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Abstract

This paper investigate a queueing model where in customers arrive in batches
according to compound Poisson process with rate A and are served one by one in FIFO
basis. All incoming customers demand the first ’essential’ service wherein only some of
them demand the second ’optional’ service. The service times of both essential and optional
services follow arbitrary(general)distribution with different vacation policies. In addition to
this, due to the annoyance of seeing long queue in the system the customer may decide not
to join the queue, called balking. Such a customer behavior is considered in both busy time
and vacation time of the system. For this model, We obtain the time dependent solution
and the corresponding steady state solutions. Also, we derive the performance measures,
the mean queue size and the average waiting time explicitly.
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1.Introduction

In queueing theory literature,the research study on queueing systems with server
vacation has become an indispensable and interesting area . The utilization of idle time for
doing some kind of secondary jobs is concerned with server vacation. Due to its significant
impact in real situations, vacation queueing models has been modeled effectively in vari-
ous situations such as production, banking service, communication systems, and computer
networks etc. Many authors paid their interest in studying queueing models with various
vacation policies including single and multiple vacation policies. Batch arrival queue with
server vacations was investigated by Yechiali(1975). An excellent comprehensive studies
on vacation models can be found in Takagi(1990) and Doshi(1986)research papers. One of
the classical vacation model in queueing literature is Bernoulli scheduled server vacation.
Keilson and Servi(1987) introduced and studied vacation scheme with Bernoulli schedule
discipline. Madan(2001) discussed many queueing models with Bernoulli scheduled server
vacation vacation. Baba(1986) employed the supplementary variable technique for deriving
the transform solutions of waiting time for batch arrival with vacations.
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The research study of Queueing models with second optional service has a prominent
place in queueing theory. The server performs first essential service to all arriving customers
and after completing the first essential service, second optional service will be provided to
some customers those who demand a second optional service. Madan(2000) has first in-
troduced the concept of second optional service of an M/G/1 queueing system in which he
has analyzed the time-dependent as well as the steady state behavior of the model by using
supplementary variable technique. Medhi(2001)proposed an M/G/1 queueing model with
second optional channel who developed the explicit expressions for the mean queue length
and mean waiting time. Later Madhan(2002) studied second optional service by incorporat-
ing Bernoulli schedule server vacations. Gaudham Choudhury(2003) analyzed some aspects
of M/G/1 queueing system with second optional service and obtained the steady state queue
size distribution at the stationary point of time for general second optional service. A batch
arrival with two phase service model with re-service for each phase of the service has been
analyzed by Madan et al.(2004). Wang (2004) studied an M/G/1 queueing system with
second optional service and server breakdowns based on supplementary variable technique.
Kalyanaraman et al.(2008) studied additional optional batch service with vacation for single
server queue.

In many real life situations, the arriving customers may be discouraged due to long queue,
and decide not to join the queue and leave the system at once.This behavior of customers
is referred as balking. Sometimes customers get impatient after joining the queue and leave
the system without getting service. This behavior of customer recognizes as reneging.In
the last few years, we see studies on queues with balking and reneging gaining significant
importance.Queuing system with impatient customers is a familiar phenomenon we come
across in many real life situations. Customers may be discouraged to join a queue due to
long waiting time or service times or for other constraints and may leave the queue without
joining and this is known as balking. We see applications of queue with balking in emer-
gency services in hospitals dealing serious patients, communication systems, production and
inventory system and many more. A queue with balking was initially studied by Haight
(1957). Since then, extensive amount of work has been done on queuing systems related
to impatient customers. Queues with balking has been studied by authors like Altman and
Yechiali (2006), Ancker et al. (1963), Choudhury and Medhi (2011), in the last few years.

In this paper we consider queueing system such that the customers are arriving in batches
according to Poisson stream. The server provides a first essential service to all incoming
customers and a second optional service will be provided to only some of them those who
demand it. Both the essential and optional service times are assumed to follow general dis-
tribution. Upon completion of a service, the server may remain in the system to serve the
next customer (if any), with probability 3y or he may proceed on the k" vacation scheme
with probability Br(1 < k < M) and Zi\il = 1. The vacation times are also assumed to be
general whereas the repair time is exponentially distributed. Whenever the system meets a
break down, it enters in to a repair process and the customer whose service is interrupted
goes back to the head of the queue. Customers arrive in batches to the system and are
served on a first come-first served basis. Also assuming that the batch arrival units may
decide not to join the system (balks) by estimating the duration of waiting time for a service
to get completed or by witnessing the long length of the queue and considering the Bernoulli
vacation such that,the server may opt for vacation with probability p or with probability
1-p, remain stay back in the system to provide the service for the next customer.

The rest of the paper has been organized as follows: in section 2, the mathe-
matical description of our model has been found, in section 3, the transient solution of the
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system has been derived, in section 4, the steady state analysis has been discussed.

2. Mathematical description of the queueing model

To describe the required queueing model, we assume the following.

o Let A¢;dt;i = 1,2, 3, ... be the first order probability of arrival of 'i’ customers in batches
in the system during a short period of time(t,t-+dt) where 0 < ¢; < 1;3°°, = 1,A > 0 is
the mean arrival rate of batches.

o The single server provides the first essential service to all arriving customers. Let By (v)
and by (v) be the distribution function and the density function of the first service times
respectively.

o As soon as the first service of a customer is complete, the customer may opt for the
second service with probability r, in which case his second service will immediately com-
mence or else with probability 1-r he may opt to leave the system, in which case another
customer at the head of the queue (if any) is taken up for his first essential service. The
second service time is assumed to be general with the distribution function Bs(v) and the
density function ba(v).

o There is a single server which provides service following a general(arbitrary) distribution
with distribution function B;(v)and density function b(v). Let u,;(z)dz be the conditional
probability density function of service completionof i* service during the interval (x,x+dx]

given that the elapsed time is x, so that

pi(w) = 1= B.(z) (1)

and therefore

- ’ l(l‘) T
b(v) = (v)e J e @)

o As soon as a service is completed, the server may take a vacation of random length
with probability p or he may stay in the system providing service with probability (1-p).

o The vacation time of the server follows a general (arbitrary) distribution with distribu-
tion function V(s)and the density function v(s). Let vg(x) dx be the conditional probability
of a completion of a vacation during the interval (x,x+dx] given that the elapsed vacation
time is x so that

vg(z)
= ———— = 1 2 ...M
Vk(I) 1—Vk($),k ) 737 (3)
and therefore
—/ v (z)de
vg(s) = vg(s)e Jo ik=1,2,3,..M (4)

o We assume that (1 —a;)(0 < a; < 1) is the probability that an arriving customer balks
during the period when the server is busy and (1 — a2)(0 < ag < 1) is the probability that
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an arriving customer balks during the period when the server is on vacation.
o The customers are served according to the first come -first served queue discipline.

o Various stochastic processes involved in the queueing system are assumed to be inde-
pendent of each other.

3.Definitions and Equations governing the system

We let,

(i)Py(f)(:z:,t) = probability that at time 't’ the server is active providing i" service and
there are 'n’ (n > 1) customers in the queue including the one being served and the elapsed
service time for this customer is x. Consequently P (¢) denotes the probability that at time
't there are 'n’ customers in the queue excluding the one customer in i*" service irrespective
of the value of x.

(ii) -k )(x,t) = probability that at time ’t’, the server is on k" vacation with elapsed
vacation time x, and there are 'n’ (n > 0) customers waiting in the queue for service. Conse-

quently Vn(k) (t) denotes the probability that at time 't’ there are 'n’ customers in the queue
and the server is on k' vacation irrespective of the value of x.

(iii) Q(t)= probability that at time ’t’ there are no customers in the system and the server
is idle but available in the system .

Transient solution of the queueing model

The model is then, governed by the following set of differential-difference equations.

gtP,(ll)(:C t)+ %P,(Ll)(a:,t)—l—()\—i—ul(a:))P,(Ll)(m,t) = M1—a1)PWM (x, 1) —l—al)\ch (x,t); n>1
i=1
(5)
%Pf)(x,t)Jr%Pf)(x,t)+(>\+u2(:z:))P7(f)(z,t) = A(1—ay) P (x,t +a1/\ZC7P( ) (x,t); n>1
=1
(6)
%Vék)(m,t)+a£V7£k)(x,t)—i—()\—i—uk(sc))V(k)(:c t) = M1—ag) V¥ (¢ +a2)\ch :mt),n >1
T
5 5 (7)
5% @0+ Vo @ )+ (@) Vi (@, 0) = M1 —a) Vi (@, 0):k = 1,2,3,..M (8)

£Q(t) Bo{(lr) /OOO Pl(l)(:c,t)ul(x)da:+/ooo Pl(Q)(x,t),uQ(x)dm}

+Z/ VP (2, ) (2)dz — AQ(E) + M1 — a)Q(t)ik = 1,2,3, ..M (9)

The above equations are to be solved subject to the boundary conditions given below at
x=0
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P(I(Ot) ﬁo{l—r/ Pfli_lxtm da:+/ Pﬁ_lxtug( )dx}

(o)
+ Z/ V. (2, t)v(z)de + Xarc,Q(t); k= 1,2,3,..M;n > 1 (10)
PR =r [ POt (@)do ()
0

vﬁ%o,t):ﬁk{u—m / P (@, ) (2)da + / P,ii%(x,t)uz(x)dx};k:1,2,3,...M;nzo
0 0
(12)

Assuming there are no customers in the system initially so that the server is idle.
VI (0) = 0;V,(0) = 0;Q(0) = 1; Py (0) = 0,n = 1,2,3,..;k =1,2,3,..M  (13)

4.The time dependent solution
Generating functions of the queue length

Define Laplace transform

Fs) = / F(t)e="dt (14)
0
Taking Laplace transforms of equations (5) to (9)

%p,(f)(x, s) + (s + Xay + p1(x)) PV (2, 5) = alAZciprgi)i(x, s)n>1 (15)

i=1
%Pﬁz)(‘r, $) + (s 4+ Aay 4 p (2)) PP (2, 5) = ay A Z ciprg)i(x, sin>1 (16)

i=1
EV(]“) x,8)+(s+Aas+vg(x V.(F) T,8) = asA cif/(]i). z,s);k=1,2,3,..M;n>1 (17

8‘]: n n—
i=1

a%v(f’“) (z,5) + (5 + Aaz + (@) Vo™ (2, 8) = 0k = 1,2,3, ..M (18)

(s + Aa1)Q(s) = 1+ fio {(1 -0 [P+ [ Pf”u,s)uz(x)dx}

M o
+ Z/ ‘70(1@) (z,s)vg(x)de; k =1,2,3,..M (19)
k=170

for boundary conditions

pT(Ll)(O’ s) _ /\alch(S) + Bo {(1 — r)/o Pé_‘_)l(L s)lul(;p)dx + /OOO Pr(j-)l(z’ S)Mz(ﬂ:)dm}

Mo
+ Z/ V) (2, $)vp(2)de; k = 1,2,3, ..M (20)
k=170

P05 = [ PO (@, )y ()de (21)
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Vn(k)(o,s) = [k {(1 - 7")/ Pflﬁl(x,s)ul(x)dx —|—/ P,(LJr)l(x S)p g(x)dx} ik=1,2,3,.M
0

We define the probability generating functions .
P (x,2,t) = f: PP (x,t);0=1,2 (23)
n=0
P (z,t) Zz"P(’) i=1,2 (24)
V) (z,2,1) Zznv ) k=1,2,3,.. (25)
V) (z,t) = i VR () k=1,2,3,...M (26)
n=0
= i cnz" (27)
n=1

which are convergent inside the circle given by |z| < 1.

Now multiplying equation (15) and (16) by z" respectively and take summation over all
possible 'n’

%Pq(l)(z, 2,8) + (s + Aa1(1 — C(2)) + ,ul(as))Pq(l)(x, z,8) =0 (28)
883013( )(x,2,8) + (s + Ay (1 — C(2)) + pg(:c))lf’q@)(x, 2,8)=0 (29)

Multiplying equation (17) by 2™ and adding (18), we have
0 s _ 7 (k) 0k —
aqu (x,2,8) + (s + Aax(l — C(2)) +v(x)Vy (x,2,8) =0k =1,2,3,..M (30)

for the boundary conditions, multiplying (20) by appropriate powers of z and taking
summation over all possible values of 'n’

2P0, 2,8) = (Bo(1 —7) /OO POz, z, ) (2)dz + (1 — p) /Oo PO (2, 2, $)a(a)de
0 0

M 00
+Zz/0 VI (2,2, s)vp(z)de + (1 — sQ(s))z + Aarz(C(z) — 1)Q(s)  (31)
k=1

}5(;{2(072,3) = T/o Pél)(x,z,s)ul(x)dx (32)

Multiplying equation (22) by appropriate powers of z and taking summation over n’

qu(k)(O,z,s) = B {(1 -r) /000 P;l)(x,z,s)ul(x)dx + /0°° Pq(?)(:c,z,s)ug(x)dl‘} (33)
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solving equation (28), we get

Pq(l)(x’ 2,8) = pq(l)(07 z, 8)6*(S+a1>\(17C(z)))sz0 i (t)dt (34)
Similarly solving equation (29)and (30) respectively, we get

PO (z,2,5) = PO (0727S)e—(s+am(1—0(z>>>z—f0 pa (t)dt (35)

Vq(k) (,2,5) = ‘7(1(16)(07Z’8)67(5+a2)\(170(z)))sz0 vi (t)dt (36)

Again integrate equation (34)and (35) respectively, by parts with respect to x yields

B (2, 5) = PO)(0, 2, ) {1 -~ fﬁsa;c(zi)\_(lc—(;)')(z)))} (38)

where
Bl (S + a1>\(1 — C(Z))) = Aw e_(8+a1)\(1—C(z)))del (.’E) (39)
BQ(S + a1/\(1 — C(Z))) = /Ooo e—(5+a1k(1—C(z)))de2(x) (40)

are Laplace - Stieltjes transforms of first essential service time Bj(x) and second optional
service time Ba(x) respectively.

Again integrating equation (36) by parts with respect to x yields

Vi, e05) = V0,5, | L 020 2 L) (41)
where
Vi(s + a2A(1 — C(2))) = /O ) e (5aA1=CEN gy () (42)

is Laplace - Stieltjes transform of the k" vacation time Vj(x).
Now multiplying both sides of equation (34) by u(z) and integrating over x, we get
/0 I:’q(l)(x, z,8)p1(x)dx = ]5(1(1)(0, 2,8)B1(s + a1 A1 — C(2))) (43)

multiplying both sides of equation (35) by ua(x) and integrating over x, we get

/0 P (@, 2, 8)pz(x)dx = P?(0, 2,8)Ba(s + ar A1 — C(2))) (44)
Now multiplying both sides of equation (36) by vk (z) and integrating over x, we get
< ok ~ (k -
/ Vq( )(x, z, s)v(z)dx = Vq( )(0,2:, $)Vi(s + axA(1 — C(2))) (45)
0

Using (43),(44) and (45) in (31)
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2Py0(0,2,5) = [(1 — 5Q(5))2 + Aarz(C(2) — 1)Q(s)] + Bo(1 — r) PN (0, 2, 5)

Bi(s + aiA(1 — C(2))) + BoPS2(0, 2, 8)Ba(s + a1 M1 — C(2)))

M
+23 V0,2, 5)Vi(s + azA(1 — C(2))) (46)
k=1
Pq(2)(o, z,8) = rpq(l)(o, 2,8)B1(s + a1 A(1 — C(2))) (47)

Using (43) and (44) in (33)
2Vy(0,2,8) = 5,@5”(0, 2,8)B1(s + a1 A(1 — C(2)))[(1 = ) + rBa(s + a1 M(1 — C(2)))] (48)
Solving (46) we get

[(1 = 5Q(s))z + da12(C(z) = )Q(s)]
Dr

P10, 2,5) = (49)

where Dr is given by
Dr=z— {[60 + 0 BrVi(s + a2 (1 — C(2)))]

(1 —7)Bi(s + a1 A1 — C(2))) + rBi(s + a;A(1 — C(2)))Ba(s + ai A(1 — C’(z)))(}SO)

1 = 5Q(s))2 + Aa12(C(2) = DQ(s)]Bi(s + ar1A(1 = C(2)))
Dr

Pq@) 0,2z,8) =T I (51)

Using (49) in (48) we get

Brl(1 = sQ(s)) + Xa1(C(2) — DQ(I(L — 1) By (s + a1 A(1 = C(2))) + rB1(s + a1 AM(1 — C(2)))Ba(s + a1 A(1 — C(2)))

Vq(0, 2, 8) = —
(52)
Substituting (49) and (51) in (37) and (38) respectively.
_ [(1 = 5Q(5))z + Aar2(C(2) — 1)Q(s)] | L=Brletarl-C(2))
PV (z,5) = [ FaA1-C(2)) } (53)

Dr

(1= 5Q(5))2 + Aar2(C(2) = QN Ba(s +ar\(1 - O(2)) [FEalndcn]
Dr

_ _
Pq( )(z,8) =
(54)

Also sub equation (52) in equation (41)

1*Vk(5+a2>\(1*0(2)))]

BRI(sQ(s) — 1) + Aar(1 — CNRS]IA = ) By (s + ag A1 — C(2))) + rB1(s + a1 A(1 — C(2)) Ba(s + ag A1 — C(2)))] [ )

i (k) —
\% (z,8) =
q ”
L (55)

where Dr is given by in the above.

5.The Steady State Analysis
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In this section we shall derive the steady state probability distribution for our queueing
model. To define the steady state probabilities, suppress the argument’t’ where ever it ap-
pears in the time dependent analysis.

By using well known Tauberian property

Lty 05f(s) = Lt; oo f(t) (56)
1 — Bi(aiA(1 - C(2))]Q
P () = dl 1 57
7 (%) DE) (57)
! D(z)
* BM%)[(I — ) B1(a1A(l = C(2))) + rB1(a1A(1 = C(2)))B2(a1A(1 — C(2))]RQ[L — Vi (azX(1 — C(2)))]
Vg (2) = ) (59)
where D(z) is given by
M
z—[Bo + Z Bl Vi (agA(1 — C(2))](1 — r)By (a1 A(1 — C(2))) + rBy (a1 AX(1 — C(2)))Ba(a1 AX(1 — C(2))) (60)

k=1

Let W,(z) denotes the probability generating function of queue size irrespective of the
state of the system.

M
Wy(z) = P{V(2) + PP (2) + > VP (2 (61)

q
k=1

In order to find the unknown Q , using the normalizing condition

W,(1)+Q =1 (62)

w, (1) = 2 EDQIES) + r§£52> + Yty BeE(Vi)] (63)
M

dr =1—Xa1[E(S1) + rE(S2)] — Az Y BrE(Vi) (64)
k=1

0 = L AaEWES) + rE(Sh)] - MaxE() 1 E(Ve) (65)

L+ Aar — a2) E(1) XL, E(Vi)

p=1-Q (66)

where p < 1 is the stability condition under which the steady state exists, equation(65)
gives the probability that the server is idle. Substitute Q from equation(65) in equation
(61), Wy(2) have been completely and explicitly determined which is the the probability
generating function of the queue size

The Average Queue Size

Let L, denote the mean number of customers in the queue under the steady state, then
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L, = gTdZWq(Z) |z:1

N(z)
D(2)

since this formula gives 0/0 form, then we write Wy(z) =

where N(z) and D(z) are the numerator and denominator of the right hand side of equa-
tion (61) respectively, then we use

D'(HN"(1) — N'(1)D"(1)

b= 2D (1)?

where

M
N'(1) = Q a, E(I) {[E(s1 ) +rE(S)] + Y 5kE(Vk)} (68)
k=1

N (1)=Q {()\alE(I))Q[E(Sl)2 +71E(S2)?] + 2rE(S1)E(S2) + Zi\il BrE(Vi)E(S1) + rE(S2)

(AB(1)a1?[E(S?) +rE(S3)+rE(S1)E(S2)]+ (AE(I))az” Y4, B E(VR)

M
A E(I(I = 1))[E(S1) + TE(S2) + Y ﬁkE(Vk)]} (69)
k=1
, M
D'(1) = A1 E(I)[E(S1) + rE(S2)] + Aa2E(I) Y BLE(Vi) — 1 (70)
k=1

"

D (1) = Qan B2 [B(SD) + r(B(52)%)|
FAa1 B(I(I = 1)[E(S1) + rE(S2)] + Aaz B(I(I — 1)) Yok, BrE(V3)

+2(Aa1 E(1)*rE(S1)E(S2) AE()(a2)? Y3, BrE(VR)

M
+2)2a1a2(E(1)?)[E(S1) + rE(S2)] > BrE(Vi) (71)

k=1

where E(V?2) is the second moment of the vacation time and Q has been found in equa-
tion (65). Then if we substitute the values of N'(1), N (1), D’(1) and D" (1) from equations
(68), (69), (70) and (71) in to (67) equation we obtain L, in a closed form.

Mean waiting time of a customer could be found, as follows

by using Little’s formula.

Conclusion
This paper clearly analyzes the transient solution of batch arrival single server with second
optional service such that first essential service for all incoming customer where as few of
them require a second optional service and multi optional vacation. Also balking, a customer
impatience is discussed. This queueing model can be utilized in large scale manufacturing
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industries and communication networks.
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