International Journal of Scientific and Research Publications, Volume 3, Issue 9, September 2013
ISSN 2250-3153

Supersymmetry: Sonderforschungsbereich:
Collaborative Research

Dr. K.N.P. Kumar

Post Doctoral fellow, Department of Mathematics, Kuvempu University, Shankaraghatta, Karnataka, India

Abstract: In the following two modules we give a concatenated mathematical statement of the
supersymmetry, gravity and warped extra dimension,. It is to be stated in unequivocal terms that the
classification is based on the characterstics of the systems under investigation. Perspicuous forbearance,
Sophisticated seasoning, constituent structure, concept formulation, concept formulation, beat cadence,
interiority of perfect causes, incompatibility of conjunctions’, resonantial resumptions, hypothetical
propositions, logical compatibilities, on causal correspondences, predicational inherence, emphasis related
phenomenological methodologies, Partcipational observation, Background actuality, Addressed
aestheticism, polished perception, refined proficiency, Existential worldliness, Existential strife,
Predicational anteriorities, apophthegm and axiom, brocard- gnome, implantation and inculcation,
pronouncement and proposition, declaration dogma, Character consonance, shift and stratagem, Ontological
consonance, Primordial exactitude, Phenomenological correlates, Accolytish representation, Atrophied
asseveration, supposition, surmise, theorization Anamensial alienisms, Anchorite aperitif, Arcadian Atticism
all delineated in the conditionalities and functionalities and orinetatilities of the system which incorporate
the rules and regulations, axiomatic predications and postulation alcovishness of the foregoing state.
Characterstics of such systems are taken in to consideration in the complete consolidation and
consummation of the systems. It is to be noted that despite the fact the treat is done in two piecemeal
for the seemingly inexorable and ineluctable process of typing 24 superscripts and subscripts and
attendant and sine qua non confusion. Entire monograph is to be read with one whole and conclusions
derived thereof follow suit. Kindly bear with me for it is unassailable task to concatenate all the
systems together which however the intention is.

INTRODUCTION—VARIABLES USED

(1) If this symmetry exists, it must be broken(e&eb)

(2) If this symmetry exists the superpartners would (=) have the same exact masses as the normal
particles, and hence would’ve been discovered by now.

3 If SUSY is to exist at the appropriate scale to solve the hierarchy problem, the LHC — once it
reaches its full energy of 14 TeV — ought (eb)to find at least one superpartner

4) If SUSY is to exist at the appropriate scale to solve the hierarchy problem, the LHC — once it
reaches its full energy of 14 TeV ought (eb) to find as well as at least a second Higgs particle.

(5) Otherwise, the existence of very heavy superpartners would create (eb) yet another puzzling
hierarchy problem, one with no good solution.

(6) For those of you wondering, the absence of SUSY particles at all energies would be enough to

(e) invalidate string theory, as supersymmetry is a requirement of string theories that contain
the standard model of particles.
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(7 Technicolor. No, this isn’t a 1950s cartoon; Technicolor is the term for physics theories that
require(e) new gauge interactions,

(8) Technicolor is the term for physics theories also that (e) have either no Higgs particles or
unstable/unobservable (i.e., composite) Higgses.

€)) There would also be an interesting new slew of observable particles. Although this could have

been a plausible solution in principle, the recent discovery of what appears to be a
fundamental; spin-0 scalar at the right energy to be the Higgs seems to (e) invalidate this
possible solution to the hierarchy problem.

NOTATION

Module One
If this symmetry exists, it must be broken(e&eb)

G,5 : Category one of symmetry exists
G,4 . Category two of symmetry exists
G5 : Category three of symmetry exists
T, : Category one of symmetry must be broken

T,, : Category two of symmetry must be broken
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T,s : Category three of symmetry must be broken
Module Two

If this symmetry exists the superpartners would (=) have the same exact masses as the normal particles, and
hence would’ve been discovered by now

G, : Category one of same exact masses as the normal particles, and hence would’ve been discovered by
now

G, : Category two of same exact masses as the normal particles, and hence would’ve been discovered by
now

G, : Category three of same exact masses as the normal particles, and hence would’ve been discovered by
now

T, : Category one of symmetry exists the superpartners

T, . Category two of symmetry exists the superpartners

T,g : Category three of symmetry exists the superpartners
Module three

If SUSY is to exist at the appropriate scale to solve the hierarchy problem, the LHC — once it reaches its
full energy of 14 TeV — ought (eb)to find at least one superpartner

G, : Category one of SUSY is to exist at the appropriate scale to solve the hierarchy problem, the LHC —
once it reaches its full energy of 14 TeV

G,, . Category two of SUSY is to exist at the appropriate scale to solve the hierarchy problem, the LHC —
once it reaches its full energy of 14 TeV

G,, . Category three of SUSY is to exist at the appropriate scale to solve the hierarchy problem, the LHC —
once it reaches its full energy of 14 TeV

T,, : Category one of at least one superpartner. Note that we are talking of the investigatable systems that
satisfy the definition and statement made in the foregoing of the symmetry. Perspicuous forbearance,
Sophisticated seasoning, constituent structure, concept formulation, concept formulation, beat cadence,
interiority of perfect causes, incompatibility of conjunctions’, resonantial resumptions, hypothetical
propositions, logical compatibilities, on causal correspondences, predicational inherence, emphasis related
phenomenological methodologies, Partcipational observation, Background actuality, Addressed
aestheticism, polished perception, refined proficiency, Existential worldliness, Existential strife,
Predicational anteriorities, apophthegm and axiom, brocard- gnome, implantation and inculcation,
pronouncement and proposition, declaration dogma, Character consonance, shift and stratagem, Ontological
consonance, Primordial exactitude, Phenomenological correlates, Accolytish representation, Atrophied
asseveration, supposition, surmise, theorization Anamensial alienisms, Anchorite aperitif, Arcadian Atticism
all delineated in the conditionalities and functionalities and orinetatilities of the system which incorporate
the rules and regulations, axiomatic predications and postulation alcovishness of the foregoing state.
Characterstics of such systems are taken in to consideration in the complete consolidation and
consummation of the systems

T,, : Category two of at least one superpartner
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T,, : Category three of at least one superpartner
Module four

If SUSY is to exist at the appropriate scale to solve the hierarchy problem, the LHC — once it reaches its
full energy of 14 TeV ought (eb) to find as well as at least a second Higgs particle

G,, : Category one of SUSY is to exist at the appropriate scale to solve the hierarchy problem, the LHC —
once it reaches its full energy of 14 TeV

G,s : Category two of SUSY is to exist at the appropriate scale to solve the hierarchy problem, the LHC —
once it reaches its full energy of 14 TeV

G, : Category three of SUSY is to exist at the appropriate scale to solve the hierarchy problem, the LHC —
once it reaches its full energy of 14 TeV

T,, : Category one of at least a second Higgs particle. This does not mean there are 3 or 6 Higgs bosons. we
reiterate we are talking of the characterstics of the investigatable system which bear the characterstics,
namely possession of the mass giving particle. And there are differential masses. Primordial exactitude,
Phenomenological correlates, Accolytish representation, Atrophied asseveration, supposition, surmise,
theorization Anamensial alienisms, Anchorite aperitif, Arcadian Atticism all delineated in the
conditionalities and functionalities and orinetatilities of the system which incorporate the rules and
regulations, axiomatic predications and postulation alcovishness of the foregoing state. Characterstics of
such systems are taken in to consideration in the complete consolidation and consummation of the
systems

T,s : Category two of at least a second Higgs particle
T, : Category three of at least a second Higgs particle

Module five

Otherwise, the existence of very heavy superpartners would create (eb) yet another puzzling hierarchy
problem, one with no good solution

G,g : Category one of existence of very heavy superpartners
G,q : Category two of existence of very heavy superpartners
G5, : Category three of existence of very heavy superpartners

T,g : Category one of another puzzling hierarchy problem, one with no good solution. Please note the
classification is based on the characterstics of the investigatable problem, and there are legion.
aspectionalities that is taken in to consideration is that they satisfy the conditionalities and functionalities of
the main graded system.

T, : Category two of another puzzling hierarchy problem, one with no good solution
T;, : Category three of another puzzling hierarchy problem, one with no good solution

Module six
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For those of you wondering, the absence of SUSY particles at all energies would be enough to (e) invalidate
string theory, as supersymmetry is a requirement of string theories that contain the standard model of
particles

G5, . Category one of string theory, as supersymmetry is a requirement of string theories that contain the
standard model of particles

G35 . Category two of string theory, as supersymmetry is a requirement of string theories that contain the
standard model of particles

Gs, . Category three of string theory, as supersymmetry is a requirement of string theories that contain the
standard model of particles

T;, : Category one of absence of SUSY particles at all energies would be enough

T54 : Category two of absence of SUSY particles at all energies would be enough

T5, : Category three of absence of SUSY particles at all energies would be enough
Module seven

technicolor is the term for physics theories that require(e) new gauge interactions
G5 . Category one of new gauge interactions

G5, . Category two of new gauge interactions

Gsg : Category three of new gauge interactions

T;¢ : Category one of technicolor is the term for physics theories

T5, : Category two of technicolor is the term for physics theories

T5g : Category three of technicolor is the term for physics theories
Module eight

Technicolor is the term for physics theories also that (e) have either no Higgs particles or
unstable/unobservable (i.e., composite) Higgses

G, : Category one of either no Higgs particles or unstable/unobservable (i.e., composite) Higgses.
Perspicuous forbearance, Sophisticated seasoning, constituent structure, concept formulation, concept
formulation, beat cadence, interiority of perfect causes, incompatibility of conjunctions’, resonantial
resumptions, hypothetical propositions, logical compatibilities, on causal correspondences, predicational
inherence, emphasis related phenomenological methodologies, Partcipational observation, Background
actuality, Addressed aestheticism, polished perception, refined proficiency, Existential worldliness,
Existential strife, Predicational anteriorities, apophthegm and axiom, brocard- gnome, implantation and
inculcation, pronouncement and proposition, declaration dogma, Character consonance, shift and stratagem,
Ontological consonance, Primordial exactitude, Phenomenological correlates, Accolytish representation,
Atrophied asseveration, supposition, surmise, theorization Anamensial alienisms, Anchorite aperitif,
Arcadian Atticism all delineated in the conditionalities and functionalities and orinetatilities of the system
which incorporate the rules and regulations, axiomatic predications and postulation alcovishness of the
foregoing state. Characterstics of such systems are taken in to consideration in the complete
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consolidation and consummation of the systems. This holds good for the entire monograph. We will
not repeat the same

G,, . Category two of either no Higgs particles or unstable/unobservable (i.e., composite) Higgses
G,, : Category three of either no Higgs particles or unstable/unobservable (i.e., composite) Higgses
T, : Category one of Technicolor is the term for physics theories
T,, : Category two of Technicolor is the term for physics theories
T,, : Category three of Technicolor is the term for physics theories

Module Nine

There would also be an interesting new slew of observable particles. Although this could have been a
plausible solution in principle, the recent discovery of what appears to be a fundamental; spin-0 scalar at the
right energy to be the Higgs seems to (e) invalidate this possible solution to the hierarchy problem

G,, . Category one of possible solution to the hierarchy problem. We are again talking of the systemic
characterstics and not the fact there are three solutions. Characterstics of these innumerable systems form the
basis of the classification scheme.

G,s . Category two of possible solution to the hierarchy problem
G, : Category three of possible solution to the hierarchy problem

T,, : Category one of recent discovery of what appears to be a fundamental; spin-0 scalar at the right energy
to be the Higgs

T,s : Category two of recent discovery of what appears to be a fundamental; spin-0 scalar at the right energy
to be the Higgs

T, : Category three of recent discovery of what appears to be a fundamental; spin-0 scalar at the right
energy to be the Higgs

The Coefficients:

(‘113)(1)' (‘114)(1), (‘115)(1): (b13)(1): (b14)(1): (b15)(1) (‘116)(2): ((117)(2)' (a18)(2) (blé)(Z)' (b17)(2): (b18)(2):
(‘120)(3), (‘121)(3)' (azz)(S) ’ (bzo)(3): (b21)(3): (bzz)(3)

(a24)(4), (azs)(4)' (a26)(4), (b24)(4), (b25)(4), (bza)(4), (bzs)(s)' (b29)(5): (b30)(5),(a23)(5), (azg)(s)' (a30)(5),
(a3z)(6), (a33)(6)' (a34)(6); (b32)(6)r (b33)(6); (b34)(6)

(a36)(7)1 (a37)(7), (a38)(7)' (b36)(7)r (b37)(7); (b38)(7)

(‘140)(8), (‘141)(8): (‘142)(8): (b40)(8), (b41)(8): (b42)(8)

(‘144)(9): (‘145)(9), (‘146)(9), (b44)(9), (b45)(9): (b46)(9)

are Accentuation coefficients

(a12)®, (a1)®, (a1)@, (b1)D, (b1)D, (b1s)™, (a16) @, (a17) P, (aie)®, (b1e)?, (b1,)@, (big)®
’ (aéo)(g): (a,21)(3)’ (aéz)(g), (béO)G)l (bél)(s)' (béZ)G)

(a3)®, (a55)™, (ahe) ™, (b3)™, (b55) ™, (b56) ™, (b55), (b59), (b)) (age)®, (a59)®, (as0)®,
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(alsz)(ﬁ), (‘153)(6), (a’34)(6)' (béz)(é), (bés)(ﬁ)' (b§4)(6)
(a’36)(7), (a§7)(7), (alss)m, (bés)m, (b§7)(7), (bés)m,
(aalm)(s)' (‘14’11)(8)' (aalxz)(s): (bz’w)(s)' (bz’n)(s): (bzltz)(s),
(a4)®, (@45)@, (@36) @, (042, (35)®, (b)),
are Dissipation coefficients

Module Numbered One

The differential system of this model is now (Module Numbered one)

dG ’ "
—=(a 13)( )G14 [(a13)(1) + (a13)(1)(T14, t)]Gls

= (@) V613 — [(@1)® + () D (Ty, )] G614
“15 = (a15) V614 — [(a1s)® + (@15) D (T14, )]G
‘”“ = (b13) Ty — [(b1)D — (b15) P (G, O] T
‘”“ = (b1)PTys — [(b1)® = (1) PG, O] T4
‘”15 = (b15) Ty — [(b1)® — (b1s) P (G, O] Tis

+(a13)(1) (T,4,t) = Firstaugmentation factor
—(bi5)M(G,t) = First detritions factor
Module Numbered Two

dGH

The differential system of this model is now ( Module numbered two)
dcls = (a 15)( )Gy, — [(aie)(z) + (aile)(z)(Tn. t)]616

‘”” = (017) P61 ~ (@)@ + (@)P (Ty7, ]Gy

(als)( )G17 [(ais)(z) + (afs )(2)(T17: t)]618

‘”16 = (01)PTi7 = [(bi)® — i) P ((G19), )] 16

‘”“ = (b17)@Ti6 = [(b1)@ = GNP ((G19), )] Ts7

dTw = (b1p)PTy, — [(bw)(z) — (b1 )(2)((019) t)]T18
+(a16)(2) (T,,,t) = Firstaugmentation factor

— (1)@ ((G1o),t) = First detritions factor
Module Numbered Three

dGlg

The differential system of this model is now (Module numbered three)
dGZO (azo)( )621 [(aéo)(3) + (alzlo)(s)(sz t)]Gzo

‘“”“ = (@20 @620 — [(@p)® + (@)D (T2, 0] 621

= (a22) P61 — [(a52)® + (a12) P (T2, )]Gz

”2" = (b20) DTo1 = [(050)® = (b3)® (G, )] Tao

‘”“ = (b2)) Tz = [(03:)® = (03P (G2, O] T2

”“ = (b)) OTy1 = [(05)® = (b3) @ (G, O] T

+(a »)®)(T,4,t) = First augmentation factor

— (b3 )(3)(G23, t) = First detritions factor
Module Numbered Four

dGzz

SN U1 W N

10
11
12

13
14
15
16
17
18
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The differential system of this model is now (Module numbered Four)
T = (@20)WGs — [(@p)® + (@)@ (Tos, 0] G

= (a25) Gy — [(a55)® + (a55) P (T35, )] G5

28 = (a26)® G5 — [(@he) ™ + (@) @ (Tzs, D] G

‘”“ = (02)DTy5 = [(b2)® = (b5) P ((G27), )] T2a

T8 = (bys) DToa = [(b3)® = b5 @ ((G27), )]Ts

‘”26 = (b26) D Ty5 — [(b36)® = (b3)® ((G27), t)]T26
+(a24)(4) (T,5,t) = First augmentation factor
—(b5)®((G,7),t) = First detritions factor

Module Numbered Five:

dst

The differential system of this model is now (Module number five)
T = (a28) G20 — [(a50)® + (a55) @ (T0, )] G
dng = (a29) PG5 — [(a59)® + (a}5)® (Tz0,1)]Gg
T = (a30) @G — [(@3) @ + (a50)® (T20, D] G0
‘”28 = (b26) O To0 = [(b35)® = (B5)® ((G31), 8)] T
T8 = (byo) Ty = [(b30)® = (B5) ) ((G51), 6)] T

‘”3" = (b30) O Tz0 — [(B3)® = (b56)®((G31), 1)]Tso
+(a 3)®)(T,, t) = First augmentation factor
—(b55)®((G31),t) = First detritions factor

Module Numbered Six

The differential system of this model is now (Module numbered Six)
dG32 (‘132)( )633 [(aéz)(ﬁ) + (a’3'2)(6)(T33,t)]G32

dGSS = (as3)©Gsy — [(a’33)(6) + (a43)© (Tss, t)]G33

“G“ = (a3) @G35 — [(@3) @ + (@5)© (T3, )]G

dT32 = (b3y)©Ty3 — [(bsz)(é) — (b3, )(6)((035) t)]Taz

‘”33 = (b53) @5 — [(b33) @ — (b45)@((G3s), 1)]Ts

dT34 = (b3y)©Ts3 — [(b34)(6) — (b3, )(6)((035) t)]T34

+(a32)(6) (T33,t) = First augmentation factor
Module Numbered Seven:

The differential system of this model is now (Seventh Module)
28 = (a3) Gy — [(a3e)? + (@56) 7 (Ts7, )] G

dG37 = (a37)PG36 — [(a5) 7 + (a§,) D (T35, )]G,

= (a39) 7 G37 — [(a3)” + (a55) (T35, £)] Gasg

dT36 = (b36) P37 — [(b56)7 — (b56) P ((G39), t)|T36

dG33

19
20
21
22
23
24

25
26
27
28
29
30

31
32
33
34
35
36

37
38
39
40



International Journal of Scientific and Research Publications, Volume 3, Issue 9, September 2013
ISSN 2250-3153

(b37)(7)T36 - [(b37)(7) - (b )(7)((639) t)]T37

= (b3s) Ty — [(b36)” — (b36)”((G30), 1) T3
+(a36)(7) (T5;,t) = First augmentation factor
Module Numbered Eight

dT38

The differential system of this model is now

dcw = (‘140)(8)641 [(az’m)(g) + (af{o)(s)(T“,t)]Gw
dG“ = (a41)®Gyo — [(a41)(8) + (ay. )(8)(7'41,15)]641
dG“ = (a42)®Gyy — [(a42)(8) + (ay; )(8)(T41't)]642
‘”‘”’ = (bs0)®Ty1 — [(b40)® = (bi)®((Gas), )] Tuo
T8 = (b)) ®Tyo — [(b4)® — 13D @ ((Gas), )| Tin
‘”“ = (b)) ®Ty1 — [(0i)® — (b35) P ((Ga3), )] Tz
Module Numbered Nine

The differential system of this model is now

D88 = (a4) P Gas — [(@40)@ + (@) (Tys, )] G
d645 (a45)()G44 [(a45)(9)+(a )(9)(T451t)]645
dc% = (a46)@Gys — [(a%)(g)‘l'(a )(9)(T451t)]646
‘”“ = (b1)OTys — [(B2)@ — b5 ((Gy7), )] Tua
‘”‘*5 = (b4s) P Tuq — [(b3)@ — (b5) P ((Gar), )| Tus
dT4—6

(b46)( )T45 - [(b46)(9) - (b )(9)((647) t)]T4_6
+(a )@ (T,s,t) = First augmentation factor
—(b1)®@((G47),t) = First detrition factor

[ (@5) @V +(aly) (T, ]| +(als <22>(T17,t)\|+(a 33)(Tyy, )] ]
20 = (@13) D61y — [ [+(af) @) (Tys, )] [+(a5e) S5 (T, G1s
| [+(a4) 77 (T3, )|+ (@) @O (T, O || + (. )(99:9999999)@ t)\_
[ (@) [+ @)D (T, O|[+(ai) ®2 Ty, 0|+ @5) B (T, 0)] ]
dGM = (a14) PG5 — |+(a" YA (Tyg, t)“+(a" )5555)(Tpo, t) |+(a” (6666)(Ty, t)l Gig
| [+ 77 (T, O]+ @) B Ty, O |[+(ai) ©99999999 (T, ., 0) ||
[ (ais) | +(a)) D (T14, || +(aj) 2 (T17, )| |+ (a4) ®2 (T4, )|
dGlS_(‘hs)( )Gy — ‘+(a" 30 34 33 t)| Gis
[ [+ (a )<77>(T37.t)\|+(a )EI(T,,, t)||+(a () (099999999 (T, 1) |

Where ‘ (@)D (T4, t) |,| (@)D (T4, t) ‘ , | (as) D (T, t)‘ are first augmentation coefficients for
category 1,2 and 3

| +(ais) @ (Ty,,
category 1,2 and 3
|+(a )(3 3)(T21'
category 1, 2 and 3

t) | |+(a L) B3 (T, 1) ‘ are third augmentation coefficient for

41
42

43
44
45
46
47
48

49
50
51
52
53
54

55

56

57
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| + (aél4)(4,4-,4-,4-,) (TZS! t) | , +(aé’5) (44,44, (TZS' t) ,
coefficient for category 1, 2 and 3

|+(ag’8)(5'5'5'5')(T29, t) |,|+(a’2’9)(5'5'5'5') (Tys, t)I,|+(a§’0)(5'5'5'5')(T29, t)| are fifth augmentation coefficient

+(ay) @444 (Tys, t) ‘ are fourth augmentation

for category 1, 2 and 3
|+(a§’2)(6'6'6'6')(T33, t) |, | +(ay;)©000)(T,s, t) | , | +(ay,)©666)(T,,, t)| are sixth augmentation coefficient

for category 1, 2 and 3

|+(a§’8 7 (Ty,, 1) l | +(ay,) 77 (T35, t) l | +(aye) 77 (T3, t) | are seventh augmentation coefficient for
1,2,3

| +(ayy) B (T,y, t) H +(ay) @ (T, t) ‘ ‘ +(ay,) 8 (T,y, t) | are eight augmentation coefficient for 1,2,3
| +(a2’4)(9’9’9’9’9’9’9’9’9) (Tys) ©) | '| +(a:}rs)(9,9,9,9,9,9,9,9,9) (Tys, t) | ) _|_(a:{6)(9.9.9.9.9.9.9.9.9) (Tys, t) ‘ are ninth

augmentation coefficient for 1,2,3

(i) V=)D G, D] [~ (1) P2 (610, )] |- (B30) B3 (G, D) ] 58

a5 _ p YO, _ |- BY) @44 (G, 0)||- (b)) E555(Gay, D) |- (B5) €559 (G5, )| | 7
dt 13 14 13

_ 11 N\(7,7,) _ 17 \(8,8) _ 11 7(9,9,9,9,9,9,9,9,9)

[~ (5477 (G20, |- (h4) ®® (643, D || - (B (647, )|]

[ (1)Y= D G, D] [~ (BN @D (610, D[~ BFDE (G5, 0)| ] 59
dT n n "
d—? = (b14)(1)T13 - |_(b25)(4'4'4'4')(627: t)H— (b29)(5'5'5'5')(631x t) ”— (b33)(6'6‘6'6‘) (Gss, t)| Ti4

|- (0477 (630, D[~ B3P (6o, O ||- (b55) 099299999 (G,,, D)

[ (i) P =(Bi)P G, 0] [~ (01) 22 (616, || - (b)) B (Gp3, 0| ] 60
dT n n n
ZL5 = (by5) VToy = | [ (b)) (67, O |- (B3) 559 (Gar, 1) || - (B5) O (G35, D) | | Tis

|- (B5) 77 (G, D] - (0 BP (Gaz, )| |- (b) 99299999 (G,,, D)

Where ‘ — (bW, t) | , — (b )D(G, t) | are first detrition coefficients for category 1,

2 and 3

= (i) %) (610, 1)),
category 1,2 and 3
= (b30) @3 (Gas, )], [~ (5P (G, 1),
category 1,2 and 3
= () 44 (G, £)
for category 1, 2 and 3

= (bge) G559 (G, )], |~ (bg) 5555 (61, 1),
category 1, 2 and 3

= (b35) @45 (G5, £)|,
category 1, 2 and 3

|- (D377 (G0, O], - (b5 77 (G30, 1),
category 1, 2 and 3

|— (b)) B3 (Gy3, t) ‘ | — (b)) BB (Gys, 1) ‘ ’— (b)) BB (Gys3, t) | are eight detrition coefficients for category 1,
2 and 3

|_ (by,)©999:99999(G, ., t) ‘ ,’_ (b} )(999999999) (G, . t) ‘ ,’_ (by)099999999) (@, ., ) ’ are ninth

~(by)D G, 1)),

— ()22 (Gq, 1) |,|—(b{’8)(2'2') (G0, t)‘ are second detrition coefficients for

—(b5,) 33 (Gys, t) ‘ are third detrition coefficients for

, | _(bé’5) (4.4.44) (6271 t) | ,

—(by) @444 (Gt t) ‘ are fourth detrition coefficients

—(b3) 555 (G4, t) | are fifth detrition coefficients for

_(b§’3)(6'6'6'6') (G35, 1)

, |—(b§ﬁ;)(6'6'6'6')(635, t) | are sixth detrition coefficients for

- (b55) 77 (G, t) ‘ are seventh detrition coefficients for
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detrition coefficients for category 1, 2 and 3

(@10) | +(al) @ (Ty7, O]+ (@) W (Toy, O |[+(a50) 332 (T, )| ] 61
8 = (016)PGyy —| [+(@f) @449 (Tys, 1)|[+(age) 5555 (Tyo, )] [+(a5) @559 (T35, 1) | ‘ Gis
[ +(as) 777 (T35, 0) || +(a40) @20 Ty, )| [ +(aif) 2 (Ts, 0) |
(@) +(@f) @ (Ty7, ||+ (@) T (Thy, O || +(ag) B3 (T, 1) ] 62
% = (017)P Gy — ‘+(a'2'5)(4‘4‘4‘4‘4) (Tys, 1) H+(a§'9)(5'5'5‘5‘5)(T29, t) H+(a§’3)(6'6'6'6'6) (T3, t)| [G,,
[ +(a47) 777 (Ta7, ) || +(a51) @50 (T, )| [ +(alfs) 2 (Tys, £) J
(@16) @] +(a1) P (Ty7, ][ +(ais) ¥ (Thg, O)||+(a5) 39 (14, 0| 63
T — (@)D Gry — | [+(age) A4 (Tys, )| +(a50) 55559 (T, £) || +(a) @559 (Ty3, )] | G
[ +(a4) 777 (Tsy, O |[+(ai) @#8 (T, O +(af) OV (Tus, )| |

Where ‘ +(a}) P (Tyq, 1) |, +(a}) P (Tyq, 1) |, +(a}) P (Ty, 1) | are first augmentation coefficients for
category 1,2 and 3

|+(a{’3)(1'1') (Ty4, t) ‘ , | +(a)) B (Tyy, t) l , | +(a)s) B (Tyy, t) ‘ are second augmentation coefficient for

category 1,2 and 3
|+(a§’0)(3'3'3)(T21, t) | ,l +(ay;) B33 (T, t) l ,|+(a§’2)(3'3'3)(T21, t) | are third augmentation coefficient for

category 1,2 and 3

|+(a§’4)(4'4'4'4'4) (Tys, £) |,|+(a§’5)(4'4'4'4'4) (Tys, £) |,|+(a§’6)(4'4'4'4'4) (Tys, £) | are fourth augmentation
coefficient for category 1, 2 and 3

|+(a§’8)(5'5'5'5'5)(T29, t) |, | +(ayy) 5555 (T,, t) | , | +(a4y) 3559 (Tyo, t) ‘ are fifth augmentation
coefficient for category 1, 2 and 3

| +(ay,) @000 (Ty5, t) |, | +(ay3) @000 (Ty5, ) |;
coefficient for category 1, 2 and 3

|+(a§’6)(7'7'7) (T3,,t) l ,I +(ay,) 77Ty, t) |, | +(a%g) 777 (T35, t) ‘ are seventh augmentation coefficient

+(ay,)(©66660)(T,,, t)‘ are sixth augmentation

for category 1, 2 and 3

| +(aly) B8 (Tyy, t) I; | +(ai) B8O (T, 1) | )
category 1,2 and 3

[+@i) Ty 0
category 1,2 and 3

+(ay,) @88 (T,,, t) ‘ are eight augmentation coefficient for

,I +(ays) O (Tys, t) |, +(aye) O (Tys, t) | are ninth augmentation coefficient for

(b1 @[~ (b1e) @ (Gro, O] [~ (b1 TG, D] |- (B3) **3) (G, )| ] 64
T8 = (by6) DTy — | [~ (05 ** 49 (G, O] |- (03) 5559 (G50, D) || - (B5) @559 (G35, £)] [ T1s
|- (130777 (Ga0, )| |- (050) ®* (Gas, || - (05 (G647, )|
Bi) @[ = b5 @ (610, 0] [~ (B TP (6, D] |- (B3P (G, 0| ] 65
T = (b)) DTy — | |- (b) #4449 (67, 0) |- (B56) B39 (Ga1, |- (052) 5559 (G55, 0] |7
|- (05777 (G50, D) || - (05 ®3®) (Gaz, )| |- (03) O (647, D) |
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[ Bi)@[~ 04 @ (610, D] [~ (B1) (G, O)]|- (B3 B33 (G5, 0)| ] 66
a = 0T = [Z 054 Gy, D[ (05) 45359 (G, 0] (05 @559 (G55, D) | Tro
|- (05) 777 (Gao, D) || - (D) B#®) (63, || - (0) O (G, 0]
) |_(b’1’7)(2)(G19' t) | )

where‘ — (/)P (Gyq,t) —( ’1’8)(2)(G19,t)‘ are first detrition coefficients for

category 1,2 and 3
=BG, 1),
1,2 and 3
|—(bé’0)(3'3'3')(623, t)|,|—(b§’1)(3'3'3')(623, t)|,|—(b§’2)(3'3'3')(623, t)| are third detrition coefficients for
category 1,2 and 3
|—(bé’4)(4'4'4'4'4)(627,t) ,I—(bég)(4'4'4'4'4)(627, t)|,|—(b§’6)(4'4'4'4'4)(627, t)l are fourth detrition
coefficients for category 1,2 and 3
| = () 55559 (Gay, D) || = (b3) 5555 (G35, 1) |, | = (b5) 5555 (G35, 1) | are fifth detrition coefficients
for category 1,2 and 3
| = (b5,) 6669 (Gye, )] | = (b5) €469 (Gys, )|, | = () ©5559) (Gas, )| are sixth detrition coefficients
for category 1,2 and 3

|- (02777 (G390, )], |- BT (Ga0, 1))
category 1,2 and 3
- (i) ®2 Gz, 1),
category 1,2 and 3

= (559 (G647, O] |- (i) 2 (Gar, 1),

— (b)) (G, b) |, | —(by) (G, t)l are second detrition coefficients for category

- (b35) 777 (G3o, t) ‘ are seventh detrition coefficients for

- (by) @88 (6,3, t) |, - (b)) BB (Gys, t) | are eight detrition coefficients for

- (b45)O(Gyr, t) ‘ are ninth detrition coefficients for category

1,2 and 3
(@50)®|+(a50)® (T, O ||+ (@) #2 (T17, O || +(af) 22 (T4, )| 67
90 — (ay0) @Gy — | [H@E) D (T5, 0| [ +(ae) 555559 (T, 0| | + (@) @200 (T3, D | 6,
+(a4e) 7777 (Tay, O || +(a) @288 (T, O | +(af) 9 (Tus, 0] |
(@) @[+ (@) P (T, O ||+ (@) @22 (T, O| [+ (@D W (T, )] ] 68
D2 = (251)®Gg — || +(afs) BHHAAD (T, 1) |[+(age) 555559 (T, £) ||+ (as) 5059 (T, £)]| Gos
| +(a4) 7777 (Tsy, O |[+ () @228 (T, 0) || +(alfs) @9 (Ts, 0|
(@5) @ +(a5) P Ty, || +(a}e) @22 (Ty7, O | [+ (@) P (T, )] ] 69
% = (azz)(3)Gz1 - |+(a’2’6)(4'4'4'4'4'4)(Tzsx t)| +(a§'0)(5'5'5'5'5'5) (Tz9, t)"+(a'3’4)(6’6’6’6’6’6) (Ts3, t)| Gyz
| +(a4) 7777 (Tsy, ||+ (i) @288 (T, )| [+(ai) @2 (Ts, )|

|+(a§’0)(3)(T21, t)H+(a§’1)(3)(T21, t)H+(a§’2)(3)(T21, t)‘ are first augmentation coefficients for

category 1, 2 and 3

[+ (@) ®>D (T35, )], [+(ay) 22D (15, )
for category 1, 2 and 3

|+(a§’3 ALL)(T,, t) ‘ ,‘ +(ay) EE(Tyy, t) |,|+(a;’5 LTy, t)‘ are third augmentation coefficients

+(a}) #*D (T, t) ‘ are second augmentation coefficients

s

for category 1, 2 and 3
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| +(ay,) @D (T t) | , | +(ays) @D (T, t) | , | +(ay) D (Tye 1) | are fourth augmentation
coefficients for category 1, 2 and 3

| +(ayy) 55555 (T,q, t) |,| +(ayy) &>5555) (Tyq, t) | , | +(aky) 55555 (T, t) l are fifth augmentation
coefficients for category 1, 2 and 3

| +(ay,)(666666)(T,, t) | , | +(ay;)(666666) (T, t) |, | +(ay,) (666660 (T,, 1) ‘ are sixth augmentation
coefficients for category 1, 2 and 3

| +(a%e) 7777 Ty, t) | , | +(a%,) 7777 (Ty,, t) | , | +(a%) 7777 (Tyy, t) | are seventh augmentation

coefficients for category 1, 2 and 3

| +(ayy) 888 (T,,, t) | ,| +(ay,) @888 (T, , 1) |, ‘ +(ay,) @888 (T, , t) ‘ are eight augmentation coefficients

for category 1, 2 and 3
| +(a4) O (Tys, O] |+ (a4) 99 (Tys, 0),
category 1,2 and 3

+(aye) @ (Tys, t) ‘ are ninth augmentation coefficients for

(b50) @[ =(b3)® (Goa, |- (b1 222 (616, D || - By VG, 0] ] 70
T = (ba0)OTor = | [20g) 444D (G, D] |- (b) ©55555) (G, 0] |- (05) 05549 (G, )] | Tao
|- (047777 (G30, )| |- (be) #389)(Go3, O || - (05) 29 (6o, |
(B3P~ (05D (G5, |- B3 22 (610, D)||- By (G, 0)] ] 71
= (02) P — | [ () #4449 (G, O] |- (bg) 55559 (G, D] |- (b5) @050 (G, O] | T
|- (D) 777D (Gao, O)||- (DfD B#2D (Gya, D) || - (45) O (Gar, D) |
(b3) P~ (05 (G5, D |- B) 22 (610, D) || - (b1 (G, 0)| ] 72
T = 02T = | [Z05) 4D (G, )] |- (05) 5559 (G0, || - (b3 @559 (G, 0] | Tz
|- (037777 (Gso, 0 || (D) BB (s, D) |- (05) 2V (G, )|
|—(b§’0)(3)(623, t) |, —(bY) P (63, 1) ,|—(b§’2)(3)(623, t) | are first detrition coefficients for category 1,
2and 3
|—(b{’6)(2'2'2)(619, O, =B P22D (Gr, ) |, | —(big) #*P (G, t) ‘ are second detrition coefficients for
category 1, 2 and 3
| —(bj)ELL(G, b) ‘ ,l —(by)ELL(G, t) | | = (B, t) | are third detrition coefficients for category
1,2and 3

b

| = () 4444 (Gyr, )| = (b)) #4444 (Gyg, )| = (bis) #4444 (Gyp, t) | are fourth detrition
coefficients for category 1, 2 and 3

| (b3e) E55559) (G, )}~ (b50) 55559 (G, £) ], |~ (b3) B55559) (G, 1) | are fifth detrition
coefficients for category 1, 2 and 3

| — (b)) ©66668) (G, )] | —(b43) 66668 (Gag, D) ||~ (4,) 55558 (Gag, )| are sixth detrition
coefficients for category 1, 2 and 3

|— (b3) 7777 (G, t) l , |— (b3) 777D (G, t) H— (b3) 7777 (G, 1) | are seventh detrition coefficients
for category 1, 2 and 3
- b5 ®*29 Gy, 8)|,
category 1, 2 and 3

- (by)BBBO(G o )| |- (byy) BE88) (G, t) ‘ are eight detrition coefficients for

)|
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= 05?2 Gz, O] |- (b)) (Gar, ),
category 1,2 and 3

[ (a5) @[ +(ay)™® (Tys, D) || +(a36) &%) (T, )| | +(a42) @ (T3, )| ]
T = (@) P62 | [Fai) D (T O][F (@) 0y, D[+ D Ty 1)

[ +(a56) 77777 Ty, £)] | +(alie) @558 (Ty, ) ||+ (@) %9 (Tys, )|

[ (a5s) @] +(a5) @ (Tys, ) || +(ahe) &) (To, 1) || +(a3) ¢ (T35, 8)| ]
T = (@) 62, - | [Fa) D (T O] 1@ ) 0y, 0| [+ O (T 1)

[ +(a5) 7777 Ty, £)] [ +(ai) B350 (Ty, ) || +(afs) %9 (Tys, )|

[ (a50) @[ +(a40)® (Tys, O |[+(a5) &%) (Tz0, )| +(ah) ) (T35, 8)] ]
dgf = (a26) PG5 — | [+(af) D (Tyy, O |[+(af) 222D (Ty5, 0) || +(ay) B33 (T4, 1)

[ +(a4e) 77777 (T, ]| +(a) @333 (T, 1, ||+ (a4e) @2 (Tys, 0|

|(a§’4 ) (Tys, t) ,l(a’z's (4)(T25,t)|,|(a§’6 (4)(T25,t)| are first augmentation coef ficients
category 1,2 3

|+(a’2’8 (55) (T, 1) |,|+(a§’9 (55 (T,, 1) |,|+(a’3’0 (55) (T, 1) ‘ are second augmentation
coefficient for category 1,2 and 3

|+(ag’2)(6'6') (T33,t) | ,l +(ay;) ) (Tys, 1) |,|+(a’3’4 (66)(Ty,, t) ‘ are third augmentation
coef ficient for category 1,2 and 3

[+ (@) D (T, O} [+a) WD (T, O} +(a) WD (T, )|

are fourth augmentation coef ficients for category 1,2 and 3

|+ (@) @222 (1o, 8) f +(aty) @222 Ty, )} | +(afe) @222 (T3, 1)

are fifth augmentation coef ficients for category 1,2 and 3

[+ (@) @233 (Tyy, O} |+(a5) C333) (T, )} [ +(a5) O3 (T, 1)

are sixth augmentation coef ficients for category 1,2 and 3

[+ (@) 77777 (T, 8|, [+(a5) 77777 (T3, O} [+ (@) 77777 (T, 1) |

are seventh augmentation coef ficients for category 1,2 and 3

[+ (@) @288 (T, )] |+ (i) B30 (T,y, )| | +(ai) 42589 (T, )|

are eighth augmentation coef ficients for category 1,2 and 3

[+ @)% (Tys, )] | +(ags) @22 (Tys, 1),
category 123

- ()OI (Gyr, t) ‘ are ninth detrition coefficients for

GZ4—

G25

Gae

+(ay) @9 (Tys, t) | are ninth detrition coefficients for

. [ (53) @[ = (b5 @ (Ga7, )| |~ (bYs) &%) (G31, )] |~ (65) ¢ (G5, D) |

2= b2) PTos = | =) 106, 0)] [ = (bie) **22 (G19, 1) ||- (050) 2P (G, 0)| [T
[ (B30 77777 (G, D) || = () ®#8%8) (Gys, D) || - (B3 %P (G, D) |

. [ (535) @] = (13)® (Ga7, )| |~ (B35 (Ga1, )]~ (B3)© (G5, 8)] |

= 02T = | =i 0 6,0)| [~ (i) *22D (G1o, ) ||- (05) 44 (G, )] [ Tis
|- (0377777 (Ggo, D) || - (b)) BB389) (Gy3, D) | |- (0i5) 29 (G4, )|

14

73

74

75

76

77
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(b36) P~ (b3) @ (Go7, )| [~ (b5) 53 (631, O || - (B5) ) (G35, D) | 78
= (b26)PTos — | [=(bi) DG, )| |~ () 2222 (G, O)||- (032) 3333 (623, 0)| | Toe
|- (0377777 (G50, O) || - (B3) ®B288) (G, O) || - (i) 299 (Gyr, D]

by @ (G, 0) |,|—(b26)(4) (Gy7)t) l are first detrition coef ficients

dt

Where |- (by,)™® (G,,
for category 1,2 and 3
|—(bé’8)(5'5')(631, t) |,|—(b )% (G, t)l I—(b ) (G, t)l are second detrition coef ficients
for category 1,2 and 3
| —(b3,)©%) (G5, t)| |—(b )60 (G5, t)| I—(b )8 (G, t)lare third detrition coef ficients
for category 1,2 and 3
| (bu)(1111)(G t)‘ I —(by, 75)(1,1,1,1)(6,t)|
are fourth detrition coef ficients for category 1,2 and 3
= (b1 @222 (G160, ) || = (b39) ®22D (G0, ) || = (b15) ***? (G0, 1) |
are fifth detrition coef ficients for category 1,2 and 3
|- (b3 - (bg) - (535) %233 (Gy3,0)|
are sixth detrition coefflaents for category 1,2 and 3
| (b” ) bll )(77777)(G39 t)| | (b (7 7’7’7’7)(039, t)|
are seventh detrition coefftcxents for category 1,2 and 3
|- (05)®3839 (G5, 1) || - (bE) - (b5)®589) (G5, 1)
are eighth detrition coefficients for category 1,2 and 3
| (b” )(9 999)(64_7 t)| |
category 123

- (by)®229(G,,, t) ‘ are ninth detrition coefficients for

[ (@)@ O (T, 0|+ (@10 (T, O +(a5) (T35, 0] ] 79
B = (a20) VG | [+(ats) 1D (T 0] [ +(afe) 222D (T17, D) || +(a50) 227D (71, )] [Ge
[+ (@) 77777 (T3, 6) || +(@lip) #2899 (T, )| [ +(ag) @229 (Tys, )|
(@20) | +(a5) ™) (T, )] [+(azs) **) (Tys, ) || +(a2) 09 (T3, )| ] 80
dgzg—(a29> Va0 = | [+(@i) D (11, 0| 4@ 22222 (T, D] [ +(ag) 322211, 0)] [Gao
[+@5) 777777 (T,0) ||+ (@) @959 (1, || +(als) 220 (Tys, 1) |
(a30)(5)|+(a30)(5)(T29, t)”‘*‘(aze ) (Tys, t)”‘*‘(a34)(6’6’6)(7133' t)’ ] 61
50— (@) D6z | [F@DOD T O]+ (@) #2110, O [+ (@) 239 (10, 0)] |,
[+(@5) 777777 (T, )| +(aiy) B228D (T, £) || +(ali) 229 (Ts, )|

Where | +(aks)® (Tyo, t) ‘ , | +(a4s)® (T, t) ‘ , | +(a%y)® (Tyo,t) ‘ are first augmentation
coef ficients for category 1,2 and 3

And | +(ay) ) (Tys,
coef ficient for category 1,2 and 3

|+(a” )(666)(T33,t)| ‘+(a )(666)(T33,t)‘ |+(a )60 (T, t)|are third augmentation

coef ficient for category 1,2 and 3

|+(a1’3)(1'1'1'1'1)(T14, t) |,|+(a1’4)(1'1'1'1'1)(T14, t) |,|+(a1'5)(1'1'1'1'1) (Tya, t) ‘ are fourth augmentation

1) A8 (T, t)| |+(a o) ) (Tys, t)‘ are second augmentation
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coefficients for category 1,2, and 3
|+(a§’6)(2'2'2'2'2)(T17, t) |,|+(a1’7)(2'2'2'2'2)(T17, t) |, | +(a}g) #2222(T,,, t) ‘ are fifth augmentation
coefficients for category 1,2,and 3

|+(ag’0)(3'3'3'3'3)(T21, t) |,|+(a§’1)(3'3'3'3'3)(T21, t) |,|+(aé’2)(3'3'3'3'3)(T21, t) | are sixth augmentation
coefficients for category 1,2, 3

R o R (T I e G R ()
coefficients for category 1,2, 3

| +(ay,) @8 8888) (T, t) | ,| +(ay,)®88888)(T, t) | ,| +(ay,)®88888)(T, t) ‘ are eighth augmentation
coefficients for category 1,2, 3

[+ (@) @229 (Tys, 1) | | + (i) 2% (Tys, £),

coefficients for category 1,2, 3

,| +(a4s) 77777 (T, t) | are seventh augmentation

+(ayy) @929 (T, t) | are ninth augmentation

(b)) = (b3)® (Gar, O | [ (B3 (G27,O)||- (05) 5 (G5, )| ] 82
d;fs = (020) Tz = | [~ DG, )| [~ (b1) #2222 (61, || - (b50) O3 (G3, 0] | T
|- (05777777 (Gao, ) || - (i) @333 (Gy3, D) || - (0) @22 (647, V)|
. (559) = (b36)® (Ga1, )| | = (bYs) “*) (G, )] |~ (b53)©59 (G5, )| ] 83
o = 02)O g = | [~ VG, )] [ = (b5) #2222 (Gro, B)] |- (b P3P (Gya, )] | Tas
|- (B3 777777 (Gao, ) || = (b)) B33889) (Gys, 1) || - (bis) @222 (s, )|
(050) )| = (130)® (Gar, | | = (b30) ** (Ga7, O || - (b5 5 (G35, )| ] &4
d;i“ = (030) Tz = | =) MG, 0] [~ (i) 222 (G0, D)||- (b3) #3635, )] |Too
|- (03) 777777 (Gao, ) || - (i) @338 (Gy3, 1) || - (i) @222 (647, V)|

where |— (bye)® (G314, t)| | =(b5s) P (Gay, t)| ,|—(b§'0)(5)(G31,t)‘ are first detrition coefficients

for category 1,2 and 3

=544 (67, )], [~ (B5) 44 (G, 8),
for category 1,2 and 3

| = (65659 (Gys, )], | = (B3)©*) (G35, D) |, |~ (b5 ©*9 (G35, £) | are third detrition coefficients
for category 1,2 and 3
(=@, 0} | (i) D6, D
category 1,2, and 3

|—(b{g)(2'2'2'2'2)(019, t) |,|—(b{’7)(2'2'2'2'2)(019, t) |,|—(b{§)(2'2'2'2'2)(619, t) ‘ are fifth detrition coefficients
for category 1,2, and 3

|- (B50) 33339 (Gy3, 0} |- (b)) 3223 (Gys, )] |- (b) 33339 (G5, ) |are sixth detrition coefficients
for category 1,2, and 3

|- (b36) 777777 (Ggo, t) ‘, ’— (b3 ) 777777 (Ggg, t) |,| - (b5) 777777 (Gag, t) ‘ are seventh detrition
coefficients for category 1,2, and 3

|- (b)) ®88889 (G0, 0)] |- (b)) EB2R2D (G5, )| |- (i) BB8EED (G, £)| are eighth detrition
coefficients for category 1,2, and 3

|- (04299 (G, )| |- (Bi5) 299Gy, 0| |- (B ©*999 (G5, )| are minth detrition coefficients

for category 1,2, and 3

—(by) 44 (G, t)‘ are second detrition coef ficients

,|—(b{’5)(1'1'1'1'1')(6, t) | are fourth detrition coefficients for
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dgsz = (a32)(6)G33 g5
[ (@)@ +(a) @ (Tss, )] +(ag) ®59 (Too, O |[+(a5) 44 (Tys,0)| ]
—| [+ @01y, 0 |[+(ag) #2222 (T4, D) || +(ahy) #33339(T,1, )| |Gss
| +(as) 7777777 (Tay, )| [+(agy) #2888 (T, 0)| [ +(a) ©29%%9 (Tys, 8)|
(@43) @) +(a%3) @ (Taz, D) || +(as) 5% (Tpo, D) || +(ahs) *+(Ty5, 0| ] 86
djf = (a33) 63y = | | +(a) WD (T, O|[+(ai) @2222D (T, 0) || +(ag) G223 (T, D] |Ga
[ +(a5) 777777 (T, £) || +(agy) #3388 (T, 0) || +(als) @229 (Tys, 8|
(@4)©|+(a4) @ (Ts3, O || +(ae) 559 (Tpo, O] +(ah) **) (Tys, 0] ] 87
"5;4 = (a30)® G35 — | [+(als) WD (Tyy, 0| +(ale) @222 (Ty5, £)|[+(ag) B33339) (T, )] |Ga
_|+(aélg)(7'7'7'7'7'7'7)(T37,t)H+(a:{2)(8‘8‘8‘8‘8‘8‘8)(T4_1,t)H+(a:{6)(9'9'9'9'9'9)(T45,t) ‘

|+(a§’2)(6) (Ts3, 1) H +(a%3)© (Ts3, 1) |, | +(a%,)© (Ts3, 1) ‘ are first augmentation coef ficients
for category 1,2 and 3

[+ (@5) 559 (Tpo, )|, | +(a3) 559 (Tyo, 1),
coef ficients for category 1,2 and 3
|+(a§’4)(4'4'4')(T25, t)|,|+(a’2’5)(4'4'4') (Tys, t)|,|+(a§’6)(4'4'4')(T25, t)| are third augmentation

coef ficients for category 1,2 and 3

|+(a{’3)(1'1'1'1'1'1)(T14, t) |,|+(a1’4)(1'1'1'1'1'1)(T14, t) |, | +(a)s) BLLLLD(T,,, t) | - are fourth augmentation
coefficients

|+(al) ®22222(Ty, O] [+ (af;) 22222 (T, O | [+ (af) 22222 (T, )| - fifth augmentation
coefficients

| +(a)®33333(T,,, O} [ +(ay) ®33333 (T, O || +(ag,) @22333) (T, )| sixth augmentation
coefficients

[+ (@) 777777 (T, 0) || +(@5) 777777 (T, )
seventh augmentation coefficients

[+ (@) ®BBE880 (T, )] | +(az) 228589 (T, 1) | [+ (aif) BO8889(T,,, )|
Eighth augmentation coefficients

| +(afy) @229 (T, 1) | '| +(ays) @229 (Tys, 1) | )

+(a4y) > (Tyo, t) | are second augmentation

| | +(ale) P77 (Ty,, ) |

+(ayg) @929 (T4, t) ‘ ninth augmentation

coefficients
. (052)©| = (b35) @ (Gas, D) || - (b3p) ©5%) (G50, )| |- B3+ (G, )] ] 88
2= (02) sy = | =) MG, 0)| | = (bf) 22222 (Gro, 0] [ - (b5) 32329 (Gog, )| [T

|- (b3) 7777777 (Gao, 1) || (b3) @2285 (G, ) || () @227V (G, D) |
. (b55) @] = (b33) @ (Gas, D) || - (b30) ®5% (G50, )| [~ (1) ** (G, )| ] 89
o= (03)OTg = | [~ DG, O] [=(01) #2228 (610, 8)||- (05O (G, 0)] [ Tia

|- (B3) 777777 (Gao, 1) || (3)@B2888 (G, ) || (B55) ©2%99 (G, D) |
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(B3 @ = (5)© (G35, D) || - (B50) 559 (Gay, )| |- (b3) ***) (6,7, 1) 90
(b3)©OTs5 — | |=(bi) DG, 0)| |=(bye) #2222 (Gyo, 1) || - (b3y) B33339 (Gys, )| | T
|- (037777777 (G50, ) || - (1) @BBB88B (G5, ) || - (B3i) *299 (G4, 1) |

dt

|=(05)® (G35, )], |~ (03)© (G35, )| || = (b5 © (G35, £)| are first detrition coef ficients

for category 1,2 and 3

|—(b§’8)(5'5'5)(631, t) |,|—(b§ﬁ;)(5'5'5)(631, t) | ,| —(b5y) 5% (G4, t)| are second detrition coef ficients
for category 1,2 and 3

|—(bé’4)(4'4'4')(627, t) |,|—(b§’5)(4'4'4')(627, t) |,|—(b2”6)(4'4'4')(627, t)| are third detrition coefficients
for category 1,2 and 3

| = ()16, )] [ = (b D (G, )| |~ (bys) A1222D(G, ¢) | are fourth detrition coefficients
for category 1, 2, and 3

| = (b)) 222222 (G0, )| | = (b)) @2222D (G0, ) ||~ (b1e) #2222 (G, )| are fifth detrition
coefficients for category 1, 2, and 3

|- (b50) 333339 (G5, )| |- (b)) 22333 (Gys, || - (b35) 333333 (G5, )| are sixth detrition
coefficients for category 1, 2, and 3

|- ()77 777 (Gao, )| |- (N7 7777 (G, )
coefficients for category 1, 2, and 3

|- (D) ®388889) (6,5, 1) || - (b)) O399 (G5, 1) | - (bi) 38989 (G5, 1)

are eighth detrition coefficients for category 1, 2, and 3

|- (b4 ©22299 (G5, 0)| |- () ©299%9 (Gy7, D) | |- (bits) #2299 (G5, 1) | are minth detrition

coefficients for category 1, 2, and 3
dGse 91
dt

, |— (b5e) 7777777 (G, t) ‘ are seventh detrition

[ (@36) 7| +(a4e) ) (Tsy, O |[+(a5) 222222D(T,, )| [+ (a5g) B233333) (T, D) |
= (ass)(7)637 - l+(a’2'4)(4‘4‘4‘4‘4‘4'4)(Tzsx t) H +(a’2'3)(5‘5‘5‘5‘5‘5‘5) (Tzo,8) ‘|+(a'3’2)(6‘6’6’6’6'6'6) (T, t)| Gis

‘ +(a)y) AL (T, ) | | +(al,)®8888888)(T, ) | | +(al,)@%99999) (T, . t) |

dt

[ (@5) | +(af) P (Ts, O ||+ (a5 2222222 (T, 0) || +(ag) 3333333 (T, D) ]
= (a37) P Gss — | [+(ays) @444 (Tys, £)] | +(ahe) B555559) (T, £)]| +(a4s) ©O0000O (Ty5, )| | G1a

‘ +(a),) GO (T, f) || +(ay,) ®8888888) (T, 1) || +(als)@999999) (T, t) ’

dGsg 93
dt

[ (a3e) 7| +(ake) 7 (T, ]| +(ale) #2222 (T, )] |+ (a5,) 3333333 (T, )] |
= (a36) PGy — | [+(aye) #4444 (T, || +(ay) E555559) (T, 0) || +(a5,) ©005999 (T3, )| |G
| +(a)) AL (T, f) ”+(aarz)(s,s,s,s,s,s,s,s)(T41' t) ‘ ’ +(al) 9299999 (T, t) ’ J

Where (a5) 7 (T3, )], | (a5) 7 (T35, £)
category 1,2 and 3

(a%3) (T35, 1) | are first augmentation coefficients for

’
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7 7

[+ (@) @22222D (1,5, D), | +(ai) @222 (T, t)
augmentation coefficient for category 1, 2 and 3

| +(ag,) ®323333)(Tyy, t) |: | +(ay,)B*33333)(T, 1)
augmentation coefficient for category 1, 2 and 3

|+ (@) @+aa 440 (Tyg, 1) |, |+ (ags) 444449 (Tyg, 1) |, | +(ags) 444449 (Tyg, 1) |are fourth
augmentation coefficient for category 1, 2 and 3

|+(ag’s)(5'5'5'5'5'5'5)(ng, t)|,|+(a§’9)(5'5'5'5'5'5'5)(ng, t)|,|+(a§’0)(5'5'5'5'5'5'5)(ng, t)| are fifth augmentation
coefficient for category 1, 2 and 3

[+(a5) 0505059 (T, 1) | [+ (agy) ©00600) (T35, 1),
coefficient for category 1, 2 and 3

[+ (@D (T, 0], [+ (a1 S (T, 0)
augmentation coefficient for category 1, 2 and 3
|+(a212)(8,8,8,8,8,8,8,8) (Ty1, t) l |+ (ay,)®8888888) (T,  t) | ” +(al,)®8888888)(T, t)|

are eighth augmentation coefficient for 1,2,3

| +(ay)@922999 (T, t) | ,| +(ays)@922999 (T, t) | ,I +(ay,) @922999(T,s, t) ‘ are ninth augmentation

coefficient for 1,2,3

+(aly) Z222222(T,, t) | are second

, | +(ay,)®333333)(T,,  t) ‘ are third

+(ay,)(©6666606)(T, . t)| are sixth augmentation

b

+(a£'s)(1'1'1'1'1'1‘1)(T14, t) ‘ are seventh

)|

ATz6 _
dat
(b56) 7| = (b3) P (Gao, O] [~ (b1e) 222222D (G5, 0)] |- (by) B333339 (G5, 1)
(ba) Ty, — | [ (D) H44449 Gy, 0)]|- (g B555559) (G, )] |- (b5) ©450%9) (G, 0)| |1,
|
| [- ()@ 01106, )| - (i) @88E2ERD (G, 1) || - (b)) ©299999(Gyr, D) ]
aTz7 _
dat

(b5) 7| = (03D (Gao, O] [~ (biy) @22222D(G5, 0)] |- (b)) 3333329 (G5, 0)] ]
(b3)PTag = | [(0g) 444449 (G, )] |- (b6) 555559 (G, 1) || - (b5) 200 (G, 1) ‘m
|- (b )LD (G, 1) || - (by) BBB88BBD (G, £)] |- (bis) @929999) (G, 1)

dTzg __
dat

[ G572 G5) VG O] |G *224222 oo, |- B5) 22539 (G 1) |
(b30) VTar = |- (b) 4444449 (G, 1) || - (b5) 555359 (G4, D) |- (b5) ©200259) (G55, )| ‘m
‘_ (bl ALLLLLD (G ) H_ (by,) 88888888 (G, . t) H_ (b )©999999) (G, ) ’
Where |—(b4.) P (Gao, ) |,| = (B5) T (G4, t)|,| —(b5) 7 (G0, t) | are first detrition coefficients for
36 39 37 39 38 39
category 1,2 and 3
[= 1) 222225 (G0, 0) |, [ = (biy) #222222 (G0, 1)
coefficients for category 1, 2 and 3
|—(bé'o)(3'3'3'3'3'3'3)(Gz3, )[,[=(b51)®333333) (Gys, 1)
coefficients for category 1, 2 and 3
= (b3) 44449 Gy, D) |, | = () #4449 (G, 1) ]| = (bis) #++++49 (6,5, £) | are fourth detrition

coefficients for category 1, 2 and 3

’

—(bjp)?222222)((G,q, t)| are second detrition

’

| = (b3) 333333 (G, ¢) |are third detrition

94

19
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|_(bérs)(s,s,s,s,s,s,s)(631’ )|, [~ (byp)E555555 (G, t)|,
coefficients for category 1, 2 and 3

| = (b},) (6666668 (Gyg, 1) || = (B4) 555559 (G, )|, | = (b4) 555559 (G, 1) | are sixth detrition
coefficients for category 1, 2 and 3

|_ (bl A11LLLD (G p) ‘ ’l_ (b)) @111 (G f) |' INOT (CEREERR t)|

are seventh detrition coefficients for category 1, 2 and 3

|— (b)) BBBBEEEE) (G, . ) l - (by,)(®8888888)((, . 1) | — (by,)(®8888888) (G, . 1) | are eighth detrition
coefficients for category 1, 2 and 3

= b4 229229 (G, )] |- (bi) 2% (G, 1),

coefficients for category 1, 2 and 3
dGyg

dt
= (‘140) ® Gy
(@30) @[ +(af)® Ty, O |[+(are) @2222222(T;, ) || +(a) 33333333 (Tyy, 1) |

— | +(ay,) @ardsdsd) (T, t) ‘ ‘ +(a’z’s)(5'5'5'5'5'5'5'5)(T29, t) H +(ay,)(66666666)(T,, t) | | Gy

| [+ @i @110 (T, 0| +(age) 7777777 (T, 8) || +(af) 2222299 (Tys, )|
dGy,
dt
= (a41)(8)G40
[ @)@ +@f)® (T, 0] +(afy) @222222 (T, 0) || +(a5y) C2232323 (1, )] |
—| | +(ay) @hadddd) (T, t)H +(ay,) 5555555 (T, t) H +(ay,)(6:6666666)(T,, t)’ |G,
| | +(ayy) @213 (g, 6)|[+(afy) 77777770 (Tyy, 1) || +(ags) @099 (T, 1) |
dGy;
dt
= (a42)(8)641
[ @32) i) ® (T, O +(@f) 22222228 (1, )] |+ (a3) 0222222 (T, )] |
—| | +(ay,)@aadddd) (T, 1) ‘ ‘ +(al,)G5555555) (T, 1) H +(ay,)(66666666)(T,, t) ’ |G,
| I [CEEEEEEENTS ‘ +(ally) 77T (T, t) ” +(al)©0999999) (T, . t) ’
Where |+(azo)® (T, O], [+(a5)® (111, 8)],
category 1,2 and 3
| + (ail6)(2,2,2,2,2,2,2,2) (T17, t) + (a117)(2,2,2,2,2,2,2,2) (T17, t)
augmentation coefficient for category 1, 2 and 3
|+(a'z'o)(3'3'3'3'3'3'3'3)(sz t) ,|+(aé’1)(3'3'3'3'3'3'3'3) (T, t)
augmentation coefficient for category 1, 2 and 3
| +(ay,)@Hadaasd) (Tl | +(ays)@rdadddd) (T, 1)
augmentation coefficient for category 1, 2 and 3
|+(a§'s)(5'5'5'5'5'5'5'5) (Tyo, t) [ +(ale) 55555555 (T,, 1)
augmentation coefficient for category 1, 2 and 3
| + (aélz)(6,6,6,6,6,6,6,6) (T331 t) +(aé13)(6,6,6,6,6,6,6,6) (T33, t)

augmentation coefficient for category 1, 2 and 3

— (b)) E555555) (G, t) | are fifth detrition

- (by,) (0299999 (G,. 1) | are ninth detrition

+(a}y)® (T, ) ‘ are first augmentation coefficients for

s

+(ayy) #?222222) (T, t) ’ are second

7

+(ay,)®3333333)(T,, t) | are third

’

+(ayg) @A (T, ) | are fourth

’

[H(a30) 53555555 (15, )| are fifth

b

+(ay,)(6:6666666)(T,, 1) | are sixth

b )

20

95
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|+(a1’3)(1'1'1'1'1'1'1'1) (Tya)t) H+(a1r4)(1,1,1,1,1,1,1,1) (Tya t) I ‘ +(a))@LILLLLD (T, 1) ‘ are seventh
augmentation coefficient for 1,2,3

[+ @5 777777 (T, 0| [+ (ag) P77 777 (T, 0| |+ (ags) 77777777 (T35, 1) | are eighth
augmentation coefficient for 1,2,3

|+(a" )(99.999999) (T, t)| |+(a ) (99999999 (T, t)| |+(a ) (09:99.9999)(T, t)|are ninth

augmentation coefficient for 1,2,3

dT4,0 _
dac

(b40)(8)|_(b )(8)(643’t)| |_ bl )(2,2,2,2,2,2.2.2)(619 t)“ Y )(3,3,3,3,3,3,3,3)(6 t)|

(b40)(8)T41 _I |— (b3 )(4'4‘4'4'4'4'4'4)(627 t)”— (b4 )(s,s,s,s,s,s,s,s)(G31 t)“— by, )(6,6,6,6,6,6,6,6)(635 t)l |T13
l ‘ (b AAAL1LID (G, t)H (b1 O7777.7.9.7) (G, t)H (by,)(©9999999 (G, . t)l }

ATy
dat

[ 03[0 ® Gz, O] [0 P222222 (G, ) - (b)) O2222233) (G, 1) |
(ba)®Tyo — | [~ (bg) 4444449 (G, ,, D) || (by) 55555559 (G, )| |- (b3 ©0666500 (G, )] | Tus
i |_ (bl)@11L11LD (G t)“— (b)) 77 7TTTTD) (G, £) ||_ (bl )©9999999 (G, ., t)| |

ATy
dat

(brz)(s)l_(b )(8)(643,0' |—(b 1) 22222222) (G, t)H (bY,)33333333) (G, t)|
(b4)®T,, — | (by)@4at4449 (G, t)” (bly) 55555559 (G, t)H (by,)(66666660) (G, t)l Tys
|_ (bl NCEERERERY t)H_ (bé%)(7'7'7'7'7'7'7'7)(639, t) H_ (bé’6)(9'9'9'9'9'9'9'9) (G, t)| |
Where |~ (b5) 7 (G, 8)],|~(05) 7 (G3o,
category 1,2 and 3

|_ by )(2'2'2'2'2'2'2'2)(619, — (b} @2222222) (G, t)| ’_ bl )(2,2,2,2,2,2,2,2)(G 1o t)| are second
detrition coefficients for category 1, 2 and 3

| (b” )(3,3,3,3,3,3,3,3) (023’ bll )(3,3,3,3,3,3 ,3, 3)(023,

coefficients for category 1, 2 and 3

11 \(4,4,4,4,4,4,4,4 1 (44,444,444
=5 (Gar, O]~ (05 (G,

—(b5) 7 (G309, t) | are first detrition coefficients for

—(by,) 33333333 (G, t)| are third detrition

(by)@4444449 (G, 1) | are fourth

detrition coefficients for category 1, 2 and 3
|_(bé%)(s,s,s,s,s,s,s,s)(031’ t) |’ | — (b)) (55555555 (G,

coefficients for category 1, 2 and 3

(byo) ©5555559) (G5, £) | are fifth detrition

|—(b§’2)(6'6'6'6')(G35, —(b45)(©666) (G, - (bjy)WLLLLLLD (G 1) ‘ are sixth detrition coefficients
for category 1, 2 and 3
|— (b5 1ALLLL - (b)) +A1LLLL, - (b¥) 77 (G0, 1) | are seventh detrition

coefficients for category 1, 2 and 3
| (bl )(7'7'7'7'7'7'7'7)(G39, t)| | by )(7'7'7'7'7'7'7'7)(G39,
coefficients for category 1, 2 and 3

| (by,) (99999999 (G, t)| | (bL)99999999 (G, .

coefficients for category 1, 2 and 3

- (b)) 77777777 (Gag, t) ‘ are eighth detrition

- (by) @9999999) (G, ,, t) ‘ are ninth detrition
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dGyy
dt
= (a44) P Gys
(@) [ +(@4) (Tus, ) || +(afe) 222222220 (T, 0) || +(age) 23232331y, 0)| }
|+(aér4)(4,4,4,4,4,4,4,4,4)(TZS’t)H+(arzrg)(5,5,5,5,5,5,5,5,5)(ng‘ t)|I+(aérz)(6,6,6,6,6,6,6,6,6)(T33‘t)| Gys
lI+(ails)(1'1'1'1'1'1'1’1’1)(T14: t)||+(a’3’6)(7'7'7'7'7'7'7'7'7)(T37, t)||+(a:}ro)(8,8,8,8,8,8,8,8,8)(T41't)IJ
dGys
dt
= (a45)?Gus
(@35) @[ +(@4) @ (Tus, ||+ (@) 22222222 (T, 0) || +(agy) C22233333 (T, 0)|

= | +(arzfs)(4,4,4,4,4,4,4,4,4) (Tys, t) I | +(aly) 655555555 (T, t) H +(a},) (666666666 (T,. t) | lG,,

|+(aﬁ)(l'l'l'l'l'l'l’l’l) (Tyar t)“+(a§’7)(7'7'7'7'7'7'7'7'7) (Ts, t) H_|_(a:}rl)(8,8,8,8,8,8,8,8,8) (T,y, t)l
dGyg
dt
= (a46) P Gys
| (@@ Ty, O] @) G22222222 Ty, O +(a) 022233335(Ty,, 0| ]
- |+(arzrﬁ)(4,4,4,4,4,4,4,4,4) (T25,t)“+(a’3'0)(5‘5‘5‘5‘5'5'5'5'5) (Tyo, t)|I+(a1374)(6,6,6,6,6,6,6,6,6) (Tss, t)| 1G,s
|+(ails)(1'1'1'1'1'1'1'1'1) (T1ar t)“+(a'3’8)(7'7'7'7'7'7'7'7'7) (Tsy, t) H+(a‘l}rz)(8,8,8,8,8,8,8,8,8) (Tys, t)‘ J

Where l +(ay) @ (Tys, ) | , | +(ay5) @ (Tys, 1) ‘ ,|+(af{6)(9) (T35, 1) ‘ are first augmentation coefficients for

category 1,2 and 3

| + (ailﬁ)(2'2'2'2'2’2,2,2,2) (T17, O+ (01'7)(2‘2‘2‘2‘2'2'2'2'2) (T17, t)
augmentation coefficient for category 1, 2 and 3

| _|_(arzro)(3,3,3,3,3,3,3,3,3) (T, t) ‘ ) +(a§’1)(3'3'3'3'3'3'3'3'3)(T21, t) | ) I +(afzrz)(3,3,3,3,3,3,3,3,3) (Tyy, t) I are third
augmentation coefficient for category 1, 2 and 3

| +(ay,)@Hrdandad) (T )| | +(ays) #4449 (T, )
augmentation coefficient for category 1, 2 and 3
|+(age) G55555559) (T, £) || +(age) B55555559) (T, 1)
augmentation coefficient for category 1, 2 and 3

| +(ay,)©66666666) (T, ) I’ +(ay,)©66666666) (T, t) |, | +(ay,)666666666)(T, . ) | are sixth
augmentation coefficient for category 1, 2 and 3

| +(a)y)ILILLLL (T, ) ‘ ) | +(ay,)GLALLLLLD (T, 1)
augmentation coefficient for category 1, 2 and 3

| +(aérs)(7,7,7,7,7,7,7,7,7) (Tyy,t) H +(aér7)(7,7,7,7,7,7,7,7,7) (Tsy,t) ‘ ‘ +(a'3'6)(7'7'7'7'7'7'7'7'7)(T37, t) | are eighth
augmentation coefficient for 1,2,3

|+(azo)(8,8,8,8,8,8,8,8,8) (Ty1, ) |’| +(a‘1{2)(8,8,8,8,8,8,8,8,8) (Ty1, t) L ’+(azl)(8,8,8,8,8,8,8,8,8) (Ty1, t) ’ are ninth

augmentation coefficient for 1,2,3

+(ajg) #22222222) (T, t) | are second

s ’

, l +(ayg) G abasd) (T, 1) | are fourth

,’+(a'3'o)(5‘5‘5‘5‘5'5'5'5'5)(ng, t)| are fifth

[+(aj @ 1107, )] are Seventh

ATas
dc
(b44)(9)T45 -

22
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[ i) = (i) @ (Gar, D] [ = (b1) Z2222222D (G, 0)] |- (b)) 333322339 (G,, 1) ]

|_ (bék)(4,4,4,4,4,4,4,4,4) (627, t) I | _ (bérg)(5,5,5,5,5,5,5,5,5)(631, t) ‘ ‘ _ (bélz)(6'6'6'6'6'6'6'6'6) (G35, t)| Tys

| l_ (bl)LILLLLLLD (G ) I |_ (b )T 777777797 (G, t)“— (by)®88888888) (G, t)l |

AdTys
dt

(b35) P =(03) @ (Ga7, O] [ (B 2222222D (G, D |- (b5) 32233339 (G, )
(bys) DT, — l—(bﬁls)(4’4‘4‘4‘4'4'4'4)(627' t)“— (b4s) 55555555 (G, t) ||_ (bY,)(66666666) (G t)l Tys

i |_ (bl @111 (G t)“— (bY) 777770 (G, £) H_ (by,) (888888888 (G, t)| |

ATye
dc

(b30) @[ = (03)® Gz, D] [~ (i) 2222222D (G0, 0| - (b5) 32333239 (G, V)|
(b46)(9)T45 — |_ (bég)(4'4'4'4'4'4‘4‘4) () H_ (béro)(s,s,s,s,s,s,s,s) (G31, 1) H_ (bék)(6,6,6,6,6,6,6,6) (Gss, t)| Tys
] l_ (b{'s)(l'l‘l‘l‘l'l'l'l) G, 1) H_ (béls)(7,7,7,7,7,7,7,7) (G39, t) ‘ ‘ _ (bilz)(8,8,8,8,8,8,8,8,8) (G43, t) ‘ ]
Where (b4 (Gy7, t)|,
category 1,2 and 3
|_(b{%)(z,z,z,z,z,z,z,z,z)(619’ t) ‘ =iy @22222222) (G, ¢ |’|_(b{%)(2.2.2.2.2.2.2.2.2) (Gyo, t)’ are second
detrition coefficients for category 1, 2 and 3
|_(bé’0)(3'3'3'3'3'3'3'3) (023, t) | , _(bé’l)(3‘3‘3‘3‘3‘3,3,3)(GZ3I t)
coefficients for category 1, 2 and 3
|—(b£'4 Y4r444448 (G 1) | | = (byo) @raadasd) (G, ¢
detrition coefficients for category 1, 2 and 3
(=) G5555559) (G, 0)|, | =(bgo) S5555559) (G, )
coefficients for category 1, 2 and 3
| = (b2) (6566660 (G, 1) |, | = (bL)©6066660) (Gg, 1) |, | = (b)) ©S50650) (G, 1) |are sixth detrition
coefficients for category 1, 2 and 3
|_ (b{rs)(l,l,l,l,l,l,l,l) (G, t) I |- (b{l‘})(l,l,l,l,l,l,l,l) (G, t) |’
coefficients for category 1, 2 and 3
|- (b5 77777777 (G, D), |- (b5) 77777770 (G, )| |- (b3) 77777777 (G, 1) | are eighth detrition
coefficients for category 1, 2 and 3
|_ (by,)(®88888888) (G, ) l |- (by,)®88888888)(G,. 1) | "_ (bL,)(®88888888) (G, . ) ’ are ninth

detrition coefficients for category 1, 2 and 3
Where we suppose

—(b45) P (Gys,t) |,|—(b[{6)(9) (Gy7, ) | are first detrition coefficients for

1]

—(by,)®3333333)(G,, 1) | are third detrition

[ (b5 @4444448 (G, 1) | are fourth

| = () 55555559 (G, )| are fifth detrition

- (bjp)WLLLLLLLD (G 1) ‘ are seventh detrition

(ai)(l)' (al{)(l), (agl)(l)' (bi)(l)l (bl’)(l)’ (bL”)(l) > 0: l;] = 13)14115 97
The functions (a;)®, (b/")V) are positive continuous increasing and bounded.

Definition of (p,)®, (r,)®:

(afl)(l)(’rm' t) < (pi)(l) < (A13 )(1)



International Journal of Scientific and Research Publications, Volume 3, Issue 9, September 2013 24
ISSN 2250-3153

bHPG, ) < )W < BHM < (B3)W
limr, o (a{")(l) (Tyart) = (pi)(l) 98
limge (b )™ (G, 1) = ()™
Definition of ( 4,3 )™, (B3 )™ :
Where ‘ (A13)D, (B13)D, (p)D®, ()W ‘ are positive constants and

They satisfy Lipschitz condition: 99

(@YD (T ) = (@)D (Tra, )] < (Ry3 )D|Tyy — Tiyle™ (M)t
(YD (G, 8) — (BHYD(G, 0] < (kyz )D||G — G'||e~ (M) Dt

With the Lipschitz condition, we place a restriction on the behavior of functions
(@ D(T,,t) and(a] )V (Ty4t) .(T{,,t) and (Ty4,t) are points belonging to the interval
[(ky3)D, (M5 )®] . 1t is to be noted that (a;')™ (T4, t) is uniformly continuous. In the eventuality of

the fact, that if (M;3)™ =1 then the function (a;) (T, t) , the first augmentation coefficient
attributable to the system, would be absolutely continuous.

Definition of ( M,5 )@, (k.3 )™ : 100
(My3)D, (ky13)D, are positive constants

@® _mp®
(M13)D) 7 (M33)D

Definition of ( 2,3 )™, (0,3 )™ : 101

There exists two constants ( P53 ) and ( 0,5 )P which together With ( M,3)®, (k13)D, (A;3)®
and (B;3)® and the constants (a;)™?, (@)@, 1)@, BHD, @)D, ()W, i = 13,14,15,
satisfy the inequalities

1 , . " -
()@ [(@)® + @)@+ (Az)P + (Pi3)® (y3)P] <1

1

(My3 IS [ (bi)(l) + (bi,)(l) + (B13 )(1) + (013 )(1) (];13 )(1)] <1

Where we suppose

(@)@, (@)@, (@H)®, ()@, (D, (b;)® >0, i,j=1617,18

The functions (a/)®, (b/")® are positive continuous increasing and bounded.
Definition of (p;))®, (r;)®:

" A @
(a; )(2)(T17: t) < (pi)(z) = (A16 ) 10z
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(NP (Grot) < ()P < (B)P < (By6)®

Jim (@)@ (17, 6) = ()

limgeo (b )P ((G10), £) = ()P

Definition of ( A, )@, (B14)® :

Where l (A16)?,(B1s)?, )P, (1)@ Iare positive constants and

They satisfy Lipschitz condition:

(@YD (T, t) = (@) P Ty, )] < (k16 )P|Tyy — Tiyle™(Me)®t
" ’ " T ’ (M (2)
1(BNYP((G19)',8) = (B )P ((G10), t)] < (k16 )P 1(Go) — (G10)'|Je~(Fae)*t

With the Lipschitz condition, we place a restriction on the behavior of functions (a!)®(T{,,t)
and(a})?(Ty7,t) . (T{,,t) and (Ty,, t) are points belonging to the interval [(ky)@, (M) @] . Itis
to be noted that (a})®(T;,,t) is uniformly continuous. In the eventuality of the fact, that if
(M;6)® =1 then the function (a})®(T,,,t), the first augmentation coefficient attributable to the
system, would be absolutely continuous.

Definition of ( M6 )®, (k16 )™ :
(M6 )P, (ki16)@, are positive constants

@® _0?
(M16)® 7 (M16)?)

Definition of ( £,3)®, (Q13)@®:

There exists two constants ( P4 )@ and ( 0,4 )® which together
with (M;)®, (k1)®, (A16)Pand ( By )@ and the constants
(ai)(Z)' (al{)(Z)' (bi)(Z)' (bl,)(Z)' (pi)(Z)' (ri)(Z)l i= 16,17,18,

satisfy the inequalities

1 , - o -
()@ [(@)® + @)@+ (Adi)P + (P1s)@ (kis)P] < 1

1

m[ (bi)(Z) + (bi’)(Z) + (§16 )(2) + (Om )(2) (IAC16 )(2)] <1

Where we suppose

33 (a3 (@3 (YD (pHB (p!Y® =
L ) A ’ L ) L ) i ) i ) ’ ’ ]
(@)@, (@)®, (@), (), (BH®, (bH® >0, i,j=2021,22

The functions (a/)®, (b/")® are positive continuous increasing and bounded.

Definition of (p;)®, (r)®:
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(a{’)(3)(T21,t) < (pi)(3) < (Azo )(3)

(NP (G, ) < ()P < ()P < (By)®
limy, o0 (@])® (Tyy, t) = (p)®
limg_ e (b)® (Gy3,t) = (11)®

Definition of ( 4, )®, ( B, )® :

Where l (A,0)®,(Byo)®, 0)®, 1)@ l are positive constants and [i = 20,21,22

They satisfy Lipschitz condition:

(@) (T41, ) = (@)D (Tyy, 0] < (Rgo )P|Tyy — Tyyle™ (200t
15 P (Gas', 1) = (b)) (Gas, )] < (ego )P|Gaz — G ||~ (200t

With the Lipschitz condition, we place a restriction on the behavior of functions (a;)® (T;,,t)

and(a;')®(Ty1,t) . (T4, ) And (T, t) are points belonging to the interval [( ko )®, (M, )] . Itis

to be noted that (a!")® (T,,, t) is uniformly continuous. In the eventuality of the fact, that if

( M, )® = 1 then the function (a;")®(T,,,t), the first augmentation coefficient attributable to the

system, would be absolutely continuous.
Definition of ( M, )®, (ky, )® :
(M,0)®, (ky )P, are positive constants

(@)® CHIS
(M30)3) 7 (Mp0)®)

There exists two constants There exists two constants ( P,, )® and ( Q,, )® which together with
(M), (ky0)®, (A,0)Pand ( B,y )® and the constants
(@)@, @@, (), 6D, @), (®,i =20,21,22,
satisfy the inequalities

1 , R o -
N E) [(@)® +@)® + (Az0)® + (P2)® (k)P < 1

1

W[ (bi)(S) + (bl")(S) + (EZO )(3) + (Ozo )(3) (’220 )(3)] <1

Where we suppose

(a)®, (@)™, (@)™, )™, BH™, (o)™ >0, i,j= 24,2526
The functions (a/)®, (b/")® are positive continuous increasing and bounded.

Definition of (p;)®, (r,)®:

(azl")“)(Tzs't) < (Pi)(4) < (A24 )(4)

26
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(NP (G, t) < ()™ < ()@ < (Bpg )™
limy, o (ai)® (Tys, 1) = (p)® 118
limgo (BN ((G27), t) = ()@
Definition of ( A,, )™, ( By, )™ :

Where ‘ (A3)®, (B )@, ()@, ()@ ‘ are positive constants and [i = 24,25,26

They satisfy Lipschitz condition: 119

(@)@ (Tzs, £) — (@)D (Tys, )] < (kg )P|Tps — Tas|e (M)t

(BN D ((G27)', ) = (B P ((G2), )] < (Rza )PI(G7) = (Gp7)'[|e™ T2Vt

With the Lipschitz condition, we place a restriction on the behavior of functions (a;)® (Tss, t)
and(a} ) (Tys,t) . (Tss,t) and (Tys, t) are points belonging to the interval [( &y, )@, ( My, )®] . 1tis
to be noted that (a/")® (T,s, t) is uniformly continuous. In the eventuality of the fact, that if

(M, )™ = 1 then the function (a,)®(T,s, t), the first augmentation coefficient attributable to the
system, would be absolutely continuous.

Definition of ( M,, )@, (ks )@ : 120
(Myy )®, (kyy )@, are positive constants

(@)™ ™
(Mag)®) 7 (Mp4)®)

Definition of ( P, )®, (0,4 )™ : 121

There exists two constants ( £,, ) and ( Q,, )® which together with
(My, )™, (ks )P, (A,)Pand (B,, )™ and the constants
(@)@, (@)@, ()P, ()@, ()@, ()@, i = 24,25,26, satisfy the inequalities

1

(M24)® [(@)® + @)™ + (A)P + (P)® (k)P <1

1

Foow [ 0P+ D™ + (B)® + ()™ (k)] <1

Where we suppose

(ai)(S)' (ag)(S)l (agl)(S)' (bi)(S)l (bl’)(S)’ (bL”)(S) > 0: lr] = 28)29130 122
The functions (a})®, (b/")® are positive continuous increasing and bounded.

Definition of (p)®, (r,)®:

(@)™ (Tyo,t) < () < (Aze)®
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BN ((Gs1), 1) < 1)S < ()P < (Byg)®
limz, o (@ )® (Tpo, t) = (1) 123
limg e, (b;)® (G31,8) = (1)
Definition of ( A,5 )®, ( B3 )® :

Where l (A,6)®, (Bys)®, 0)®, (1)® l are positive constants and [i = 28,29,30

They satisfy Lipschitz condition: 124

1" (T4, £) — (@) (Tyo, )] < (Kpg )®|Tpo — Thole™ (M)t
" ’ " ™ ’ (M (5)
15 (G31)',6) = (B])P((G31), )] < (Feog YO1(Gay) — (Gay)'||e™(M2e)®t

With the Lipschitz condition, we place a restriction on the behavior of functions (a!)® (Ty, t)
and(a})® (T, t) . (T4o,t) and (T,o, t) are points belonging to the interval [( kg )®, (Mg )] . Itis
to be noted that (a}')® (T,o, t) is uniformly continuous. In the eventuality of the fact, that if

( M,g)® = 1 then the function (a))® (T, t), the first augmentation coefficient attributable to the
system, would be absolutely continuous.

Definition of ( M,5 )®, (k)™ : 125
(Mg )®, (kyg)®), are positive constants

@® _®
(Mag)®) 7 (Mpg)®)

Definition of ( P,g ), (0,5 ) : 126

There exists two constants ( P,g ) and ( Q,g ) which together with
(M), (ky5)®, (A,8)Pand (B,g )™ and the constants
@)®, (@)®, ()@, BH®, )™, )®,i=28,29,30, satisfy the inequalities

1

@[ @® + @)+ (Az)® + (Pre)® (k) P] < 1

1

(M25)® [ ) + BD® + (Byg)® + (025)® (k)P <1

Where we suppose
(@)®, (@)@, (@)@, ()@, (1)@, (;)® >0, i,j=32,3334 127
The functions (a;)®, (b;")® are positive continuous increasing and bounded.

Definition of (p,)®, (1,)©:

(@) O (Ts3,t) < (p)® < (45,)@
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BN (Gss) ) < ()@ < (B < (B3)®
limTz—mo (al{’)(6) (T33, t) = (pi)(G) e

limG—>oo(bi”)(6) ((635)' t) = (Ti)(G)

Definition of ( 45, )®, ( B3, )® :

Where l (A3,)®,(B3,)®, ()@, (1)©® l are positive constants and [i = 32,33,34

They satisfy Lipschitz condition:
(@) O (T43,6) = (@) (T35, O] < (Raz )O|T33 = Tzle (o)

15O ((G35)', £) — (B]) O ((Gss), )] < (az YO|(Gas) — (Gas)'||e™(Ma2) @t

With the Lipschitz condition, we place a restriction on the behavior of functions (a;")© (Tis, t)
and(a}")® (Ts3,t) . (Ti3,t) and (T3, t) are points belonging to the interval [( k3, )(©, (M3, )©] . 1tis
to be noted that (a/")® (T3, t) is uniformly continuous. In the eventuality of the fact, that if

( M3, )® = 1 then the function (a,)(® (Ts3,t), the first augmentation coefficient attributable to the
system, would be absolutely continuous.

Definition of ( M5, ), (k3, )© : 129
(M3,)®, (k3,)®, are positive constants

@® _®
(M32)®) ’ (M32)(®)

Definition of ( P;, )®, ( 05, )® : 130

There exists two constants ( P;, )(® and ( Q5, )® which together with
(M3,)®, (k3,)®, (A3,)®and (B;, )® and the constants

(@)@, (@)@, B)®@, (b)®@, )@, ()@, i =323334,

satisfy the inequalities

1

(M32)(© [ (ai)(ﬁ) + (al{)(é) + (A32)O + (P3)® (k) @] <1

1

Gl GO+ 1)@+ (Bz) @+ (Q32)@ (k32) @] <1

Where we suppose
@A) (@)?,@)?, @), b)), )P, (b >0, ij=363738 131
(B) The functions (a;), (b)) are positive continuous increasing and bounded.

Definition of (p,) ", (r;):
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(@) (T35, ) < ()7 < (A36)7

(BN P (G30,6) < ()7 < (B < (B3e)?

132
©) limTz—wo (al{’)(7) (T37,t) = (pi)m
@)
limG—N)O(bi”)(7) ((639)' t) = ()7
Definition of ( A;¢ )™, (B3¢ )™ :
Where ‘ (A36)D, (B3)?, ()™, ()™ ‘ are positive constants and [i = 36,37,38
They satisfy Lipschitz condition: 133
@) (T3, ) = (@) 7 (T37, D < (Rag )P Tay = Tyle™(Fae) e
" ’ " 7 11 a—( M2 )7
|57 ((Gs0)', ) = (B) P ((G30),£)] < (heze )P [1(G3) — (G30)'[|e™(Mas )
With the Lipschitz condition, we place a restriction on the behavior of functions (a})(Ts,,t)
and(a;")™(Ts,,t) . (T4, t) and (T3, t) are points belonging to the interval [(ksq)™, (M) 7] . Itis
to be noted that (a))”(Ts,t) is uniformly continuous. In the eventuality of the fact, that if
(M) = 1 then the function (a;)’(Ts,,t) , the first augmentation coefficient attributable to the
system, would be absolutely continuous.
Definition of ( M54 )7, (k36 )7 : 134
(E) (M), (k36 )7, are positive constants
@?
(M36)P 7 (M36)7
Definition of ( P3¢ )7, (034 )™ : 135

(F) There exists two constants (P;) and (Qs5)7 which together with
(M36) D, (k36 )7, (A36)Pand ( Bz )™ and the constants
@)?, (@)?, ()7, ) D, )7, )7, i = 36,37,38, satisfy the inequalities

W[ @)? + (@) + (As)D + (Pig)D (ks )P] < 1
36

[ ) + BT + (B3e)? + (Q36)7 (hse) 7] <1

(M36)

Where we suppose



International Journal of Scientific and Research Publications, Volume 3, Issue 9, September 2013
ISSN 2250-3153

@)@, @)®, @)®, B)®, 1), (BbN)® >0, i) = 40,4142

The functions (a/)®, (b;")® are positive continuous increasing and bounded
Definition of (p;)®, (r;)®:

(@N®(Ty1,t) < (P)® < (Ayo)®

BP (G ) £ ()P < (D@ < (Byo)®

limg, o, (a;)® (Ty1, ) = (p)®

limg (5@ ((Gas)r8) = (1)@

Definition of ( A4 )®, (B, )® :

Where l (Ay)®, (By)®, (p)®, (1r)® l are positive constants and [i = 40,41,42

They satisfy Lipschitz condition:
@)@ (T, ) = @) O (T, O1 < (Rag )OI Tay = Ty e~ a0

I ®((G43)', 6) — (b)Y P((Gaz), )] < (Kao )P|1(Gaz) — (Gas)'[|e™Ma0) Pt

With the Lipschitz condition, we place a restriction on the behavior of functions (a;)®(T},,t) and
(@] )®(Tyy,t) . (Ty1,t) and (Ty4, t) are points belonging to the interval [(kyo)®, (M, )®]. Itis to be
noted that (a;)® (T4, t) is uniformly continuous. In the eventuality of the fact, that if ( M,y )® =1
then the function (a{')(s) (T41,t) , the first augmentation coefficient attributable to the system, would
be absolutely continuous.

Definition of ( M, )®, (k40 )® :

(M0 )®, (k4o )®, are positive constants

(@)® ®p®
(M40)®) 7 (M4o)®

Definition of ( B,y )®, (040 )® :

There exists two constants ( P,y )® and ( 0, )® which together with ( My, )®, (k4o )®, (A49)®
(B4 )® and the constants (a,)®, (@)®, (b)®, )@, (p)®, ()®,i = 40,41,42,
Satisfy the inequalities

W[ (@)® + (@)® + (Apo)® + (Pyo)® (kyo)®] <1
40

(Too)® | B)® + ()@ + (By)® + (040)® (kao)®P1< 1
40
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Where we suppose
(@), @), @), B, B, (B)D >0, 1,j = 44,4546 e
The functions (a/)®, (b)) are positive continuous increasing and bounded.
Definition of (»)®, ()

(@D (Tys, t) < (P)@ < (Agy)®

(BN (Gaz,t) < (1) < (6D < (By)®
leizrgo(a{')(g) (Tys,t) = (p)®
limg oo (b)) (G4, 1) = (1)

Definition of ( A4, )®, (B, ) :

Where l (A4)D, (B, (), )@ l are positive constants and |i = 44,45,46

They satisfy Lipschitz condition:

(@) O (Tis, £) — (@) (Tys, )] < (kaq )O|Tys — Tisle™(Has) Pt

1B D((G47)', ) = (B (G4, )] < (Raa YO N (Gay) = (Gar)' ||~ Faa )t

With the Lipschitz condition, we place a restriction on the behavior of functions (a;")® (T}s, t)
and(aj" )@ (Tys, t) . (Tys, t) and (Tys, t) are points belonging to the interval [( Ky )®, ( My, )] . Itis
to be noted that (al'-’)(g) (T,s, t) is uniformly continuous. In the eventuality of the fact, that if

(M4, )@ = 1 then the function (a;")® (T,s,t), the first augmentation coefficient attributable to the
system, would be absolutely continuous.

Definition of ( M, ), (k44 ) :
(My ), (ks )@, are positive constants

(@)@ CHIY
(Mg )®) 7 (M4s )@

M( p44 )(9), ( 644 )(9) :

There exists two constants ( B, ) and ( 04, )® which together with
(M), (kg )@, (A1) @and ( By, )® and the constants
(ai)(l))’ (al()(l))’ (bi)(g)' (b{)(g)' (pi)(g)' (ri)(l)), i= 44'45'46'

satisfy the inequalities

o L@+ @)+ (A)® + (P)® (ka)P) <1
44
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G GO0+ B+ (B)® + () (Ru)®] <1
44

Theorem 1: if the conditions above are fulfilled, there exists a solution satisfying the conditions

Definition of G;(0),T;(0):

Gi(t) < (Pry) Vel Ve | Gi(0) =6 >0

Ti(t) < (013)De™a)Pt - [1(0) =T >0

Theorem 2 : if the conditions above are fulfilled, there exists a solution satisfying the conditions

Definition of G;(0),T;(0)

Gi(®) < (Pre)PeMa)Pt - G,(0) = G > 0

Ti(t) < (Qu6) PPt T(0) =T >0

Theorem 3 :if the conditions above are fulfilled, there exists a solution satisfying the conditions
Gi(t) < (Pyo)®PeM0)®t 1 G.(0)=G) >0

Ti() < (Qpo)Pe™0)®t T,(0) =T >0

Theorem 4 : if the conditions above are fulfilled, there exists a solution satisfying the conditions

Definition of G;(0),T;(0):

Gi(t) < (Pyy ) Pelm) Ve | Gi(0) =6 >0

Ty(t) < (g )Pe M)Vt T (0) =T >0

Theorem 5 : if the conditions above are fulfilled, there exists a solution satisfying the conditions

Definition of G;(0),T;(0):

Gi(O) < (Pye )Pt [7G(0) = 67 > 0]

P i (5)
Ty(t) < (Qp5)PeM20)¥t [T (0) =T >0

Theorem 6 : if the conditions above are fulfilled, there exists a solution satisfying the conditions

Definition of G;(0),T;(0):

Gi(t) < (P, )P [7G,(0) = 60 > 0]

A - )(6)
Ti(t) < (Qs)@eM2)t T, (0) =T >0
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Theorem 7: if the conditions above are fulfilled, there exists a solution satisfying the conditions

Definition of G;(0),T;(0):

Gi(O) < (Py ) et [7G(0) = 67 > 0]

Ty(t) < (Q36)Pe™:)Pt - I1.(0) =T >0

Theorem 8: if the conditions above are fulfilled, there exists a solution satisfying the conditions

Definition of G;(0),T;(0):

Gi(O) < (Pyp)Pe0)¥t | [7G,(0) = G0 > 0]

Ty(6) < (Qao )PeM0)®t IT,(0) =T > 0

Theorem 9: if the conditions above are fulfilled, there exists a solution satisfying the conditions

Definition of G;(0),T;(0):

() < (Poy)Pe®)”t  [7G,(0) = 60 > 0]

T,(t) € (Q4s)@e ™)t 1 (0) =T >0

Proof: Consider operator A®) defined on the space of sextuples of continuous functions G;, T;: R, —
R, which satisfy

G(0) =GP, Ty(0) = T, G2 < (P13)™, TP < (015)D,
0<G;(t)—G) < (P YD (13 NN

0<Ti(t) = TP < (05 )Ve(Mz) Mt

By

Go® =Gy + fy [(alg)(l)G“(S(B)) - ((a13)(1) + a1’3)(1)(T14(s(13)),5(13))) Gs (5(13))] ds(3)
Gu® =6+ )y [(a“)(l)GB (sa3) = ((ai‘*)(l) + (@) P (T1a(san), 5(13))> 614(5(13))] ds(13)
Gis() = G5 + [ [(als)(l)G14(s(13)) - ((ais)(l) + (@)D (Tya(s013), 5(13))) 615(5(13))] dsgs)

7_113 @® = T103 + fot [(b13)(1)T14(5(13)) - (bis)(l) - (b{%)(l)(G(S(m)),5(13))) T13(5(13))] d5(13)

7_114(15) = T104 + fot [(b14)(1)T13 (5(13)) - ((bh)(l) - (bﬁt)(l)(G(S(m)),5(13))) T14(5(13))] d5(13)
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= t ’ "

Tys(®) = Tfs + fg [(b15)(1)T14(5(13)) - ((b15)(1) - (b15)(1)(6(5(13))‘ 5(13))) T15(5(13))] ds(13)
Where s(;3) is the integrand that is integrated over an interval (0, t)

Proof:

Consider operator A® defined on the space of sextuples of continuous functions G;, T;: R, = R,
which satisfy

G:(0) = Gio , Ti(0) = Tio ’ Gio = (ﬁle )(2) vTiO < (016 )(2),

0 < Gi(t) — G < (P )@e(Ms Y@

0<Ti(t) = TP < ( Q14 )PeMis Y@t

By

Gio(t) = G + [ [(010)P 617 (su6) = ((@10)@ + 1) P(T1r(sae) Sae)) Gis(sae)| d5ae)

6717(t) = Gf7 + fot [(a17)(2)616(s(16)) - ((ab)(z) + (a1’7)(2) (T17(S(16))» 5(17)) G17(5(16))] ds(1)

Gig(t) = Gig + fot [(a18)(2)617(5(16)) - ((ais)(z) + (ais)®@ (T17(S(16)); 5(16)) Gig (5(16))] ds(16)

Ti6(t) =T + fot [(bIG)(Z)T17(S(16)) - (
((b{7)(2) - (b{’7)(2)(519(5(16))x5(16)) T17(5(15))] ds(e)

)
)
)

bi)® — ()P (615(s016): Sa6))) Tre(506))| dsaie)
Tor(® = T + I [0 T (s060) - )
)

M t r n

Tig() = Tis + | [(b18)(2)T17(S(16)) - ((bls)(z) — (i) @ (Gi9(sa16)) 56)) T1s(5(15))] ds(16)
Where s(;¢) is the integrand that is integrated over an interval (0, t)

Proof:

Consider operator A® defined on the space of sextuples of continuous functions G;, T;: R, - R,
which satisfy

Gi(0) =GP, T;(0) =T, G < (P;p)®, T < (Q2)®,
0 < Gi(t) — G? < ( Py )Pe(M20)Pt

0 < Ty(0) = T < (Qp )Pl M)t

By

G_zo(t) = Ggo + fot [(azo)(3)Gz1(5(2o)) - ((aéo)@ + alzlo)(3)(T21(5(20))' 5(20))) 620(5(20))] ds(zo)

Gor(t) = G31 + fot [(‘121)(3)G20(5(20)) - ((a121)(3) + (‘112’1)(3)(7121(5(20)): 5(20))) 621(5(20))] ds (20
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Goz(t) = G35 + fgt [(azz)B)Gn(S(zo)) - ((aéz)(” + (alzrz)(3)(Tz1(5(zo))‘ 5(20)) 622(5(20))] ds 20)

Tyo(t) = T3 + fot [(bzo)(3)T21(s(20)) - ((béo)(s) — (b2 (3)(623(5(20))‘ 5(20))) Tzo(s(zo))] ds 20
T (t) =T + fot [(b21)(3)T20(5(20)) - ((bé1)(3) - (bé’1)(3)(623(5(20)),5(20))) T21(5(20))] ds(20)

T,z (t) = Tz, + fot [(bzz)(B)Tn(S(zo)) - ((béz)@ - (bélz)(S)(st(S(zo)): 5(20)) Tzz(s(zo))] ds 20

Where s,y is the integrand that is integrated over an interval (0, t)

Proof: Consider operator A® defined on the space of sextuples of continuous functions G;, T;: R, —

R, which satisfy

G:(0) =G, T;(0) =T, G? < (Ppy)®, T2 < (Qp4)®,

0<Gi(t)—GY < (Py, )(4)e(ﬁz4)<4)t

0 <T(t) = TY < (Qqq )Pe(M2s YBt

By

Gra(t) = G4 + fot [(az4)(4)625(5(24)) - ((a;4)(4) +ay) @ (Tos(s2a)s 5(24))) 624(5(24))] ds 4
Gys5(t) = G5 + fot [(azS)(4)Gz4(s(24)) - ((a’zs)(4) + (a45) @ (Tas (s2a))s 5(24))) 625(5(24))] ds(a)
Gao(t) = G35 + J, [(a26)(4>025(5(z4)) - ((a’zﬁ)(@ + () P (Tas(s2a)) S2a)) 026(5(24))] dsca

T24(t) = T204 + fot [(b24)(4)T25(5(24)) - (bé4)(4) - (bé"})(4)(627(s(24)), 5(24)) T24(5(24))] d5(24)

)

( )
7_125(15) = Tzos + fot [(bzs)(4)T24(5(24)) - ((bés)@) - (bérs)(4)(627(5(24))» 5(24))) T25(5(24))] d5(24)

)

Tp6(t) = Tgs + fot [(bzs)(4)T25(5(24)) - ((béa)M) - (béla)(4)(627(5(24))'5(24)) T26(5(24))] ds(a4)

Where s(,4) is the integrand that is integrated over an interval (0, t)

Proof: Consider operator A defined on the space of sextuples of continuous functions G;, T;: R, —

R, which satisfy

Gi(0) = G°, T,(0) = T2, GO < (Pye)®, TP < (0 )™,
0 <G;(t) —GY < (P )(5)9(1\7128)(5)t

0 <Ti(t) = TP < (Qng )Pe(M28 MO

By
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Gos(t) = G35 + [ [(azs)(S)ng(S(ZS)) - ((aés)(s) +a78)® (T (52)), 5(28))) 628(5(28))] ds(2s)
Goo(t) = G + [ [(aze)(S)st(s(zs)) - ((a'zg)(s) + (a56)® (Tas (s23), 5(28))) 629(5(28))] ds(2s)
Gao(t) = G + [ [(a30)(5)629(s(28)) - ((aéo)(s) + (a30)® (Tos (528, S29) 630(5(28))] dS(26)
T28(5(28))] ds(2s)

Tzs(t) = Tzos + fot [(bzs)(s)T29(5(28)) - (bés)(s) - (béls)(s)(asl(s(zs)):5(28))

Too(t) = Ty + fot [(b29)(5)T28(S(28)) - ((bét;)(s) - (béIQ)(S)((;Sl(S(ZB))!5(28)) T2 (5(28))] ds(2g)

T30 (8) = T3y + fot [(b30)(5)T29(S(28)) - ((béo)(s) - (bélo)(s)(cu(s(zs))‘ 5(28))) Tso(s(zs))] ds(zs)

Where s(,g) is the integrand that is integrated over an interval (0, t)

Proof:

Consider operator A® defined on the space of sextuples of continuous functions G;, T;: R, - R,

which satisfy

G;(0) =G, T;,(0) =T, GY < (P3,)®, TP < (03,)®,

0<Gi(t)—G < (Ps, )(6)e(M32)<6)t

0<Ti(t) — TP < (Qsz )(6)€(M32)(6)t

By

Gaz(t) = G5z + fot [(a32)(6)G33(S(32)) B ((aQZ)(G) +a35) O (Ta3(s52)). 5(32))) 632(5(32))] dS(32)
Gas(t) = G35 + J [(@52)@Gsa(53p) = (@)@ + (@5)© (Tsa(5@)r S20) ) Gas(S)| dscay
Gaa(t) = 634 + [(a34)(6)033(5(32)) - ((a'34)(6) +(a3) (T3 (562, S32)) 534(5(32))] ds(32)

7_132(15) = T302 + fot [(b32)(6)T33(5(32)) - (béz)@ - (b§5)(6)(635(5(32))» 5(32)) Ts, (5(32))] d5(32)

Ty5(t) = Tss + fot [(b33)(6)T32(5(32)) - ((bés)@ - (béé)(G)(G35(5(32))» 5(32))) T33(5(32))] ds(32)

T t r n
T34(t) = T3, + [ [(b34)(6)T33(5(32)) - ((b34)(6) — (b)) (G35(532)), S32)) T34(5(32))] ds(32)
Where s(3,) is the integrand that is integrated over an interval (0, t)

Proof:

Consider operator A defined on the space of sextuples of continuous functions G;, T;: R, — R,

which satisfy
Gi(0) = GL'O , Ti(0) = Tio ’ GiO = (p36 )(7) 'Tio = (Q36 )(7)'
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0 < Gi(t) = G < (P3g)VeMse) 7t
0< Ti(t) — TiO < (036 )(7)6(M36 YDt

By 165

G36(t) = G36 + fot [(‘136)(7)637(5(36)) - ((aée)m + a’3,6)(7)(T37(S(36)): 5(36))) 636(5(36))] ds(se)

G37(t) = G3; + fot [(‘137)(7)636(5(36)) - ((a’37)(7) + (a’3,7)(7)(T37(S(36))! 5(36))) G37(5(36))] ds(se)

G3g(t) = G3g + fot [(ass)(7)G37(5(36)) - ((a’38)(7) + (a,3’8)(7)(T37(S(36))J 5(36))) G38(5(36))] ds ze)

Too(t) = TS + [, | (b36) VTar (566) = (B36)7 = (B5) 7 (Gao(5636)): 536)) ) Tss(Saer) | d5ae)
Ts;(8) = T3y + fot [(b37)(7)T36(S(36)) - ((b§7)(7) - (b§'7)(7)(639(5(36)):5(36))) T37(5(35))] ds(3e)

T t ! "

T3g(t) = Tgs + fo [(bss)(7)T37(5(36)) - ((b3s)(7) - (bss)(7)(G39(5(36)); 5(36))) T3 (5(36))] ds(3e)
Where s(36) is the integrand that is integrated over an interval (0, t)

Proof:

Consider operator A® defined on the space of sextuples of continuous functions G;, T;: R, — R,
which satisfy

G;(0) =GP, T;(0) =T, G) < (Pyo)®, T < (Quo)®,
0. Gi(t) = G < (Pyo )@l Mso)t

0 < Ty(t) = TP < (Qup ) ®eMao @t

By 166

6_40 ® = Gfo + fot [(a40)(8)641(5(40)) - ((alo)(s) + az’{o)(g) (T41 (5(40))' 5(40))) Gao (5(40))] ds(4o)
t

Gar () = Gy + f [(‘141)(8)640 (50y) = ((afu)(s) + (@)@ (Tar (s uoy), 5(40))) G41(5(4o))] ds(a0)
0

6_42 ®) = sz + fot [(‘142)(8)641 (5(40)) - ((a"lz)(s) + (az’{z)(g) (T41(S(4o)): 5(40))) Gaz (5(40))] ds(4o)
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Tyo(t) = Typ + fot [(b40)(8)T41 (5(40)) - ((bio)(s) - (b"{o)(s)(G“ (5(40))'5(40))) T4o(5(40))] ds(40)

T () = T401 + fot [(b41)(8)T40(5(40)) - ((bz'u)(s) - (bi’1)(8)(643 (5(40)):5(40))) T41(5(40))] ds(a0)

T t ! 4
Ty (O = sz + fo [(b42)(8)T41(5(40)) - ((b4z)(8) - (b4z)(8)(643 (5(40)): 5(40))) Tyz (5(40))] ds(a0)
Where s(40) is the integrand that is integrated over an interval (0, t)

Proof: 166
Consider operator A® defined on the space of sextuples of continuous functions G;, T;: R, = R, A
which satisfy

Gi(0) =GP, Ty(0) = T2, GP < (Pua)®, TP < (Q4a)®,
0 < Gi(t) — GP < (By, )Pe M)t

0 S Ty(t) = T < (Quq )Mt

By

Gaa(t) = Ggy + fot [(a44)(9) Gys (5(44)) - ((azlm)(g) + a"{4)(9) (T45(5(44)): 5(44))) Gag (5(44))] ds(44)

6745 ® = Gfs + fot [(a45)(9)G44(5(44)) - ((afts)(g) + (af{s)(g) (T45(S(44))» 5(44)) Gys (5(44))] ds(aa)

Gag(t) = Gge + fot [(a46)(9)645 (5(44)) (az'm)(g) + (afmls)(g)(ns(s(u))'5(44)) Gae (5(44))] ds (a4)

T =T + fot [(b44)(9)T45 (5(44)) -

((bz’M)(Q) - (bz’t’zt)(g)(647(5(44))» 5(44))) Tay (5(44))] ds(a4)
Tys(t) = Tgs + fot [(b45)(9)T44(5(44)) - ((bis)(g) - (bz’tls)(g)(647(5(44))» 5(44))) Tas (5(44))] ds(a4)

= t ’ i
Tas () = Tgs + fo [(b46)(9)T45 (5(44)) - ((b46)(9) - (b46)(9)(64—7 (5(44))'5(44)) T4-6(S(44))] ds(44)
Where s(44) is the integrand that is integrated over an interval (0, t)

The operator 4™ maps the space of functions satisfying Equations into itself .Indeed it is obvious that ~ 167
t P - )1
Gi3(t) < G5 + fo [(a13)(1) (G&"‘( Pi3 )We(Ms) 5(13))] ds@z) =

1 0, (a1 D(P13H)® [7Re))
(14 (a1)Mt)GY, + W(e( 13)°7t 1)

From which it follows that 168

_ (P13 V469,

e (D (a )(1) ~ ( 0 ) ~
(Gy3(t) — Gf3)€ (M13)"7t < m [(( Pi; )(1) + G&)e G1a + (Pi3 )(1)

(G?) is as defined in the statement of theorem 1
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Analogous inequalities hold also for Gy, , G5, Ti3, T14, T1s

The operator A maps the space of functions satisfying Equations into itself .Indeed it is obvious

that

t o~ NG

G16(t) < G + | [(am)(z) (Gf7+(P16 )@elHe) 5(16))] ds(1e) = 169
(@16)P(P16)? [ (f1,6)®
(1+ (a16)P1)GE; + W(e“ﬁé) - 1)
From which it follows that 170
o ¢ o (-t
(M a =~ ~

(Gr6(t) — Gg)e™ (M6t < TR ((Pe)® +G)e 697 + (P )<2>l

Analogous inequalities hold also for Gy, Gyg, T16, T17, T1g

The operator A®) maps the space of functions satisfying Equations into itself .Indeed it is obvious 171
that

t 5 .0 )3)
Go(t) < G3o + fo [(azo)(3) (631"‘( Pyo )20 5(20))] ds(zo) =

3 p, 13 =
(1 + (az0)P1) Gy + LD T20) (o (F0) Dt _ 1)

(M30)®
From which it follows that 172
(P20)®)+69,
(G2o(t) — G3p)e™ (M0t < % ((Pyo)® +G2))e 621 +(P,)®

Analogous inequalities hold also for G, , Gy, Ty, T21, T2z

The operator A™ maps the space of functions satisfying into itself .Indeed it is obvious that 173

t PN . )4
Goa(t) < G + [ [(@2)® (635+( Poy ) Ve 2607500 dsiyy) =

(@)D (Pa)D (i1, )@
(1 + (a24—)(4)t)G§5 + W(Q(MM-) t _ 1)

From which it follows that 174

_ (Pag)W+65

. (4) ~ < ) ~
(Goa(6) — G (M)Wt < L2 (B Y 1 GO Y\ G35 )4 (P, )‘4)l

(M4 )®)

(G?) is as defined in the statement of theorem 4

The operator A®) maps the space of functions satisfying Equations into itself .Indeed it is obvious
that

t 5 g )5
Gos(t) < G + fo [(azs)(s) (GS9+(P28 )Ee(Mze) 5(28))] ds(ze) =

5 0 (a )(5)(ﬁ )(5) [/ O]
(1 + (a28)( )t)ng + W(e( 28 )"t _ 1)
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From which it follows that 175

_ (P28)®)+69,

(( Py )® + Ggg)e< 6o ) + (P )(S)l

(0 Y p-(Flpg )t (a2e)®
(G2g(t) — Ggle™ 28 S(Mzs)(s)

(GP) is as defined in the statement of theorem 5

The operator A maps the space of functions satisfying Equations into itself .Indeed it is obvious ~ 176
that

t =~ 2 )(6)
G32(t) < G, + [(asz)(G) (63?3"‘( Py; )@ Ms2) 5(32))] ds(z) =

(@32)®(P32)® ( (51,1
(1 + (a32)(6)t)6?(,)3 + %(3(1‘432) t_ 1)

From which it follows that 177

_ (P32)(9)+64s

—(M5,)® © 5 < ) 5
(G32(t) — Gp)e™(Ms2) Ve (52— ((Ps2)® + Gé)s)e 6% +(P3,)®

~ (M33)®)

(G?) is as defined in the statement of theorem 6
Analogous inequalities hold also for G,s, Gyg, Tos, Tos, Tag

(a) The operator A) maps the space of functions satisfying Equations into itself .Indeed it is 178
obvious that

t 5 36 )7
G36(t) < G36 + [ [(a%)m (G§’7+( Py )MeMse) 5(36))] ds(ze) =

(a36) 7 (P36)7) 7. )
(1 + (a36)(7)t)G597 + %(Q(Mas) t _ 1)

From which it follows that
_(P36) D465,

o (7) ~ < ) ~
(G36(t) — G3g)e™(Mss Dt < Ls6) = (( Py ) + G§7)e 5% + (P36 )(7)l

= (M36)7

(GP) is as defined in the statement of theorem 7

The operator A® maps the space of functions satisfying Equations into itself .Indeed it is obvious that

t ~ Tan)(®
Gao() < Gl + f [(@40)® (G214 Pro )P 200 V50000 )| dis(yg) = 180
@ )0 4 @)D (Pa0)® ([ (1,0)®¢ _
(1 + (a40) t)G41 + (M40 )(8) (e 40 1)
From which it follows that 181

(P40)®+63,

—(M0)® @15 <‘ ) 5
(Gao(8) — Glp)e~(Mao) Pt < a0l (B, ®) 4 GO )e\ & ) 4 (B,))®

T (My)®

(G?) is as defined in the statement of theorem 8
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Analogous inequalities hold also for G4; , G4z, T4, Ta1, Taz

The operator A maps the space of functions satisfying 34,35,36 into itself .Indeed it is obvious
that

t P Taa )@
Gas(®) < Gy + [ [(@an)® (GE5+( Pay YO 40560 gy =

9 0 (@20 (P1a)® ) Dt
(1 + (a44)( )t)G45 + W(e( 44) - 1)

From which it follows that

 (P4a)D+6Ys

. of ( )
(Gaa(t) — G2~ (Ma)®t < L840 1 (B, ) 4 GO)e s )+ (P )<9>l

T (M44)®

(G?) is as defined in the statement of theorem 9

Analogous inequalities hold also for G,s, G4¢, Tya, Tas, Tag

(D A
It is now sufficient to take (f’) , (f‘) < 1 and to choose 182
(M13)® 7 (My3)D
(Pi3)® and (Qy3 )™ large to have
[ (P13 )(1)+G? 183
@) | = 5 U@ 5
LS| P® + (P)P+60)e VT < (Py)®
[ (Q13 )(1)+T? 184
(b')(l) ~ -\ T 0 ~ ~
G [((Q)P+T0e v T+ Q1) < (Qia)®
In order that the operator 4™ transforms the space of sextuples of functions G; , T; satisfying
Equations into itself
The operator A™ is a contraction with respect to the metric 185

d ((G(n, TW), (6®, T(z))) -

sup{max |Gl-(1)(t) - Gi(z)(t)|e'(’q13)(1)t,max |Ti(1) ) — Ti(z) (t)|e'(ﬁl3)(1)t}
i teER+ teER+

Indeed if we denote
Definition of G, 7 : (G, T ) = AW(G,T)
It results

~(1 ~(2 t 1 2 —(Ma2)D M) D
|Gl(3) — Gi( )| < fo (als)(l) |Gl(4) _ 61(4) e~ (M13)*75(13) o (M13)"/S(13) ds(13) +
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f{( 13)(1)|G(1) Gl(?|e—(ﬁ13)(1)5(13)e—(1‘713)(1)5(13) +
(au )(1)(T(1) S(13))|G(1) G(2)| —(M13)(1)S(13) (M13)0 )5(13) +

G1(§)|(a1’3)(1) (T1(i)'5(13)) - (ai)™ (T1(f)'5(13))| e_(T/Im)(l)s(me(ﬁm)(l)s(m}ds(m)
Where s(;3) represents integrand that is integrated over the interval [0, t]

From the hypotheses it follows

|G(1) — (@]~ Vt <

o )<1) ((a 13)P + (@i)® + (A)® + (Pr3) P k13)(1))d ((G(l) TW; 6@, T(Z)))

And analogous inequalities for G; and T;. Taking into account the hypothesis the result follows

Remark 1: The fact that we supposed (a}5)™ and (b;5)* depending also on t can be considered as not
conformal with the reality, however we have put this hypothesis ,in order that we can postulate
condition necessary to prove the uniqueness of the solution bounded by

(7713)(1)6(7‘7'13)(1)’: and (@13)(1)6("A”13)(1)t respectively of R,.

If instead of proving the existence of the solution on R,, we have to prove it only on a compact then it
suffices to consider that (a/)® and (b;),i = 13,14,15 depend only on T,, and respectively on
G (and not on t) and hypothesis can replaced by a usual Lipschitz condition.

Remark 2: There does not existany t where G; (t) =0and T; (t) =0

From 19 to 24 it results
G, (t) > Gioe[_ fot{(az{)(l)‘(afl)(l)(T14(5(13))'5(13))}‘15(13)] >0
T, (t) = TeC®DV) > 0 fort >0
Definition of ((M;5)®),, (M;5)®), and ((M;3)™),
Remark 3: if G, ; is bounded, the same property have also G;, and G5 . indeed if
Gz < (Myz)@ it follows 251 < (¢ M13)(1)) — (a},)®G,, and by integrating
+ < ((M3)®W), =GP, + 2(a14)<1>((Mg)“))l/(a;m)
In the same way , one can obtain
Gis < ((7\7[13)(1))3 = Gfs + 2(“15)(1)((T/]w)(l))z/(ais)(l)
If Gy, or G5 is bounded, the same property follows for G5, G;5 and G;3, G4 respectively.

Remark 4: If G5 is bounded, from below, the same property holds for G;, and G5 . The proofis
analogous with the preceding one. An analogous property is true if G;, is bounded from below.
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Remark 5: If T,; is bounded from below and lim,_, ((b;)® (G(t),t)) = (b;,)™V then T, — oo.

Definition of (m)® and ¢, :
Indeed let t; be sothatfort > t;

(b1)® — BNV (G (1), t) < &1, Ty3 (£) > (MWD

Then d;&: > (a1) P (mM)® — &, T;, which leads to
(@) D)@ &t 0 ,—eqt -&t 1.
Ty = (57) (1 —-e ") 4+ The 1" If wetake t such thate™®1" = 5 itresults
1
(@) m® 2 : - .
Ty = (f), t= logg— By taking now ¢&; sufficiently small one sees that T, is unbounded.
1

The same property holds for Ty5 if lim,_,e (bj5)® (G(t),t) = (b}s)P

We now state a more precise theorem about the behaviors at infinity of the solutions of equations

@® @

(M16)@ ’ (Hy)® < 1 and to choose

It is now sufficient to take

(Pis)® and ( Q.6 )@ large to have

[ <(P16 )(2)+G?>
(a.)(Z) - R |\ R
(Mlle)(Z) (PIG)(Z) + (( P16 )(2) + G]_O)e GJ < (P16 )(2)
[ (616)(2)+T?
1)@ ((016)@ + T; )e / + (Q16 )| = (Q16)

In order that the operator A® transforms the space of sextuples of functions G; , T; satisfying
Equations into itself

The operator A is a contraction with respect to the metric

d (((61)D, (T19)V), ((619)P, (1)) =

sup{max |Gl-(1)(t) - Gi(z)(t)|e'(’q16)(2)t,max |Ti(1) ) — Ti(z) (t)|e'(’q16)(2)t}
i teER+ teER+

Indeed if we denote

Definition of G0, Tro : ( Gro, Tro ) = AP (Gy0, Tho)

It results

1652 = 62| < [ (@0)® |65 = 6 e 10 P50 (M0 500 gy ) +

(. @) (. .2
fot{(ais)(z)wfé) _ Gl(?|e (M16)?s(16) o =(M16)?s(16)
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(@) P (T, 506)|6 — 62|10 s06 0500 4

2 " 1 " 2 —(M ) M (2)
G1(6)|(a16)(2)(T1(7)'5(16)) _ (a16)(2)(T1(7)'S(16))| e~ (M16)*75(16) o (M16) S(16)}d5(16)
Where s(;4) represents integrand that is integrated over the interval [0, t]
From the hypotheses it follows

|(619)® = (G19) @] M0™ <

1 , - ~ -
m((am)(z) + (a16)@ + (B16)@ + (P1e) P (k1)@)d (((619)(1), (T10)®; (G19)®@, (T19)(2)))
And analogous inequalities for G; and T;. Taking into account the hypothesis the result follows

Remark 6: The fact that we supposed (a}s)® and (b;5)® depending also on t can be considered as not
conformal with the reality, however we have put this hypothesis ,in order that we can postulate
condition necessary to prove the uniqueness of the solution bounded by

(P)@eM10@t and (Q,6)@eM10®t respectively of R,.

If instead of proving the existence of the solution on R, we have to prove it only on a compact then it
suffices to consider that (a/)® and (b/")®,i = 16,17,18 depend only on T,, and respectively on
(G,9)(and not on t) and hypothesis can replaced by a usual Lipschitz condition.

Remark 7: There does not existany t where G; (t) = 0and T; (t) = 0

it results

Gl‘ (t) 2 G?e[_ f;{(a;)(z)_(ag’)@)(T17(5(16)),5(16))}(15(16)] 2 0

T; (t) > Tioe('(b{)(z)t) >0 fort>0
Definition of ((M,6)®),, (M;6)®), and ((M,6)®), :

Remark 8: if G4 is bounded, the same property have also G, and Gy . indeed if

dGq7
dt

Gy < (My6)@ it follows < ((’1\7116)(2))1 — (a},)®G,, and by integrating

Gi7 < (M1e)®), = G + 2(a1)P((M1e)®), /(a1)®

In the same way , one can obtain

Gis < (My6)®), = G + 2(a16)? ((M16)?), /(a1e)®

If G;7 or G;g is bounded, the same property follows for G;4, Gyg and Gy, G;7 respectively.

Remark 9: If G4 is bounded, from below, the same property holds for G;; and G;5. The proof is
analogous with the preceding one. An analogous property is true if G, is bounded from below.

Remark 10: If T, is bounded from below and lim,_,,, ((b;")® ((G19)(t),t)) = (b];)® then T,, — oo.
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Definition of (m)® and e, :
Indeed let t, be so thatfort >t,
(b17)@ = (BN P((G19) (), 1) < &, Ty () > (M)@

Then dz% > (a;,)@P(m)® — g, T,, which leads to

@ (m)@
T, = (w) (1 —e™%2%) + T e %2 If we take t such that e™%2t = % it results
2
(a17)P ()@ 2 . . . .
Ty, = (f), t= logs— By taking now ¢, sufficiently small one sees that T, is unbounded.
2

The same property holds for Tyg if lim; e, (b15)® ((G19) (D), t) = (big)®

We now state a more precise theorem about the behaviors at infinity of the solutions of equations

@® _®)®

(M20)® "’ (Fz0)® < 1 and to choose

It is now sufficient to take

(Pyo)® and (Q,,)® large to have

[ (P20 )(3)+G?
(a.)(3) - R | R
(leo)(3) (PZO)(s) + (( Pao )(3) + Gjo)e J < (on )(3)
[ (Q20 )(3)+T?
9 105, Y@ 410 _( 79 ) A V3 A Y3
(Mzo)(3) (( QZO ) + T] )e / + (QZO ) < ( Q20 )

In order that the operator A4 transforms the space of sextuples of functions G; , T; satisfying
Equations into itself

The operator A® is a contraction with respect to the metric

d (((623)(1)' (T23)(1)), ((st)(z)’ (T23)(2))) =

sup{max |Gl-(1)(t) - Gi(z)(t)|e'(’q2°)(3)t,max |Ti(1) t) - 1% (t)|e'("7’20)(3)t}
i teER+ teER+

Indeed if we denote

M@s: 71;3 :( (52;), @ ) = 04(3)((623): (T23))
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It results
|G~2((1)) _ G~i(2)| < fot(aZO)(g) |Gz(i) _ Gz(i) e—(ﬁzo)(”S(zo)e(1‘720)(3)5(20) dS(zo) +
[ {(@30) @6 = 62 e (M20 P50 g =(M20) V5o 4.
(@) D(T5D, 5200 G5y) — G |e™ M0 V0 (F20) Vs 4
Gz(g)|(aé'0)(3) (T2(11)'5(20)) — (a'z'o)(3) (Tz(f)'s(zo))| e—(I‘A/lzo)@)S(zo)e(l‘A’lzo)@)S(zo)}d_g(zo)
Where s,y represents integrand that is integrated over the interval [0, t]
From the hypotheses it follows
|Gz3(1) - G23(2)|9_(ﬁ2°)(3)t <
1 , -~ ~ ~
W((“zo)(s) + (a50)® + (A20)® + (Py0) kzo)(S))d (((623)(1), (Tr3); (G53)@, (T23)(2)))
And analogous inequalities for G; and T;. Taking into account the hypothesis the result follows

Remark 11: The fact that we supposed (ay,)® and (b4,)® depending also on t can be considered as
not conformal with the reality, however we have put this hypothesis ,in order that we can postulate
condition necessary to prove the uniqueness of the solution bounded by

(Pro)@e 20Dt gnd (0,0)@eM20Pt respectively of R, .

If instead of proving the existence of the solution on R,, we have to prove it only on a compact then it
suffices to consider that (a/)® and (b;)®,i = 20,21,22 depend only on T,; and respectively on
(G,3)(and not on t) and hypothesis can replaced by a usual Lipschitz condition.

Remark 12: There does not exist any t where G; (t) = 0and T; (t) =0

it results

G, (t) > Gioe[_ f(f{(alf)@)-(a{’)@)(721(5(20)),5(20))}d5(20)] >0

T, (t) > TeC®DP) > 0 fort >0

Definition of ((7‘7120)(3))1, ((T/Izo)@))z and ((7‘7120)(3))3 :

Remark 13: if G, is bounded, the same property have also G,; and G,, . indeed if

d

Gy < (My)® it follows 2:1 < ((’1\7120)(3))1 — (a%;)®G,, and by integrating
Gy < ((7\7[20)(3))2 = Gg1 + 2(a21)(3)((7\7120)(3))1/(61’21)(3)

In the same way , one can obtain

Goz < (M20)®), = 63, + 2(a2) P ((M20)®), / (a32)®
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If G,, or G,, is bounded, the same property follows for G,,, G,, and G,,, G, respectively.

Remark 14: If G,, is bounded, from below, the same property holds for G,;, and G,, . The proofis
analogous with the preceding one. An analogous property is true if G,; is bounded from below.

Remark 15: If T,, is bounded from below and lim,_,,((b;")® ((G23)(),t)) = (b3,)® then T,; — oo.
Definition of (m)® and &, :

Indeed let t; be so that fort > t;
(b21)® — (BN ((G23)(0), t) < £3,Too (2) > (M)

Then % > (ay,)®(mM)® — £;T,, which leads to

(O E)]
Ty, = (w) (1 — e7#3%) + T e3¢t If we take t such that e %3t = % it results
3
(a,0)®m)® 2 . —_ .
T,y = (f), t= logg— By taking now &3 sufficiently small one sees that T,; is unbounded.
3

The same property holds for T, if lim,_ e (b52)® ((G23)(0), t) = (b3,)©®
We now state a more precise theorem about the behaviors at infinity of the solutions of equations

@® o)™

(Mpa)® ’ (f1g)® < 1 and to choose

It is now sufficient to take

(P, )™ and (Q,, )™ large to have

[ ((ﬁm(“)w?)
@ | - 2 .
(a0 (P)® + (( Py )™ + Gjo)e € < (Pyy)®

(Mz4)®

[ _( (Q24 )(4)+T?>
(( @24)(4) +Tjo)e R + (Oz4 )(4) < (024 )(4)

(Ch
(M24)®

In order that the operator A® transforms the space of sextuples of functions G;,T; satisfying

Equations into itself

The operator A ™ is a contraction with respect to the metric

d (((627)(1): (T27)(1)), ((G27)(2), (T27)(2))) =

sup{max |G-(1)(t) - G.(z)(t)|e‘("7’24)(4)t,max |T-(1) ) —T? (t)|e_("724)(4)t}
i teR4 t t teR4+ t t

Indeed if we denote

M@' (777) : ( @); @ ) = cﬂ(4)((Gz7)' (T27))
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It results
62— G2 < [f(a)® 6L - 62 e~ (M20) V5200 (M) Vs20) g5, 4
fot{(a'24)(4)|62(i) _ Gz(i)|e—(1\724)(4)5(24)e—(1‘724)(4)5(24) +
(@)D (133, 524))|Gss’ — Ga |e_(ﬂ24)(4)5(24)e(ﬂ24)(4)s(24) +
GZ(Z)|(a'2’4)(4)(T2(51),5(24)) - (a§'4)(4)(T2(52),s(24))| e_(ﬁ24)(4)5(24)e(ﬁ“)ms(“)}ds(m)
Where s(,4) represents integrand that is integrated over the interval [0, t]

From the hypotheses on Equations it follows

(G, ® — (627)(z)|e-(ﬁ24)<‘*)t < 226
G (@)@ + @)@ + (2@ + (P)® (la)®)d (6@, (1) 5 (6, (1))

And analogous inequalities for G; and T;. Taking into account the hypothesis the result follows

Remark 16: The fact that we supposed (ay,)® and (b4,)® depending also on t can be considered as 227
not conformal with the reality, however we have put this hypothesis ,in order that we can postulate
condition necessary to prove the uniqueness of the solution bounded by

(Po)@Pe™20®t gnd (0,,)® et respectively of R, .

If instead of proving the existence of the solution on R,, we have to prove it only on a compact then it
suffices to consider that (a/)® and (b)), i = 24,25,26 depend only on T,s and respectively on
(G,7)(and not on t) and hypothesis can replaced by a usual Lipschitz condition.

Remark 17: There does not exist any t where G; (t) = 0and T; (t) = 0 228

it results

G, (t) = Gioe[_ Jo{@D® =@ @ (T25(s20))5(2))}ds 2 >0

T, () > TPe(-0DY) > 0 fort>0

Definition of ((M,4)®),, ((Mo)®), and ((M4)™), : 229

Remark 18: if G,, is bounded, the same property have also G,5 and G,¢ . indeed if

d

Gyy < (My)™@ it follows 2:5 < ((’1\7124)(4))1 — (a%5)®G,s5 and by integrating
Gys < ((7\7[24)(4))2 = G3s + 2(azs)(4)((7\7124)(4))1/(61’25)(4)

In the same way , one can obtain

Gy < ((7\7124)(4))3 = Ggs + 2(aza)(4)((T/I24)(4))2/(a’26)(4)
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If G,5 or G,¢ is bounded, the same property follows for G,,, G, and G,4, G,5 respectively.

Remark 19: If G,, is bounded, from below, the same property holds for G,5 and G,;. The proof is
analogous with the preceding one. An analogous property is true if G,5 is bounded from below.

Remark 20: If T,, is bounded from below and lim,_,., ((b;")® ((G3,)(t),t)) = (bys)® then T,5 — oo.
Definition of (m)™® and ¢, :
Indeed let t, be so thatfort >t,

(bzs)(4) - (b{')(4)((627)(t),t) < &4, Tos (8) > (m)(4)

Then a

Zzts > (ays)® (mM)® — g,T,5 which leads to

@@
Tys = (M) (1 — e7#st) + T e %+t If we take t such that et = % it results
4
(az25) Mm@ 2 . . _
T,s = (f), t= logs— By taking now ¢, sufficiently small one sees that T, is unbounded.
4

The same property holds for Ty if lim,_ e (b55) ™ ((G27) (D), t) = (be) @

We now state a more precise theorem about the behaviors at infinity of the solutions of equations 37
to 42

Analogous inequalities hold also for G.,q, G3g, T2g, T2, T3

@® _®)®

(M2)® ’ (Hy5)® < 1 and to choose

It is now sufficient to take

(Pg)® and (Q,5 )™ large to have

[ ((ﬁzsﬂ”w?)
o | _ (= _
(a0 (Pe)® + (( Py )® + Gjo)e € < (Py)®

(Mg)®

[ _( (Q2s )(5)+T?>
((Q28)® +TP)e T4 (026)® < (026)®

)
(M2g)®)

In order that the operator A® transforms the space of sextuples of functions G;,T; satisfying
Equations into itself

The operator A is a contraction with respect to the metric
d (((6:)D, (T3)D), ((6:)P, (T3)P)) =

sup{max |Gi(1)(t) - Gi(z)(t)|e‘("7’28)(5)t,max |Ti(1) ) — Tl.(z) (t)|e_("728)(5)t}
i teER4 teER4

Indeed if we denote
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Definition of (G3,), (T5,) : ( (Gs1), (Ts1) ) = A®((Gsy), (T31))

It results

1653 = 62| < [y (@)@ |653) — 63| e™ M) Vsteore (Faa)Vsaw sy +

S 650 — 6 om0 =T s

I S

Gz(zzs) | (ags)(s) (Tz(gl)' 5(28)) - (alzls)(s) (Tz(g)' 5(28))| e_(AA/IZS)(S)S(Zs)e(HZS)(S)S(Zs)}ds(zs)

Where s(,g) represents integrand that is integrated over the interval [0, t]

From the hypotheses on it follows

|(G31)(1) - (031)(2)|3_(ﬁ28)(5)t < 237
G5 (@)@ + (@) + (A20)@ + (Peo)® (ko)) (G5 @, (Ts) @5 (630, (13)?))
And analogous inequalities for G; and T;. Taking into account the hypothesis the result follows

Remark 21: The fact that we supposed (ay3)® and (by5)® depending also on t can be considered as 238
not conformal with the reality, however we have put this hypothesis ,in order that we can postulate
condition necessary to prove the uniqueness of the solution bounded by

(Pae)®e M2t and (0,4)® e (M2t respectively of R, .

If instead of proving the existence of the solution on R,, we have to prove it only on a compact then it
suffices to consider that (a/)® and (b;)®,i = 28,29,30 depend only on T,, and respectively on
(G31)(and not on t) and hypothesis can replaced by a usual Lipschitz condition.

Remark 22: There does not exist any t where G; (t) = 0and T; (t) =0 239

it results
G (t) = Gioe[_ fot{(az{)(s)‘(afl)(s)(T29(5(28))'5(28))}‘15(28)] >0
T, () > Te(-0D®) > 0 fort>0
Definition of ((M,5)®) , ((Ma5)®), and ((Mz)®), : 240

Remark 23: if G, is bounded, the same property have also G,q and G, . indeed if

d

Gy < (Mye)® it follows 2:9 < ((’1\7128)(5))1 — (a%9)® G,y and by integrating

Gyg < ((ﬁzg)(s))z = Ggg + Z(azg)(s)((’]\7128)(5))1/(@9)(5)

In the same way , one can obtain
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G3p < ((7\7128)(5))3 = Ggo + 2(a30)(5)((7\7128)(5))2/(0',30)(5)
If G, or G3, is bounded, the same property follows for G,g5, G50 and G,g, G,4 respectively.

Remark 24: If G,5 is bounded, from below, the same property holds for G, and G3,. The proof is
analogous with the preceding one. An analogous property is true if G,4 is bounded from below.

Remark 25: If T, is bounded from below and lim,_, ((b;")® ((G31)(t),t)) = (bsg)® then T,q — oo.
Definition of (m)® and & :
Indeed let ts be so that fort > tg

(b29)(5) - (bi”)(s)((Gm)(t)'t) < g5, Tog () > (m)(s)

dr,

=2 (a,9)® (M) — g5T,o which leads to

Then

6)(m)®
Tyo = (w) (1 —e™®%) + The*st If we take t such thate 55 = % it results
5

(8) (m)(®)
T = (M), t= logsi By taking now &5 sufficiently small one sees that T, is unbounded.
5
The same property holds for Ty if lim, e (b55)® ((G31) (1), t) = (b3)®
We now state a more precise theorem about the behaviors at infinity of the solutions of equations
Analogous inequalities hold also for Gss, Gy, T35, T33, T34

@® _®

10 )® " (1)@ < 1 and to choose

It is now sufficient to take

(P;,)® and (Q3, )® large to have

[ <(T’32)(6>+G§?>
@) © |~ R = .
- (P3)®@ + ((P5)® + Gjo)e € < (P5;)®

(M32)(®

[ _( (Q32 )(6)+T?>
((0:)® + Tjo)e g +(032)@] < (Q32)®

ChNS
(M32)(®

In order that the operator A® transforms the space of sextuples of functions G;,T; satisfying
Equations into itself

The operator A(® is a contraction with respect to the metric
d (((GSS)(l)' (T35)(1))1 ((G35)(2)1 (T35)(2))) =

sup{max |Gi(1)(t) - Gi(z)(t)|e‘("7’32)(6)t,max |Ti(1) ) — Tl.(z) (t)|e_("732)(6)t}
i teR4 teR4+
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Indeed if we denote
Definition of (Gss), (T35) : ( (G35), (T35) ) = CA(G)((G%)‘ (Tss))
It results
|65 - 67| < fot(asz)(G) 655 = 653 e~ (M:2) V5320 (M32) Vs(32) ds(sz) +
[y (@) @63 — 652 |e~ M2 Vs~ Vs 4
(@) (T35, 532|653 — 653 |e™Fs2) V2 (P2 V) 4
2 " 1 " 2 —(M (6) M (6)
G§2)|(a32)(6)(T3(3),5(32)) _ (a32)(6)(T3(3),s(32))| e~ (M32)*"5(32) o (M32) 5(32)}d5(32)
Where s(3) represents integrand that is integrated over the interval [0, t]

From the hypotheses it follows

|(G35)® — (G35)@|e=Ma2t < 248
m:w((%z)(@ + (a5)©@ + (A3)©@ + (P3)© (k3,)@)d (((635)(1); (T35)™; (G35)?, (T35)(2)))

And analogous inequalities for G; and T;. Taking into account the hypothesis the result follows

Remark 26: The fact that we supposed (a4,)® and (b%,)©® depending also on t can be considered as 249
not conformal with the reality, however we have put this hypothesis ,in order that we can postulate
condition necessary to prove the uniqueness of the solution bounded by

(P13)©e M3t and (0s4,)© e M2t respectively of R, .

If instead of proving the existence of the solution on R,, we have to prove it only on a compact then it
suffices to consider that (a/)® and (b/)®,i = 32,33,34 depend only on Ty; and respectively on
(G3s5)(and not on t) and hypothesis can replaced by a usual Lipschitz condition.

Remark 27: There does not exist any t where G; (t) = 0and T; (t) =0 250

it results
G, (t) > GiOe[—f(f{(ag)(e)—(agl)(s)(T33(5(32))'5(32))}‘15(32)] >0
T; (t) = Tioe('(b{)(ﬁ)t) >0 fort>0
Definition of ((Ms,)®),, ((M3,)®), and ((M3)®), : 251
Remark 28: if G5, is bounded, the same property have also Gs3 and G, . indeed if
G3, < (M3,)® it follows % < ((M3)), — (a33)® G35 and by integrating

G333 < ((7\7132)(6))2 = 033 + 2(a33)(6)((T/I32)(6))1/(a’33)(6)
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In the same way , one can obtain
G3a = ((7\7132)(6))3 = G394 + 2(“34)(6)((T432)(6))2/(a§4)(6)
If G35 or G5, is bounded, the same property follows for G;,, Gs, and Gs,, G35 respectively.

Remark 29: If G, is bounded, from below, the same property holds for G;; and G;,. The proof is
analogous with the preceding one. An analogous property is true if G35 is bounded from below.

Remark 30: If T;, is bounded from below and lim,_,., ((b;")® ((G35)(t),t)) = (b33)® then Ty; — oo.
Definition of (m)® and & :

Indeed let t; be so that fort > t,

(b33)® — (b{’)(6)((635)(t):t) < &6, Ts2 (£) > (M)©®

Then d;% > (a33) @ (mM)® — g,T;; which leads to

(6) () (6)
T3 = (M) (1 — e7%6t) + T, e %6t If we take t such that e %¢! = i it results
6
(a33)® (m)© 2 . .. .
T33 = (f), t= logs— By taking now ¢, sufficiently small one sees that T;5 is unbounded.
6

The same property holds for Ty, if lim, e (b53)® ((G35)(£), t(t),t) = (b54)©
We now state a more precise theorem about the behaviors at infinity of the solutions of equations

Analogous inequalities hold also for G5, Gsg, T56, T37, T3g

; - (@)? N
It is now sufficient to take — ,—————— < 1 and to choose
(M36)7) * (M36)7)

(P36)™ and ( Q36 ) large to have

[ (P36)(M+6}
@® | - _ ~(—— _
u (Pse)? + ((Pse)? + Gjo)e € < (P3)?

(M36)™

[ _( (st)(7>+T?>
((Q36)7 + Tjo)e g +(036)7] < (Q36)7

ChNG
(M36)7)

In order that the operator A transforms the space of sextuples of functions G;,T; satisfying
Equations into itself
The operator A7) is a contraction with respect to the metric

d(((639)®, (T39)®), ((G59)®, (T3)®)) =
(36 ~(M36)7
sup{max [G7() = G2 (D]e™ o™, max |[TV(0) = TP (0)]e™ ey
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Indeed if we denote

M@:ﬂ' @ : ( @. @ ) = dqm((ng), (T39))
It results

1652 = 62| < Jy(@se) V|61 = 67 [e™ (M0 50 (Mo 5000 dis 5 +
L6506 om0 =0 s

(@D, 565068 = G2 e P 0P V50 ¢

652 1(@5) V(T 566) = @) V(TS 5369)| € Ma0 500 (a0 sy
Where s(3¢) represents integrand that is integrated over the interval [0, t]

From the hypotheses on it follows

|(G39)® — (639)(z)|e-m36)<”r < 259

1 , ~ ~ ~
55 (@7 + (@507 + (A5 + (Ps0)? (kse)?)d (((G30)®, (T39)V; (G30)@, (T5)@))
And analogous inequalities for G; and T;. Taking into account the hypothesis the result follows
Remark 31: The fact that we supposed (as)™ and (b4s)™ depending also on t can be considered as 260

not conformal with the reality, however we have put this hypothesis ,in order that we can postulate
condition necessary to prove the uniqueness of the solution bounded by

(Pa) Vet and (Dae) Ve M0t respectively of R,.

If instead of proving the existence of the solution on R, we have to prove it only on a compact then it
suffices to consider that (a))™ and (b/)”,i = 36,37,38 depend only on T;, and respectively on
(G39)(and not on t) and hypothesis can replaced by a usual Lipschitz condition.

Remark 32: There does not exist any t where G; (t) = 0and T; (t) =0 261

it results
G, (t) > Gioe[_f(f{(ag)(ﬂ_(ag’)(ﬂ(T37(5(36))'5(36))}d5(36)] >0
T, (0) = TPe®D?) > 0 fort> 0
Definition of ((/1l7136)(7))1, ((7\7136)(7))2 and ((7\7136)(7))3 : 262

Remark 33: if G5 is bounded, the same property have also G;; and Gg . indeed if

dGsy
dt

Gzs < (M36)? it follows < ((M36)), — (a37)”G3, and by integrating
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G37 < ((7\7136)(7))2 = 637 + 2(a37)(7)((7\7136)(7))1/(0',37)(7)

In the same way , one can obtain

Gig < ((7\7136)(7))3 = Ggs + 2(“38)(7)((T436)(7))2/(a§8)(7)

If G5, or Gsg is bounded, the same property follows for G35, G3g and Gs¢, G, respectively.

Remark 34: If G34 is bounded, from below, the same property holds for G;; and G;g. The proof is
analogous with the preceding one. An analogous property is true if G5, is bounded from below.

Remark 35: If Ty is bounded from below and lim,_ ((b;")7 ((G39)(t),t)) = (bs,)” then Ty, — co.
Definition of (m)™ and &, :
Indeed let t; be so thatfort > t,

(b37)? = (B} ((G39) (£), ) < &7, T34 (t) > (M)

dTsy

> (as,)?(m)? — &,T,, which leads to

Then

D)
Ty, = (w) (1—e ") + T e ¥7" If we take t such thate 7t = % it results
7
D)
Ty, = ((a37) z(m) )

The same property holds for Tyg if lim, o (b55)” ((G30)(£), ) = (b3g)?
We now state a more precise theorem about the behaviors at infinity of the solutions of equations

, t=log ; By taking now &, sufficiently small one sees that T, is unbounded.
7

: . @®  ®
It is now sufficient to take — ,—=——< 1 and to choose
(M40)®) 7’ (My)®

(P, )® and ( Qg )® large to have

[ (( f’4o)<8)+6?>
@)® | ~ ~ o — ~
- (Pyo)® + ((Pyp)® + G;p)e ‘I < (Py)®

(M40)(®

[ _( (640)(8)+T?>
((Q40)® + Tjo)e g +(040)®| < (Qao)®

®)®
(M40)®

In order that the operator A® transforms the space of sextuples of functions G;,T; satisfying
Equations into itself
The operator A® is a contraction with respect to the metric
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d (((6)®, Tu)®), ((613) @, (Ti3) @) =
sup{max |Gl-(1)(t) - Gi(z)(t)|e‘("7’4°)(8)t,max |Ti(1)(t) - Ti(z)(t)|e‘(ﬁ4°)(8)t}
i tER4 tER4

Indeed if we denote
M@' @ : ( @Ts), (77,3) ) = Cﬂ(s)((@ts)‘ (T43))

It results

~ ~ (. ®) W, ) (8)
G35 = G2 < [1(au) @ |G} — G |e™Ma0) 50 (Mao) Pstao) dis ) +
[y (@) @63 = G5 e a0V stam g =(FanPsaor
(@) (T, 540))|GS — GS)|e'm4°)(g)s<4°>em‘w)(s)s(‘w) +

2 " 1 " 2 —(Man)® )8
G§0)|(a4o)(8) (TA,(1)'S(4O)) _ (a40)(8) (T4(1),S(40))| e (M40) 5(40)e(M40) 5(40)}ds(40)
Where s(40) represents integrand that is integrated over the interval [0, t]

From the hypotheses it follows

|(6:3) = (Ga)@[e~(Pa0) ™ <
1 , ~ ~ -
o (@)@ + (@)@ + (A)® + (Pa) @ (Ra0) @) (G2, (Ta) s (61)P, (T1)P))

And analogous inequalities for G; and T;. Taking into account the hypothesis the result follows
Remark 36: The fact that we supposed (ay,)® and (b},)® depending also on t can be considered as

not conformal with the reality, however we have put this hypothesis ,in order that we can postulate
condition necessary to prove the uniqueness of the solution bounded by

(Puo)@e M@ and (0,0)®e ™00t respectively of R, .

If instead of proving the existence of the solution on R, we have to prove it only on a compact then it
suffices to consider that (a/)® and (b/)®,i = 40,41,42 depend only on T,; and respectively on
(G43)(and not on t) and hypothesis can replaced by a usual Lipschitz condition.

Remark 37 There does not exist any t where G; (t) =0and T; (t) =0

it results

G, (t) = GL-Oe[_ fgt{(a;)(g)—(afl)(s)(T41(5(40))'5(40))}‘15(40)] >0

T, (t) = TeC®D®) > 0 fort >0

Definition of ((/1l7140)(8))1, ((/M4o)(8))2 and ((/M4-0)(8))3 :
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Remark 38: if G,, is bounded, the same property have also G4, and G,, . indeed if

d

Gao < (Myo)® it follows G;“ < ((’1\7140)(8))1 — (a4,)®G,, and by integrating

d
Gar < (M10)®), = Gy + 2(as) @ ((Ms0)®), /(a)®

In the same way , one can obtain

Gaz < (M10)®), = G2, + 2(a42) @ (M10)®), / (ai2)®

If G4, or G,, is bounded, the same property follows for G,,, G4, and G4, G4, respectively.

Remark 39: If G,, is bounded, from below, the same property holds for G,; and G,, . The proof is
analogous with the preceding one. An analogous property is true if G, is bounded from below.

Remark 40: If T, is bounded from below and lim,_,., ((b;")® ((G43)(t),t)) = (b};)® then T,; — oo.
Definition of (m)® and &g :

Indeed let tg be so that fort > tg

(ba1)® = (bY@ ((Gaz) (1), t) < £5,Tao () > (M)®

Then d;% > (a41)® (m)® — g,T,, which leads to

(as)®m)®

- ) (1 —e~%8") + T2 e %" If we take t such that e8¢ = % it results
8

T = (

(a2)®(m)®
Ta >( = 2 )

The same property holds for Ty, if lim,_, (b32)® ((G43) (), t(£), t) = (bs)®

, t= logf By taking now &g sufficiently small one sees that T,; is unbounded.
8

: .- (a)® )@ 5 09 NG
It is now sufficient to take — ,— < 1 and to choose ( Py, )"’ and ( Q44 )** large to have
(M4g)® 7 (Myy )

- <(f’44 )(9)+G?>
NON BN - - 9 )
(a;) (P4_4_)(9) + (( P44 )(9) + Gjo)e G} < (P44 )(9)

(M44)®

i _( (7244)(9)+T?>
(( 044)® +T]-°)e g +(040)P[ £ (040)®

(GO
(M34)®

In order that the operator A transforms the space of sextuples of functions G; , T; satisfying 39,35,36
into itself
The operator A is a contraction with respect to the metric
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d (GNP, TND), (647 @, (1) D)) =

sup{max |6V (t) - Gi(z)(t)|e‘(ﬁ44)(9)t,max T (@) - 1,? (t)|e_("744)(9)t}
i teR4 teR4

Indeed if we denote

Definition of (G,7), (T,7) : ( (G47), (T47) ) = AP ((Gar), (Tur))
It results

~ ~ — (.9 a9
|Gi£1}) _ Gi(2)| < J‘Ot(a44)(9) |G‘£;) _ G‘g)|€ (M) 5(44) o (Maa) s (4a) dS(44) +
1@ @|6P — 62|~ Fasan o= (Mat) sas)
@D (TL, 540)) | 6L — 62 |e™ s stam e Mas)Vsan) 4
2 " 1 " 2 —(Ma)(D 7, .19
G‘E4)|(a44)(9)(7}(5), 5(44)) — (a})® (T4(5)»5(44))| e~ (M44)""S(44) o (M4a) Se0}ds (44)

Where s(44) represents integrand that is integrated over the interval [0, t]

From the hypotheses on 45,46,47,28 and 29 it follows

|(Gi))® — GP|e~ M)t <
1 , ~ ~ ~
W((a44)(9) + (a20) + (A4)® + (Pa)@ (kaa)@)d (((647)(1), (Ta)®; (Gar)®, (T47)(2)))

And analogous inequalities for G; and T;. Taking into account the hypothesis (39,35,36) the result
follows

Remark 41: The fact that we supposed (aj,)® and (b},)® depending also on t can be considered as

not conformal with the reality, however we have put this hypothesis ,in order that we can postulate
condition necessary to prove the uniqueness of the solution bounded by

(Po) @ et gng (0,,)@e™s¢ respectively of R,.
If instead of proving the existence of the solution on R, we have to prove it only on a compact then it

suffices to consider that (a/)® and (b/),i = 44,45,46 depend only on T,s and respectively on
(G47)(and not on t) and hypothesis can replaced by a usual Lipschitz condition.

Remark 42: There does not exist any t where G; (t) = 0and T; (t) =0

From 99 to 44 it results
GL' (t) > GiOe[— f(f{(ag)(g)_(az{’)(g)(T45(5(44))'5(44))}‘15(44)] >0
T, (0) > TPe-®D™) > 0 fort> 0
Definition of ((M44)®),, (Ms0)®), and ((M44)®), :
Remark 43: if G,, is bounded, the same property have also G,5 and G, . indeed if

Gay < (M) it follows % < ((’1\7144)(9))1 — (a45)®@G,5 and by integrating
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Gys < ((7\7144)(9))2 = Ggs + 2(“45)(9)((’MM)(Q))I/(af}s)(g)

In the same way, one can obtain

Gae < ((/M44)(9))3 = Gy + 2(a46)(9)((,M44)(9))2/(a:}6)(9)

If G45 or G,¢ is bounded, the same property follows for Gy, , G4 and G, , G45 respectively.

Remark 44: If G,, is bounded, from below, the same property holds for G,5 and G,,. The proof is
analogous with the preceding one. An analogous property is true if G5 is bounded from below.

Remark 45: If T,, is bounded from below and lim;_, o, ((b;")® ((G47)(£),t)) = (b45) then T5 — oo.
Definition of (m)® and ¢, :
Indeed let ty be so that fort > ¢,

(b45)(9) - (bi”)(g)((GM)(t), t) < &g, Tyy () > (m)®

Then d;‘f > (a,45)@(M)@ — g,T,s which leads to
@@
Tys = (M) (1 —e™®*%) + Tre %" If we take t such thate™®¢ = % it results
9
(a45) @) 2 . . .
Tys = (f), t =log = By taking now &, sufficiently small one sees that T, is unbounded.
9

The same property holds for Ty if lim;_,, (bys)® ((G47) (), t) = (bie)™
We now state a more precise theorem about the behaviors at infinity of the solutions of equations 37
to 92

Behavior of the solutions of equation 280

Theorem If we denote and define
Definition of (a,)®, (6,)@, (t1)®, (1,) P :

(0D, (0,)D, (1))P, (1,)® four constants satisfying
_(02)(1) < —(a13)(1) + (a14)(1) - (a1'3)(1) (Tia, 0) + (aﬂ)(l)(leh t) < _(01)(1)

— ()™ < =(bi3)® + (b1)® = (i) PG, 1) — (b)) P (G, 1) < —(1)@
Definition of (v;)®, (v,)@, (u))@, (uy)) V), v®, 4™ : 281

By (v;)® >0, (v,)® < 0and respectively (1) > 0, (u,)® < 0 the roots of the equations
(@) PEO) + @)DV — (@) = 0and Br)Pu®)" + @E)Pu® — (B = 0
Definition of (v,)®,, (7,)®, (7i;)®, (,)® : 282

By (v;)® > 0, (¥,)™ < 0 and respectively (ii;)® > 0, (i1,)® < 0 the roots of the equations
@) PP + (0)PvD = (a;5)D = 0 and (1) (UD)” + (1) Pu® — (b11)® =0

Definition of (my)®, ()™, ()@, (ux)®, (ve)™® - 283
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If we define (m)®, (m)®, (u)@, (u)® by
(mz)(l) = (Vo)(l)' (ml)(l) = (V1)(1)' if (Vo)(l) < (Vl)(l)

(Mm@ = (D, (D = TND,if v)D® < (ve)® < (7)D,

GO
and |(vy)® = o
14

(mz)(l) = (V1)(1)' (m1)(1) = (Vo)(l)' if (171)(1) < (Vo)(l)
and analogously 284
(#2)(1) = (uo)(l)' (ﬂ1)(1) = (u1)(1)’ if (uo)(l) < (u1)(1)

)® = ), (u)® = @)P,if W)@ < (ue)® < (@)™,

and |(uy)® = T13

(1)@ = @)@, @)® = W)W, if @)™ < (up)™ where (u)®, (@)™

are defined

Then the solution of global equations satisfies the inequalities 285
GV =@M < G,y (1) < GRe™t

where (p;)® is defined by equation

(_ €Y )
ngge((sﬂ —-(p13)V)t < Gp(t) < (1) 013 et
(a15)PG? @_ ) (5, D —(s, @D 286
((ml)(l)((51)(1)5—(11131)3(1)—(52)(1)) [e((51) i e ¢® t] + Gfse G < Gis(D) =
(a )(1)60 (1) _(al N1 —(a" D
Ty e N ¢ e
T%e®Mt < T 4 (¢) < TS e(RDV+riM)e | 287
e(RDWt 0 o((R)M+(riz) D)t 288
i )(1) TieFVE < Tis(t) < (1) Tizett™ 3
B15) DT ® —(p' @ (b D 289
(#1)(1)((;i)(1) 1(215)(1)) eFt — e=(h1s) t] + Tlose (b1s)t =< Tls(t) =<
(a15) V1L €h) €h) —(RYD —(R,)®
(#2)(1)((R1)(11)5+(T13;?1)+(Rz)(1)) [e((Rl) HO) - gm0 t] + Tise
Definition of (S;)™, ($,)@, (R,)®, (R,)V:- 290

Where (51)(1) = (‘113)(1) (mz)(l) - (a{3)(1)



International Journal of Scientific and Research Publications, Volume 3, Issue 9, September 2013
ISSN 2250-3153

(S = (a15)™ = (p15)™W
(R)W = (b13) W ()™ — (bi5)™
(R)W = (bi5)™W — (115)™

Behavior of the solutions of equation

Theorem 2: If we denote and define
Definition of (6,)®, (0,)?, (1)@, (t,)?:

(0)@,(6,)?,(1)P, (t,)@ four constants satisfying
—(0)® < —(a16)® + (@17)® = (a1) P (Ty7, t) + (@17) P (T, t) < —(0)®

—(1)® < =(b1)@ + (b1NP = (1) P ((G19),£) = (NP ((619), ) < —(1)®
Definition of (v;)®, (v,)®, (uy)®, (u,)® :
By (v))® >0, (v,)® < 0and respectively (u;)® > 0, (u,)® < 0 the roots
of the equations (6117)(2)(1/(2))2 + (0)Pv@ — (a,)P =0
and (b)) @ (u®)” + (1,)@u® — (b;)@ = 0and
Definition of (v,)®,, (,)®, (1)@, (1i,)@ :
By (V)@ > 0, (¥,)® < 0and respectively (ii;)® > 0, (7i,)® < 0 the
roots of the equations (a;,)® (v(z))z +(0)Pv® — (,)P =0
and (b;,)@(u®)* + (1)@u@ — (b;)@ = 0
Definition of (m;)®, (m,)®, (u)@, (1)@ -
If we define (m;)® , (m,)@®, (1)@, (u)® by
(m)® = (v)®, ()@ = ()P, if (v))@ < (v)@

(m)® = (1)@, ()@ = )P, if )@ < (W)® < TH®,

0
and |(vy)® = %
1

(mz)(z) = (Vl)(Z)l(ml)(Z) = (Vo)(z): if (171)(2) < (Vo)(z)
and analogously
(#2)(2) = (uo)(z)’ (.“1)(2) = (ul)(Z)' if (uo)(z) < (ul)(Z)

(#2)(2) = (u1)(2)' (”1)(2) = (1_11)(2) Jif (u1)(2) < (uo)(z) < (1_11)(2),
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and | (u)® = %
17

(#2)(2) = (u1)(2)' (ﬂ1)(2) = (uo)(z)’ if (171)(2) < (uo)(z)

Then the solution of global equations satisfies the inequalities
G eGP =010t < G (1) < GO eVt

(p)® is defined by equation

G e(GP-w10®)t < (1) <5 G et

(m )(2) (2)

2)go
( (a18)*"'G1e e((Sl)(Z)—(Plé)(Z))t — e_(SZ)(Z)t] + G?Be‘(SZ)(Z)t < Gg(t) <

M)A ()P =(p16)P-(52)@)

(a18)(2)G26 [e
M2)@D ()P -(ax)@)

Pt _ g-(a1)Pt] 4 GO e~(a10)?t)

T106e(R1)(2)t < Tye(t) < T106e((R1)(2)+(T16)(2))t ‘

(11 )(2) The®0 @t < Ty (6) = (z)T0 e(RDP+(r16) @)t

(b18) DT @ —(p!' @ EPVING)
DD (R D (1)) [0 — eI | 4 e Cin e < Ty (1) <

(a18) @196 (RYP4(re) @)t _ —(Rz)(z)t] 0 o—(Rp)@t
12D (R D +r10) D+ R D) | ¢ *Tge

Definition of (5;)®, (S;)®, (R))®, (Rp)®:-
Where (51)(2) = (ais)(z)(mz)(z) - (a16)(2)
(Sz)(z) = (a18)(2) - (pm)(z)
(R1)(2) = (b16)(2)(#2)(1) - (bia)(z)
(Rz)(z) = (bis)(z) - (7”18)(2)
Behavior of the solutions
Theorem 3: If we denote and define
Definition of (6,)®, (5,)®, (1))@, (1)@ :

(@), (6,)®, (1)@, (1,)® four constants satisfying

_(02)(3) < _(alzo)@) + (aél)(s) - (aélo)(s)(Tu ,t) + (a’2’1)(3)(T21 ) < _(01)(3)

~(@)® < =) + B30P = B30 (625, 6) = B3 ((G29),8) < (@)
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Definition of (v;)®, (v,)®, (u))®, (u,)® : 320

By (v))® >0, (v,)® < 0and respectively (u;)® > 0, (u,)® < 0 the roots of the equations
(@)@P) + @)V — (0@ = 0
and (b,))®(u®)” + (1,)®u® — (b,0)® = 0 and

By #)® >0, (#,)® < 0and respectively (&;)® > 0, (i1,)® < 0 the
roots of the equations (a21)(3)(v(3))2 + (0,)Pv® = (ay)® =0
and (b21)(3)(u(3))2 n (TZ)(3)U(3) _ (bZO)(3) -0
Definition of (m,)®, (my)®, ()@, (1)@ :- 321

If we define (m;)®, (m,)®, (u))®, (w)® by
(mz)(3) = (Vo)(S)' (m1)(3) = (V1)(3): if (Vo)(s) < (V1)(3)

(mz)(s) = (Vl)(3)' (ml)(S) = (171)(3) Jif (V1)(3) < (Vo)(S) < (171)(3):

0
and |(v))® = %
21

(mz)(3) = (Vl)(S)' (ml)(S) = (Vo)(3)r if (‘71)(3) < (Vo)(S)
and analogously 322

(12)® = we)®, (u)® = W)@, if we)® < wW)®

_ , _ TS
)@ = @)@, ()@ = @@ if @)@ < @)@ < @)®,  and|(ue)® =72

(1)@ = W)®, )@ = we)®, if (@) < (up)®

Then the solution of global equations satisfies the inequalities
G0e (V=20 < G (1) < Gen

(p)® is defined by equation

1 3)_ 3) 1 (€]
WGgoe((sl) ®20)t < G,,(t) < ngoe(sl) t 323
(a22) P63 G)_(p, )3 NG —(5)® 324
((ml)(3)((51)(5)2_@2;)0(3)_(52) ) [e((sl) @20t _ o= (52) t] +6e~ Pt < G (1) <
(a22)®)69,

53 —(a’ )3 0 —(ah )3
(m2)®((s1)®=(a3,)) [ = e 4 GRpe (2T

TZOOe(Rl)(3)t < Tyo(t) < Tzooe((Rl)G)*'(Tzo)G))t 1o




International Journal of Scientific and Research Publications, Volume 3, Issue 9, September 2013 65
ISSN 2250-3153

1 3) 1 (3) 3)
WTZOOE(RQ t< Tzo(t) < @ Tzooe((Rl) +(r20) )t 326
(b22)®)TS TNOR —(bl @)t 0 —(bl B¢ 327
(#1)(3)((R1)(3)—2((;7£2)(3)) [6( VT et ] + Tpe” P < Ty (6) <

(a22) 1, [ ((R)P+(120)®)t _ —(Rz)(?’)t] 0 —R)Pt
EDO R+ 20 P+ ) (€ ¢ +Toze

Definition of (5;)®, (5,)®, (R1)®, (R,)®:- 328
Where (5)® = (a20)® (m,)® — (a30)®
($2)® = (a22)® — (02)®
(R)® = (b20)® (U2)® — (b30)®
(R)® = (b3)® = (12)®

Behavior of the solutions of equation

Theorem: If we denote and define

Definition of (0,)®, (6,)@, (1))@, (1)@ :

(@)@, (06,)W, (1))@, (1,)® four constants satisfying

—(0)® < —(a3)™ + (a35)® = (@) P (s, t) + (a3s) P (T, 8) < —(0)@

— (@)™ < =(b3)® + (b35)® = (3) W ((G27), t) = (b3s) P ((G7), t) < = (7)™

Definition of (v;)®, (v)®, (uy)™®, (uy)®, v®,u® 329

By (v))® >0, (v,)® < 0and respectively (u;)® > 0, (u,)® < 0 the roots of the equations
(@) @(®)” + (@) v — (@)@ =0
and (b,s)®(u®)’ + (1) Pu® — (b,)® = 0 and
Definition of (v,)®,, (7,)®, (1;)®, ()™ : 330

By (7))@ > 0, (¥,)® < 0 and respectively (i1;)® > 0, (71,)® < 0 the
roots of the equations (a,s)® (v(4))2 + (0)Pv® — (g, )@ =0
and (bzs)(4)(u(4))2 + (1) Du® — (b, )@ =0
Definition of (m,)®, (m)®, (1)@, (u2)®, ()™ :-

If we define (m; )™, (m,)®, ()@, ()@ by
(mz)(4) = (Vo)(4): (ml)(4) = (V1)(4)' if (Vo)(4) < (V1)(4)

(my)® = (v)®, (M@ = TND,if W)™ < V)@ < (1),

0
and |(vy)W = %
25
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(mz)(4) = (V4)(4)' (ml)(4) = (Vo)(4)' if (174)(4) < (Vo)(4)
and analogously
)@ = W)™, (u)™ = (W)@, if (w)™® < (u)®
W)™ = W)®, (u)® = @)W, if W)™ < (w)™ < @)™,

and | (uy)® = %
25

(#2)(4) = (u1)(4)' (#1)(4) = (uo)(4)v if (1_11)(4) < (uo)(4) where (ul)(4): (al)(4)
Then the solution of global equations satisfies the inequalities
Ge(EDW-@:0™) < 6, (¢) < G2,eV™

where (p;)™® is defined by equation

1

(@)_ (4)
W ((51) P20)*)t < Gos(t) <

(4)
S t
(l) 624 ( 1)

(a26)W 63, (SDD-@2))t _ ,—(5)®t 0 ()Wt
((m1)<4>((sl)“)-(p24)<4>-(s2)<4>) [0 =as e D [+ Ge 0 < Gae(0) <

(a26)63, (51)@t —(ahe) @t 0 (@b @t
(M)W ((s1) W~ (a36)®) [e Yoomee ]+ Gaee™ 726

(78,6 ®0®t < 7, (1) < TL,e (P +020 @) |

@ @ @
™ )(4) T2 eRD™t < L0 (t) < (4) ((Rl) +(r29) M)t
(b26) TS, R Wt —(ble )Wt 0 ,—(bhe) Wt
D@ (R Db @) [e( VT — em(b20) ] + Toee™ P20 < Tye(t) <
(a26)(4)T204- R 4 (1,,) )¢ —(R,)®¢ 0 . —(R,)®¢
T ) [0 420t _ =] 4 78, 0~(R)

Definition of (S))®, (S2)®, (R)™, (R))™:-
Where (S)® = (a24) W (mz)® — (a3)®
(52)(4) = (azs)(4) - (st)m
(R1)(4) = (b24)(4)(#2)(4) - (bé4)(4)
(Rz)(4) = (bés)m - (Tza)(4)
Behavior of the solutions of equation
Theorem 2: If we denote and define
Definition of (5,)®, (65)®, (1), (7,)® :

(), (0,)®, (1)®, (1,)® four constants satisfying

66

331

332

333
334

335

336

337

338



International Journal of Scientific and Research Publications, Volume 3, Issue 9, September 2013 67
ISSN 2250-3153

—(0)® < —(ag)® + (a39)® — (ag)® (T, 1) + (ahe) P (Tog, £) < —(07)®
—(1)® < =(b30)® + (b39)® = (b35) P ((G31), ) = (b39) P ((G31), ) < —(2)®
Definition of (v;)®, (;,)®, (u)®, (u)®,v®,u® : 339

By (v))® >0, (v,)® < 0and respectively (u;)® > 0, (u,)®® < 0 the roots of the equations
(02O (D) + @)V — (0, = 0
and (byo)® (u®)” + (1,)®u® — (b,g)® = 0 and
Definition of (v,)®,, (,)®, (1,)®, (7i,)® : 340

By (1,)® > 0, (¥,)® < 0 and respectively (ii;)® >0, (i1,)® < 0 the
roots of the equations (a26) ¥ (v®)” + () OV — (@) = 0
and (bye)® (u(s))2 + (1)U — (b,)® =0
Definition of (m,)®, (M), (u))®, (1)@, (v)® :-

If we define (m;)®, (m,)®, (u))®, ()™ by
(mz)(s) = (Vo)(s)' (m1)(5) = (V1)(5): if (Vo)(s) < (V1)(5)

(mz)(s) = (Vl)(S)' (ml)(S) = (171)(5) Jif (V1)(5) < (Vo)(s) < (171)(5):
GO
and | (v)®) = 2
29

(mz)(s) = (Vl)(S)' (ml)(S) = (Vo)(s)r if (‘71)(5) < (Vo)(s)
and analogously 341
(#2)(5) = (uo)(s)' (.“1)(5) = (ul)(s): if (uo)(s) < (u1)(5)

12)® = W)®, w)® = @)®,if W)™ < (ue)® < @)®,
TO
and|(uy)® = =
29

(.“2)(5) = (u1)(5)’ (.“1)(5) = (uo)(s): if (771)(5) < (uo)(s) where (ul)(s): (ﬁ1)(5)

Then the solution of global equations satisfies the inequalities 342
G356 (V=@ D) < G (1) < G0

where (p;)® is defined by equation

GY se ((51)(5) (028) )t < Gyo(t) < G283(51)(5)t 343

(m )(5) 2 (5)

344

(az0) 9y [0 -2t _ -t | 4 g (60t
((m1)(5)((51)(5)—(pzs)(s)—(sz)(s)) e e + G3Oe < G30(t) <
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(a30)®63 NON M ENGM 0 —(ah)®¢

Ty [e( D&t _ g=(az0) ] + G9ye~(@h0)

Tzose(Rl)(S)t S The(t) < Tzose((Rl)(S)Jr(rzs)(s))t 345
(u—l)“)Tzose(Rl)(S)t STye(t) < ﬁTzose((Rl)(5)+(T28)(5))t 346

1 2

(b30) 1 ® EPYANG) —(bly® 347
RS CRCRTRIE) R R T R MOE
(a30) 1 ® ® NG NG
(#2)(5)((Rl)(53)0+(T28§?5)+(R2)(5)) [e((Rl) +(128) D)t _ p=(R2) t] + T e Rt
Definition of (5;)®, (5,)®, (R))®, (R,)®:- 348
Where (5)® = (a26)® (m2)® — (a35)®
(5)® = (az0)® = (p30)®
(R)® = (b28)® ()™ — (b35)®
(Rz)(s) = (béo)(s) - (7’30)(5)

Behavior of the solutions of equation 349
Theorem 2: If we denote and define

Definition of (67)®, (6,)©, (t))®, (1) :

(6, (6,)©, (1)@, (1,)© four constants satisfying

—(02)@ < —(a3)®@ + (a33)@ ~ (a52)© (T35, t) + (a53) @ (T35, 1) < —(01)©

—(1)® < —(b5,)© + (b53)® - (bélz)(6)((035), t) - (béé)(6)((635), t) < —(1)®

Definition of (v;)®, (v,)®, (u)®, ()@, v®, u® 350
By (v,)® >0,(v,)® < 0and respectivel ©®© >0 (© h f th i

1 , (v, pectively (uy)'* > 0, (u,)'® < 0 theroots of the equations
(a5) @) + @)V — (a5)@ = 0
and (b3)®(u®)” + (1,)©u® — (b,,)® = 0 and
Definition of (v,)®,, (¥,)®, (1,)®, (%i,)® : 351

By (7,)® > 0, (¥,)® < 0 and respectively (ii;)® > 0, (i1,)©® < 0 the
roots of the equations (az3)® (V(G))z + (0,)Ov® — (a3,)® =0
and (b33) @ (u®)” + (1) Ou® — (b5)® = 0
Definition of (m)®, (m,)©, (1)@, (), (v)© -

If we define (ml)(G) ) (mz)(G) ) (,ul)(G)' (I’LZ)(@ by

(mz)(G) = (Vo)(G): (ml)(G) = (V1)(6)' if (Vo)(G) < (V1)(6)
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(mz)(ﬁ) = (V1)(6)' (ml)(G) = (176)(6) Jif (Vl)(G) < (Vo)(ﬁ) < (171)(6):
GO
and |(vy)©® = G—iz
33

(mz)® = (v)®, (m)® = )@, if (1)©® < (v))©
and analogously
(1)@ = ()@, (1)@ = W)@, if ()@ < (w)®

W2)® = W)@, (1)@ = (@)@, if w)® < (u)® < (@)@,
and | (uy)® = Tsz

(1)@ = @)@, (1)@ = ()@, if (@)@ < (u)® where (u;)®, (@,)®
Then the solution of global equations satisfies the inequalities

GLe(ED® -2 )t < ., (1) < G2,eD®
where (p;)© is defined by equation

(6)_(py,)(® ©
GL,e(U-ws) )t < G, (1) < GLe('t

(m )(6) 3 (6)

(a34)(6)6§)2 ((S )(6)_(p )(6))t_ —(s )(6)L’ 0 ,—(S )(6)t
((m1)<6>((sl)“)-(p3z)<6>-(sz)<6>) o6tz e D [+ 68,00 < Gay(0) <

(a34)©62 <. 1(6)¢ —(al )¢ 0 —(al©®¢
(‘mz)(s)((Sl)(s)—g(ilé‘l_)(ﬁ)) [e( 1) — e~ (a34) ]+ G34€ (azq)

|T302e(R1)(6)t < Tsp(t) < T3oze((R1)(6)+(r32)(6))t |

© ® ®
(M1 )(6) Tipe ™) < Tiy () < (6) T2, e (R +(r2) )t

(b34)©15, R)®t _ -t 0 ,—(b3)O)t
GG CECRG) e — e Ch ] 4 TGy @a < Ty (1) <

(a34)©15, [ (RD)©®+(r32) )t _ —(RZ)(G)t] 0 ,—(R)®¢
(12) O (RO +(132)(O)+(R2)(®) € ¢ +Tae

Definition of (5;)®, (5,)(®, (R))®, (R,)®:-
Where (5))©® = (a3,)® (m,)©® — (a},)©®
(5)® = (a30)© — (p3)®
(Rl)(6) = (bsz)(@(ﬂz)(@ - (béz)(é)

(Rz)(ﬁ) = (b§4)(6) - (T34)(6)
Behavior of the solutions of equation

69

352

353

354

355

356

357

358

359
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Theorem 2: If we denote and define

Definition of (6,)™, (65)”, (1), (1) :

(@)D, (6,)7, (1))7, (1) four constants satisfying

—(02)7 < —(a36)” + (a37) 7 = (a46) (T35, t) + (a37) (T35, t) < —(0)”

—(1) P < =(bie)? + (b3)? — (b:fx'e)m((ng)' t) - (b§’7)(7)((539), t) < —(r)?

Definition of (v;), (v,)®, (u)?, (u,) @, v, u™ : 361

By ()™ >0,(v,)? <0 and respectively (u;)”’ >0, (u,)” < 0 the roots of the equations
2

(as) P (VD) + (@) PV — (az)? = 0

and (b3,)?(u®)* + (1,)Pu? — (b36)? = 0 and

Definition of (v,)7,, (¥,)7, (1), (ii,) " : 362

By (7)™ > 0, (¥,)” < 0 and respectively (ii;)” > 0, (i1,)” < 0 the
roots of the equations (az,)? (v(7))2 + (0) v — (az)? =0
and (bs7)?(u®)” + () Pu” — (b3)? = 0
Definition of (m,)?, (m3)”, (u)?, ()", (Vo) :-

If we define (my)™, (m)”, (1), (12)” by
(m)” = (v))?, ()7 = ()P, if (1)) < ()

(m)? = ()7, (m)? = )7, if )P < W) < T)?,

0
and |(vy)? = %
37

(m)? = @), (m)? = () ?, if )7 < (v))?”
and analogously 363
(#2)(7) = (uo)m' (.“1)(7) = (ul)m: if (uo)m < (u1)(7)

(#2)(7) = (u1)(7)' (ﬂ1)(7) = (1_11)(7) Jif (ul)(7) < (uo)m < (1_11)(7),

0
and |(uo)" = %
37

(.“2)(7) = (ul)(7)' (.“1)(7) = (uo)m' if (a1)(7) < (uo)m where (u1)(7): (ﬁ1)(7)

Then the solution of global equations satisfies the inequalities 364
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Ge (07 -@30) < G (1) < GLe DTt

where (p;) is defined by equation

@ _ (7) (7)
GY e ((51) (P36)' 7))t < G3,(b) < G36€(51) t 365

(m )(7) 3 (7)

(a38) 69 D —(par)? NG NG 366
((ml)m((sl)éf—(ps;)s(”—(sz>(7)) [e((m a7 — g7 t]+6§)8€ BT < Gag(D) <

(a35) "G5 DMt _ p=(aze) Mt 0 o—(ate) Mt
(mz)“)((51)(7)—(a§8)<7))[ VU — e ] + Gagem %))

T3066(R1)(7)t < T36(t) < T306€((R1)(7)+(T36)(7))t 267

TSe® "t < Ty (1) <—m (R 7430t 368

(11 )(” )<7)

(b38)(7)T396 Rt —br D¢ 0 ,—(bke) Pt 369
(1) D (R D =(bse)M) [e v —e s ] + T3ge (V2o S Tag(t) <

(a3e) V176 [((R1>(7>+(r36><7))t_ —(R2><7>t] 0 0Bt
B D (EDD +rze) D+ @) D) L ¢ * Tspe

Definition of (S,), (S,)™, (R)™, (R,)™:- -
Where (5,)™ = (a35)™ (m,)? — (a}e)?
(57 = (aze)” — (p36)”
(R = (b36) 7 ()7 — (b36) 7
(R = (b3)” = (136)7

Behavior of the solutions of equation 371

Theorem 2: If we denote and define

Definition of (6,)®, (65)®, (1,)®, (7,)®:

(0)®,(0,)®, (1)®, (1,)® four constants satisfying

—(0)® < —(@10)® + (a4)® — (@)@ (Tyr, 1) + (af)® (Tay, 1) < =(0)®
—(1)® < —(bi)® + (b11)® — (bi )(8)((643) t) — (by’ )(8)((643) t) < —(1)®

Definition of (v;)®, (v;,)®, (u))®, (u))®,v®,u® : 372
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By (v1)® >0,(v,)® <0 and respectively (u;)® >0, (u,)® < 0 the roots of
(@) @) + @)V — ()@ = 0
and (byy)® (u(s))2 + (1) ®u® — (by)® = 0 and

Definition of (v,)®,, (v,)®, (1,)®, (7i,)® :
By (1)® > 0, (v,)® < 0and respectively (7;)® >0, (7i,)® < 0 the
roots of the equations (a,,)® (V(B))Z + (0,)®v® — (a,)® =0
and (by)®(u®)” + (1,)®u® — (by)® = 0
Definition of (m,)® , (m,)®, (u)®, (1u)®, (vo)® :-
If we define (my)® , (my)®, (u)®, (u,)® by
(m)® = ()@, m)® = ()@, if (v)® < (v)®

(mz)(s) = (Vl)(s)' (ml)(B) = (171)(8) Jif (V1)(8) < (Vo)(B) < (171)(8):

0
and | (v)® = 22
41

(m)® = ()@, (m)® = W)@, if @)@ < (v))®
and analogously
U2)® = w)®, (u)® = W)®, if (ue)® < (u)®

U)® = W)@, (u)® = @)® ,if w)® < (w)® < @)®,

0
and | (u)® = %
41

(12)® = @)®, @)® = W)@, if (@)® < (ue)® where (u)®, (@,)®
Then the solution of global equations satisfies the inequalities
62,0V < Gy (£) < 65,0

where (p;)® is defined by equation

1 (8)_ (8) 1 [€©))
@ Ghoe (DT P N < Gy (1) < g G0
(a2) PG (8)_(p, (& —(5,)(® NG
((m1)(8)((51)(2)2—(1)4:)0(8)—(52)(8)) [e((51) a0l )t — e (52)™"¢ ] + sze (52)™ = G4—2 (t) <

72

the equations

374

375

376

377
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(a52) @6y 0Pt _ p=(as)®t 0 o—(ai)®t
(mz)(3)((51)(8)_(,1"1_2)(8))[ VU el ] + Gypem )

T4006(R1)(8)t S Tyo(t) < T4ooe((R1)(8)+(T40)(8))t

— ®© 1 (® (®
(u)® Tioe ™8 < Ty (1) < mTfoe((Rl) +(r20)®)t

(ba2)®T (R)®¢ —(bi)®¢ 0 ,—(bh)®¢
B (R)®—(0})®) [eE0e = @R | 4 The O < Tp(1) <

(a10) Oy [ ((RO®+20)®)e _ —(Rz)(g)f] 0 o= (R)®)t
DR+ (a0 O+ '@ 1€ ' ¢ +Tize

Definition of (S;)®, (5,)®, (R))®, (R,)®:-
Where (5)® = (a40)® (m,)® — (a,)®
(5)® = (as)® — (ps)®
(R)® = (b10)® (u2)® — (b30)®

(R)® = (bj)® — (13)®
Behavior of the solutions of equation 37 to 92

Theorem 2: If we denote and define
Definition of (¢,)®, (), (1))@, (1)@ :

()9, (0)?, (1)), (1,)@ four constants satisfying

—(02)® < —(a4)® + (a4s)® — (a4) P (Tys, O) + (afs) ) (Tys, ) < —(01)®

=(12)® < =(02) + (035)P = BiD O ((Gar), t) = (Bifs) P ((Gar), 1) < — (1)

Definition of (v;)®, (v,)®, (u)®, (uy)@,v®,u® :

By (v;)® >0, (v,)® < 0and respectively (u;)® > 0, (u,)® < 0 the roots of the equations

(@) @) + @)V — (@) = 0
and (by5)@ (1®)” + (1)U — (b)) = 0 and

Definition of (171)(9): , (172)(9)' (ﬁl)(g)' (az)(g) :

By (7))@ > 0, (¥,)® < 0 and respectively (7i;)® >0, (%i,)® < 0 the

roots of the equations (a45)® (v?)” + () @v® — (a4)® = 0
and (b45)(9)(u(9))2 + (1) Ou® = (b)) =0
Definition of (m,)®, (m,)@, (1), (1)@, (vg)© :-

If we define (ml)(9) ) (mz)(g) ) (Ml)(g)l (MZ)(g) by

73

378

379

380

381

382
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(Mm)® = (W)@, (M@ = (1), if (vg)® < (v))@

(M) = @, ()@ = TP, if v)® < ()@ < @),

and [(v))® = g‘”
45

(mz)(g) = (V1)(9)' (m1)(9) = (Vo)(g): if (‘71)(9) < (Vo)(g)
and analogously
(#2)(9) = (uo)(g)' (.“1)(9) = (u1)(9)’ if (uo)(g) < (u1)(9)

1) = W)@, (W) = @)D, if W)@ < (we)® < @)®,
0
and |(uy)® = %
45

(12)®? = @)@, ()® = (), if (@)@ < (ue)® where (uy)®, (@)@
are defined by 59 and 69 respectively

Then the solution of 19,20,21,22,23 and 24 satisfies the inequalities
(;243((51)(9)—(p44)(9))t S Gyaa(t) < 6246(51)(9)f

where (p;)© is defined by equation 45

— L5 G700 < Gy (1) < L Gy D"

(

(ml)(‘a)((sl()‘zg)éz((:fid‘(‘a)_(52)(9)) [e((sl)(")—(p“)(‘ﬂ))t — et ] + Ggee_(SZ)(g)t S Gae(t) <
(@60 1,0t _ o=@k V] 4 (O o~(ah ey

(M) ((51) P -(ahe)®)

T4049(R1)(9)t =< T44(t) < T404€((R1)(9)+(T44)(9))t l

9) 9 9
i )(9) Tipe R0 < Tyy(t) S H® (9) T e (R +Taa) e

(046) T4, [ ROt

—(! Y9¢ 0 . —(b. D¢
B (R~ ®) — e ® T 4 TV < T (0) <

(a46) 0T, (RO +(r40) )t _ —(Rz)(g)t] 0 ,—(R)t
WO (R +ran) V4R L ¢ * Tae

Definition of (5;), (5,)®, (R))®, (R,)®:-
Where (51)(9) = (‘144)(9) (mz)(g) - (az’m)(g)
(52)(9) = (a%)(g) - (P%)(g)

(R)® = (b4)® (12)® = (b1)®

74



International Journal of Scientific and Research Publications, Volume 3, Issue 9, September 2013 75
ISSN 2250-3153

(Rz)(g) = (b!%)(g) - (7”46)(9)
Proof: From global equations we obtain 383

av(®
dc

Definition of vV :- v = %
14

(als)(l) - ((a13)(1) - (a14)(1) + (ails)(l) (Ty4, t)) — (afy (1)(T14, t)V(l) - (a14)(1)v(1)

It follows

2 av® 2
- ((a14)(1)(V(1)) + (0'2)(1)1’(1) - (a13)(1)) < :;t < - ((a14)(1)(v(1)) + (0'1)(1)1/(1) - (a13)(1))

From which one obtains

Definition of (7,)@, (v,)@ :-

6o _
For 0 < |(vy)® = G—g < ()W < ()W

) D 4(0)D vy Wl @O (M- )]
14(0) e [—(a14)(1)((V1)(1) -(Vo)(l)) t]

1) _ D@
O = g @®

vD(t) >

it follows (vo)® < vV (t) < (v))®

In the same manner, we get 384

@)D+ D @y el @D (EDD -2 D) 1]
140 Wel-@0D(EDD- W) ]

_ G)W-®
T o) W-@)W

v (1) < , @

From which we deduce (vo)® < v (t) < (v,)W

0
If 0 < (v)® < (v))® = % < (7,)® we find like in the previous case, 385
14
- ® Wy, @D
W < (vl)(1)+(C)(1)(vz)(1)e[ (a14) ((V1) (v2) )t] < <
) < D)D) ® < viP() <
1+(C)(1)e[_(a14) ((Vl) —-(v2) )t]
_ O (@)D @)D
(71)(1)+(€)(1)(72)(1)e[ (a14) ((Vl) (V2) )t] < (]7 )(1)
14O Wel~@0D(EDD-m2W) ] -
386

0
If 0<(w)® <@)® <|(vy)®P = z—g , we obtain

@D +(OD @, Wel @D (@DD-2D) ]

(€]
D (- W) < (%)

(v)® < v () <

1+(®(1)e[_(a14)
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And so with the notation of the first part of condition (c) , we have

Definition of vV (¢) :-

O]
(m)® < v (@) < (m)D, |vD(t) = 2=
G14(t)

In a completely analogous way, we obtain

Definition of u®(¢) :-

1) < u®@ < @)@, |u®(©) =23
T14(t)

Now, using this result and replacing it in global equations we get easily the result stated in the
theorem.

Particular case :

If (a}5)® = (a})D, then (0,)® = (6,)® and in this case (v;)® = (¥,)D if in addition (v,)® =

V. then v t) = (v and as a consequence t) = (v t) this also defines (v or
()™ then v(¢) = (vo)™ and q G13(t) = (Vo) VG4 (2) this also defines (vo)™ f
the special case

Analogously if (bj5)® = (bi,)D, then (1,)® = (1,)™ and then

(u)® = (1)) PVif in addition (ue)® = (u;)® then Ty5(t) = (up) P Ty4(t) This is an important
consequence of the relation between (v;)® and (v;)™, and definition of (uy)®.

Proof : From global equations we obtain 387
d (Z) ! ! 1 12
Zt = (016)® — ((‘116)(2) — (@)@ + (ais) P (T4, t)) = (@)@ (Ty7, Ov@ = (a,,)Pv@
Definition of v :- v® = S1e 388
G17
It follows 389

2 dv® 2
~ (@@ @) + (@)@ = (a;)@) £ = < = ((@NP (V)" + (@) PV = (a;0)@)

From which one obtains 390

Definition of (,)®, (vy)@® :-

Go _
For0 < (v,)® = G—(}j <()?® < @)@

W)@ +(0)D (v @l @D (DD -0 @) ]
140 @el~ @@ (0DP-00) @) ]

_ @)@
) @-()®@

v@(t) > . lo®

it follows (v9)® < v@(t) < (v))®
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In the same manner, we get

TP+ @ @) @el~@P(FDP-2P) ]

v@(t) < , |©@

T )@-,)@

_ @P-®

140 @el @@ (DD -m2) @) ]
From which we deduce (vy)® < v®(t) < (,)®

0
If0<()® < ()® = % < (1)@ we find like in the previous case,
17

)P +(0) @ (vy) @l @D (DD -v2)?) o]
1+ (0@l @B (0D -0)@) ]

(v)® < < v <

(71)(2)+(C)(2)(vz)(z)e[—(a17)(2)((71)(2)—(Vz)(z)) t]
1+(©)@e [-(a17)(2)((V1)(2)—(Vz)(2)) f]

< (@)@

0
If 0<()® < @)® < (v))?® = g—éj , we obtain

1)@+ @l @@ (D=2 ) ]

@ < L@ (p) <
(Vl) =V (t) - 1+(E)(Z)e[_(a17)(2)((vl)(Z)_(T’Z)(Z)) t]

< (Vo)(z)

And so with the notation of the first part of condition (c) , we have

Definition of v®(¢t) :-

(mz)(Z) < V(Z)(t) < (m1)(2): V(Z)(t) — G16(t)
G17(t)

In a completely analogous way, we obtain

Definition of u® (t) :-

(#2)(2) < u(Z)(t) < (Ml)(z)’ u(z)(t) — T16(t)
T17(t)

Now, using this result and replacing it in global equations we get easily the result stated in the

theorem.

Particular case :

If (a}s)® = (a},)@, then (6,)® = (6,)® and in this case (v;)® = (¥;)® if in addition
(vo)® = (v))® then v (t) = (v,)® and as a consequence G;¢(t) = (vo) @Gy, (t)

Analogously if (bjs)® = (bj5)®, then (1,)@® = (1,)@ and then

(u)® = (@) Pif in addition (uy)® = (u;)® then Ty4(t) = (ug) P Ty, (t) This is an important

consequence of the relation between (v;)® and (v,)®

Proof : From global equations we obtain

77
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392

393

394

395

396

397

398
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d (3) ! ! n n
:;t = (‘120)(3) - ((azo)(3) - (a21)(3) + (azo)(s)(szt)) - (a21)(3)(T21, t)V(S) - (a21)(3)v(3)

Definition of v® :- v® = ? 399
21
It follows
2 av® 2
- ((a21)(3)(V(3)) + (0'2)(3)1’(3) - (azo)(3)) = at =- ((a21)(3)(v(3)) + (01)(3)1/(3) - (azo)(3))
400
From which one obtains
0
For 0 < (v)® =20 < (1))@ < (7))@
21
ME) ) > (vl)(3)+(C)(3)(VZ)(S)e[‘(a21)(3)((v1)(3)—(v0)(3))t] (C)(3) _ M
= 1+(C)(3)e[—(a21)(3)((1/1)(3)_(1;0)(3)) t] ’ (Vo)(3)_(v2)(3)
it follows (vo)® < v®(t) < (v))®
In the same manner, we get 401
NE) ®) < (vl)(3)+(6)(3)(vz)(z)e[-(an)(g)((vl)(3)_@2)(3))t] (C_)(3) _ M
< 1+(E)(3)e[—(a21)(3)((v1)(3)_(vz)(S)) t] ’ o) B —@)®
Definition of (v,)® :-
From which we deduce (vy)® < v®(t) < (v,)®
0
If0<()® < (@)® = % < (7,)® we find like in the previous case, 402
21
@) 0DPHOP @@V (EP-02P) ] -
)™ < D@ - ® < vEO) <
140 @ el @@ (-2 @) ]
- [OIEAONANG)]
(Vl)(3)+(®(3)(ﬁz)(3)e[ (@203 (@)@ - ] <@ )(3)
14O @l @@ -2 @) -
403

0
If0<)®<@)® < )® = % , we obtain
21

@)D+ @y Pel~@2D®(EDP-32P) 1]

< (v.)®
)@l @@~ @) ] < o)

)@ < v <
1+(C

And so with the notation of the first part of condition (c) , we have

Definition of v®(¢t) :-
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(my)® < vA@) < m)®, [v@() = G20(8)
Go1(t)

In a completely analogous way, we obtain

Definition of u® (t) :-

)P < u®© < @)@, |u® () =23
T21(8)

Now, using this result and replacing it in global equations we get easily the result stated in the
theorem.

Particular case :

If (ay))® = (ay)®, then (6,)® = (0,)® and in this case (v;)® = (#,)® if in addition (vy)® =
(v))® then v®(t) = (v)® and as a consequence G,o(t) = (Vo) G, (t)

Analogously if (byy)® = (by)®, then (1,)® = (7,)® and then

(uy)® = (1) P@if in addition (u)® = (u;)® then T,y (t) = (up) T, (¢) This is an important
consequence of the relation between (v;)® and (,)®

Proof : From global equations we obtain 404
dV(4) I 1 "
- (a24)(4) - ((a§4)(4) - (azs)(4) + (a§4)(4) (Tys, t)) - (azs)(4) (Tys, Y™ — (azs)(4)V(4)
Definition of v# :- v® = %
25

It follows
dv®

2 2
~ (@)@ (V®)* + (@)D = (a,0)®) < 2= < = (@) P (VD) + (@) OV = (a20)@)
From which one obtains

Definition of (¥7,)™, (vy)® :-

G _
For 0 <|(vy)® = ﬁ < ()@ < (1,)®

D@D+ )@l @29) D (v D-0) @) ]
1+ @el~@29 W (DO-w0 @) (]

©) 4) _ v)W-@we)®

@) > =
V(o) 2 0 P=-(r)@

it follows (vo)® < v®(t) < (v))@

In the same manner , we get 405

@) (@ 5\ @) [~ (@2e) P (T B - ®) ¢
YO (V) e
4+(®(4)e[‘(azs)(4)((71)(4)‘(72)(4)) {

_ @)W-we)®
) ®-)®

v () <& ,|©®

From which we deduce (vo)® < v®(t) < ()@
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0
If0<()® < (vy)@® = % < (7,)™® we find like in the previous case, 406
25
- (C)] [CORFSARNC))]
(V )(4) < (Vl)(4)+(c)(4)(1,2)(4)e[ (az5)* ((v1) H—(vp) 4 )t] < V(4)(t) <
Yo 1+(0) @ el @2 @ (D@~ @) ] - -
FD+ @D EyWel 2V (@P-m @)
_ [—(a )(4)(@ O )(4)) t] = (Vl)
1+(C)(4)e 25 1 2
0 407
If0<W)® <@)® <|(vy)@® = % , we obtain
@) (B @) [~ @28) P (DB -@2) @) ]
@) « ,@ < ) PHEO @) Ve < (4)
W < v¥W(@) < 1+(®(4)e[-(azs>(4)((V1)(4)—(Vz)(4)) t] < (vo)
And so with the notation of the first part of condition (c) , we have
Definition of v (¢) :-
©)] )] O] 4 _ Gaa(®
(m)® < v () < )@, [vO() = 223
In a completely analogous way, we obtain
Definition of u™®(t) :-
@ < 4@ @ | @ (p) = 2a©
1) < U@ < (@, (U9 (@) =23
Now, using this result and replacing it in global equations we get easily the result stated in the
theorem.
Particular case :
If (ayy)™ = (a¥5)™@, then (0,)™® = (0,)™® and in this case (v;)® = (¥,)® if in addition (vy)® =
(v1)® then v (t) = (v,)® and as a consequence G,4(t) = (vo) ¥ G,5(t) this also defines (v,)® for
the special case .
Analogously if (by,)® = (bys)®, then (1,)® = (7,)® and then
(u)® = (i1,)Wif in addition (ug)® = (uy)® then T,,(t) = (uy)®T,s(t) This is an important
consequence of the relation between (v;)® and (v;)¥, and definition of (u,)®.
408
Proof : From global equations we obtain
av® ® INCIPINCEPNING NG ®) )y (5)
a (azg)™ — ((azs) — (a30)™ + (a35)™ (T2o, t)) = (a39)™ (T29, )V — (aze)™v
Definition of v® :- y® = G8

G29

It follows

2 av(®
~ (@)@ ) + @)V ~ (a2)®) <%

dt

<~ (@)@ () + @OV ~ (a0)®)
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From which one obtains

Definition of (7,)®, (vo)® :-

0
For 0 <|(vy)® = %‘; <(n)® < @)®

W) O +(0) S (ry) Pl @29 (@D -00) D) 1]
5+(0) el @29 (@D -0 ) {]

_ w)®-(v)®
(B -()®

v (t) > , lo®

it follows (vo)® < v®(t) < (v)®

In the same manner , we get 409

@O+ @)D" @2 (DO~
5+(0) el @290 -T2) | ’

_ m®-g®
) ®-@)®

vO(t) < (©®

From which we deduce (vy)® < v®(t) < (75)®
If0<)® < @)® = Gan (v,)® we find like in the previous case 410
1 0 &% 1 p )

w)®+)® (VZ)(S)e[—(azg)(5)((‘/1)(5)—(1/2)(5)) t]

©)
Y <
)™ < 14(0)® el @29 (VD ®-2)®) ]

< vO() <

(71)<s)+(c—)(s)(Vz)(s)e[—(azg)(s)(m)“)—(vz)(f’)) ¢]
1+((j)(5)e[—(azg)(s)((51)(5)—(72)(5)) t]

< @)®

0 411
If 0<(v)® < @)® <|(v))® = g—z]: , we obtain

@1)(5)+(C‘)(5)@2)(5)e[—(a29)(5)((71)(5)—(72)(5)) ]

G < vO® () <
)™ = v < 14(0)®) el @2 (EDE - ®) ¢]

< (Vo)(s)

And so with the notation of the first part of condition (c) , we have
Definition of v®(¢) :-

(m,)® < vO@) < (m)®, |vOE(@) = G2s(t)
G2o(t)

In a completely analogous way, we obtain
Definition of u®(¢) :-

W)® < u®(t) < @)®, |u® (@) =29
T29(t)

Now, using this result and replacing it in global equations we get easily the result stated in the
theorem.

Particular case :
If (a4s)® = (aby)®, then (6,)® = (6,)® and in this case (v;)® = (#;,)® if in addition (v,)® =

(vs)® then v®(t) = (v,)® and as a consequence G,g(t) = (vo) ™ G,o(t) this also defines (v,)® for
the special case .
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Analogously if (bys)® = (byy)®, then (7,)® = (1,)® and then
(u)® = (@) Pif in addition (uy)® = (u;)® then Tog(t) = (uy)®T,o(t) This is an important
consequence of the relation between (v;)® and (;)®, and definition of (uy)®.

Proof : From global equations we obtain 412
av(® ® N6 — (! O 4 (g R0 © ©)1/(6)
a (asz) —((a32) = (az3)™™ + (asz2) (T33,t))—(a33) (T35, )V — (az3)* v
Definition of v(® :- v(© = G2
G33
It follows
2 dav(® 2
~ (@)@ (V@) + (0)Ov® = (23)@) < 2= < = ((0) O (V@) + (@) OV ® = (a;)®)

From which one obtains

Definition of (7,)(®, (v,)(© :-

G _
For 0 <|(vy)® = G_:‘,’z < (v)©® < (7H)®

) ©®+()® (VZ)(s)e[—(agg)(s)((vl)(s)—(vo)(s)) t] (vl)(s)_(v())(ﬁ)

©) > 6) =
vrm = 1+(C)(6)e[—(asg)(ﬁ)((vﬂ(@—(Vo)(ﬁ)) t] - [©) o) ®-(v2)®
it follows (v)©® <v©(t) < (v,)®
In the same manner, we get 413
v(s)( t) < (Vl)(6)+(C_)(G)(72)(6)9[‘(aa3)(6)((71)(6)—(172)(6))t] (5)(6) _ M
B 14+(0)® el (@3 O(EDO-)®)) ’ Vo) @-(7)®

From which we deduce (v,)©® <v©(t) < (¥,)©®

414

0
G33

If0<(v)® < (v))® = o0 < (7,)® we find like in the previous case,

(vl)(6)+(C)(6) (VZ)(s)e[—(a33)(6)((1’1)(6)—(1’2)(6)) f]

< vO(t) <
1+(0)@el"@3@(0DO- @) = () <

v)® <

O +(0) O @) el ~@33) (@D -T2)(@) ]

< (v,)®
1+(C)(6)g[—(a33)(e)((vl)(s)_(vz)(s)) t] < (vy)

0 415
If0<)®<@)® <|(v))® = % , we obtain
33

)(6)+(5)(6) (72)(6)8[—(”—33)(6)((71)(6)—@2)(6)) t]

< (6)
1+(0)©)el~(@3 @ (@D -)®)) 1] < (o)

V)® < vO(R) <&

And so with the notation of the first part of condition (c) , we have
Definition of v (¢t) :-
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(m)® < vO() < (m)©, |vO () = 222
G33(t)

In a completely analogous way, we obtain
Definition of u®(t) :-

1)@ < u®©) < @)@, |u® () =23
T33()

Now, using this result and replacing it in global equations we get easily the result stated in the
theorem.

Particular case :

If (a%,)© = (a43)®, then (6,)© = (0,)® and in this case (v;)© = (¥,)© if in addition (v4)©® =
(v)® then v®(t) = (v,)® and as a consequence G, (t) = (vo)® G35 (t) this also defines (v,)® for
the special case .

Analogously if (b55)® = (b55)®, then (1,)® = (,)® and then

(u)® = (1) @if in addition (u()® = (u;)© then T, (t) = (up)@Ts3(t) This is an important
consequence of the relation between (v;)® and (v;)®, and definition of (u,)®.

416
Proof : From global equations we obtain
dv®
dt (a36)7 — ((aéé)m — (@3)? + (a3e) 7 (T35, t)) — (a37) P (T37, v = (az)) Pv?
Definition of v(” :- v = Sz
G37
It follows
2 av(® 2
~ (@N? (V)" + (@) VD = (a30)7) < L= < = (@) PV 7) + (@) VD = (a30)7)
From which one obtains
Definition of (v,)™, (v,) 7 :-
G _
For 0 < |(vy)? = G—z)j <) < @3)?
v(7)(t) > (vl)(7)+(C)(7)(vz)(7)e[_(a37)(7)((V1)(7)—(V0)(7))t] (C)(7) _ M
T ioWel @ (en-00 ) ’ Vo) D-w)
it follows (Vo)™ < v (t) < (v)”
In the same manner, we get 417
v (t) < @D+ D @y Del @07 -m27) ] )" = @V
T oWl @D (@D-027) ’ o) V-7
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From which we deduce (vy)” < v (t) < ()

0
If0<()? < @)? = % < (1) we find like in the previous case,
37

YD) ) Del @V (D=7 ]
1+ el @D (EDP-02)

) <& < V() <

@D +(OD @) Del~ @ P (@DP-2)?) ]
1+ (@@l @ P (@D -T2 7) ]

< @)

0
G3e

0
G37

If0<)?<@)? <|(vy)? = , we obtain

@)D+ (72)(7)‘3[-(1137)(7) ((f1)(7)—(72)(7)) t]

M < vy <
)V = vV < 1+(®(7)e[—(a37)(7)((ﬂ1)(7)-(fz)(”)f]

< (Vo)m

And so with the notation of the first part of condition (c) , we have
Definition of v (¢t) :-

(M) < v () < (m)?, [v?(t) = Gze(t)
G37(t)

In a completely analogous way, we obtain

Definition of u™(¢) :-

1)? < uP(@) < ()P, | uP(e) = 2D
T37(t)

Now, using this result and replacing it in global equations we get easily the result stated in the
theorem.

Particular case :

If (a35)” = (a3,)7, then (6,)™ = (0,)7 and in this case (v;)7) = ()7 if in addition (vo)" =
(v))? then vV (t) = (v,)” and as a consequence Gz4(t) = (V)7 G, (t) this also defines (v,)7 for
the special case .

Analogously if (b5 = (b5) D, then (1,)? = (1,) and then (u))” = (@4,)?if in addition

(u)? = (uy)? then Ts6(t) = (uo) P Ts,(t) This is an important consequence of the relation between
(v))? and (#;), and definition of (u,)™.

Proof : From global equations we obtain

av® ’ li " "
a (a40)(8) - ((a40)(8) - (a41)(8) + (a40)(8) (T4, t)) - (a41)(8) (T4, t)V(S) - (a41)(8)v(8)

84
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419

420

421
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Definition of v® :- v® = %
41

It follows
av(®

~((@)®P V@) + (@) ®v® = (0,0)®@) < 2= < = (@) P (@) + (@) Ov® = (a,0)®)

From which one obtains

Definition of (7,)®, (vo)® :-

0
For 0 <|(vy)® = %‘9‘1’ <(n)® < @7)®

) ®+(0)® (VZ)(s)e[—(am(s)((v1>(8)—<vo>(8)) ]

(8)_(y)(®)
®(t) > O)® = CP-00®
vz 14+(0)® el @@ (0DP-00)®)) - © V) ®-()®
it follows (vy)® < v®(t) < (v))®
In the same manner , we get
V(s)(t) < (vl)(s)+(c‘)(s)(72)(8)e[-(am(s)((ﬁ)(8)_(72)(8))t] (C_)(s) _ M
B 1+(0) @l @D ®(FD®-2)®) ] ’ Vo) ®-(7)®

From which we deduce (v,)® < v®(t) < (¥5)®
0
If0<()® < (v)® = %)‘1’ < (7,)® we find like in the previous case,

w)®+(0)® (VZ)(8)e[—(a41)(8)((1’1)(8)—(1’2)(8)) f]

(®)
1% <
)™ < 1+(C)(8)e[—(a41)(8)((Vl)(s)—(vz)(s)) ]

< v®(@) <

)OO (7Pl @a) O (@@= @)
14(0)® @ ®(TD® - @) ]

< @)@

0
If0<(v)® < @)® <|(v))® = % , we obtain

Y& 1(6)® (Vz)(s)e[_(a‘“)(s) ((71)(8)—(72)(8)) f]
1+(@(8)e[—(a41)(8)((V1)(8)—(Vz)(8)) ¢f

v)® < v®@r) <@ < (vo)®

And so with the notation of the first part of condition (c) , we have
Definition of v®(¢t) :-

(my)® < v®(6) < (m)®, | v () = 2o
G41(t)

In a completely analogous way, we obtain
Definition of u® (t) :-

85

422

423

424
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1)@ < u®©) < @)@, | u® () =728
Ty41 (1)

Now, using this result and replacing it in global equations we get easily the result stated in the

theorem.

Particular case :

If (ay)® = (a})®, then (6,)® = (6,)® and in this case (v;)® = (#,)® if in addition (vy)® =
(v)® then v®(t) = (v,)® and as a consequence Gyo(t) = (vo)® G, (t) this also defines (v,)® for

the special case .

Analogously if (bjy)® = (by)®, then (1,)® = (7,)® and then

(u)® = (@) ®if in addition (u)® = (u;)® then Tyo(t) = (up)®T,,(t) This is an important
consequence of the relation between (v;)® and (v,)®, and definition of (1,)®.

Proof : From 99,20,44,22,23,44 we obtain

dv®
at
Definition of v :- p(©@ = Gae
Gas
It follows

av(®

~ (@) + (@ — (@)®) < T < = (@)X @)” + (@) v® — @)®)

From which one obtains

Definition of (#,)®, (v)® :-

GY _
For 0 <|(vy)® = Tz < )@ < (3)®

@ +(0) O vy el @9 PP -0 ) ]

(C)]
v(t) =
2 1+(c)(9)e[‘(%5)(9)((”1)(9)‘("0)(9)) {

it follows (v9)® < v (t) < (v9)®

In the same manner , we get

= (24)® - ((aim)@) — (a45)® + (i) (Tus, t)) — (@45) P (T4, WV — (a45) OV

_ D9~ ®

@O+ @) @el @19 P (@DD-2) ]

9 <
VU= 140 @ el @O (EDO-2)) ]

From which we deduce (v)® <v®(t) < (v,)®

© = )=o) ™

" = (o) -(v)®
@) — TP =)@
© v0)®-@)®

0
If 0< (1) < ()@ = &2 < (,)© we find like in the previous case,

0
Gys
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)@+ )@ el -4V (@0 -2) ]
140 @l @O (DO -2)?) o]

)@ < < v <

YO 4O @)@ el @ (TP -2) ]
1+(O)@el @ OO -m2) ]

(V1

< @)@

0
Gaa

0
Gys

If0<)®<@)® <|(v)® = , we obtain

O+ @)@l ~@19 P (EDP-2)) ]
1+(©@ el @@ (@DO-T) ]

)@ < vO) < < (vp)®

And so with the notation of the first part of condition (c) , we have
Definition of v?(t) :-

(m)® < vO©) < (m)®, | vO©) = 243
Gas(t)

In a completely analogous way, we obtain
Definition of u®(t) :-

1)@ < u®© < (), |u® () = 45
Tus5(t)

Now, using this result and replacing it in 99, 20,44,22,23, and 44 we get easily the result stated in the
theorem.

Particular case :

If (ay)® = (a}s)@, then (0,)® = (0,)® and in this case (v;)® = (%)@ if in addition (v,)® =
(v))® then v (t) = (vy)® and as a consequence G,,(t) = (v,)® G,5(t) this also defines (v,)® for
the special case .

Analogously if (b4,)® = (bys)®, then (1,)® = (1,)® and then

(u)® = (@) @ifin addition (u)® = (uy)® then T,,(t) = (uy)@T,5(t) This is an important
consequence of the relation between (v;)® and (;)®, and definition of (u,).

We can prove the following 425
Theorem : If (a;)Pand (b;")V) are independent on ¢ , and the conditions with the notations

(@)D (ai)® = (a13)P(a1)® <0

(‘113)(1)(‘114)(1) - (‘113)(1)(‘114)(1) + (a13)(1) (p13)(1) + (‘114)(1) (P14)(1) + (P13)(1) (P14)(1) >0
(i) P i)™ = (b13) P (1) >0,

(b{3)(1)(b{4)(1) - (b13)(1) (b14)(1) - (bis)(l) (T14)(1) - (b{4)(1)(7'14)(1) + (T13)(1) (7'14)(1) <0

with (p13)®, (11,)™ as defined by equation are satisfied , then the system

Theorem : If (a;)®and (b;")® are independent on t, and the conditions with the notations 426

(ais)(z)(ah)(z) - (‘116)(2)(‘117)(2) <0 427
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(a16) P (a17)® = (a16)P(a17)® + (a16) P (016)® + (217) P @1)® + (016) P (p17)® > 0
(b16) P (bi7)® = (b1) P (b1)® >0,

(b16) P (b17)® = (b16)® (b17)® = (b16) @ (117)® — (b1,) P (117)P + (116) P (1171)® < 0
with (p16)@, (137)® as defined by equation are satisfied , then the system

Theorem : If (a])®and (b;")® are independent on ¢ , and the conditions with the notations
(a50)® (a5)® = (a20)®(a2)® < 0

(a50) P (a51)® = (a20)®(a20)® + (a20)® (20)® + (@5)® @21)® + P20)® (P21)® > 0
(b20)® (031)® = (b20)® (b)) >0,

(b30)® (0310 = (b20) P (b21)® = (b3) P (131)® = (B31) P (120 + (r20) P (1) < 0
with (p,0)®, (1)@ as defined by equation are satisfied , then the system

We can prove the following

Theorem : If (a])®and (b)) are independent on ¢ , and the conditions with the notations
(a54) P (ahs)™ — (a24)® (a5)* < 0

(a3)® (a35)® = (a24) P (@25)® + (020)® 024)® + (35)® (025)® + (020)® (D25)*® > 0
(b34)® (035)™® = (b24) P (b5)™® >0,

(b24) ™ (D35)® = (b24) P (b5)® — (b32)® (r25)™ — (b35) ™ (125) @ + (124) P (125)® < 0
with (p24)(4), (rzs)(4) as defined by equation are satisfied , then the system

Theorem : If (a;')®and (b}")® are independent on ¢, and the conditions with the notations
(arzs)(s)(ab)(s) - (azs)(s)(aw)(s) <0

(a5) P (a59)® = (a26)(a29)® + (a26)® (P28)® + (a29)® (P20)® + (P2) (029)® > 0
(b36)® (030)® — (b25)® (b20)® > 0,

(bés)(s) (béta)(s) - (bzs)(s) (b29)(5) - (bés)(s) (7’29)(5) - (b2’9)(5) (T29)(5) + (Tzs)(s) (7"29)(5) <0
with (p,g)®, (,0)® as defined by equation are satisfied , then the system

Theorem If (a/")®and (b]")® are independent on t, and the conditions with the notations
(a32) @ (a33)® — (a32)@(az3)® < 0

(aéz)(6)(‘1§3)(6) - (‘132)(6)(@33)(6) + (asz)(e)(}%z)(ﬁ) + (a’33)(6)(P33)(6) + (P32)(6) (p33)(6) >0
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(b5)@ (b33) — (b32) @ (b32)® >0,
(béz)(G)(bés)(G) - (bsz)(G)(bss)(G) - (béz)(@(rss)(@ - (b§3)(6)(r33)(6) + (7"32)(6)(7”33)(6) <0
with (p32)©, (133)© as defined by equation are satisfied , then the system

Theorem : If (a])Pand (b")” are independent on ¢ , and the conditions with the notations
(a36) P (a5) 7 = (az6) " (az)” < 0

(a36) 7 (a37)? = (a36) " (a37) ™ + (a36) 7 036) 7 + (a57) 7 (037) 7 + (036)7 (037)7 > 0
(636)7 (b37)7 = (b36) P (b37) " > 0,

(b36) 7 (037)7 = (b36) 7 (b37) 7 — (b36) 7 (r37) 7 = (b3) P (13) 7 + (136) P (r37) 7 < 0

with (pss)”, (137)7 as defined by equation are satisfied , then the system

Theorem : If (a;")®and (b}")® are independent on ¢, and the conditions with the notations
(40)®(a41)® — (a40)® (@s)® < 0

(@40)®(41)® = (a20)® (@41)® + (240)® 010)® + (@4)® P41)® + (P40)® (04)® > 0
(b30)® (031)® = (b4o) @ (b41))® >0,

(b30)® (031)® = (b40) @ (041)® — (b0)® (121)® — (Bi)® (13)® + (1)@ (1)@ < 0
with (ps0)®, (1,1)® as defined by equation are satisfied , then the system

Theorem : If (a])®and (b}")® are independent on t, and the conditions (with the notations
45,46,27,28)

(244) @ (@45)® — (a44) @ (a45)® < 0

(a4) @ (@45)® = (248) P (45) + (220) P 4@ + (@45) P Pa5)@ + Paa)@ (045)® > 0
(b3a) P (Bi5)® = (b4a) @ (bss)® > 0,

(b3a) P (D45)? = (04a)® (b45)® — (b1) (135) — (b15) P (135) + (134) P (145)® < 0
with (p,4)®, (1,5)® as defined by equation 45 are satisfied , then the system

(a13) MGy — [(‘113)(1) + (a1'3)(1)(T14)]G13 =0

(a14)(1)G13 - [(a14)(1) + (aiﬁ})(l)(T14)]Gl4 =0
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(a15) PG4 = [(‘115)(1) + (ails)(l)(TM)]Gm =0 439
(b13) VT = [(b1) ™ = (B15)P(G) 115 = 0 440
(b14)(1)T13 - [(bh)(l) - (bﬂ)(l)(c) ITia=0 441
(b15)(1)T14 - [(bis)(l) - ( {’5)(1)(6) ]T15 =0 442

has a unique positive solution , which is an equilibrium solution for the system

(a16)PGy7 — [(a16)® + (a1s) P (T17)]Grs = 0 443
(@) P66 = [(@1)® + (@)D (T17)]Gr7 = 0 444
(als)(2)617 - [(ais)(z) + (ails)(z) (T17)]G13 =0 445
(b16)PT17 = [(b16)® = (b16)® (619) 1T = 0 446
(b17)PT16 = [(b17)® = (b17)P (G10) 1T17 = 0 447
(b1)PT17 = [(b)® = (b15)® (G19) 1T = 0 448
has a unique positive solution , which is an equilibrium solution

(azo)(s)(;m - [(alzo)(s) + (aélo)@)(Tm)]Gzo =0 449
(a21)® G20 — [(@5)® + (@) (T21)]G21 = 0 450
(a22)® 621 — [(@h)® + (@) (T21)]G22 = 0 451
(b20)® Ty — [(béo)m - (bé'o)(S)(st) IToo= 0 452
(b21)® T30 = [(b3)® = (b21)®(G23) ITo1 = 0 453
(b22)® Ty — [(béz)m — (b32)®(G23) [T, = 0 454
has a unique positive solution, which is an equilibrium solution

(a24) PG5 — [(@h)™ + (@)) ™ (T25)]Goa = 0 455
(azs)(4)624 - [(alzs)m + (aéls)(4)(Tzs)]st =0 456
0126)(4)625 - [(a,zs)@) + (aéle)(4)(T25)]G26 =0 457
(b24) W Tos = [(b3)™ = (b3 W ((G27)) 14 = 0 458
(bzs)(4)T24 - [(bés)@) - (béls)(4)((627)) ITs = 0 459

(bzs)(4)T25 - [(bés)m - (béle)(4)((627)) ITo6= 10 460
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has a unique positive solution , which is an equilibrium solution

(a26)® G0 — [(a26)® + (a75) P (T29)|Gog = O 461
(20) G — [(a30)® + (a56)® (T20)] G20 = 0 462
(a30) )G9 — [(@50)® + (a50) ) (T20)]Gzo = 0 463
(b2g) Tz — [(b35)™ — (b35) ) (G31) 1Tzs = 0 464
(b20) P Tag — [(b30)® — (b76)®(G31) ]T2o = 0 465
(b30) P Tae = [(030)® = (b30)®(G51) I T30 = 0 466

has a unique positive solution , which is an equilibrium solution

(a32)(6)633 - [(aéz)(ﬁ) + (aélz)(G)(T33)]Gsz =0 467
(a33) @63z — [(a33)® + (a33) @ (T33)]G33 = 0 468
(a34)® G5 — [(a5)© + (a53)® (T33)]|Gz4 = 0 469
(b32)©Ts3 = [(032)© — (b55)©(G35) [Ts, = 0 470
(b33)© Tz, = [(b33)© — (b55)©(G35) [Ts3 = 0 471
(b34)©Ts5 = [(3)© — (b33) @ (G35) IT34 = 0 472
has a unique positive solution , which is an equilibrium solution

(a36) P Gs7 — [(a56)™ + (a6) 7 (T37)]Gs6 = 0 473
(az7)PGae — [(a’37)(7) + (a§’7)(7)(T37)]G37 =0 474
(a38) "Gy — [(a5e)? + (%)) (T37)|Gag = 0 475
(b36) P T37 — [(b36) 7 — (b56) 7 (G39)]T56 = O 476
(b37) P T36 = [(b37)7 — (b57) 7 (G39) 1T, = 0 477
(b38) " Ts7 — [(b3g) ) — (b35) 7 (G30) T3 = O 478
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(‘140)(8)641 - [(afw)(s) + (azltlo)(s)(Tu)]Gm =0 479
(‘141)(8)640 - [(az’u)(s) + (azltll)(s)(Tu)]Gu =0 480
(‘142)(8)641 - [(az’tz)(s) + (azltlz)(s)(Tu)]Gu =0 481
(b40)(8)T41 - [(bz’to)(s) - (bz’t’o)(g)(Gu) ITao =0 482
(b41)(8)T40 - [(bz’u)(s) - (bz’tll)(g)(Gu) ITs1 =0 483
(b42)(8)T41 - [(bz’tz)(s) - (bz’tlz)(g)(Gu) ITu, = 0 484
(%4)(9)645 - [(ag,a,)(g) + (a:}'4)(9) (T45)]G44 =0 :84
(a45)(9)G44 - [(ag,s)(g) + (aitls)(g) (T45)]G45 =0

(a46) P Gys — [(a26)? + (a4f6) P (T4s5)]Ga = 0

(b44)(9)T45 - [(b4’,4)(9) - (b!;‘})(g) (G47) 1Taa =0

(b45)(9)T44 - [(bis)(g) - (bzltls)(g) (G47) 1Tas = 0

(b46)OTys — [(big)® — (bis)?(Gar) ITug = 0O

Proof: 485
(a) Indeed the first two equations have a nontrivial solution G5, Gy, if

F(T) = (ais)(l) (a£4)(1) - (a13)(1) (a14)(1) + (a13)(1) (aﬂ)(l) (T1q) + (a14)(1) (a1'3)(1)(T14) +

(a13 @ (T14)(a1’4)(1) (T1s) =0

Proof: 486
(a) Indeed the first two equations have a nontrivial solution G4, G;7 if

F(Ty9) = (a£6)(2) (a{7)(2) - (‘116)(2) (a17)(2) + (a16)(2) (‘11'7)(2)(7117) + (a£7)(2)(a£'6)(2)(7117) +

(‘11’6)(2) (T17)(a£'7)(2)(T17) =0

Proof: 487

(a) Indeed the first two equations have a nontrivial solution G,g, G5, if

F(Ty3) = (aéo)(s)(aéi)(s) - (azo)(s)(au)(s) + (alzo)(3)(aé’1)(3)(T21) + (aél)(3)(aé’0)(3)(T21) +
(alzlo)(”(T21)(a§,1)(3)(T21) =0

Proof: 488
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(a) Indeed the first two equations have a nontrivial solution G,,, G,5 if

F(Ty7) = (a5)™ (a55)® — (a24)® (az5)™® + (a%4)® (ah5) ™ (Tos) + (a35) @ (@)™ (Tzs) +
(a’2'4)(4) (Tzs)(aéls)(4)(T25) =0

Proof:

(a) Indeed the first two equations have a nontrivial solution G,g, G,q if

F(Ts1) = (a38)® (a0)® — (a26)®(a20)® + (ah5)® (a59) ™ (Too) + (a20) ™ (ase) ™ (Too) +
(a35)® (Tz0) (az9) ) (Tz9) = 0

Proof:

(a) Indeed the first two equations have a nontrivial solution Gs,, G5 if

F(Ts5) = (aéz)(e)(a§3)(6) - (‘132)(6)(‘133)(6) + (aéz)(ﬁ)(a§’3)(6)(T33) + (a§3)(6)(a’3'2)(6)(T33) +
(a’3'2)(6) (T33)(a§’3)(6)(T33) =0

Proof:

(a) Indeed the first two equations have a nontrivial solution Gs¢, G3, if

F(T39) = (aée)(7)(a’37)(7) - (‘136)(7) (‘137)(7) + (a§6)(7)(a§'7)(7) (Ts7) + (a§7)(7) (al3’6)(7) (T37) +
(a,3,6)(7) (T37)(a§'7)(7)(T37) =0
Proof:

(a) Indeed the first two equations have a nontrivial solution G4, G4 if

F(Ty3) = (afto)(s)(az’u)(s) - (a40)(8) (a41)(8) + (az’m)(s) (az’;’1)(8) (Ty1) + (‘14’;1)(8) (az’{o)(s) (Ty1) +
(azo ®) (T41)(a:{1)(8) (Ty1) =0
Proof:

(a) Indeed the first two equations have a nontrivial solution Gy, G,5 if

F(Ty;) = (afm)(g) (afts)(g) - (a44)(9) (a45)(9) + (a:}4)(g) (a‘/}rs)(g) (Tus) + (aﬁs)(g) (a:t’zt)(g) (Tys) +
(ags ©) (T45)(af{5)(9) (Tys) =0

Definition and uniqueness of T}, :-

After hypothesis f(0) < 0, f(e0) > 0 and the functions (a,)™(T;,) being increasing, it follows that
there exists a unique Ty, for which f(T7,) = 0. With this value , we obtain from the three first
equations

(a15) D614

(a13)V6y,4 —
[(@15) D +(als) D (17,)]

G = 1 )
13 [(aiz) D+ D (11,)]

Gis

Definition and uniqueness of Ty, :-

After hypothesis f(0) < 0, f(0) > 0 and the functions (a/)® (T;,) being increasing, it follows that
there exists a unique Ty, for which f(T;;) = 0. With this value , we obtain from the three first
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equations

(a16)PG17 (a18)PGy7 495

16 = (o@D +@@,)] 18 = (@@ (@]

Definition and uniqueness of T;; :- 496

After hypothesis f(0) < 0, f() > 0 and the functions (a;)¥(T,,) being increasing, it follows that
there exists a unique T3; for which f(T;;) = 0. With this value , we obtain from the three first

equations
G = (a20)® 621 G = (a22)® 624
207 [@h)@+@)@ ()] 7 TR T @)@+ (13)]
Definition and uniqueness of T, :- 497

After hypothesis f(0) < 0, f(0) > 0 and the functions (a!")®* (T,s) being increasing, it follows that
there exists a unique T,: for which f(T;5) = 0. With this value , we obtain from the three first

equations

Gor = (a2)®6,5 G = (a26)®Gys

27 @@ +@®(135)] 1 2T [(@p0)@+(ahe) @ (155)]

Definition and uniqueness of T;, :- 498

After hypothesis f(0) < 0, f(0) > 0 and the functions (a!)® (T,,) being increasing, it follows that
there exists a unique Ty for which f(T;,) = 0. With this value , we obtain from the three first

equations
G = (a28) 629 Gun = (a30)® 629
27 [@he®@+@f)® ()] 7 0T (i) +(a3) ) (130)]
Definition and uniqueness of T35 :- 499

After hypothesis f(0) < 0, f(0) > 0 and the functions (a))(® (T,;) being increasing, it follows that
there exists a unique T35 for which f(T33) = 0. With this value , we obtain from the three first

equations
Gon = (a32) @633 Gar = (a34)®633
7 [@i@+@iy)© ()] 1 T [(ah)©+(a5)©)(135)]
Definition and uniqueness of T3, :- 500

After hypothesis f(0) < 0, () > 0 and the functions (a,)”’(Ts,) being increasing, it follows that
there exists a unique T3, for which f(T3;) = 0. With this value , we obtain from the three first
equations

(a38) 7637

(aze) G35 —
[(abg) P +(afe) 7 (13,)]

T (@D +@n(m)]

G36

G38

Definition and uniqueness of T;; :- 501
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After hypothesis f(0) < 0, () > 0 and the functions (a,)®(T,,) being increasing, it follows that
there exists a unique T,; for which f(T;;) = 0. With this value , we obtain from the three first
equations

_ (a42)®Gyy
[(@h2)®+(afy)®(141)]

(a40)®Gyyq
[(@h)®+(aho)®(15,)]

Gy = Gy

Definition and uniqueness of T;;s :-

After hypothesis f(0) < 0, f(e0) > 0 and the functions (a,)®(T,s) being increasing, it follows that
there exists a unique T,s for which f(T,s) = 0. With this value , we obtain from the three first
equations

(a46)PGys5

(244)Gas —
[(a46)@+(a4e) ) (Ts5)]

G = )
T b )@ +aypO (155)]

Gae

By the same argument, the equations admit solutions G5, Gy, if
@(G) = (bi3) P (b1)™ — (b13) P (by)® —

[(B13)® (b)) P (6) + (b1) ™ (b5) P (G)]+(b13) P (6) (b)) P (6) = 0

Where in G (Gy3, G14, G15), G13, G15 must be replaced by their values from 96. It is easy to see that ¢ is a
decreasing function in G,, taking into account the hypothesis ¢(0) > 0, () < 0 it follows that
there exists a unique Gj, such that p(G*) = 0

By the same argument, the equations admit solutions Gy, G;7 if

@(Gyo) = (biﬁ)(z)(bb)(z) - (b16)(2)(b17)(2) -
[(b16) P (b15) P (G19) + (b17) P (b16) P (G19)|+(b16) P (G10) (b15) P (G16) = 0

Where in (G19) (G4, G17, G15), G16, G1g must be replaced by their values from 96. It is easy to see that ¢
is a decreasing function in G, taking into account the hypothesis @(0) > 0, ¢ () < 0 it follows that
there exists a unique Gj, such that ((G,4)*) =0

By the same argument, the equations admit solutions G,q, G, if

9(Gy3) = (béo)(3)(bé1)(3) - (bzo)(3)(b21)(3) -
[(b50)® (B3P (G3) + (b51) P (b36) P (G23)|+(b30) P (G23) (b51) P (G23) = 0

Where in G,3(G,q, G121, G22), G2g, G, must be replaced by their values from 96. It is easy to see that ¢ is
a decreasing function in G,, taking into account the hypothesis ¢(0) > 0, ¢(c0) < 0 it follows that
there exists a unique G, such that ¢((G,3)*) =0

By the same argument, the equations admit solutions G4, G,5 if

0(Gyy) = (bé4)(4)(bés)(4) - (b24)(4)(b25)(4) -
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[(524)® (b35)® (G27) + (b25) @ (b5) @ (G2 |+(B21) 9 (G27) (b35) ¥ (G27) = 0

Where in (G37) (G4, G2s, G26), G24, G2 must be replaced by their values from 96. It is easy to see that ¢
is a decreasing function in G,z taking into account the hypothesis ¢(0) > 0, ¢(o0) < 0 it follows that
there exists a unique G55 such that ¢((G,,)*) =0

By the same argument, the equations admit solutions G,g, G,q if 507
¢(G3y) = (bés)(s)(bé9)(5) - (bzs)(s)(bzg)(s) -

[(bés)(s) (b35) ) (G31) + (bs0)® (b3s)™® (G31)]+(bé’8)(5) (G31)(b39)(G31) = 0

Where in (G31)(Gag, G29, G3), G235, G3o must be replaced by their values from 96. It is easy to see that ¢
is a decreasing function in G4 taking into account the hypothesis @ (0) > 0, ¢ (o) < 0 it follows that
there exists a unique G4 such that ¢ ((G3,)*) =0

By the same argument, the equations admit solutions Gs,, G5 if 508
¢(Gss) = (béz)(6)(b§3)(6) - (b32)(6)(b33)(6) -

[(532)(@ (35) (@ (G35) + (b33) @ (b52) @ (G35)]+(h52) @ (Ga5) (b53) @ (Ga5) = 0

Where in (G35) (G35, G33, G34), G35, G34 must be replaced by their values from 96. It is easy to see that ¢
is a decreasing function in G55 taking into account the hypothesis ¢(0) > 0, ¢(o0) < 0 it follows that
there exists a unique G3; such that ¢(G35™) =0

By the same argument, the equations admit solutions G3g, G3 if 509
¢(G3q) = (bée)(7)(b§7)(7) - (b36)(7)(b37)(7) -
[(B36) 7 (37) 7 (G30) + (b37) 7 (b36) 7 (G0) |+ (b36) 7 (G30) (b37) 7 (G39) = 0

Where in (G39) (G4, G37, G3g), G, G3g must be replaced by their values from 96. It is easy to see that ¢
is a decreasing function in G, taking into account the hypothesis ¢@(0) > 0, (o) < 0 it follows that
there exists a unique G3, such that ¢(G35") = 0

By the same argument, the equations admit solutions G, G4, if 510
9(Gy3) = (bio)(g)(bh)(g) - (b40)(8)(b41)(8) -
[(P20)® (bi)® (Gasz) + (b4:)® (b36)® (Gaz) ]+ (bi0)® (Gas) (b)) (Gaz) = 0

Where in (G43)(Gag, Ga1, Gaz), Gag, G4 must be replaced by their values from 96. It is easy to see that ¢
is a decreasing function in G4, taking into account the hypothesis ¢@(0) > 0, (o) < 0 it follows that
there exists a unique G;; such that (G,3") =0

By the same argument, the equations 92,93 admit solutions Gy, G45 if
@(Ga7) = (04a)® (b15)® — (b4) (bys)® —

[(2)® (B35) (Gar) + (bas)@ (b)) (Gar) |+ (Bia) P (Ga7) (b35) ) (Ga7) = O

Where in (G47) (G4, Gus, Gag), Gaa, G4 must be replaced by their values from 96. It is easy to see that ¢
is a decreasing function in G,5 taking into account the hypothesis ¢(0) > 0, () < 0 it follows that
there exists a unique G, such that ¢((G,;)*) =0
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Finally we obtain the unique solution
G1, given by @(G*) = 0, Ty, given by f(T;,) = 0 and

(a15) V65,
[(@1) D +(afs)D(11,)]

(a13)V63, *
G, = ) G =
B 7 (@)@ +@))®(11,)] 15

(b13) V17, T — (b15) V15,
[(B1)D-0iDEH] 15 T ] D-05H D (6]

Tis =
Obviously, these values represent an equilibrium solution

Finally we obtain the unique solution

Gi7 given by ¢((G19)") = 0, Ty given by f(T{7) = 0 and

Gt = (a16) PG}, G = (a19)@Gy,
16 7 [@lg@+@p@(11,)] 7 18 T [l P +@lp@(T],)]
Tl*ﬁ _ (016)PT;, ) T1*8 _ (b10)PTS,

[(b16) D =(bY6) D ((619)")] T 0l @ =@ (616)9)]

Obviously, these values represent an equilibrium solution
Finally we obtain the unique solution
G31 given by ¢((G23)") = 0, T3, given by f(75,) = 0 and

(a20)®63,

(az2)®63,
* G* =
[(ah)®+(ah)®(rs,)] * 22

G = =
20 [(@52)®)+(a5)®(15,)]

T* — (b20) T3, T = (b2) 3Ty,
20 T (050 ® -0 P (G25M] 7 22T 05 P-035) 3 (623M)]

Obviously, these values represent an equilibrium solution of global equations

Finally we obtain the unique solution

G;s given by ¢(G,;) = 0, T;s given by f(T;5) = 0 and

G, = (a24)(4)G;5 G = (aze)(4)655
2T (@)@ +@h)®(1355)] T T T [(ahe) W +(ahe) ) (T55)]
T2*4 _ (b24)(4)T2*5 ’ T2*6 _ (bzs)(4)T;5

[(Pr) @ - (b ((G27))] [(036) W =(b36) D ((G27)")]

Obviously, these values represent an equilibrium solution of global equations

Finally we obtain the unique solution
G given by ¢((G31)") = 0, T4 given by f(T55) = 0 and

(a30)(5)659
[(a%0)®)+(asy) P (T5)]

(aza)(s)aﬁg
[(a}g)®)+(ahe) P (T5)]

* *
GZS_ 'G30_
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512

513

514
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516
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518



International Journal of Scientific and Research Publications, Volume 3, Issue 9, September 2013 98
ISSN 2250-3153

(b30)(5)Tz*9 519
[(036) D= (b35) P ((G31)")]

T, = (b2) T4 T =
28 = [(b5)®-(bp)®((GsH] 7 30

Obviously, these values represent an equilibrium solution of global equations
Finally we obtain the unique solution 520
G33 given by ¢((G35)") = 0, T35 given by f(753) = 0 and

(a32)'®635 * (a34)©635

632 = [ @ @@ * 93 = (@ ® @l @)

(b32)(6)T3*3 T = (b34)(6)T3f3 521
(B3O -EN©((G35))] 7 3% T 05O -5 O (G35))]

T3, =
Obviously, these values represent an equilibrium solution of global equations

Finally we obtain the unique solution 522

G37 given by ¢((G39)") = 0, T35 given by f(T5;) = 0 and

Gr = (a36) 7637 Gt = (a38) 763,
36 7 [(abe) M +@tp D (15,)] 1 38 T [(ase) D +(aky) (13,)]
T* — (b36) T3, Tr = (b30) T3,
36 T bl D -5 M ((G39)0] 7 738 T [he) D - (05D ((639)")]
Finally we obtain the unique solution 523

G4 given by ((Gy3)") = 0, Ty given by f(Ty;) = 0 and

G = (020 ®65, Gt = (as)®c}y
40

T (@) ®+@)® ()] T T T [(@h)®+ (@l ® (1)

- (b40)(8)T11 T* = (b42)(8)7}f1
0 T b)) ® -0 ®((Gaz))] 7 42T [0h)® -(bs) B ((643))]
Finally we obtain the unique solution of 89 to 99 523
A
Gys given by ¢((G47)") = 0, T, given by f(T,5) = 0 and
Gr = (1144)(9)515 Gr. = (a46)(9)015
M [(@h)O+@lDO(15)] T T T [(ahe) O+ (@) O(145)]
T* — (b44)(9)71:5 T* — (b46)(9)Tzfs
T DO -0)p@ (6] 7 ¥ T [k D =05 O ((647))]

ASYMPTOTIC STABILITY ANALYSIS 524
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Theorem 4: If the conditions of the previous theorem are satisfied and if the functions

(a/)® and (b]")® Belong to CY( R,) then the above equilibrium point is asymptotically stable.

Proof:_Denote
Definition of G;, T; :-
GLZGL*'FGL ,TizTi*+Ti

6(b )( )

0
(aM) (T14) = (%4)(1) , ——(G") = Sij

Then taking into account equations and neglecting the terms of power 2, we obtain

dG / G !
Lo —((@15)® + (P13) D) Gy3 + (a13) PGy — (q13)PG13Tyy
dG ’ 1

alt14 = (@)™ + @12)P) Gy + (@) P Gy3 — (q10) P61, Ty
dG / !
715 = —((@1)® + (015) ) Gys + (a15) PGy — (915) VG5 Toy
daT ’ %
_d;3 = —((b13)(1) — (r13)(1))T13 + (by3) VT, + 211'213(5(13)(j)T13Gj)
aT ’ Y
_d;“ = —((b14)(1) — (r14)(1))T14 + (b)) VT3 + 211'213(5(14)(j)T14Gj)
daT I Y
S —((b15)® = (1) M) Ty5 + (brs) P Tay + X3215(sas)(jy Ts Gy)

ASYMPTOTIC STABILITY ANALYSIS

Theorem 4: If the conditions of the previous theorem are satisfied and if the functions
(@)@ and (b})® Belong to C?( R, ) then the above equilibrium point is asymptotically stable

Proof: Denote
Definition of G;, T; :-
Gl:G:‘FGl 'Ti:Ti*+Ti

6(b )

0(017) (Ty,) = (q17)(2) , ((019) ) = Sij

taking into account equations and neglecting the terms of power 2, we obtain

dGe

a _((aie)(z) + (Pie)(z))Gm + (a16) PGy — (q16)(2)G;6T17

dGyy

ax _((%7)(2) + (P17)(2))G17 +(a17) PGy — (q17) PG, Ty,

dGig

a _((ais)(z) + (Pis)(z))Gw + (019) PGy, — (q18)(2)G;8T17

dT;¢

a _((bis)(z) - (r16)(2))T16 + (b16)(2)T17 + 211'316(5(16)(j)Tf6Gj)
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dT,,
dt

= _((b{7)(2) - (T17)(2))T17 + (b17)(2)T16 + 2}216(5(17)(j)Tf7Gj)

dT X
—f= ((bIS)(Z) (7’18)(2))']1‘18 + (b18)(2)T17 + 211'216(5(18)(j)T18Gj)
ASYMPTOTIC STABILITY ANALYSIS

Theorem 4: If the conditions of the previous theorem are satisfied and if the functions

(a/)® and (b]")® Belong to C®( R,) then the above equilibrium point is asymptotically stable.

Proof: Denote
Definition of G;, T; :-
GLZGL*+(GIL ,TizTi*+Ti

3()_-, )( )

6(a21) ( T;,) = (q21)(3) , ——((G3)") = Sij

Then taking into account equations and neglecting the terms of power 2, we obtain

G , *
720 = —((@30)® + (020)) G0 + (a20) P G21 = (420) P G30T4
G , *
721 = _((a21)(3) + (p21)(3))((}21 + (a21) P Gap — (q21) P63, Ty
G , .

d:Z = _((azz)(3) + (Pzz)(S))Gzz + (a2,) PGy — (q22)(3)622T21

dT , X
720 = _((bzo)m - (rzo)(3))Tzo + (bzo)(3)T21 + 2?520(5(20)(j)TzoGj)

dr , .
721 = —((05)® = (121) )Ty + (b2) P T4 + Y200(s@n()T5G))

dToy

a _((béz)(?’) - (rzz)(s))']rzz + (bzz)(s)T21 + 25120(5(22)(;')7152@;')

ASYMPTOTIC STABILITY ANALYSIS

Theorem 4: If the conditions of the previous theorem are satisfied and if the functions

(@)@ and (b])™® Belong to C™®( R,) then the above equilibrium point is asymptotically stable.

Proof: Denote

Definition of G;, T; :-
GL:GL*—I_GL 'TizTi*+Ti

a(b )

6(“25’ (T35 = (@25)@ , 220 (G,0) ) = 5

Then taking into account equations and neglecting the terms of power 2, we obtain

AdGyy

a —((a24)(4) + (p24)(4))G24 + (a24)(4)G25 - (CI24)( )GZ4T25
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aG i >

e —((@hs)™® + (025) ) Gzs + (a25) P Grs — (425) @ G355
dG / >
e = —((@36)® + (P26) ™) Gz + (a26) P G5 — (q26) P G36Ts
daT I Y
—k= —((03)™® = (2) @) Tos + (02) DT + X324 (s@ay( T24G5)
daT ’ )
=2 = —((b35)® = (ra5) @) Tos + (bos) P Tas + X324 (525 T55G))
daT I Y
=20 = —((b36)® = (r26) ) T26 + (b26) WTas + X3224(526)(» T36G))

ASYMPTOTIC STABILITY ANALYSIS

Theorem 5: If the conditions of the previous theorem are satisfied and if the functions
(@)® and (b}")® Belong to C®( R,) then the above equilibrium point is asymptotically stable.

Proof: Denote
Definition of G;, T; :-
Gl:G,_*‘l'Gl 'Ti:Ti*+Ti

9(bH®

acal (5) . N
e (T5o) = (@), 0= ((G)) =5y

0Tz9

Then taking into account equations and neglecting the terms of power 2, we obtain

% = _((aés)(s) + (pzs)(s))st + (azs)(S)Gm - (qZB)(S)G;8T29
% = _((‘1;9)(5) + (P29)(5))Gz9 + (a20)®Gag — (420) G54 T50
% = _((aéo)(s) + (p30)(5))((}30 + (a30) P Gao — (q30) P G309
dzjs = —((036)® = (126)®) T2 + (b26) P Too + 2?223(5(23)(1-)71;8(&]-)
T2 = —((b39)® = (120) ) Tag + (b29) O T + X35(S 2oy T30Gy)
T = —((B50)® = (r30) D) T + (h30) P Ta0 + X3256(s 0 T30 G))

ASYMPTOTIC STABILITY ANALYSIS

Theorem 6: If the conditions of the previous theorem are satisfied and if the functions
(a/)® and (b]")® Belong to C®(R,) then the above equilibrium point is asymptotically stable.

Proof: Denote
Definition of G;, T; :-

Gl=G:+Gl lTi=Ti*+Ti
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2{H®

E) 17 ~(6) . N
= () = (@)@, S0 ((Ga)) =5

6T33

Then taking into account equations and neglecting the terms of power 2, we obtain

di(j% = _((aéz)(ﬁ) + (Psz)(G))ng + (a32)©Ga3 — (q32) @G5, Tas
% = _((a§3)(6) + (pss)(@)Gss + (a33)(6)((332 - (Q33)(6)G§3T33
% = _((a§4)(6) + (p34)(6))((334 + (a34)(6)((333 - (Q34)(6)G§4T33
dj% = —((3)® = (132) @) T3z + (b32) T3z + TH352(5G2)() T52G5)
d% = —((b3)© = (r33) @) T35 + (b33) @ Taz + Xi232(563)( T5:G))
T2t = (050 = (13) @) Ty + (h3)OTa3 + Ti2(560)) T446))

ASYMPTOTIC STABILITY ANALYSIS

Theorem 7: If the conditions of the previous theorem are satisfied and if the functions
(@) and (b]")” Belong to C”( R,) then the above equilibrium point is asymptotically stable.

Proof: Denote
Definition of G;, T; :-
Gl:G:‘FGL !Ti:Ti*+Ti

At ., ap!H™ o
#(Tw) = (Q37)(7) , al—G]( (G30) ) = Sij

Then taking into account equations and neglecting the terms of power 2, we obtain from

% = —((a36)" + (036) ") G36 + (a36) " G37 — (q36)7)G36T37
T2 = —((@)? + (P37) V)67 + (a37) V36 = (@37) V63T
% = _((aés)m + (p38)(7))G38 + (a38)(7)G37 - (q38)(7)G;ST37
st~ _(b56)7 = (136) ™) T + (b30) Vs, + Z2e(52000) Ti6G)
T3 = (B3 ~ (32) V) Ty + (bs7) VT + D57, T3
dT3g

T _((bés)m - (r38)(7))T38 + (b3g) PTs; + 2?336(5(38)(;')7'3*8@;')
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Obviously, these values represent an equilibrium solution
ASYMPTOTIC STABILITY ANALYSIS

Theorem 8: If the conditions of the previous theorem are satisfied and if the functions
(a/)® and (b]")® Belong to C®(R,) then the above equilibrium point is asymptotically stable.

Proof: Denote
Definition of G;, T; :- 580
GLZGL*'FGL ,TizTi*+Ti

3(17 )

6(“4” (TiD) = (@)® L ((Ga)*) =53

Then taking into account equations and neglecting the terms of power 2, we obtain

% = —((@40)® + P40)®)Gao + (A40) B Ga1 — (q40) P GioTus 581
% = _((afﬂ)(s) + (p41)(8))G41 + (a41)®Gyo — (q41) PG5 Ty 582
% = —((@42)® + P42)®) Gy + (A42) P Gyy — (qu2) P 61Ty 583
% - _((b:w)(g) B (T4°)(8))T4° + (b40) Ty + z:?540(5(40)(1')Tzfo(ﬁ'j) 584
it — (B = () @) T + Ba) oo + Z 240560 TirGy) sgs
d% = —((042)® = (1) ®) Ty + (baz) P Ty + X4240(Sa2) (9 a2 Gy) 586
ASYMPTOTIC STABILITY ANALYSIS 286

Theorem 9: If the conditions of the previous theorem are satisfied and if the functions
(@)@ and (b]")® Belong to C®( R,) then the above equilibrium point is asymptotically stable.
Proof: Denote

Definition of G;, T; :-
GL:GL*—l—GL 'TizTi*+Ti

a(b )

6(“45’ (Tis) = @)@, 2202 (G, ) =5,

Then taking into account equations 89 to 99 and neglecting the terms of power 2, we obtain from 99 to
44

dG , X
744 = _((‘144)(9) + (p44)(9))@'44 + (a44)(9)G45 - (Q44)(9)G44T45 ]“286
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dG , .
_d:S = —((a45)(9) + (P45)(9))G45 + (@45) P Gy — (qa5) P GisTas
dG , .

d:6 = _((a46)(9) + (P46)(9))G46 + (046)(9)@145 - (q46)(9)G4-6T45
daT , .
—d;H = —((b44)(9) - (T44)(9))T44 + (baa)OTys + 2?244(5(44)0)7'44@1')
daT , .
— = —((bis)@ = (145) ) Ta5 + (bas) P Ty + Zj244(5045)() TisG;)
daT , .
—d:G = —((b16)® — (146) ) Ty6 + (bs) O Tys + 2?244(5(46)(1')7'46(&1')

The characteristic equation of this system is
(DD + Bin)® = G PH(DD + (@)D + (p15)D)
(WD + @)D + 1)) @) D61, + (@1) V(@) V655 )|
(DD + G1)D = 1) D)sam anTis + G Dsas anTis)
+ (DD + (@)D + @1 D) (@) V615 + (1) D (1) D614
(((A)(l) + (b13)® = (1) V)5 anTis + (b14)(1)5(13),(13)T1*3)
(WD) + (@)@ + @)D + @)@ + () @) WD)

(WD) + (Bi)D + BiDD = (30D + (7)) DD

(WD) + (@)D + @D + PP + E:0D) WD) (1) D65

+((A)(1) + (aj)® + (P13)(1)) ((a15)(1)(CI14)(1)Gf4 + (a14)(1)(a15)(1)(Q13)(1)Gf3)

(((/1)(1) + (b)) — (r13)(1))5(14),(15)Tf4 +(b14)(1)5(13),(15)Tf3)} =0
+

(DP + (1) = (1) P H(DP + (@1e)? + (p1)P)

(W@ + @)@ + (1) @) @) P61 + (@17) P (016?616 )|
(((/1)(2) + (b1e)® — (7'16)(2))5(17),(17)Tf7 +(b17)(2)5(16),(17)T1*7)

+ (((/1)(2) + (ai)@ + (P17)(2))(Q16)(2)G;6 + (a16)(2)(Q17)(2)GI7)
(((/1)(2) + (b1e)® — (r16)(2))5(17),(16)T1*7 + (b17)(2)5(16),(16)Tf6>

(W) + (@)@ + @)@ + @:1)@ + (p:)®) W)
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(WD) + (B1e@ + GNP = (1)@ + (13,)P) (DP)
(WD) + (@@ + (@)D + 1)@ + @) P) DP) (416) DG
+HDP + (@) + 0:10P) (@) P (02 D617 + (a17) P (16)P (026) DG )
(O + Bi)® = ()@ )san,an Ty +bi7) Psae,anTis)} = 0

.

(DP + b5 = EDN(DD + (@)D + (2)®)

(WD + (@)@ + P20)®) (@20 D631 + (220D (0200650 )|

(WS + (b3)® = (12)D)s @0 T51 +B2) P50, 1) T )

+ (DD + (@)D + P21)®) (420) D630 + (220)P (021) P63, )
(WP + b2)® = (20P)s @0 Tar + b2 P50y Tio)

(W) + (@)@ + @)@ + @) + @2)P) D)

((W®) + (B3P + (B3P = (20)® + (2)P) WD)

+((W®) + (@)D + (@) + ©2009 + P2)P) DD) (0:)P 62
HDP + (@50)® + 20P) ((a22)P (420D 631 + (@20 (a22)P (420)P635,)
(WP + B30 = 1) P)s2m, 02 T51 +B2) P50, T30 )} = 0

4

(D + B3 = (DD + (@)@ + (p26)™)

(D + (@)@ + o)) (@25) D635 + (a25) P (02) 63, )|
(DD + B3P = (20)D)s(25)29) T35 +(b25) D520, T5s)

+ (DD + (@)™ + 025)®) (420) 634 + (a2) @ (925)“G35)
(DD + B5)@ = (25025, Ts + (25) 5 201,254 )

((W®) + (@)D + (@) + P2)@ + (25)®) D@)

105
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(D) + (5@ + ()@ = (1)@ + () @) (W)
(W) + (@) + @) + @)@ + E2)P) WD) (426) PG
+(DD + (@) + P2)®) ((a26) P (025) PG5 + (25)® (026) @ (424) P 3
(O + B3P = 105025, 060 T35 +(b25) V5,26 T54 )} = 0

.

(DD + (b3)® = F3) (DD + (@50 + P:0)®)

(DS + (@)@ + 2) ) (@20) G35 + (229)) (426) D635 )|

(DS + (b)® = (126))5 29,2 T30 +(b29) S5 2,20 T3 )

+ (DS + (@5) + (26) ) (A20) P35 + (a26) ) (426) VG35 )
(DD + (b26)® = (26)@)sc29),20)Ts0 + (b29) 528,20 Ts )

(WD) + (@)@ + (@) + @) + P20)®) D)

(W) + (B3)D + (b3)® = (2)® + (1)) D)
+((W®) + (@)@ + (@) + @20)® + 020)P) D) (430) 630
HD® + (@5)° + 26)) ((a30)P (429) P G35 + (a20)P (a30)® (426) P G35)
(((/1)(5) + (b36)® — (128))5(29),30) To +(b29)(5)s(23)_(30)T58)} =0

4

(DO + (3@ = E) (D@ + (@5)© + (P:)®)

(W + (@)@ + 32)®) (@) @65 + (@) ()63, )|

((D© + B3 = (13 )s 3,09 T5s +(ba3) 52,63 T5s )

+ (D + (@5)@ + (3)©) (@32) @63 + (a52)® (452)©635)
(D@ + B5)® = (5)@)s5),60)T5s + (853) V52,62 T52)

(W©) + (@)@ + (@5)@ + P:)@ + P3)@) D)

106
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(D) + (5@ + (b3)© = (5@ + (5)@) W©)

+ (@) + (@)@ + (@5)@ + B32)@ + 133)@) D®) (434) Gy
(D@ + (@)@ + 03)@) ((a3) P (035) @633 + (235)® (036 (432) V635
(D + B5)@ = (520556075 +bs3) V52,6075 )} = 0

,

(DD + B5)7 = F) (D + (@) P + (p3)7)

(DD + (@) ? + 36) ) (@37) V637 + (a3) 7 (036) 7636 )|

(WD + (b0 = (1365, 7)Tr +b37) V566,67 T )

+ (DD + @)D + (37)7) (@36) VG36 + (a36) 7 (457) 763, )

(DD + B3P = 3 P)sencaTs + (b3 s6,60T)

(WD) + (@) + @D + @:)7 + 0:)7) DP)

(WD) +(Bi)? + Bi)? = (3P + (:)?) WD)

+ (D) + (@ + @7 + B30)® + 05D P) D) (435)7 G
HDD + (@36)7 + 30)7) ((a36) 7 (437) 7637 + (a37) 7 (a36) 7 (436) 7 G36)

(((/1)(7) + (b3e) " — (7'36)(7))5(37),(38)T§7 +(b37)(7)5(36),(38)T§6)} =0

.
(D + 0i)® = ) O)H(D® + (@5)® + (P1)®)
[((W® + (@) ® + Pa0)®) (@) DGy + (@)D (240) D60 )|
(((1)(8) + (b30)® = (120)®)s(an), (a0 T +(b41)(8)5(4o),(41)Tf1)

+ (DD + @)@ + 04)®) (440) D60 + (040)®(44) D61 )
(((1)(8) + (b40)® = (120)®)s(a1),(a0)Ts1 + (b41)(8)5(40),(40)T:o)

(W) + (@)@ + (@)@ + Pa)® + Pa)®) D®)

107



International Journal of Scientific and Research Publications, Volume 3, Issue 9, September 2013
ISSN 2250-3153

(D) + (i@ + i) ® = 1)@ + (1)) D®)
+ (D) + (@)@ + (@5)® + Pa)® + P21)®) D®D) (042) @G
(D@ + (@50)® + P10)®) ((a12) @ (@)@ 61 + (24)® (242)® (40) 6o
((D® + (i) ® = 120)®) s, Tir +Ba) @ saoy,aTio )} = 0
,
(DD + i) = () OH(DD + (@) + Pas)®)
(DD + @) + Ga) @) (45)® G5 + (045)® (040) G )|
(DD + Bi)® = )543, 45 Tis +(Bas) S0 Tis )
+ (DD + @)@ + Pa5)@) (@) i + (240) (245) G )
(DD + Bi)® = @) P)ss) @ Tis + (bas)Sany 4 Tia)
(D) + (@) + @) + @) + 24)?) D)
(WD) + (i@ + i) = 1) + (1)) W)
+ (D) + (@) + @)@ + @a)® + Pas)®) D) (446) G
(DD + (@)D + P2)®) (046) (045) VG5 + (045) (046) (402) V653

(((/1)(9) + (bz'm)(g) - (T44)(9))S(45),(46)T:5 +(b45)(9)5(44),(46)T:4)} =0

And as one sees, all the coefficients are positive. It follows that all the roots have negative real part, and

this proves the theorem.
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Warped extra Dimensions and Gravity: Tweedledee and Tweedledee

Abstract: Habit makes you and mars you also. Sometime | think repetitive thoughts make a person mad. | have
apprehensions about the same with the particles. Think that your friend snubbed and nagged you ten times, it
becomes thousand fold stronger. Are constellations and galaxies perforating their duty in grand design as a matter of
habit? Is death also a habit? | donot know. It is true of human beings and also other systems. We talk of muscles
having memory, fluids having memory and for that matter all autopoietic systems having one so they can practice.
only politicians do not have memory! They preach something and practice another! And there is no guilty
consciousness! With that all the deprivational feelings are dissolved. .Jack the ripper, must also have found a sadistic
pleasure in doing what he did. There is one thing | can be sure of: | am going to die. But what am | to make of that
fact? This course will examine a number of issues that arise once we begin to reflect on our mortality. The
possibility that death may not actually be the end is considered. Are we, in some sense, immortal? Would
immortality be desirable? Also a clearer notion of what it is to die is examined. What does it mean to say that a
person has died? What kind of fact is that? And, finally, different attitudes to death are evaluated. Is death an evil?
How? Why? Is suicide morally permissible? Is it rational? How should the knowledge that | am going to die affect
the way | live my life? (Shelly Kagan). Practice action and perform and just forget it as if you have done some office
work. There shall be no ego or expectations. It becomes a habit. In the eventuality you have achieved sat Chit
Ananda, although you might have that perpetual frown on the face. Believe me it is true. Tell baby from the
beginning that this is space and this is time and you are on a perpetual search which nobody knows. A few days |
was writing something and it became very clear God is not in an hat NAD or the space between ragas, but really
cares two hoots for the language. That is the ultimate destiny. Experience the fact like Ramakrishna and you shall
get the results.

INTRODUCTION—VARIABLES USED

National Geographic Society: The Greatest Unsolved Problem in Theoretical Physics

&

Posted by Ethan on September 19, 2012

There are two other possibilities, one which is much more promising than the other, and both involving extra
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dimensions.
Image credit: Cetin BAL, as far as | can tell.

@ Warped Extra Dimensions. This theory — pioneered by the aforementioned Lisa Randall along with
Raman Sundrum — hold that gravity is just (=) as strong as the other forces, but not in our three-
spatial-dimension Universe.

(2) It lives in a different three-spatial-dimension Universe that’s offset (=, e, eb) by some tiny amount —
like 10-31 meters — from our own Universe in the fourth spatial dimension.
3) (Or, as the diagram above indicates, in the fifth dimension, once time is included.) This is interesting,

because it would be stable, and it could (eb) provide a possible explanation as to why our Universe
began expanding so rapidly at the beginning (warped spacetime can do that), so it’s got some
compelling perks.

(@) What it should also () include are an extra set of particles; not supersymmetric particles, but Kaluza-
Klein particles, which are a direct consequence (e) of there being extra dimensions.
(5) For what it’s worth, there has been a hint from one experiment in space that there might (eb) be a

Kaluza-Klein particle at energy of about 600 GeV, or about 5 times the mass of the Higgs.
1,000 F—ATIC Cosmic Ray Counts—

excess
electrons

100 f

10 S :

10 100 1,000
Energy (GeV)

Image credit: J. Chang et al. (2008), Nature, from the Advanced Thin lonization Calorimeter (ATIC).

E.°dN/dE, (m™s™'sr™'GeV?)
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(6) This is by no means a certainty, as it’s(=) just an excess of observed electrons over(e) the expected
background, but it’s worth keeping in mind as the LHC eventually ramps up to full energy; a new
particle that’s below 1,000 GeV in mass should be within range of this machine.

And finally...

Our 3.0 Brane

Image credit: Universe-review.ca.

(7) Large Extra Dimensions. Instead of being warped, the extra dimensions could be “large”, where large
is only large relative (e) to the warped ones, which were 10-31 meters in scale.
(8) The “large” extra dimensions would be around millimeter-sized, which meant that new particles
would start showing (eb) up right around the scale that the LHC is capable of probing.
9 Again, there would be new Kaluza-Klein particles, and this could be a possible solution (e) to the
hierarchy problem.
NOTATION
Module One

Warped Extra Dimensions. This theory — pioneered by the aforementioned Lisa Randall along with Raman
Sundrum — hold that gravity is just (=) as strong as the other forces, but not in our three-spatial-dimension
Universe

G5 : Category one of strong as the other forces, but not in our three-spatial-dimension Universe

G, . Category two of strong as the other forces, but not in our three-spatial-dimension Universe

G5 : Category three of strong as the other forces, but not in our three-spatial-dimension Universe

T,5 : Category one of Warped Extra Dimensions. This theory — pioneered by the aforementioned Lisa Randall
along with Raman Sundrum — hold that gravity

T,, : Category two of Warped Extra Dimensions. This theory — pioneered by the aforementioned Lisa Randall
along with Raman Sundrum — hold that gravity

T,s : Category three of Warped Extra Dimensions. This theory — pioneered by the aforementioned Lisa Randall
along with Raman Sundrum — hold that gravity

Module Two(Care: both the cases are discussed)

It lives in a different three-spatial-dimension Universe that’s offset (=, e, eb) by some tiny amount — like 10-
31 meters — from our own Universe in the fourth spatial dimension

G, - Category one of gravity lives in a different three-spatial-dimension Universe; some tiny amount — like 10-
31 meters — from our own Universe in the fourth spatial dimension

G,, : Category two of gravity lives in a different three-spatial-dimension Universe; some tiny amount — like 10-
31 meters — from our own Universe in the fourth spatial dimension

G,g : Category three of gravity lives in a different three-spatial-dimension Universe; some tiny amount — like 10-
31 meters — from our own Universe in the fourth spatial dimension

T,¢ : Category one of some tiny amount — like 10-31 meters — from our own Universe in the fourth spatial
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dimension; gravity lives in a different three-spatial-dimension Universe

T,; : Category two of some tiny amount — like 10-31 meters — from our own Universe in the fourth spatial
dimension ;gravity lives in a different three-spatial-dimension Universe

T,s : Category three of some tiny amount — like 10-31 meters — from our own Universe in the fourth spatial
dimension; gravity lives in a different three-spatial-dimension Universe

Module three

(Or, as the diagram above indicates, in the fifth dimension, once time is included.) This is interesting, because
gravity it would be stable, and it could (eb) provide a possible explanation as to why our Universe began expanding
so rapidly at the beginning (warped spacetime can do that), so it’s got some compelling perks.

G,, : Category one of gravity it would be stable (Please see the background above)

G,, . Category two of gravity it would be stable

G,, . Category three of gravity it would be stable

T,, : Category one of possible explanation as to why our Universe began expanding so rapidly at the beginning
(warped spacetime can do that), so it’s got some compelling perks

T,, : Category two of possible explanation as to why our Universe began expanding so rapidly at the beginning
(warped spacetime can do that), so it’s got some compelling perks

T,, : Category three of possible explanation as to why our Universe began expanding so rapidly at the beginning
(warped spacetime can do that), so it’s got some compelling perks

Module four

What it should also () include are an extra set of particles; not supersymmetric particles, but Kaluza-Klein
particles, which are a direct consequence (e) of there being extra dimensions

G,, : Category one of gravity and warped extra dimensions should also include are an extra set of particles; not
supersymmetric particles, but Kaluza-Klein particles

G, : Category two of gravity and warped extra dimensions should also include are an extra set of particles; not
supersymmetric particles, but Kaluza-Klein particles

G,¢ : Category three of gravity and warped extra dimensions should also include are an extra set of particles; not
supersymmetric particles, but Kaluza-Klein particles

T,, : Category one of extra dimensions

T, : Category two of extra dimensions
T,¢ : Category three of extra dimensions

Module five

For what it’s worth, there has been a hint from one experiment in space that there might (eb) be a Kaluza-Klein
particle at energy of about 600 GeV, or about 5 times the mass of the Higgs

G,g : Category one of experiment in space gives insinuations and innuendos
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G, : Category two of experiment in space gives insinuations and innuendos

G, : Category three of experiment in space gives insinuations and innuendos

T, : Category one of Kaluza-Klein particle at energy of about 600 GeV, or about 5 times the mass of the Higgs

T, : Category two of Kaluza-Klein particle at energy of about 600 GeV, or about 5 times the mass of the Higgs

Ty, : Category three of Kaluza-Klein particle at energy of about 600 GeV, or about 5 times the mass of the Higgs
Module six

This is by no means a certainty, as it’s(=) just an excess of observed electrons over(e) the expected background, but
it’s worth keeping in mind as the LHC eventually ramps up to full energy; a new particle that’s below 1,000 GeV in
mass should be within range of this machine

G5, : Category one of indeterminism of Kaluza-Klein particle at energy of about 600 GeV, or about 5 times the
mass of the Higgs

G;5 . Category two of indeterminism of Kaluza-Klein particle at energy of about 600 GeV, or about 5 times the
mass of the Higgs

G5, . Category three of indeterminism of Kaluza-Klein particle at energy of about 600 GeV, or about 5 times the
mass of the Higgs

T,, : Category one of excess of observed electrons over(e) the expected background, but it’s worth keeping in mind
as the LHC eventually ramps up to full energy; a new particle that’s below 1,000 GeV in mass should be within
range of this machine

T54 : Category two of excess of observed electrons over(e) the expected background, but it’s worth keeping in mind
as the LHC eventually ramps up to full energy; a new particle that’s below 1,000 GeV in mass should be within
range of this machine

T;, : Category three of excess of observed electrons over(e) the expected background, but it’s worth keeping in
mind as the LHC eventually ramps up to full energy; a new particle that’s below 1,000 GeV in mass should be
within range of this machine

Module seven

Large Extra Dimensions. Instead of being warped, the extra dimensions could be “large”, where large is only large
relative (e) to the warped ones, which were 10-31 meters in scale

G;¢ - Category one of Instead of being warped, the extra dimensions could be “large”, where large is only large;
warped ones, which were 10-31 meters in scale

G3, : Category two of Instead of being warped, the extra dimensions could be “large”, where large is only large;
warped ones, which were 10-31 meters in scale

Gsg : Category three of Instead of being warped, the extra dimensions could be “large”, where large is only large;
warped ones, which were 10-31 meters in scale
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T;¢ : Category one of warped ones, which were 10-31 meters in scale; Instead of being warped, the extra
dimensions could be “large”, where large is only large

T;, : Category two of warped ones, which were 10-31 meters in scale; Instead of being warped, the extra
dimensions could be “large”, where large is only large

T;g : Category three of warped ones, which were 10-31 meters in scale ;Instead of being warped, the extra
dimensions could be “large”, where large is only large

Module eight

The “large” extra dimensions would be around millimeter-sized, which meant that new particles would start
showing (eb) up right around the scale that the LHC is capable of probing

G,o : Category one of “large” extra dimensions would be around millimeter-sized, which meant that new particles
G,, . Category two of “large” extra dimensions would be around millimeter-sized, which meant that new particles
G,, : Category three of “large” extra dimensions would be around millimeter-sized, which meant that new particles

T, : Category one of right around the scale that the LHC is capable of probing. It is to be repeated that we are
talking of system that satisfy the conditions of the so stated axiomatic predication in the foregoing.

T,, : Category two of right around the scale that the LHC is capable of probing
T,, : Category three of right around the scale that the LHC is capable of probing
Module Nine

Augain, there would be new Kaluza-Klein particles, and this could be a possible solution (e) to the hierarchy
problem

G,4 . Category one of Kaluza-Klein particles, and this could be a possible solution
G,s . Category two of Kaluza-Klein particles, and this could be a possible solution
G, : Category three of Kaluza-Klein particles, and this could be a possible solution
T,, . Category one of hierarchy problem
T,s : Category two of hierarchy problem

T, : Category three of hierarchy problem

The Coefficients:

(a13)(1), (a14)(1), (a15)(1); (b13)(1), (b14)(1); (b15)(1) (a16)(2)' (a17)(2), (a18)(2) (b16)(2)! (b17)(2)' (b18)(2):
(azo)m, (a21)(3)' (azz)(3) ’ (bzo)(3)r (b21)(3); (bzz)(3)

(‘124)(4), (‘125)(4): (‘126)(4): (b24)(4), (bzs)m: (bze)(4), (bzs)(s)' (b29)(5): (b30)(5)'(a28)(5)' (a29)(5)' (a30)(5),
(‘132)(6), (ass)(é): (‘134)(6); (bsz)(G), (b33)(6); (b34)(6)

(a36)(7)1 (a37)(7), (a38)(7)' (b36)(7)1 (b37)(7); (b38)(7)
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(‘140)(8), (a41)(8), (a42)(8). (b40)(8); (b41)(8). (b42)(8)
(‘144)(9), (a45)(9), (a46)(9)r (b44)(9); (b45)(9). (b46)(9)

are Accentuation coefficients

(a13)(1), (a14)(1), (ais)(l)' (bis)(l)' (b{4)(1), (bis)(l)' (ais)(z); (a17)(2), (ais)(z); (bie)(z): (b{7)(2): (bis)(z)
) (aéo)(g), (a'21)(3), (aéz)(g)' (béo)(B)' (bé1)(3), (béz)m

(a'24)(4), (aés)“), (alzs)@)' (bé4)(4), (bés)(4)' (bée)(4), (bés)(s), (bé9)(5); (béo)(s) (aés)(s): (a'z9)(5): (a’30)(5) ,
(alsz)(ﬁ), (aés)(ﬁ), (a’34)(6)' (béz)(G), (bés)(@' (b§4)(6)

(aés)(ﬂ' (‘1%7)(7)' (aés)(ﬂ: (bée)(n' (b§7)(7): (bés)(n,

(aalm)(s)' (‘14’11)(8)' (aalxz)(s): (bz’w)(s)' (bz’n)(s): (bzltz)(s),

(a4)®, (a45)@, (@36) @, (040)®, (b)), (b3e)®,

are Dissipation coefficients

Module Numbered One

The differential system of this model is now (Module Numbered one)

d ’ 17

613 (13)( )614 [(a13)(1)+(a13)(1)(T14,t)]G13
Y014 — (a1)DGy3 — [(@)D + (@)D (Tia, 0)]Gra
‘”15 = (015) PGy — [(@}5) D + (as) P (Tya ]Gy
T3 = (by3) Oy — [(b1)® = (b5 PG, O]Tis
d

B4 — (b)) DTy5 — [(b1)® = ()P (G, 0)]Tws
dT1s

= (b15) VT1y = [(b15) = (1) P (G, O] Tis
+(a13)(1) (T14,t) = First augmentation factor
—(b5)M(G,t) = First detritions factor
Module Numbered Two

The differential system of this model is now ( Module numbered two)

dG ! n

16 (‘116)( )Gy, — [(‘116)(2) + (a16)(2)(T171 t)]616
dG ’ "

= (a17)( )616 [(a17)(2) + (a17)(2)(T17, t)]617
dG18

= (a1) P61y — [(aie) @ + (@15) @ (T17, )] Gr

‘”“ = (b16)@Ty; — [(b1e)® — (b1e) P ((G10),t)|Tis
‘”“ = (b)) DTy — [ )@ — (b15) P ((G1o), t)] T
‘”18 = (b1g) PTy7 — [(b1)® — (i) @ ((G1o), )] T

(a16)(2) (Ty7,t) = First augmentation factor
—(b1s)P((Gye),t) = First detritions factor
Module Numbered Three

The differential system of this model is now (Module numbered three)
20 = (a20) P61 — [(@20)® + (@50)P (T2, 0] G2
= (221)® G0 — [(a5)® + (a3) P (121, )] Gos
“22 = (a2)® 61 = [(05)@ + (@) P (T30, D] Gz

d621

115

A U1 A W N

10
11
12

13
14
15
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ar
=20 = (byo)®Ty, — [(bzo)(3) — (b5) P (G, t)]Tzo
d
T“ = (b21)® T — [(B5)® — (b5) (623, D] T
=2 = (byy)®Ty, — [(bzz)(3) — (b35)® (6,3, t)]Tzz
+(ayy)®(T,,, t) = First augmentation factor

—(by)®(G,3,t) = First detritions factor
Module Numbered Four

The differential system of this model is now (Module numbered Four)
T = (@20)WGs — [(@p)® + (@)@ (To5, 0] G

dst = (a25) Gy — [(a55)® + (a55) @ (T35, )] G5

T2 = (a26)® G5 — [(@he) ™ + (@) @ (Tzs, D] G

‘”“ = (0)DTys = [(b3)® = (b5) P ((G27), )] s

T = (b)) VTos — [(03)® = B5) D ((G27), )]s

dTZG = (b26)DTys — [(bhe)® — (b36) W ((G27), )] Tae
+(a )@ (T,s,t) = First augmentation factor
—(b3)®((Gy7),t) = First detritions factor
Module Numbered Five:

The differential system of this model is now (Module number five)
T8 = (a28) G20 — [(@50)® + (a55) @ (T0, )] G

dng = (a29) PG5 — [(a59)® + (a}5) ™ (Tz0,1)]Gg

dG30 (‘130)( )629 [(aéo)(s) + (aélo)(s)(ngx t)]G3o

‘”28 = (b26)OTog = [(b35)® = (B5)® ((G31), 8)] T

‘”" = (b29) OTg — [(05)® = (b36) ®((G51), 1) s

dT3O = (b30) Ty — [(b30)(5) — (bs )(5)((031) t)]T30
+(a )(5) (T5o,t) = First augmentation factor

—(b3g (5)((031),t) = First detritions factor
Module Numbered Six

The differential system of this model is now (Module numbered Six)
T2 = (a5) @63 — [(@3) @ + () © (T3, ]G

‘”33 = (23) @63, — [(@)® + (@4)® (Tz3, )] G

= (a34)© G35 — [(a3)® + (a5,) O (T35, )] G34

”32 = (b32) VT3 — [(05) — (b32) @ ((G35), )T

‘”33 = (bs3)©Ts, = [(032)© = (032) @ ((G5), )] T

Tt = (b34) ©OTs; — [(15)© — (b3 ((G35), )] T4
+(a32)(6) (T33,t) = First augmentation factor
Module Numbered Seven:

dG34
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16
17
18

19
20
21
22
23
24

25
26
27
28
29
30

31
32
33
34
35
36
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The differential system of this model is now (Seventh Module)

d636 = (a36) 7 G37 — [(a36) 7 + (a36) (T35, )] G36
T = (a3) V66~ [(@5)7 + (@)D (T3, 0)]Gay
d633 = (a38)"G37 — [(a3e)? + (a4e) 7 (T37,1)]Gag
"o = (bse) PTy7 — [(056)7 = (b5 ((Gao), )] a6

= (b37) T3 — [(b37)7 = (b37) P ((G30), £)]Ts7
dT38

= (b3s) Ty — [(b36)” — (b36)”((G30), )] T3
+(a36)(7) (T5;,t) = First augmentation factor
Module Numbered Eight

The differential system of this model is now

B0 = (40)® Gy — [(@4)® + ()@ (Tyr, )] Gao
d“‘“ = (a4)®Gyo — [(@4)® + (@)@ (T4, )]Gy
“G“ = (a42) @641 — [(@h)® + (i) P (Tus, O] Gss

dT4O (b4o)( )T41 - [(b40)(8) - (b )(8)((643) t)]T40
dT“ (b41)(8)T40 - [(b41)(8) - (b )(8)((643)'t)]T41
‘”“ = (b)) ®Ty1 — [(0i)® — (b35) P ((Ga3), )] Tz
Module Numbered Nine

The differential system of this model is now

Dt = (044) G5 — [(@h)® + (@40) P (Tys, )] Gua
“G‘*-” = (@45) Gy — [(@hs)® + (as) O (Ty5, )] Gy
‘“”“’ = (a46)@Gas — [(@he)® + (@46) ™ (Tys, )] Gao
‘”“ = (b43) P Tas — [(02)@ = B3O ((Gar), 1) Taa
"“5 = (bas) OTps — [(b3)@ = (b5) O ((Gar), t)] Tus
dT46

(a13)<1>|+(a ) D(Tyy, t)||+(a” )@2)(Ty, t)\|+(a” )33 (Tyy,0)] ]
2 = (@) V614 — | [+(als 7, ")
| [+(a49)77(Ts, t)H+(a )<88>(T41 t)H+(a )(099999999 (1, 1) | |
[ (@) [+ @)D (T, O|[+(ai) P2 Ty, 0|+ (@5) B (T, 0)] ]
14 = (a34) V613 — | [+(afs o a 33,0)]
| [+(a5) (T, t)\|+(a D@ (T,,, t)||+<a 5) 999999999 (T, 1) |
[ (@1s) D[+ (@) D (T, O)|[+(aie) 22 (T17, 0| |+ (@5) ¥ (11, 0)] ]
218 = (a15) D61 — | [+(age) W44 (T, O] [+(a50) 5555 (T, )|+ (a5 @455 (T3, 1)
| (@577 (T35, O] [+(ai) @ (Ta, 0| +age) O22229929) (7,5, 1) |

(b46)(9)T45 - [(b46)(9) 46)(9)((647): t)]T4—6
+(a )@ (T,s,t) = First augmentation factor
—(b1)®@((G47),t) = First detrition factor

Gis

Giq

[Gys

|
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37
38
39
40
41
42

43
44
45
46
47
48

49
50
51
52
53
54

55

56
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Where ‘ (@)D (Tyy, t) |,| (@)D (Tyy t) l ,|(a;’5)(1)(T14, t) ‘ are first augmentation coefficients for

category 1,2 and 3
| +(a1s) ** Ty,
category 1,2 and 3

|+(a )3 (T, t)‘ l +(ay;) B3 (T, t) | |+(a’2’2)(3 3)(Tyy, t) l are third augmentation coefficient for

category 1,2 and 3

|+(ag’4)(4'4'4'4')(T25, t)| ,|+(a§’5 (444.4) (T, t)|,|+(a§’6 (444 (T,g, t)lare fourth augmentation
coefficient for category 1, 2 and 3

|+ (aze) 555 (T, 70) G555 (T,
for category 1, 2 and 3
|+(a§’2)(6'6'6'6')(T33, t) |, | +(ay;)(©600)(T,,, t) |, | +(ay,)©666)(T,,, t)| are sixth augmentation coefficient
for category 1, 2 and 3

|+(a§’8)(7'7) (T35, 1) ‘ | +(a4,) 77 (T35, 1) ‘ ‘ +(a4) 77 (T3, 1) | are seventh augmentation coefficient for
1,2,3

|+(a” )BB(T,,, t) H +(ay) (T, t) l ‘ +(ay,) @8 (T,y, ) | are eight augmentation coefficient for 1,2,3

| _|_(ah)(9,9,9,9,9,9,9,9,9) (Tys) £) |’| +(af;ls)(9'9'9'9'9'9'9'9'9) (Tys, t) |‘| +(af}’ﬁ)(9’9'9'9'9'9'9'9'9) (Tys) t) | are ninth

augmentation coefficient for 1,2,3

1) G555 (T, t)| are fifth augmentation coefficient

(i) V=B (G, O] [~ (1) 22 (616, 0|~ (B30) 33 (G5, 0)| ] 58
U5 () Ty, — [= (b)) (6,7, 0)|[- (05 5555 (Gar, ][~ (b2) 555 (655, 0)] | 7,
| |- 05772 (630, D) || - (50) B (Gus, D) || - (b5) @22299299) (G4, 1) |
[ BP0 DG, 0] [~ 05 PP (610, 0)] |- 03 (G5, 0)| ] 59
T = () DTy = | [=(05) @) (G, 0)]| - (B) 555 (G5, 0| |- (B35) ©99%) (G5, )] | Tua
| |- (05077 (G30, )] |~ (05 ®P (Gas, D) || - (b5s) 29299999 (G, £)| |
[ i)V~ 01D 6, 0] [~ (i) (616, D]|- 05 B3 (G5, D) ] 60
T8 = (bys) DTy — | |- (b)) ***) (G, O] |- (B50) 5555 (G, 0)] |- (05 @59 (G35, )] | Tis
,l—(b")””(cgg,t)ll (b)) @ (Gys, 0)] |- (b3) 022999999 (G,5, 1) .
Where l - (b)) P (G, t) | are first detrition coefficients for category 1,
2 and 3

|—(b” )22 (G0, t)‘ l—(b )22 (G, t)| |—(b )22 (G0, t)‘ are second detrition coefficients for
category 1, 2 and 3

= (630G, )|, |~ (b5 P> (G,
category 1, 2 and 3

| (by) @444 (G, t)l |—(b )G (G, t)‘ ’—(b @A) (G, ) ‘ are fourth detrition coefficients
for category 1, 2 and 3

= (b5) 5555 (G,
category 1,2 and 3
| (b3,)(6666) (G, t) ‘ ‘ —(b3,)(6666) (G, t) ‘ | —(by,)(©6666) (G, t) | are sixth detrition coefficients for

(b3,)B3)(Gys, t) ‘ are third detrition coefficients for

— (b)) B>5%) (G, —(b3y) 555 (G4, t) | are fifth detrition coefficients for
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category 1, 2 and 3

|— (bE) 77 (G4, 1) |,|— (b¥) 77 (G, 1) |,|— (b3) 77 (G349, 1) l are seventh detrition coefficients for
category 1,2 and 3

|— (b)) BB (Gys3, t) l | - (DY) BB (Gys, 1) ‘ ‘ - (L) BB(Gys 1) | are eight detrition coefficients for category 1,
2and 3

|_ (by,)©999:99999(G, . t) ’l_ (by)©999:99999 (G, t) I ‘l_ (bl )©999.99999 (G, t) | are ninth

detrition coefficients for category 1, 2 and 3

(@16) P+ (@) P (T17, O)|[+(ai5) “ 2 (Thy, ) ||+ (a5) P (1o, )] ] 61
= (a16)?Gy7 — |+(aé’4)(4'4'4'4'4) (Tzs't)l +(ayg) 5559 (T, t)‘|+(a§’2)(6'6'6'6'6) (T3, t)|‘Gl6

| +(a6) 777 (Ts7, || +(a4) ®*® (T, )| | + () O (Tys, O |
[ (@) @[ +(@) P Ty, O)][+(ai) Y (Tha, ||+ (@5) C*P (10, )| ] 62
G = (@)D Gig = | [ +(ag) @444 (Tys, 0] | +(agy) 5559 (T, 0)] [ +(a5) 0009 (T, 0)] |G

dt
+(a4,) 777 Ty, )| | +(a4) @30 (Tyy, O || +(aiis) @2 (Tys, )| J

dGie
dt

(@5) | +(ale) @ (Ty7, O]+ (@) P (Tyy, O |[+(a5) 332 (T, D) 63
ac ’ ’ ’
dis = (als)(z)Gn - ‘+(a£6)(4'4'4'4'4) (T25: t)‘ +(‘13’0)(5'5‘5'5‘5) (T29: t) ‘|+(a§4)(6'6'6'6'6) (T33' t)| 618
| +(a4) 777 (Tsy, O |[+(ai) @28 (T, O || +(af) OV (Tus, )| |

+(a}) P (Tyq, 1) |, +(a}) P (T, 1) | are first augmentation coefficients for

Where ‘ +(a}) P (Tyq, 1) | ,
category 1, 2 and 3

|+(a{’3)(1'1') (Ty4, t) ‘ , | +(a)) B (Tyy, t) l , | +(a)s) B (Tyy, t) ‘ are second augmentation coefficient for

category 1,2 and 3
|+(a§’0)(3'3'3)(T21, t) | ,l +(ay;) B33 (Ty, t) l , | +(ay,) B33 (Tyy, t) | are third augmentation coefficient for

category 1,2 and 3
|+(a§’4)(4'4'4'4'4) (Tys, ) |,|+(a§’5)(4'4'4'4'4) (Tys, t) |,|+(a§’6)(4'4'4'4'4) (Tys, t) | are fourth augmentation
coefficient for category 1, 2 and 3

|+(a§’8)(5'5'5'5'5)(T29, t) |, | +(ayy) 5555 (T,, t) | , | +(a4y) B5559) (Tyo, t) ‘ are fifth augmentation
coefficient for category 1, 2 and 3

| +(ay,) @000 (Ty,, t) |, | +(ay3) @000 (Ty5, ) |;

coefficient for category 1, 2 and 3

+(ay,)(©6660)(T,,, t)‘ are sixth augmentation

|+(a§’6)(7'7'7) (T3,,t) l ,I +(ay,) 777 (Tyy, t) |, | +(a%g) 777 (T35, 1) ‘ are seventh augmentation coefficient

for category 1, 2 and 3
| +(ayy) B8 (T, t) |, | +(ay) @8 (T,,, t) | , ’ +(ayy) @88 (T,,, t) ‘ are eight augmentation coefficient for

category 1,2 and 3

[+@) Ty 0
category 1,2 and 3

)|

+(ays) O (Tys, t) |, +(aye) O (Tys, t) | are ninth augmentation coefficient for
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(b1 @[ = (b1e)® (Gro, O] [~ (b1 (6, D] |- (B3 ***) (G, )| ] o4
T8 = (i) PTy; — | [~ (05 * 44D (G, D] |- (3) 5559 (Gay, 0)] |- (052) @559 (G55, D] | Tis
|- (030777 (Gao, )|~ (056) ®*® (Gas, || - (b5) ) (G471
BN =)@ (Grs, O] [~ B P (6, 0|~ (B33 (625, 0)| ] 65
dT17 = (b)) DT, — | (b)) @440 (G, t)” (b)) 55559 (G, t)“ (b2,)©6666) (G, t)| T,,
= (B5) 777 (6o, t)H (b )(888)(643 D)||- (bi5)* (G4r, 1)
(bi2)?| = (i) ® (6o, D)6, 0)][- (b3 23 (G5, )] ] 06
T3 = (b) DTy, —| [=(bge) “***D (G,,, D) |- (b4 )<55555>(631 D)|[- (b5 €559 (Ga5, 0)| | T1e
|- (3) 777 (Gao, )|~ (052) ®* (Gas, D) || (bie)®* (67, )

where | —(b{) @ (G1o, | |~ (b1 P (G1o, V)] |-
category 1,2 and 3
| —(bj5)EB(G, t)‘ l—(b DAV, t)| |—(b DHAL(G, t)‘ are second detrition coefficients for category
1,2 and 3
| = (B0) 32 (Gos, )], | = (53) P33 (G23, D) |, |~ (052) B33 (6,3, ) | are third detrition coefficients for
category 1,2 and 3
| = (B 444D (G, D] | = (b) 444D (G, D] | = (b) #4449 (G,,, )] are fourth detrition
coefficients for category 1,2 and 3
|— by —(by) 5258 (G, t)| |— b)) 5555 (Ga, 1) ‘ are fifth detrition coefficients
for category 1,2 and 3
| = (b5, ©6660) (Gog, )] | = (b5,) €660 (Gog, 1)],| = (b5,) 6668 (Ga, )| are sixth detrition coefficients
for category 1,2 and 3

|- (05777 (G35, 0)], |- (03) 777 (G,
category 1,2 and 3
|- (i) ®29 (G,
category 1,2 and 3
|- (B (Gar, )] |- (b)) (G,
1,2 and 3

(b78)? (Gyo, 1) ‘ are first detrition coefficients for

- (b5 777D (G, t) ‘ are seventh detrition coefficients for

- (bi,) BB (Gys, t) | are eight detrition coefficients for

- (b)) (Gys,

- (b45)OD(Gyr, t) ‘ are ninth detrition coefficients for category

(@50)®|+(@4) P (T4, O || +(a1e) @22 (Ty7, O || +(ai) 2 (T, )| ] 67
= (a0) @Gy — | (@) FHH4D (T, O] [+(ags) G555 (Tyo, 1) || +(azp) 5050 (T35, 0| | 6,

dGzo

16) 777 (Ta5, )| | +(ale) @389 (T, ) || +(a) @2 (Tys, D |

(a21)(3)| +(a21)(3)(T21, t) H +(a17)(2'2'2)(T17, t) H +(a14)(1'1'1') (T1a, t) ‘ 68
= (a21)® G — |+(a" )EAAEAD (T, t)”+(a" )(555555)(T, t)”-}-(a” )(6£6666) (T, t)’ Gy

[+ (@) 7777 (T, || + @) O80T, O] [ +(04) O (Ts, )| ]

d621
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(@52) @[ +(a3) D (T, D] [ +(afs) #2217, )| +(a15) ) (11, 0)| 69
dG. n " n
722 = (a32)®Gy — |+(a26)(4’4’4’4’4'4)(T25' t)| +(ajo) 555555 (T, t)"+(a34)(6'6'6'6'6’6)(T33: t)| G2z

| [+(@ 7777 (T, O]+ (@) 28O (T, O ||+ (@) @2V (Tus, )] |

|+(ag’0)(3)(T21, t)H+(ag’1)(3)(T21, t)H+(a§’2)(3)(T21, t)‘ are first augmentation coefficients for

category 1,2 and 3

| +(ags) > (Ty7, t) ‘ ,l +(aiy) @3 (Ty, 1)
for category 1, 2 and 3

[ +(ais) " (T, 8),
for category 1, 2 and 3

| +(ay,) @D (T 1) | , | +(ays) @A (T, t) | , | +(ays) D (Tye 1) | are fourth augmentation
coefficients for category 1, 2 and 3

| +(aly) 555555) (T, t) |’| +(aly) 55555 (T, £) | )
coefficients for category 1, 2 and 3

| +(ay,)(666666)(T,, t) | , | +(ay,)(©666666) (T, t) |, | +(ay,)(©66666) (T, 1) ‘ are sixth augmentation
coefficients for category 1, 2 and 3

| +(a%e) 7777 (Tyy, t) | , | +(ay,) 777D (T, t) | , | +(a%) 7777 (Tyy, t) | are seventh augmentation

+(a}y) #*D (T, t) ‘ are second augmentation coefficients

7

+(a},) TV (T, t) |,|+(a;’5)(1'1'1') (T14, t)l are third augmentation coefficients

+(a4y) 55555 (Tyg, t) ‘ are fifth augmentation

coefficients for category 1, 2 and 3

[+ @) @20 (T, O] |+ (@) CH*O (T, 1)
for category 1, 2 and 3

| + (af{z})(g’g’g) (Tys, t) l ,‘ + (a:},s)(g‘g‘g) (Tys, t) | )
category 1,2 and 3

+(ay,) @888 (T, , t) ‘ are eight augmentation coefficients

+(as) 2 (Tys, ) ‘ are ninth augmentation coefficients for

(B30)P[=(b50) P (G5, D |- B4 222 (61, D] |- () (G, 0)| ] 70
T = (bao)OTar | [20g) 4D (G, D] |- (b5) ©55559) (G, )] |- (05) 05549 (G, )] | Tao

|- (03) 7777 (G0, ) || - (Do) B33P (G4s, D) || - (052) **V (G, D)

(B3P~ (05D (G5, D |- B3 P2 (610, |- By (G, 0)| ] 71
St = (020) P — | [ () #4449 (G, O] |- (bg) 55559 (G, D] |- (5) @050 (G, O] | T

|- 37777 (G35, D) || = (D5 BB8D (s, D) || - (5 %9 (G, 0]

(b3)P[=(05) P (G5, D] |- B1) 22 (610, D) || - (b1 (G, 0)| ] 72
T = 02T = | [Z5) * 4 D (G, )] |- (05) 5555 (G0, || - (b3 @55 (G, 0] | Tz

|- (037777 (Go, O || (D) BB (s, D) |- (05) 2P (G, )|
|—(b§’0)(3)(623, t)|, —(bY) P (63, 1) ,|—(b§’2)(3)(623, t)| are first detrition coefficients for category 1,
2and 3
|—(b{’6)(2'2'2)(619, 1, =B P22D (Gh, ) |, | —(bie) #2P (G0, t)‘ are second detrition coefficients for
category 1, 2 and 3

| —(by5) (G, b) ‘ , ‘ —(by) (G, b) | , ’ — (b)) ALL(G, 1) | are third detrition coefficients for category
1,2and 3
= (b 444449 Gy, )

b

—(by) 444N (G, ) || — () @444 (G, 1) | are fourth detrition
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coefficients for category 1, 2 and 3

= (b) 55559 (Gay, )} [ = (b)) 55555 (G4, )|, = (D) ©55559) (G4, 1) | are fifth detrition
coefficients for category 1, 2 and 3

| = () (66668 (Gyg, 1) || = (bY) ©5559) (Gas, 1) || = (b4) 55559 (G, 1) | are sixth detrition
coefticients for category 1, 2 and 3

|— (b¥) 7777 (G39,1) l , |— (BEN) 777 (G4, 1) l | - (b5) 777 (Gag, t) | are seventh detrition coefficients
for category 1, 2 and 3
|- (b1) ®*89 (6,5, )|,
category 1,2 and 3

|— (b)) (Gyy, t) |,| - (b} (G, t) | ,I— by )9 (G, t) l are ninth detrition coefficients for
category 1,2 and 3

- (by)BBBB(G,, ) ‘ are eight detrition coefficients for

- (by) BB (G, 1)

)|

[ (a5)®)|+(ay) ™ (Tys, D) || +(a3) &> (T, ) || +(a4y) @ (T3, )| ] 73
dfj? = (a2) PG5 — | [+(afy) MM (Tyy, ) ||+ (@) @22 (T, )| [+(ahe) B339 (T, )] |Goa

[ +(a56) 77777 Ty, £)] | +(ally) @558 (Ty, ) ||+ (@) %9 (Tys, )|

[ (ahs) @] +(a5) ™ (Tys, )|+ (ahe) & (To, ) || +(a5) ¢ (T35, )| ] 74
dg,fS:(azs)(‘*)Gu— [+ (T, [+ (@) @222 (T, O ][+ (a5 E#3D (1,0, )] |Gos

[ +(a5) 77777 Ty, )] [ +(ag) @228 (T, ) || +(alfs) 22 (Ts, 0]

[ (a36)®)|+(ahe)™® (Tys, D) || +(a0) &> (o, ) || +(a4) @ (T3, )| ] 75
T = (020625 ~ | [F@ D Ty, D] [H i) 72D T, O] [ @) Ty, 0)] (G

[ +(ae) 77777 (Ty7, 0)] |+ (@) @238 (T,1, ) || +(ae) @2 (Tys, )|
|(a§’4)(4)(T25,t) ,I(a’z's)(4)(T25,t)|,|(a§’6)(4)(T25,t)| are first augmentation coef ficients

category 1,2 3
| +(ayg) %) (Tyo, t) ‘ , | +(ahy) 5 (Tyo, t) ‘ , | +(ayy) %) (Tyo, t) ‘ are second augmentation

coefficient for category 1,2 and 3

| +(a%,) %) (Ty3, t) l ,I +(ay;) ) (Tys, 1) |,| +(a%,)©%) (Ty3, t) ‘ are third augmentation
coef ficient for category 1,2 and 3

[+ (@)@ (T, O} | +(af) D (T, D) [+ (@) WD (T, 0)|

are fourth augmentation coef ficients for category 1,2 and 3

[ (@i @222 (11, D) || +(afy) @222 (Ty7, )} [ +(ais) 22D (T, D)

are fifth augmentation coef ficients for category 1,2 and 3

| +(a£,o)(3'3'3'3)(T21: t) |; | +(aé’1)(3'3'3'3)(T21: t) |, ‘ +(aé’2)(3'3'3'3) (T34, 1) ‘

are sixth augmentation coef ficients for category 1,2 and 3

[+ @5 77777 (T35, O], [+(@5) 77777 (T3, )} | +(a) 77777 (T3, 8)|
are seventh augmentation coef ficients for category 1,2 and 3

|+ (@) @888 (T,, )| | +(ag) 2889 (T, )| [+ (afp) #3858 (T, )|
are eighth augmentation coef ficients for category 1,2 and 3

|+(af{6)(9'9'9'9) (Tys, t) ‘ ,‘ +(ays) 22 (Tys, t) H +(ayy) 229 (Tys, t) | are ninth detrition coefficients for

b

category 123
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[ (b34) @] = (b5 (Gar, )] |~ (b36) ©5) (Gay, 1) |- (b35) ) (Gas, t) | ] 76
T 0T | CRRTIE, 0] [C0i T Gy O]~ b G 0] [T

|- (53) 77777 (Gao, 1) || = (i) 3339 (Gys, 1) | |- (b) 79 (Gy, ) |
o [ (b3s) @] (bY. ><4><GZ7,t)||—<b 5) 5 (Ga1, )| (b55) ¢ (Gas, )] | 77
T = (02)PToy = | =)D (G, O] [~ #222 (G0, D] |- (05D 23 (G5, O] [T

|- (b5 77777 (G, t)H (b)) ®5839) (G5, 1) || - (b5) ) G4y, 1) |

[ (b30) @[ =(b5) @ (Ga7, D] [~ (B5) O (631, 0 ||- (b5 @ (G5, 0)] ] 76
d§§6=(b26><‘”T25— =)D (G, )] [~ (bye) X222 (Gro, 1) || - (b5 P33P (Gaa, )] |Tas

|- (B3) 77777 (Gao, £)] |- (b) BE83 (Gya, 1) |- (bye) O*V Gz, 1) |

Where|- (b)) (G,
for category 1,2 and 3
=5 (61, || = (b)) (G,
for category 1,2 and 3
[=(©5)©% (G5, D) || =(b35) ©* (G,
for category 1,2 and 3
=@ D6, 0} =1k R ]
are fourth detrition coef ficients for category 1,2 and 3
[= (b1 #22 (Gro, 0} [= (b1 @222 (610, O} [~ (b1) **2 (610, 1) |
are fifth detrition coefflaents for category 1,2 and 3
|- (b3 - (b)) Gy t)|
are sixth detrition coefflaents for category 1,2 and 3

= (b4 77777 (G0, )], |- (b3 77777 (G0, )] = (b5) 77777 (G, )|
are seventh detrition coeffLCLents for category 1,2 and 3
| (b” )(88888)(643 t)| | b” b” )(88888)(G )‘
are eighth detrition coefflaents for category 1,2 and 3
|- b1 9G4, 0)] |- (
category 123

(bys) P (G, 1) |,|—(b§’6)(4) (Gy7, 1) ‘ are first detrition coef ficients

(b5) 5% (Gs,, t)‘ are second detrition coef ficients

(by) %) (G5, t) ‘ are third detrition coef ficients

- (by)229(G,,, 1) ‘ are ninth detrition coefficients for

[ (036)+(ahs)® (To, ) || +(a5) **) (T, ) || +(a4) @4 (T3, )| 1| 79
220 — (a26) G20 — | [+(afs) WD (T, O)|[+(ate) 222D (117, )| [+(a50) #*339 (T, )] | Gas
[+(@2) 777777 (T, 6) || + (@) 2890 (T, )| [ +(ag) @229 (Tys, 1) |
(@39) )| +(a4e) ® (Tyo, )| [+ (a5) **) (Ty5, O || +(af) @O (Tys, )| ] 80
djt” = (a20)® Gz — | [+(@f) 11D (11, 0)|[+(ai) @222 Ty, O] [ +(@5) 52329 (T, 0] [ G2
[ +(ag) 77777 (T, )| [+ @BB88(T, 1, )] | +(af) @229 (T, 0) |
(@30) | +(a4) P (Ty0, O ||+ (a5e) **) (Tys, ||+ (@) @O (Ts5, 0| ] 81
dcf;“ = (30)®Gpo — | [F@D I (T, )| +(ai) #2222 (Ty7, ) || +(ag) B33 (11, )| |,
[+ (@) 77777 Ty, 0)] | +(alfy) B22889 (T, 8) || +(alle) @29 (Tys, D) |
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Where |+(a§’8 ) (T,o, t) ,|+(a§’9 ) (Tyo, t) ,|+(a§’0 G)(Tyo, t) ‘ are first augmentation
coef ficients for category 1,2 and 3

And |+(ag)* ) (Tys, £)
coef ficient for category 1,2 and 3

[+ (@) @50 (T3, )] | +(a) OO0 (T, £)
coef ficient for category 1,2 and 3
|+(a1’3)(1'1'1'1'1)(T14, t) |,|+(a§’4)(1'1'1'1'1)(T14, t) |,|+(a1’5)(1'1'1'1'1) (T4, t)l are fourth augmentation
coefficients for category 1,2, and 3

| +(al)@222(T,,, t) |,| +(as,)@2222(T,,, t) |, | +(a}g) #222(T,,, t) ‘ are fifth augmentation
coefficients for category 1,2,and 3

|+(ag’0)(3'3'3'3'3)(T21, t) |,|+(a§’1)(3'3'3'3'3)(T21, t) |,|+(aé’2)(3'3'3'3'3)(T21, t)| are sixth augmentation
coefficients for category 1,2, 3

|+(a§’6)(7'7'7'7'7'7)(T37, t)| |+ (ay) 7777 I(T,, t)‘,|+(a’3’8)(7'7'7'7'7'7)(T37, t)|are seventh augmentation
coefficients for category 1,2, 3

| +(ay,)®88888)(T,, 1) | ,| +(ay,)®88888) (T, 1) |,| +(ay,)®88888) (T, 1) ‘ are eighth augmentation
coefficients for category 1,2, 3

|+ (@) ©2299) (Tys, )| | +(afs) 229 (Tys, 1) |,

coefficients for category 1,2, 3

, | +(ays) @) (Tys, t) | , | +(aye) @) (Tys, t) l are second augmentation

, | +(a4,) %9 (Ty,, t) | are third augmentation

+(ay,) 2229 (T,s, t) | are ninth augmentation

. (b)) = (b3)® (Ga1, O | [ (b3 “* (627, ) ||- (b5) 5 (G5, )| ] 82
3 = b2 FTog = | [~ DG, O] [~ (bfe) #2222 (Gro, 1) || - (b50) #3633, 8)| | Tes
|- (55) 777777 (Gao, 1) || - (i) B33889) (Gys, D) || - (b)) @222 (Gar, )|
. (559) = (b36)® (Ga1, )| |~ (bYs) “*) (G, )] |- (b53)©59 (Gas, )| ] 83
= 02) g = | [=(bf) VG, )] [~ (b5) #2222 (Gro, D] |- (b P2 (Gya, )] | Tas
|- (B3 777777 (Gao, 1) || - (b1) B3B38 (Gya, 1) || - (bi5) @222 (G4, )|
(550)| = (056)® (61, | [~ (B56) “*) (G2, D) || - (b5 ©59(Ga5, )| ] 84
d;i“ = (030) Tz = | =) MD(G, 0] [~ (i) 2222 (G0, D] |- (b3) #3635, 0)] | Too
|- (03) 777777 (Gao, 1) || - (i) @3388) (G5, 1) || - (i) @222 (647, V)|

where |- (by)® (G, 0)|
for category 1,2 and 3
=544 (67, )], [~ (b5 44 (G, 1),
for category 1,2 and 3

| = (0559 (G5, )], | = (B3)©5) (G35, )|, | = (b5 ©*9 (G35, £) | are third detrition coefficients
for category 1,2 and 3

= @106, )}~ () GG, £)
category 1,2, and 3

|—(b{’6)(2'2'2'2'2)(019, t) |,|—(b{’7)(2'2'2'2'2)(G19, t) |,|—(b{%)(2'2'2'2'2)(619, t) ‘ are fifth detrition coefficients
for category 1,2, and 3

|- (B50) B339 (G, )| |- (b)) B339 (G, )] |- (b,) @333 (G, 1) |are sixth detrition coefficients

—(b5s)® (G3y, t)| ,|—(b§’0)(5) (G4, t)‘ are first detrition coef ficients

—(by) 4+ (G, t)‘ are second detrition coef ficients

,|—(b{’5)(1'1'1'1'1')(0, t) | are fourth detrition coefficients for
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for category 1,2, and 3

|— (bY) 77777 (G, 1) l, |— (bE) 7777 (G, t) |,| - (b5) 777777 (Gag, t) l are seventh detrition
coefficients for category 1,2, and 3

|— (b},)(®88888) (G, . 1) |,| - (b)) ®88888) (G, . t) |,|— (by) (88888 (G, 1) l are eighth detrition
coefficients for category 1,2, and 3

|- (07299 Gy, D] |- (b55) *2%2V (647, ),
for category 1,2, and 3

- (by)©9229(G,,, t) ‘ are ninth detrition coefficients

dg;z = (a32)(6)G33 8
[ (@)@ +(@5) @ (T35, 0)||+(ah) 55 (Too, O | +(ag) *** (5, 0| ]
—| [+ @01y, 0 |[+(ai) #2222 (Ty, O || +(ahy) #33339(T,1, )| |Gss
| +(as) 7777777 Ty, )| [+(aly) #2888 (T, )| [ +(a) @299 (Tys, 0)|
(@43) @ +(a3)© (Taz, || +(a50) &5 (To, D) || +(ays) ***) (Tp5,0)| ] 86
djf = (a3) @Gz —| [+(ag) 1D (T, O][+(aiy) @2222D (T, O] | +(ag) 32329 (T, D] | Gsg
[ +(a5) 777777y, 0)|[+(ag ) @288 (T, 1, )| [+(als) #2929 (T,s, 0]
(@3) @[ +(a4)© (Ta3, O |[+(a50) S5 (Tpo, )| [ +(ahe) “**) (Tys, )| ] 87
djj‘* = (a34) @Gz = | [+(agn) 21D (T, 0| [ +(aip) @222 (T, O] [ +(agp) 3232 Ty, 0] | G
[ +(ae) 777777 (T, 0)] | +(afy) B33888 (T, 1, 0)]| +(afe) ©2%%99 (Tys, 1) |

|+(a§’2)(6)(T33,t) ‘,‘+(a’3’3)(6)(T33,t) |,|+(a§’4)(6)(T33,t)‘ are first augmentation coef ficients
for category 1,2 and 3

| +(ay) 5% (Tpo, t) ‘ ,‘ +(a) &5 (T, t) | )
coef ficients for category 1,2 and 3
|+(a§’4)(4'4'4')(T25, t)|,|+(a’2’5)(4'4'4') (Tys, t)|,|+(a§’6)(4'4'4')(T25, t)| are third augmentation

+(ayy) > (Tyo, t) | are second augmentation

coef ficients for category 1,2 and 3
|+(ai’g)(l'l'l'l'l'l)(TM, t) |,|+(a§’4)(1'1'1'1'1'1)(T14, t) H+(a£'5)(1'1'1'1'1'1)(T14, t) | - are fourth augmentation
coefficients

| +(al) ®2222(T,, O] [+ (af) 222222 (T, O ||+ (afe) 222222 (T, )| - fifth augmentation
coefficients

|+(aé’o)(3'3'3'3'3'3)(T21, t) |, | +(ay)®33333)(T,,, t) |,|+(a§’2)(3'3'3'3'3'3) (Ty1, t)‘ sixth augmentation
coefficients

[+ (@5) 777 777D (Ts7, O)| [ +(@5) 77777 (T, )
seventh augmentation coefficients

| + (aZo)(S'S'S'S'S'S'S) D)) ‘ ,’ +(ajy) (B888888)(T, ), 1) | ;’ + (aarz)(s,s,s,s,s,s,s) (Ty1, 1) |
Eighth augmentation coefficients

| +(aiy) @229 (T, 1) | '| +(ays) @229 (Tys, 1) | )

coefficients

+(aly) 77T Ty, ) |

b

+(ayg) @929 (T4, t) ‘ ninth augmentation
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(052) @] =(b5,)© (Gas, D) || - (b3) 55 (G50, )| |- YD) 9 (G, )] ] 88
= 0Ty - | CORO DG, 0] [0 (G 0]~ i) D G D] [T
|- (53) 7777777 (Gao, ) || (b3) @2B88D (Gy, ) || () @279 (G, D) |
(b33) @] = (b45) @ (Gas, D) ||~ (B3) 55D (G, )| |- (bYs) “**) (Go7, )| ] 89
= 09Ty, - | FOi 06, 0] [0 (G 0] - B9 G D] [T
|- (B3 7777777 (Gao, ) || (b51) @BB888D Gy, ) || (B35) @279 (G, ) |
(B3 @ = (5@ (G35, D) || - (B5) 59 (631, ||~ b3) ** (67, 0| ] 90
d;iax _ (b34)(6)T33 _ ‘_(bils)(l'l'l'l'l'l)(c;' t)‘ ‘_(b{%)(z,z,z,z,z,z)((;lg, t)”— (bé’z)(3’3’3’3'3’3)(623, t)| Tsa
|- (b5) 7777777 (G, ) || - (biy) 22288 (G5, 1) || - (bife) @999 (G, )|

|=(05)© (G35, )], |~ (b35)© (G35, D) | || = (b5 © (G35, )| are first detrition coef ficients

for category 1,2 and 3

|—(b§’8)(5'5'5)(631, t) |,|—(b§’9)(5'5'5)(631, t) | ,| —(b5) %% (G4, t)| are second detrition coef ficients
for category 1,2 and 3

| =By (Gy7, 0)], | = (035) #**) (627, D) |, |~ (b3) #**)(G,5, )| are third detrition coefficients
for category 1,2 and 3

| =)@ (G, )] [ = (b D (G, )| |~ (bys) B1122D(G, ¢) | are fourth detrition coefficients
for category 1, 2, and 3

| = () @22222 (G0, ) || = (b15) @2222D (G0, ) || = (b1e) ##**?D (Gyo, )| are fifth detrition
coefficients for category 1, 2, and 3

|- (b50) 333339 (G5, )| |- (b)) 22333 (Gys, D)} |- (b3) 333233 (G5, )| are sixth detrition
coefficients for category 1, 2, and 3

|- ()77 777 (Gao, ) |- BN (G, )
coefficients for category 1, 2, and 3

|- (i) B8589 (G, )| |- (b)) 888589 (G, )| |- (bi) B525859 (G, )|

are eighth detrition coefficients for category 1, 2, and 3

|_ (b ) 999999 (G, 1) ||_ (by)©99999) (G, 1) | - (by)©22999(G,., t) ‘ are ninth detrition

coefficients for category 1, 2, and 3
dGse 91
dt

, |— (b5e) 7777777 (G, t) ‘ are seventh detrition

[ (@36) 7| +(a4e) D (Tsy, O |[+(a5) 222222D(T,, )| [+ (a5g) B333333) (T, D) |
= (a36) PGy — | [+(ag ) 44449 (Tye, || +(age) E555559 (T, £)]| +(a4,) ©00000O (T, )| | o

‘ +(aly) LI (T, ) || +(ay,) 8888888 (T, 1) || +(ay,) 0209999 (T, t) ’

dt

[ (@5) | +(af) P (Tsy, O ||+ (a5 2222222 (T, 0) || +(ag) B333333) (T, D) ]
= (a37) P Gss — | [+(ays) @444 (T,e, £)]|+(ahe) B555559) (T, 1) || +(a4s) ©00000O (Ty5, )| | G1a

‘ +(a),) GO (T, f) || +(ay,)®8888888) (T, 1) || +(als)@999999 (T, t) ’
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dGsg 93
dt

[ (@56) 7| +(a4e) 7 (Ts7, 1) ||+ (afp) Z222222) (T, 1) || +(agy) 333333 (T, 1) | ]

= (a3) 637 — | [+(ag) #4449 (Tys, D) || +(a50) 5355559 (Tyo, 0) || +(ag) ©05050) (T35, 1) | | Gis
[ (@) AT, 0) || +(al) CEEE0880 (T, 0|+ (aje) 222 (Tys, )| J

Where (a5) 7 (T3, 0)],| (a3) 7 (T35, £)
category 1,2 and 3
[+ (ai) 2222229 (T, )|, [+(ai) @22222D (T, D
augmentation coefficient for category 1, 2 and 3
| +(ag,) ®323333)(Tyy, t) |: | +(ay,)B*33333)(T, 1)
augmentation coefficient for category 1, 2 and 3
[+ (@) @444 (Ty5, 1), | +(age) 444449 (T, £)
augmentation coefficient for category 1, 2 and 3
|+(a) G555559) (T, 6) | [+(a5e) 555559 (T, )|, | +(ae) ©555559) (T, £) | are fifth augmentation
coefficient for category 1, 2 and 3
|+(ag’z)(6'6'6'6'6'6'6)(T33, t) L +(ay,) 666666 (T, t)|,’+(a’3’4)(6'6'6'6'6'6'6)(T33, t)| are sixth augmentation
coefficient for category 1, 2 and 3
[ (@)A1 (T, 0| [+ (ai) WD (T, O
augmentation coefficient for category 1, 2 and 3
|+(a:llz)(8,8,8,8,8,8,8,8) (Ty1, t) l |+ (ay,)®8888888) (T,  t) | ” +(al,)®8888888)(T, t)|
are eighth augmentation coefficient for 1,2,3
[+ @) ©22299 (T, 0)| [+ (ai) 2229 (Tys, ),

coefficient for 1,2,3

(a%3) (T3, 1) | are first augmentation coefficients for

’

+(aly) @222222(T,, t) | are second

7 7

, | +(ay,)®333333)(T,,  t) ‘ are third

’ ’+(a’2’6)(4'4'4'4'4'4'4) (T25, t) | are fourth

| +(ays) PAII(T,,, 1) ‘ are seventh

+(ay,) 229999 (T, ., t) ‘ are ninth augmentation

ATs6 _ 94
dt

[ (036) 7|~ (b5 7 (G30, )] [~ (bfe) 2222222 (G, 1) - () 3332223 (G5, 1) ]

(bs) DTy, — | |- B EH4444D (G5, 1) || - (b5) G555559 (G, )| - (b5) @595 (Gs,0)| |7,

| [- ()@ 0110 (G, )| (i) @88E2E2D (G, 1) || - (b) ©299999 (G, D) ]

dTs;
dc

[ (i) D[ =)D (G309, )] [~ (b @22222D (G4, )] - (b)) 3322233 (G, 1) ]
(b37) DT — | [=(bgp) @444 (G, 0)||- (b35) 555559 (Gay, 1) |- (b35) 55959 (Gag, 1) ‘ Tia
| |- ()16, 1) || - (by) BRB8888D (G, 0)] |- (b)) ©922999 (G, 1)

dTsg
dac

(b3s) P Ts; —| |- (bge) 444449 (G, 1) || - (b50) E555559) (Gay, ) || - (b5) ©666669) (G, 1) |
| |- () @110 (G, )| - () BBBE8888) (G, ) || - (b1e) 299299 (G5, )| |

Where ‘ —(b3) D (G30, 1) | , | —(b3) P (G3, t) ‘ , ’ —(b3) P (630, 1) | are first detrition coefficients for

[ (03) 7= (05) 7 (G30, )] [~ (b1ie) 2222222 (G5, D) || - (bg) 3322333 (G s, D) | }
|T15
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category 1, 2 and 3

[ (b1 ®22222D Gy, 0) ], | = (b)) 222222 (G0, 8)],
coefficients for category 1, 2 and 3

(=05 323339 Gy, 1) |, [~ (b5) B323339) (G, 1)
coefficients for category 1, 2 and 3

(=5 442449 (G, 1) |, |~ (b5) 444449 (G, 0)
coefficients for category 1, 2 and 3

| = (Byfg) 5555559 (Gay, £) ]| = (Byy) ©555555) (G, 1) |, | = (b3g) &555555) (G4, t) | are fifth detrition
coefficients for category 1, 2 and 3

| = () (6666668 (Goe, )|, | —(b4y) 555558 (Gag, )|, |~ (b4,) 555558 (G5, 1) | are sixth detrition
coefficients for category 1, 2 and 3

|_ (bl)A11LLLD (G p) ‘ |- (bl)@111L1D (G p) |' T CEREERE t)|

are seventh detrition coefficients for category 1, 2 and 3

|- (byy) 8888888 (G, 1)| |- (b)) ®B88BBER (G, 1) |- (by,) BB28888D (G, )| are eighth detrition
coefficients for category 1, 2 and 3

|- (b)) ©999999 (G5, )| |- (b5) 99999 (G5, )| |- (b3)©299999 (G5, ) | are ninth detrition

coefficients for category 1, 2 and 3
dGyo

dt
= (‘140)(8)641
| (@) [+ (@i) (T, 0] [ +(a1) 2222228 (1, )] | +(a50) 32222239 (1, 1) |
—| | +(ay,) 44840 (T, 1) l ‘ +(ayy) 55555555 (T, t) | ’ +(ay,) (66666666 (T, t) ’ |Gys
l ‘+(a£’3)(1'1'1'1'1'1'1'1)(T14, t) ||+(a§’6)(7'7'7'7'7'7'7'7) (Tsy, ) H+(a"*,4)(9'9'9'9'9'9‘9‘9) (Tys, t)| J
dt
= (a41)(8)640
[ @)@[+@i) @ (T, ][ +(ay) 2222220 (1,5, 0) || +(agy) C3233233 (1, 0)| |
- | +(a7215)(4-,4-,4—,4—,4—,4,4,4) (T, t) I ‘ _|_(arzrg)(s,s,s,s,s,s,s,s)(ng’ t) H +(aél3)(6,6,6,6,6,6,6,6) (Ts3,t) | |G,
| + (a£r3)(1,1,1,1,1,1,1,1) (Tya) ) ‘ ‘ + (a’3’7)(7'7'7'7'7'7'7'7) (Tsy,t) | ’ +(alf)©9999999 (T, . t) ’
dGy,
dt
= (‘142)(8)641
(@32) @[+ (@)@ (Ta, 0 || +(afy) #222222D (T, 0) || +(agp) B3232323) (1, )
— | +(a,2/6)(4,4,4,4,4,4,4,4) (Tys, t) ‘ ‘ _|_(aéro)(s,s,s,s,s,s,s,s)(ng, t) H +(aél4)(6,6,6,6,6,6,6,6) (Tss,t) ‘ Gys
l | +(afs)(l’l’l’l’l'l'l'l)(T14' t) ‘ +(aé'g)(7‘7‘7‘7‘7‘7‘7'7)(T37, t) H +(a216)(9,9,9,9,9,9,9,9) (Tys, ) ‘ J

Where ‘ +(ayy)®(Tyy, t) ‘ , | +(ay)® (Tyq, ) | , ’ +(a)y)®(Tyy, ) ‘ are first augmentation coefficients for

—(bjp)?222222)(G,,, t)| are second detrition

,|—(b2”2)(3'3'3'3'3'3'3) (Gy3,t) | are third detrition

, | —(by ) @A4444D (G, 1) | are fourth detrition

’

category 1, 2 and 3

|+(ail6)(2,2,2,2,2,2,2,2)(T17’ t) +(ai,7)(2'2'2'2'2'2'2'2)(T17, t)
augmentation coefficient for category 1, 2 and 3
|+(a,zlo)(3’3’3’3’3’3’3’3)(sz t)H+(a§’1)(3'3'3'3'3'3'3'3) (T,1, t)H+(a'2’z)(3‘3‘3‘3‘3‘3‘3‘3)(sz t)|are third

+(alg) Z2222222)(T, . t) ‘ are second

7 7

128

95
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augmentation coefficient for category 1, 2 and 3
| + (aé'4)(4'4'4'4'4'4'4'4) (TZSl t) | , | + (aéls)(4,4,4,4,4,4,4,4) (TZS’ t)
augmentation coefficient for category 1, 2 and 3

|+ (as) S5555559) (T, 1) || +(aly) B555555) (T, t)
augmentation coefficient for category 1, 2 and 3

|+ (a,) ©0606860) (T, £)] | +(agy) 5660650 (T, 1)
augmentation coefficient for category 1, 2 and 3

| +(a£’3)(1’1’1’1’1’1’1’1) (Tyart) I | +(aﬂ)(1'1'1'1'1'1'1‘1) (T ) ‘ | +(a1’5)(1'1'1'1'1'1‘1‘1) (Tyart) | are seventh
augmentation coefficient for 1,2,3

|+ (a4e) 7777777 (T, 6)| | +(ag) 7777777 (T, 1)
augmentation coefficient for 1,2,3

[+(ae)®72%9999) (1,5, )] [+ (afg) ®22%2°9) (1,5, 1)

augmentation coefficient for 1,2,3

+(ay) AN (T, ) | are fourth

’

|+ (@) 55555555 (T, 1) are fifth

b

+(ay,)(6:6666666)(T,, 1) | are sixth

b )

)| )

+(a4) 77777 TTI(Ty,, t) | are eighth

+(ay,) 2299999 (T, . 1) | are ninth

dTyo _
dat

[ (00) @[ = (0i)® (Gys, )] [~ (1) #2222222 (G 1o, D)||- (be) 33332339 (G5, )| |
(ba0)©T,, — | |- (B3 A44449 (G, ][ (bg) 5555559 (G54, 0)|[- (b3) 65596669 (G, 0)] | 7,
l_ (b{%)(l,l,l,l,l,l,l,l) G, 1) H_ (bé’(,)(7‘7’7’7’7'7'7'7) (G39, t) ‘ ‘ _ (b42})(9,9,9,9,9,9,9,9) (647, t) ‘

ATy,
dac

i) @[ =) P (Gy, O [~ (b)) 22222222 (G4, D)]| - (bg) 33222339 (G, )|
(b)) O Tyo — | [~ (bgp) “444444D (G5, 0) || - (D) EF555555) (Gay, )| |- (b35)©555965) (Gag, 0)] | Tra

|- () 112106, 1) || - (b)) 77777770 (G, £)] |- (bis) @9229999 (G, D) |

ATy
dc

[ (03) @)= (bi)® Gz, O] [ = (i) 2222222 (Goo, D] |- (b) 3223339 (G, )] |
(ba2) O Ty —| |- (bp) @ 4444496, )| |- (b3) B5555559) (Gay, £)| |- (bg) 0206599 (G55, )| | Tis
i |_ (bl @LILLILD (G ) “_ (b) 77777777 (G, £) H_ (bl ) (99999999 (G, . t)| |
Where |~ (b56) 7 (G50, )|, | = (b3) 7 (G30,0) |,
category 1,2 and 3

|_(b{%)(z,z,z,z,z,z,z,z)(619’ £) ‘ |-y @2222222 6, 1) | ,’_(b{%)(2,2.2.2.2.2.2.2)(Glg' t)| are second
detrition coefficients for category 1, 2 and 3

| () 33333333 (G, )|, | = (b5)) 33333333 (G5, )|, | = (b,) B3323339) (G5, )| are third detrition
coefficients for category 1, 2 and 3

|—(bé'4 Va4 D) (G 1) | | = (s Y@ aa a4 ad) (G )
detrition coefficients for category 1, 2 and 3

| = () 55555559 (G, D) ||~ (bge) 55555555 (G4, )|, |~ (b3) 55555555 (G5, 1) | are fifth detrition
coefficients for category 1, 2 and 3

[— (1) ©568) (G5, )], [~ (b55) €68 (G5, £)], |- (b}) 11122211 (G, 1) | are sixth detrition coefficients

—(b55) 7 (G30, t) | are first detrition coefficients for

—(by) 4444440 (G 1) | are fourth

’
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for category 1, 2 and 3

|— (bjy)WALLLLLD (G 1) l, - (b)) WLLLLLLD (G ) |,|— (b3) 77 (G349, 1) | are seventh detrition
coefficients for category 1, 2 and 3

|_ (bé’ﬁ)(7'7'7'7'7'7'7'7)(639, t) |’| _ (b?r)l7)(7,7,7,7,7,7,7,7) (Gaor t) |‘|_ (bé%)(7,7,7,7,7,7,7,7) (Gaort) | are eighth detrition
coefficients for category 1, 2 and 3

|_ (by1,) 99999999 (G, t) ||_ (b)) 2999999 (G, t) ||- (by) 02999999 (G, t) | are ninth detrition

coefficients for category 1, 2 and 3

dGyy 96
dt
= (a44)(9) Gss
l[ (024)(9)| +(a}) O (Tys, ) I ‘ +(ay,)@22222222)(T, t) | ‘ +(ay,)333333333)(T, t) | ]l
| +(ay,)@Hraatdsd) (T, ¢ l | +(ayy)C55555555) (T, 1) | ’ +(al,)®66666666)(T,, t) | } Gy
‘ + (a1'3)(1'1'1’1’1’1’1'1'1) (Tya) ) | ‘ + (a'3'6)(7'7'7'7'7'7'7'7'7) (T, ) | ’ _l_(a:{o)(8,8,8,8,8,8,8,8,8) (T, ) ’
dGys
dt
= (a45)(9) Gag
(@3) [+ ()@ (Tys, ) || +(af) 22222222 (1,5, 0) || +(agy) C3233233 (T, )|
= | +(arzrs)(4,4,4,4,4,4,4,4,4) (Tys, t) I | +(aly) 655555555 (T, t) H +(a},) (666666666 (T,. t) | lG,,
| +(aﬁ)(l'l'l'l'l'l'l’l’l) (Tya, t) l | +(al, (777,777,777 (T, t) H _l_(agl)(8,8,8,8,8,8,8,8,8) (T, t) I J
dGye
dt
= (a46)(9) Gys
(@36) [ +(afe) @ (T, )| +(afy) 22222222D(Ty5, 1) || +(agy) #3232332(T,,, )]
— | +(ay,)@anrdndad) (T, 1) I | +(al,)E55555555) (T, 1) |I+(a1374)(6,6,6,6,6,6,6,6,6) (Tys t) | Gys
l | _|_(airs)(1,1,1,1,1,1,1,1,1) (Tyar t) I | +(aérs)(7,7,7,7,7,7,7,7,7) (T, t) H +(ay,) ®88888888) (T, ) ‘ J

Where | +(ay) @ (Tys, t) |,|+(af{5)(9) (Tys, t) ‘ , | +(ae) @ (Ts,, t)‘ are first augmentation coefficients for

category 1,2 and 3

| + (a£,6)(2'2'2'2'2'2'2'2'2) (T17, t) + (a117)(2,2,2,2,2,2,2,2,2) (T17, t)
augmentation coefficient for category 1, 2 and 3

| +(ay,)333333333)(T,, t) l [+(ay) 333333333 (T, 1) | )
augmentation coefficient for category 1, 2 and 3

| +( a§'4)(4'4'4'4'4'4'4'4'4) (Tys, )|, | +( aéls)(4'4'4'4'4'4'4'4'4) (Tys, £)
augmentation coefficient for category 1, 2 and 3

| + (ags)(5'5'5'5'5'5'5'5'5) (ng’ t) +(a1219) (5,5,5,5,5,5,5,5,5) (ng’ t)
augmentation coefficient for category 1, 2 and 3

| +(al,) (656666666 (T, )| [+(ay,)©66666668)(T,, ) | , | +(ay,)(666666666)(T,. t) | are sixth
augmentation coefficient for category 1, 2 and 3

|+(a:ILIS)(1,1,1,1,1,1,1,1,1) (Tya t) ‘ ) | +(a)) LTI (T, ) ‘ ' | +(a)) AL (T, ) ’ are Seventh

augmentation coefficient for category 1, 2 and 3

+(ays) #?2222222)(T,, t) ’ are second

7 s

+(ag,) 33333333, ) |are third

+(ayg) @raaeasaD (T, 1) | are fourth

’

+(al) B55555555) (T, )| are fifth

b ’

b
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| +(aéls)(7'7'7'7'7'7'7'7’7) (Ty, t) H +(aér7)(7,7,7,7,7,7,7,7,7) (Ty, t) ‘ ‘ +(alsle)(7'7'7'7'7'7'7'7'7)(T37' t) | are eighth
augmentation coefficient for 1,2,3
| +(azo)(8,8,8,8,8,8,8,8,8) (Tyy, t) |’| +(a:{2)(8,8,8,8,8,8,8,8,8) (Tyy, t) L ‘ +(a:}rl)(8,8,8,8,8,8,8,8,8) (Ty1, t) ‘ are ninth

augmentation coefficient for 1,2,3

ATas _
dat
(b44)(9)T45 -
[ i) =(0i) @ (Gar, D] [~ (b1) B2222222D (G, 0)]| - (b)) 333322333 (G,, )| ]

|_ (bék)(4,4,4,4,4,4,4,4,4) (627, t) I | _ (bérg)(5,5,5,5,5,5,5,5,5)(631, t) ‘ ‘ _ (bélz)(6'6'6'6'6'6'6'6'6) (G35, t)| Tys

| l_ (blL)LILLLLLID (G ¢) I |_ (b )T 77777777 (G, t)“— (by)®88888888) (G, t)l |
dt

(b)) = b3 P (6o, O] [~ (b B222222D (G5, D] |- (b)) B2333339 (G, 1)
(b45)(9)T44 — l_(béls)(MAAAAAA) (627, t) I | _ (bélg)(S,S,S,S,S,S,S,S) (631, t) ||_ (bé%)(6,6,6,6,6,6,6,6) (635, t)l Tia
i |_ (b)) (G, t)“— (b4 T 77777.97) (G, t) H_ (by,)(888888888) (G, . t)| |

dTye
dac

(03) @[ = (03)® Gz, O] [~ (i) 2222222D (G, D] - (b)) 3333339 (G, )]
(b46)(9)T45 — |_ (bé%)(4'4'4'4'4'4‘4‘4) (G27, t) H_ (bélo)(S,S,S,S,S,S,S,S) (G31, t) H_ (bél)(6,6,6,6,6,6,6,6) (G35, t)| Tis
i ‘_ (b!)ALLLILLD (G p) H_ (b4) 77777797 (G, £) ‘ I_ (bL,) (888888888 (G, t)l |
Where (b4 (Gy7, t)|,
category 1,2 and 3
|_(bi%)(z,z,z,z,z,z,z,z,z)(Glg’ t) I ) —(b{’7)(2'2'2'2'2'2'2'2'2)(Glg, t) |,|_(blr%)(z,z,z,z,z,z,z,z,z) (Gyo, t)l are second
detrition coefficients for category 1, 2 and 3
|_(bé’())(3'3'3'3'3'3'3'3) (023’ t) | , _(bé’1)(3'3'3'3'3'3'3'3)(023' t)
coefficients for category 1, 2 and 3
|—(bé’4 V4444448 (G 1) | = (byo) @raadasd) (G, ¢
detrition coefficients for category 1, 2 and 3
(=) G5555559) (G, 0)|, | ~(bgo) S5555559) (G, )
coefficients for category 1, 2 and 3
| = (b1) (6566660 (G, 1) |, | = (bL)©6066660) (G, 1) |, | = (b)) ©S50650) (G, 1) |are sixth detrition
coefficients for category 1, 2 and 3
|- (b @111 (G, )| |- (byt) GAALLD (G, £)] |- (byy) B2 111122D (G, 1) | are seventh detrition
coefficients for category 1, 2 and 3
|- (b5 ) 77777707 (G, D), |- (b56) 77777770 (Gao, )| |- (b3) 77777777 (G, 1) | are eighth detrition
coefficients for category 1, 2 and 3
|_ (by,)(®88888888) (G, ) ‘ ”_ (by,)(®88888888)(G,. 1) H_ (by)®88388888) (G, ) ’ are ninth

detrition coefficients for category 1, 2 and 3

—(b45) D (Gyy,t) |,|—(b[{6)(9) (Gy47, ) | are first detrition coefficients for

—(by,) 33333333 (G, t)|are third detrition

’

[ (b5 4444449 (G, )| are fourth

| = () 55555559 (G, )| are fifth detrition

131
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Where we suppose
(a)®, (@)™, (@)@, )@, DD, ()N >0, ij=131415 97
The functions (a/)®, (b;")™ are positive continuous increasing and bounded.
Definition of (p;)®, (r)®:
(afl)(l)(TM' t) < (Pi)(l) < (A13 ®
bHPEG, ) < )W < BHM < (B3)W
limTz_m (a{")(l) (Tyst) = (pi)(l) 98
limge (b{)® (G,0) = ()™
Definition of ( 4,3 )™, (B3 )™M :
Where ‘ (A13)D, (B3P, (p)D®, ()W ‘ are positive constants and

They satisfy Lipschitz condition: 99

(@)D (T ) = (@)D (Tra, )] < (kyz )DO|Tyy — Tiyle™ (M)t
(YD (G, 8) = (BHYD(G, 0] < (kys )D||G — G'||e~ M)Vt

With the Lipschitz condition, we place a restriction on the behavior of functions
(@ DT, t) and(a] )V (T4 t) .(T{,,t) and (Ty4,t) are points belonging to the interval
[(Ry3)D, (M5 )®] . 1t is to be noted that (a;')™ (T4, t) is uniformly continuous. In the eventuality of

the fact, that if (M;3)® = 1 then the function (a})(Ty,,t) , the first augmentation coefficient
attributable to the system, would be absolutely continuous.

Definition of ( M5 )@, (k3 )™ : 100
(My3)D, (ky13)D, are positive constants

@® _mp®
(M13)D) 7 (M13)D

Definition of ( 2,5 )™, (0,3 )® : 101

There exists two constants ( P;3 )® and ( 0,5 )P which together With ( M,3)®, (k13)D, (A;3)®
and (B;3)® and the constants (a;)™V, (@)@, (b)®, (b)HWD, (p)P, ()D,i = 13,14,15,
satisfy the inequalities

1 , - o -
()@ [(@)®+ @)™+ (A)D+ (P3)D (ky3)P] <1

1

W[ (bi)(l) + (bi’)(l) + (313 )(1) + (613 )(1) (]213 )(1)] <1
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Where we suppose
(ai)(Z)l (al{)(Z)' (al{’)(Z)' (bi)(Z)l (bl’)(Z)’ (bL”)(Z) > 0' l,] = 16'17'18
The functions (a/)®, (b;")® are positive continuous increasing and bounded.

Definition of (p))®, (r;))®:

(@N®(Ty7,t) < ()P < (46 )(2) 102
(b{)P(G10,) < ()@ < (B)P < (Bys)® 103
Jim (@)@ (Ty7,6) = (p)® Lo4
limg e, (b;)® ((G10),t) = (1)@ 105
Definition of ( A;5 )@, (B )®: 106

Where l (A16)P, (B1g)®, ()P, (1)@ lare positive constants and [i = 16,17,18

They satisfy Lipschitz condition:

(@)D (T,, t) = (@)D (Ty7, )] < (ki) DTy — Tiple™(Me) @t 107
" ’ " T ’ (M (2)
1(BNYP((G19)',8) = (B )P ((G19), t)] < (k16 )P 1(Go) — (Gy0)'|Je~(Fre)*t 108

With the Lipschitz condition, we place a restriction on the behavior of functions (a!)®(T{,,t)
and(aj")®?(T;7,t) . (T{5,t) and (T}, t) are points belonging to the interval [(k;¢)®, (M) @] . 1tis
to be noted that (a))®(T;,,t) is uniformly continuous. In the eventuality of the fact, that if
(M,4)® =1 then the function (a/)®(T;,,t), the first augmentation coefficient attributable to the
system, would be absolutely continuous.

Definition of ( #:¢)®, (k1) :
(M)P, (ki )P, are positive constants 109

@® @
(M16)@ ’ (M16)P

Definition of ( £,3)®, (Q13)@®:

There exists two constants ( P4 )@ and ( 0,4 )® which together
with (M;)®, (k16)®, (A16)Pand ( By )@ and the constants
(@)@, (@)@, )@, (D, @)?, ()P, i =16,17,18,

satisfy the inequalities

1

T @P + @@+ (A)® + (Pe)® (kye)@] <1 110
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1

Gioel G)P + )P+ (Bi)® + (Q6)® (Rie)@] <1 tH
16

Where we suppose
(@)®, (@)@, (@"H®, (B)®, B)H®, NP >0, i,j = 202122 112
The functions (a,)®, (b/")® are positive continuous increasing and bounded.
Definition of (p;)®, (r;))®:
(ag’)(g)(szt) =< (Pi)(g) < (Azo )@
(BN P (G5, < ()P < (BD® < (B )P
limz, oo (a;)® (Tp1,6) = ()@ 113
limgeo (b)) (Go3,t) = (1)
M(“izo )(3)' ( Ezo )(3) :
Where ‘ (A50)®, (Byo)®, )®, (1)® ‘ are positive constants and

They satisfy Lipschitz condition: 114

1@ (T4, ) = (@)B (Tyy, 0] < (Rgo )P|Tyy — Tyyle™ (200t
10 P (Gas', 1) = (b)Y P (Gas, )] < (go )]Gz — G ||~ (200t

With the Lipschitz condition, we place a restriction on the behavior of functions (a{')(3) (Tyq,t)
and(aj")®(Ty1,t) . (T4, t) And (T,4, t) are points belonging to the interval [( &y )®, (M, )®].Itis
to be noted that (a/")® (T,,, t) is uniformly continuous. In the eventuality of the fact, that if

( My, )® = 1 then the function (a))®(T,4,t), the first augmentation coefficient attributable to the
system, would be absolutely continuous.

Definition of ( M,, )®, (k)@ : 115
(M0 )P, (ky )P, are positive constants

@® _m®
(Mz0)® 7 (M30)®

There exists two constants There exists two constants ( P,, )® and ( Q,, )® which together with 116
(My0)®, (k0)®, (Ay0)Pand (Byo )@ and the constants

(@)@, @)®, 1)@, B)HP, )@, (®,i=20,21,22,

satisfy the inequalities

1

G @ + @)+ (A0)® + (Pr)® (kyg)P] < 1

(1‘7121)(3) [ B)® + BDP + (Byo)® + (020)® (k)< 1
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Where we suppose
(@)@, @)™, (@), ()@, BD™, (BN >0, i,j = 242526 117
The functions (a/)®, (b;")™® are positive continuous increasing and bounded.
Definition of (p))®, (1;)™¥:
(a{')(4)(T25,t) < (Pi)(4) < (Apy)®
(B P((G7) 1) < ()P < ()W < (Byy )™
limg, e (ai)® (Tys, t) = (p)™ 118
limgoo () ((G27), £) = ()@
Definition of ( A,, )™, ( By, )® :

Where l (A,)®, (By )@, ()@, ()@ l are positive constants and |i = 24,25,26

They satisfy Lipschitz condition: 119

(@)Y (Tys,£) = (@) P (Tys, )] < (kg )P|Tps — Tygle™(M2e) @

(BN D((627)', ) = (B P ((G2), )] < (ks )PI(G7) = (Gp7)'[|e (T2t

With the Lipschitz condition, we place a restriction on the behavior of functions (a;)® (Tys, t)
and(aj" ) (Tys,t) . (Tys, t) and (Tys, t) are points belonging to the interval [( &y, )@, ( My, )®] . Itis
to be noted that (a/")® (T,s, t) is uniformly continuous. In the eventuality of the fact, that if

(M, )™ = 1 then the function (a,)®(T,s, t), the first augmentation coefficient attributable to the
system, would be absolutely continuous.

Definition of ( M,, )@, (ks )@ : 120
(Myy )™, (kyy )@, are positive constants

@® @
(Ma4)®) * (Mp4)®

Definition of ( P, )®, (0,4 )™ : 121

There exists two constants ( P,, )* and ( Q,, )® which together with
(My )®, (ks )P, (A,0)Pand (B,, )™ and the constants
(@)@, (@)@, ()P, ()@, )P, (1)@, i = 24,25,26, satisfy the inequalities

1 , N ~ ~
(Fpa)® [(@)® + (@)@ + (Aza)® + (Ppa)® (kps)P] <1

1

(M24)® [ )@ + BD® + (By)® + (Q24)@ (k)P <1
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Where we suppose
(@)®,(@)®, (@H®, B)®, 6D®, () >0, i,j = 28,29,30 122
The functions (a/)®, (b/")® are positive continuous increasing and bounded.
Definition of (p,))®, (1;)®:
(i) (Tye,8) < ) < (Azs)®
(B)P((Gs1), 1) < ()P < ()P < (Byg)®
limz, o (a;)® (To, t) = (p)® 123
limG_,oo(bi”)(S) (G3,0) = ()@
Definition of ( 4,5 )®, ( B, )® :

Where l (A,6)®, (Bys)®, 0)®, (1)® l are positive constants and [i = 28,29,30

They satisfy Lipschitz condition: 124

(@) (T4, ) — (@) (Tyo, )] < (Kpg )®|Tpg — Toole™ (M)t

15 (G31)",6) — (5P ((G31), )] < (Feog YO1(Gay) — (Gay)'||e™(M2e)®t

With the Lipschitz condition, we place a restriction on the behavior of functions (a;")® (T, t)
and(a;')® (Tyo,t) . (Tss, t) and (Tyo, t) are points belonging to the interval [( kg )®, (M )] . Itis
to be noted that (al'-’)(s)(ng, t) is uniformly continuous. In the eventuality of the fact, that if

( M,g)® = 1 then the function (a))® (T, t), the first augmentation coefficient attributable to the
system, would be absolutely continuous.

Definition of ( M,5 )®, (k5 )® : 125
(M, )®, (kyg)®), are positive constants

@® _®
(Mag)®) 7 (Mpg)®

Definition of ( P,g ), (0,5 ) : 126

There exists two constants ( P,g ) and ( Q,g )® which together with
(M), (ky5)®, (A,8)Pand (B,g )™ and the constants
(@)®, (@)®, (), ()P, @)D, (1)@, i =28,29,30, satisfy the inequalities

1 , R . A
(M26)® [ (ai)(S) + (ai)(S) + (Azg)® + (Prg)® (ke )P < 1
1

(Mg )(®) [ b)® + (bl{)(s) + (Byg)® + (028)® (kyg P <1
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Where we suppose
(@)@, @)@, (@), ()@, B, (b)Y >0, 1,j=323334 127
The functions (a/)®, (b;")® are positive continuous increasing and bounded.
Definition of (p,)©®, (1,)©:
(ai)©(Ts3, ) < (P)© < (432)®@
(NP ((G35),0) < ()@ < (B)® < (B;3,)®
limz, e (ai)® (T3, 8) = (p)© 128

limG_,oo(bi”)(@ ((635): t) = (ri)(6)

Definition of ( 45, )®, ( B;, )® :

Wherel(fi32 ), (B3,)®, (p)®, (1)@ l are positive constants and [i = 32,33,34

They satisfy Lipschitz condition:

(@) (© (T4s, £) — (@)@ (T3, 0)| < (Kgp )O|Tg3 — Tigle (M)t

(bY@ ((G35)', £) — (B") O ((Gss), )] < (Faz YO|(Gas) — (Gas)'||e™(M2) @t

With the Lipschitz condition, we place a restriction on the behavior of functions (a})© (T4, t)
and(a;')® (Ts3,t) . (T4, t) and (T3, t) are points belonging to the interval [( ks, )©, (M5, )©] . Itis
to be noted that (al'-’)(ﬁ)(T33, t) is uniformly continuous. In the eventuality of the fact, that if

( M3, )® = 1 then the function (a,")(® (Ts3,t), the first augmentation coefficient attributable to the
system, would be absolutely continuous.

Definition of ( M5, )(®, ( k3, )© : 129
(M3,)®, (k3,)®, are positive constants

@® _®
(M32)®) ’ (M32)(®

Definition of ( P;, )®, ( 05, )® : 130

There exists two constants ( P;, ) and ( Qs, )® which together with
(M3,)®, (k3,)®, (A3,)@and (B;, )©® and the constants

(@)@, (@)@, (6)®@, (5D, @)@, ()@, i =32,3334,

satisfy the inequalities

1 , . R ~
el @@+ @)@+ (A) @+ (Per)® (k)] < 1
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1

(M32)(® [ )© + BD® + (B3y)® + (032)® (ksy) @] <1

Where we suppose
® ()7, (@)?, (@H?, )7, b)D, (5N >0, i,j =36,37,38
(H) The functions (a/)™, (b)) are positive continuous increasing and bounded.
Definition of (p;)”, (r;))™:
(@) (T37,8) < )7 < (A36)7
BN7 (Gaot) < ()7 < (b)) < (Bag )
@ limy, e, (@) (T37,8) = ()7
a
limG_,oo(bi”)m ((639)' t) = (Ti)m

Definition of ( A3¢ )™, ( B3¢ )™ :

Where ‘ (A36)D, (B3)?, ()™, ()™ ‘ are positive constants and [i = 36,37,38

They satisfy Lipschitz condition:
@7 (T, 1) = (@) (T35, )] < (e )| Tay — T3l (o)

" ’ " = ’ —( Mar YD
151" ((Gs)', ) — (b)) P ((G30), )] < (K36 )P [1(G3) — (Go)'[|e™Ms6) ¢

With the Lipschitz condition, we place a restriction on the behavior of functions (a})(Ts,,t)
and(a}")(Ts,,t) . (T4, t) and (T3, t) are points belonging to the interval [(ksq)™, (M) 7] . Itis
to be noted that (a{')(7)(T37, t) is uniformly continuous. In the eventuality of the fact, that if

(M36)™ = 1 then the function (a;')”’(Ts,,t) , the first augmentation coefficient attributable to the
system, would be absolutely continuous.

Definition of ( M54 )7, (k3 )7 :
(K) (M), (k36 )P, are positive constants

@?
(M36)7) 7 (M36)?

Definition of ( P35 )™, (036 )™ :

(L) There exists two constants (P;) and (Qs5)7 which together with
(M36) 7, (k36 )7, (A36)Pand ( Bz )™ and the constants

138

131

132

133

134

135
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@), @)?, ) D, () D, )P, ()7, i = 36,37,38, satisfy the inequalities

e @7+ @7+ (i) D+ (Pro)? (k)] <1
36

Tl 7 +ED7 + (Bie)? + (05)? (keI <1
36

Where we suppose
(@)®, (@)®, (@)®, (b)®, (b)H®, (/) ® >0, i,j = 40,41,42 136

The functions (a;)®, (b;")® are positive continuous increasing and bounded

Definition of (p,))®, (1;)®: 137
(@) ® (T, ) < (p)® < (Ago)® 138
(NP ((Gi3), ) < (1)® < (B)® < (By)® 139
limy, e, (@) ® (T4, ) = (p)® 140
limg_e, (b )® ((G43),t) = (1)@ 141

Definition of ( A4 )®, (B, )® :

Where l (Ay)®, (By)®, (p)®, (1)® l are positive constants and [i = 40,41,42

They satisfy Lipschitz condition:
(@) ® (T, ) = (@) (T4, )] < (ko )®|Tyy — Tiyle™(Ma0) @t 142

15 ® ((Ga3), ) — (0P ((G13), )] < (Kap )P|I(Gas) — (Gyz)'[]e™Mao) @t 143

With the Lipschitz condition, we place a restriction on the behavior of functions (a/)®(T,;,t) and
(@] )®(Tyy,t) . (T1,t) and (Tyy, t) are points belonging to the interval [( k4o )®, (M0 )®]. Itis to be
noted that (a;)®(T,,,t) is uniformly continuous. In the eventuality of the fact, that if ( M,,)® =1
then the function (a;")®(T,,,t) , the first augmentation coefficient attributable to the system, would
be absolutely continuous.

Definition of ( M, )®, (k4o )® :

(M) ®, (k4 )®, are positive constants

@®  »® 144
(Ma0)® " (My)® <1

Definition of ( P, )®, ( Q40 )® :
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There exists two constants ( P, )® and ( 0,4, )® which together with ( M, )®, (k40 )®, (A40)®
(B4 )® and the constants (a;)®, (a))®, (5,)®, ()P, )®, )®,i = 40,41,42,
Satisfy the inequalities

()® )(8)[(ai)(8)+(alf)(8)+ (As)® + (Bog)® (Fuo)®] < 1 145
40
’ B Q0 k 146

@l 0O+ @D+ (Bi)® + (2i)® (Rao)®1 <1

40
Where we suppose
@), @), @), ), BN, GNP >0, i,j = 44,4546 146

A

The functions (a/)®, (b)) are positive continuous increasing and bounded.
Definition of (7)), ()
@) (Tys, 1) < () < (A4s)®
(B (Garrt) < (1)@ < (D) < (Byy)®
lei_%(a{')(g) (Tys,t) = (p)®
limg oo (b)) (G47,8) = (1)

Definition of (A4 ), (B4, ) :

Where ‘ (A4), (B, ()@, (1)@ ‘ are positive constants and |i = 44,45,46

They satisfy Lipschitz condition:

(@) O (Tis, £) — (@) (Tys, )] < (kgq )O|Tys — Tisle™(Fas) Ot

1IN ((G47)', ) = (B ((Gar), )] < (Raa YN (Gay) — (Gar)' ||~ Faa )t

With the Lipschitz condition, we place a restriction on the behavior of functions (a;")® (T}s, t)
and(aj" )@ (Tys, t) . (Tys, t) and (T, t) are points belonging to the interval [( Ky )©®, ( My, )] . Itis
to be noted that (a/")® (Ts, t) is uniformly continuous. In the eventuality of the fact, that if

(M4, )@ = 1 then the function (a}")® (T,s,t), the first augmentation coefficient attributable to the
system, would be absolutely continuous.

Definition of ( My ), (k44 ) :
(M4 )®, (kyy )@, are positive constants

@ @
(M44)®) 7 (Mg)®
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Definition of ( P, ), (Q44)®:

There exists two constants ( By, )® and ( Q,, )® which together with
(My ), (kg ), (A1) P and ( By, )® and the constants
(@)®, (@)@, ()@, ), (), (r)@,i = 44,45,46,

satisfy the inequalities

e @7+ @+ (A + (A (k)P <1
44

el @7+ EDY+ (B)® + (0:)? (k)1 <1
44

Theorem 1: if the conditions above are fulfilled, there exists a solution satisfying the conditions

Definition of G;(0),T;(0):

() < (Prs)PetmVt [7G0) = 67 > 0]

Ti(t) < (Qr3)Pe™a)Pt - IT(0) =T2 > 0

Theorem 2 :if the conditions above are fulfilled, there exists a solution satisfying the conditions

Definition of G;(0),T;(0)

Gi(t) < (Pe)Pe™)®t | G,(0) =60 >0

T() < (Q16) PP T,(0) =T >0

Theorem 3 :if the conditions above are fulfilled, there exists a solution satisfying the conditions
Gi(D) < (Ppg)Pe™0)Pt G(0) =G >0

Ti(0) < (Qpo)Pe™0)®t 7,(0) =70 >0

Theorem 4 : if the conditions above are fulfilled, there exists a solution satisfying the conditions

Definition of G;(0),T;(0):

Gl(t) < (p24 )(4)3(M24)(4)t , | Gl(o) = GLO > 0|

Ty(t) < (Qpa)Pe™)Vt - [T(0)=T0 >0

Theorem 5 : if the conditions above are fulfilled, there exists a solution satisfying the conditions

Definition of G;(0),T;(0):

Gi(O) < (Pyg )Tt [7G,(0) = 6! >0
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A -q )(5)
Ti(t) < (Qpg)PeM2e)™t T,(0)=T2>0

Theorem 6 : if the conditions above are fulfilled, there exists a solution satisfying the conditions

Definition of G;(0),T;(0):

Gi(O) < (Py) et [7G(0) = 67 > 0]

Ti(t) < (03 )(G)e(M“)(s)t ) T,(0)=T2>0

Theorem 7: if the conditions above are fulfilled, there exists a solution satisfying the conditions

Definition of G;(0),T;(0):

() < (Ps )7t [7G(0) = 67 > 0]

Ty(t) < (Q36)Pe™:)Vt I1.(0) =T >0

Theorem 8: if the conditions above are fulfilled, there exists a solution satisfying the conditions

Definition of G;(0),T;(0):

Gi(O) < (Pyp)Pe0)®t | [7G,(0) = GY > 0]

Ty(6) < (Qao)Pe™0)®t IT,(0) =T > 0

Theorem 9: if the conditions above are fulfilled, there exists a solution satisfying the conditions

Definition of G;(0),T;(0):

G;(t) < (EA )(g)e(ﬁu)(g)t , ‘ G;(0) =G > Ol

T(t) < (Q4s)PeM)¥t [T,(0) =T >0

Proof: Consider operator A defined on the space of sextuples of continuous functions G;, T;: R, —

R, which satisfy

Gi(0) =GP, T,(0) = T2, G® < (Pi3)®, T < (Q13)®,
0 < Gi(t) — G < (P3)WeH1s e
0<Ti(t) =T < (Qr3)WVe(Ms YDt

By
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Gi3(t) = G5 + fgt [(a13)(1)G14(5(13)) - ((%3)(1) +ai3) P(Tia(sa3), 5(13))) Gi3 (5(13))] ds(13)
Gr4(t) = Gy + fot [(‘114)(1)613 (saz) = ((ah)(l) + (ag)™ (T14(5(13))’5(13))> 614(5(13))] ds(13)
Gis(t) = Gps + fot [(‘115)(1)614(5(13)) - ((ais)(l) + (airs)(l)(Tm(Sus)),5(13))) 615(5(13))] ds(13)

Ti3(t) =T + fot [(b13)(1)T14(5(13)) - (b13)(1) - (big)(l)(6(5(13))’5(13)) T13(5(13))] ds(13)

( )
Tu(t) =TH + fot [(b14)(1)T13 (5(13)) - ((bﬁ)(l) - (bﬂ)(l)(a(s(ls)),5(13))) T14(5(13))] ds(13)
)

= t ’ "

Tys(0) = Tjs + fg [(b15)(1)T14(5(13)) - ((b15)(1) - (b15)(1)(6(5(13))‘ 5(13)) T15(5(13))] ds(i3)
Where s(;3) is the integrand that is integrated over an interval (0, t)

Proof:

Consider operator A® defined on the space of sextuples of continuous functions G;, T;: R, — R,
which satisfy

Gi(0) =GP, Ti(0) = T?, G < (P1s)® T < (Q16)®,
0 < G;(t) — G? < (Pyg ) Pe(M16)Pt

0 < Ty() = TP < (Q16)PeMe)

By

Gi6(t) = Grs + fot [(alé)(Z)G17(S(16)) - ((aia)(z) + ai’e)(z)(Tn(S(w))'5(16)) 616(5(16))] ds(1e)

Gi7 () = Gy + fot [(a17)(2)616(5(16)) - ((a17)(2) + (a1’7)(2) (T17(5(16))'5(17)) G17(5(16))] ds(1e)

T16 ® = T106 + fot [(bIG)(Z)T17(S(16)) - (bie)(z) - (bfe)(z)(Gw(S(m))» S(16)) Ti6 (5(16))] ds(16)

((b{7)(2) - (b{’7)(2)(619(5(16))» S(16)) T17(S(16))] ds(16)

G_18(t) = Gfs + fot [(a18)(2)017(5(16)) - ((ais)(z) + (airs)(z) (T17(S(16))» S(16))) Gig (5(16))] ds(16)
T,,(®) =TY + fot [(b17)(2)T16 (5(16)) - )

M t r n

Tig() = Tip + | [(b1s)(2)T17(5(16)) - ((bls)(z) — (b)) P(Gi9(s06)) Sr6)) T18(5(16))] ds(16)
Where s(;¢) is the integrand that is integrated over an interval (0, t)

Proof:

Consider operator A® defined on the space of sextuples of continuous functions G;, T;: R, = R,
which satisfy
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G(0) =G}, Ty(0) =T, G < (P;p)®, TP < (020)®,

0= Gy(8) = GP < (P )PeMe0)V

0.<Ty(6) = T < (Qo )P 200

By 161
Goo(t) = G3p + fot [(azo)(3)621(s(20)) - ((aéo)(” + a’z’o)(s)(Tu(S(zo)),S(zo))) 620(5(20))] ds 20

Go1(t) = G31 + fot [(a21)(3)620(s(20)) - ((a'u)(s) + (a’2’1)(3)(T21(5(20))'5(20))) 621(5(20))] ds(20)

G2 (t) = ng + fot [(azz)(3)621(5(20)) - ((aéz)(g) + (alzlz)(3)(T21(5(2o)),5(20)) 622(5(20))] ds20)

Tyo(t) = Ty + fot [(bzo)(3)T21(5(20)) - (béo)(s) - (bé'o)(S)(Gm(S(zo))x5(20)) Tzo(s(zo))] ds o)

(
( T21(5(20))] ds (20

T (t) =T + fot [(b21)(3)T20(5(20)) - (bé1)(3) - (bé'1)(3)(623(5(20))x5(20))

T,p(t) = Tz, + fot [(bzz)(3)T21(5(20)) - ((béz)(s) - (bélz)(3)(623(5(20))'5(20))) Tzz(s(zo))] ds(20)

Where s,y is the integrand that is integrated over an interval (0, t)

Proof: Consider operator A® defined on the space of sextuples of continuous functions G;, T;: R, —
R, which satisfy

Gi(0) = G, T;(0) =T¢, G < (Ppa)®, T < (Q24)®,

0<G;(t) =G < (P )(4)6(1%4)(4%

0 < Ty(t) = TP < (Qpq ) Pe Mot @t

By 162
G_24(t) = 034 + fot [(a24)(4)025(5(24)) - ((aéll—)(‘l') + a'2'4)(4) (T25(5(24)),S(24_))) 624(5(24))] ds(24)

Gos(®) = G5 + [(aZS)(4)GZ4(S(24)) - ((alzs)m + (a55) D (Tos (S2a)), Szw) ) 525(5(24))] dS(24)

Gas(0) = 3% + I} [(a260)®Gas (562) — ((@2)® + (@50) @ (Tas (521 Sony) ) Gao(520))] dsiany

Tou(t) = T3y + fot [(b24)(4)T25(5(24)) (b3)™ — (bé;)(4)(027(5(24))' 5(24)) T24(5(24))] ds(za)

)
= )
Tos(t) = Tjs + fot [(bzs)(4)T24(5(24)) - ((bés)m - (bé%)(4)(627(5(24))' 5(24))) T25(5(24))] ds(z4)
( )

To6(t) = Tps + fot [(bzs)(4)T25(5(24)) - (béa)m - (bélﬁ)(4)(627(s(24))' 5(24)) T26(5(24))] ds 4
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Where s(,4) is the integrand that is integrated over an interval (0, t)

Proof: Consider operator A defined on the space of sextuples of continuous functions G;, T;: R, —
R, which satisfy

G;(0) =G?, T,(0) = T2, G° < (Pyg)®, TP < (05)®,
0<G;(t)—G) < (Py )(S)e(ﬁzg)(s)t

0<Ti(t) —T? < (Qyq )(5)6(1\728 NON

» 163
Gool) = G+ Jy [(azg)(S)Gz"(s(m)) - ((aES)(S) + a'z's)(s)(tha(S(m))’5(28))) Gag (5(23))] ds(zs)

Goo(t) = G + [ [(azg)(5)623(5(28)) - ((a'zg)(S) + (ay)® (T29(5(28))15(28))) 629(5(28))] dszg)

Gao(t) = G + [ [(a30)(5)629(5(23)) - ((aéo)(S) + (a%0)®(T20(S28)), Sc28)) 630(5(28))] dsze)

Tys(t) = Ty + fot [(bzs)(S)Tw(s(zs)) - (bés)(s) - (bé%)(s)(cm(s(zs))'5(28)) Tzs(s(za))] ds(2g)

Tyo(t) = Ty + fot [(bZQ)(S)TZB(s(ZS)) - ((bé‘a)(s) - (bzrlta)(s)(cu(s(zs)); S(ZS)) T2 (5(28))] ds zg)

T30(t) = T5p + fot [(b30)(5)T29(s(28)) - ((béo)(s) - (bélo)(s)(Gu(S(zs)); 5(28))) T30(S(28))] ds(28)
Where s(,g) is the integrand that is integrated over an interval (0, t)

Proof:

Consider operator A defined on the space of sextuples of continuous functions G;, T;: R, - R,
which satisfy

Gi(0) =G, T;,(0) =T?, G? < (P3,)®,T? < (03,)®,
0 < G;(t) — G® < ( Py )©e(M32)®t

0<Ti(t)—T? < (Qs, )(G)e(ﬁgz)(ﬁ)t

by 164
Gs(O) = 6%+ [ [(a32)(6)(;33(s(32)) — (@)@ + ) (T (s52)), 5632) 532(5(32))] dscsa)

G_33(t) = ngs + fot [(a33)(6)G32(5(32)) - ((aé3)(6) + (a’3'3)(6)(T33(5(32))' 5(32))) 633(5(32))] ds(32)

6_34(t) = ng4 + fot [(a34)(6)G33(5(32)) - ((a’34)(6) + (a’3'4)(6) (T33(5(32))' 5(32)) 634(5(32))] ds(32)

T5(t) = T3, + fgt [(bsz)(G)T33(5(32)) - ((béz)(s) - (b§5)(6)(635(5(32))' 5(32))) T3, (5(32))] ds(32)
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T33(t) = Tgs + fgt [(b33)(6)T32(5(32)) - ((bés)(@ - (béé)(@(css(s(sz))‘ 5(32))) T33(5(32))] ds(sz)

T t ! "
T34(t) = T3y + fo [(b34)(6)T33(5(32)) - ((b34)(6) — (b3y (6)(635(5(32))'5(32)» T34 (5(32))] ds(sz)
Where s(3,) is the integrand that is integrated over an interval (0, t)

Proof:

Consider operator A" defined on the space of sextuples of continuous functions G;, T;: R, — R,
which satisfy

Gi(0) = Gio , Ti(0) = Ti0 , Gio = (p36 )(7) vTiO S (036 )(7):

0 < G;(£) — GO < ( Py )Me(M36)7t

0 < Ti(t) = TP < (036 )De(Ms6)7t

» 165
Gas(®) = G5 + 5 [(036) " G3r(506) = (@) + &5) P (Tar (560 506))) Gao(536) | ds e

G = 62 + I [(@3) D Gro(5067) = (@)D + @)D (T (5630), 56060) ) G (50000) | 530

G_38(t) = G??s + fot [(a38)(7)G37(s(36)) - ((aés)m + (a,3’8)(7)(T37(S(36)); 5(36))) G38(5(36))] d5(36)

T36(t) = Tsos + fot [(b36)(7)T37(S(36)) - ((bés)m - (bérﬁ)(7)(639(5(36))15(36))) T36(s(36))] d5(36)
7_137(15) = T307 + fot [(b37)(7)T36(S(36)) - ((b§7)(7) - (bé’7)(7)(639(5(36))15(36))) T37(S(36))] d5(36)

= t ’ i

Tsg(t) = Tgg + fo [(b38)(7)T37(S(36)) - ((b38)(7) - (b38)(7)(639(5(36))'5(36))) T3 (5(36))] ds(ze)
Where s(3¢) is the integrand that is integrated over an interval (0, t)

Proof:

Consider operator A® defined on the space of sextuples of continuous functions G;, T;: R, — R,
which satisfy

Gi(O) = Gio ’ TL-(O) = Tio ’ Gio < (P40 )(8) 'Tio = (@40 )(8):

0<Gi(t) =G} < (Py )(S)e(ﬁ‘m)(s)t
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0 < Ti(t) = T < (Qqo )®e M0 @t

By

Gao(t) = Gy + fgt [(‘140)(8)641 (sao) — ((afto)(g) +ay0)® (T (5(40))'5(40)» Gao (5(40))] ds(40)
t

Gy (8) = Gy + f [(a41)(8)640(5(40)) - ((az'n)(g) + (a:t’1)(8)(T41(5(40))‘ 5(40))) G41(5(40))] ds (a0
0

Gar(t) = G, + fgt [(‘142)(8)641 (5(40)) - ((aftz)(g) + (ai,)® (T41(5(4o))’5(40))> Gy (5(40))] ds(40)

Tyo(t) = Ty + fot [(b40)(8)T41(5(40)) - ((bz'to)(s) - (b!{o)(g)(GH (5(40)):5(40))) T40(5(40))] ds(40)
7_141(0 = Tz& + fot [(b41)(8)T40(5(40)) - ((bz'u)(s) - (b2’1)(8)(643 (5(40))'5(40))) T41(5(40))] ds o)
T42 ® = sz + fot [(b42)(8)T41 (5(40)) - ((biz)(s) - (bftlz)(s)(cw (5(40))'5(40))) Ty, (5(40))] ds o)
Where s(4) is the integrand that is integrated over an interval (0, t)

Proof:

Consider operator A defined on the space of sextuples of continuous functions G;, T;: R, — R,

which satisfy
Gi(0) =GP, T;(0) = T, G < (Pou)® T < (Qua)®,
0 < Gi(t) — G < (Ppy )DeMas) Pt
0<Ti(t) = TP < (Quy ) Ve Maa YOt

By

644 ® = 6194 + fot [(a44)(9) Gas (5(44)) - ((a:}4)(9) + a:l,4)(9) (T45(5(44))' 5(44))) Gy (5(44))] d5(44)

6745 ® = Gfs + fot [(a45)(9)G44(5(44)) - ((aﬁs)(g) + (aftls)(g) (T45(5(44))» 5(44)) Gus (5(44))] d5(44)

G_4—6(t) = Gfs + fot [(a46)(9)645 (5(44)) - ((afte)(g) + (a:{e)(g) (T45(5(44))» 5(44)) Gas (5(44))] d5(44)

Tpa(t) =T + fot [(b44)(9)T45 (5(44)) - (
(

Tis() =TS + [(b4s)(9)T44(5(44)) -

Ty6(t) = Tpe + fot [(b46)(9)T45 (5(44)) - ((bz’te)(g) — (bi)® (647 (5(44)),5(44)) T46(5(44))] dS(44)

Where s(44) is the integrand that is integrated over an interval (0, t)

(bia)® — (bzrtlzt)(g)(G47(5(44))' 5(44))) Tas (5(44))] ds(44)
(b3s)® — (bils)(g)(G47(5(44))' 5(44))) Tys (5(44))] ds (a4)
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The operator A™ maps the space of functions satisfying Equations into itself .Indeed it is obvious that

t =~ ;2 )
Gi3(t) < G5 + | [(a13)(1) (Gf4+(P13 YPe(Ms) 5(13))] dsz) =

D0 o @) D(P)D g @
(1 + (a13)( )t)Gl4 + W(e( 13)Wt _ 1)

From which it follows that

(P13)D+69,

s (omeay
(Gya(t) — Gf)e~ (M)t < ((1(\1413))(1) [(( Pi3)® +G)y)e e + (Pi3 )(l)l

(GP) is as defined in the statement of theorem 1

Analogous inequalities hold also for G;,,Gys, T13, T14, T15

The operator A maps the space of functions satisfying Equations into itself .Indeed it is obvious

that
t P )2
G16(8) < 6% + J; [(@e)® (6 +( Prg)Oe™16)7500)] ds(y) =

2 0 (a16)P(P16)@ Myg) Pt
(1 + (alﬁ)( )t)617 + W(G( 16) - 1)

From which it follows that

(P16)P+69,

- @ @ ( ) 5
(G16(t) — Glo)e (H116)2¢ < ((;166))(2) [(( Pis)® +Gp, )e 67 + (Pre )(Z)l

Analogous inequalities hold also for Gy, Gqg, T16, T17, T1g

The operator A®) maps the space of functions satisfying Equations into itself .Indeed it is obvious

that
t 5 .0 )(3)
Go(t) < G3o + fo [(azo)m (031"‘( Pyy )P M20) S(ZO))] ds(zo) =

3 0 o (@20)®(Pr0)® 0 ) Bt
(1 + (aze)®t)GY + W(e( 20)®¢ _ 1)

From which it follows that

(P20)®+69,

® " (- ) s
(Gao(t) — G)e(Me0)@t < @0 |( 5 y&) 4 GO GA +(on)<3>l

(M0 )3

Analogous inequalities hold also for G, , Gy, Tog, T21, T2z
The operator A® maps the space of functions satisfying into itself .Indeed it is obvious that

t 5 g )4
Goa(t) < G343 + fo [(a24)(4) (Ggs"‘( Pyy )WeM2t) 5(24))] dS(za) =

4 0 (@) (Pry)® Mpg )@
(14 (a24)®t)G2s + W(e( 20) Bt _ 1)

From which it follows that
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_ (P2g)®+65

_ (4) ~ < ) ~
(Gpa() — G3)e™(Mzs R (( Py )® + Ggs)e EE + (Paa )(4)]

T (Mp)®

(GP) is as defined in the statement of theorem 4

The operator A ) maps the space of functions satisfying Equations into itself .Indeed it is obvious
that

t P e )5
Gog(t) < G35 + Jy [(a20)® (G ( Prg )P 20050 )| dlspg) =

5 0 (a28) ) (Pr5)® M5 )5t
(1 + (azg)( )t)ng + W(e( 28) - 1)

From which it follows that 175

() (_ (1328)(:)*'539)
a =~ ~
2 (( Py )® + Ggg)e 629 + (Py)®

—( Mg )®)
(Gog(t) — Ggg)e™(Mes)™t < (Fp5 )0

(GP) is as defined in the statement of theorem 5

The operator A(®) maps the space of functions satisfying Equations into itself .Indeed it is obvious 176
that

t 5 - )(6)
G32(t) < G, + fo [(‘132)(6) (G§3+( Py, )(©@e (M52 5(32))] dsg) =

©6)( p,., (6 =
(1 + (a32) @) G + L) (o)t 1)

(M32)(®
From which it follows that 177
(P32)®)+69;
i 6) )(6) ~ <— *) ~
(Gs2(t) — Gp)e™ (M=)t < % ((P33)® +GYs)e G33 + (P3,)®

(G?) is as defined in the statement of theorem 6
Analogous inequalities hold also for G,s, Gyg, Tos, Ts, Tag

(b) The operator A7) maps the space of functions satisfying Equations into itself .Indeed it is 178
obvious that

t 5 36 )7
G36(t) < G36 + [ [(‘136)(7) (Gg7+(P36 )P Mse) 5(36)>] ds(ze) =

(a36)7)(P36)7 (8(1\7135 YDt _ 1)

) 0
(14 (ase)Vt)GY; + WG

From which it follows that
(P36)D+6Y,

_ 7 ~ <— ) ~
(G36(t) — G3g)e™(M3s )t Ls6) = (( Py ) + G§7)e 5% + (P36 )(7)]

= (M36)7
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(G?) is as defined in the statement of theorem 7

The operator A® maps the space of functions satisfying Equations into itself .Indeed it is obvious that
t 5 a0 )®
Gao(t) < G + |, [(‘140)(8) (Gf1+(P40 )Mo 5(40))] ds(g) =

8 0 @)®P(P)® ( (g,.)®
(1 + (a40)( )t)G4,1 + W(e( 40 )t _ 1)

From which it follows that
_ (P4o)®+63,

_ (8) ~ < ) ~
(Gao () — Gfp)e~(Ma) Pt < L) ((p, ®) 1 GO )e\ 6 +<P4o>(8)l

T (My0)®

(G?) is as defined in the statement of theorem 8
Analogous inequalities hold also for G,q , G4z, Ty, Ta1, Taz

The operator A maps the space of functions satisfying 34,35,36 into itself .Indeed it is obvious
that

t s Tas)®
Gag(t) < Gy + fo [(a44)(9) (Gfs"'( Pyy ) M) 5(44))] dS(as) =

9 0 (aga) D (Pyy )@ TN
(1 + (a44)( )t)G45 + W(G( 44) - 1)

From which it follows that

_ (Pas)+635

—(Fy)® ) 5 5
(Gaq(t) — Gy e~ (Mas) = Laa) (( Py ) + Gfs)e< Gas ) + (Pua )(g)l

(Mg )

(G?) is as defined in the statement of theorem 9
Analogous inequalities hold also for G,s, G4¢, Tya, Tas, Tae

Ch ™

(M13)® "’ (f33)D <1 and to choose

It is now sufficient to take

(Pi3)® and (Qy3 )™ large to have

[ (P13)W+69
@™ |+ 5 )| _ .5
(M113)(1) (Pi)® + ((Pr3)® + G)e i < (P3)®
[ (Q13 )(1)+T?
@Y [0 5 N 470 _( 79 ) R R
— ((013) +T-)e ] +(0Q13)"| = (Q13)
(M13)®) J

In order that the operator 4™ transforms the space of sextuples of functions G; , T; satisfying
Equations into itself

The operator A™ is a contraction with respect to the metric

d ((G(l),T(l)), (G(Z),T(Z))) -

150
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sup{max |Gl-(1)(t) - Gi(z)(t)|e‘("7’13)(1)t,max |Ti(1)(t) - Ti(z)(t)|e‘(ﬁl3)(1)t}
i tER4 tER4

Indeed if we denote

Definition of G, 7 : (G, T ) = AM(G,T)

It results

160 = 62| < fy ()@ (65 = 6 |e™ 19 sume (M) Vs00 di 15 +

[y (@) V]G5 = 6o Ve 4

(@O, )63 = G o™ e o

GP1@DO(TY, san) = @DO(TT, sqx)| ™M1 st FiaMsunds

Where s(,3) represents integrand that is integrated over the interval [0, t]

From the hypotheses it follows

|6 — G(z)|e—(’M13)<1>t < 186
A (@)D + @)@ + (A + (Pi) P (Ran)V)d (6D, 7D; 6@,7@))

And analogous inequalities for G; and T;. Taking into account the hypothesis the result follows

Remark 1: The fact that we supposed (a}3)® and (b}5)® depending also on t can be considered as not
conformal with the reality, however we have put this hypothesis ,in order that we can postulate
condition necessary to prove the uniqueness of the solution bounded by

(Pra)De™1Wt gnd (9,5)De™19V respectively of R, .

If instead of proving the existence of the solution on R, we have to prove it only on a compact then it
suffices to consider that (a/)® and (b;"),i = 13,14,15 depend only on T, and respectively on
G (and not on t) and hypothesis can replaced by a usual Lipschitz condition.

Remark 2: There does not existany t where G; (t) =0and T; (t) =0

From 19 to 24 it results

G (t) = Glpe[‘fcf{(ag)(l)—(agl)(l)(714(5(13))'5(13))}‘15(13)] >0

T, (0) = TPe-®DY) > 0 fort> 0

Definition of ((/1\7113)(1))1, ((7\7113)(1))2 and ((7\7113)(1))3 : 187
Remark 3: if G, is bounded, the same property have also G,, and G5 . indeed if

G153 < (M;3)@ it follows % < ((M13)™W), — (a14)™ Gy, and by integrating
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Gis < ((7\7113)(1))2 = sz; + 2(a14)(1)((7\\413)(1))1/(a14)(1)

In the same way, one can obtain

Gis < ((7\7113)(1))3 =G + 2(“15)(1)((7‘\413)(1))2/(‘115)(1)

If G,4, or G5 is bounded, the same property follows for G5, G;5 and G;3, G4 respectively.

Remark 4: If G;; is bounded, from below, the same property holds for G, and G5 . The proofis
analogous with the preceding one. An analogous property is true if G;, is bounded from below.

Remark 5: If T;; is bounded from below and lim,_, ((b;)® (G(t),t)) = (b;,)™V then T;, — oo.
Definition of (m)® and ¢, :

Indeed let t; be so thatfort > t;

(b12)® = (BHYD(G (D), 1) < &1, Ty3 (1) > (M)P

Then % > (a;,) V(M)W — g T, which leads to

(a10) D m)®

- ) (1 —e 1Y) + T e 1t If we take t such thate 1t = % it results
1

Ty 2 (

W@
Tis = (M), t= loggz—1 By taking now ¢, sufficiently small one sees that T,, is unbounded.

The same property holds for T;5 if lim,_,. (bj5)® (G(¢),t) = (b}s)V
We now state a more precise theorem about the behaviors at infinity of the solutions of equations

@® _®

(160D * (he)® < 1 and to choose

It is now sufficient to take

(Pis)® and ( Q.6 )@ large to have

[ <(T’15)(2>+G§?>
@)@ | ~ I = — ~
- (Pie)® + ((Prs)@ + Gjo)e € < (P)®

(M16)(2)

[ _( (Q16 )(2)+T?>
((Q16)@ + Tjo)e g +(016)?] < (016)®

(Ch)
(M16)

In order that the operator A transforms the space of sextuples of functions G; , T; satisfying
Equations into itself

The operator A® is a contraction with respect to the metric

d (((619)(1): (T19)(1))' ((619)(2)’ (T19)(2))) =
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sup{max |Gl-(1)(t) - Gi(z)(t)|e‘("7’16)(2)t,max |Ti(1)(t) - Ti(z)(t)|e‘(ﬁl6)(2)t}
i tER4 tER4

Indeed if we denote
Deﬁnition Of G;’g, 7:;-/9 . ( CE;' 7:;-/9 ) = c/q(z) (Glg, T19)
It results
|G’1(é) _ G'L(Z)| < fot(a16)(2) |G]F%) _ G]F;) e_(’Mlé)(Z)S(lﬁ)e(/Mlé)(Z)S(lﬁ) ds(16) +
(@162 — 62e™ Mo s (Mio Psao
(aile)(z)(Ti(;)' 5(16))|Gl(é) - Gl(é)|e_(ﬁ“)ms(lﬁ)e(ﬁlﬁ)ms(l@ +

2 " 1 " 2 —(M+)@ . ) (2)
6 1@ )P (17, 506) = (@ P(17,509)| €™M S0P sa03ds )
Where s(,4) represents integrand that is integrated over the interval [0, t]
From the hypotheses it follows

|69 = (G1) @ e PPt <
1 , ~ ~ -
5 (@@ + (@@ + (A1)P + (P)? (ki) @)d (((G:0)D, (1) D (619)P, (1))

And analogous inequalities for G; and T;. Taking into account the hypothesis the result follows

Remark 6: The fact that we supposed (a}s)® and (b}5)® depending also on t can be considered as not
conformal with the reality, however we have put this hypothesis ,in order that we can postulate
condition necessary to prove the uniqueness of the solution bounded by

(Pe)@eM10Pt ang (Q,) P eM16®t respectively of R,.

If instead of proving the existence of the solution on R, we have to prove it only on a compact then it
suffices to consider that (a/)® and (b/)®,i = 16,17,18 depend only on T,, and respectively on
(G19)(and not on t) and hypothesis can replaced by a usual Lipschitz condition.

Remark 7: There does not exist any t where G; (t) = 0and T; (t) = 0

it results

Gl' (t) 2 G?e[_ fg{(a;)(z)_(ag’)(z)(T17(5(16)),5(16))}(15(16)] 2 0

T; (t) = Tioe('(b{)(z)t) >0 fort>0
Definition of ((M,6)®),, (M;6)®), and ((M,6)®), :

Remark 8: if G, is bounded, the same property have also G;; and G;g . indeed if

Gy < (My)@ it follows -

< (My6)®), = (a17)®Gy7 and by integrating
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Gy < ((ﬁ16)(2))2 = Gf; + 2(a17)(2)((ﬁ16)(2))1/(a17)(2)

In the same way, one can obtain

Gig < ((,MIB)(Z))3 = Gig + 2(als)(2)((’1\7116)(2))2/((118)(2)

If G;7 or Gy is bounded, the same property follows for G;4, G;g and Gy, G;7 respectively.

Remark 9: If G;4 is bounded, from below, the same property holds for G;;and G;5. The proof is
analogous with the preceding one. An analogous property is true if G, is bounded from below.

Remark 10: If T, is bounded from below and lim,_,o, ((b;")® ((G19) (1), t)) = (b];)® then T,, — oo.
Definition of (m)® and ¢, :
Indeed let t, be sothatfort >t,

(b17)® — (B]")P((G10) (D), 1) < £, Ty (t) > (M@

Then d:lf > (a;7)®(m)® — ¢,T,, which leads to
(@Pm® —g,t 0 ,—&t —g,t 1.
Ty, = (87) (1 —e %% + T)e 2" If we take t such that e™®2" = 7 itresults
2
(a17)P )@ 2 . . . .
Ty 2 (f), t= logs— By taking now ¢, sufficiently small one sees that Ty, is unbounded.
2

The same property holds for Tyg if 1im; e, (b15)® ((G19) (D), t) = (big)®
We now state a more precise theorem about the behaviors at infinity of the solutions of equations

@® _®

(1200 ' (f1z0)® 1 and to choose

It is now sufficient to take

(Pyo)® and (Q, )® large to have

[ <(T’zo)(3>+c§?>
@@ | - R |\ -
- (Pp)® + ((Pyo)® + Gjo)e € < (Pyp)®

(M20)3)

[ _( (Q20 )(3)+T?>
((Q20)® + Tjo)e g +(020)®] < (Q20)®

®)®
(M20)®

In order that the operator A® transforms the space of sextuples of functions G; , T; satisfying
Equations into itself

The operator A®) is a contraction with respect to the metric

d (((623)(1): (T23)(1))' ((G23)(2)’ (Tzs)(z))) =
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sup{max |Gl-(1)(t) - Gi(z)(t)|e‘("7’2°)(3)t,max |Ti(1)(t) - Ti(z)(t)|e‘(M2°)(3)t}
i tER4 tER4

Indeed if we denote
Definition of G5, T3 :( (G23), (Ty3) ) = cﬂ(g)((Gm). (Tzs))
It results
|G~2((1)) _ G~i(2)| < fot(aZO)(g) |Gz(i) _ Gz(i) e—(ﬁzo)(”S(zo)e(1‘720)(3)5(20) dS(zo) +
(Tl (Tl

[(@)@)6E — 62 ]e= (M0 Vst = (Ma0) Vst 4.
(@) (T37, 5(20)) |65 — G52 P20 Pszore (Fo) Ptz

2 " 1 " 2 —(Mpg)® Mpy)®
Gz(o)l(azo)(S)(T2(1)'5(20)) _ (azo)(3)(Tz(1):5(20))| e (M20) 5(20)e(M20) 5(20)}ds(20)
Where s,y represents integrand that is integrated over the interval [0, t]
From the hypotheses it follows
|GZ3(1) _ 623(2)|e—(7\7120)(3)t <

1 , -~ ~ ~
W((“zo)(s) + (ah0)® + (A20)® + (Py0) kzo)(S))d (((623)(1), (Tr3); (G53)@, (T23)(2)))
And analogous inequalities for G; and T;. Taking into account the hypothesis the result follows

Remark 11: The fact that we supposed (aj,)® and (b3,)® depending also on t can be considered as
not conformal with the reality, however we have put this hypothesis ,in order that we can postulate
condition necessary to prove the uniqueness of the solution bounded by

(Pye)Pe ™20t qnd (Dy0)PeM20P¢ respectively of R,.

If instead of proving the existence of the solution on R, we have to prove it only on a compact then it
suffices to consider that (a/)® and (b;)®,i = 20,21,22 depend only on T,; and respectively on
(G,3)(and not on t) and hypothesis can replaced by a usual Lipschitz condition.

Remark 12: There does not existany t where G; (t) = 0and T; (t) =0

it results
G, (t) = Gioe[—f(f{(ag)(”—(afl)(”(Tz1(5(20))'5(20))}‘15(20)] >0
T, () = TeC®DP) > 0 fort >0

Definition of ((M50)®),, ((M0)®), and ((Mz0)®), :
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Remark 13: if G, is bounded, the same property have also G,; and G,, . indeed if
Guo < (My)® it follows % < (('1\7120)(3))1 — (a};)®G,, and by integrating

Gy < ((7\7120)(3))2 = G§1 + 2(“21)(3)((7‘\420)(3))1/(‘1’21)(3)

In the same way, one can obtain

Gyp < ((7\7120)(3))3 = ng + 2(“22)(3)((7‘\420)(3))2/(‘1’22)(3)

If G,, or G,, is bounded, the same property follows for G,,, G,, and G,,, G, respectively.

Remark 14: If G,, is bounded, from below, the same property holds for G, and G,, . The proofis
analogous with the preceding one. An analogous property is true if G,; is bounded from below.

Remark 15: If T, is bounded from below and lim,_,((b;")® ((G23)(),t)) = (b3,)® then Ty; — oo.
Definition of (m)® and &5 :

Indeed let t; be so thatfort > tg

(by1)® — (b{’)(S)((st)(t):t) < &3, Ty (£) > (M)®

Then d;% > (ay,)®(mM)® — &;T,, which leads to

(az1)®m)®

- ) (1 — e™#3%) + T e %3¢ If we take t such that et = % it results
3

Ty = (

Ty 2

BG)m)®
(%), t =log ; By taking now &3 sufficiently small one sees that T,; is unbounded.
3

The same property holds for T,, if lim,_,c,(by,)® ((623)(t), t) = (by,)®
We now state a more precise theorem about the behaviors at infinity of the solutions of equations

(@)™ Ch
(Mag)®) 7 (Mp4)®

It is now sufficient to take < 1 and to choose

(P, )™ and (Q,, )™ large to have

[ ((ﬁm(“)w?)
@ | - 2 .
(a0 (P)® + (( Py )™ + Gjo)e € < (Pyy)®

(Mz4)®

[ _( (@24)(4)+T?>
(( 024)(4) +Tj0)e " + (éz4 )(4) < (024 )(4)

(GO
(M24)®

In order that the operator A® transforms the space of sextuples of functions G;,T; satisfying

Equations into itself

The operator A® is a contraction with respect to the metric
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d (6D, (T ), (6P, (1) @) ) =

sup{max |Gl-(1)(t) - Gi(z)(t)|e‘("7’24)(4)t,max |Ti(1)(t) - Ti(z)(t)|e‘(ﬁ24)(4)t}
i tER4 tER4

Indeed if we denote
Definition of (G,,), (T,,) : ( (G27), (Ty7) ) = AW ((G,7), (T27))
It results

|62(1) _ Gi(2)| < fot(a24)(4) |Gz(é) _ Gz(? e—(ﬁ24)(4>s(24)e(ﬁ24)(4>S(24) ds(24) +

fot{(a'24)(4)|(;2(1) _ Gz(i)|e—(1‘724)(4)5(24)e—(ﬁz4)(4)5(24) +

(@) DTS2, 500|655 = 67 e Maw Ve (Fa sces) 4

Gz(i)|(a'2'4)(4)(T2(;),5(24)) - (a§’4)(4)(Tz(§):5(24))| e_(ﬁ24)(4)5(24)e(ﬁ24)(4)s(24)}ds(24)

Where s(,4) represents integrand that is integrated over the interval [0, t]
From the hypotheses on Equations it follows
(G, — (627)(z)|e-(ﬁ24)<‘*)t < 226
G (@D + (@)@ + (2@ + (PP () ®)d (62D, (NP5 (6P, (1))
And analogous inequalities for G; and T;. Taking into account the hypothesis the result follows

Remark 16: The fact that we supposed (ay,)® and (b4,)® depending also on t can be considered as 227
not conformal with the reality, however we have put this hypothesis ,in order that we can postulate
condition necessary to prove the uniqueness of the solution bounded by

(?24)(4)6(%4)(4% and (@24)(4)6(7‘7’24)(4)t respectively of R,.

If instead of proving the existence of the solution on R,, we have to prove it only on a compact then it
suffices to consider that (a/)® and (b/)™®,i = 24,25,26 depend only on T,s and respectively on
(G,7)(and not on t) and hypothesis can replaced by a usual Lipschitz condition.

Remark 17: There does not exist any t where G; (t) = 0and T; (t) = 0 228

it results

G, (t) > Gioe[_ Ih{@D® =@ D (T25(s20))52)}ds 2| >0

T, (t) = TeC®D™) > 0 fort >0

Definition of ((M4)®),, ((M2)®), and ((M.)®), : 229

Remark 18: if G,, is bounded, the same property have also G,5 and G,¢ . indeed if
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Goa < (My)@ it follows 2

Z:S < ((Mp)®), = (a35)® G, and by integrating

Gos = ((7\7124)(4))2 = Ggs + 2(“25)(4)((7‘\424)(4))1/(‘1’25)(4)

In the same way, one can obtain

Gy < ((7\7124)(4))3 = Gge + 2(a26)(4)((7\7[24)(4))2/(0"26)(4)

If G,5 or G,¢ is bounded, the same property follows for G,,, G, and G,,, G,5 respectively.

Remark 19: If G,, is bounded, from below, the same property holds for G,5 and G,¢. The proof is
analogous with the preceding one. An analogous property is true if G,5 is bounded from below.

Remark 20: If T,, is bounded from below and lim,_,., ((b;")® ((G3,)(t),t)) = (bys)™ then T,5 — oo.
Definition of (m)™® and ¢, :

Indeed let t, besothatfort >t,

(bz2s)™® = (b)) P ((Go7) (1), ) < €4, Tps () > (M)®

Then d;—zts > (a,5)®P(mM)® — ¢,T,5 which leads to

(az5) P (m)®

€4

Tys = ( ) (1 — e~54t) + Te %" If we take t such that e+t = % it results

@@
Tys = (M), t= logi By taking now ¢, sufficiently small one sees that T, is unbounded.

The same property holds for Tyg if 1im, e, (b3s) ™ ((G27)(t), t) = (b3e) ™

We now state a more precise theorem about the behaviors at infinity of the solutions of equations 37
to 42

Analogous inequalities hold also for G,q, G3g, T2g, T2, T3

; - (@)® ®p®
It is now sufficient to take — ,—————= < 1 and to choose
(Mpg)(®) * (Mg )(®)

(Pg)® and (Q,5 )® large to have

[ ((ﬁzsﬂ”w?)
o | _ (= _
(a0 (Pe)® + (( Py )® + Gjo)e € < (Py)®

(Mg)®

[ _( (Q2s )(5)+T?>
((Q2)® + Tjo)e g +(Q28)® < (Q2)®

)
(M25)

In order that the operator A® transforms the space of sextuples of functions G;,T; satisfying
Equations into itself
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The operator A® is a contraction with respect to the metric 236
d (((6:0D, (T3)®), ((6:)P, (1:)P)) =

sup{max |Gl-(1)(t) - Gi(z)(t)|e‘("7’28)(5)t,max |Ti(1)(t) - Ti(z)(t)|e‘(ﬁ28)(5)t}
i tER4 tER4

Indeed if we denote

Definition of @ (TF;/) : ( (E;), (7':1) ) = cﬂ(s)((Gn)‘ (T31))

It results

|G~2(;) - 6i(2)| =< fot(azs)(s) |Gz(;) - Gz(g) e—(1\728)(5)5(28)e(1\728)(5)5(28) d5(28) +
(@) ]650) — G320 Pz o= Pl Vs

(@) (1,565 = 65 e~ P Va0 Tt

Gz(é) |(aze)® (Tz(;)' 5(28)) — (a5)® (Tz(g): S(28))| e—(1\728)(5)5(28)6(1\7128)(5)5(28)}(15(28)

Where s(,g) represents integrand that is integrated over the interval [0, t]

From the hypotheses on it follows

(G @ — (631)(z)|e-(n728)<5>r < 237
T (@) + (@)@ + (A)® + (P20)® (Rop) ) (65D, (T3)D; (63D, (1:)?))

And analogous inequalities for G; and T;. Taking into account the hypothesis the result follows

Remark 21: The fact that we supposed (ays)® and (by5)® depending also on t can be considered as 238
not conformal with the reality, however we have put this hypothesis ,in order that we can postulate
condition necessary to prove the uniqueness of the solution bounded by

(?28)(5)9(%8)(5% and (@28)(5)e(ﬁ28)(5)t respectively of R,.

If instead of proving the existence of the solution on R,, we have to prove it only on a compact then it
suffices to consider that (a/)® and (b;)®,i = 28,29,30 depend only on T,, and respectively on
(G31)(and not on t) and hypothesis can replaced by a usual Lipschitz condition.

Remark 22: There does not exist any t where G; (t) = 0and T; (t) =0 239
it results
G, (t) = Gioe[_fgt{(a;)(s)_(agl)(s)(T29(5(28))'5(28))}ds(28)] >0

(5)

T, (t) > TPe(-®D®t) > 0 fort >0

Definition of ((M,5)®) , ((M5)®), and ((Mz)®), : 240
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Remark 23: if G, is bounded, the same property have also G,¢ and G3, . indeed if
Gug < (M,g)® it follows % < ((7‘7123)(5))1 — (a%9)® G,y and by integrating

Gao < ((M2g)®), = G35 + 2(a20)® ((M26)"®), / (a30)®

In the same way, one can obtain

Gso < ((7\7128)(5))3 = Ggo + 2(a30)(5)((7\7[28)(5))2/(0"30)(5)

If G, or G3, is bounded, the same property follows for G,g5, G50 and G,g, G,4 respectively.

Remark 24: If G,5 is bounded, from below, the same property holds for G, and G3,. The proof is
analogous with the preceding one. An analogous property is true if G,4 is bounded from below.

Remark 25: If T,z is bounded from below and lim,_, ((b;")® ((G31)(t),t)) = (bsg)® then T,q — oo.
Definition of (m)® and s :
Indeed let t5 be so thatfort > tg

(b20)® = (b])P((G31) (1), ) < &5, Tog (£) > (M)

Then dzztg > (a,6)®(M)® — &.T,, which leads to
(a29) ) ~esty 4 7O p-est —est = 1
Ty = ( . )(1 — e %) + Troe ™" If we take t such thate™s" = = itresults
5
(az0) P m)® 2 . . .
Ty 2 ( 5 ), t = log— By takingnow & sufficiently small one sees that T, is unbounded.
5

The same property holds for Ty, if lim,_, ., (b5,)® ((631)(t), t) = (by)®
We now state a more precise theorem about the behaviors at infinity of the solutions of equations

Analogous inequalities hold also for Gss, Gy, T332, T33, T34

@® _®

10 )® ' (112, < 1 and to choose

It is now sufficient to take

(P;,)® and (Q3, )©® large to have

[ <(f’32 )(6>+G?>
@)® | - T -
g [(Ps)©@ + ((Ps2)®@ +GP)e V9 < (Py)©

(M32)(®)

[ ( (Q32 )(6)+T?>
~ B = R ~ ~
(( Q32) @ + Tjo)e g +(Q32) @ < (052)®

®)©
(M32)(®)

In order that the operator A transforms the space of sextuples of functions G;,T; satisfying
Equations into itself
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The operator A® is a contraction with respect to the metric 247
d (((6:)D, (T3)®), ((635)@, (T3)P)) =

sup{max |Gl-(1)(t) - Gi(z)(t)|e‘("7’32)(6)t,max |Ti(1)(t) - Ti(z)(t)|e‘(ﬁ32)(6)t}
i tER4 tER4

Indeed if we denote

Definition of @ (TF;/) : ( (E;s’), (7':5) ) = cﬂ(G)((Gss)‘ (Tss))

It results

1653 = G| < J3(a2) @ |63 — G|e™ a2 Vs (Ma2) V52 @5y +
oLt ]S — 657 s s

I A

G§§) |(a%)® (Ts(;)' 5(32)) — (a5,)® (T3(§)' S(32))| e_(T/I”)(G)S(”)e(T/I”)(G)S(“)}ds@z)

Where s(3,) represents integrand that is integrated over the interval [0, t]

From the hypotheses it follows

|(G35)® — (635)(z)|e-(n732)<6>r < 248
m;w((%z)(s) + (a5)®@ + (A3)©@ + (P3)© (k3,)@)d (((635)(1)' (T35)Y; (G35)?, (T35)(2)))

And analogous inequalities for G; and T;. Taking into account the hypothesis the result follows

Remark 26: The fact that we supposed (a4,)® and (b%,)©® depending also on t can be considered as 249
not conformal with the reality, however we have put this hypothesis ,in order that we can postulate
condition necessary to prove the uniqueness of the solution bounded by

(?32)(6)9(%2)(6% and (?232)(6)e(7‘7’32)(6)t respectively of R,.

If instead of proving the existence of the solution on R,, we have to prove it only on a compact then it
suffices to consider that (a))® and (b/)®,i = 32,33,34 depend only on T;; and respectively on
(G35)(and not on t) and hypothesis can replaced by a usual Lipschitz condition.

Remark 27: There does not exist any t where G; (t) = 0and T; (t) =0 250
it results
G, (t) = Gioe[—fgt{(a;)@—(afl)((’)(T33(5(32))'5(32))}‘15(32)] >0

(6)

T, (t) > TPe(-®Dt) > 0 fort > 0

Definition of ((Ms)) , ((Ms2)®), and ((M32)©), : 251



International Journal of Scientific and Research Publications, Volume 3, Issue 9, September 2013
ISSN 2250-3153

Remark 28: if G;, is bounded, the same property have also G33 and G3, . indeed if
Gz, < (M3,)® it follows % < (('1\7132)(6))1 — (a%3)© G35 and by integrating

Giz < ((7\7132)(6))2 = Ggs + 2(“33)(6)((T432)(6))1/(a§3)(6)

In the same way, one can obtain

G3s < ((7\7132)(6))3 = ng; + 2(“34)(6)((T432)(6))2/(a§4)(6)

If G35 or G5, is bounded, the same property follows for G;,, Gs, and Gs,, G35 respectively.

Remark 29: If G, is bounded, from below, the same property holds for G;; and G;,. The proof is
analogous with the preceding one. An analogous property is true if G35 is bounded from below.

Remark 30: If T;, is bounded from below and lim,_,., ((b;/")® ((G35)(t),t)) = (b33)® then T35 — oo.
Definition of (m)® and &, :

Indeed let tg be so thatfort > tq
(b33)© — (b ((G35)(1), 1) < g6, T3, (£) > (M)®
Then d;% > (a33) @ (mM)® — g,T;; which leads to

(a33)©m)®

€6

T35 = ( ) (1 — e7%6t) + T, e %6t If we take t such that e %! = % it results

T3 2

(6) (m)(6)
(M), t= loggi By taking now ¢, sufficiently small one sees that T;5 is unbounded.
6

The same property holds for Ty, if lim, e (b53)® ((G35)(£), t(t),t) = (b54)©®
We now state a more precise theorem about the behaviors at infinity of the solutions of equations

Analogous inequalities hold also for G5, Gsg, T56, T37, T3g

; - (@)? N
It is now sufficient to take — ,—————— < 1 and to choose
(M36)7) 7’ (M36)7)

(P36)™ and ( Q36 ) large to have

[ (P36)(M+6}
@? | 4 5 T -
= (P3e) P + ((P36) + Gjo)e € < (P36)?

(M36)™

[ ( (?236)(7)+T?>
~ -\ T 0 ~ ~
(( Q36)7 + Tjo)e g + (Q36)7 < (Q36)7

ChNE
(M36)7)

In order that the operator A transforms the space of sextuples of functions G;,T; satisfying

162

252

253

254

255

256

257



International Journal of Scientific and Research Publications, Volume 3, Issue 9, September 2013
ISSN 2250-3153

Equations into itself
The operator A is a contraction with respect to the metric

d (((639)(1)' (T30)@), ((G39)@, (T39)(2))) =
(36 ~(M36)7
sup{max |67() = G ()], max [T(6) ~ T (O)]e™ o™

Indeed if we denote

M@' @ : ( @: (7:9) ) = 04(7)((039)‘ (Tse))
It results

~ ~ ()7 M) (7
|G3(é) _ Gi(2)| < fot(a%)(ﬂ |Gfg) _ G§§)|e (M36)"” 5(36) @ (M36) 7s(ze) ds(%) +
[y (@) PGS = 63D ¢=(Fa0) V50 4
(@) P (T3, 526))| G35 = 652~ (Ma0) 5300 (Fse) V556

’ ’ —(M2e)D Mar) (7D
G?Eg)l(aéG)U)(TB(;)'5(36)) - (a3’6)(7)(T3(3)!S(36))| e~ (Mse) 756 o (Mse) *GO}ds(36)
Where s(34) represents integrand that is integrated over the interval [0, t]

From the hypotheses on it follows

|(G39)(1) _ ((;39)(2)|e—(7l7136)(7)t <
1 , ~ ~ ~
Ao (@07 + @0 + (A5 + (Ps) P (ks)P)d (((G30) P, (T30 (G30)P, (T39)))

And analogous inequalities for G; and T;. Taking into account the hypothesis the result follows
Remark 31: The fact that we supposed (a%s)” and (b3s)™” depending also on t can be considered as

not conformal with the reality, however we have put this hypothesis ,in order that we can postulate
condition necessary to prove the wuniqueness of the solution bounded by

(P36) e ™07t and (Dse) Ve M0Vt respectively of R, .

If instead of proving the existence of the solution on R,, we have to prove it only on a compact then it
suffices to consider that (a)) and (b)), i = 36,37,38 depend only on T;, and respectively on
(G39)(and not on t) and hypothesis can replaced by a usual Lipschitz condition.

Remark 32: There does not existany t where G; (t) = 0and T; (t) =0

it results

Gi (t) > GL'(]e[—f;{(a;)(’n_(ag’)(7)(T37(5(36)),5(36))}d5(36)] > 0

T, (t) = TeC®D?) > 0 fort >0
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Definition of ((M36)™),, ((Ms6)™), and ((Ms)™), :
Remark 33: if G54 is bounded, the same property have also G;; and Gsg . indeed if

Gag < (Ma)™ it follows &

2?7 < ((’1\7136)(7))1 — (a%,)7Gs, and by integrating

G37 < ((’1\7136)(7))2 = G3; + 2(“37)(7)((7\7[36)(7))1/(61’37)(7)

In the same way, one can obtain

G3g < ((/Mse)(7))3 = G35 + 2(“38)(7)((7\7[36)(7))2/(51’38)(7)

If G5, or G;g is bounded, the same property follows for Gs¢, Gsg and Gs¢, G35 respectively.

Remark 34: If G;4 is bounded, from below, the same property holds for G;; and G;g. The proof is
analogous with the preceding one. An analogous property is true if G, is bounded from below.

Remark 35: If Ty is bounded from below and lim,_, ((b;")” ((G39)(t),t)) = (b5,)” then Ty, — oo.
Definition of (m)™ and ¢, :
Indeed let t; be so thatfort > t,

(b37)? = (b)Y P ((G39)(0), 1) < &7, T34 () > (M)

Then d?; > (a3,)?(m)?) — &,T;, which leads to
@z P m)® —e7ty 4 O -est —ept = 1.
T37; = (8—) (1 —-e7#") 4+ Tg,e 7" If we take t such that e ¥7" = S it results
7
(a3 )™ 2 . .. )
T3, = (f), t= logg— By taking now ¢, sufficiently small one sees that T;; is unbounded.
7

The same property holds for Tyg if lim,_e, (b55)” ((G30) (), ) = (b))
We now state a more precise theorem about the behaviors at infinity of the solutions of equations

@® _®)®
(Myo)® 7 (My0)®
(Pyo )® and ( Q40 )® large to have

It is now sufficient to take < 1 and to choose

(( f’40)(8)+5?>
N (8) - ~ -\ 0 ~
) (Pyo)® + ((Pyp)® + G}p)e i < (Py)®

(M40)®
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(Qa40 )(8)+T?

= I(( Q40)® + TO)e ( B ) + (Q40)®[ < (Q40)®

(F130)®

In order that the operator A® transforms the space of sextuples of functions G;,T; satisfying
Equations into itself
The operator A® is a contraction with respect to the metric

d (((643)(1)' (T43)(1))' ((643)(2). (T43)(2))) = 269
sup{max |Gi(1)(t) - Gi(z)(t)|e_("7’40)(8)f,max |Ti(1)(t) _ ﬂ(z)(t)|e‘(ﬁ4o)(8)f}
i tER+ tER4

Indeed if we denote 270
Definition of (Gy3), (Tyz) @ ((Gaz), (Tuz) ) = A® ((Gya), (Tya))
It results 271

~ ~ _ ) )
|Gi(1)) _ Gi(2)| < fot(a40)(8) |Gﬁ) (2)|e (M40)® 5(40)3(1"140)(8 5(40) d5(40) +
(@) P[6RD - G0 stg= T s
(aly )(8)(T(1) 5(40))|G(1) G(2)| —(M40)(8)S(4o) (M40)®s (40 +

_ ® (®
G(Z)K 0)® (T41 '5(40)) — (a})® (T4f) S(40))| e~ (M40)*5(20) o (Ma0) S40}ds 40
Where s40) represents integrand that is integrated over the interval [0, t] 272
From the hypotheses it follows

|(G43)(1) - (643)(2)|e_(7‘7140)(8)t < .
1 , " R )
W((%o)(g) + (@30)® + (A4)® + (P10)® (kyo)®)d (((043)(1); (Ti)®W; (G43)®, (T43)(2)))

And analogous inequalities for G; and T;. Taking into account the hypothesis the result follows
Remark 36: The fact that we supposed (ay,)® and (b;;)® depending also on t can be considered as 274

not conformal with the reality, however we have put this hypothesis ,in order that we can postulate
condition necessary to prove the uniqueness of the solution bounded by

(Pro)®e ™10 and (040)®e ™0™t respectively of R,.

If instead of proving the existence of the solution on R,, we have to prove it only on a compact then it
suffices to consider that (a/)® and (b/)®,i = 40,41,42 depend only on T,; and respectively on
(G43)(and not on t) and hypothesis can replaced by a usual Lipschitz condition.

Remark 37 There does not exist any t where G; (t) =0and T; (t) =0 275

it results
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G; (t) > GiOe[— fot{(ag)(g)—(a{’)(g)(741(5(40))'5(40))}‘15(40)] >0

T; (t) = Tioe(_(bl!)(g)t) >0 fort>0

Definition of ((’1‘7140)(8))1, ((7\\440)(8))2 and ((7\\440)(8))3 :

Remark 38: if G, is bounded, the same property have also G,; and G,, . indeed if

Gao < (Mu0)® it follows

z;“ < ((7\7[40)(8))1 — (a4)® G, and by integrating

Gar < (M10)®), = Gy + 2(as) @ ((Ms0)®), /(a)®

In the same way , one can obtain

Gyy < ((/M4o)(8))3 =Gy + 2(a42)(8)((,M40)(8))2/(a4’;2)(8)

If G4; or G,, is bounded, the same property follows for G,y , G4, and G4, , G4 respectively.

Remark 39: If G,, is bounded, from below, the same property holds for G,; and G,, . The proof is
analogous with the preceding one. An analogous property is true if G, is bounded from below.

Remark 40: If T, is bounded from below and lim,_,o, ((b;")® ((G43)(t),t)) = (b};)® then T,; — oo.
Definition of (m)® and &g :

Indeed let tg be so that fort > tg

(b41)® = () F((G43) (1), t) < €5, Tso (£) > (M)®

Then d;% > (a41)®(m)® — g,T,, which leads to

@) (m)(®
Ty = (w) (1 —e~%8) + T e %' If we take t such that e8¢ = % it results
8
(as)®m)® 2 . - .
Ty = (f), t =log . By taking now &g sufficiently small one sees that T,; is unbounded.
8

The same property holds for Ty, iflim;_,(b52)® ((G43) (), t(£), t) = (bs)®

: . @ @@ B O 4.\
It is now sufficient to take — ,— < 1 and to choose ( Py, )"’ and ( Q44 )** large to have
(M4)®) 7 (Myy )

<( Pys )(9)+G?>
NON BN - - 9 p
@O (B @ + (P )P +G0)e & < (Pyy)®

(M44)®
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(Q44 )(9)+T?

oo l((044)<9>+r°)e (T>+(O44)@> < (Qu)®

(My)®

In order that the operator A transforms the space of sextuples of functions G; , T; satisfying 39,35,36
into itself
The operator A is a contraction with respect to the metric

d (((6‘47)(”, (Tu) D), (G4 @, (T47)(2))) =
sup{max |6 () — 6P (©)|e= 0, max [TV (1) — TP (1) |e~Fa) 'ty
i teRy t t tery | L i

Indeed if we denote

Definition of (G,7), (T,7) : ( (G47), (T47) ) = A ((Gar), (Tu7))
[t results

|(’;’ii) _ G'i(2)| < fot(a44)(9) |G‘§;) _ Gié)|e—(7‘7144)(9)5(44)e(ﬁ44)(9)5(44) d5(44) +
t , 1 2 (.9 — (.9
fo{(a44)(9)|(;( ) _ (;4(_4)|€ (M44)""S(44) o ~(M24) 'S (aa)

(ass )(9)(th(;),5(44))|6(1) G(2)| ~(a0) st o (Ma) st00)

2 - ©® ©)
G1@DO (TS 564w) = @D (TS 54| e”Mas)Wstune Mad)Psunyds
Where s(44) represents integrand that is integrated over the interval [0, t]

From the hypotheses on 45,46,47,28 and 29 it follows

(G4r)@ — G(z)|e—(m4)<")t <
1 , ~ ~ ~
G (@D + @) + (A + (P (k) @)d (6D, (1) 5 67) @, (1))

And analogous inequalities for G; and T;. Taking into account the hypothesis (39,35,36) the result
follows

Remark 41: The fact that we supposed (aj,)® and (b},)® depending also on t can be considered as

not conformal with the reality, however we have put this hypothesis ,in order that we can postulate
condition necessary to prove the uniqueness of the solution bounded by

(Po) @ et gng (0,,)@e™s¢ respectively of R,.

If instead of proving the existence of the solution on R,, we have to prove it only on a compact then it
suffices to consider that (a/)® and (b/)®,i = 44,45,46 depend only on T,s and respectively on
(G47)(and not on t) and hypothesis can replaced by a usual Lipschitz condition.

Remark 42: There does not exist any t where G; (t) = 0and T; (t) =0

From 99 to 44 it results

G; (t) > GiOe[— fot{(azf)(g)_(‘11{’)(9)(T45(5(44))'5(44))}‘15(44)] >0

T; (t) = Tioe(‘(b{)(g)t) >0 fort>0
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Definition of ((M44)®),, (M40)®), and ((M44)®), :

Remark 43: if G,, is bounded, the same property have also G,5 and G,¢ . indeed if

d

Gag < (My,)® it follows G:S < ((’1\7144)(9))1 — (a45)®G,5 and by integrating

d
Gys < ((/MM)(Q))Z = Ggs + 2(a45)(9)((’1\7144)(9))1/(@5)(9)
In the same way , one can obtain

Gag < (M1)®), = G + 2(a46) P ((Maa)), /(@)

If G45 or G, is bounded, the same property follows for G4, , G4 and G, , G5 respectively.

Remark 44: If G,, is bounded, from below, the same property holds for G,5 and G, . The proof is

analogous with the preceding one. An analogous property is true if G,5 is bounded from below.
Remark 45: If T,, is bounded from below and lim,_q, ((b;") ((G47)(£),t)) = (b15)® then Tys — oo.
Definition of (m)® and &, :

Indeed let t4 be so that for t > tq

(bys)® — (bl-”)(g)((GM)(t), t) < &9, Tyy (£) > (M)®

Then d;‘f > (a45)@(M)® — g4T,5 which leads to
(a4) P (m)® —&gt 0 ,—¢eot —ggt 1.
Tys = (57) (1 —e®" 4+ T,xe " If we take t such that e™®" = 5 itresults
9
(a4) D) 2 : . _
Tys = (f), t =log . By taking now &g sufficiently small one sees that T,5 is unbounded.
9

The same property holds for Ty if lim;_e (b45)® ((G47)(£),t) = (bie)®
We now state a more precise theorem about the behaviors at infinity of the solutions of equations 37
to 92

Behavior of the solutions of equation

Theorem If we denote and define
Definition of (a,)®, (6,)@, (t))®, (1,) P :

(0D, (0,)DV, ()P, (1,)P four constants satisfying
_(02)(1) < _(‘113)(1) + (a14)(1) - (a;’3)(1) (Ta,0) + (aﬂ)(l)(TM, t) < _(61)(1)

— ()™ < =(bi3)™ + (bi)® = (b)) PG, t) = (b)) P (G, 1) < —(7)™
Definition of (v;)®, (v,)@, (u))®W, (u) @, v, u® .

By (v)® >0, (v,)® < 0and respectively (u)® > 0, (u,)® < 0 the roots of the equations
(@) PEO) + @)DV — ()P = 0and (Br)PE®)" + @E)Pu® ~ (b)) = 0
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Definition of (v;)®,, (v,)®, (11,) @, (#i,)® :

By (7)™ > 0, (¥,)® < 0and respectively (&)™ > 0, (i,)™” < 0 the roots of the equations
(@) PEO) + @)D (@)@ = 0 and (b)) (u®)” + () Pu® — (b,3)® = 0

Definition of (m,)®, (m;)™®, (u)®, ()™, (vo)® :-

If we define (m1)(1) , (mz)(l) ) (#1)(1)' (#2)(1) by
(mz)(l) = (Vo)(l)' (ml)(l) = (V1)(1)' if (Vo)(l) < (Vl)(l)

(my)® = (v)®, (D = D, if VD < (ve)® < ()W,

and |(vy)® = %
14

(mz)(l) = (V1)(1)' (m1)(1) = (Vo)(l)» if (171)(1) < (Vo)(l)
and analogously
(Hz)(l) = (uo)(l)' (lh)(l) = (ul)(l): if (Uo)(l) < (Ul)(l)

()P = ), (u)® = @)W, if w)® < ()™ < (@)™,

0
and |(uy)® = %
14

(12)® = @)@, @)® = ()W, if @)™ < (ue)® where (uy)®, (@)™
are defined

Then the solution of global equations satisfies the inequalities
Gie(DM-0™ < G4(6) < Gy

where (p;)? is defined by equation

GO e ((51)(1) (p13) D)t < Ga(t) < G13e(51)(1)t

)(1) 1 (1)

(a15) D62 W_(p, @ —(5,)® 0 (5@
((ml)(l)((51)(1)5—(11131)3(1)—(52)(1)) [e((51) i e ¢® t] +Gise G < Gis(D) =

(a15)V6Ds e (s YD —(al o)Wt 0 —(a,) @Dt
(m2)D (51D -(af5)D) [e e I+ Grse™ =70

T e®™t < T3 (8) < T80+ @)t |

@ @ @
(11 )<1) The® "t < Ty T e (R4 () )
(b15) DT ® —p! @ PN
B - [ e T <10
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(a19) Dy [ (RYW+(r15) D) _ —(Rz)(l)t] 0 ,—(R)Dt
EDD (DD +(r15) D+ RN D) 1 ¢ +Tise

Definition of (S;)®, (5,)@®, (R1)@, (R,)V:-
Where ()™ = (a;3)® (m)™ - (ag3)™
(52)(1) = (a15)(1) - (Pls)(l)
(R)™ = (b13)® () ® — (b15)™
(R)™ = (bis)® — (r15)®

Behavior of the solutions of equation

Theorem 2: If we denote and define
Definition of (0,)®, (6,)®, (1))@, (1,)®:

(01)@,(6,)?, (1)@, (t,)@ four constants satisfying

_(02)(2) < _(ais)(z) + (a17)(2) - (aile)(z) (Ty7,0) + (a1’7)(2) (Ty7,0) < _(01)(2)

—(12)® < =(b1e)® + (b1,)® = (b16) P ((G19), t) = (b1 P ((G19), 1) < —(1)P

Definition of (v;)®, (v,)®, (u)®, (uy)® :

By (v))® >0, (v,)® < 0and respectively (u;)® > 0, (u,)® < 0 the roots

of the equations (a17)(2)(v(2))2 + (61)@Pv® — (0;)@ =0
and (b;)@(u®)” + (1,)@u® — (b;)@ = 0 and
Definition of (v,)®,, (,)®, (1)@, (1i,)@ :
By (7))@ > 0, (¥,)® < 0and respectively (7i;)® > 0, (ii,)® < 0 the
roots of the equations (a;,)® (v(z))z + (6)Pv® — (,)P =0
and (b;,)@u®?)* + (1,)@u@ — (b;)@ = 0
Definition of (m;)®, (m,)®, (u)@, (1)@ -
If we define (m;)@, (m,)®, (u))®, (1)@ by
(m)® = ()@, ()@ = (W)@, if (v))® < (v)®

(mz)(z) = (V1)(2)' (m1)(2) = (171)(2) Jif (Vl)(Z) < (Vo)(z) < (171)(2)'

0
and |(vo)® = %
1
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(mz)(z) = (V1)(2)' (m1)(2) = (Vo)(z)' if (171)(2) < (Vo)(z)
and analogously
(#2)(2) = (uo)(z)’ (ﬂ1)(2) = (u1)(2)' if (uo)(z) < (u1)(2)

W)@ = W)@, (1)@ = (@)?,if w)® < (w)® < (@)@,

and | (u)® = %
17

(12)® = @)@, W)@ = W)@, if @) < (u)®

Then the solution of global equations satisfies the inequalities
G eGP =010t < G (1) < GY eVt

(p))® is defined by equation

@)_ (2) (2)
WGlﬁe((sl) 16)P)t < G17(t) < (2) G, et
(a18)?GY $Y@ _(p, )@ (5@ 0 (5@
((m1)(2)((51)(;?—(171636(2)—(52)(2)) e(( e e 2 t] + Gige < Gig(D) <

(am)(z)Gge [
m2)@D ()P -(ax)@)

eGPt _ o-@i)Pt] 4 GO e~(a10)?t)

T106e(R1)(2)t < Tye(t) < T106e((R1)(2)+(T16)(2))t ‘

&) ) (2
a )(z) —5 e < Ty (1) < )(2) Tise (R +(r1e) )t
(b19)P1Y @ —(p! Y@ IPWANG)
Ty [ — e 4 The i < () <

CIDIRA [ (RY@ +(r16)@)e _ —(Rz)(z)t] 0 A—(Ry)Pt
1P (R)P +(r10) D+ (Rp) @) |© € * Tige

Definition of (S;)®, ($,)®, (R))®, (R,)®:-
Where ()@ = (a;6)® (m;)® — (aj6)®
(Sz)(z) = (a18)(2) - (p18)(2)
(RD® = (b16)® ()™ — (bis)®
(Rz)(z) = (bia)(z) - (7'18)(2)
Behavior of the solutions

Theorem 3: If we denote and define

171

307

308

309

310

311

312

313

314

315

316

317

318

319
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Definition of (5,)®, (6,)®, (1,)®, (1,)® :
(@), (6,)®, (1))@, (1,)® four constants satisfying

—(02)® < —(a}0)® + (a5))® — (@) (T2, ) + (a5) P (Toy, 0) € —(07)®

—(12)® < =(b30)® + (530 = (b50)P (G23,1) = (b51)P((G23),t) < (7))@

Definition of (v;)®, (v;,)®, (u))®, (u))® : 320

By (v))® >0, (v,)® < 0and respectively (u;)® > 0, (u,)® < 0 the roots of the equations
(@)@D) + @)V — (0@ = 0

and (b)® (u(3))2 + (1)U — (by)® = 0and
By (7,)® > 0, (¥,)® < 0 and respectively (ii;)® > 0, (i1,)® < 0 the
roots of the equations (a21)(3)(v(3))2 +(0)®Pv® — (a,))® =0
and (b;)®(u®)” + (@) Pu® — (b)) = 0
Definition of (m,)®, (m,)®, (u)®, (1) :- 321

If we define (my)®, (m,)®, (1)@, (1)@ by
(mz)(3) = (Vo)(3)' (ml)(S) = (Vl)(3)' if (Vo)(3) < (Vl)(S)

(mz)(s) = (Vl)(3)' (ml)(S) = (171)(3) Jif (V1)(3) < (Vo)(S) < (171)(3):

0
and |(v))® = %
2

(m)® = ()@, (m)® = (1))@, if TP < (v)®

and analogously 322
12)® = )@, (u)® = W)®, if (we)® < (u)®

_ . _ T
E)® = @)@, @)@ = @@, if @)@ < @)@ < @), and|(u)® =72

(12)® = w)®, (@)@ = W)@, if @) < (ux)®
Then the solution of global equations satisfies the inequalities
Ggoe((51)(3)—(1720)(3))f < Gyo(t) < 6309(51)(3%

(p)® is defined by equation

1

®3)_ (3) 1
WG&)@((SQ (P20)P)t < Gy(t) <

®
@ G206
2

323
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(a22)®6) Y3 _(p, )@ _(s,)® 0 —(5)® 324
((m1)<3>((sl)<§>2—<pz;)0<3>—<sz)<3>) [e(( D) — g t]+6228 P S (D) <

(a22)®69, (s)®¢t —(aby)®t 0 _—(aby)®t
@ (D@ € T T e T+ Gopem )

TZOOE(R1)(3)1: < Tyo(t) < Tzooe((Rl)(3)+(r20)(3))t | 325

1 TZOOe(Rl)(3)t < Tzo(t) < ;Tzooe((Rl)(3)+(Tzo)(3))t 326

(u)® (u2)®

327

(b22) 15, (R)®¢ —(bh )@t 0 ,—(b5,)®t
()P ((R)BP-(5,)P) [e ' —e ] + T =T () =

(az9) D15y [(<R YDt (r20) @)t _ —(Rz)“)t] 0 o=(R)Pt
ED DR+ 20 P+ L€ ¢ + Toze

Definition of (S;)®, (5,)®, (R)®, (R,)®:- 328
Where (5)® = (a20) ¥ (m2)® — (a30)®
(52)(3) = (azz)(s) - (pzz)(3)
(R)® = (b20)® ()P — (b30)®
(R)® = (b3)® — (1)@

Behavior of the solutions of equation
Theorem: If we denote and define
Definition of (6,)®, (6,)®, (1)@, (1)™® :
(6@, (0,)@, (1)@, (1,)@ four constants satisfying
—(0)™ < —=(a5)® + (a35)® = (a5) P (Tys, ) + (a55) P (Tys, 1) < —(o)@
—(@)® < =(b3)® + (b35)® — (bz) P ((G27), t) = (by5) W ((G27), 8) < —(z)™W
Definition of (v;)®, (v,)®, (u))®, (u,))®,v®,u® : 329

By (v)® >0, (v,)® < 0and respectively (1) > 0, (u,)® < 0 the roots of the equations
(a25)(4)(v(4))2 + (01)(4)‘/(4) - (a24)(4) =0
and (bys)® (u™®)” + (1,)@Du® — (b,)® = 0 and

Definition of (v,)®,, (7,)®, (7;)®, (1,)® : 330

By (7,)® > 0, (¥,)™® < 0 and respectively (ii;)® > 0, (ii,)® < 0 the
roots of the equations (a,5)™ (V(4))2 + (0)PDv® — (a,,)® =0
and (bzs)(4)(u(4))2 n (1'2)(4)11(4) _ (b24)(4) —0
Definition of (m,)®, (m2)®, (1)@, (12)®, (vo) @ -

If we define (ml)(4) ) (mz)(4) ) (ﬂl)(4)’ (MZ)(4) by
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(m)® = W)@, (Mm@ = (v))@, if ()@ < (v))@
(Mm@ = ()@, (M@ = TND,if W)™ < V)@ < (FN®,

GO
and |(vy)® = G—f]‘*
25

(mz)(4) = (V4)(4)' (m1)(4) = (Vo)m’ if (‘74)(4) < (Vo)(4)

and analogously
331

(#2)(4) = (uo)m' (ﬂ1)(4) = (u1)(4)’ if (uo)(4) < (u1)(4)

)™ = W), (u)™® = @)™, if (w)® < (ue)™ < @)™,
0
and |(uy)® = %
25

(1) = )@, ()@ = ()@, if (@)™ < (u)™® where (u)®, (@)@

Then the solution of global equations satisfies the inequalities
332
6343((51)(4)_(p24)(4))t S Gou(t) < G&e“ﬂmt

where (p;)™® is defined by equation

6,e(E0W-@0®) < 6. (1) S @ G ™t

m )<4) <4) 333

(a26)(4)6é)4 ((S )(4)_(p )(4))t _ (5 )(4)t 0 ,—(S )(4)t 334
((m1)<4>((sl)“)—(p24)<4>—(sz)(4>) [0 ~as e D [+ GRe 0 < Ga(0) <

(a )(4)60 5@ (!l \(4) 0 —(al )@
P (el ) [P — e 4 Gfemi e

|T204e(R1)(4)t S Tou(t) < T204e((R1)(4)+(724)(4))t ‘

@ @) 4y @)
(1 )(4) T24e(R1) t<T 4(t) < (4) T24 ((Rl) +(r24) )t 335

(b26) VTS, RY®t _ - (bhe)®t 0 ,—(bhe) @t 336
W@ ()P ~(030)®) [0t — emCh ] 4 The CE0 e < Tyg(1) <

(a26) W15, [ (RO +(r20)®)t _ —(RZ)(4)t] 0 ,—(R)®t
B2 P(R)®+(r2) D+ (R @) 1 ¢ * Taee

Definition of (S;)™, (5,)™®, (R))®, (R,)¥:- 337
Where (S)® = (az4)® (m3)® — (a34)®
(52)® = (a26)™® = (p26)™
(RD™ = (b2a)® (u)® — (b3)™

(Rz)(4) = (bés)m - (Tze)(4)
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Behavior of the solutions of equation 338

Theorem 2: If we denote and define

Definition of (0,)®, (6,)®, (1,)®, (1,)® :

(@)D, (6,)®, (1)), (1,)® four constants satisfying

—(02)® < —(a5e)® + (a59)® = (@5s) P (T, t) + (a9)® (To, 1) < —(0)®

~(@2)® < =(b35)® + (b39) — (03) P ((G31), t) = (b39) P ((G31), t) < = ()

Definition of (V1)(5)' (Vz)(s), (u1)(5): (uz)(s),v(s),u(s) . 339

By (v))® >0, (v,)® < 0and respectively (u;)® > 0, (u,)®® < 0 the roots of the equations
(@29 (D) + @)V — (0, = 0
and (byo)® (u®)” + (1,)®u® — (b,g)® = 0 and

Definition of (v,)®,, (¥,)®, (11;)®, (i1,)® : 340

By (7)™ > 0, (¥,)® < 0 and respectively (%i;)® > 0, (ii,)® < 0 the
roots of the equations (a;e)® (V(S))Z +(0,) PO — (a,6)® = 0
and (bye)® (u(s))2 + (1)U — (b,)® =0
Definition of (m,)®, (M), (u))®, (1), (v)® :-

If we define (my)®, (m)®, (1)®, (1) by
(m)® = (1)®, (m)® = (W)@, if (1)) < (v)®

(my)® = v)®, (m)® = @), if ¥v)® < v)® < 7)®,

0
and |(v))® = %
29

(mz)(s) = (V1)(5)' (m1)(5) = (Vo)(s): if (‘71)(5) < (Vo)(s)
and analogously 341
(#2)(5) = (uo)(s)' (.“1)(5) = (ul)(s): if (uo)(s) < (u1)(5)

(12)® = @)®, (1) = @), if w)® < (we)® < @)@,

0
and |(uy)® = %
29

(.“2)(5) = (ul)(S)' (.“1)(5) = (uo)(s): if (a1)(5) < (uo)(s) where (u1)(5): (ﬁ1)(5)

Then the solution of global equations satisfies the inequalities 342

G356 (V=@ D) < G (1) < (et
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where (p;)® is defined by equation

W628 e(5D®-20)t < ¢ 59(t) < (5) GO%e et 343
((ml)(s)((51()?:;)3((:;38(5)_(52)(5)) e(E0® -2 _ e_(SZ)(S)t] + 62~V < Gy(0) < 344
(mz)(5)((‘1(23E:(j%:1;0)<s>) [e G0 _(ag")(S)t] + Ggoe_(aé")(s)t)

Tzose(Rl)(S)t < Tog(t) < Tzoge((Rl)(S)Jr(rzs)(s))t 345
@ e e®Pt < T (1) < wToe e (R0 T2t 346
(u1)<5>El();(l);gi{i;o)(s)) [0 - e_(béO)(S)t] + e @30 P < Ty (6) < 347
(uz)<5>((ngil:)?izg)?sn ) [e((R1)(5)+(r28)(5))t _ e—(R2>(5>t] + 79 e~ (Rt

Definition of (5;)®, (5,)®, (R))®, (R,)®:- 348

Where (51)® = (a26)® (mp)® — (a35)®
(5)® = (a30)® = (30)®
(R)® = (b28)® (12)® — (b35)®
(R)® = (b3)® — (130)®

Behavior of the solutions of equation 349

Theorem 2: If we denote and define

Definition of (5,)©, (6,)®, (1)@, (7,)©® :

()@, (6,)®, (1))@, (1,)©® four constants satisfying

—(02)@ < —(a3)®@ + (a33)@ ~ (a52)© (T35, t) + (a53) @ (T35, 1) < —(01)©

—(@)©@ < =(b32) @ + (b33)© — (b32) @ ((G35), t) — (b55)©((G35), t) < —(7)®

Definition of (V1)(6): (Vz)(G), (ul)(ﬁ), (uz)(G),v(G), u®) . 350

By (v;)® >0, (v,)® < 0and respectively (u;)® > 0, (u,)® < 0 the roots of the equations
(a5) @ (@) + @)V — (a5)@ = 0
and (b33)© (u®)” + (1,)®u® — (b;,)® = 0 and

Definition of (v,)®,, (#,)®, (7;)®, (1,)® : 351

By (v))® > 0, (¥,)® < 0 and respectively (i1;)® > 0, (i1,)® < 0 the
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roots of the equations (as3)® (V(e))2 + (0,)OV© — (a3,)©® =0
and (by) @ (@)’ + (1) Ou® ~ (by)® = 0
Definition of (m,)©, (m)© , (u)®, (112)®, (Vo) © :-

If we define (m;)®, (m,)®, (u)®, (ux)® by
(mz)(G) = (Vo)(G)' (m1)(6) = (V1)(6)' if (Vo)(G) < (V1)(6)
(mz)(ﬁ) = (V1)(6)’ (ml)(G) = (176)(6) Jif (Vl)(G) < (Vo)(ﬁ) < (171)(6):

GO
and [(v)® = 22
33

(mz)(ﬁ) = (V1)(6)' (ml)(G) = (Vo)(ﬁ)v if (‘71)(6) < (Vo)(ﬁ)
and analogously
(Hz)(ﬁ) = (uo)(ﬁ)' (ﬂ1)(6) = (ul)(G): if (Uo)(ﬁ) < (u1)(6)

1) © = @)@, (1)@ = @)@, if )@ < ()@ < @),

0
and | (uy)® = %
33

(1)@ = @), (1)@ = )@, if (@) © < (o)® where ()@, (@)

Then the solution of global equations satisfies the inequalities
nge((sl)(@_(p“)(@)t < G3(H) < nge(sl)(ﬁ)t

where (p;)© is defined by equation

WG” (51 ~(p32) @)t < Ga3(0) < (6) 6326‘(51)(6)t
((ml)“)((51()2;3((:365)2@—(sz)<6>) (@@=t — o= | 1 9,0~ < Gy (8) <
(mz)(s)((a( Zﬂi:ﬁi;o@)) [e(sl)(s)t _ e—(a§4)(6)t] + GO, e‘(“§4)(6)f)

|T3°2e(R1)(6)t < Ty () < T e(RD@+(s2)@)e l

o )(6) Tsze(Rl)( ) < Ty (1) < )(6) T32 ((Rl)(5)+(r32)(6))t

(M)(e)E?;g:;i%,éu(s)) [ ®)©t _ e‘(b§4)(6)t] + T304e—(b§4)(6)t < Tou(t) <
(uz)(e)((ngt(z:)ﬁz:%e)+(R2)(6)) [e((R1)(6)+(r32)(6))t _ e—(Rz)(s)t] n T3°4e‘(R2)(6)t

Definition of (S;)®, (S,)©, (R,)®, (R,)©:-

Where (51)(6) = (a32)(6) (mz)(ﬁ) - (aéz)(ﬁ)

177

352

353

354

355

356

357

358

359
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(52)(6) = (a34)(6) - (P34)(6)
(R)© = (b32)® (1)@ — (b3)®

(Rz)(6) = (b§4)(6) - (7”34)(6)
Behavior of the solutions of equation

Theorem 2: If we denote and define

Definition of (6,)™, (65)”, (1), (1) :

(@)D, (6,)7, (1))7, (1) four constants satisfying

—(02)7 < —=(a3e)” + (a57)7 = (a36) P (T3, 1) + (a5) (T, t) < —(a1)”

— (1) < =(b36) 7 + (b3) 7 = (b36) 7 ((G30), t) = (b37) 7 ((G39), t) < —(2)?

Definition of (v;)”, (v,)™, (u))?, (uy)?,v?,u . 361

By (v >0,,)? <0 and respectively (u;)? >0, (u,)” <0 the roots of  the equations
2

(as) P (P) + (@) PV — (az)? = 0

and (b3,)?(u®)* + (1,)Pu? — (b36)? = 0 and

Definition of (v,)7,, (¥,)7, (1,)7, (ii,) " : 362

By (7)) > 0, (¥,)” < 0 and respectively (ii;)” >0, (i1,)” < 0 the
roots of the equations (as;)” (v(7))2 + (0) VD = (a36)? = 0
and (b37)(7)(u(7))2 + (1) DU = (b)) = 0
Definition of (ml)(7) , (mz)m , (.U1)(7)’ (Hz)m» (Vo)m -

If we define (my)™, (m)”, (1), (1)” by
(m)” = (v))?, ()7 = ()P, if (1)) < ()

(m)? = ()7, ()7 = )V, if )P < W) < T)?,

0
and |(vy)? = %
37

(mz)(7) = (V1)(7)' (m1)(7) = (Vo)m; if (171)(7) < (Vo)m
and analogously 363
(#2)(7) = (uo)m: (lh)m = (ul)(7)' if (uo)m < (u1)(7)

W) = W), (1) = @)7,if W)™ < ()™ < @),



International Journal of Scientific and Research Publications, Volume 3, Issue 9, September 2013 179
ISSN 2250-3153

0
and | (uy)? = %
37

(ﬂz)m = (u1)(7)’ (ﬂ1)(7) = (uo)m: if (171)(7) < (uo)m where (u1)(7)’ (ﬁ1)(7)

Then the solution of global equations satisfies the inequalities 364
620020 < G (1) < Ge D
where (p;) is defined by equation

@ _ (7) (7)
G36 ((51) (P36)' 7))t < G3,(b) < 6366(51) t 365

(m )(7) (7)

(az8)”63 sy (D _ M) —(s) D¢ 0 —(s) D¢ 366
((m1)<7>((sl)<7>-(p363>6(7)—(sz)<7>) [e(( S ]+G386 G < Ge(0) <

(a )(7)(;0 (@) —(a!l D —(al D
Ty [ — e 4 Gipem( @)

T3066(R1)(7)t < T36(t) < T306€((R1)(7)+(T36)(7))t 267

” GIIING
(1 )(7) T366(R1) E<T. 36(0) < (7) T36 ((Rl) +(r36) )t 368

(b38) T35 R)Dt —(bhe) Pt 0 ,—(bhe) Pt 369
WD (R)D (b)) R R R OE

(a38) TS5 [ (RDP+(r36) )t _ —(Rz)(7)t] 0 ,—(R)Mt
ED(EDD +r30) D+ @) D) L ¢ * Tsse

Definition of (5,)”, (5,)”, (R, (Ry) ?:- 370
Where (5,)7 = (as¢) P (my)? — (a4e)?
(57 = (aze)” — (p36)”
(R = (b36) ™ (uz)") — (b36)”
(R = (b)) — (139)"

Behavior of the solutions of equation 371

Theorem 2: If we denote and define
Definition of (5,)®, (6,)®, (t))®, (7,)®:

(@)@, (6,)®, (1))@, (1,)® four constants satisfying
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—(0)® < —(a4)® + (ah)® — (@) @ (Ty1, ©) + (@4)® (T4, ) < —(0)®
—(1)® < =(b10)® + (b5)® — (b1)) P ((Ga3), t) = B3P ((Ga3), t) < —(7)®
Definition of (v;)®, (v,)®, (u))®, (u,)®,v®,u® : 372

By (v11)® >0,(v,)® <0 and respectively (u;)® >0, (u,)® < 0 the roots of  the equations
(@) @) + @)V — ()@ = 0
and (b,)® (u®)” + (1,)®u® — (b,0)® = 0and

Definition of (v,)®,, (,)®, (1,)®, (7i,)® :
By (7,)® > 0, (¥,)® < 0and respectively (ii,)® >0, (i1,)® < 0 the
roots of the equations (a,;)® (1/(8))2 + (6)Bv® — (a,)® =0
and (by)®(u®)” + (1,)®u® — (by)® = 0
Definition of (m;)® , (m,)®, (u)®, (1)@, (V) ® :-
If we define (my)® , (my)®, (u)®, (u,)® by
(m)® = W)@, (m)® = W)@, if ¥)® < (v))®

(m)® = (1)@, (m)® = TP, if V)@ < W)@ < T)®,

0
and |(vy)® = %
41

(m)® = @)®,(m)® = ()@, if T)® < (v))®
and analogously 374
(#2)(8) = (uo)(s)' (.“1)(8) = (ul)(s): if (uo)(s) < (u1)(8)

U)® = W)@, (u)® = @)® ,if w)® < (w)® < @)®,

0
and|(uy)® = %
41

(12)® = @)®, W)® = we)®,if (@)® < (ue)® where (u)®, (@1,)®
Then the solution of global equations satisfies the inequalities 375

Goe (=@ @) < G, (1) < et
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where (p;)® is defined by equation

@ _(p,)(® ®
WGA:O eV - < G, (1) < (8) Goe®Vt
(a22)®65 ®)_(p, )® _(5,)® —(5,)®
(@ ((51)(;)2_@43(8)_(52) ) [e«so @40) @)t _ p=(52) r] +6Le~ Pt < 6, (1) <

(a52) @6y 0Pt _ pg=(as)®@t 0 o—(ai)®t
(mz)(3)((51)(8)_(,1"1_2)(8))[ VT e ] + Gypem )

T4006(R1)(8)t S Tyo(t) < T4ooe((R1)(8)+(T40)(8))t

(8) (® (8)
)(s) Tipe B0 < Tyo(t) < (8) Te (RO +(s0) e

(ba2)PT R)®t _ —(bh)®¢ 0 ,—(bs)®t
ED® (RO - ®) [o 0™ — e 4 ThenCR < T () <

(a42)PT1 [ ((RD)®+(r30) @)t _ —(Rz)(s)t] 0 ,—(R)®t
B2 @R +(ra0) D+ (R ®) 1 ¢ Tz

Definition of (S,)®, (5,)®, (R,)®, (R,)®:-
Where (5,)® = (a,0)® (my)® — (a}y)®
(5)® = (a4,)® — (ps)®
(Rl)(s) — (b4o)(8)(llz)(8) _ (b:m)(g)

(Rz)(s) = (bar,z)(s) - (7’42)(8)
Behavior of the solutions of equation 37 to 92

Theorem 2: If we denote and define

Definition of (¢,)®, (6,)®, (t1)®, (t,)@ :

(0@, (0,)?, (1)®, (1,)® four constants satisfying

—(02)@ < =(a3)® + (@35)® = (@) P (Tus, £) + (afs) P (Tys, 1) < —(0)®
(1)@ < =(b4)® + (b}5)® — (i) P ((Gar), t) = (b5s) P ((Gar), t) < —(2)®

Definition of (v;)®, (v,)®, (u)®, (uy)@,v®, u® :

By (v;)® >0, (v,)® < 0and respectively (u;)® > 0, (u,)® < 0 the roots of the equations

(@)@ () + @)V — (@) = 0
and (bys)@(u®)” + (1) @u®@ — (by)® = 0 and

Definition of (v,)®,, (¥,)®, (i1,)®, (7i,)® :

181

376

377

378

379

380

381

382
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By (1)@ > 0, (¥,)® < 0 and respectively (7;)® >0, (%i,)® < 0the
roots of the equations (a,5)® (V(g))z + (0,) VO — (a,)@ =0
and (b45)(9)(u(9))2 + (Tz)(9)u(9) _ (b44)(9) -0
Definition of (m,)®, (M), (), (ux)®, (v)® :-

If we define (m,)®, (m3)®, ()@, (1)@ by
(M) = ()@, (M) = (), if (V) < (v))®@
(my)@ = (1), (M) = @), if v)® < V)@ < (7)),

and |(vy)® = %
45

(m)® = ), () = (), if ) < (v))®
and analogously
1)@ = @)@, (1) = W)®, if (we)® < (w)®
(12)®@ = @)@, @) = @), if W) < (we)® < @),

0
and |(uy)® = %
45

(12)®? = @)@, () = (ue)?, if (@)@ < (ue)® where (uy)®, (@)@
are defined by 59 and 69 respectively

Then the solution of 19,20,21,22,23 and 24 satisfies the inequalities
6@ -0 < G, (1) < GL,eDt

where (p;)@ is defined by equation 45

@) _ 9) (C)]
wG44 ((51) —(paa) )t < Gyus(t) < (9) G44 et

(a46)63s [ (5@ =(D4) )t —(52)¢ ] 0 ,—(5)t
- < <
(M) ((51) P = (paa) D= (5)) € € + Gage < Gas(t) =

(a4—6)(9)G0 $)D¢ A OF 0 . —(a. )¢
(‘mz)(g)((51)(9)—4(‘;26)(9)) [e( 1) — e~(ase) ]_|_ G46€ (aze) )

T8e ™Vt < T, () < 7L, +0un)t |

The®t < Tyy(6) < s Thye (B0 Ca0 )t

(11 )<9> <9>
(b4) *)7ds [e®r e—(b46)<9>r] +T0 e~ Ght < T, (1) <
1)@ (RO~ (b16)) 6 = et =
(a46) TSy (RO + (1))t —(Ry)t 0 ,—(Rp)Pt
(ﬂz)m((R1)(9)+(T44)(9)+(R2)(9)) [e( 1 44 ) —e 2 ] + T466 2
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Definition of (5;)©, (5,)®, (R,)®, (R,)®:-

Where (51)(9) = (a44)(9) (mz)(g) - (az’M)(g)

(52)(9) = (a46)(9) - (p46)(9)
(RD® = (bsa)® (1) — (b4)®

(Rz)(g) = (b!%)(g) - (7”46)(9)

Proof: From global equations we obtain 383
d‘v(l) ’ ! n n
= (@) = (@) = @)@ + (@)D (T4, ) = (@D (T, VD = (@)D
Definition of v(¥ :- v = G
Gisg
It follows
2 dv® 2

~ (@) D) + (0)Dv® = (0)P) < L= < = (@)D (VD)" + (0 OV = (a1)@)

From which one obtains
Definition of (v;)™, (v)™ :-

G _
For 0 < @@u>=5§<<@gu><(wyn
v(l)(t) S (Vl)(l)+(C)(1)(VZ)(l)e[—(aM-)(l)((Vl)(l)—(VO)(l))t] (C)(l) _ 1) D —(vg)®
T roWel @ (@ -0 ) D -()®
it follows (vo)® < v (t) < (v))®

In the same manner, we get 384

ey ) < (Vl)(l)+(6)(1)(Vz)(1)e[‘(a14)(1)((?1)(1)—@2)(1)) t] (C)(l) _ M

- 1+(5)(1)e[—(a14)(1)((ﬂ1)(1)—(Vz)(l)) t] o) D=@,H®
From which we deduce (v,)® < v (t) < (¥,)®
385

0
If 0 < ()@ < (v)® = &2 < (7,)D we find like in the previous case,
4

(V1)(1) <

@D +(OD @) Wel~@D(@DD-m2D) ]

(vl)(1)+(C)(1) (VZ)(1)8[—(a14)(1)((1’1)(1)—(1/2)(1)) f]

Gi

1+(C)

(1)e[—(a14)(1)((V1)(1)—(V2)(1)) ¢]

1+(C)

(1)e[—(a14)(1)((71)(1)—(72)(1)) t]

< @)W

< vW() <
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Gz 386

If0<w)® <@)® <|(vy)® = o, | we obtain

@D+ D@y Dl @D (@D~ D)
14(@Wel- @ D(@DD - D) ]

)™ < v < < (v)™

And so with the notation of the first part of condition (c) , we have

Definition of vV (¢) :-

G13(t)
(m)® < v () < (m)®, |v() = 2=
G14()

In a completely analogous way, we obtain

Definition of u®(t) :-

1) < uVO) < @)®, |u®©) =125
T14(t)

Now, using this result and replacing it in global equations we get easily the result stated in the
theorem.

Particular case :

If (a}5)® = (a})D, then (0,)® = (6,)@® and in this case (v;)® = (¥,)D if in addition (v,)® =
(v)® then v (t) = (v,)® and as a consequence G,5(t) = (vo) PGy, (t) this also defines (vy)™® for
the special case

Analogously if (bj5)® = (by,)®, then (1,)® = (1,)@® and then

(u)® = (71)Pif in addition (ue)® = (u;)® then Ty5(t) = (ug) P Ty, (t) This is an important
consequence of the relation between (v;)® and (¥,), and definition of (uy)™.

Proof : From global equations we obtain 387
d (Z) ! ! 1 12
Zt = (016)® — ((‘116)(2) — (@)@ + (aie) P (T4, t)) = (@)@ (Ty7, Ov@ = (a,,)Pv@
Definition of v :- v@ = G16 388
G17
It follows 389

2 dv®@ 2
~ (@@ (V)" + (@)Pv® = (a;0)@) < = < = ((@NP (V)" + (0) PV = (a;0)@)

From which one obtains 390

Definition of (v;)®, (vy)® :-

GY _
For0 < (v,)® = G—(}j <(n)® < @)@
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)P +(0) @D ()@@ P (DP-00)?) 1]
140 @el @@ (@DP-00)P) ]

_ @)@
P ®@

v@(t) > , @

it follows (vo)® < v@(t) < (v)@

In the same manner, we get 391

)@+ @ @, @el @D (FDP-2P) ]
140 @el @@ (DD -m2) @) ]

@) _ DP-®@
O = 4@y

v@(t) <

From which we deduce (vy)® < v®(t) < (v,)@® 392

0

If0<()® < (@)® = % < (7,)® we find like in the previous case, 393
17

(Vl)(2)+(c)(2)(VZ)(Z)e[—(aU)(Z)((V1)(2)—(V2)(2)) ¢]

()
v <
V)™ < 1+(C)(2)e[—(a17)(2)((v1)(2)—(1’2)(2)) t]

< v®() <

@)@+ @D @,)@e [—(a17)(2)((71)(2) -(fz)(z)) f]
1+(©)@e [-(a17)(2)((V1)(2)—(Vz)(2)) f]

< (@)@

0
If 0< ()@ <@)® < (v)?® = g—éj , we obtain 394

(71)(2)4.(6)(2)(72)(2)8[—(a17)(2)((71)(2)—(72)(2)) ¢]

@ < ,@(p) <
v)® < v () < 1+ (@@l @@(ED@ -2 @) ]

< (Vo)(z)

And so with the notation of the first part of condition (c) , we have

Definition of v®(¢t) :- 395

(mz)(Z) < -V(Z)(t) < (m1)(2): V(Z)(t) — G16(t)
G17(t)

In a completely analogous way, we obtain 396

Definition of u® (t) :-

(#2)(2) < u(Z)(t) < (Ml)(z)’ u(z)(t) — T16(t)
T17(t)

Now, using this result and replacing it in global equations we get easily the result stated in the
theorem.

Particular case : 397

If (a))® = (a,)@, then (6,)® = (0,)® and in this case (v;)® = (¥,)® ifin addition
(vo)® = (v))® then v (t) = (v,)® and as a consequence G;¢(t) = (vo) @Gy, (t)
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Analogously if (bjs)® = (bj)@, then (1,)® = (1,)® and then

(u)® = (@) Pif in addition (uy)® = (u;)® then Ty4(t) = (ug) P Ty, (t) This is an important

consequence of the relation between (v;)® and (v,)®

Proof : From global equations we obtain

at
Definition of v® :- @ = G20
G21
It follows

2 av® 2
~((@)P ) + (@)D = (4;0)®) < 2= < = (@)D (D)’ + @)V = (a;0)®)

dat

From which one obtains

G _
For 0 < (vy)® = ﬁ <()® < @)®

av® ’ ’ " "
= (220)® = ((@5)® = (@3)® + (@) (T2, 1)) = (@F)® (T, VS = (a5) PV

¥E) ) = (vl)(3)+(C)(3)(VZ)(3)3[‘(az1)(3)((v1)(3)—(v0)(3))c] (C)(3) _ )@ ()@
B 140 @ el @@ (0DE-00) @) ] ’ V) ®-()®

it follows (vy)® < v®(t) < (v)®

In the same manner , we get

e ®) < (Vl)(B)+(E)(3)(VZ)(3)e[‘(az1)(3)((71)(3)—(172)(3)) t] (6)(3) _ ) ()@
- 140 @ el @D (EDD-2@)) ’ v0)®-)®)

Definition of (v;)® :-

From which we deduce (vy)® < v®(t) < (v,)®

0
If0<()® < (v)® = % < (7,)® we find like in the previous case,
21

W) D +(0)® vy Pl @0 (-2 ) ]
14(0)@ el @@ (-2 @) ]

v)® < < v®(1) <

TP+ @) Pel @D (@DP-2P) ]
1+(@)@ el @D@(FDE-2®) ]

< (@)@

0
If0<)®<@)® < ()® = % , we obtain

186

398

399

400

401

402

403
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(Vl)(3)+(€)(3)(Vz)me[_(a21)(3)((71)(3)‘@2)(3)) t]
14 (@)@l @@ (EDE)-T2®) (]

(v)® < v® () < < (v)®

And so with the notation of the first part of condition (c) , we have

Definition of v®(¢t) :-

Goo(t)
(m)® < v () < (m)®, | v () = 2=
G21(¢)

In a completely analogous way, we obtain

Definition of u® (¢) :-

1) < uP () < @W)®, |u®©) =225
T21(8)

Now, using this result and replacing it in global equations we get easily the result stated in the
theorem.

Particular case :

If (a3y)® = (a5)®, then (0,)® = (0,)® and in this case (v;)® = (¥,)® if in addition (v,)® =
(v1)® then v® () = (v,)® and as a consequence G,o(t) = (vo)® G, (1)

Analogously if (byy)® = (by)®, then (1,)® = (7,)® and then

(u)® = (1) Pif in addition (u)® = (u;)® then T,y (t) = (up) P T, (¢) This is an important
consequence of the relation between (v;)® and (v,)®

Proof : From global equations we obtain 404
av® 1 ’ "
= (@0 — ((030)® = (@55)® + @)@ (Tys, 1)) = (a5) @ (Tys, VP = (a5) v
Definition of v* :- v® = %
25

It follows
av(®

2 2
~ ((@)®(V®)* + (@) DV ® = (a0)®) < 2= < = (@) P(V®) + @)DV — (a,0)@)
From which one obtains

Definition of (v;)®), (vo)™® :-

0
For 0 < |(vy)® = %‘; < ()W < (7))@

)(4)+(C)(4) (Vz)(4)e[—(a25)(4) ((V1)(4)—(V0)(4)) f]
4+(C)(4)e[—(azs)(4)((V1)(4)—(V0)(4)) ¢]

()@ = -0

4) (1 =
vi¥(t) = (o) @ —(v)®

it follows (vo)® < v®(t) < (v))®
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In the same manner, we get 405

D+ 0@ @y Wl @29 D (DD -2 ]
41 (0@l @)D (@DD-2) @) ]

_ W)W
) W-@)™®

v@®(@) < , (@

From which we deduce (vy)® < v®(t) < ()@

0
If0<()® < (vy)@® = z—z{; < (1)@ we find like in the previous case, 406
@ — DPHOW @@ -02®@)]
()™ < ) @ ()P —(rg) @ s vP(O) <
1+ (0@ el @2 P (DB -0 W) ]
D@D+ OD @@l @D (EW-m®)]
o @ @ ()@ ) @) ¢ < ()
1+(C)(4)e[ 25 (( 1) 2) ) ]
9 407
If 0< (v)® < (1)@ <|(v))® = 2|, we obtain
25
78 1 ()@ (5.,)(@ [‘(azs)(‘})((fl)m—(Vz)(‘})) t]
@) <« ,@ < ) PHEO @) Ve < (4)
)W < vW(@E) < 1+ @ e @GP -G ] < (vo)
And so with the notation of the first part of condition (c) , we have
Definition of v (¢) :-
(my)® < v () < m)®, |v@® () = 20O
2= IR G25(0)
In a completely analogous way, we obtain
y 8 Yy
Definition of u™(t) :-
1)@ < uP® < @)@, |u® () = 243
2 - = s T25(t)
Now, using this result and replacing it in global equations we get easily the result stated in the
theorem.
Particular case :
If (ayy)™ = (a¥5)™@, then (0,)™® = (0,)™® and in this case (v;)® = (¥,)® if in addition (vo)® =
(v1)® then v (t) = (vo)® and as a consequence G,4(t) = (vo) ¥ G,5(t) this also defines (v,)® for
the special case .
Analogously if (by,)® = (bys)®, then (1,)® = (1,)® and then
(u)™® = (@,)Wif in addition (uy)® = (u)® then T,,(t) = (up) @ T,5(t) This is an important
consequence of the relation between (v;)® and (v;)¥, and definition of (u,)®.
408

Proof : From global equations we obtain

av® ’ li " "
a (azs)(s) - ((azs)(s) - (a29)(5) + (azs)(s) (T30, t)) - (a29)(5) (T30, t)V(S) - (a29)(5)v(5)
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Definition of v :- y® = Gz8
G29
It follows
2 av(® 2
(@)@ (@) + @)V — (@)®) < G < = (@)@ (O) + (@) v — (@))

From which one obtains

Definition of (7,)®, (vo)® :-

G _
For 0 <|(vy)® = af)z <()® < @)®

O+ (v Pl ~@2 (DO -0 ) ]

®)_ (5)
G)(t) > ) — 1) =o) ™
vrm = 5+(C)(5)e[—(azg)(s)((vﬂ(s)—(Vo)(s)) t] - [©) @) -(v2)®
it follows (vo)® < v®(t) < (v))®
In the same manner , we get 409
»® ®) < (vl)(s)+(6)<5)@2)(5)e[-(azg)(s)((vl)(5)_@2)(5))t] (C_)(S) _ M
= S+(E)(5)e[—(azg)(s)((vl)(s)_(vz)(s)) t] ’ W) B —@,)®
From which we deduce (v,)® < v®(t) < (75)®
0
If0<()® < @)® = g—z)z < (7,)® we find like in the previous case, 410
()1 () (yy(5) | (@200 (V1) D -(v2) D) ¢
() ® < OOl e M vom <

@ @O (D=0 ]

@O+ @)Dl @29 (@DF-2)P) ]
1+(0)® el @2 O(FE-2®) ]

< ([#)®

0 411
If0<)® <@)® <|(vy)® = z—z,: , we obtain

@O+ @) Ol @29 (@DP-2)) ]
140 ® el @O (-2 ) ]

v)® < vO (@) < < (v)®

And so with the notation of the first part of condition (c) , we have
Definition of v®(t) :-

(my)® < V() < (m)®, | v () = 222
G29(t)

In a completely analogous way, we obtain
Definition of u® (t) :-

W)® < u®(t) < @)®, |u® () =29
T29(t)
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Now, using this result and replacing it in global equations we get easily the result stated in the
theorem.

Particular case :

If (a)® = (ays)®, then ()™ = (6,)® and in this case (v;)® = (#,)® if in addition (v,)® =
(vs)® then v (t) = (vy)® and as a consequence G,g(t) = (vo)® G,o(t) this also defines (v,)® for
the special case .

Analogously if (bys)® = (bys)®, then (1,)® = (1,)® and then
(u)® = (@) Pif in addition (uy)® = (u;)® then Tog(t) = (uy)®T,o(t) This is an important
consequence of the relation between (v;)® and (;)®, and definition of (uy)® .

Proof : From global equations we obtain 412
v ® IO R ENG SPING () ® ©)(6)
= (a52)@ = (@) © — (@5)@ + (a5)© (T35, 1)) = (%)@ (T35, VO = (az) v
Definition of v(® :- v(® = G2

G33

It follows
2 dav(® 2

~ (@)@ (V@) + (0 Ov® = (23)@) < 2= < = (@) O (V@) + (@) OV ® = (a;)®)

From which one obtains

Definition of (7,)(®, (v,)(© :-

GY _
For 0 <|(vy)® = G_z’z < (v)® < (1)@

(a3 (1) O-)®) ]

@@ +©@ ) ©@el _ 0)®-®

(6) > (6) —
v(t) = 1+(C)(5)e[—(033)(6)((1'1)(6)—("0)(6)) t] , |(©) (vo)(®)—(v,)(®)
it follows (v)® < v©® (1) < (v,)®
In the same manner, we get 413
v(s)( t) < (Vl)(6)+(C_)(G)(72)(6)9[‘(aa3)(6)((71)(6)—(172)(6))t] (5)(6) _ M
B 14+(0)® el (@3 O(EDO-2)®)) ’ o) @-(7)®

From which we deduce (v()©® < v®(t) < (¥,)©®

414

0
G3p

a2, < (v,)® we find like in the previous case,

If 0<(v)® < (v)® =

1) O +(0)O ()@l (@33 (D O-2) @)

(6)
(3@ (v @-w®) ] < VO <

(Vl)(6) <

1+(C)(6)e[

O +(0) O @) el ~@33) (@D -T2)(@) ]

< (v,)®
1+(C)(6)e[—(a33)(e)((fl)(s)_(vz)(s)) t] < (vy)




International Journal of Scientific and Research Publications, Volume 3, Issue 9, September 2013
ISSN 2250-3153

0
If0<)®<@)® <|(vy)® = ﬁ—z,z , we obtain

@O+ O @) © el @33 (@D O-2P) ]

©) < O (1) <
(Vl) SV (t) = 1+(E)(6)e[_(a33)(6)((71)(6)_(72)(6)) t]

=< (Vo)(6)

And so with the notation of the first part of condition (c) , we have
Definition of v®(t) :-

()@ < vO() < (m)©, [vO () = 222
G33(t)

In a completely analogous way, we obtain
Definition of u(® (¢) :-

(HZ)(G) < u(ﬁ)(t) < (#1)(6), u(ﬁ)(t) — T3(t)
T33(t)

Now, using this result and replacing it in global equations we get easily the result stated in the
theorem.

Particular case :

If (a%,)© = (a43)®, then (6,)© = (0,)® and in this case (v;)© = (¥,)© if in addition (v4)©® =

(v)® then v®(t) = (v,)©® and as a consequence G, (t) = (vo)® G35 (t) this also defines (v,)® for

the special case .

Analogously if (b55)® = (b55)®, then (1,)® = (,)® and then

(uy)® = (1) ®if in addition (u()® = (u;)©® then T, (t) = (up)®Ts3(t) This is an important
consequence of the relation between (v;)® and (v,)®, and definition of (1,)®.

Proof : From global equations we obtain

dv®
dr (az6)? — ((aée)m — (a37)" + (a56) P (T3, t)) — (a5) P (T37, v — (a3,) v

Definition of v” :- v = G

G37
It follows

2 av(? 2
= (@D? (VD) + (0) VD = (a30)7) < %= < = (@)D (V7) + (@) VD = (a36)7)
From which one obtains
Definition of (7,)™, (v,)" :-
G _
For 0 <|(vy)? = G—Z(’): < () < (#)?

D+ D) Del =@ P (DD -wo) )]
1+(C)(7)e[‘(“37)(7)(("1)(7)‘("0)(7)) { '

)P -()”
V)P -)?

v (t) = © =

191

415

416
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it follows (vo) ™ < v (t) < (v)?

In the same manner, we get

@D+ D @y)Del"@ (@D~ 7)

_ V- ?
1@ Del @D (ED-m27) ¢

()
O = o Pm®

v(t) <

From which we deduce (vy)” < v (t) < ()
0
If0<)? < @)? = 5_203 < (1) we find like in the previous case,

WD+ (VZ)(7)e[—(a37)(7)((1’1)(7)—(1’2)(7)) t]

(7)
v <
(v1) 1+(C)(7)e[—(a37)(7)((V1)(7)—(V2)(7)) ¢]

< v <

(71)(7)+(®(7) (Vz)(”e [—(a37)(7)((71)(7) -(fz)(ﬂ) f]
140 @@ (@D - ) ]

< @)

0
If 0.< ()? < ()P <|(v))™ =2, we obtain
37

T D+ D el @ P (0P -2 7) ]

7 < (@D <
)™ = v < 11O el @ (@D - ]

< (Vo)m

And so with the notation of the first part of condition (c) , we have
Definition of v (¢) :-

m)? < v (@) < (m)?, | v (2) = 229
G37(t)

In a completely analogous way, we obtain

Definition of u(t) :-

(#2)(7) < u(7)(t) < (ﬂl)(7): u(7)(t) — T36(t)
T37(t)

Now, using this result and replacing it in global equations we get easily the result stated in the
theorem.

Particular case :
If (a%)? = (a4,)?, then (6,)” = (0,)” and in this case (v;)7 = (#,)? if in addition (vy)? =
(v))? then v (t) = (vo)” and as a consequence Gs4(t) = (vo)”G3,(t) this also defines (v,)” for

the special case .

Analogously if (b3)” = (b5)?, then (1,)7 = (1,)” and then (u;)? = (&,)?if in addition

192

417

418

419

420
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(ue)? = ()@ then Ty4(t) = (ug)?Ts(t) This is an important consequence of the relation between
(v)? and (v,), and definition of (u,)™.

Proof : From global equations we obtain 421
av® ® L N®) _ (' \® 4 (" \® N0) ® ®®)
" = (@40)® = ((@i)® — (@)@ + (@50)® (T41,)) = (@5 Ty, OV — (2,)®v
Definition of v® :- v(® = G0
Ga1
It follows
( ®) (1(8))2 ®),(8) ®) <« v ®) (1 (8))? ®),,(® ®
—((as1) (V ) + (02)v™ — (a40) S s~ (as1) (V ) + (0)"v™ — (a40)
From which one obtains
Definition of (v,)®, (v4)® :-
0
For 0 < |(v)® = %’i < (v)® < (7)®
V(S)(t) > (v1)(8)+(C)(8)(vz)(s)e[‘(a41)(8)((v1)(8)—(v0)(8))t] (C)(s) _ M
h 14+(0)® el @@ (0DP-00)®)) ’ V)@ -(v2)®
it follows (vo)® < v®(t) < (v))®
In the same manner , we get 422
v(g)( t) < (Vl)(s)+(C_)(8)(VZ)(8)e[_(a41)(8)((71)(8)—(172)(8))t] (5)(3) _ M
- 140 ® el @@ (EDP-2®)) ’ (v0)® - (7,)(®)

From which we deduce (v,)® < v®(t) < (¥5)®

0
10 < 0)® < (o) = % < (7,)® we find like in the previous case, 423
41
® ("1)(8)+(C)(8)(vz)(8)e[‘(au)(8)((v1)(8)_(V2)(s))t] o
s s vP() <
1+(C)(8)e[_(a41)(8)((V1)(8)—(v2)(8)) t]
—~(aa)®(F) B =@)®
) O+© Oy Ocl €O 0] 7)®
1+(5)(8)e[_(a“)(s)((Vl)(s)—(vz)(s)) t]
424

0
If0<)®<@)® <|(vy)® = % , we obtain

@)+ ® @) @el~@ @ (@DP-2)?) ]
@(s)e[—(a41)(8)((71)(8)—(72)(8)) ¢f

v)® < v®() < < (v)®

1+(
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And so with the notation of the first part of condition (c) , we have
Definition of v®(t) :-

Gao(t)
(m)® < v® () < (m)®, | v () = =
Ga1 ()

In a completely analogous way, we obtain
Definition of u® (t) :-

1)@ < @ < @)@, |u®(0) = 2200
Ts1(8)

Now, using this result and replacing it in global equations we get easily the result stated in the
theorem.

Particular case :

If (a}y)® = (ay,)®, then (6,)® = (6,)® and in this case (v;)® = (¥,)® if in addition (vo)® =
(v))® then v®(t) = (v,)® and as a consequence G,o(t) = (vo)® G, (t) this also defines (v,)® for
the special case .

Analogously if (bsy)® = (b;)®, then (1,)® = (7,)® and then
w)® = (@,)®if in addition (u)® = (u;)® then Ty (t) = (up)® T, (t) This is an important
consequence of the relation between (v;)® and (¥,)®, and definition of (uy)®.

424
Proof: From 99,20,44,22,23,44 we obtain A
dv®
= (@) - (@)@ = @4 + (@) (T, ) = (@45) 7 (Tys, OV = (245) OV
Definition of v :- y(© = fas
Gas
It follows

2 av(® 2
~ (@) + (@) = (@)®) < =<~ (@) (@) + () = (a,)®)

From which one obtains

Definition of (#,)®, (v)® :-

0
For 0 < |(vy)® = %‘: < ()@ < (7)®

)(9)+(C)(9) (VZ)(9)e[—(a45)(9)((vl)('?)_(vo)('?)) t]
1+(C)(9)e[—(a45)(9)((V1)(9)—(Vo)(9)) ¢]

)@ -()®
)@ -@)®

vO(t) 2 O =

it follows (V)@ < v (t) < (vo)®

In the same manner, we get
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T+ @@l (E0D-m2*) ]
1+(E)@el" @O (@D -2 ) ]

_ )P-g)®

59 — F1)=(vo)
O = o m®

vO(t) <

From which we deduce (v,)® <v®(t) < (v,)®

0
If0<)® < )® = % < (1) we find like in the previous case,
45
OO
)@ < )@+ )@l =@ V(P -0 ) o

< ) <
@@ O=0®) ] = (<

T +(OO 7y @el(@15) P (T2 )
14O @l @O (@D -2 ) ]

< (@)@

0
If 0<()® < @) <|(v)® = % , we obtain

@O+ @y @el @19 (TP -m2)) ]
1+ (@@ el @@ (@D -T2 ) ]

)@ < vO) < < ()@

And so with the notation of the first part of condition (c) , we have
Definition of v?(t) :-

(m)® < vO©) < (), |vO(©) = 245
Gys(t)

In a completely analogous way, we obtain
Definition of u®(t) :-

W)@ < U < )@, |u® () =222
Tys5(t)

Now, using this result and replacing it in 99, 20,44,22,23, and 44 we get easily the result stated in the
theorem.

Particular case :

If (ay)@ = (a}s)@, then (6,)® = (0,)® and in this case (v;)® = (%)@ if in addition (v,)® =
(v)® then v (t) = (vy)® and as a consequence G,,(t) = (Vo) G,5(t) this also defines (v,)® for
the special case .

Analogously if (b4,)® = (bys)®, then (1,)® = (1,)® and then

(u)® = (@) @if in addition (1)@ = (u;)® then Ty, (t) = (u)@T,s(t) This is an important

consequence of the relation between (v;)® and (¥;)¢, and definition of ().
We can prove the following

Theorem : If (a])Pand (b;")V) are independent on ¢ , and the conditions with the notations
(@) P (ai)® = (a13)P(a;)® <0

(a13)P(a1)® — (a13) P (a;0)™® + (@13) P (P13)™ + (1) P P1)® + (P13) P (p1)P >0
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(b13) P (1) P — (1) ()™ >0,

(1) P (b1)™ = (b13) P (b1)™ — (b13) P ()™ = (b)) P (1)@ + (113) P ()™ < 0
with (p13)®, (11,) D as defined by equation are satisfied , then the system

Theorem : If (a])®and (b;")® are independent on t, and the conditions with the notations
(a16) P (a17)® = (a16)?(a,7)® < 0

(a16) P (a17)® = (a16)P(a17)® + (a16) P 016)® + (217) P @17)® + 016) P (p17)® > 0
(bi6) P (b17)® — (1) P (b1)® > 0,

(b16) P (b17)® = (b16) P (b17)® = (b16) @ (117)® = (b1) P (117)P + (116) P (1171)® < 0
with (p16)@, (13,)® as defined by equation are satisfied , then the system

Theorem : If (a])®and (b;")® are independent on ¢ , and the conditions with the notations
(a30)®(a31)® = (a20)P (az1)® < 0

(a50) P (@51)® = (a20)®(a20)® + (a20)® 20)® + (@51)® @21)® + P20)® (P21)® > 0
(b30)® (031)® = (b20)® (b)) >0,

(b30)® (0310 = (b20) P (b21)® = (b3) P (131)® = (B31) P (120 + (r20) @ (1) < 0
with (p,0)®, (1,1)® as defined by equation are satisfied , then the system

We can prove the following

Theorem : If (a;)®and (b)) are independent on ¢ , and the conditions with the notations
(a54)®(ahs)™ = (a24)® (a5)* < 0

(a5)® (@55)™ — (a24)®(a25)® + (024)® P20)® + (@h5) ™ 25)® + P2) P (25)® >0
(b34)® (035)™® = (b24) P (b5)™® >0,

(b24) ™ (035)® = (b24) P (b5)® — (b32)® (r26)™ — (b35) ™ (125) @ + (124) P (r25)® < 0
with (py4)®, (55)® as defined by equation are satisfied , then the system

Theorem : If (a;)®and (b;")® are independent on ¢ , and the conditions with the notations
(a38) ™ (a59)® — (az8)® (az0)® < 0

(a28)® (a30)® — (a28)(a20)® + (a26)® (926) + (a29)® (926)® + (926) (29)® > 0

(bés)(s) (béta)(s) - (bzs)(s) (b29)(5) >0,
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(b36) (b39)® = (b25)® (b20)® — (b36) P (126)® = (b30) (r20)®) + (r26) P (12)® < 0
with (p,5)®, (1,0)® as defined by equation are satisfied , then the system

Theorem If (a/')®and (b]")® are independent on t, and the conditions with the notations
(a5) @ (a53)© — (a32)®(az3)® < 0

(a52) @ (@33) @ = (a32)@ (a33) @ + (a52) @ (P32)® + (a33) @ (P33)©@ + (032) @ (P33)® > 0
(632)@ (b35)® = (b32) @ (b3)® > 0,

(b32) @ (033)© = (b32)(© (b33)® — (b3,) @ (133)© = (b33)© (r33)©@ + (r32) @ (133) @ < 0
with (p3)®, (133)© as defined by equation are satisfied , then the system

Theorem : If (a])Pand (b;")” are independent on ¢ , and the conditions with the notations
(a36) 7 (a37)? = (az6)” (a37)? < 0

(a56) P (a5) 7 = (a36) 7 (a37)? + (a36) 7 (P36) 7 + (a57)7 037) 7 + (036) 7 (p37)? > 0
(b36) 7 (037)7 = (b36) 7 (b3) 7 > 0,

(b36) 7 (037)7 = (b36) 7 (b37) 7 — (b36) 7 (r37) 7 = (b3) P (13) 7 + (136) P (r37) 7 < 0

with (pss)”, (137)7 as defined by equation are satisfied , then the system

Theorem : If (a;')®and (b}")® are independent on ¢, and the conditions with the notations
(@40)®(a4)® = (a40)® (@s)® < 0

(ag,o)(s)(ah)(s) - (‘140)(8) (as)® + (a4o)(8) (P40)(8) + (az’u)(s) (p41)(8) + (P40)(8) (p41)(8) >0
(b30)® (031)® = (b4o)® (41))® >0,

(030)® (031)® — (b40)® (1) ® = (B40)® (141)® — (b3) P (13:)® + (120) P (12,)® < 0
with (p40)®, (131)® as defined by equation are satisfied , then the system

Theorem : If (a])®and (b}")® are independent on t, and the conditions (with the notations
45,46,27,28)

(a3)® (afys)(g) — (a44)P(a45)? <0

(@ha)© (a45)® — (a4) P (a45)@ + (A40) P P40)® + (@45) P45)® + P40)@ (P45)® >0
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(b4) @ (bis)® = (bs) @ (bys)® >0,
(03a) @ (b15) @ = (04) (b45)@ = (b14) P (1a5)@ = (b45) P (145)® + (124) P (1a5)@ < 0
with (p44)®, (15)® as defined by equation 45 are satisfied , then the system

(‘113)(1)614 - [(a13)(1) + (a1'3)(1)(T14)]Gl3 =0

(a19)P613 = [(a1)® + (@)D (T1y)]G1y = 0
(a15)VGa — [(a1s)® + (a15) P (T14)]G1s = 0
(b13)PT1s = [(b1) P — (bi5)P(G) [Ty = 0
(b1a) DTy = [(b1) P = (b)) P (G) [Tys = 0
(b15)PTis = [(b1s)® = (bi5) () ]Tys = 0

has a unique positive solution, which is an equilibrium solution for the system
(alﬁ)(2)617 - [(a16)(2) + (aile)(z)(Tn)]Gm =0
(a17) @G = [(@1)P + (af)P(T17)]G7 = 0

(als)(2)617 - [(ais)(z) + (ails)(z) (T17)]G18 =0

(blﬁ)(Z)T17 - [(b{6)(2) - (biles)(z)(Gw) ]T16 =0
(b17)PTi6 = [(b1) P = (1) P (G16) ITr7 = 0
(b1g) P Ty; = [(b1)® — (b15) P (G19) ITig = 0

has a unique positive solution, which is an equilibrium solution
(a20)®Gyy — [(alzo)m + (aélo)(S)(Tu)]Gzo =0
(@200 G0 = (@20 + (23)P(T31)]Go1 = 0
(a2)®Gyy — [(alzz)m + (aélz)(S)(Tu)]Gzz =0
(bzo)(3)T21 - [(béo)m - (bé'o)(S)(st) IToo= 0
(bz1)(3)T20 - [(bé1)(3) - (béll)(s)(azs) IT21 =0

(b22)®Tyy = [(532)® = (b32) P (G23) 1To2 = 0

has a unique positive solution , which is an equilibrium solution
(a24)(4)G25 - [(a'24)(4) + (aé'4)(4) (Tzs)]Gz4 =0

(az5) Gy — [(alzs)(d') + (aéls)(4)(T25)]st =0
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(a26)®Gas — [(a,26)(4) + (aéle)(4)(T25)]Gze =0 457
(b)) P Tys — [(b5)® — (b3) P ((G27)) 1Toa = 0 458
(bzs)(4)T24 - [(bés)@) - (béls)(4)((627)) IT,s =0 459
(b26) P Tys — [(b56)™® — (b36) P ((G27)) 1o = O 460
has a unique positive solution , which is an equilibrium solution

(a28) )G9 — [(ae)® + (a55) P (T20)|Gog = 0 461
(a20) G5 — [(@h9)® + (a56) P (T39)]Go = 0 462
(a30)®Gao — [(also)(s) + (als'o)(s)(ng)]Gw =0 463
(b26) P Tye — [(036)® — (b75)(G51) ITzs = 0 464
(b20) P Ta5 — [(b39)® = (b39)(G31) IT29 = 0 465
(b30) Tz = [(h30) — (b36) ) (G31) 1T30 = 0 466
has a unique positive solution , which is an equilibrium solution

(as5) G35 — [(aéz)@ + (aélz)(ﬁ)(Tss)]ng =0 467
(a33)© 63, — [(aé3)(6) + (a§’3)(6)(T33)]G33 =0 468
(az4)®Gs3 — [(a§4)(6) + (a§’4)(6)(T33)]G34 =0 469
(b32)©Ts5 = [(032)© — (b32) @ (G35) IT32 = 0 470
(b33)© T3z = [(b33)© — (b55)©(G35) [T53 = 0 471
(b34) T35 — [(b§4)(6) - (béﬁt)(ﬁ)(@s) IT34=0 472
has a unique positive solution , which is an equilibrium solution

(a36)7G37 = [(@50)7 + (a56) 7 (T57)]Gae = 0 473

(‘137)(7)636 - [(a§7)(7) + (a§’7)(7)(T37)]G37 =0 474
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(a36) 7 G37 = [(@5)7 + (a36) 7 (T57)]Gag = 0 475
(b36) 7' T37 — [(b36) 7 — (b36) 7 (G3)]T36 = 0 476
(b37)(7)T36 - [(b§7)(7) - (b§’7)(7)(639) T3, =0 477
(b3g) V' T3y — [(b36) 7 — (b35) 7 (Gso) 1Ts5 = 0 478
(@40)@Ga1 = [(@30)® + (€40)® (T4)]Gao = 0 479
(@41)@Gao — [(@3)® + (4)® (T1)]Gar = 0 480
(a42)®Gyy — [(@22)® + (@) P (T11)]Ga = 0 481
(b4) Ty — [(bio)(s) - (bf{o)(g)(G“) ITso = 0 482
(b41)®PTao = [(031)® = (b51)® (G43) 1Tus = 0 483
(b42) PTay = [(012)® = (bi2)® (G43) 1Ty = 0 484
(a44)PGys — [(a2)® + (a4) O (Ty5)]Gas = 0 :84
(a45) P Gaq — [(a25)® + (a4s) P (T4s)]Gas = 0

(‘146)(9)645 - [(%6)(9) + (age)(g) (T45)]G46 =0

(b4a)@Tus = [(0i)® = (b4) " (G47) Tas = 0

(B45) Ty = [(035)” = (bf5) P (G47) 1Tas = 0

(b46) O Tys = [(h26)® = (b36) (Gaz) 1Tas = O

Proof: 485
(a) Indeed the first two equations have a nontrivial solution G;3, G, if

F(T) = (a13)™ (@1)™® = (a13) P (@10)® + (a13) P (ai)® (T1a) + (a10)® (@13) P (T1a) +

(a13) P (T1a) (@) P (T1a) = 0

Proof: 486

(b) Indeed the first two equations have a nontrivial solution G, G;; if

F(Tyo) = (a16)(2) (ai7)(2) - (alﬁ)(Z) (a17)(2) + (a16)(2) (ai’7)(2)(T17) + (a17)(2)(a1’6)(2)(7117) +
(ails)(z) (T17)(a1'7)(2)(T17) =0
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Proof:

(a) Indeed the first two equations have a nontrivial solution G,, G,; if

F(Ty3) = (a30)®(a51)® — (a20)®(a21)® + (a30)® (a3) P (To1) + (@)@ (@) (T2y) +
(alzlo)(s)(T21)(a§'1)(3)(T21) =0

Proof:

(a) Indeed the first two equations have a nontrivial solution G,,, G,5 if

F(Ty7) = (a34)® (@)™ — (a24) ™ (a25)™ + (ah4) ™ (a3s) @ (Ty5) + (ahs) P (ahy) ™ (Tos) +
(a’2’4)(4) (Tzs)(ags)m(Tzs) =0

Proof:

(a) Indeed the first two equations have a nontrivial solution G,g, G59 if

F(T3) = (aés)(s) (aég)(s) - (azs)(s) (‘129)(5) + (aés)(s) (ag'a)(s) (Tyo) + (a§9)(5) (aéla)(s) (To) +
(alzls)(s)(Tz9)(a§’9)(s)(T29) =0

Proof:

(a) Indeed the first two equations have a nontrivial solution Gs,, G35 if

F(Ts5) = (aéz)(e)(a§3)(6) - (‘132)(6)(‘133)(6) + (aéz)(ﬁ)(a§’3)(6)(T33) + (a§3)(6)(a’3'2)(6)(T33) +
(a’3'2)(6) (T33)(a§’3)(6)(T33) =0

Proof:

(a) Indeed the first two equations have a nontrivial solution Gsg, G7 if

F(Tso) = (a§6)(7)(a’37)(7) - (a36)(7) (a37)(7) + (aéa)(7)(a§'7)(7) (Ts7) + (a§7)(7) (al3’6)(7) (Ts7) +
(alsls)m (T37)(a§’7)(7)(T37) =0
Proof:

(a) Indeed the first two equations have a nontrivial solution G4, G4 if

F(Ty3) = (alrm)(s)(a:u)(s) - (‘140)(8) (a41)(8) + (a:w)(s) (az';l)(s) (Tyy) + (az'u)(s) (azo)(g) (Ty1) +
(aZo)(B) (T41)(a2,'1)(8) (Ty1) =0
Proof:

(a) Indeed the first two equations have a nontrivial solution G4, G,5 if

F(Ty;) = (afm)(g) (azlts)(g) - (a44)(9)(a45)(9) + (aclm)(g) (azs)(g) (Tas) + (azlts)(g) (a"{4)(9) (Tys) +
(as ©) (T45)(af{5)(9) (Tys) =0

Definition and uniqueness of T;, :-

After hypothesis f(0) < 0, f(0) > 0 and the functions (a/)¥(T,,) being increasing, it follows that
there exists a unique Ty, for which f(T},) = 0. With this value , we obtain from the three first
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equations

_ (a15)VG1g
[(@15)D+(als)D(17,)]

_ (a13) V614
(@)D +@iD ()] 7

GIS 615

Definition and uniqueness of Ty, :-

After hypothesis f(0) < 0, f(0) > 0 and the functions (a,)® (T;,) being increasing, it follows that
there exists a unique T;; for which f(T;;) = 0. With this value , we obtain from the three first
equations

_ (a18)®Gy,
[(a1g) @ +(afs) @ (T3]

(a16)®G17

G = ]
16 [(a16)P+(al) P (T3,)]

618

Definition and uniqueness of T;; :-

After hypothesis f(0) < 0, f(0) > 0 and the functions (a!")¥(T,,) being increasing, it follows that
there exists a unique Ty; for which f(T;;) = 0. With this value , we obtain from the three first
equations

(a22)® G,y
[(@32)®)+(az)®(137)]

(a20)®6y1
[(a20)P+(a30)P(131)]

GZO = 622 =

Definition and uniqueness of T;s :-

After hypothesis f(0) < 0, f(0) > 0 and the functions (a;)* (T,s) being increasing, it follows that
there exists a unique Ty; for which f(T;5) = 0. With this value , we obtain from the three first
equations

(a26)W6ys

(a20) W65 —
[(a56)®+(aze)P(735)]

T (@ @+@y®(r5)]

624 626

Definition and uniqueness of T, :-

After hypothesis f(0) < 0, f(0) > 0 and the functions (a,)® (T,,) being increasing, it follows that
there exists a unique T,y for which f(T;,) = 0. With this value , we obtain from the three first
equations

_ (a30)®639
[(@b)®+(afp) P (15)]

_ (a28)® 639
(@) ®+(ah) D (15)]

GZS

GSO

Definition and uniqueness of T3, :-

After hypothesis f(0) < 0, f(0) > 0 and the functions (a)(®(T,;) being increasing, it follows that
there exists a unique T35 for which f(T433) = 0. With this value , we obtain from the three first
equations

(a34)®G33
[(@3)® +(a5)©(135)]

(a32)®G33
[(@32) @ +(a5r) O (155)]  *

632 = 634 =

Definition and uniqueness of T3, :-

After hypothesis f(0) < 0, f() > 0 and the functions (a,")”’(Ts,) being increasing, it follows that
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there exists a unique T3, for which f(T3;) = 0. With this value , we obtain from the three first
equations

_ (az8)7)Gs,
[(a36) 7 +(azs) 7 (T37)]

_ (a36) 7637
[(@3e)P+(aze) D (137)]  °

636 G38

Definition and uniqueness of T;; :-

After hypothesis f(0) < 0, () > 0 and the functions (a/)®(T,,) being increasing, it follows that
there exists a unique T,; for which f(T;;) = 0. With this value , we obtain from the three first
equations

— (as2)®64q
[(@h)®+(af)®(144)]

(040)®6aq
[(a40)®+@f)®(1i1)]

Gy =

Gaz

Definition and uniqueness of T, :-

After hypothesis f(0) < 0, f(c0) > 0 and the functions (a))®(T,s) being increasing, it follows that
there exists a unique T,z for which f(T,s) = 0. With this value , we obtain from the three first
equations

— (a46)@Gys
[(@he) P +(alls)O(TS5)]

(a44) @645
[((@h)D+@fp@(1is)]

Gys = Gus

By the same argument, the equations admit solutions G;3, G4 if
9(6) = (bi3) P (b1)™® — (by13) P (b)) ~

[(B1)P (b1 P (6) + (b1) P (b15) P (@] +(bi5) P (G (1) P (6) = 0

Where in G(G;3, G4, Gys), G153, Gi5 must be replaced by their values from 96. It is easy to see that @ is a
decreasing function in G, taking into account the hypothesis ¢(0) > 0, ¢ (o) < 0 it follows that
there exists a unique G, such that ¢(G*) =0

By the same argument, the equations admit solutions G, Gy if

©(Gyo) = (bis)(z)(bb)(z) - (b16)(2)(b17)(2) -
[(b16) P (b15) P (G19) + (b17) P (b16) P (G19)]+(b16) P (G10) (b15) P (Gyo) = 0

Where in (G19) (G4, G17, G15), G16, G1g must be replaced by their values from 96. It is easy to see that ¢
is a decreasing function in G,, taking into account the hypothesis ¢@(0) > 0, ¢(o) < 0 it follows that
there exists a unique Gj, such that @((G9)*) =0

By the same argument, the equations admit solutions G,, G, if

(Gy3) = (béo)(3)(b§1)(3) - (bzo)(3)(b21)(3) -

203

501

501

502

503

504

505
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[(520)® (B31)P (G23) + (b21)® (b56) P (G23)]+(b50) P (G23) (b51) P (G23) = 0

Where in G,3(G,q, G121, G22), G20, G, must be replaced by their values from 96. It is easy to see that ¢ is
a decreasing function in G,, taking into account the hypothesis ¢(0) > 0, @(c0) < 0 it follows that
there exists a unique G, such that ¢((G,3)*) =0

By the same argument, the equations admit solutions G,,, G5 if 506

p(Gyy) = (bé4)(4)(bés)(4) - (b24)(4)(b25)(4) -
[(bé4)(4) (b35) M (Go7) + (bés)(‘*)(bé"l)(‘*)(Gn)]+(b2”4)(4)(627)(b§’5)(4) (G27) =0

Where in (G37) (G4, G2s, G26), G124, G2 must be replaced by their values from 96. It is easy to see that ¢
is a decreasing function in G,z taking into account the hypothesis ¢(0) > 0, ¢(c0) < 0 it follows that
there exists a unique G;s such that ¢((G,,)*) =0

By the same argument, the equations admit solutions G,g, G, if 507
9(Gs1) = (035) (39) = (b25)® (b29)® —

[(b26)® (b29) P (G31) + (b20)® (b28) ™ (G31)|+(b5s) P (G31) (b35) P (G31) = 0

Where in (G31)(G,g, G29, G30), G235, G3o must be replaced by their values from 96. It is easy to see that ¢
is a decreasing function in G,4 taking into account the hypothesis ¢(0) > 0, ¢ () < 0 it follows that
there exists a unique G;q such that ¢((G3;)™) =0

By the same argument, the equations admit solutions G3,, G5 if 508
9(Gs5) = (b32) @ (b33)© — (b32)© (b33)© —

[(632) @ (35) @ (G35) + (b33) @ (b52) @ (G35)]+(b52) @ (G35) (b55) @ (Gss) = 0

Where in (G35)(G3,, G33, G34), G35, G5, must be replaced by their values from 96. It is easy to see that ¢
is a decreasing function in G35 taking into account the hypothesis @(0) > 0, ¢ (o) < 0 it follows that
there exists a unique G3; such that ¢(G35™) =0

By the same argument, the equations admit solutions Gsg, G3 if 509
¢(G3q) = (bés)(7)(b§7)(7) - (b36)(7)(b37)(7) -
[(B36) 7 (b57) 7 (G30) + (b37) 7 (b56) 7 (G39) ]+ (b36) 7 (G30) (b57) 7 (G39) = 0

Where in (G39)(G3g, G37, G3g), G, G3g must be replaced by their values from 96. It is easy to see that ¢
is a decreasing function in G, taking into account the hypothesis ¢@(0) > 0, (o) < 0 it follows that
there exists a unique G3, such that ¢(G;4™) = 0

By the same argument, the equations admit solutions G, G4 if 510
9(Gaz) = (b30)® (031)® = (b40)® (b41)® —
[(P20)® (B31)® (Gaz) + (031)® (b36)® (Gaz) |+ (040) P (Gas) (b)) ® (Ga3) = 0

Where in (G43)(Gag, Ga1, Ga2), Gag, G4 must be replaced by their values from 96. It is easy to see that ¢
is a decreasing function in G,; taking into account the hypothesis ¢@(0) > 0, (o) < 0 it follows that
there exists a unique G;; such that ¢(G,3") =0
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By the same argument, the equations 92,93 admit solutions G,4, G4 if
9 (Ga7) = (032) (035)P = (b4a)® (bas)® —

[(2)® (B35) (Gar) + (bis) @ (b)) (Gar) |+ (Bia) P (Ga7) (b35)* (Ga7) = O

Where in (G,7)(Gy4, Gas, Gag), Gas, G4 must be replaced by their values from 96. It is easy to see that ¢
is a decreasing function in G,5 taking into account the hypothesis ¢(0) > 0, () < 0 it follows that
there exists a unique G, such that ((G,;)*) =0

Finally we obtain the unique solution 511

G1, given by @(G*) = 0, Ty, given by f(T;,) = 0 and

G = (a13)V63, G = (a15)V65,

137 [l @+@n®(rs,)] 7 T T (@)D +@is) D (11y)]
T = (b13) D17, T = (b15) 1],

B o1 W-01W@n] T 01 W-019 M (6]

Obviously, these values represent an equilibrium solution

Finally we obtain the unique solution

Gi; given by @((G19)*) = 0, T} given by f(T;) = 0 and 512
Gt = (16) P61, G = (a19)?Gy, 513
107 @ @+@f@(11)] 7 18 [l @+l @(11,)]

T = (b1) 7Y, T = (b1g) 1Y, 514
16 7 0@ -0 @(6100] BT [0l @ -0 @ ((610)9)]

Obviously, these values represent an equilibrium solution
Finally we obtain the unique solution 515

G5, given by ¢((G,3)*) = 0, T, given by f(T5;) = 0 and

Gr = (a20)®63, G, = (a22)®63,
20 7 (@50 @+(@h)®(131)] T T2 T [(@h)®+(a) B (T5)]
TZ*O _ (b20)®T5, Ty, = (b22)®15,

0303 -05) P (6237)] T 0@ -3 (6230
Obviously, these values represent an equilibrium solution of global equations
Finally we obtain the unique solution 516

G,s given by ¢(G,;) = 0, T;s given by f(T;s) = 0 and

(aze)™® Gs
[(a}e)®+(ahe) @ (T55)]

(a20)W635

Gl =
24 ™ [(ah)@+(ahy)@(155)]

* —
) GZG_
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(b26)(4)T2*5 517
[(036) W= (b36) P ((G27)")]

(b2) T
[(B2) W =13 D ((G27))]

T2*4 = ’ T2*6 =
Obviously, these values represent an equilibrium solution of global equations

Finally we obtain the unique solution 518

G3o given by ¢((G31)") = 0, T; given by f(T55) = 0 and

Gt = (a26)®639 Gt = (a30)®639
28 7 [(ahe)®+(@ahp)®(155)] 1 T30 [(aho) B +(atp) P (T5)]

Tr = (bzs)(S)Tz*q T = (b30)(5)T2*9 519
28 T [(bse) O -0s) P ((G3)M] 7 T30 T [0ho) D -5 (6]

Obviously, these values represent an equilibrium solution of global equations
Finally we obtain the unique solution 520

G35 given by ¢((G35)*) = 0, T35 given by f(T55) = 0 and

Gr = (a32)® Gy G:, = (a34)® G35
327 (@) ©+@f©(15)] 1 3T [(ah)©+(ah)© (T55)]
T, = (b32) 9155 Ty, = (b34) 9155 521

T 052 © -5 ((635)7)] [(03)©) =3 (G35)")]
Obviously, these values represent an equilibrium solution of global equations

Finally we obtain the unique solution 522
G37 given by ¢((G39)*) = 0, T5; given by f(T5;) = 0 and

Gi = (a36)7)63; Gt = (a38) 763,
36 7 [(a5) V(@) P(13,)] T 38 T [(ahe) D+ (aky) D (T3)]

Tr = (b36) 713, Tr = (b3e) T3,
36 T (030 V-3 P ((G30)0] " 3BT i) V- 03) P (G39))]
Finally we obtain the unique solution 523

G, given by ¢((G,3)*) = 0, T, given by f(T,;) = 0 and

Gr = (1140)(8)521 Gr = (a42)(8)621
10 [(ah)®+@h)®(1y,)] T T T [(ah)®+(aiy)®(15y)]

(b40)(8)711 T = (b42)(8)T$1
(BB - B ((642))] 42 7 [bh)® - ® (6a3)")]

*
T40_

Finally we obtain the unique solution of 89 to 99 523
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G5 given by ¢((Gy47)") = 0, Tys given by f(T;5) = 0 and

Gr. = (a44)@Gis Gr. = (a46)Gis
T [(@h)D+@fO(14)] T T T [(ahe) @+ (@) O(155)]

(b44)(9)Ti5 Tr = (b46)(9)T4*5
(B2 O -By@((Ga))] 7 T4 T [bhe)D-(bE O (Gan)?)]

* —_—
T44 -

ASYMPTOTIC STABILITY ANALYSIS

Theorem 4: If the conditions of the previous theorem are satisfied and if the functions
(@H® and (b)) Belong to CY( R,) then the above equilibrium point is asymptotically stable.

Proof:_Denote
Definition of G;, T; :-
GLZG,_*‘l'G,_ ,TizTi*+Ti

(bH ™
a

@y ® o o)) £ —
OTia (T{y) = (q14) , G (¢")= Sij

Then taking into account equations and neglecting the terms of power 2, we obtain

dG / *
713 = —((@1)® + (1) V) Gy3 + (a13) PGy — (913) V63T
4G , *
714 = _((a14)(1) + (P14)(1))G14 + (a14)(1)G13 - (CI14)(1)614T14
dG / *
715 = —((als)(l) + (pls)(l))@us + (a15) PGy — (415) VG5 Toy
ar , *
d;3 = —((b1)® = (1) D) T3 + (by3) DTy, + 2i213(sas(TisGy)
ar , *
Tt = (1) — () ) Tag + br) OTs + T (500 TG
ar , *
15 = —((bi5)® = (i) V) Tas + (b1s) VTry + TJ213(sa5)) T15G;)

ASYMPTOTIC STABILITY ANALYSIS

Theorem 4: If the conditions of the previous theorem are satisfied and if the functions
@)@ and (b})® Belong to C?( R,) then the above equilibrium point is asymptotically stable

Proof: Denote
Definition of G;, T; :-

Gl=G:+Gl 'Ti=Ti*+Ti

207
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526
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528
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530

531

532



International Journal of Scientific and Research Publications, Volume 3, Issue 9, September 2013
ISSN 2250-3153

ob{H®

F) 115(2) N N
T M) = @), 0= ((619)") = s

0T

taking into account equations and neglecting the terms of power 2, we obtain

dG ’ 1
dis = _((a16)(2) + (pm)(z))(c’le + (a16)(2)G17 - (Q16)(2)G16T17
dG ’ 1
— = (@)@ + @17)?)Gy7 + (a17) PGy — (417)PGi; Ty
dG ’ 1
dig = _((als)(z) + (pls)(Z))GIB + (als)(z)Gn - (Q18)(2)G18T17
dT 1 Y
2= —((b1e)® = (1) P)T16 + (b10) P Ty; + Tj216(506)) TisG;)
dT 1 X
—==~(BiDP = (1) P)Ty7 + (b17) P T + Zj16(s07 () Ti7G;)
dT ’ Y
ot = —((b1)® = (r1g) @) T1g + (b1g) PTy7 + 21216(518)() Tia Gy)

ASYMPTOTIC STABILITY ANALYSIS

Theorem 4: If the conditions of the previous theorem are satisfied and if the functions
(@!)® and (b}")® Belong to C®( R,) then the above equilibrium point is asymptotically stable.

Proof: Denote

Definition of G;, T; :-
GI.=GI,*+GL lTi=Ti*+Ti

a{H®
an

3@yD® e N
T (T3) = (@20 ((Gz5)") = sy

Then taking into account equations and neglecting the terms of power 2, we obtain

dG , X

d:O = _((azo)(g) + (on)(s))Gzo + (azo)(3)G21 - (qZO)(3)GZOT21
dG , X
_dtzl = —((a21)(3) + (p21)(3))((}21 + (a21)® Gy — (421631 Toy
dG , X

d:Z = _((azz)(g) + (Pzz)(s))Gzz + (azz)(3)G21 - (Q22)(3)622T21
dT , .
—djo = _((bzo)(3) - (7'20)(3))T20 + (bzo)(3)T21 + Zfizo(s(zo)(j)TzoGj)
dT , X
_d:1 = _((b21)(3) - (T21)(3))T21 + (b21)(3)T20 + Z?izo(s(m)(}')TmGj)
dT , X
_d:2 = _((bzz)(3) - (Tzz)(3))T22 + (bzz)(3)T21 + Z?izo(s(zz)(j)Tzsz)

ASYMPTOTIC STABILITY ANALYSIS

Theorem 4: If the conditions of the previous theorem are satisfied and if the functions
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(@)™ and (b])® Belong to C™( R,) then the above equilibrium point is asymptotically stable.

Proof: Denote
Definition of G;, T; :-
GLZGL*'FGL ,TizTi*+Ti

3(b )

a(“zs) L(13) = @)@, 220% (6,07 ) = s,

Then taking into account equations and neglecting the terms of power 2, we obtain

dG , 3
—d:4 = —((a24)(4) + (p24)(4))(Gz4 + (a24,)(4)(GZS - (q24—)(4)624’T25
aG i >
T —((@35)® + (P25) ) G5 + (a25) PGz — (G25) G35 Ts
aG i >
T —((@26)™ + (026)™)Gz6 + (26) PG5 — (G26) P G36Ts
dT ) )
T ~((24)® = (120)®) Ta4 + (b24) P Tos + X354 (5 2y T24G))
aT ' )
d:‘” = —((35)™® = (r25) @) T25 + (by5) T2 + 22854(525) () Tos Gy)
aT ’ )
26 = —((b36)™® — (r26)®)T26 + (b26) VT2 + X324 (5260 T36G))

ASYMPTOTIC STABILITY ANALYSIS

Theorem 5: If the conditions of the previous theorem are satisfied and if the functions

(a)® and (b]")® Belong to C®( R,) then the above equilibrium point is asymptotically stable.

Proof: Denote
Definition of G;, T; :-
Gl:G;‘FGl 'Ti:Ti*+Ti

a(b )( )

0(029) (T35) = (ng)(s) , ———((G31)") = Sij

Then taking into account equations and neglecting the terms of power 2, we obtain

dGyg

a _((aés)(s) + (pzs)(s))st + (a28) ¥ Gp9 — (qZB)(S)G;8T29

dGyg

ax —((@29)® + (026)®) Gz9 + (a20) PG5 — (420) G35 T 9

dGsg

& _((aéo)(s) + (p30)(5))G30 + (a30)(5)G29 - (Q30)(5)G;0T29

dT,g

a _((béa)(s) - (Tzs)(s))Tzs + (bzs)(S)ng + 213228(5(28)(j)T;8(Gj)
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dT , *

d:9 = _((b29)(5) - (r29)(5))T29 + (b29)(5)T28 + 2?228(5(29)(1')7129@?)
dT , *

d:(] = —((b30)(5) - (r30)(5))'11‘30 + (b30)(5)T29 + 2?228(5(30)(1')7130@?)

ASYMPTOTIC STABILITY ANALYSIS

Theorem 6: If the conditions of the previous theorem are satisfied and if the functions
(a@)® and (b}")® Belong to C®( R,) then the above equilibrium point is asymptotically stable.

Proof: Denote
Definition of G;, T; :-
GlzG:+Gl ,TizTi*+Ti

a(agy)®
0T33

9(b;)®
an

(T33) = (%3)(6) ) ((G35)") = sy

Then taking into account equations and neglecting the terms of power 2, we obtain

dG ' + - G3,T
dt32 = (((132)(6) + (Psz)(ﬁ))Gsz (a32)(6)G33 (Q32)(6) 321433
dG ' + - G33T
dt33 = ((a33)(6) + (Pss)(ﬁ))Gss (a33)(6)G32 (Q33)(6) 33433
dG ' Gy + G35 — G34T
—d:4 = —((a34)(6) + (p34)(6)) 34 (a34)(6) 33 (CI34)(6) 34133

dT , .
732 = _((b32)(6) - (7‘32)(6))T3Z + (b3y) ©OT53 + 213:32(5(32)(;')7132@;')

dT , .
733 = _((b33)(6) - (r33)(6))T33 + (b33)©Ts, + 25132(5(33)(;')7133([5;')
dT34

" —((B5)© = (r34) @) T34 + (b34) @ T35 + Y30 (seay ) TiaG))

ASYMPTOTIC STABILITY ANALYSIS

Theorem 7: If the conditions of the previous theorem are satisfied and if the functions

(@) and (b]")” Belong to C”( R,) then the above equilibrium point is asymptotically stable.
Proof: Denote
Definition of G;, T; :-

G,=G'+G, ,T,=T +T,

a(ain”
0Tz,

aH?
an

(T37) = (gs)7 ((G39)**) = Sij

Then taking into account equations and neglecting the terms of power 2, we obtain from
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dG , X

736 = _((a36)(7) + (Pss)m)G% + (a36)(7)G37 - (q36)(7)636T37

dG , X

737 = —((a37)(7) + (P37)(7))G37 + (a37)(7)G36 - (Q37)(7)G37T37

dG , X

738 = _((a38)(7) + (Pss)(7))G38 + (a38)(7)G37 - (q38)(7)638T37

dT , X
d_:e = _((b36)(7) - (7'36)(7))T3G + (b36)(7)T37 + 2?236(5(36)(1')7136@])
dT , X
d_:7 = _((b37)(7) - (r37)(7))T37 + (b37)(7)T36 + 2?236(5(37)(1')7137@])
aT , X
733 = _((bss)m - (r38)(7))T38 + (bss)(7)T37 + 2?236(5(38)(j)T38Gj)

Obviously, these values represent an equilibrium solution

ASYMPTOTIC STABILITY ANALYSIS

Theorem 8: If the conditions of the previous theorem are satisfied and if the functions
(a!)® and (b}")® Belong to C®( R,) then the above equilibrium point is asymptotically stable.

Proof: Denote
Definition of G;, T; :-
GI.=GI,*+(GL 'Ti=Ti*+Ti

a@N® . a{H®
647;(7141) = (CI41)(8) ,

2¢, ((Ga3)™) =535

Then taking into account equations and neglecting the terms of power 2, we obtain

dG , X

740 = _((‘140)(8) + (P40)(8))G40 + (a40)(8)G41 - (Q40)(8)G40T41

dG , X

741 = _((‘141)(8) + (P41)(8))G41 + (a41)(8)(G'40 - (Q41)(8)G41T41

dG , X

742 = _((‘142)(8) + (P42)(8))G42 + (a42)(8)(G'41 - (Q42)(8)G42T41

dT , X
d_;“] = _((b40)(8) - (T40)(8))T40 + (b4o)(8)T41 + 2?340(5(40)(}')7140(@)
dT , .
d—:l = _((b41)(8) - (r41)(8))T41 + (b41)(8)T40 + 2?340(5(41)(;')7'41@»
dT , X
d_:z = _((b42)(8) - (T42)(8))T42 + (b42)(8)T41 + 2?340(5(42)(}')7142(@)

ASYMPTOTIC STABILITY ANALYSIS
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Theorem 9: If the conditions of the previous theorem are satisfied and if the functions
(@) and (b]")® Belong to C®( R,) then the above equilibrium point is asymptotically stable.
Proof: Denote

Definition of G;, T; :-
GLZGL*‘F(GL 'TiZTi*-l_Ti

N

E) 11 1(9) . N
S (1) = (@) 0= (Gr)) = sy

Then taking into account equations 89 to 99 and neglecting the terms of power 2, we obtain from 99 to
44

dG , X

744 = —((a44)(9) + (P44)(9))G44 + (a4)@Gys — (1)@ G54 Tys ]5386

dG , N

745 = —((a45)(9) + (P45)(9))G45 + (a45)(9)G44 - (Q45)(9)G45T45 286

dG , N

746 = _((a%)(g) + (p4-6)(9))G46 + (a46)(9)G45 - (q46)(9)G4—6T45 ]5)86

dT , X

d_;H = _((b44)(9) - (r44)(9))']I‘44 + (b44)(9)T45 + 2?244(5(44)0)T44Gj) 286

dT , X

745 = _((b45)(9) - (r45)(9))']I‘45 + (b4s)(9)T44 + 2?244(5(45)(j)T4SGj) 15:86

dT , X

746 = _((b%)(g) - (r46)(9))T46 + (b46)(9)T45 + 2?244(5(46)(j)T4ﬁGj) 286
The characteristic equation of this system is 587

(DD + i) = (DD + (@)D + (pis)®)

(WD + @)D + 1)) @) D61s + (@) V(@)D )|

(DD + BiD = (10D )s0a,a0Tis +b1a) Vsan anTi)

+ (DD + (@)D + @) D) @) V615 + (1) D (1) D61

(WD + BiD = (1)D)saa,09Tis + Bra) Vsan anTis)

(D) + (@)@ + (@) + 1) + (1)) WD)

(WD) + (BiD + Bi)D = (10D + (1) P) DD

+ (WD) + ((@)® + (@)D + @)@ + P)D) WD) (925) D61
HDD + (@) + @13)®) ((019) P (@) P 65a + (010D (@15)P(925)V613)

(((/1)(1) + (bia)(l) - (7'13)(1))5(14),(15)Tf4 +(b14)(1)5(13),(15)Tf3)} =0
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4
(DP + (bi)® = ()H(DP + (@)? + (P10)?)
(W@ + (@)@ + (1) @) @)D, + (@17) P (016?616 |
(W@ + (i@ = (n)®)san,anTir +bir)Dsae,anTir)
+ (DD + @)@ + 0:17)P) (016)PGi6 + (0160)P (017)P G )
(W@ + (bi)® = (n)®)sanae s + (b1)Psae,aeTs)
(WD) +((@a)® + (@)@ + P10)® + (:1)?P) WD)
(WD) + (Bi)® + BN = (0P + (13,)P) NP
+ (WD) + (@) + @) + PP + P1:)P) WD) (426) PGy
+H(DP + (@10)@ + P160)?) (@10) P (@) P61 + (a17)P (a10)® (016) PG
(D2 + Bi)® ~ 1) @)sun,an Ty +(17) Psae,anTis)} = 0
.
(DD + (03)® = E)ON(DD + (@)@ + (P2)®)
(WD + (@)@ + P20)®) (@)D 631 + (@)D (020)D630 )|
(DD + B30 = (20)P)snenTs1 +B2) D500 T51)
+ (DD + (@) + (21)®) (020 PG50 + (220)P (421) V631 )
(DD + B2 = C20)P)s@n ol + B20Ds60 00 T0)
(W) + (@)@ + @) + P20)® + 02)P) DD)
(W) + (h2)® + B3P = ()P + (2:)®) WD)
+ (WD) + (@)D + (@)D + P20)® + 02)P) DD) (422) D6
+(DD + (@)@ + 20)) ((a2)P (@20) D651 + (@207 (022)P (420)P G30)

(((A)(S) + (béo)m - (Tzo)(3))5(21),(22)T;1 +(b21)(3)5(20),(22)T;0)} =0

+

213
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(DD + (b)® = (2 DN(D® + (25 ® + (P26)®)
(D@ + (@)@ + P20) @) (25) D635 + (a25) P (024)63, )|
(DD + B3P = ) P)s25),09)T55 +b25) Psa,05)T5s)
+ (D@ + (@)@ + (P25)®) (@2) PG54 + (020)® (425) G35
(DD + B3P = ) P)s@s)eaT5s + b2) Vs 20 Ts)
(@) + (@)@ + (@)@ + P2)® + (25)®) DP)
(WD) + ()@ + (b3)® = (20D + (126)®) WP)
+((W®) + (@)@ + (@)@ + ©20P + P25)®) WD) (426)P 626
+(DD + (@) + P2)®) ((a26) P (025) PG5 + (@25)® (026)® (424) P G3)
(D + B30® = 10502500 T35 +b25) V5,26 T34} = 0
.
(DD + (b3)® = F3) N (D® + (25 + (P30)®)
(DS + (@) + 126)) (426) G35 + (a26)(420) G35 )|
(((/1)(5) + (b36)® — (126))5(29),29) To +(b29)(5)s(23)_(29)T2*9)
+ (DS + (@) + (26) ) (A20) PG5 + (226 (426) G35 )
(((/1)(5) + (b26)® = (126)®)5(29),28) T30 + (b29)(5)5(28).(28)T58)
(WD) + (@)® + @) + P2e)® + 20)®) D)
(D) + (5) + (b3)® = (120)® + (129)®) (D)
+ (D) + (@) + (@) + P26)® + 229)®) DD) (430) 630
+(DD + (@)@ + 2)®) ((a20) P (020) VG35 + (229)® (230) P (q26) ) G3)

(((A)(S) + (bés)(s) - (Tzs)(s))5(29),(30)T;9 +(b29)(5)5(28),(30)T2*8)} =0

+
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(DO + (3@ = )W + (25)©@ + (P:)®)

(DO + (@)@ + 32)©)(033) @635 + (235) @ (0:2)©63, )|

(D + 50 = (52) @533, T35 +bs3) V532,95

+ (D + (@5 + (33)©) (432) @63 + (a52)® (452)©635)

(WO + (B3)© = (13)@) 533,62 T5s + (b33) @5 (32,3 T52)

(W) + (@)@ + (@)@ + P:)@ + (3)@) D)

(@) + (B5)@ + (b)©@ = (5@ + (15)@) W©)

+((W©) + (@)@ + (@5)@ + P:)@ + P3)@) D) (:6)© G
+((D@ + (@)@ + (13)@) (@30 (053) OG5 + (235) (25)© (432) @ 63)
((W© + B3 = (13))s @0 Tis +b33) O562,60T5 )} = 0

,

(P + (bi)? = (3) (DD + (@5)? + (p3)7)

(DD + (@) ? + 36) ) (@37) V637 + (a37) P (056) 7636 )|

(DD + B3 = (30 ?)s@renTir +b3) V56,67 T37)

+ (DD + (@D D + (27)7) (@36) VG36 + (a36) 7 (457) 7635 )

(((/1)(7) + (b36) 7 — (136) ) s 37,36 Ta7 + (b37)(7)5(36).(36)756)

(@) + (@) + @D + 3e)” + (3)?) WD)

(D) + (57 + B3)? = (15)? + (5)T) W)

+ (D) + (@) ? + (@5)? + 0307 + (037)7) D7) (456)7 G
+(DP + (@30)? + (36)7) ((a36) (@57 VG55 + (@37) 7 (a30) 7 (436) 7 G36)

(((A)m + (bée)m - (r36)(7))5(37),(38)T;7 +(b37)(7)s(36),(38)T;6)} =0
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(D@ + ;)@ = EDOH(D® + (@)@ + () ®)
(D@ + @) ® + Pa0)®) (@) @61 + (2P (040) 650 )|
(DD + Bi)® = (120)@ st anTis +ba) Psaor o T )
+ (DD + (@)@ + P4)®) (@20) PG + (a10)® (44) 651 )
(DD + Bi)® = T2 @ )50 Tir + Ba) @0y w0 Tio)
(W) + (@)@ + (@)@ + Pa)® + Pa)®) D®)
(W®) + (Bi)® + i) ® = ()@ + (12)®) D)
+((W®) + (@)@ + (@)@ + P2)® + P4)®) DD) (042) 6
+H(D® + (@)@ + Pa0)®) ((@22)® (@4 6y + (20 (@42) @ (020) 65
(DD + Bi)® = (120) @) sy 42 Tin +(Ba2) 5 a00,42)Tio )} = 0
,
(D + (B3)® = T OW(DD + (@) + (Pae)®)
(DD + @) + G) @) (45) s + (045)® (040) G )|
(DO + B1)® = (4) )5 a5),45)Tis +(as) S (e a)Tis )
+ (D@ + @) + Pa5)) (04) VG + (24) P (045) G )
(DD + Bi)® = @) P)sus) @ Tis + (bas)Sany 4 Tia)
(W) + (@) + @)@ + Pa)® + Pas)®) W)
(D) + (i@ + Bi)® = ()@ + (1)) D)
+ (D) + (@) + @)@ + @a)® + Pas)®) D) (446) G
(D + (@)@ + Ba)®) (@046) P (@45)6is + (35)® (046) (020)*Gi)

(((A)(g) + (bzlm)(g) - (7”44)(9))5(45),(46)71;5 +(b45)(9)5(44),(46)T:4)} =0

And as one sees, all the coefficients are positive. It follows that all the roots have negative real part, and

this proves the theorem.
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