 

[(   
 )( ) (   

  )( )((   ) )]
 

Obviously, these values represent an equilibrium solution of global equations 

521 

Finally we obtain the unique solution   

 

   
            ((   )

 )    ,    
            (   

 )    and 

 

   
  

(   )( )   
 

[(   
 )( ) (   

  )( )(   
 )]

    ,      
  

(   )( )   
 

[(   
 )( ) (   

  )( )(   
 )]

     

 

   
  

(   )( )   
 

[(   
 )( ) (   

  )( )((   ) )]
      ,      

  
(   )( )   

 

[(   
 )( ) (   

  )( )((   ) )]
 

 

522 

Finally we obtain the unique solution   

 

   
            ((   )

 )    ,    
            (   

 )    and 

 

   
  

(   )( )   
 

[(   
 )( ) (   

  )( )(   
 )]

    ,      
  

(   )( )   
 

[(   
 )( ) (   

  )( )(   
 )]

     

 

   
  

(   )( )   
 

[(   
 )( ) (   

  )( )((   ) )]
      ,      

  
(   )( )   

 

[(   
 )( ) (   

  )( )((   ) )]
 

 

523 

Finally we obtain the unique solution of 89 to 99 523



International Journal of Scientific and Research Publications, Volume 3, Issue 9, September 2013 207 

ISSN 2250-3153  
 

   
            ((   )

 )    ,    
            (   

 )    and 

   
  

(   )( )   
 

[(   
 )( ) (   

  )( )(   
 )]

    ,      
  

(   )( )   
 

[(   
 )( ) (   

  )( )(   
 )]

     

 

 

   
  

(   )( )   
 

[(   
 )( ) (   

  )( )((   ) )]
      ,      

  
(   )( )   

 

[(   
 )( ) (   

  )( )((   ) )]
 

 

A 

ASYMPTOTIC STABILITY ANALYSIS 

Theorem 4:   If the conditions of the previous theorem are satisfied and if the functions 

(  
  )( )     (  
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Theorem 4:   If the conditions of the previous theorem are satisfied and if the functions 

(  
  )( )     (  

  )( )  Belong to  ( )(   ) then the above equilibrium point is asymptotically stable. 

Proof:  Denote 

Definition of       :- 
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Then taking into account equations   and neglecting the terms of power 2, we obtain    
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Theorem 4:   If the conditions of the previous theorem are satisfied and if the functions 
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  )( )  Belong to  ( )(   ) then the above equilibrium point is asymptotically stable. 

Proof:  Denote 

Definition of       :- 
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Then taking into account equations   and neglecting the terms of power 2, we obtain    
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Theorem 5:   If the conditions of the previous theorem are satisfied and if the functions 
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  )( )  Belong to  ( )(   ) then the above equilibrium point is asymptotically stable. 

Proof:  Denote 
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Then taking into account equations   and neglecting the terms of power 2, we obtain    
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Theorem 6:   If the conditions of the previous theorem are satisfied and if the functions 
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  )( )  Belong to  ( )(   ) then the above equilibrium point is asymptotically stable. 

Proof:  Denote 
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Then taking into account equations   and neglecting the terms of power 2, we obtain    
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Theorem 7:   If the conditions of the previous theorem are satisfied and if the functions 

(  
  )( )     (  

  )( )  Belong to  ( )(   ) then the above equilibrium point is asymptotically stable. 

 

Proof:  Denote 
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Then taking into account equations   and neglecting the terms of power 2, we obtain from   
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Obviously, these values represent an equilibrium solution   
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Theorem 8:   If the conditions of the previous theorem are satisfied and if the functions 
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  )( )  Belong to  ( )(   ) then the above equilibrium point is asymptotically stable. 

 

Proof:  Denote 
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Then taking into account equations   and neglecting the terms of power 2, we obtain   
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Theorem 9:   If the conditions of the previous theorem are satisfied and if the functions 

(  
  )( )     (  

  )( )  Belong to  ( )(   ) then the above equilibrium point is asymptotically stable. 
Proof:  Denote 

 
Definition of       :- 
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Then taking into account equations 89 to 99 and neglecting the terms of power 2, we obtain from 99 to 
44 
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The characteristic equation of this system is 587 
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And as one sees, all the coefficients are positive. It follows that all the roots have negative real part, and 

this proves the theorem. 
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