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STANDARD MODEL: A MINIMALIST
PHENOMENOLOGICAL TEMPLATE
PART ONE

'DR K N PRASANNA KUMAR, PROF B S KIRANAGI AND *PROF C S BAGEWADI

ABSTRACT: We study a consolidated system of Standard model as we understand. In the first part of
the series, we consider all the possible interactions with the exception of Higgs Boson. In the next series
the Higgs bosom shall be included and corresponding properties studies. Model extensively expatiates,
enucleates, dilates upon systemic properties and analyses the systemic behavior of the equations together
with other concomitant properties. Inclusion of event and cause in the introduction, it is felt, the
“Quantum ness” of the system holistically and brings out relevance in the Quantum Computation on par
with the classical system, in so far as the analysis is concerned. Both Quantal Complementarity and
Cosmic Universality is aimed at as we did on an earlier paper on concatenation and consummation, and
consolidation of the four fundamental forces, Quantum Gravity, and perception on one side and Space-
Time-Mass-Energy Vacuum Energy and quantum Field on the other. Kind attention is also drawn to the
author’s Grand Unified Theory-A Predator Prey analysis, wherein an entirely different approach is
resorted to the formulation of the problem, and consummation of the solution.

INTRODUCTION:

A consolidated model is proposed delineating the essential predications, suspension neutrality, rational
representations and characteristics of the system:

(1) LEPTONS AND PHOTONS

(2) QUARKS AND W MESONS

(3) NEUTRINO AND DARK MATTER

(4) GLUONS AND ZMESONS (MEDIATED THROUGH QUARKS)

(5) GRAVITY AND ELECTROMAGNETIC FIELD

(6) HIGGS BOSON AND PARTICLES WITH MASS(IN THE EVNTUALITY OF THE
AUGMENTATION AND DETRITION COEFFICIENT IS ZERO,AS SOME TIMES WOULD
BE THE CASE, THE EQUATIONS GET SIMPLIFIED.

LEPTONS AND PHOTONS:

MODULE NUMBERED ONE

NOTATION :

G,3 : CATEGORY ONE OF LEPTONS
G4 : CATEGORY TWO OF LEPTONS
Gy5 : CATEGORY THREE OF LEPTONS
T3 : CATEGORY ONE OF PHOTONS

T,, : CATEGORY TWO OF PHOTONS
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T,5 :CATEGORY THREE OF PHOTONS

QUARKS AND W-MESONS:

MODULE NUMBERED TWO:

Gy6 : CATEGORY ONE OF QUARKS
G;, : CATEGORY TWO OF QUARKS
G5 : CATEGORY THREE OF QUARKS
T, :CATEGORY ONE OF W MESONS
Ty7 : CATEGORY TWO OF W-MESONS

T,g : CATEGORY THREE OF W-MESONS

NEUTRINO AND DARK MATTER:

MODULE NUMBERED THREE:

G,o : CATEGORY ONE OF NEUTRINOS
G,, :CATEGORY TWO OF NEUTRINOS
G,, : CATEGORY THREE OF NEUTRINOS

T,o : CATEGORY ONE OF DARK MATTER

T,; :CATEGORY TWO OF DARK MATTER(DARK MATTER CAN BE CLASSIFIED BASED ON
PHENOMENOLOGICAL MANIFESTATIONS AND THE CHARACTERISATION THEREOF OF

ITS PRESCENCE ,ALBEIT INVISIBLE)

T,, : CATEGORY THREE OF DARK MATTER

GLUONS AND Z ELEMENRATY PARTICLES(MEDIATED THROUGH QUARKYS)

: MODULE NUMBERED FOUR:

G,4 : CATEGORY ONE OF GLUONS
G,s : CATEGORY TWO OF GLUONS

G, : CATEGORY THREE OF GLUONS
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T,, :CATEGORY ONE OF Z ELEMENTARY PARTICLES(INTERACTIONS THROUGH
PHOTONS)

T,5 :CATEGORY TWO OF Z ELEMENTARY PARTICLES (INTERACTIONS THROUGH PHOTONS)

T,¢ : CATEGORY THREE OF Z ELEMENTARY PARTICLES

GRAVITY AND ELECTROMAGNETIC FORCE:

MODULE NUMBERED FIVE:

G,g : CATEGORY ONE OF GRAVITY

G,9 : CATEGORY TWO OF GRAVITY

G3o :CATEGORY THREE OF GRAVITY

T,s :CATEGORY ONE OF ELECTROMAGNETIC FORCE(FIELD)
T,9 :CATEGORY TWO OF ELECTROMAGNETIC FORCE FIELD

T30 :CATEGORY THREE OF ELECTROMAGNETIC FORCE FIELD

HIGGS BOSON AND PARTICLES WITH MASS :

MODULE NUMBERED SIX:

Gs, : CATEGORY ONE OF HIGGS BOSON
Gss : CATEGORY TWO OF HIGGS BOSON

Gs, : CATEGORY THREE OF HIGGS BOSON

Ty, : CATEGORY ONE OF PARTICLES WITH MASS
T, : CATEGORY TWO OF PARTICLES WITH MASS

T;, : CATEGORY THREE OF PARTICLESWITH MASS

(313)(1), (314)(1): (315)(1): (b13)(1): (b14)(1), (b15)(1) (316)(2)' (317)(2): (318)(2)
(b16)(2)’ (b17)(2), (b18)(2): (azo)(3): (321)(3): (azz)(3) ) (bzo)m' (b21)(3): (bzz)(3)
(324)(4)' (325)(4)' (326)(4)1 (b24)(4)» (bzs)(4)» (bze)(4)» (bzs)(s)' (b29)(5): (b30)(5),
(azs)(s), (329)(5), (330)(5). (332)(6); (333)(6), (334)(6); (b32)(6); (bss)(é); (b34)(6)

are Accentuation coefficients
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(3'13)(1), (3’14)(1), (3'15)(1)' (b'13)(1)' (b’14)(1)' (b’15)(1), (3'16)(2); (3’17)(2); (3’18)(2).
(b’m)(z)' (b’17)(2)' (b,18)(2) , (3’20)(3)' (3’21)(3)' (3’22)(3)‘ (blzo)(s)' (bél)(3)' (béz)(3)
(3'24)(4), (3’25)(4), (3’26)(4): (b’24)(4)' (blzs)m' (blze)(4)' (blzs)(s)' (b’29)(5); (béo)(s)
(alzs)(s), (3’29)(5), (3’30)(5) ) (3’32)(6), (3’33)(6)' (3'34)(6), (béz)(G)' (bés)(ﬁ), (b§4)(6)

are Dissipation coefficients

LEPTONS AND PHOTONS: 1

MODULE NUMBERED ONE

The differential system of this model is now (Module Numbered one)

21 = (a15) V64 — [(@1) D + @15)D (Ty, D] Gy 2
21 = (1) PGz — [(@1) D + @YD Ty, ] Gas 3
2L = (a15) PGy — [(@15) P + (@Y5) P (Ty, )]G 4
T2 = (b)) DTy, - [(bi)® = (bi5)V(G, )] Ty 5
T2t = (b, ) DTy — [(01)® = (bY)P (G, D] Ty, 6
TL = (b;5) DTy, — [(b1s)® = (bi5) D (G, )] Tys 7
+(al3) (T, t) = First augmentation factor 8

— (b)) (G,t) = First detritions factor

: 9
QUARKS AND W-MESONS:

MODULE NUMBERED TWO

The differential system of this model is how ( Module numbered two)

dG

18 = (316)( )G17 - [(316)(2) + (af, )(2)(T17; t)]Glﬁ 10

d
& (317)( )G16 - [(317)(2) + (af )(2)(T17: t)]G17 11
d
ﬂ (318)( )G17 - [(ais)(z) + (a )(2)(T17: t)]G18 12
d "

Tls = (b1e)PTy; — [(b &)@ — (b16)(2)((G19)1 t)]T16 13
d ’ "

T17 = (by,) P Ty — [(b17)(2) - (b17)(2)((G19) t)]T17 14
d "

T2 = (01)DTy; — [(05)@ — (1) P ((Gro), )] The 15
+(as) @ (Ty,,t) = First augmentation factor 16
—(bY6) @ ((Gyo), t) = First detritions factor 17
NEUTRINO AND DARK MATTER: 18
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MODULE NUMBERED THREE

The differential system of this model is now (Module numbered three)

d
GZO = (a30)®Gyy — [(320)(3) + (a3 )(3)(T21't)]G20 19
dG

2L = (a31)® Gy — [(321)(3) + (a3 )(3)(T21't)]G21 20
dG

22 = (25) PGy — [(azz)(g) + (a3 )(3)(T21't)]G22 21
d "
20 = (by0) DTy — [(60)® = (b56)® (Go3, V)] o 22
d "
2= (by1) DTy — [(051)® = (05 (G5, O] Ty 23
d "
22 = (b)) Ty, — [(05)P — (b52)® (a3, D] Ty, 24

+(a'z'o)(3)(T21. t) = First augmentation factor
— (b)) (Gys,t) = First detritions factor 25

GLUONS AND Z ELEMENRATY PARTICLES(MEDIATED THROUGH QUARKYS) 26

: MODULE NUMBERED FOUR

The differential system of this model is now (Module numbered Four)

d
G“ = (a24)WGy5 — [(324)(4) + (ay )(4)(T25:t)]G24 21
dG

28 (azs)( )G24 - [(325)(4) + (a3, )(4)(T25,t)]G25 28
d

T8 = (a26) WG — [(@56) @ + (a%6) @ (Tys, )] Gz 29
dat

2 = (byg) PTys — [(05)@ — (b54) P ((G27), )| T 30
d "

25 = (bys) DTy — [(035)@ — (bs) @ ((G27), 1)] s 31
dT "

26 = (by6) DTy — [(b5e)™® — (056) @ ((G27), )| Tas 32
+(ay,)®(T,s,t) = First augmentation factor 33
—(b54)™((Gy7),t) = First detritions factor 34
GRAVITY AND ELECTROMAGNETIC FORCE: 35

MODULE NUMBERED FIVE

The differential system of this model is now (Module number five)

dG ! n
28 = (az8) Gy — [(328)(5) + (a%g)® (Tyo, t)]st 36

dG
20 = (2,0) P Gg — [(@ho)® + (a5e) P (Ty0,8)]Gro 37
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T = (@30) Gz — @300 + (@50)) (T30, D] Gao 38
T2 = (bes) Ty — [(02)® — (b)) ((G31), V)] Teg 39
T2 = (b9) g — [(030)® = (050)®((Gar), )] o 40
T2 = (b30) Ty — [(050) — (b)) ((G31), )] Tag #
+(akg)® (T,,t) = First augmentation factor 42
—(b%s)®((Gsy),t) = First detritions factor 43
44
HIGGS BOSON AND PARTICLES WITH MASS : 45
MODULE NUMBERED SIX:
The differential system of this model is now (Module numbered Six)
T2 = (a3) 0633 — [(@5)© + (25)® (T33, V]G 46
dGSS = (a33)®Gsy — [(333)(6) + (a3 )(6)(T33't)]G33 4
T2 = (23)@ Gz — [(@5)© + (5 (Tz3, D] Ga 48
T = (b3)OTs — [(05)® — (05 ((Ga),1)] T 49
T2 = (b3) 9Ty, — [(05:) — (0)©((Gas), )] Ta 50
T2 = (034) Oz — [(05)@ = (05 ((Gss), ) Tas >1
+(a%,)®(Ts3,t) = First augmentation factor 52
—(b%,)®((Gss),t) = First detritions factor 53

HOLISTIC CONCATENATE SYTEMAL EQUATIONS HENCEFORTH REFERRED TO AS 54

“GLOBAL EQUATIONS”

(7) LEPTONS AND PHOTONS

(8) QUARKS AND W MESONS

(9) NEUTRINO AND DARK MATTER

(10) GLUONS AND ZMESONS (MEDIATED THROUGH QUARKS)
(11) GRAVITY AND ELECTROMAGNETIC FIELD

(12)HIGGS BOSON AND PARTICLES WITH MASS(IN THE EVNTUALITY OF THE
AUGMENTATION AND DETRITION COEFFICIENT IS ZERO,AS SOME TIMES WOULD

BE THE CASE, THE EQUATIONS GET SIMPLIFIED)
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93 _ ()G @1) [+ @) O (T, 0] [+ @) O (T, O |[+@5) O (T, 9)] | N
a3 14~ B
|+(au Y444 (T, t)“+(a )(5555)(T29,t)H+(a )(6666)(T,, t)‘
dGM (a6 (a’14)(1)‘+(a )(1)(T14,t)||+(3 )(22)('1‘17'0“"‘(3 DB (Tyy, t)‘ G >0
14 13 14
|+(au Y448 (T, t)“+(a 5)5555) (T, t)“+(a )(6666) (T, t)l
0 _ (3100 (@15) P +@1) D (Tu, O] +(afe) 22 (T, B) || +(a52) > (T, )| >
= a5 14 —
‘+(a/l Y444 (T, t)H+(a 3) 5555 (T, t)H'I'(a )(©6666)(T,, t)‘

Where |(a}3)® (Ty,, 58

category 1, 2 and 3

’1’5)(1)(T14,t)| are first augmentation coefficients for

1) (Tu,

|+(a )(22)(T17,t)| |+(a )(22)(T17,t)| |+(a )(“)(T17,t)|aresecond augmentation coefficient for 59
category 1, 2 and 3

[+ @503 (T, 9], |+ @) C (T,
category 1, 2 and 3

)(33)(T21,t)| are third augmentation coefficient for

|+(a’2’4)(4'4'4'4')(T25,t)| |+(a” )&AA%) (T, t)l |+(a &) ) (T, o t) ‘ are fourth augmentation
coefficient for category 1, 2 and 3

|+ (a%e) 5555 (Tyo, O || +(a5) B35 (T, )| | +(230) 5555) (Tpo, )| are  fifth augmentation
coefficient for category 1, 2 and 3

| +(@4) 68 (Ty, O], [+(a) @00 (Taz,0)| | +(a) @) (T53,0)|  are sixth augmentation
coefficient for category 1, 2 and 3

60
YO (pry® —(b')@2) " \33) ] 61
dT13 o (b13) | (b5 (G;t)H (bs (G191t)H_( 20 (G23»t)‘
b T T
B | ooy [ (A Il o) O el oms] | e
ERp—— [ 0L VB D G O] [P Gro, O] [- 05D (G, D] . 62
14 13 — 14
_l_ blzrs)(4-,4,4,4,)(G27’ t)”— b’2’9)(5'5'5'5')(G31,t)||— bl3!3)(6,6,6,6,)(G35’t)|_
dT15 O 5)(1)|—(b DO, t)| |—(b )2 (G, t)|| (bY )(3'3')(G23,t)| ; 63
15 14 — 15
- ‘ _(b,2,6)(4,4,4,4,) (Gyr, 1) H —(b%,)5555) (Ggy, ) H —(b%,)(6666) (G, t) | |
Where |—(b br)D(G, ) |,|—( 1) (G, t)‘ are first detrition coefficients for category 1, 64
2and 3

= (b16)?*) (Gao, 1) |, |~ (b7) 2 (G,
category 1, 2 and 3

—(b/) ®?)(Gyo, t)‘ are second detrition coefficients for

|—(b’2’0)(3'3')(G23,t)‘,|—(b’2’1)(3'3')(G23,t)‘,|—(b’2’2)(3'3')(G23,t)‘ are third detrition coefficients for
category 1,2 and 3

|-y,

—(bys)#*44) (G, 1) |,|—(b’z’é)(‘*"*"*"")(Gn, t) ‘ are fourth detrition coefficients
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for category 1, 2 and 3

| = (04) 5555 (Ga1, 1)| | = (Do) 555 (Ga1, ©)| ,| = (b40) &35 (G4, 1) | are fifth detrition coefficients
for category 1, 2 and 3

| = (04,55 (G5, )| , | = (b43) @009 (G, V)] , |~ (b5,) 555 (G5, )| are sixth detrition coefficients
for category 1, 2 and 3

65
= (0?6 (a1) @[+ (@) @ (Tyy, ][ +@1) (T, O] [+(5)*22 (T, 0| 0
= A16 17 —
| [+ @) 44D (Tys, || +(aige) O5559) (Tyo, ) || + () ©4000) (T t)l
00 _ 0,06 (@1) @[ +@f) P (T, O |[+@5) “ (T, O [+ (a5 C3) (T, 1) o7
iz 16 —
G (T O] [ a5) 5 (T, O F ) @ (T 0] |
= ()6 (a1) @[+ ()@ (Tyy, ][+ 1) (T, O] [+(25) ®22) (T, 0| 08
g 17 =
| [+@) @440 (Tyg, )| +(250) B5555) (Tyg, 1) || +(a) 058 (Tys, O

Where |+(a’1’6 (2)(T17,t)|, |+(a’1’7 @(Ty,, 2) D (T, t)‘ are first augmentation coefficients for 69

category 1, 2 and 3

|+(a” YAL(T,,, t)‘ |+(a DAV(T,,, t)| |+(a @ 1)(TM,t)‘ are second augmentation coefficient for
category 1, 2 and 3

|+(a” )(333)(T21,t)‘ |+(a )(333)(T21,t)| |+(a )(333)(T21,t)|are third augmentation coefficient for
category 1, 2 and 3

|+(a” )(44444)(T25,t)|,|+(a )(44444)(T25,t)|,|+(a o) HaaD (T, t)| are fourth augmentation

coefficient for category 1, 2 and 3 70
|+(a’2’8)(5'5'5'5'5)(T29, t) | ‘+(a ) 55555 (T, t)| ‘+(a )(55555)(T29,t)‘ are fifth augmentation
coefficient for category 1, 2 and 3
[ +(a45) 5999 (Ty5, 0|, [+(a3) @090 (T3, 0] |, [+(a4) @659 (T3, 1) are sixth augmentation
coefficient for category 1, 2 and 3
71
e o, - | O P[00 P (Gro O] [0 GO 0P (Gap 0] | T
16 17 — 16
‘ _ b12/4)(4-,4-,4-,4-,4-) (G27, t) ‘ ’ _ blzls)(S,S,S,S,S) (G31, t) ‘ ’ _(bélz)(6,6,6,6,6) (G35, t) ‘
dT (017) @] = (b)) P (G, ) | [= (DY) (G, D) || (b)) P33 (G3, 1) 3
7 = (b, )PT T
17 16 — 17
‘ _(brzrs)(4,4-,4,4,4) (G27, t) ‘ ’ _(blzlg)(S,S,S,S,S)(G31, t) ”—(bé'3)(6‘6‘6‘6‘6)(G35, t) |
ar (056)®[ = (05s)® Gy, D] [ (b15) (G, D] |- (b5) 33 (G, | [
18 (b18)( )T17 T18
‘ _(brzlﬁ)(4,4,4,4,4) (G27, t) ‘ ’ _(bélo)(S,S,S,S,S) (G31, t) ‘ ’ _(bél4)(6,6,6,6,6) (G35, t) ‘
where | —(056)® (Gyo,9)| |~ (0@ (Gyo, )| |~ (b56)? (Gyo,1)| are first detrition coefficients for 7>
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category 1, 2 and 3

|—(b’1’3)(1'1')(G, t)| ,|—(b’1’4)(1'1')(G, t)‘ ,|—(b’1’5)(1'1')(G, t)| are second detrition coefficients for category
1,2and 3

—(b4;)®*3)(Gys, 1)

1]

|—(b’z’o)(3'3'3')(623,t)l, —(b;’z)(3'3'3')(G23,t)| are third detrition coefficients for

category 1,2 and 3

| = (05 #*+4D(G,y, O ||~ () #+44D (G,r, O ||~ (b5e) #*449 (G,5,0)|  are  fourth  detrition
coefficients for category 1,2 and 3

|=(04) 55559 (Ga1, D] [ = (bye) 5559 (Ga1,©)| ,|=(03)®5559) (G4, 1)| are  fifth  detrition
coefficients for category 1,2 and 3

| = (05,) 559 (G5, O ||~ (b5) @060 (G, O] [~ (b5,) @005 (G55, 0)|  are  sixth detrition
coefficients for category 1,2 and 3

T = 76

dt

N (aho) @] +(a50)® (Toy, O ||+ (@1 #*2 (Ty7, O || +(a7) 1) (Tyy, V)|
(a ) 3 G - " " "
20777521 4 (g ) (44444 (Tyg, 0) || +(a3) 55559 (Tao, )] | +(aly) ©00060) (Tyg, D) |

G20

/ / 77
s _ (o 0)G @)@+ @) (Ty, ) ||+ @) P2 (Tyy, )| +@L) V) (Tyy, )] .
o - @21 20~ 21
d " ’
t | +(als) @44 (T e 1) | +(aly) 555555 (T,q, 1) H +(alfy)©66666)(T,, t) ’
! " n 78
2 — (a)®G (5) V@) O Ty, O [+ @) 222 (T, O +@3) MV (T 0] |
= (a2 21— 22
d " " "
‘ | +(ale) 44D (Tys, 1) | +(aly) 555555 (Tyg, 1) ‘ | +(a},) 00000 (Ty5, 1) |
79

|+(a’2’0)(3)(T21,t)|,‘+(a’2’1)(3)(T21,t)|,‘+(a’2’2)(3)(T21,t)| are first augmentation coefficients for
category 1, 2 and 3

|+(a’1’6)(2'2'2)(T17,t)H+(a’1’7)(2'2'2)(T17,t)| , ‘+(a’1’8)(2'2'2)(T17, t)‘ are second augmentation coefficients
for category 1, 2 and 3

[+ @) (Tyy, O],
for category 1, 2 and 3

+(a’1’4)(1'1'1')(T14,t)|,|+(a’1’5)(1'1'1')(T14,t)‘ are third augmentation coefficients g

|+ @y ) 444D Ty, O] [+ (ags) #4444 (Tys, ©)|, | +(a6) #4449 (T,s, ©) | are fourth augmentation
coefficients for category 1, 2 and 3

|+(a56) 55559 (T, O || +(ae) ©55559) Ty, )|, |+ (a40) 55559 (T,, 1) | are fifth augmentation
coefficients for category 1, 2 and 3

|+(ar3'2)(6,6,6,6,6,6)(T33, t) |’|+(a'3'3)(6,6,6,6,6r6)(T33, t) |,|+(a’3’4)(6'6'6'6'6'6) (Ts3, t)‘ are sixth augmentation
coefficients for category 1, 2 and 3
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81
dTz0 _ 82
dt
(020) T (5) V=00 ® G, 0] |- B (Grp O |- GG D] |
20 21 20
_ | _(b,2,4)(4,4,4,4,4,4) (Gyry ) | | _(brzrg)(s,s,s,s,s,s)(Gsl’ t) | | _(b’3,2)(6'6'6'6'6'6)(G35i t) I |
dTzs _ 83
dt
(b2) T (b0 V=BG O] |- 02 G, O|- GED G 0] |
21 20 — 21
_ | —(bye) #4449 (G,,, 1) H —(byy) B55555) (Gyy, 1) H —(bY,)(666666) (G, 1) | _
dT2z _ 84
dt
(b2) T R e ) | O e O | C O R o)
22 21 22
= () 444449 Gy, 1) || = (b0) BF555%) (Gay, 1) || — (b) @000 (G5, 1) |
|—(b’2’0)(3)(G23,t)|,|—(b’2’1)(3)(G23,t)| ) —(b’z’z)(3)(G23,t)| are first detrition coefficients for category ~8°
1,2and 3
|—(b’1’6)(2'2'2)(G19,t)| , |—(b’1’7 222)(G,,, t)l , ‘—(b’l’g)(z'z'z)(Glg, t)‘ are second detrition coefficients for
category 1, 2 and 3
|~ G0 L [=mr) (G, 0] [ bi) P (G, )] are third detrition  coefficients for
category 1,2 and 3
|—(b’2’4)(4'4'4'4'4'4)(G27,t)|,|—(b’z’s)(‘*"*"*""‘*"‘)(G27,t) |, —(blg) 444D (G, t)\ are fourth  detrition
coefficients for category 1, 2 and 3
|—(b’z’g)(5'5'5'5'5'5)(G31,t)|,|—(b’z’g)(s's's's's's)(G31, t)\, —(b’3’0)(5'5'5'5'5'5)(G31,t)‘ are fifth  detrition
coefficients for category 1, 2 and 3
|—(bg’z)(6'6'6'6'6'6)(G35,t)|,|—(b’3’3)(6'6'6'6'6'6)(G35,t) |, —(by,)(©66666)(G,, t)\ are sixth  detrition
coefficients for category 1, 2 and 3
86
o _ (g, — | @0 L8 T O] 4 a0 ) (T 0| a5 Ty ) o7
= Az 25 24
de | [+@1) T (T, || +(ate) 2222 (T, B +(250) @222 (T, V)|
s _ g, | @)W H@E)D T O] 4 05) ) (T O] 4 2) O (T, 1) .
= azs 24— 25
dt | [+ @O (T, ][+ @) P22 (Ty5, 8) || +(25) G2 (T, 1) |
s _ (g, — | 018 T, O] [+ a50) ) (T, O + @50 )T 1) %
= 26 25— 26
de ||+ @i A (T, ] [+(@e) @222 (Ty7, 8) || +(25) G233 (T4, 1) |
90
Where ‘ (ay) @ (Tys, 1) |,| (ahs) @ (Tys, 1) ‘,’(a’z’é)(“) (Tys, t)| are first augmentation coefficients for categ
91

|+(a'2’8)(5'5') (Ty0, 1) |,|+(a’2’9)(5'5') (Tz0, 1) |,|+(a’3’0)(5'5')(T29, t) ‘ are second augmentation coefficient for
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|+(a’3’2)(6’6’) (T3, 1) +(ak,) %) (Ts3, ) ‘ are third augmentation coefficient for c:

’ | +(a{3’3)(6'6')(T33f t) | ’

|+(a’1’3)(1’1’1’1)(T14,t) l’ +(a1114)(1,1,1,1) (T14, t)
coefficients for category 1, 2,and 3

| +(ays) LDy, ) | are fourth augmentation

|+(a1e) @222 (T, 0| |[+(@1) 22D (T,5, O] | +(afe) @222 (T4, ©)| are fifth augmentation coefficients
for category 1, 2,and 3

|+(a’2’0)(3'3'3'3)(T21,t) | ‘+(a’2’1 (333)(T,,, t) ‘ |+(a’2’2 (333)(T,,, t) | are sixth augmentation coefficients
for category 1, 2,and 3

92
s _ )y (054) @[ = (b)) (Gz7, 1) | [ = (bs) &) (Gay, 1) ||~ (b2) ¢ (Gs, 1) . 9
- 24 25 24
dt _ | _(blll3)(1,1,1,1) (G, t) | ‘ _(blllﬁ)(2,2,2,2) (G19: t) H_ (blzro)(3,3,3,3) (G23, t) ‘ |
[ ! n n rn 1 94
s o e, _ | 09208 Gar, O] [ Z(080) O Gy - 1) G O |
- 25 24 25
dt i l _(b1114)(1,1,1,1) (G, t) l ‘ —(b’1’7)(2'2'2'2)(G19, t) ||_ (blzll)(3,3,3,3)(G23’ t) | |
T _ o o (056) @ =(b5) @ (G217, D] | =(B50) 5 (Gs1, D] |- (b5 ) (G5, D) %
= (026)"" 125 — 26
de | [~ 0f) DG, 0| |01 222D (Gao, B |- (05,) B339 (G, V)
Where ‘ —(b%,)®(Gyy, 1) ,l —(b55) @ (Gyy, t) | —(b5) @ (Gyy, t) ‘ are first detrition coefficients for cate 96
—(b%5) %) (Gaq, V) [, | = (b)) % (Gaq, ) |, | — (b)) (G4q, 1) | are second detrition coefficients for cat
28 3 29 3 30 3
|—(b’3’2)(6'6') (Gzs, D) H—( 1)E8) (G5, t) H—( 1)E8) (G, t) ‘ are third detrition coefficients for categ
=) DG, 0} [~ by (G, O =01 G, )|
are fourth detrition coefficients for category 1,2 and 3
_(bu )(2,2,2,2)(G t) —(b” )(2'2'2'2)(G t) _(brl )(2,2,2,2)(G t)
16 19 8) s 17 19,0, 18 19
are fifth detrition coefficients for category 1,2 and 3
|_ (7,) 3333 (Gys, t) H_ (b5,) 3333 (Gyg, t) |’|_ (4,)3333) (G, t) ‘
are sixth detrition coefficients for category 1,2 and 3
97
98
220 — (a,9) G (@56) |+ (@) ® (Tyo, ||+ (@5 4 (Tys, 0| +(at) @4 (T3, )| %
- A28 29 28
« [+ @) (T, [ +(ale) 22222 (T, )| +@@50) O3 (Tyy, )|
Ao _ (g, | ) @8O oo O+ @) W Ty O 2 00 (T ) 100
= A29 28 — 29
dt [+ @) (T, 0| [+ai) @222 (T, )| +(a5) O3 (T, )|
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(a50) @] +(2%50)® (To, ©) ||+ (@) ** (Tys, )| | +(a%4) @59 (T3, D) | 101

dG30
G30

= (a )(S)G - 17 " "
dt 30 2 | +(315)(1'1'1'1'1)(T14’ t) H +(313)(2'2'2'2'2)(T17' t) H +(322)(3'3'3'3'3) (Ty1,0) ‘

Where|+(a’2’8 ® (ng,t)|,|+(a’2’9 ®)(Tyq, t)|,|+(a’3’0 ®)(Tyo,t) l are first augmentation coefficients for 102

And ‘ +(ak,) ) (Tys, £) |,|+(a’2’5)(4'4') (Tys, ) l , | +(ake) @) (Tys, t)| are second augmentation coefficien

| +(a%,) 0 (Ty3, 1) l , l +(a%3) ©%9) (T3, 1) l , | +(a%,) @0 (Ty3, 1) | are third augmentation coefficient for

[+@i) (T )|+ (@) D (T, 1)
coefficients for category 1,2, and 3

,|+(a’1’5)(1'1'1'1'1) (Tys, ) | are fourth augmentation

b

|+(a’1’6)(2'2'2'2'2)(T17,t)|,|+(a’1’7)(2‘2‘2‘2‘2)(T17,t)
coefficients for category 1,2,and 3

+(afg) ®*222(Ty,,0)|  are  fifth  augmentation

+(ay))B3333) (T, O ||+ (@) 33333 (Tyy, ©) | [+ (a4,) B3333) (T, £ are sixth augmentation
20 21 22
coefficients for category 1,2, 3
103
T _ o o (b5) V] =(056) P (G50, D] |~ 05 ) (G O] 05) 0 G 0)] |, 104
- 28 29 T 28
dt ‘ —(bl,) AL (G, t)‘ ‘_(brlzé)(z,z,z,z,z)(Gw 0 ”_ (b4,) 33333 (G 1) ‘ _
Moo _ o oo, _ | 520801 0] [5G ][~ 05:)E0 G 0] | 105
= (byg 28 — 29
dt _ | _(b7114)(1,1,1,1,1) (G, t) | ‘ _(b1117)(2,2,2,2,2) (G19; t) H_ (brzll)(3,3,3,3,3)(G23’ t) | |
T _ o s, | 500 080G, 0] [ (050) 4G, O] - (05) 0O G, 0] 108
- 30 29 — 30
dt ‘ _(b’1’5)(1'1'1'1'1') (G, t) ‘ ‘ _(bllls)(z'z'z'z'z)(Gw: t) H- (bélz)(3'3'3'3'3)(G23' ) ‘
where ‘— (bye)® (G31,t)| ,‘—(b’z’g)(s)(Gm, t)‘ ,|—(b’3’0)(5) (Gs4, t)‘ are first detrition coefficients 107
for category 1,2 and 3
|—( 1D (Gyy, t) ,|—( 1) 44 (G, t)|,|—( 1) 4 (G, t)l are second detrition coefficients for cat
| = (04,)% (Gss, 1) ||~ (0%3)©*9) (G35, )|, |~ (b5,) @ (G5, D) | are third detrition coefficients for ¢
|—(b’1’3)(1'1'1'1'1) (G, 1) |,|—(b’1’4)(1'1'1'1'1) (G, t)| ,|—(b’1’5)(1'1'1'1'1')(G, t)| are fourth detrition coefficients for
category 1,2, and 3
—(bys) #2222 Gy, t) || — (b)) Z2222) (G, 1) || — (bYg) #2222 (Gyo, 1) | are fi etrition coefficients
(be) @?#2) (Gyo, 1) || =(b17) #2222 (Gyg, D) | | = (big) @*#2) (Gyo, 1) fifth detriti ffici
for category 1,2, and 3
- (by)B3333)(Gya, £) |, |- (b1 ) B3333) (Gys, 1) || - (bh,) B3333)(G,s, t) | are sixth detrition coefficients
(buo)(33333)(G ) (b” )(33333)(G ) (b” )(33333)(G ) ixth detriti ffici
for category 1,2, and 3
108
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dGs, 109
T (a32)@Ga;
(a52) O+ @) O Ty, 0| [+ a) 5Ty, O+ @) (s 0] |
- 32
‘+(a'1'3)(1’1’1’1’1’1)(T14.t)H+(3'1'6)(2'2'2'2'2'2)(T17:t)||+(a’2’o (3'3'3'3'3'3)(T21,t)‘
dGs; 110
dt = (333)(6)G32
(a53) 9 @) (T, 0| +a) 5Ty, O +@5) 4 (s, 0] |
- 33
|+(a’1’4)(1’1'1'1'1'1)(T14.t)“+(a’1'7)(2'2'2'2'2'2)(T17,t)||+(a'2’1)(3'3'3'3'3'3)(T21,t)l
dGs, 111
T (a34)@Ga;

(a50) O+ @5 (T, O] [+ @50) 5Ty O+ @5) (T 0] |
- 34
‘+(a’1’5)(1’1‘1‘1‘1‘1)(T14,t)H+(a'l'g)(z'z'z'z'z'z)(T17,t)||+(a'2'2)(3'3'3'3'3'3)(T21,t)‘

|+(a’3’2)(6)(T33,t) |,|+(a’3'3)(6)(T33,t)|,|+(a'3’4)(6)(T33,t)| are first augmentation coefficients for catego 112
|+(a’2’8)(5'5'5)(T29, t) | ,l +(a4y) 5% (Ty, 1) | +(a%y) % (Tyo, 1) | are second augmentation coefficients :
|+(a’2’4)(4'4'4') (Tys, 1) ,l +(aks) @44 (Tys, t) |,|+(a’2'6)(4'4'4') (T25,t)| are third augmentation coefficients
|+ @) D (T, 0| |+ @1 CD(T,, O | +(af) WD (T, B - are fourth augmentation
coefficients
| +(a7) @2222(Ty,, 0| [+ (1) 2222 (T, O | | +(af) @2222D(T,,, )| - fifth augmentation
coefficients
[ +(a5)®2233)(T,, 0], |+(a5)B33333) (T, 0] | +(a),) 33339(T,,, )| sixth  augmentation
coefficients
113
T _ o o (b52) = (05) 9 (GO |- (05)C* (G0, O] [ GG, O] | 114
- 32 33 7 32
dt J _(blllg)(l,l,l,l,l,l) (G, 0 | | _(blllﬁ)(2.2,2,2,2.2) (G19; t) H_ (blzro)(3,3,3,3,3,3)(G23’ t) |_
ATy _ o o, | 052080 Gas 0| G5) 09 (G0 D)= 040G 0] | o
= (b33 32~ 33
dt ‘ — (b} XTI (G ¢) | | —(b},)@22222)(G o, 1) ‘ | — (b)) ®33333)(G,s ) |
dTy, b, (bf34)(6)’_(br3/4)(6) (Gss, ) H_ (b%75) 555 (Gaq, ) ||_ (b)) @44 (G,,, t)| . 116
- 34 33 34
dt ‘ —(b}) BLLLLD (G t) | | — (b)) @22222) (G, 1) ‘ | — (by,)333:333)(G,4 1) |
117

|—(b’3’2)(6)(G35,t)|,|—(b’3’3)(6)(G35,t)| , —(b’3’4)(6)(G35,t)| are first detrition coefficients for category

|—(b’2’8)(5'5'5)(G31, t)|,|—( 1)) (Ga1, O [,|—( ’3’0)(5'5'5)(G31,t)‘ are second detrition coefficients for

- (blzls)(4'4'4') (G27,0)

’ ’

ECARRIE)

—(bye) #4*) (G, t)| are third detrition coefficients for ¢

= () A1 (G, )} [ - (b)) A1 (G, B
coefficients for category 1, 2, and 3

—(b}s) WL (G, t) ‘ are fourth detrition

b
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—(b})@22222) (G0, 1) |, |— (b)) @22222)(Gyg, 1) || — (bYg) @22222D (Gyo, 1) are fifth detrition
16 17 18
coefficients for category 1, 2, and 3

- (b)) B@33333) (Gyp, 1) |, |- (b )B33333) (G, 1) | |- (bY,) B33333)(Gys, ) are sixth detrition
20 21 22
coefficients for category 1, 2, and 3

118
Where we suppose 119
(A) (@™, @)™, @D, )@, (DD, (biH® >0, 120
i,j =13,14,15
(B) The functions (a} )@, (b{")™ are positive continuous increasing and bounded.
Definition of (p)®, (rp®:
@)D (T t) < (p)@ < (A3 )®
BHVGH S (D < B < (Bg)® o
©) M, 00 (] )® (Tyy, ) = (p)™ 122
limg-e (b )M (6,0 = (r)™
Definition of (A;3)™, (By3)™:
Where | (A13)D, (B1z)D, (p)@, (1D | are positive constants and
They satisfy Lipschitz condition: 123
@D (T D) = @)D (T, O] < (kg )OITyy = Tiyle™ M) 124
125

I(bYD (G, 1) — (b)Y D (G, D] < (Ry3) DG — G[|e~(Maa) Pt

With the Lipschitz condition, we place a restriction on the behavior of functions 126
@D (T}, ) and@ )V (T, t) .(Tf4, ) and (T, t) are points belonging to the interval
[(ki3)®, (My3)P] . Itis to be noted that (aj")™® (Ty,, t) is uniformly continuous. In the eventuality of

the fact, that if (M;3;)™ =1 then the function (a})®(Ty,,t) , the first augmentation coefficient
WOULD be absolutely continuous.

Definition of (M5 )™, (ky3)® : 127
(D) (M3)D, (ky3)D, are positive constants

@® (™
(My3)D 7 (Myg)D

Definition of (P35 )™, (Qy3)™ : 128

(E) There  exists two  constants  (P3)® and  (Q.3)®  which  together 129
with (My3)®, (ky3)D, (A15)D and (By3)® and  the  constants 130
(ai)(l)' (a{)(l)’ (bi)(l)l (b;)(l)l (pi)(l)l (ri)(l)' i= 13:14315’

satisfy the inequalities 131
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1

(My3)® [@)D + @D+ (Az) D+ (Ps)® (ky3)P] <1

1

@l GO+ ®DD + (Bis)® + ()@ (k)P <1

Where we suppose

F) @2 @H?,@"2, )P, ®HP, (NP >0, ij=1617,18

(G) The functions (a})®, (b}")® are positive continuous increasing and bounded.

Definition of (p)®, (r;)@:

@D (M7, ) < ()@ < (By )

bNP(Grot) < ()P < (D@ < (B )@
(H) limr, e (@)@ (Ty7, 1) = (pi)®

limge (b )@ ((G0),t) = (1)@
Definition of (A4 )@, (B )@ :

Where|(A;6)®, (B1s)®, ()@, (r;)® jare positive constants and [i = 16,17,18

They satisfy Lipschitz condition:

@)D (T];,6) — @)D (Tyy, )] < (Ryg)P|Ty; — Tfyle~(Mae)®t

|6 P ((G10)', ) = (B) P ((G10), )] < (k1 )P1(Gro) — (Gyo)'[Jle(Mre) ™t

132

134

135

136

137

138

139

140

141

142

143

144

145

With the Lipschitz condition, we place a restriction on the behavior of functions (a})®(Ty,,t) 146
and(a])@(Ty,, 1) . (T{5,t) And (Ty,,t) are points belonging to the interval [(ky6)@, (M;6)@] . Itis
to be noted that (a}")® (T, t) is uniformly continuous. In the eventuality of the fact, that if (M, )® =
1 then the function (a})®(T,,,t) , the SECOND augmentation coefficient would be absolutely

continuous.
Definition of (M4 )@, (k)@ :
) (M6)®, (ki )@, are positive constants

@® (@
(My6)@ 7 (My6)@

Definition of (P3 )@, (Q43)® :

There exists two constants (P )@ and (Q.6)® which

with ( M;6)®, (k16)®, (A16)Pand (B )@ and the
(ai)(Z)' (a{)(Z)l (bi)(Z)l (b;)(Z)l (pi)(Z)l (ri)(Z)' i= 16117118'

satisfy the inequalities

1 , R ~ A
@l @2+ @@+ (Ri)@ + ()@ (kie)@] <1

1

m[ (bi)(Z) + (b{)(Z) + (§16 )(2) + (616 )(2) (Rm )(2)] <1

Where we suppose

147

148

149

together
constants

150
151

152
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() @)®, @), @, 1N, NP, (BiH® >0, ij=20,2122 183
The functions (a})®, (b")® are positive continuous increasing and bounded.
Definition of (p))®, (r;)®:

@N® (T, ) < (p)® < (By)®

(BN (Ga3,0 < (1)@ = BN < (Byo)®

limr, o0 (@])® (Tpy,0) = (p)@ -
limG_,oo(b;')(s) (Gys t) = (ri)(s) -
Definition of (Ao )®, (B )®: 156
Where[(A,0)®, (B, )@, (p)®, (r®] are positive constants and

They satisfy Lipschitz condition: o
1P (T30, 1) — @) P (Tyy, O] < (Rpo )®Tyy — Tyl (Ma0)Pt -

1) (G5, 1) = (0P (G O] < (Ryo )P|[Gog — Goy'||le=(M20) Pt 159

With the Lipschitz condition, we place a restriction on the behavior of functions (a})®(T;,,t) 160
and(a})® (T,1, 1) . (T34, 1) And (T,4,t) are points belonging to the interval [(k,o ), (Myo )®] . Itis

to be noted that (a}")®(T,,, t) is uniformly continuous. In the eventuality of the fact, that if ( M, )® =

1 then the function (a})®(T,,,t) , the THIRD augmentation coefficient, would be absolutely
continuous.

Definition of (M, )®, (kpe )@ : 161
(K) (M, )®, (kyo )P, are positive constants

@® _op®
(Mz0)® 7 (Mz0)®

There exists two constants There exists two constants ( P,y )® and (Q,,)® which together with 162
(M0 )@, (k0 )@, (By)Pand (B, )® and the constants

@)@, @), b, 1N, p®, T®,i=20,21,22, 163
satisfy the inequalities ot
_1 12 _ -~ ~
Fom [ @Y +@P + (Be)® + (Pr)® (kpo)P] <1 165
;[ 1) + BN + (B )® + (Qu0)® (kpo)®P] <1 166
(1\7[20 )(3) 1 1 20 20 20
167
Where we suppose 168
@)@, @)@, @O, B, D@, BN >0,  ij=242526 169

(M)  The functions (a} )™, (b")™® are positive continuous increasing and bounded.
Definition of (p;))®, (r;)®:

(@) (Ty5,0) < ()@ < (Bpy )@
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D ((G2r),8) < ()™ < (BD@ < (Ba)®

170
(N) lime, e, () )® (T, 1) = (p)®
limg_o (b )@ ((Gp7),t) = (1)@
Definition of (A, )™, (Byy )@ :
Where | (A,,)®, (B )@, (pD®, (D@ | are positive constants and
They satisfy Lipschitz condition: 171

1)@ (Tys, 1) — ()P (Tys, )] < (Rpg )P|Tpg — Tygle™(Maa)®t

|0 P ((G27)', ) = BN P ((G27), )] < (Rpq YPI(Gay) — (Gpp)'[e= (M2t

With the Lipschitz condition, we place a restriction on the behavior of functions (a})®(Tss,t) 172
and(aj)® (Tys,t) . (Tjs, t) And (T,s, t) are points belonging to the interval [(k,4 )™, (M,,)@] . Itis

to be noted that (aj")® (T,s, t) is uniformly continuous. In the eventuality of the fact, that if ( M,, )® =

4 then the function (a})*(T,s,t) , the FOURTH augmentation coefficient WOULD be absolutely
continuous.

173
Defil74nition of (M, )@, (ke )@ : 174
(M,,)17675™), (k,, )@, are positive constants

@ (@
(M34)® 7 (Mz4)®

Definition of (P,, )™, (Qu4 )™ : 175

Q) There exists two constants (P, )® and (Q,,)®  which together with
(My )@, (kpy )P, (A,)Pand (B, )@ and the constants
(ai)(4)' (ai)@)' (bi)(4)' (b{)(4), (pi)(4)l (ri)(4)' i= 24,25,26,
satisfy the inequalities

1

(M24)® [@)® + @)® + (B)® + (P)® (ky)P] <1

(1‘7121 @ [ D@+ BD® + (B )P+ (Qua)® (kyy )P <1

Where we suppose 176
(ai)(S)' (a;)(S)l (a;’)(S)l (bi)(S)l (bi)(S)l (bI,)(S) > 0: ll] = 28!29130 177
(S) The functions (a})®, (b]")® are positive continuous increasing and bounded.
Definition of (p;))®, (r;)®:
(@) ® (T, ) < (P)® < (Bzg)®
(NP ((G31),t) < ()P < ) < (B )®
178

(M limp,oe@)® (Te,t) = (p)©
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limG_m(b{')(S) (G31,0) = (ri)(s)
Definition of (A,g)®, (B,g )™ :

Where ‘ (B)®, (B )®, (p)®, (r)® ‘ are positive constants and [i = 28,29,30

They satisfy Lipschitz condition: 179

" 1 i N ’ —(M )
@) (T3, £) = (@) (Ty0, )| < (Kpg )& Tyg — Tyole(Maa) ™t
" 1 " T 7 —(M (5)
| (bj )(5)((G31) 0 — (b )(5)((G31)'t)| < (kz8 )®|1(Gsy) — (Gzq)'||e™(M28) It

With the Lipschitz condition, we place a restriction on the behavior of functions (a})®(Tse,t) 180
and(a}")® (Tyo, 1) . (Tso,t) and (T,o,t) are points belonging to the interval [(kyg ), (Mg )®] . Itis
to be noted that (a}")® (T,s, t) is uniformly continuous. In the eventuality of the fact, that if ( M,g ) =

5 then the function (a})®(T,,t) , theFIFTH augmentation coefficient attributable would be
absolutely continuous.

Definition of (M,g)®, (kpg )™ : 181
(M, ), (kyg ), are positive constants

@®  (p®
(Mzg)(®) * (Mpg)®)

Definition of (P,g )™, (Qy5 )® : 182

There exists two constants (P,g)® and (Q,5)®  which  together  with
(M), (kpg )®, (A)Pand (B,g )™ and the constants
@)@, @)®, 1)@, ®H®, (PN®, (;)®,i =28,29,30, satisfy the inequalities

1 , ~ R A
(Mpg)® [ (ai)(S) + (ai)(S) + (Ags )(5) + (Pyg )(5) (kyg )(5)] <1

Sl ) + O+ (Bz)® + (Qus)® (kpg)@] <1

(Mzg)®)
Where we suppose 183
(@)@, @)@, @)@, 1)@, (D@, (biH)® >0, ij=32,3334 184

(W)  The functions (a})(, (b/")(® are positive continuous increasing and bounded.
Definition of (p;)©, (r;)®:

(a{')(ﬁ)(T%,t) < (pi)(ﬁ) < (K32 )(6)
(b ((Gz5), D) < (D@ < B)H® < (B3 )@
185

(X)  limp,_e (@)@ (Ts5,0) = (p)©
limG—mo(b{’)(ﬁ) ((GSS)' t) = (ri)(e)

Definition of (A;, )(©), (B;,)© :

Where ‘ (A3,)®, (B3,)®, (p)®, (1r)® ‘ are positive constants and [i = 32,33,34
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They satisfy Lipschitz condition: 186

1)) © (Ti3,t) — (@)@ (T35, 8)] < (KRap )O|Tyg — Tigle~(Maz) @t

|(0})©((G35)', 1) = 0O ((G3s), )] < (Kaz )O||(Gas) — (Gas)'|[e~(Ma2)

With the Lipschitz condition, we place a restriction on the behavior of functions (a])©(Ti;,t) 187

and(a}')(®(Ts3,t) . (Tis, t) and (Ty,t) are points belonging to the interval [( ks, )©, (M3, )©@] . Itis
to be noted that (aj’)® (Ts3, t) is uniformly continuous. In the eventuality of the fact, that if ( M,, )® =

6 then the function (a])®(Tss,t) , the SIXTH augmentation coefficient would be absolutely

continuous.
Definition of (M;, )®, (k35 )® : 188
(M3, )®, (ks, )®, are positive constants
@® _op©
(M32)(®) 7 (M3z;)(®)

Definition of (P, )®, (Q5,)® : 189
There  exists two  constants  (P;,)® and  (Qs,)®  which  together  with
(M3,)®, (ks )®, (A3,)®and (B;, )© and the constants
(ai)(G)' (a;)(@' (bi)(G)' (b;)(G)' (pi)(6)' (ri)(6)' i= 32'33'34'
satisfy the inequalities

1 , ~ - ~
T3y ® [@)©@ + @)@+ (A3)O + (P3,)® (k3) @] < 1

1 , = ~ -
W[ (b)@ + ®D@ + (B32)@ + (Q2)® (ky)®@] <1

190

Theorem 1: if the conditions IN THE FOREGOING above are fulfilled, there exists a solution 191

satisfying the conditions

Definition of G;(0), T;(0) :

G < (Py)Ve™)” 60 =60 > 0]

Ti(t) < (Quz)PeM)Pe 1 (0)=T0 >0

192
193
Definition of _ G;(0), T;(0)
Gi() < (Pe)@eMe)®t  Gi(0) =G? >0
T®) < (Qe)@e™o™ | T©0) =T >0
194
195

Gi(t) < (Pyo)@Pe(M)®t G,(0) =G >0
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Ti(®) < (Qqo )(3)9(M20)(3)t , T,(0)=T%>0

Definition of G;(0), T,(0) :

GO < (P )(4)6(1\7[24)(4)*( , | G;(0) = G0 > ()‘

Ti(®) < (Qu4 )(4)9(M24)(4)t , T(0)=T">0

Definition of G;(0), T;(0) :

GO < (oo )(S)e(Mzs)(S)t , | Gi(0) =G? > 0|

T(t) < (Qpg)®eM20)®t - [T,(0) =T > 0

Definition of G;(0), T,(0) :

GO < (B)Pe(™2)”t [6,0) = G2 > 0]

Ti(0) < (Qa2)@eM2)Pt  [1(0) =T >0

196

197

198

199

Proof: Consider operator A® defined on the space of sextuples of continuous functions 200

G;i, Ti: R, — R, which satisfy

Gi(0) =G, T;(0) =T, G? < (P3)®, T < (Qu3)@,
0 < Gi() — G < (Byy ) e M) Pt
0<T(®) — T < (Qps )De(Miz) Pt

By

201

202

203

204

Gi3(t) = G95 + fot [(313)(1)G14(5(13)) - ((3'13)(1) + 311'3)(1) (T14(5(13)): 5(13))) G13(S(13))] ds(13)

614(0 = G24 + fot [(314)(1)(;13(5(13)) - ((3’14)(1) + (3’1'4)(1) (T14(5(13))' 5(13))) G14(5(13))] d5(13) 205

Gis() = G5 + [ [(315)(1)(314(5(13)) - ((3'15)(1) + @i5) M (Tia(sasn). 5(13))) G15(5(13))] dsay 290
Tis(© = T + J; [(b13)(1)T14(s(13)) - ((blls)(l) = ( '1'3)(1)(6‘(5(13))’5(13))) T3 (5(13))] dss3) 207
T () = TS + [ [(b14)(l)T13(S(13)) - ((b'14)(1) = (0iDM(G(sa3). 5(13))) T14(5(13))] dsqs) 208
Tis(0) = Tis + fot [(bIS)(l)TM(S(B)) - ((blls)(l) - (b'lls)(l)(G(s(B))’5(13))) T15(5(13))] dss3) 209

Where s(;3) is the integrand that is integrated over an interval (0, t)

210
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Proof:

Consider operator A@® defined on the space of sextuples of continuous functions G;, T;: R, — R,
which satisfy

Gi(0) =G, Ti(0) =T, G < (Pe)?®, T < (Qu6)®,

0 Gi(1) — GP < (PByg ) @elMe)

0<Ti(t) - T < (Que )(Z)e(ﬂlé)mt

By

G16(D) = Gf6 + fot [(316)(2)G17(5(16)) - ((3’16)(2) +a1e) P (Ti7 (516))s 5(16))) G16(S(16))] ds(6)

Gy7 () =GP, + fot [(317)(2)(316 (sue) = ((3117)(2) + (311'7)(2)(T17(5(16)): 5(17))) G17(S(16))] ds(16)
)

Gyg() = Gig + fot [(318)(2)G17 (5(16)) (ajg)@ + (3,1’8)(2)(T17(S(16))' 5(16)) G18(S(16))] ds16)

Tis(® = T6 + [; [(016)PTir (506) = (016 = 01 ? (6(su6).5ae)) Tis(Sae)| dsas

T (® = T + [ [0:) P Tis(506) = (1)@ = GNP (6(su6).5a6)) Tir (Sae)| dsae

Tia® = T + [; [(010)PTir (506) = (010)? = 010)? (6(su6).5ae)) Tis(ae)| dsas

Where s(;¢) is the integrand that is integrated over an interval (0, t)

Proof:

Consider operator A®) defined on the space of sextuples of continuous functions G;, T;: R, = R,
which satisfy

Gi(0) =G, T;(0) =T, G2 < (P )®, T < (Qz0)®,

0 < Gi(t) — G < (Byp ) Pe M)t

0<Ti(t) = T < (Qpo)Pe(M20) Pt

By

G t ! n

Gzo(t) = G3o + fO [(aZO)(B)G“(S(ZO)) - ((320)(3) + azo)(3)(T21(S(20))' S(20))) Gzo(s(zo))] dsz0)
G t ! "

Gz () = G2, + fO [(a21)(3)G20(S(20)) - ((321)(3) + (321)(3)(T21(5(20))’ S(20))) G21(S(20))] ds(z0)

Gy (D) = G, + fot [(azz)(3)G21(s(20)) - ((alzz)(s) + (a%2)®(T21 (s20), 5(20))) Gzz(S(zo))] ds 20

Tzo(t) = Tzoo + fot [(bzo)(g)Tn(s(zo)) - (blzo)(3) - (blzlo)@)(G(S(zo))'5(20)) Tzo(s(zo))] ds(zo)

( )
T, (t) = T, + fot [(b21)(3)T20(5(20)) - ((b'21)(3) - (b’2'1)(3)(G(5(20)):5(20))) T21(5(20))] ds(z0)
)

Tzz(t) = Tzoz + fot [(bzz)(g)Tn(s(zo)) - ((blzz)m - (blzlz)@)(G(S(zo))' 5(20)) Tzz(s(zo))] ds(zo)

Where s, is the integrand that is integrated over an interval (0, t)
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Consider operator A® defined on the space of sextuples of continuous functions G;, T;: R, — R,
which satisfy

Gi(0) =G{, T(0) =T, G < (P)®, T < (Qz)®,

0 < Gi(t) — G < (P )We(Mat)®r

0 < Ti(t) — T < (Qpq ) We M)t

By

— t ’ "

Goa(®) =G24 + [ [(324)(4)(325(5(24)) - ((324)(4) +a5) ™ (Tzs (sza), 5(24))) G24(5(24))] ds(z4)
—= t ’ "

Gos(8) = Gs + fo [(325)(4)(;24(5(24)) - ((325)(4) + (325)(4)(T25(5(24)); 5(24))) G25(5(24))] ds(z4)

Gpe(t) = G + fot [(326)(4)(325(5(24)) (3126)(4) + (3’2’6)(4) (T25(5(24)), 5(24))) G26(5(24))] dsz4)

T0() = T3, + f(;[ [(b24)(4)T25(5(24)) - (( ’24)(4) - (b’2’4)(4)(G(5(24)): 5(24))) T24(S(24))] ds(z4)
Tzs(t) = Tzos + f; [(bzs)(4)T24(5(24)) - ((blzs)m - (blzls)(4)(G(5(24)): 5(24))) T25(5(24))] d5(24)
Tze(t) = Tzos + fot [(bze)(4)T25(5(24)) - ((blze)@) - (blz'e)(4)(G(5(24))' 5(24))) T26(S(24))] ds(24)

Where s(,4) is the integrand that is integrated over an interval (0, t)

Consider operator A®) defined on the space of sextuples of continuous functions G;, T;: R, — R,
which satisfy

Gi(0) =GY, T;(0) =T, G < (Py)®, T < (Qp8)®,
0 < Gi(t) — G? < (P )®e(M2a)®t
0<T(®) — T < (Qpg )Se(M20)™t

By

Gas(t) = Gig + fot [(328)(5)G29(S(28)) - ((3'28)(5) + 3'2'8)(5)(T29(5(28))'5(28))) GZS(S(ZB))] ds(2e)
Gao(t) = Gy + [ [(329)(5)G28(5(28)) - ((a'zg)(s) + (259) ) (To(S29)), 5(28))) G29(5(28))] ds(zs)
Gso(® = G + [, [(330)(5)G29(5(28)) - ((3'30)(5) + (@50 (Tzo(s29)), 5(28))) G30(5(28))] ds(2e)
Toe(t) = T + [(bzs)(S)Tz9(5(28)) - ((b'zs)(s) — (b36)®(G(s2)), 5(28))) T28(5(28))] ds(zg)
Too(0) = T2 + fot [(b29)(5)T28(S(28)) - ((b'z'a)(s) - (b'2'9)(5)(G(5(28))'5(28))) T29(S(28))] ds2e)

T30(0 = T300 + fot [(bso)(S)Tm(s(zs)) - ((bgo)(s) — (b3 (5)(G(S(28))' S(ZB))) T30(S(28))] d5(28)

Where s,y is the integrand that is integrated over an interval (0, t)
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252

Consider operator A defined on the space of sextuples of continuous functions G;, T;: R, = R,

which satisfy

Gi(0) = G, Ti(0) =T, G < (P)@, T < (Qs2),
0 < Gi(t) — G < (P, )(e)e(M32)(a)t

0<Ti(t) — T < (Qs,)@el M32)(©t

By

253

254

255

256

G32(D) = G, + fot [(332)(6)(333(5(32)) - ((3’32)(6) + a’s’z)(G)(Tss(S(sz)),5(32))) Gsz(s(sz))] ds(sz)

633('() = Gg3 + fot [(333)(6)(;32(5(32)) - ((333)(6) + (a5, )(6)(T33(5(32)) 5(32))) G33(5(32))] ds(sz) 257

Gaa(D) = G4 + J) [(334)(6)(333(5(32)) ((3'34)(6) + (a5 (Tsa(s2), 5(32))) G34(5(32))] ds 28
T () = T + [y [(b32)(6)T33(5(32)) ((blsz)(ﬁ) - (bélz)(G)(G(S(SZ))'5(32))) T32(5(32))] ds(sz) 259
Tos () = TS + [ [(b33)( T2 (s2)) — ((blss)(ﬁ) - (b'3'3)(6)(G(5(32))'5(32))) T33(S(32))] ds(s2) 260
Toa() = TS + [ [(b34)(6)T33(5(32)) - ( D@ = 05)@(G(562), 5(32))) T34(S(32))] ds(sz) 261

Where s(3,) is the integrand that is integrated over an interval (0, t)

262

(@) The operator LA™ maps the space of functions satisfying GLOBAL EQUATIONS into itself 263

.Indeed it is obvious that

t = M. - )
Gia(®) < G35 + Jj [(ara)® (G244 ( Pz ) Ve Mi2)P59))] dsgyy) =

D0 1 @D (PP [ (g y®
(1 + (313)( )t)G14 + W(e( 13)t _ 1)

From which it follows that

(P13)M+6Y,

(Glg(t) G(I]S)e (Mq3)Dt < (313) [(( P )(1) + GO )e< G, ) + (’1513 )(1)]

13)®

(G?) is as defined in the statement of theorem 1

Analogous inequalities hold also for Gy, ,Gys, Ty3, Ti4, Tis

264

265

(b) The operator A maps the space of functions satisfying GLOBAL EQUATIONS into itself 266

.Indeed it is obvious that

@]
Gro() < G2 + 5 [ @16)@ (G2+(Prg )@el M1e)500))] dsiig) = (1+ (a16) PG, +

(@16)@(P16)® (M) Pt _
(My6)® (e 16 1)

From which it follows that

267

268
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(P16)@+69,

(M46)@

@ @ -
(Gy6() — Gle)e™(Mie) Pt < Luo) [(<1316><>+Gl7)e< %, >+(P16>(2)]

Analogous inequalities hold also for Gy, Gyg, Tyg, Ti7, Tig

269

(@) The operator A®) maps the space of functions satisfying GLOBAL EQUATIONS into itself 270

.Indeed it is obvious that

t = M 3)
Gao(t) < G3p + J, [(320)(3) (G(2)1+( Py )®e(Me0) S(ZO))] ds(z0) =

3 0 (20)®(P20)® Mo )3t
(1 + (azo)( )t)G21 + W(e( 20) - 1)

From which it follows that

(P20))+6Y,

3) R —
(Gao(0) = Go)e~ (M0t < 0] [Q p20)<3>+cgl)e( G

20)®

Analogous inequalities hold also for Gy, , G352, Tog, T21, Tos

) + (P )(3)l

271

272

(b) The operator A™ maps the space of functions satisfying GLOBAL EQUATIONS into itself 273

.Indeed it is obvious that
Gaa(t) < GY, + fgt [(324)(4) (G35+(§24 ) e(Mzs )(4)5(24))] ds(zq) =

4 0 (a24) @ (P2g )W M. )Y@t
(1 + (324)( )t)GZS + W(e( 24) - 1)

From which it follows that

(P24)®+63

_ (4) -
(G24(D) — G3p)e (Maa)™t < (324))(4) [(( Py )™ + G s)e( G35

(G?) is as defined in the statement of theorem 1

) + (P )“)l

274

(c) The operator A®) maps the space of functions satisfying GLOBAL EQUATIONS into itself 275

.Indeed it is obvious that
Gpg(t) < G2g + fot [(328)(5) (Ggg+(§zs )(s)e(Mzs)(s)s(zs))] ds(zg) =

5 0 (a28) ) (Pg)®) Moe )5
(1 + (aZS)( )t)ng + W(e( 28 )"t 1)

From which it follows that

(P25)5)+G3,

(Gao(®) — Gple(Mas) < L2l [(< ) + 63l

(G?) is as defined in the statement of theorem 1

) + (Pyg )(S)I

276

(d) The operator A® maps the space of functions satisfying GLOBAL EQUATIONS into itself 277

.Indeed it is obvious that

t 5 M., )(6)
Gs2(t) < G3; + |, [(332)(6) (Gg3+( P3; )@e(Ms2) 5(32))] ds(z) =
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6 0 (a32)(®(P3,)® Mas )6t
(1 + (332)( )t)G33 + W(e( 32) - 1)

From which it follows that 278

(P32)(©)+63,

® &) (— ) 5
(G52(0) = Glye (M) < B [((sz )@ +6%)el &4 (Psz)(ﬁ)l

(G?) is as defined in the statement of theorem 6

Analogous inequalities hold also for G,s, Gye, Toa, Tos, Tog

279
280
A1) A (1)
It is now sufficient to take — )~ 1 and to choose 281
(My3)D 7 (My3)D
(Pi3)® and (Qy3 )™ large to have
282
[ <(§13 )(1)+G]9> 283
@Y | 5 5 T -
(513)(1) (P)® + ((P3)® + Gio)e G < (Py)®
[ _ (Qi3 )(1)+T]p 284
(S (( Q )(1) + T-O)e ) + (Q )(1) < (Q )(1)
(M13)@ 13 J 13 = 13

In order that the operator A transforms the space of sextuples of functions G;,T; satisfying 285
GLOBAL EQUATIONS into itself

The operator A™ is a contraction with respect to the metric 286
d ((G(n, TW), (6O, T(z))) -

sup{max |Gi(1)(t) - Gi(z)(t)|e'(M13)(1)t, max |Ti(1)(t) - Ti(z) (t)|e'(M13)(1)t}
i teER+ teER+

Indeed if we denote 287
Definition of G, T
(GT)=ANGT)
It results
|G§13) - ai(z)l S fot(ais)(l) |GS,) - Gii)|e_(ﬂ13)(1)s(13)e(ﬁ“)(l)s(“‘) ds(i3) +
Lt D]6E - e Vsune-(Fio s 4

a'1’3)(1) (Tl(i)' 5(13)) |G(1) GEZS) |e—(m13)(1)5(13) e(m13)(1)5(13) +

(M. ) D M) D
G§2)|(a )(1)(T1(i),s(13))—(a )(1)(T(Z)'S(13))| e~ (M13)"Vs(13) o (My3) Sa9}ds y3)

Where s, 3) represents integrand that is integrated over the interval [0, t]
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From the hypotheses it follows

g — G(z>|e—m13)(ﬂt < 288
g (@)@ + @)+ ()@ + (Py) P (Rua) ) (60, TO; 6@,72))

And analogous inequalities for G; and T;. Taking into account the hypothesis the result follows

Remark 1: The fact that we supposed (a}5)™ and (b}5)™ depending also on t can be considered as 289

not conformal with the reality, however we have put this hypothesis ,in order that we can postulate
condition necessary to prove the uniqueness of the solution bounded by

(Pra) VeVt ang (Q,5)De(M19)Dt respectively of R, .

If instead of proving the existence of the solution on R, we have to prove it only on a compact then
it suffices to consider that (aj’)® and (bj{")¥,i = 13,14,15 depend only on T,, and respectively on
G(and not on t) and hypothesis can replaced by a usual Lipschitz condition.

Remark 2: There does not exist any t where G; (t) = 0and T; (t) =0 290

From 19 to 24 it results

Gi (t) 2 G?e[_ fg{(ai’)(l)_(a;’)(l)(T14(S(13)),S(13))}d5(13)] 2 0 291

T, () > TPe(-CD™) > 0 fort >0
Definition of ((M;3)®),, and ((M;3)™), : 292
Remark 3: if G,5 is bounded, the same property have also G, and G5 . indeed if

Gyz < (My3)® it follows % < ((My3)®), — (a14)MGy4 and by integrating

Gyq < ((ﬁ13)(1))2 =Gy, + 2(314)(1)((mm)(l))l/(a'm)(l)

In the same way , one can obtain

Gis < ((ﬁ13)(1))3 = G5 + 2(315)(1)((mm)(l))z/(a;s)(l)

If Gy, or G;5 is bounded, the same property follows for G5, G5 and G,3, Gy, respectively.

Remark 4: If G5 is bounded, from below, the same property holds for Gy, and G;5 . The proof is 293
analogous with the preceding one. An analogous property is true if G,, is bounded from below.

Remark 5: If T;5 is bounded from below and lim,_,., ((b{")® (G(t),t)) = (bj,)® then Ty, — 0. 294
Definition of (m)™ and e, :
Indeed let t; be so that fort >t

(b1)® — (NP (G(D), 1) < g, Tyz () > (M)®

Then dzt“ > (ay4) P (m)® — g, T;, which leads to 295
@ (@
Ty = (%) (1 —e 5% + T, e 1t If we take t such that e™1t = % it results
1
(a19) P m)® 2 . .. .
Ty = (f) t= lOgs_ By taking now ¢, sufficiently small one sees that T,, is
1

unbounded. The same property holds for Ty5 if lim,_ e (b}s)™® (G(t),t) = (b}5)™®
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We now state a more precise theorem about the behaviors at infinity of the solutions

296
. .. (ap® (b)) @ 297
It is now sufficient to take ——= ,——= < 1 and to choose
(M16)@ 7 (My6)@
(Pis )@ and ( Q4 )@ large to have
<( 1316)(2)+G]p> 298
@@ |, = ~ T — ~
0 |(Pe)® + ((Pe)@ +Gl)e V5 /1< ()@
299
( (616)(2)+T}’>
b)@ ~ T ~ ~
(1\7[116)(2) ((Qe)® + Tjo)e R +(Q6)?P| = (Qe6)®
In order that the operator <4 transforms the space of sextuples of functions G; , T; satisfying 300
The operator A3 is a contraction with respect to the metric 301
d(((G1)®, (@), ((G10)®, (Ty)®) ) =
sup{max |Gi(1)(t) — Gi(z)(t)|e_("7[16)(2)t, max |Ti(1)(t) - Ti(z) (t)|e‘("7[16)(2)t}
i teER4 teER4+
Indeed if we denote 302
Definition of Gyq, T : ( Gro, Tre ) = A@(Gyo, Tro)
It results 303
|G§16) _ ’G’I(Z)| < f;(aIG)(Z) |G§17) _ Gii)|e—(ﬂls)(Z)s(lﬁ)e(’l\7[16)(2)5(16) ds(lﬁ) +
(P16 — 62 e a0 sa0e (a0 50 4
(@6 (T, 5016)) G55 — G52 oM saoel M Psa0 1
2 " " 2 — (M@ M. )2
G§6)|(316)(2) (Tf;)'s(m)) _ (316)(2)(T1(7)' 5(16))| e (Mye) S(16) o(M16) 5(16)}d5(16)
Where s(,4) represents integrand that is integrated over the interval [0, t] 304
From the hypotheses it follows
|(G19)(1) - ((;19)(2)|e_(/l\7116)(2)t < 305
1 ~
W((am)(z) + (a16)® + (A1) +
(Pi)@ (k1)@)d ((G10) @, (T1)D; (G19)@, (Ty)?))
And analogous inequalities for G; and T;. Taking into account the hypothesis the result follows 306

Remark 1: The fact that we supposed (a%s)® and (bYs)® depending also on t can be considered as 307
not conformal with the reality, however we have put this hypothesis ,in order that we can postulate
condition necessary to prove the uniqueness of the solution bounded by

(Pre)@eM10@t and (Q,,) @ e™M10®t respectively of R, .
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International Journal of Scientific and Research Publications, Volume 2, Issue 9, September 2012
ISSN 2250-3153

If instead of proving the existence of the solution on R,, we have to prove it only on a compact then
it suffices to consider that (aj")® and (b{")®,i = 16,17,18 depend only on T,, and respectively on
(G19)(and not on t) and hypothesis can replaced by a usual Lipschitz condition.

Remark 2: There does not exist any t where G; (t) = 0and T; (t) =0

From 19 to 24 it results

G (t) > GiOe[— fg{(a{)(z)_(a;’)(z)(T17(5(16))'5(16))}ds(16)] >0

T, (©) = T2e-CDP) > 0 fort> 0
Definition of ((ﬂm)(z))l' ((ﬂ16)(2))2 and ((’1\7[16)(2))3 :
Remark 3: if G4 is bounded, the same property have also G;; and G;g . indeed if

Gy < (M;4)@ it follows % < ((Mye)®), = (a17)® Gy, and by integrating

Gi7 =< ((mlﬁ)(Z))z = Gi; + 2(317)(2)(('M16)(2))1/(a117)(2)

In the same way , one can obtain

Gig < ((mlﬁ)(Z))3 = Gig + 2(318)(2)((’1\7[16)(2))2/(3’18)(2)

If Gy, or G5 is bounded, the same property follows for G, , G153 and G,4, G, respectively.

Remark 4: If G,, is bounded, from below, the same property holds for G;, and G,5. The proof is
analogous with the preceding one. An analogous property is true if G;, is bounded from below.

Remark 5: If T, is bounded from below and lime.((b)® ((G1o)(t),t)) = (b},)?® then

Ty; — oo.

Definition of (m)® and e, :

Indeed let t, besothatfort >t,

(b17)® = (b )P ((G10) (D), 1) < &3, Ty (1) > ()@
Then % > (a;7)®(m)@ — ¢,T,, which leads to

(a17) P m)®

- ) (1 —e™22%) + T e %2t If we take t such that e %2t = % it results
2

Ty7 2(

(1)@ (m)@
T17>( - 2 )

= , t= logai By taking now e, sufficiently small one sees that T, is
2
unbounded. The same property holds for Tyg if lim,_,«(bi5)® ((G10) (1), t) = (big)®

We now state a more precise theorem about the behaviors at infinity of the solutions

@®  op®
(Mz0)®) 7 (Mz)®

It is now sufficient to take < 1 and to choose

(Pyo)® and (Q,0)® large to have

((ﬁzo)(3)+G]p>
@ | _ -(———t _
E) - (Po)® + ((Py)® +G)e K < (P)®

(Mz0)®
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(Q20)®+1] 318
b)® ~ -\ 1 ~ ~
m ((Qu)® + T]'O)e E +(Q20)®| = (Q20)®
In order that the operator A transforms the space of sextuples of functions G;, T; into itself 319
The operator A®) is a contraction with respect to the metric 320
d(((62)®, (T2) V), ((G2)®, (To)®) ) =
sup{max |Gi(1)(t) - Gi(z)(t)|e_('q2°)(3)t, max |Ti(1)(t) - Ti(z) (t)|e‘('q2°)(3)t}
i teER+ tER+
Indeed if we denote 321
Definition of G,3, T55 :( (G23), (Ty3) ) = 04(3)(((}23): (T23))
It results 322
|'G%) _ 'Gi(2)| < fot(azo)@) |G£11) _ ngl)|e—(ﬂzo)ms(zo)e(ﬂzo)(g)s(zo) ds(zo) +
[ {(ah0) @G — G2Jem(M20 Va0 o= (Ma0) Ve 4
323
(3'2’0)(3)(1‘2(1),5(20))|G%) - G%)|e—(’l\7120)(3)s(20)e(’MZO)(3)s(20) +
! ’ (M, 3 Mo 3)
ngo)|(a'20)(3) (Tz(i)' S(20)) - (3'20)(3) (Tz(f), S(20))| e~ (M20)75(20 g(Mz0) *20}ds p0
Where s,y represents integrand that is integrated over the interval [0, ]
From the hypotheses it follows
|c® — G(z)|e—(ﬂzo)<3>t < 324

G (@20 + (@20 + (A0)® +

(P20)® (k20)®)d (((G2)®, (T2)D; (G2)@, (Ty5)@))

And analogous inequalities for G; and T,. Taking into account the hypothesis the result follows

Remark 1: The fact that we supposed (ay,)® and (bj,)® depending also on t can be considered as 325

not conformal with the reality, however we have put this hypothesis ,in order that we can postulate
condition necessary to prove the uniqueness of the solution bounded by

(P,0)Pe(M20Pt and (Q,0) @ eM20Pt regpectively of R,.

If instead of proving the existence of the solution on R, we have to prove it only on a compact then

it suffices to consider that (a}’)® and (b!")®,i = 20,21,22 depend only on T,, and respectively on
(G,3)(and not on t) and hypothesis can replaced by a usual Lipschitz condition.

Remark 2: There does not exist any t where G; (t) = 0and T; (t) =0 326
From 19 to 24 it results

G; (t) = Gi()e[— f;{(ai’)(”—(a;’)(”(T21(5(20))'5(20))}‘15(20)] >0

T, () = T2e-CD®) > 0 fort > 0

Definition of ((Mz0)®),, (M30)®), and ((Mz0)®), : 327
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Remark 3: if G, is bounded, the same property have also G,; and G, . indeed if
Gy < (Myo)® it follows % < (M20)®), = (a31)® G4 and by integrating

Gzp = ((ﬂzo)(g))z =Gy + 2(a21)(3)((’MZO)(3))1/(3'21)(3)

In the same way , one can obtain

Gyp < ((ﬂzo)(g))3 = ng + 2(322)(3)((’Mzo)(B))z/(alzz)(g)

If G,; or G,, is bounded, the same property follows for G,,, G,, and G,,, Gy, respectively.

Remark 4: If G,, is bounded, from below, the same property holds for G,; and G,, . The proof is
analogous with the preceding one. An analogous property is true if G, is bounded from below.

Remark 5: If Ty, is bounded from below and lim..((b{)® ((G,3)(1),t)) = (by)® then

Ty — oo
Definition of (m)® and ¢; :
Indeed let t; be so that fort > tg

(by)® — (b{’)(S)((Gn)(t)'t) < g5, Ty (t) > (m)®

Then dzl > (a;)®(mM)® — &,T,, which leads to

(az) P m)®

- ) (1—e7%Y + TY e %3t If we take t such that et = % it results
3

To = (

(a )(3)(m)(3)
Tz1 >( = 2 )

unbounded. The same property holds for T,, if lim_ e (b52)® ((G3) (1), t) = (by)®

, t=log83 By taking now &5 sufficiently small one sees that T,; is
3

We now state a more precise theorem about the behaviors at infinity of the solutions

D@ NO)
It is now sufficient to take ( C)) (bi)

Mpa )’ (Mpy )@ < 1 and to choose

(P, )™ and (Q,, )™ large to have

[ (P2)D+a)
@Y 1B YO 4 ((P,)® +6% \ 9 NG
(o)™ + ((Prg)® + G )e ) < (Py)

(Mp)®

[ _( (Qa4 )(4)+T]p>
(( Q24 )™ +T]-°)e E + (Qa)®| < (Qpe)®

(ChIS
(Mq)®

In order that the operator LA™ transforms the space of sextuples of functions G;, T, satisfying IN to
itself

The operator A™ is a contraction with respect to the metric

d (((G27)(1): (T27)(1))' ((G27)(2)’ (T27)(2))) =
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sup{max |G (©) — G2 (9)]e 29t max [TV (1) — TP (1)) e~ ™0y
i teR+ teR+

Indeed if we denote
Definition of (Gz7), (Tz7) : ((G27), (T27) ) = A® ((Gz), (T7))
It results
G -5@| < fot(a“)m GV — 6@ o= (M20) s ) o (Ma) W5 24 dscea) +
[o{(a)@]GEY = G5 er (Mt Psme(Fescen 4
@O (125|657 = 6 fem P VoM P 4
G 1@ DTSR, 5e) — @) D(TZ, 500y )| € M2 PszneMaPscodsey,
Where s(,4 represents integrand that is integrated over the interval [0, t]

From the hypotheses it follows
338

|(Gy)® — (G27)(z)|e—(ﬁ24)“)t < 339
1 ’ -~

W((a“)(‘*) + (@)W + (A)™ +

(P0)® (k2)®)d (((G2)®, (T;)D; (G2, (T;)@))

And analogous inequalities for G; and T;. Taking into account the hypothesis the result follows

Remark 1: The fact that we supposed (a%,)™ and (b%,)® depending also on t can be considered as 340
not conformal with the reality, however we have put this hypothesis ,in order that we can postulate
condition  necessary to prove the uniqueness of the solution bounded by

(P,)@e(M200Wt and (Q,,)@eM200t regpectively of R,.

If instead of proving the existence of the solution on R, we have to prove it only on a compact then
it suffices to consider that (a})® and (b)), i = 24,25,26 depend only on T,s and respectively on
(G,7)(and not on t) and hypothesis can replaced by a usual Lipschitz condition.

Remark 2: There does not exist any t where G; (t) = 0and T; (t) =0 341

From 19 to 24 it results

G; (t) > GiOe[— fJ{(a{)(4)—(a§')(4)(Tzs(5(24))‘5(24))}(15(24)] >0

T, (©) = T2e(-CD™Y) > 0 fort > 0

Definition of ((M24)™),, (M24)®), and ((M4)®), : 342
Remark 3: if G,, is bounded, the same property have also G,s and G, . indeed if

Gy < (M,)@ it follows % < (M24)®), = (a25) ™G5 and by integrating

Gos < ((’M24)(4))2 = Gps + 2(325)(4)((/M24)(4))1/(a’25)(4)
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In the same way , one can obtain
Goe = ((ﬂ24)(4))3 = Gg + 2(a26)(4)((’M24)(4))2/(a,26)(4)
If G,5 or G,¢ is bounded, the same property follows for G,,, G, and G,,, G5 respectively.

Remark 4: If G,, is bounded, from below, the same property holds for G,5 and G, . The proof is
analogous with the preceding one. An analogous property is true if G5 is bounded from below.

Remark 5: If T,, is bounded from below and lim,_e((b;)™® ((G,,)(t),1)) = (bys)® then
Tys — oo.

Definition of (m)® and ¢, :
Indeed let t, be so that fort > t,

(bz5)™® = (B )P ((Go7)(0), 1) < &4, Tog () > (M)™

Then dzs > (225) P (mM)® — g, T, which leads to

@ (m)®@
T,s = (M) (1 —e~%Y) + T e % If we take t such that e %4t = % it results
4
(az5) ™ ()™ 2 . . i
Tys = (f) t= logs— By taking now g, sufficiently small one sees that T,s is
4

unbounded. The same property holds for Ty if lime_ e (b%6)® ((G27) (D), t) = (bhe)™®

We now state a more precise theorem about the behaviors at infinity of the solutions ANALOGOUS
inequalities hold also for Gy, G3g, T2, T29, T3

NG NG
It is now sufficient to take ( (@) (bi)

Mg )® * (Mpe)® = 1 and to choose

(Pg )® and (Qug)® large to have

[ <(§28)(5)+G]9>
NG R - o S -
E) | (Pre)® + ((P)® +G)e K < (Py)®

(M2g)®

[ _( (Qzs )(5)+T]p>
(( Q) + Tjo)e R +(Que)®| < (Q8)®

(ChHIS)
(M3g)(S)

In order that the operator A transforms the space of sextuples of functions G; , T; into itself

The operator A is a contraction with respect to the metric
d(((Ga)®, (T3)®), (G5, (T5)®) ) =

sup{max |Gi(1)(t) - Gi(z)(t)|e‘('q28)(5)t, max |Ti(1)(t) - Ti(z) (t)|e'(M28)(5)t}
i teER4+ tER+
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Indeed if we denote

Definition of (G1), (Ts1) ©  ((G31), (Ts1) ) = A®((Gs1), (Ts1))

It results
|a%) _ ai(2)| < fot(azs)(s) |G%) _ G%) e—(’Mzs)(S)s(zs)e(’l\7[28)(5)5(28) dS(zs) +
[y () ®|GSE — 62 Ma0)@szmre(Maw) s 4
@55)® (T55, S2e))|Gog — G2 e~ (Mo stz oMo} Vsany

2 " 1 " 2 —(M»g)® ™,)5)
G§8)|(a28)(5) (Tz(g)’s(zs)) — @Yy)® (Tz(g): 5(28))| e~ (M28)*>’s(25) o (Mz28) Se)}ds g
Where s(,g) represents integrand that is integrated over the interval [0, ]

From the hypotheses it follows

352
—(M,g)®
|(G3)® — (G37)@]e~Mze)t < 353
1 , ~
W((azs)(s) + (a%)® + (A0)® +

(P2) @ (kz0)®@)d (((G3)D, (Ts)®; (G5)@, (T5)?))

And analogous inequalities for G; and T;. Taking into account the hypothesis (35,35,36) the result
follows

Remark 1: The fact that we supposed (ayg) and (bg)® depending also on t can be considered as 354
not conformal with the reality, however we have put this hypothesis ,in order that we can postulate
condition necessary to prove the uniqueness of the solution bounded by

(P,5) Pe(M20Pt and (Q,5)®eM22t regpectively of R,.

If instead of proving the existence of the solution on R, we have to prove it only on a compact then
it suffices to consider that (a}")® and (b{")®,i = 28,29,30 depend only on T,, and respectively on
(Gs1)(and not on t) and hypothesis can replaced by a usual Lipschitz condition.

Remark 2: There does not exist any t where G; (t) = 0and T; (t) =0 355

From GLOBAL EQUATIONS it results

G; (t) > Gioe[_ f(f{(ai')(s)-(a;')(s)(T29(5(28))'5(28))}“(28)] >0

T, (6) = TPe-CD®) > 0 fort> 0

Definition of ((M5)®),, (Mp)®), and ((Mp)®), 356
Remark 3: if G,4 is bounded, the same property have also G,q and G3, . indeed if

Gy < (M,)® it follows % < ((M25)®), — (a39)®Gyo and by integrating

Gyo < ((ﬁza)(s))z = G(z)9 + 2(329)(5)((’Mzs)(s))l/(alzg)(s)
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In the same way , one can obtain
G3p = ((ﬂzs)(s))3 =G3o + 2(330)(5)((’Mzs)(s))z/(ago)(s)
If G,4 or G, is bounded, the same property follows for G,5, G3o and G,g, G, respectively.

Remark 4: If G,z is bounded, from below, the same property holds for G, and G3, . The proof is
analogous with the preceding one. An analogous property is true if G,q is bounded from below.

Remark 5: If T, is bounded from below and limye((b!)® ((Gs1)(t),t)) = (b%e)® then
Tyg — oo.

Definition of (m)® and ¢ :

Indeed let ts be so that for t > tg

(b26)® — (b)Y ®((G31) (D), t) < &5, Tyg () > (M)

Then df;" > (250)®(m)® — &5T,o Which leads to
(@29)® () —est 0 -5t —est _ 1
Ty = (E—) (1 —e™5Y) + Tyoe™ %" If we take t such that e78st = > it results
5
(a29) P (@) 2 . . i
Ty = (f) t= logg— By taking now ¢g sufficiently small one sees that T,y is
5

unbounded. The same property holds for Tz, if lim_ e (b5e)® ((G31) (1), t) = (bse)®
We now state a more precise theorem about the behaviors at infinity of the solutions

Analogous inequalities hold also for Ggs, Gsy, Tsy, Ts3, T3y

i - @® _op©
It is now sufficient to take — , < 1 and to choose
(M32)(6) 7 (M33)(®)

(P;,)® and (Q3, )® large to have

[ <(§32 )(6)+G]9>
NOH PR _ {—= _
@) (P3)®@ + ((P32)© + Gjo)e 4 < (P3)®

(M32)(®)

[ ( (Q32 )(6)+T]p>
~ -\ T 0 —~ —~
(( Qs32)® + Tjo)e R +(Q32)®@f < (Q3)®

(bp©
(M32)(®)

In order that the operator A transforms the space of sextuples of functions G; , T; into itself

The operator A® is a contraction with respect to the metric

d (((Gss)(l). (Tss)(l))' ((G35)(2), (Tss)(z))) =
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sup{max |G (t) — Gi(z)(t)|e_('v[32)(6)t, max [T (t) — T® (t)|e‘('\7[32)(6)t}
i teR+ teR+

Indeed if we denote

Definition of (Gss), (Tss) © ((Gas), (Tss) ) = A©((Gzs), (Tss))

It results

|5512) - a1(2)| = fot(asz)(G) |Gg13) - ngs) e~ (Me2)s52) (M) /5652 ds(zz) +

[ @6 — 62 |eMa2) st = (Ma2) Vsiaz) 4

@) (TS2, 5(32))|GS3) — G [e™ (M) e (Ms) stsa)

G 1@ O (TS, 562) — @) O (T2, 55| €™ Ms2) P26 M2 “s65213dis 307
Where s(3,) represents integrand that is integrated over the interval [0, t]

From the hypotheses it follows

|(Gy5)® — (635)(2)|e—(’1\7132)(6)t < 368

1 ~
W((%z)(ﬁ) + (a5)® + (A3)@ +

(P12) @ (k32)@)d (((G35)®, (Ta5) Vs (Ga5) @, (T35)@))
And analogous inequalities for G; and T;. Taking into account the hypothesis the result follows

Remark 1: The fact that we supposed (a%,)® and (b%,)(® depending also on t can be considered as 369
not conformal with the reality, however we have put this hypothesis ,in order that we can postulate
condition necessary to prove the uniqueness of the solution bounded by

(Py,)@eM32)t and (Qs,,) @ e(M32)“t regpectively of R,.
If instead of proving the existence of the solution on R, we have to prove it only on a compact then

it suffices to consider that (a}")® and (bj")®,i = 32,33,34 depend only on T,; and respectively on
(Gss)(and not on t) and hypothesis can replaced by a usual Lipschitz condition.

Remark 2: There does not exist any t where G; (t) = 0and T; (t) =0 370

From 69 to 32 it results

G; (t) = Gioe[_ fg{(a{)(e)—(a{’)(e)(T33(5(32))'5(32))}‘15(32)] >0

T, (©) = T2e(-®D®) > 0 fort > 0

Definition of ((M32)),, (M5,)®), and ((M3)®), : 371
Remark 3: if G, is bounded, the same property have also Gs; and Gs, . indeed if

Gay < (M3,)®@ it follows % < ((M32)®), — (a33)®G33 and by integrating

Gs3 < ((/M32)(6))2 = Ggs + 2(333)(6)((/M32)(6))1/(a’33)(6)
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In the same way , one can obtain
G3y < ((ﬂsz)(ﬁ))3 = Gg4 + 2(334)(6)((ﬂ32)(6))2/(a§4)(6)
If G35 or Gy, is bounded, the same property follows for G;,, Gs, and Gs,, G5 respectively.

Remark 4: If G5, is bounded, from below, the same property holds for G35 and G3, . The proof is 372
analogous with the preceding one. An analogous property is true if Gs3 is bounded from below.

Remark 5: If T,;, is bounded from below and lim,.((b;")® ((G35)(t),t)) = (bs3)© then 373

T35 — oo.
Definition of (m)® and & :

Indeed let t, be so that fort > t,

(b33)© — (0]) @ ((G35) (1), t) < g6, T5 () > (m)©@

374
Then d:;? > (a33)® (m)® — g, Ts5 Which leads to 375
T3 = (%l(m)@) (1 —e %Y + Te 6t If we take t such that e~%t = % it results
T3 = (@”)(Zw) t= lOgi By taking now ¢4 sufficiently small one sees that Ts; is
unbounded. The same property holds for Tz, if lim_ e (by)® ((G35) (1), t(t), t) = (bj4)®
We now state a more precise theorem about the behaviors at infinity of the solutions
376
Behavior of the solutions 377
_If we denote and define
Definition of (0,)®, (0,)®, (1))@, (1)@ :
(@) 0,)V,(0,)D, (1D, (1,)® four constants satisfying
—(0)W < —(@13)W + (ai)® — (@13) P (Tug, ) + @)D (Tyg, 1) < —(0)
~()® < ~(bix)® + bi)® = BV G,H) ~ B VG ) < ~(e)®
Definition of (v;)®, (v;)®, ()@, (uy)) @, v, u® : 378
(b) By (v;)® >0,(v,)™ <0 and respectively (u;)® >0, (u,)® < 0 the roots of  the
equations  (a;) P (v®)’ + (6) VD — (a;)® =0 and  (by,) P (u®)” + (1,)Du® —
(bi)™ =0
Definition of (v,)®,, (¥,)@, (@)W, (@,)® : 379

By ()™ >0, ,)® < 0 and respectively (i,)® >0, (@,)® < 0 the roots of the equations
@) P (D) + (@)D = (a)® =0 and (by) P (u®)” + (1) Pu® — (by5)® =0

WWWw.ijsrp.org

36



International Journal of Scientific and Research Publications, Volume 2, Issue 9, September 2012
ISSN 2250-3153

Definition of (m;)®, (m;)®, ()™, ()™, (vo)™ -
(©) If we define (m))@, (m) @, (u)@, ()™ by
(mz)(l) = (Vo)(l)' (m1)(1) = (V1)(1)' if (Vo)(l) < (Vl)(l)

(my)® = ()P, (m)® = @)D, if (v )® < (ve)® < (¥,)D,

GO
and |(vo)® = G_i

(mz)(l) = (V1)(1)’(m1)(1) = (Vo)(l): if (‘71)(1) < (Vo)(l)
and analogously
(Hz)(l) = (uo)“),(m)“) = (U1)(1)r if (uo)(l) < (u1)(1)

1) D = (WD, ()@ = (@)D, if (u))® < (ue)®@ < @@,

and |(up)® = %
14

(1)@ = (W)®, (W)@ = W)™, if (@)™ < (ue)™® where (u)®, (@)™
are defined respectively

Then the solution satisfies the inequalities

Ge(G0P =@Mt < G5 () < GeV™

where (p;)™ is defined

0 (S D—(ps)® RINED:
ﬁcme(( D=1t < G, (D) = (1)(; eSDWt

(a15) V63 $1)D _(p.) @D —(5,)® 0 —(5, )
((ml)“)((soé? (P131)3(1)—(52)(1)) [e(( DE e t] + Glse™ < Gus(0) <

(a15) V69 5.) Wt —(a' )Wt 0 —(a' )Mt
(D 1(215)(1))[ e(S1) — e—(@15) ]+ Goe (a1s) )

'I‘loge(Rl)(l)t < Ti5(t) < nge((Rl)(l)"'(rB)(l))t |

(M1 )(1) T13 (Rl)(l)t STiz(t) < 03e((R1)(1)+(r13)(1))t
(b1s)(1)T oR 1) —(b @ o (b (D

(a15) 185 [((R1)(1)+(1’13)(1))t_ —(Rz><ﬂt] 0 o~(R)Mt
DR D +(r15) D+ (Rp D) 1 € *+Tise

Definition of (S,)®, (S,)@, (R))®, (R,)®:-
Where (5,)® = (a;3)®(m,)® — (al;)®
(S2)W = (a15)™ = (p15)™

(R1)(1) = (b13)(1)(uz)(1) - (b’13)(1)

380

381

382

383

384

385
386

387

388
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(Rz)(l) = (bis)(l) - (r15)(1)

Behavior of the solutions

_If we denote and define
Definition of (6,)®, (6,)®, (1))@, (1,)@® :

d) 6,)@,(0,)?, (1)@, (1,)® four constants satisfying

—(0,)@ < —(@16)® + (a17)? — @) P(Ty7,0) + (@17) P (Ty7,0) < —(07)?

—(12)® < =(b1e)@ + (b1,)® = (bYe) P ((G1o), ) = (b17)P ((Gyo), 1) < —(1)®

Definition of (v;)@®, (v,)®, (u))®, (u,)®@ :

By (vi)® >0, (v,)® < 0 and respectively (u;)® > 0, (u,)® < 0 the roots

(e) of the equations (a17)(2)(v(2))2 + (6)PVv® — (a,;9)@ =0
and (by)®(u®)” + (1,)Pu@ — (b,)® = 0 and

Definition of (¥,)®,, (v,)@, (@)@, (1,)@ :

By (¥,)® >0, (¥,)® < 0 and respectively (@;)® >0, (1,)® < 0the

roots of the equations (a;,) @ (v®)” + (6,)@v® — (a,;)@ = 0
and (by,)@U®)” + (1,)Pu® — (by)® = 0

Definition of (m;)®, (m;)®, ()@, ()@ -

(f) 1f we define (m)®, (mx)®, (1)@, (1)@ by

(m)@ = (vp)@, ()@ = ()@, if (vp)® < (v)@

(m)® = (v))@, (m)® = @Y, if (v)® < (v)@® < D@,

0
and |(vo)® =z
17

(mz)(z) = (V1)(2)' (ml)(Z) = (Vo)(z): if (V1)(2) < (Vo)(z)
and analogously
(Hz)(z) = (uo)(z)'(lh)(z) = (ul)(Z)' if (uo)(z) < (ul)(Z)

(Hz)(z) = (u1)(2)' (Hi)(z) = (‘_11)(2) , if (u1)(2) < (uo)(z) < (‘_11)(2)'

0
and |(uy)® = %
17

(1)@ = (u)®, ()P = (ue)@, if (1)P < (ug)@

Then the solution satisfies the inequalities
eGP =F10 @)t < G (1) < GIpeV

(p) @ is defined
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1

eV @0 < G, (1) < LGl el

(m )(2) )(2)
(a18) P63 )@ =(p1e) @)t ~(S2)@t 0 —(S)@t
P E)O-(10)P-60®) [e( DT - e ] T Gpe < Gig(D) <
@) V6160t _ o=@l 4 0 e~@ia)y

W)@ ()@ —(a}g)@) L©

T e®RDPt < T, () < T e(RDP+(r10) @)t |

@ (2 (2
™ )(2) T16e(R1) t< Ty () < (2) T16e((R1) +(r16) 2t

(b1) DT (R)@t bl @t 0 —(ble) Pt
W@ ((R)D-(b]5)®) [0 — @I | 4 e CI™ < Tyg(1) <

(a18) D1l [ ((RDP+(r16)@)t _ —(Rz)(z)t] 0 ,—(R)@t
1D (R P+ (rrg) Dr (R D) | ¢ + Tige

Definition of (5,)®, (5,)@, (R)®, (R,)®:-
Where (5)® = (a;6) @ (m)® — (ajs)@
(52)(2) = (a18)(2) - (p18)(2)
(R)® = (b16)® ()™ — (bie)®

(R)® = (b1g)® — (118)?

Behavior of the solutions

_If we denote and define

Definition of (0,)®, (0,)®, (1)@, (1,)® :

@) 0))®,(0,)®, ()P, (1,)® four constants satisfying

—(0)® < —(a30)® + (a2)® ~ (a56)®(Tz1, 8) + (a53) P (T2, 1) < — ()@
— (@)@ < =(b30)® + (020 = (30)P (G, ) — (b3)P((G23), t) < ~(7)®
Definition of (v;)®, (v,)®, (u))®, (uy)® :

(b) By (v))® >0,w,)® <0 and respectively (u;)® >0, (u,)® <0 the roots of
equations (a;1)@(v®)” + (6,)@vE — (a,0)® =0

and (b,1)PU®)” + (1)@u® — (b,0)® = 0 and
By (7)® >0, (#,)® < 0and respectively (#;)® >0, (,)® < 0 the
roots of the equations (a21)(3)(v(3))2 + (0)Pv® — (a,)® =0
and (bzl)(3)(u(3))2 + (1)U — (b, )@ =0
Definition of (m,)® , (my)®, (1)@, (uy)® :-

(c) If we define (m)®, (my)®, (u)®, ()@ by
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(mz)(3) = (Vo)(3)’ (m1)(3) = (V1)(3): if (Vo)(3) < (V1)(3)

(my)® = (1)®, (m)N® = P, if V)P < V)P < [T,

GO
and |(vy)® = e
21

(m)® = ()®, (m)N® = W@, if TP < (1))@

and analogously 422

(#2)(3) = (uo)(g)' (#1)(3) = (ul)(B)v if (uo)(3) < (ul)(B)

0
1)@ = )P, ()@ = @)D, if @)@ < wI® < @),  and|(w))® = =

T
(Hz)(s) = (u1)(3)' (.“1)(3) = (uo)(s): if (ﬁ1)(3) < (uo)(3)
Then the solution satisfies the inequalities
GLe (DD -@20)t < 6, (£) < GI,eDV™
(p)® is defined 423
3 _(p, )3 ®)
WGZO ((51) —(p20)®)t < Gy (b) < (3) GZO et 424
(a22) 630 D@ =20)P)t _ (5Pt 0 ,—(s)®t 425
((m1)<3>((51)@)_(p20)<3)_(52)<3)) [e( D@20 ) g=(52) ] + G272 < Gayp(8) <
(a22)®63 ®3) EPANG)) NG
(mz)(3)((2?)(3)_2(‘;32)(3)) [6(51) t_ e (azz) t] + nge (azz) t)
7’2006(1‘?1)(3)t < Tyo(t) < Tzooe((Rl)(3)+(r20)(3))t | 426
@) ) ®)
(ul)(3) TSe eI < T, 0(t) < (3) ((R1) +(r20) )t 427
(b22)®TS 3) EEYING)) ANG) 428
(ul)(3)((z)(3) 2((;22)(3)) e(RDPt _ —(b32) t] +Te~ 2%t <7, (1) <
(az2) TS &) &) TN G) —(R)®
(uz)(3)((Rl)(:)2+(r202)(()3)+(R2)(3)) [e((Rl) +(120) )t_e (R2) t]+T202e (Rt
Definition of (5,)®, (5,)®, (R1)®, (R,)®:- 429
Where (5))® = (az0)® (m)® — (a30)®
(52)(3) = (azz)(S) - (pzz)(3)
(R)® = (by0)® ()P — (b30)®
(Rz)(3) = (béz)m - (7’22)(3)
430
431
Behavior of the solutions 432

1f we denote and define

Definition of (6,)®, (6,)®, (1)@, (1,)® :
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d) ()@, (0)®, ()P, (r,)® four constants satisfying

—(0)® < —(ah)™ + (as)™® — (@)@ (Tys, 1) + (a3s) @ (Tzs, 1) < —(0)@
—(1)® < =(bh)® + (bys)® — (b§'4)(4)((627), t) — (b3s (4)((527); t) < —(r)®
Definition of (v;)®, (v,)®, (u))®, (up) @, v®, u® :

€ By (v)® >0,,)® <0 and respectively (u)® >0, (u,)™® < 0 the roots of
equations (aZS)(4)(V(4>)2 + () Dv® — (a,)@ =0
and (bs)@ (™)’ + (1) Pu® — (b)) = 0 and

Definition of (¥,)®,, (¥7,)®, (@)@, (&1,)® :

By (V)™ > 0, (#,)® < 0and respectively (7i;)® > 0, (i1,)® < 0 the
roots of the equations (a,s)™® (v(4))2 + (0,)Dv® = (a,)® =0
and (bzs)(4)(u(4))2 n (TZ)(4)u(4) _ (b24)(4) —0
Definition of (m)®, (m)™, (u)™, ()™, (we)® :-

(f) If we define (my)@, (M) @, (u)@, (1)@ by
(mz)(4) = (Vo)m’ (ml)(4) = (V1)(4)r if (Vo)(4) < (V1)(4)
(m)® = W)@, (m)® = @D, if (v)® < (v)™® < (1)@,

0
and [(vo)® = %
25

(mz)(4) = (V4)(4)' (m1)(4) = (Vo)(4): if (‘74)(4) < (Vo)(4)
and analogously
(ﬂz)(4) = (uo)(4)’ (#1)(4) = (u1)(4): if (uo)(4) < (ul)(4)

)@ = @)@, 1)@ = @)@, if )@ < @@ < @),

0
and | (u)@ = %
25

(12)® = ()@, (1)@ = (ue)®, if (@)™ < (ue)™ where (u)®, (@)@
are defined by 59 and 64 respectively

Then the solution satisfies the inequalities
62,e(EDW-20M)t < G (¢) < 69,V

where (p,)™® is defined

1

63,e(@0@ @20t < G (t) < 569,

(ml)(4) (mz)(4)
(a26)(4)Gg4 (s )(4)_(p )(4) ¢ —s )(4)t 0 (s )(4)t
((ml)(4)((51)(4)—(p24)(4)—(52)(4)) [e( ' ) el ]+Gzee 2 < Ge(t) <
(a26)63, (5@t —(abe) @t 0 ()@t
M@ (5@ —(abe®) R R

(79,60t < T, (1) < TL,e (R +r20 ) |

433
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_1
(u)@W

T204€(R1)(4)t SThu(t) < T204e((R1)(4)+(T24)(4))t

1
(u2)®

(bze)(4)T204
(U)W ((R)®-(bse)®)

[e(R1)(4)f — e—(bﬁa)(“t] + Tzose_(béﬁ)wt S The(t) <

(a20) D1y [ (R)W+(r2a) )t _ —(Rz)(4)f] 0 ,—(R)®t
EDP(RDD+(20) P+ ®) 1© ¢ + Tzee

Definition of (S;)®, (S,)®, (R,)®, (R,)®:-
Where (§)@ = (ay,)® ()@ — (a)@
(52)(4) = (aze)(4) - (pze)(4)
(Rl)(4) - (bz4)(4)(.u2)(4) - (b§4)(4)

(Rz)m = (bée)m - (7’26)(4)

Behavior of the solutions
If we denote and define

Definition of (6,)®, (6,)®, (1))@, (7,)® :

@) (), (0)®,(1)®, (1,)® four constants satisfying

—(02)® < —(a38)® + (a39)® = (a55) P (T, t) + (a5)® (To, 1) < —(0)®
—(12)® < —(b36)® + (b30)® = (b5)((G31), ) — (b39) P ((G31),t) < —(2)®
Definition of (v;)®, (v2)®, ()@, (ux)®,v®,u® :

(hy By )® >0,(v,)® <0 and respectively (u,)® >0, (u,)®® < 0 the roots of
equations (a;)® (V™) + (6,)Ev® — (a5g)® = 0
and (byo)®(u®)” + (1) Ou® — (b,g)® = 0 and

Definition of (7,)®,, (¥,)®, (i1,)®, (@1,)® :

By (v))® > 0, (#,)® < 0and respectively (7i;)® >0, (i1,)® < 0 the
roots of the equations (a,q)® (1;(5))2 + (0,) v — (a)® =0
and (bzg)(S)(u(s))2 + (1) PU® — (be)® =0
Definition of (m;)®, (m,)®, (u)®, (u2)®, (v)® :-

(i) 1f we define (my)®, (m)®, (1)®, (u)® by
(mz)(s) = (Vo)(s)' (m1)(5) = (V1)(5)' if (Vo)(s) < (Vl)(S)

(my)® = (1), (M) = N, if V) < V) < [T)®,

0
and [(vy)® = %
29

(mz)(s) = (V1)(5)' (m1)(5) = (VO)(S)' if (171)(5) < (VO)(S)

and analogously

(#2)(5) = (uo)(s)' (#1)(5) = (ul)(S)v if (uo)(s) < (u1)(5)

450
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W) = w)®, (1)® = @), if w)® < w)® < @)@,

TO
and | (ug)® = o
29

(1) = @)@, ()P = W) ®,if @) < (ue)® where (u)®, (@)™
are defined respectively

Then the solution satisfies the inequalities
G2e (V=02 < Go (1) < (et

where (p,)® is defined

WGZ (D -w29)F)t < Gyo(t) < (5) Goe (5Ot
((ml)(s)((51()‘2;)3((::5)8(5)_(52)(5)) [e((51)(5)—(p28)(5))t _ e—(sz)(5>t] + Gg’oe‘(sz)(s)f < Gy() <
(mz)(wﬁiﬁiifﬁgo)(s)) [e (e e‘(“éo)(s)f] + Ggoe—(aéo)(s)t)

|T2086(R1)(5)t < Te(t) < Tzoge((Rl)(5)+(T28)(5))t |

(11 )(5) Thae ®0™t < Tyq(t) S 7SS )(5) e ()& +rae) )t

e [ = e 4 e < T ) <
(u2>(5>((R1§?53>0+)§Zg?s>+(Rz)<s>) [e((Rﬂ(s“(rzs)(s))t - e‘(Rz)(s)t] + 70 e~ Rt

Definition of (5,)®, (5,)®, (R1)®, (R,)®:-
Where (5)©® = (az6)® (m3)® — (a3e)®
(52)® = (a30)® — (P30)®
(R)® = (b28)® (12)® — (b36)®
(R)® = (b30)® — (130)®

Behavior of the solutions
_If we denote and define

Definition of (0,)®, (5,)® , (1)@, (1,)® :

() (@)@, (0)®, (1)@, (,)® four constants satisfying

—(0)@ < —(a5,)@ + (a33)® — (@)@ (Ta3, 1) + (a83) @ (Ta3,t) < —(0)©

— (1)@ < = (b3,)© + (b32)® — (b52)©((G35), t) — (b53) @ ((G35), ) < — (1)@
Definition of (v;)®, (v,)®, ()@, (uy,)®,v®, u® :

(K) By (v1)©® >0,(v,)® <0 and respectively (u,)® >0, (u;)® <0 the roots of
equations (a33)(6)(v(6))2 + (6)Ov® — (a3)® =0
and (b33)(6)(u(6))2 + (TI)(a)u(e) _ (b32)(6) = 0and
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Definition of (7,)®,, (1,)®, (i1,)®, (1)@ :

By (v)® > 0, (#,)® < 0 and respectively (7i;)® >0, (i1,)© < 0 the
roots of the equations (az3)© (v("’))2 + (0,)Ov® — (a3,)©® =0
and (bss)(ﬁ)(u(ﬁ))z + (12)©@u® — (b3,)® =0
Definition of (m,)©, (m;)®, (1)@, (u2)®@, (vp)® :-
(1) If we define (m;)©, (m,)®, (u)®, (u)® by
(mz)(6) = (Vo)(@’ (m1)(6) = (V1)(6)' if (Vo)(6) < (V1)(6)

(Mmy)©® = (1)®, (M)N® = O, if (1)) < (V)©® < (7)®,

0
and |(vy)® = %
33

(m)® = @)@, )@ = W)@, if G < (o)
and analogously
1) ® = @)@, @)@ = @)®, if w)® < ()
1)@ = @)@, (1)@ = @)@, if ()@ < ()@ < @),

0
and | (uy)©® = %
33

(1)@ = )@, (1)@ = ()@, if (@) < (up)® where (uy)®, (@)

are defined respectively
Then the solution satisfies the inequalities
6,V @-e ) < G (1) < 62eD

where (p,)© is defined

6)_ © 1 ()
e((50®-s2) )t5033(t)§(m2)(6)6§2e(sﬂ ‘

1 0
(m1)® Gs2

( SR 6@ =@t — = | 4 G~ < Gy () <

(MmO ((5)O—(p32)O)—(5,)®))

(a34-)(6)GO s8¢ —(a )¢ 0 —(al)®¢
(mz)(ﬁ)((51)(6)_3(154)(6)) [e( 1) — e~ (a3q) ]—}— G,e (azq)

T3oz€(R1)(6)t ST5(0) < Tsoze((Rl)(G)"'(r”)(s))t

1 T302€(R1)(6)t S Ts(0) < ;Tsoze((Rl)(6)+(r32)(6))t

(u)® (12)®

(b34)(6)T392
() O ((R)O-(1],)®)

[e(R1)(6)f — e‘(b§4)(6)t] + T304€_(b’34)(6)t S Taa(t) <

(a3) 0TS, [ ((RD)®+(r3) ) _ —(Rz)(ﬁ)t] 0 ,—(R)®t
B (R @ +rs2) D+ (R @) L ¢ *Tsee

Definition of (5,), (5,)®, (R)®, (R,)©®:-
Where (51)(6) = (‘132)(6) (mz)(ﬁ) - (aéz)(ﬁ)

(52)(6) = (a34)(6) - (P34)(6)
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(R© = (b32)® () ® — (b5,)©

(R)® = (b3)®

- (7’34)(6)

Proof : From GLOBAL EQUATIONS we obtain

av(®
dc

Definition of v :- @ = G13

G14

It follows

dv®

479

480

= (als)(l) - ((a13)(1) - (a14)(1) + (ails)(l) (Ty4, t)) - (ailz})(l)(TM, t)V(l) - (a14)(1)v(1)

481

~(@PED)" + (@O — (@) < T < = (@)D EO) + @)DV — (1))

From which one obtains

Definition of (7)™, (vo)™ -

GY _
(8) For0 <|(v)® =7 < (v)® < (7))@

(Vl)(1)+(c)(1)(1,2)(1)e[—(a14)(1)((V1)(1)—(VO)(1)) t] D)™

v (1) >

In the same manner , we get

vD(t) <

14+(0)We [—(a14)(1) ((Vl)(l)—(vo)(l)) t]

@D+ D@y Del-@D(EDD-m2)®) ]

1 = W) ~Wo) "~
O = o) W= (vz)®

it follows (vy)® < v (t) < (v))®

ORE

1+(€)(1)e[‘(“14)(1)(@1)(1)‘(VZ)(D) ] ’

W) W-@)®

_ 0)W-(®

From which we deduce (vo)® < v® (1) < (v,)®

0
() If 0 < (v)® < (v = % < (7,)@ we find like in the previous case,
14

(V1)(1) <

W) D40 D vy el @DD (@D -2 D) 1]

< v <

@)D+ (D @y el @D (@D -2 M) ]

1+(C)(1)e[_(a14’)(1)(("1)(1)—(1/2)(1)) t]

< (@)W

14(@Wel~ @D D- D) ]

© fo<@)®<@@)?W <

)W < v <

@)D+ @D @y Wel @0 (@D -2 D) 1]

0

G13
0

Gig

Vo)V = , we obtain

< (v,)®
@@ = (%)

482

483

484
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And so with the notation of the first part of condition (c) , we have

Definition of vV (¢) :-

(mz)(l) < ‘V(l)(t) < (ml)(l): V(l)(t) _ G130
G14(t)

In a completely analogous way, we obtain

Definition of u®(t) :-

()@ < uD () < ()@, |u®(r) = 228
T14(t)

Now, using this result and replacing it in GLOBAL E486QUATIONS we get easily the result stated
in the theorem. 485

Particular case :

If (@)@ = (a))D, then (0,)® = (0,)® and in this case (v;)® = #)® if in addition
Vo) = (v))D then v () = (v,)® and as a consequence G5(t) = (Vo) VG4 (t) this also
defines (v,)™ for the special case

Analogously if (bj5)® = (b1,)D, then (t,)® = (7,)® and then

(u)® = (@) @Dif in addition (1)@ = (uy)® then Ty5(t) = (ug)PTy4(t) This is an important
consequence of the relation between (v;)™® and (v,)®, and definition of (uy)™®.

486
we obtain 487
av® @ '@ _ (g D 4 (g )@ @) @ @)@
a (a16)* — ((alé) — (a17)* + (ae)'¥ (T1, t)) — (a17)* (Ty7, v = (ay7) v
Definition of v® :- v@ = f1s 488
G17
It follows 489
2 av(® 2
~(@NPE@) + (@)Pv® = (0,0)?) < 2= < — (@)D (@)’ + (6)PV® - (@,9)?)
From which one obtains 490
Definition of (V,)®, (vy)® :-
G? _
(d) For0 < (v))® = G_g <)@ < @)®
M) ) = (vl)(2)+(C)(2)(vz)(z)g[‘(a17)(2)((v1)(2)—(1/0)(2)) t] (C)(Z) _ M
- 1+(C)(2)e[—(a17)(2)((Vl)(z)—('l’o)(z)) t] ' )P —(vy)@
it follows (vo)® < v®(t) < (v)@
In the same manner , we get 491
V(1) < T1) @ +(0) D )@l ~@1 (@D -2)P) ] €)@ = WP-00®
- 1+(C—)(z)e[—(an)(z)(m)@)—(vz)@)) t] ' Vo) @ —(vy)@
From which we deduce (vy)® < v@(t) < (1,)® 492
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0
() If 0< ()P < (v))?® = % < (7,)® we find like in the previous case, 493
17
(19D (1)@ —(r)@
@ < (Vl)(2)+(C)(2)(v2)(2)e[ (a17)®@ (( 1B -(v)(2 )t] - @ -
)™ < D)D) ® < viP) <
140 @ el @@ (D@ -2 @) ]
(v1)<2>+(é)<2>(vZ)<2>e['(ai?‘”((ﬂj(”-ﬁz)(”)f] < @)@
1+(@@ el @@ (D@ -2 @) (]
0
M 1 0< @)@ < @)P < )@ =22, we obtain 494
17
@@ @) [~ (@1 P (TP -2) D) ]
@ <« ,@ < & +(O)'¥ (W) e < ()
)™ < VO < 1+@(z>e[—(a17)(z)((v1)(2)-@2)(2)) t] = (vo)
And so with the notation of the first part of condition (c) , we have
Definition of v®(¢) :- 495
G)
(m)@ < V@) < ()@, [vP(@) = 225
G17(t)
In a completely analogous way, we obtain 496
Definition of u®(t) :-
T16(D)
U)® < u@@) < (u)®, |uP @) =22~
T17(t)
497
Particular case : 498
If (a)s)® = (a},)®, then (0,)® = (0,)® and in this case (v;)® = (#,)® if in addition
(V)@ = (v)@ then v@ (1) = (vo)® and as a consequence G4(t) = (Vo) @Gy, (t)
Analogously if (bj5)® = (b1))@, then (t,)® = (1,)® and then
u)® = (@) @if in addition (u)® = (u;)® then Ty4(t) = (ug)@Ty,(t) This is an important
consequence of the relation between (v;)® and (v,)®
499
From GLOBAL EQUATIONS we obtain 500
d (3) ! ! n "
Zt = (‘120)(3) - ((azo)(3) - (a21)(3) + (azo)(s)(sz t)) - (a21)(3)(T21i Hv® — (a21)(3)V(3)
Definition of v® :- v = G20 o01
G21
It follows
2 av® 2
_ ((a21)(3)(v(3)) + (0,)Bv® — (azo)(3)) < ‘;t <_ ((a21)(3)(v(3)) + (o) Pv® —
(azo)(3))
502

From which one obtains
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69 _
(8) For0 < (v)® =2 < (v)® < (m)®

W)@+ gDl @DP(EDP-00)@) ]

SIINE
RO iy er e CRORETR ) N O =i
it follows (vo)® < v®(t) < (v)®
In the same manner , we get 503
YO < (m(s)+(C—)<3)(gz)e)e[—(azi)(s)((vl_)(s)_m)(s))t] oo (vl)“)—(to)“)

140 el @D -2)3) )P -)®

Definition of (¥,)® :-
From which we deduce (v,)® <v®(t) < (7,)®

0
() If 0<(v)® < (vy)® = % < (7,)® we find like in the previous case, 504
21

) B+ vy Pl @2 (D@2 D)

(3
V. <
)™ < 140 @l @@ (DB -0 @) ]

< v®(@) <

(pl)(z») +(O® (Vz)(3)e [—(a21)(3) ((71)(3) -(fz)(3)) f]
1+ (@@l @D@(EDE - @)

< (@)@

0

(© 1f0<@)® < @) < @)® =22, we obtain 505

21
@)D 4O @y Pel~@2DP(FDP-32P) ]
1@ @l @@ (EDE -T2 @) ]

v)® < v®(p) < < (vp)®

And so with the notation of the first part of condition (c) , we have

Definition of v®(¢t) :-

(mz)(3) < V(?’)(t‘) < (ml)(3), v(s)(t) — Goo(t)
G21(t)

In a completely analogous way, we obtain

Definition of u®(t) :-

(#2)(3) < u(3)(t) < (/11)(3)1 u(3)(t) _ T20®)
T21(t)

Now, using this result and replacing it in GLOBAL EQUATIONS we get easily the result stated in
the theorem.

Particular case :

If (a%)® = (ay)®, then (6,)® = (6,)® and in this case (v;)® = (#)® if in addition
vo)® = (v)® then v®(t) = (v,)® and as a consequence G,,(t) = (Vo) G, (1)

Analogously if (byy)® = (b5)®, then (7,)® = (1,)® and then

(u)® = () @if in addition (ug)® = (u))® then T,o(t) = (u)®T,4(t) This is an important
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consequence of the relation between (v;)® and (v,)®
506
: From GLOBAL EQUATIONS we obtain 507

dv®

ek (a24)(4) - ((ag4)(4) - (alzs)@) + (aé'4)(4) (Tys, t)) - (aéls)m (Tys, t)V(4) - (azs)(4)V(4)

Definition of v® :- @ = ? o
25

It follows
2 dv® 2
_ ((azs)m(vm) + (0,)Pv® — (a24)(4)) < < - ((azs)(‘*)(v(‘*)) + (0) v ® —

dt
(az0)®)
From which one obtains

Definition of (7)™, (vo)® :-

G _
(d) For0 <|(o)® =7t < (v)® < ()@

(vl)(4) +(O)®W (vz)(4)e [—(azs)(4) ((V1)(4) -(Vo)(4)) f]
41O @el~ @@ (D@ -0 W) ]

@ — vW-®
- |© (Vo) W-(v)®

v () >

it follows (vo)® < v®(t) < (v)@

In the same manner , we get 509

TDD+O® @) Wel 029D (0D -0 @) ]
41 (0@l "2 P (DD -w2) @) ]

_ @)W-®

(4) ~\(4)
viR(e) = (O = (o)W (@)@

From which we deduce (vo)® <v®(t) < (7,)®

0
() If 0< (v)® < (vy)W = % < (7,)™® we find like in the previous case, 510
25

4 < (V1)(4)+(C)(4)(VZ)(4)e[_(“25)(4)((Vl)(4)_(”2)(4)) t]

< v®() <
1+ (0@ el @B (0D® -0 @) ] svPO <

(v1)

TDD+(O® @)Dl 029D (T D-02)?) ]
1+ @el~@2 P (EDW-m2®) ]

< (@)™

511

0 512
® 1f 0< (W)@ < @)D <|(ve)® =222  we obtain

0
Gos

D +(O)@ @) @el~ @29 W (EDP-m2)®) ]

@ < @ () <
SORE N 1+(OWel~ @2 (FDW-T®) ]

< (Vo)(4)

And so with the notation of the first part of condition (c) , we have
Definition of v*®(¢) :-

(mz)(4) < v@® ) < (ml)(zl), @ ®) = G24(1)
Gzs5(t)

In a completely analogous way, we obtain
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Definition of u®(t) :-

1)@ < u®®) < @)@, |u®(0) = 20
Tp5(t)

Now, using this result and replacing it in GLOBAL EQUATIONS we get easily the result stated in
the theorem.

Particular case :

If (a))® = (afs)®, then (6))® = (6,)® and in this case (v;)® = (#,)® if in addition 913
V)@ = (v))@ then v (t) = (vo)™® and as a consequence G,,(t) = (vo)WG,5(t) this also
defines (v,)® for the special case .

Analogously if (b5,)® = (by5)®, then (1)@ = (,)® and then
(u)® = () @if in addition (u)® = (u)™@ then T,,(t) = (ug) @ T,s(t) This is an important
consequence of the relation between (v;)™® and (v;)®, and definition of (u,)®.

514

From GLOBAL EQUATIONS we obtain 515
d (5) ! ! !
:;t = (azs)(s) - ((aés)(s) - (azg)(s) + (azls)(s) (T30, t)) - (a§9)(5) (T30, v — (azg)(s)v(s)
Definition of v :- v = &8

G29
It follows
2 av(® 2

_ ((azg)(S)(vG)) + () OV — (azg)(m) <f—<- ((azg)(5>(v<5)) + (a)Ov® —
(azs)(S))

From which one obtains
Definition of (¥,)®, (vy)® :-

G _
(@) For0 <|(v)® =23t < (v)® < (1)
V(S)(t) > (vl)(5)+(6)(5)(vz)(s)e[—(aze)(5)((1/1)(5)—(1/0)(5)) t] (C)(S) _ M
T si(0®el@2®(vDP-w0 )] ’ ) ®-)®

it follows (vo)® < v (t) < (v)®
In the same manner , we get 516

& ) < (Vl)(s)+(C')(S)(VZ)(5)e[‘(azq)(s)((71)(5)—(72)(5)) ] (5)(5) _ M

B 5+(0)®)el @2 (EDE-2)) ] ’ v0)P-)®)
From which we deduce (vy)® <v®(t) < (75)®
517

0
() If 0<()® < (v)® = % < (1,)® we find like in the previous case,
29

WO+ ()Pl @D -02)®) ]
1+l @20 (DO -02) ]

)® < < vO@) <
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@O +(O)O) 7y el @20 (@O -m2))
1+(O)® el @290 -m2) ]

< ([@)®

0
() 1f 0<@)® < @) <|(v)® =22 , we obtain
29

@O+ @)Dl @2 (@D -2)
1+(O)E) el @2 (DO - ®) ]

1)® < v& () < < (v)®

And so with the notation of the first part of condition (c) , we have
Definition of v®(t) :-

(mz)(S) < ‘V(S)(t) < (ml)(s), V(S)(t) _ G28(®)
Gao(t)

In a completely analogous way, we obtain
Definition of u®(¢) :-

(HZ)(S) < u(S)(t) < (#1)(5)’ u(s)(t) _ Tas(®)
T29(t)

518

519

Now, using this result and replacing it in GLOBAL EQUATIONS we get easily the result stated in

the theorem.

Particular case :

If (abg)® = (a¥e)®, then (6,)® = (0,)® and in this case (v;)® = #,)® if in addition
(ve)® = (v5)® then v (1) = (v,)® and as a consequence G,g(t) = (vo)®G,o(t) this also

defines (v,)® for the special case .

Analogously if (b45)® = (b4s)®, then (1,)® = (1,) and then

u)® = (@) ®if in addition (u)® = (u;)® then Tyg(t) = (ug)®T,o(t) This is an important

consequence of the relation between (v;)® and (#,)®, and definition of (u,)®.

we obtain
dav(®) , , ., .
:;t = (a3)© — ((asz)(6) — (a33)® + (a5,)© (Ts3, t)) — (a3) O (Ty3, )v® — (az3)©Ov®
Definition of v(® :- y(® = Gz
G33

It follows
av(®

_ ((a33)(6)(v(6))2 + (0,)©v® — (a32)(6>) <t <- ((a33)<6)(v<6))2 + (0)©v® —

(a32)(6))

From which one obtains

Definition of (¥,)(, (v)©® :-

. GY _
() For0 <|(v)® = G_z’z < ()® < @)@

W) O +(0) O ()@l (@33 O O-00) @)

(6)
(L) =
© = 1+(0) @l @@ (0DO-w0 @) ]

, (C)(6)

_ w)©-)®
) ©-()®

520
521
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it follows (vy)©® < v®(t) < (v)©®

In the same manner , we get 522

@O +(0)O )@l @3 OO -2)(@) ]

146 @l @O -F2) @) ]

TO-()® 523
T () ©-@)®

p(©) (t) < , (5)(6)

From which we deduce (vo)©® <v©(t) < (7,)©®

0
(K) 1 0< (1)@ < (v)©@ = 22 < (7)) we find like in the previous case, 524
33
—(@33) O (v1)E —(v)(©)
(v )(6) < (V1)(6)+(C)(6)(V2)(6)e[ (@33 (D)@ - ) ] < vO() <
v 14(0)©) el @@ (0D © -0 @) ] - -
_ —(a33) O (7)) —(@,)(O)
IO +OO @l @I (EVO-02@)d] e
1+(O)®el~ @@ (TDO-32) () ] -t
) o< )®<@)® <|(v)® =g—§2 , We obtain 525
33
56 1 ()(6) (7 (6) | (33O (1) O =) (©)) ]
6) <« (6 < & +H(O) Y (@2) e < (6)
(Vl) SV (t) = 1+(E)(s)e[_(a33)(6)((31)(6)_(72)(6)) t] = (VO)
And so with the notation of the first part of condition (c) , we have
Definition of v (¢t) :-
©) ® ©) 6) (4 — Ga2(8)
(m)®@ < VO < m)©, |vO () = 223
In a completely analogous way, we obtain
Definition of u®(t) :-
6 © © ©) (4 — 320
(1) < w2 () < ()™, | w() =70
Now, using this result and replacing it in GLOBAL EQUATIONS we get easily the result stated in
the theorem.
Particular case :
If (ay)® = (a43)®, then (0,)©® = (6,)©® and in this case (v;,)© = (#,)©® if in addition
(V)@ = (v)© then v (t) = (v,)® and as a consequence Gs,(t) = (V)@ G13(t) this also
defines (v,)® for the special case .
Analogously if (b3,)© = (b33)©, then (1,)© = (1,)© and then
(u)® = (u1,)@if in addition (uy)® = (u;)© then T3, (t) = (up) @ Ts5(t) This is an important
consequence of the relation between (v;)® and (#,)(®, and definition of (u,)®.
526
527 527
We can prove the following 528

Theorem 3: If (a]")Pand (b;")V are independent on ¢ , and the conditions
(a12)P(a1)™® — (a3) M (a;)™ < 0

(ais)(l)(ah)(l) - (a13)(1)(a14)(1) + (‘113)(1) (P13)(1) + (ah)(l) (p14)(1) + (P13)(1) (P14)(1) >0
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(b13) D (b1)® = (by3) P (b)) >0,

(bis)(l)(bh)(l) - (b13)(1)(b14)(1) - (b{3)(1) (7’14)(1) - (b{4)(1)(7’14)(1) + (T13)(1) (T14)(1) <0

with (py3)®, (11,) P as defined, then the system

If (a]YPand (b}")® are independent on t , and the conditions

(a16)@ (1)@ = (a16)P(a1,)® <0

(a16) P (1)@ = (a16) P (017) @ + (a16) P 016)@ + (@17) P (17)P + (P16) @ (p17)? > 0
(i) P (bi7)® = (b16)® (b;7)® > 0,

(b16) P (b1 )P — (b16) P (b17)® — (b1e) P (r1)® = (b1)P (1)@ + (e) P ()@ < 0
with (p16)@, (17,) @ as defined are satisfied , then the system

If (a])®and (b}")® are independent on t , and the conditions

(a50)P(@3)® = (a20)®(a,1)® < 0

(a50)®(a51)® = (a20)® (@21)® + (420)® 020)® + (@5) P @210 + P20)P 2)® >0
(b30)® (b5)® = (b20) P (b,)® >0,

(béo)“)(bél)“) - (bzo)(3)(b21)(3) - (béo)(3) (7”21)(3) - (bé1)(3) (7”21)(3) + (7”20)(3) (7”21)(3) <0
with (p,0)®, (1,1)® as defined are satisfied , then the system

If (@)@ and (b]")® are independent on t , and the conditions

(a34) ™ (as5)™® — (az4)® (az5)™® < 0

(a’24)(4)(a’25)(4) - (a24)(4) (azs)(4) + (a24)(4) (P24)(4) + (alzs)m (st)m + (P24)(4) (st)m >0
(b3)® (b35)® = (b2) @ (b,5)™ >0,

(b3)® (b35)® = (b23) ™ (b25)® — (b34) P (125)® = (b35) W (r25)® + (124) P (125)® < 0
with (pps)®, (1,5)™@ as defined are satisfied , then the system

If (a/)®and (b}")® are independent on ¢ , and the conditions

(a%8)®(aho)® — (a28)®(a29)® < 0

(a5) 5 (a59)® = (a26)(a20)® + (a28)® (28)® + (a29)® (P20)® + (P28)® (029)® > 0
(bg)® (b39)® — (b)) (b0)® >0,

(b38)® (030)® = (b28)® (b29)® = (b3g)® (129) P — (b9) P (139)® + (128) P (1;9) < 0
with (py)®, (159)® as defined satisfied , then the system

If (a/")®and (b}")® are independent on ¢ , and the conditions

(a}2) @ (a45)® — (as2)®(as3)® < 0
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(aéz)(ﬁ)(a§3)(6) - (a32)(6)(a33)(6) + (a32)(6)(P32)(6) + (aés)(ﬁ)(pss)(ﬁ) + (Psz)(ﬁ)(l’ss)(ﬁ) >0

(b3)© (b33)® — (b3y)® (b33)© >0,

(béz)(ﬁ)(bés)(ﬁ) - (b32)(6)(b33)(6) - (béz)(G)(Tm)(G) - (bés)(G)(Tss)(ﬁ) + (7'32)(6)(7'33)(6) <0

with (p33)®, (133)® as defined are satisfied , then the system

(a33) MGy — [(a13)(1) + (a1’3)(1)(T14)]Gl3 =0

(1) W61 — [(a1)® + (@) P (T10)]G1a = 0
(015) MGy = [(a1s)™ + (af5) P (T10)]G1s = 0
(b13) Ty — [(b13)M = (bi5)P(6) ]Ty5 = 0
(b1)PTi3 — [(b1) W = (b1) P (6) 1Ty = 0
(b1s) Ty = [(b15)W = (b15)V(G) |Tys = 0

has a unique positive solution , which is an equilibrium solution for the system
(a16)@G17 = [(@16)@ + (af's) P (T17)]G16 = 0
(@17) P66 — [(@)P + (@) P (T1)]Gr7 = 0
(a18) @G5 = [(a1e)® + (afe) @ (T17)]|Grg = O
(b16) P17 = [(b16)® — (b16) P (G19) IT16 = 0

0

(b17)(2)T16 - [(b£7)(2) - (b{’7)(2)(G19) ]T17
(b1) P17 = [(b1a)® — (b15) P (G19) IT1s = 0

has a unique positive solution , which is an equilibrium solution for
(a20)®Gyy — [(alzo)m + (aélo)(S)(Tu)]Gzo =0

(a21) @Gy — [(a’21)(3) + (a§'1)(3)(T21)]Gz1 =0

(@2)P6a1 — [(@5)® + (a32)® (T31)] G2z = 0

(b20)PTz1 = [(b20)® = (556)P (G23) ]Tz0 = 0

(b21)®Tz0 = [(b31)® = (b31)P (G23) Tz = 0

(bzz)(s)Tm - [(béz)@ - (bé’z)(3)(623) ITo, =0

has a unique positive solution , which is an equilibrium solution

0

(a24)(4)025 - [(a'24)(4) + (a§'4)(4) (Tzs)]Gz4

|
o

(azs) PGy — [(alzs)(d') + (ags)(‘L)(Tzs)]st =
(azs)(4)625 - [(alzs)(@ + (aéle)(4)(Tzs)]G26 =0

539

540
541
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546

547
548
549
550
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552
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554
555
556
557
558
559

560
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563
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(b24)(4)T25 - [(bézx)@) - (bé’zt)(4)((627)) ]T24 =0
(bzs)(4)T24 - [(bés)m - (béls)m((cn)) IT;5 =0
(bzs)(4)T25 - [(b£6)(4) - (béle)(4)((627)) ]T26 =0

has a unique positive solution , which is an equilibrium solution for the system

(az28)®Ga9 — [(aés)(s) + (aéls)(s)(ng)]st =0

|
o

(‘129)(5)628 - [(a’29)(5) + (a’2’9)(5) (T29)]Gz9 =

(a30)® Gz — [(a50)® + (a50) ) (T29)]G3o = 0
(b26)® Tye — [(b36)® — (b35) P (G31) I Tog = 0
(b29)®Tyg — [(b59)® — (b36)®(G31) 1Tz = 0
(b30)® Tyg — [(b30)® — (b3)®(G31) T30 = 0

has a unique positive solution , which is an equilibrium solution for the system

(as2)®Gs3 — [(aéz)@ + (aélz)(6)(T33)]G32 =0
(as3)©Gs, — [(aé3)(6) + (a§’3)(6)(T33)]G33 =0
(‘134)(6)633 - [(aéa,)(s) + (a§’4)(6)(T33)]534 =0

(b3)©Ts5 — [(b5)©® — (b3)® (G35) 1Tz = 0

(b33)(6)T32 - [(bé3)(6) - (b§’3)(6)(635) IT35=10

|
o

(b34)(6)T33 - [(b§4)(6) - (b§’4)(6) (Gss) T34 =

has a unique positive solution , which is an equilibrium solution for the system

(a) Indeed the first two equations have a nontrivial solution G, 5, G, if

F(T) = (a£3)(1) (ah)(l) - (a13)(1) (a14)(1) + (a13)(1) (ah)(l) (Tyy) + (ah)(l) (a1’3)(1) (Tys) +
(‘11’3)(1) (T14)(a£'4)(1) (T1)) =0

(@) Indeed the first two equations have a nontrivial solution G4, G, if

565
566

567

568

569

570

571

572

573

574

575

576

577

578

579

580

584

582

583

584

585
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F(Ty) = (a16)(2)(a17)(2) - (a16)(2)(a17)(2) + (a16)(2) (a1'7)(2) (Ty7) + (a17)(2)(a1’6)(2)(7117) +
(a16) P (T17) (a17) P (T17) = 0

(a) Indeed the first two equations have a nontrivial solution G,,, G5, if

F(Ty3) = (aéo)(g)(aél)(g) - (azo)(g)(azl)(g) + (alzo)(B)(agl)(g)(Tzl) + (aél)(3)(a§'0)(3)(T21) +
(alzlo)(s)(T21)(a§'1)(3)(T21) =0

(@) Indeed the first two equations have a nontrivial solution G,,, G,5 if

F(Ty7) = (a34)® (@)™ — (a24) ™ (a25)™ + (a34) ™ (a3s) @ (Tys) + (ahs) P (ah) @ (Tos) +
(a’z’4)(4) (Tzs)(aéls)(4)(T25) =0

(a) Indeed the first two equations have a nontrivial solution G,g, G54 if

F(T3) = (aés)(s) (aég)(s) - (azs)(s) (‘129)(5) + (aés)(s) (a§’9)(5) (Tyo) + (a§9)(5) (aéls)(s) (To) +
(azs (5)(T29)(a§'9)(5)(T29) =0

(a) Indeed the first two equations have a nontrivial solution G;,, G35 if

F(Ts5) = (a%2) @ (a}3)© — (a32) @ (a33)® + (a52) @ (a%3) @ (Ts3) + (ab3)© (a42)® (Tss) +
(aélz)(@ (T33)(a§’3)(6)(T33) =0

Definition _and uniqueness of Ty, :-

After hypothesis f(0) < 0, f(e) >0 and the functions (a,)(T,,) being increasing, it follows
that there exists a unique Ty, for which f(Ty,) = 0. With this value , we obtain from the three first
equations

_ (a15) V614
[(a19) W +(ays)D(11,)]

_ (a13) V614
[(@1) D +(ais) D (17,)] '

Gl3 GlS

Definition _and uniqueness of T}, :-

After hypothesis f(0) < 0, f(c) > 0 and the functions (a})®(T;,) being increasing, it follows
that there exists a unique Ty, for which f(Ty%) = 0. With this value , we obtain from the three first
equations

_ (a18)P617
[(a1g)P+(alp) @ (15,)]

_ (a16)P617
[(@1e) P+l @(11,)]

G16

618

Definition _and unigueness of T, :-

After hypothesis £(0) < 0, f() > 0 and the functions (a)¥(T,,) being increasing, it follows
that there exists a unique T,; for which f(T;;) = 0. With this value , we obtain from the three first
equations
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_ (a22)®6Gyq
[(@22)®+(az2)®(13,)]

(a20)® 624

G = 1
207 T(abp)®+(ahp)®(13,)]

G2z
565

Definition_and unigueness of Tys :- 566

After hypothesis f(0) < 0, f(c) > 0 and the functions (a;")®(T,s) being increasing, it follows
that there exists a unique Ty for which f(T,s) = 0. With this value , we obtain from the three first
equations

_ (az26)®Gas
[(ahe) P +(ahe) D (T55)]

_ (a20) Y625
(@) @+ @ (155)]

GZ4 626

Definition_and uniqueness of Ty :- 567

After hypothesis f(0) < 0, f() > 0 and the functions (a,)®(T,,) being increasing, it follows
that there exists a unique T,y for which f(T;5) = 0. With this value , we obtain from the three first
equations

— (a30)® 639
[(a30)®+(azp) ™) (135)]

_ (a28)®639
[(a26) P +(azp)®(135)]

GZS

GSO

Definition_and unigueness of T35 :- 568

After hypothesis f(0) < 0, f(e) > 0 and the functions (a)®(Ts;) being increasing, it follows
that there exists a unique Tj; for which f(T3;) = 0. With this value , we obtain from the three first
equations

(a3) @633

(a32)®633 —
[(a3)®+(azy) @ (733)]

T @O+ @p©)]

632 G34—

(e) By the same argument, the equations 92,93 admit solutions G5, G,, if 569
9(G) = (b1) P (b1)™® = (b13) P (1) —

[(b13) P (b)) P (6) + (b1) P (b15) PV (6)]+(b15) P (G) (b)) P (6) = 0

Where in G(G;3, G4, G15), G13, G1s must be replaced by their values from 96. It is easy to see that ¢

is a decreasing function in G,, taking into account the hypothesis ¢(0) > 0, ¢(c0) < 0 it follows

that there exists a unique Gy, such that ¢(G*) = 0

(f) By the same argument, the equations 92,93 admit solutions Gy¢, G, if 570
0(Go) = (bie)(z)(bb)(z) - (b16)(2)(b17)(2) -
[(b16)® (b17) P (G1o) + (b17) P (b15) P (G19)]+(b16) P (G19) (b7) P (G15) = 0

Where in (G14)(G1g, G17, G15), G146, G1g Must be replaced by their values from 96. It is easy to see that 571
¢ is a decreasing function in G, taking into account the hypothesis ¢(0) > 0, ¢ () < 0 it follows
that there exists a unique Gy, such that ¢ ((G15)*) =0

(g) By the same argument, the concatenated equations admit solutions G, G, if 572
¢(Gz3) = (béo)(3)(bé1)(3) - (bzo)(3)(b21)(3) -
[(50)® (B3P (G3) + (b51) P (b36) P (G23) |+ (b30) P (G23) (b51) P (G23) = 0

Where in G,5(G,0, Go1, G22), G20, G2 Must be replaced by their values from 96. It is easy to see that
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@ is a decreasing function in G, taking into account the hypothesis ¢(0) > 0, () < 0 it follows

that there exists a unique G3, such that ¢((G,3)*) =0 573

(h) By the same argument, the equations of modules admit solutions G,,4, G5 if 574
0(Gyy) = (bé4)(4)(bés)(4) - (b24)(4)(b25)(4) -
[(5)® (b55) P (G7) + (b35)® (b33) W (G27) |+ (b3a) ™ (G27) (b3s) ™ (G27) = 0

Where in (G,7) (G4, G35, G26), Go4, Go6 Must be replaced by their values from 96. It is easy to see that
¢ is a decreasing function in G,z taking into account the hypothesis ¢(0) > 0, ¢ () < 0 it follows
that there exists a unique G5 such that ¢((G,,)*) =0

(i) By the same argument, the equations (modules) admit solutions G,g, G, if 575

9(G31) = (b35)® (b39)® = (b2e)® (b20)® —
[(b26)® (b25) P (G31) + (b20)® (b28) ™ (G31)]+(b5s) P (G31) (b35) P (G31) = 0

Where in (G31)(Gzg, G20, G30), G2g, G3o Must be replaced by their values from 96. It is easy to see that
@ is a decreasing function in G, taking into account the hypothesis ¢(0) > 0, (o) < 0 it follows
that there exists a unique G4 such that ¢ ((G3;)*) =0

(j) By the same argument, the equations (modules) admit solutions Gs,, G5 if 578

579

@(Gzs) = (b3)(@ (b53)©® — (b3) @ (b33)© — 580

[(632) @ (35) @ (G35) + (b33) @ (b52) @ (G35)]+(b52) @ (G35) (b55) @ (Gss) = 0 581

Where in (G35)(Gs,, Gs3, G34), G35, G34 must be replaced by their values It is easy to see that ¢ is a
decreasing function in G5 taking into account the hypothesis ¢(0) > 0, ¢(c) < 0 it follows that
there exists a unique G35 such that ¢(G*) =0

Finally we obtain the unique solution of 89 to 94 582

Gi, given by ¢(G*) = 0, T}, given by f(T;,) = 0 and

Gis = (a12) D63,

X (a15)M63,
= , G- =
[(@])D+(@ly)D(11,)] 15

@l W +@iHD(r,)]

T* — (b13) DTy,
13

. _ (by15) D71y,
= [(bi3)(1)—(b{’3)(1)(6*)] y T15

T 0l ®-015H D 6]
Obviously, these values represent an equilibrium solution
Finally we obtain the unique solution 583
G1; given by p((G14)*) = 0, T} given by f(T}5) = 0 and 584

(a18)(2)6{7 585
[(aig)@+(aly)P(117)]

(a16)¥6;;

Gic = -
16 7 [(af )@+l @(11,)]

joR—
’ G18_

T* — (b16)(2)Tf7 T* — (b18)(2)T1*7 586
16 7 ble@-01@(6199] BT [big)@-bI P ((610)7)]
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Obviously, these values represent an equilibrium solution
Finally we obtain the unique solution

G31 given by ¢((G23)") = 0, T31 given by f(T3;) = 0 and

Gr = (a20)®63, Gr. = (a22)®63,
207 (@) ®+@sp)®(13)] 1 22T [(ah) P+ P(13,)]
Ty, = (b20)®T5, Ty, = (b22)®15,

(050 ®-050) P (623" T [032)®-035) B (623M]
Obviously, these values represent an equilibrium solution
Finally we obtain the unique solution

G2s given by ¢(Gz7) = 0, Ty given by f(T;s) = 0 and

Gr. = (a24)(4)G;5 Gr = (azs)(4)G;5
2T [(@h)@+(@h)@(155)] T T2 [(ahe) P +(ase) @ (T55)]
T* — (b24)(4)7‘2*5 T = (bze)(4)T2*5
28 T b )@ -0Y)D((G2)M)] T 20T [he) @D -(b5) D (627)")]

Obviously, these values represent an equilibrium solution
Finally we obtain the unique solution

G3o given by 9((Gs1)") = 0 , T, given by f(T35) = 0 and

G = (a28)¥630 Gi = (a30)¥639
28 7 [(ahe)®+(@hp)®(139)] T T30 T [(aho)®+(atp)®)(T30)]
x bg) 3T, . Dae) BT
Ty = (b28)>'T39 L T = (b30)*>’'T39

T [P -3 P (6300 [(050) P -(b3) P (G31))]
Obviously, these values represent an equilibrium solution
Finally we obtain the unique solution

G35 given by ¢((G35)*) = 0, T35 given by f(T55) = 0 and

Gr = (a32)(6)G§3 G*, = (a34)(6)6§3

327 [ah@+@©(135)] 1 T3 T [(@h) @ +(agy) O (T35)]
T — (b32) @135 T = (b34)©)T35

32 T 0 ©-0in©((635)0] 1 T3 T (05 ©O-05N O (635)")]

Obviously, these values represent an equilibrium solution

ASYMPTOTIC STABILITY ANALYSIS

587

588

589

590

591

592

593

594

595

Theorem 4: If the conditions of the previous theorem are satisfied and if the functions
(a/)® and (b])® Belong to CV( R,) then the above equilibrium point is asymptotically stable.

Proof:_Denote
Definition of G;, T; :-

GLZG;'{'(GL ,TiZTL'*‘l'Ti
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a(b )

0
(““) —(T12) = (@)@ L(6°) = s

Then taking into account equations (global) and neglecting the terms of power 2, we obtain

dG 1 !

dt13 = —((a13)(1) + (P13)(1))G13 + (a13)(1)G14 - (Q13)(1)613T14
dG 1 !

dz:14 = —((a14)(1) + (P14)(1))G14 + (a14)(1)G13 - (Q14)(1)614T14
dG 1 !

dtls = —((@i5)® + P15)P)Gys + (a15) PGy — (q15) V65T
dT ’ ¥

d;3 = —((b1)® = (r13) V) Tys + (b1s) VTos + X2 15(503)(n T13G))
dT ’ Y
—it = —((1)™ = (1) )Ty + (1) VT + X2 15(500) Ti4G))
dT ’ Y
—d;‘r’ = —((bls)(l) - (Tls)(l))Tm + (bls)(l)T14 + 211'213(5(15)(j)T15Gf)

If the conditions of the previous theorem are satisfied and if the functions (a;)® and (b}")®
Belong to C®( R, ) then the above equilibrium point is asymptotically stable

Denote
Definition of G;, T; :-
GI.=GL*+(GL 1Ti=Ti*+Ti

6(b )( )

a(a17) (T3) = (q1,)@ ((G19)") = s

taking into account equations (global)and neglecting the terms of power 2, we obtain

dG / *

716 = —((@16)® + P16)P) Gy + (a16) PGy — (416) P Gi6Ty7

dG / *

717 = —((a17)(2) + (P17)(2))Gl7 + (a17)(2)G16 - (CI17)(2)G17T17

dG , *

718 - —((als)(Z) + (p18)(2))(G718 + (a15) PGy — (q18)(2)618T17

ar , *
d—;s = —((b16)® — (116)P)Ty6 + (b1e) P Ty, + 211'216(5(16)(j)T16(Gj)
ar , *
== —((bi)® = (1) @) Ty; + (b17) DT + T1216(507)() Ti7G1)
ar , *
= ~((bie)® — (r1e)P)Tig + (1) DTy + Tj216(58)() T1sG))

If the conditions of the previous theorem are satisfied and if the functions (a;)® and (b;")®
Belong to C®( R,) then the above equilibrium point is asymptotically stabl

_Denote
Definition of G;, T; :-

GL:GL*+GL 1Ti=Ti*+Ti
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20H®
an

a(ayn®

W(Tzﬂ) = (%1)(3) )

((Gz3)7) = Sij

Then taking into account equations (global) and neglecting the terms of power 2, we obtain

% = _((aéo)(g) + (on)(S))Gzo + (A20)® Gy — (G20)PG30T,y
% = _((aél)m + (p21)(3))((}21 + (a21)(3)((}20 - (%1)(3)6;1']1‘21
% = —((agz)(” + (pzz)(3))((}22 + (azz)(3)((321 - (qZZ)(S)G;2T21
T2 = —((b30)® = (r20) @) Tz + (b20) DT + X2220(5200( T30 G1)
T2 = —((b3)® = () @) T + (b)) DT + X505 T5167)
T2 = —((bg2)® = (22) @) T + (b32) DT + X2250(50220() T5267)

If the conditions of the previous theorem are satisfied and if the functions (a;)®* and (b/")®
Belong to C™( R,) then the above equilibrium point is asymptotically stabl

_Denote

Definition of G;, T; :-

GLZG;+GL 'Ti:Ti*-I_Ti
9(az)® s a{H® .
(;ZT; (T3s) = (Q25)(4) ) al—(;j((G”) )= Sij

Then taking into account equations (global) and neglecting the terms of power 2, we obtain

% = —((@)™ + P20)®) G2y + (a2) PG5 — (924) PG5, T2s
% = _((aés)m + (st)(4))G25 + (az5) MGy — (G25) VG35 Tos
% = —((aéé)(‘*) + (pze)(4))((526 + (A26) M G5 — (26) P G36Tys
T2 = —((b5)® = (20) @) T2q + (b2a) DT + X28,4(S @y T34 G1)
T8 = (15 ~ (125) D) Tas + (b25) P T + £3%4(55)) T55G5)
96— (b56) = (126)®) T + (b20) D5 + 2254 (2000 To66)

If the conditions of the previous theorem are satisfied and if the functions (a/)® and (b]")®
Belong to €®( R,) then the above equilibrium point is asymptotically stable

Denote

Definition of G;, T; :-
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Gl=GL*+Gl !Ti=Ti*+Ti

3(aye)® iy _ ) AwH® £y —
ToTe (T39) = (G20) ' a6, ((Gs1) )—Sij

Then taking into account equations (global) and neglecting the terms of power 2, we obtain

% = _((aés)(s) + (pzs)(s))(clzs + (azs)(s)ng - (QZs)(S)GEstg
% = _((aé9)(5) + (P29)(5))G29 + (a20)®Gag — (420)® G54 T50
% = _((aéo)(s) + (p30)(5))((§30 + (a30)®Gy9 — (q30)®G30T29
d:% = —((b26)® — (1) ®) T35 + (b2g) P Too + 2?223(5(28)(]-)%*8@]-)
T2 = —((b5)® — (r29) @) T30 + (b20) T2 + X3256(5(29)( T50G)
o0 _((b50)® = (130)®) Ts0 + (b30) a0 + Z24(530)0) Ti0 )

635

636

637

638

639

640

641

If the conditions of the previous theorem are satisfied and if the functions (a/)® and (b;)® 642

Belong to C®( R,) then the above equilibrium point is asymptotically stable
Denote
Definition of G;, T; :-

G =G +G T, =T +T;

a(al)©® . 6 omH® £y —
Tss (T33) = (q33) © g, ((G3s) )_Sij

Then taking into account equations(global) and neglecting the terms of power 2, we obtain

d% = _((aéz)(G) + (Psz)(s))Gsz + (332)(6)G33 - (Q32)(6)G§ZT33
% = _((aés)(@ + (p33)(6))G33 + (a33) @ Gsy — (q33) @ G35Tas
% = _((a§4)(6) + (P34)(6))G34 + (a34)(6)G33 - (Q34)(6)G§4T33
22 = —((b52)© = (r32) @) Ta + (b32) QT + Xi50(s 2y T52G1)
T2 = —((b5)© = (r33) @) Taz + (b33) OTs; + X350 (S 3y T3 G1)
Tt = —((b3) @ = (3 @) Taa + (b3) OTss + T3 (560 TiaGy)

The characteristic equation of this system is
((/1)(1) + (bjs)® — (7”15)(1)){((1)(1) + (ajs)® + (P15)(1))

[(((/1)(1) + (a12)® + (01) M) (@) P61y + (a14)(1)(q13)(1)61*3)]

643

644

645
646
647
648
649
650

651

652
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(WD + (i) ® = (1) D)sas,anTis +bra) Dsaz,anTia) 653
+ (DD + (@)D + G D) @)DV 61s + (@)D (@) D61y

(DD + GiD = (1) D)swa a9 e + (bra) Vsaz,anTis)

(D) + (@)@ + (@) + 1) + 1) ®) WD)

(WD) + (b1 + BiDD = (1) + (D) WD)

+ (D) + (@)@ + (@)@ + i) + :)D) WD) (@) D65

(DD + (@)D + P:2)P) (@)D (41 V63 + (@)D (015D (41 V653)

(((A)(l) + (bi5) W — (r13)(1))5(14),(15)Tf4 +(b14)(1)5(13),(15)Tf3)} =0

+

(DP + bi)® = (DD + (@)@ + P10)?)

(W@ + @)@ + P10) @) @D P61; + (@17 P (@161 )|
(DD + B10)P = 1)@ )sananTis +Bi)Psue,anTi)

+ (W@ + @NP + (1)) (016) D616 + (a160)P (@) D65 )
(DD + G1)P = 1)@ )sanaeTis + bi) Psae,aeTis)

(WD) + (@ + @NP + P10 + (:17)P) DP)

(WD) + (Bi)P + BiNP = ()P + (1)P) HP)

+ (W) + (@)@ + @)@ + P1)@ + P:)P) WD) (416) P61
+HDP + @)@ + 0:10P) (@) P @) P65, + (a17)P (010) P (016) P 65)
(W@ + (bi)® = ()P )san,anTir + i) Psue,anTis)} = 0

.

(DD + (53)® = ()DN(DD + (@)@ + (P2)®)

(WD + (@0)® + P20)®) (@2 D631 + (@)D (020)P630 )|

(W@ + B30 = (120)D)s@,@nT51 +b21) P50y @051 )

+ (((/1)(3) + (a§1)(3) + (P21)(3))(QZ0)(3)G50 + (azo)(3)(Q21)(1)GE1>

(((/1)(3) + (béo)(g) - (rzo)(g))5(21),(20)T;1 + (bzl)(s)s(zo),(zo)T;O)
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(W) + (@)@ + @) + P20)® + 02)P) DD)
(W) + (2@ + B3P = ()P + (1)) WD)
+ (WD) + (@)@ + (@)D + 020D + P21)®) WD) (42)P 62
+H(D® + (@)@ + P200P) ((a22)P(421) D631 + (220D (22)(20)P630)
(DD + B3P = (20D)s @0 2T +B20)PS@0) )T )} = 0
.
(WP + B360)® = (o)W + (@he)® + (26)®)
(DD + @)@ + G20)®) (425) 635 + (a25) @ (02) D634 )|
(DD + B3P = ) P)s2s5),09)T5s +b25)Psa,09)T5s)
+ (D@ + (@)@ + P25)®) (@2) PG54 + (020)® (425) G35

(DD + B30® = (20502500 T35 + b25) D52, 00T
(WD) + (@)™ + @)@ + @20® + (025)P) WP)

((DD) + (B20® + (B3)® = (2@ + (125)®) W@)
+ (D) + (@)@ + (@)® + P2)® + B25)®) WD) (426)®Gz6
(DD + (@) ® + ©20P) ((a26) P (425) D635 + (225)® (a26) P (24) P 634)

(D@ + (b3)® = (120D)5025),20)Tss +(b25) P51 20) T2 )} = O

.

(DS + (B3)® = )OS + (@) + (:0)®)

(D + (@) + 126)) (426) VG35 + (a26)® (420) G35 )|

(DD + B3)D = (26)®)s 29,2 Tso +(b20) 5 (20,2005

+ (DO + (@) + (126) ) (26)® G0 + (226) (426) G35
(WO + B3 = (1205020 Tss + (b29) P52 2 T5s )

(WD) + ((@)® + @) + P2e)® + 20)®) D)

(W) + (B3P + (b3)® = (26)® + (1)) WD)
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+ (WD) + (@) + (@59 + B26)® + (229)) D) (430) 63
+((/1)(5) + (aES)(S) + (pZB)(S)) ((a30)(5)(q29)(5)65‘9 + (029)(5)(5130)(5)(Q28)(5)G;8)

(((A)(s) + (bés)(s) - (Tzs)(s))5(29),(30)T2*9 +(b29)(5)s(28),(30)T2*8)} =0

.
(D@ + B5)© = EIOH(D® + (@)@ + P2)®)
(DO + (@) © + 32)©) (@33) @635 + (235) @ (0:2)©63, )|
(WO + (b3)© = (1509533, T3s +(b33) @562, 6)T5: )
+ (D + (@5)@ + (3)©) (43) @63 + (a52)® (452)©635)

(DO + (b3)© = (152)9)s @3, T + (b33) @532, T52)
(@) + (@)@ + @)@ + ()@ + (p2)@) W)

(W) + (5@ + 03)© = (1)@ + (r5)@) W)
+((WV®) + (@) ® + @)@ + (p22)@ + (P3)@) W ®) (43) G
H® + (@52 + (32)@) (33 (A33) @G35 + (239 (33 (032) @ G32)

(((7\)(6) + (bé2)(6) - (r32)(6))s(33),(34)T;3 +(b33)(6)5(32),(34)T;2)} =0

And as one sees, all the coefficients are positive. It follows that all the roots have negative real part,
and this proves the theorem.

Acknowledgments:

The introduction is a collection of information from various articles, Books, News Paper
reports, Home Pages Of authors, Journal Reviews, Nature ‘s L:etters,Article Abstracts,
Research papers, Abstracts Of Research Papers, Stanford Encyclopedia, Web Pages, Ask a
Physicist Column, Deliberations with Professors, the internet including Wikipedia. We
acknowledge all authors who have contributed to the same. In the eventuality of the fact that
there has been any act of omission on the part of the authors, we regret with great deal of
compunction, contrition, regret, trepidiation and remorse. As Newton said, it is only because
erudite and eminent people allowed one to piggy ride on their backs; probably an attempt has
been made to look slightly further. Once again, it is stated that the references are only
illustrative and not comprehensive

WWWw.ijsrp.org

65



International Journal of Scientific and Research Publications, Volume 2, Issue 9, September 2012
ISSN 2250-3153

REFERENCES

1.

Dr K N Prasanna Kumar, Prof B S Kiranagi, Prof C S Bagewadi - MEASUREMENT

DISTURBS EXPLANATION OF QUANTUM MECHANICAL STATES-A HIDDEN VARIABLE

THEORY - published at: “International Journal of Scientific and Research Publications, Volume 2,
Issue 5, May 2012 Edition".

2.

DR K N PRASANNA KUMAR, PROF B S KIRANAGI and PROF C S BAGEWADI -

CLASSIC 2 FLAVOUR COLOR SUPERCONDUCTIVITY AND ORDINARY NUCLEAR

MATTER-A NEW PARADIGM STATEMENT - published at: "International Journal of Scientific

and Research Publications, Volume 2, Issue 5, May 2012 Edition".

3.

10.

11.

12.

13.

14.
15.
16.

A HAIMOVICI: “On the growth of a two species ecological system divided on age groups”.
Tensor, Vol 37 (1982),Commemoration volume dedicated to Professor Akitsugu Kawaguchi on
his 80™ birthday

FRTJOF CAPRA: “The web of life” Flamingo, Harper Collins See "Dissipative structures”
pages 172-188

HEYLIGHEN F. (2001): "The Science of Self-organization and Adaptivity", in L. D. Kiel, (ed) .
Knowledge = Management, Organizational Intelligence and Learning, and Complexity, in: The
Encyclopedia of Life Support  Systems ((EOLSS), (Eolss Publishers, Oxford)
[http://www.eolss.net

MATSUI, T, H. Masunaga, S. M. Kreidenweis, R. A. Pielke Sr., W.-K. Tao, M. Chin, and Y. J
Kaufman (2006), “Satellite-based assessment of marine low cloud variability associated with
aerosol, atmospheric stability, and the diurnal cycle”,J. Geophys. Res., 111, D17204,
d0i:10.1029/2005JD006097

STEVENS, B, G. Feingold, W.R. Cotton and R.L. Walko, “Elements of the microphysical
structure of numerically simulated nonprecipitating stratocumulus” J. Atmos. Sci., 53, 980-1006

FEINGOLD, G, Koren, I; Wang, HL; Xue, HW; Brewer, WA (2010), “Precipitation-generated
oscillations in open cellular cloud fields” Nature, 466 (7308) 849-852, doi: 10.1038/nature09314,
Published 12-Aug 2010.

Einstein, A. (1905), "Ist die Tragheit eines Korpers von seinem Energieinhalt
abhangig?", Annalen der Physik 18:
639 Bibcode 1905AnP...323..639E,D0I:10.1002/andp.19053231314. See also the English
translation.

Paul Allen Tipler, Ralph A. Llewellyn (2003-01), Modern Physics, W. H. Freeman and
Company, pp. 87-88, ISBN 0-7167-4345-0

Rainville, S. et al. World Year of Physics: A direct test of E=mc2. Nature 438, 1096-1097
(22 December 2005) | doi: 10.1038/4381096a; Published online 21 December 2005.

In F. Fernflores. The Equivalence of Mass and Energy. Stanford Encyclopedia of
Philosophy

Note that the relativistic mass, in contrast to the rest mass mO, is not a relativistic
invariant, and that the velocity is not a Minkowski four-vector, in contrast to the
quantity , where is the differential of the proper time. However, the energy-momentum
four-vector is a genuine Minkowski four-vector, and the intrinsic origin of the square-
root in the definition of the relativistic mass is the distinction between dt and dt.
Relativity DeMystified, D. McMahon, Mc Graw Hill (USA), 2006, ISBN 0-07-145545-0
Dynamics and Relativity, J.R. Forshaw, A.G. Smith, Wiley, 2009, ISBN 978-0-470-01460-8
Hans, H. S.; Puri, S. P. (2003). Mechanics (2 ed.). Tata McGraw-Hill. p. 433. ISBN 0-07-

WWWw.ijsrp.org

66


http://www.ijsrp.org/research_paper_may2012/rp34.html
http://www.ijsrp.org/research_paper_may2012/rp34.html
http://www.ijsrp.org/research_paper_may2012/rp34.html
http://www.ijsrp.org/research_paper_may2012/rp35.html
http://www.ijsrp.org/research_paper_may2012/rp35.html
http://pcp.lanl.gov/papers/EOLSS-Self-Organiz.pdf
http://dx.doi.org/10.1038/nature09314
http://en.wikipedia.org/wiki/Special:BookSources/0071455450

International Journal of Scientific and Research Publications, Volume 2, Issue 9, September 2012
ISSN 2250-3153

047360-9., Chapter 12 page 433

17. E. F. Taylor and J. A. Wheeler, Spacetime Physics, W.H. Freeman and Co., NY.
1992.I1SBN 0-7167-2327-1, see pp. 248-9 for discussion of mass remaining constant
after detonation of nuclear bombs, until heat is allowed to escape.

18. Mould, Richard A. (2002). Basic relativity (2 ed.). Springer. p. 126. ISBN 0-387-95210-
1., Chapter 5 page 126

19. Chow, Tail L. (2006). Introduction to electromagnetic theory: a modern perspective. Jones &
Bartlett Learning. p. 392. ISBN 0-7637-3827-1., Chapter 10 page 392

20. [2] Cockcroft-Walton experiment

21. ab c Conversions used: 1956 International (Steam) Table (IT) values where one calorie
=4.1868 J and one BTU =1055.05585262 J. Weapons designers' conversion value of
one gram TNT = 1000 calories used.

22. Assuming the dam is generating at its peak capacity of 6,809 MW.

23. Assuming a 90/10 alloy of Pt/Ir by weight, a Cp of 25.9 for Pt and 25.1 for Ir, a Pt-
dominated average Cp of 25.8, 5.134 moles of metal, and 132 J.K-1 for the prototype.
A variation of 1.5 picograms is of course, much smaller than the actual uncertainty in
the mass of the international prototype, which is £2 micrograms.

24. [3] Article on Earth rotation energy. Divided by c"2.

25. ab Earth's gravitational self-energy is 4.6 x 10-10that of Earth's total mass, or
2.7 trillion metric tons. Citation: The Apache Point Observatory Lunar Laser-Ranging
Operation (APOLLO), T. W. Murphy, Jr. et al. University of Washington, Dept. of Physics
(132 kB PDF, here.).

26. There is usually more than one possible way to define a field energy, because any field
can be made to couple to gravity in many different ways. By general scaling arguments,
the correct answer at everyday distances, which are long compared to the quantum
gravity scale, should be minimal coupling, which means that no powers of the
curvature tensor appear. Any non-minimal couplings, along with other higher order
terms, are presumably only determined by a theory of quantum gravity, and within string
theory, they only start to contribute to experiments at the string scale.

27. G. 't Hooft, "Computation of the quantum effects due to a four-dimensional
pseudoparticle", Physical Review D14:3432-3450 (1976).

28. A. Belavin, A. M. Polyakov, A. Schwarz, Yu. Tyupkin, "Pseudoparticle Solutions to Yang
Mills Equations", Physics Letters 59B:85 (1975).

29. F. Klinkhammer, N. Manton, "A Saddle Point Solution in the Weinberg Salam Theory",
Physical Review D 30:2212.

30. Rubakov V. A. "Monopole Catalysis of Proton Decay", Reports on Progress in Physics
51:189-241 (1988).

31. S.W. Hawking "Black Holes Explosions?" Nature 248:30 (1974).

32. Einstein, A. (1905), "Zur Elektrodynamik bewegter Korper." (PDF), Annalen der Physik 17:
891-921, Bibcode 1905AnP...322...891E,DOI:10.1002/andp.19053221004. English translation.

33. See e.g. Lev B.Okun, The concept of Mass, Physics Today 42 (6), June 1969, p. 31—
36, http://www.physicstoday.org/vol-42/iss-6/vol42no6p31_36.pdf

34. Max Jammer (1999), Concepts of mass in contemporary physics and philosophy, Princeton
University Press, p. 51, ISBN 0-691-01017-X

35. Eriksen, Erik; Vgyenli, Kjell (1976), "The classical and relativistic concepts of
mass",Foundations of Physics (Springer) 6: 115-
124, Bibcode 1976FoPh....6..115E,DOI:10.1007/BF00708670

36. Jannsen, M., Mecklenburg, M. (2007), From classical to relativistic mechanics:
Electromagnetic models of the electron., in V. F. Hendricks, et al., ,Interactions:
Mathematics, Physics and Philosophy (Dordrecht: Springer): 65—-134

37. Whittaker, E.T. (1951-1953), 2. Edition: A History of the theories of aether and

WWWw.ijsrp.org


http://en.wikipedia.org/wiki/Special:BookSources/0-387-95210-1
http://en.wikipedia.org/wiki/Special:BookSources/0-387-95210-1
http://books.google.com/books?id=lfGE-wyJYIUC&pg=PA126
http://infranetlab.org/blog/2008/12/harnessing-the-energy-from-the-earth%E2%80%99s-rotation/
http://en.wikipedia.org/wiki/Renormalization_group

International Journal of Scientific and Research Publications, Volume 2, Issue 9, September 2012
ISSN 2250-3153

electricity, vol. 1: The classical theories / vol. 2: The modern theories 1900-1926,
London: Nelson

38. Miller, Arthur I. (1981), Albert Einstein's special theory of relativity. Emergence (1905)
and early interpretation (1905-1911), Reading: Addison—Wesley, ISBN 0-201-04679-2

39. Darrigol, 0. (2005), "The Genesis of the theory of relativity." (PDF), Séminaire Poincaré 1:
1-22

40. Philip Ball (Aug 23, 2011). "Did Einstein discover E = mc2?". Physics World.

41. lves, Herbert E. (1952), "Derivation of the mass-energy relation", Journal of the Optical
Society of America 42 (8): 540-543, DOI:10.1364/JOSA.42.000540

42. Jammer, Max (1961/1997). Concepts of Mass in Classical and Modern Physics. New
York: Dover. ISBN 0-486-29998-8.

43. Stachel, John; Torretti, Roberto (1982), "Einstein's first derivation of mass-energy
equivalence", American Journal of Physics 50 (8): 760—
763, Bibcode1982AmJPh..50..760S, DOI:10.1119/1.12764

44, Ohanian, Hans (2008), "Did Einstein prove E=mc2?", Studies In History and Philosophy
of Science Part B 40 (2): 167-173, arXiv:0805.1400,D01:10.1016/j.shpsh.2009.03.002

45, Hecht, Eugene (2011), "How Einstein confirmed EO=mc2", American Journal of
Physics 79 (6): 591-600, Bibcode 2011AmJPh..79..591H, DOI:10.1119/1.3549223

46. Rohrlich, Fritz (1990), "An elementary derivation of E=mc2", American Journal of
Physics 58 (4): 348—-349, Bibcode 1990AmJPh..58..348R, DOI:10.1119/1.16168

47. (1996). Lise Meitner: A Life in Physics. California Studies in the History of Science. 13.
Berkeley: University of California Press. pp. 236—237. ISBN 0-520-20860-

48. "Neutrino". Glossary for the Research Perspectives of the Max Planck Society. Max Planck
Gesellschaft. Retrieved 2012-03-27.

49. J. Bahcall et al. (2005). "New solar opacities, abundances, helioseismology, and neutrino
fluxes". The Astrophysical Journal 621: L85-L88. arXiv:astro-
ph/0412440.Bibcode 2005ApJ...621L..85B. DOI:10.1086/428929.

50. The idea of the neutrino Laurie M Brown Physics Today September 1978 pp23-28

51. Improved understanding between 1930 and 1932 led Viktor Ambartsumian and Dmitri
Ivanenko to propose the existence of the more massive neutron as it is now known, subsequently
demonstrated by James Chadwick in 1932. These events necessitated renaming Pauli's less
massive, momentum-conserving particle. Enrico Fermi coined "neutrino" in 1933 to distinguish
between the neutron and the much lighter neutrino. K. Riesselmann (2007). "Logbook: Neutrino
Invention". Symmetry Magazine 4 (2).

52. M.F. L'Annunziata (2007). Radioactivity. Elsevier. p. 100. ISBN 978-0-444-52715-8.

53. F. Close (2010). Neutrino. Oxford University Press.

54. E. Fermi (1934). "Versuch einer Theorie der B-Strahlen. I". Zeitschrift fur Physik A 88(3-4):
161. DOI:10.1007/BF01351864. Translated in F.L. Wilson (1968). "Fermi's Theory of Beta
Decay". American Journal of Physics 36 (12):
1150. Bibcode1968AmJPh..36.1150W. DOI:10.1119/1.1974382.

55. K.-C. Wang (1942). "A Suggestion on the Detection of the Neutrino". Physical Review61 (1-2):
97. Bibcode 1942PhRv...61...97W. DOI:10.1103/PhysRev.61.97.

56. C.L Cowan Jr., F. Reines, F.B. Harrison, HW. Kruse, A.D McGuire (1956). "Detection of the
Free Neutrino: a Confirmation”. Science 124 (3212): 103-
4. Bibcode1956Sci...124..103C. DOI:10.1126/science.124.3212.103. PMID 17796274.

57. K. Winter (2000). Neutrino physics. Cambridge University Press. p. 38ff. ISBN 978-0-521-
65003-8.

This source reproduces the 1956 paper.

58. "The Nobel Prize in Physics 1995". The Nobel Foundation. Retrieved 29 June 2010.

59. L.V. Anicin (2005). "The Neutrino - Its Past, Present and
Future".arXiv:physics/0503172 [physics].

60. M. Maltoni et al. (2004). "Status of global fits to neutrino oscillations". New Journal of
Physics 6: 122. arXiv:hep-ph/0405172. Bibcode 2004NJPh....6..122M.DOI:10.1088/1367-
2630/6/1/122.

61. S. Eidelman et al. (Particle Data Group) (2004). "Leptons in the 2005 Review of Particle

WWWw.ijsrp.org


http://en.wikipedia.org/wiki/Special:BookSources/0-201-04679-2
http://en.wikipedia.org/wiki/Physics_World
http://www.mpg.de/12928/Glossary
http://en.wikipedia.org/wiki/Max_Planck_Gesellschaft
http://en.wikipedia.org/wiki/Max_Planck_Gesellschaft
http://en.wikipedia.org/wiki/The_Astrophysical_Journal
http://en.wikipedia.org/wiki/ArXiv
http://arxiv.org/abs/astro-ph/0412440
http://arxiv.org/abs/astro-ph/0412440
http://en.wikipedia.org/wiki/Bibcode
http://adsabs.harvard.edu/abs/2005ApJ...621L..85B
http://en.wikipedia.org/wiki/Digital_object_identifier
http://dx.doi.org/10.1086%2F428929
http://en.wikipedia.org/wiki/Viktor_Ambartsumian
http://en.wikipedia.org/wiki/Dmitri_Ivanenko
http://en.wikipedia.org/wiki/Dmitri_Ivanenko
http://en.wikipedia.org/wiki/James_Chadwick
http://en.wikipedia.org/wiki/Enrico_Fermi
http://www.symmetrymagazine.org/cms/?pid=1000450
http://www.symmetrymagazine.org/cms/?pid=1000450
http://en.wikipedia.org/w/index.php?title=Symmetry_Magazine&action=edit&redlink=1
http://books.google.com/books?id=YpEiPPFlNAAC&pg=PA100
http://en.wikipedia.org/wiki/Elsevier
http://en.wikipedia.org/wiki/International_Standard_Book_Number
http://en.wikipedia.org/wiki/Special:BookSources/978-0-444-52715-8
http://en.wikipedia.org/wiki/Oxford_University_Press
http://en.wikipedia.org/wiki/Zeitschrift_f%C3%BCr_Physik_A
http://en.wikipedia.org/wiki/Digital_object_identifier
http://dx.doi.org/10.1007%2FBF01351864
http://microboone-docdb.fnal.gov/cgi-bin/RetrieveFile?docid=953;filename=FermiBetaDecay1934.pdf;version=1
http://microboone-docdb.fnal.gov/cgi-bin/RetrieveFile?docid=953;filename=FermiBetaDecay1934.pdf;version=1
http://en.wikipedia.org/wiki/American_Journal_of_Physics
http://en.wikipedia.org/wiki/Bibcode
http://en.wikipedia.org/wiki/Bibcode
http://en.wikipedia.org/wiki/Digital_object_identifier
http://dx.doi.org/10.1119%2F1.1974382
http://en.wikipedia.org/wiki/Physical_Review
http://en.wikipedia.org/wiki/Bibcode
http://adsabs.harvard.edu/abs/1942PhRv...61...97W
http://en.wikipedia.org/wiki/Digital_object_identifier
http://dx.doi.org/10.1103%2FPhysRev.61.97
http://en.wikipedia.org/wiki/Science_(journal)
http://en.wikipedia.org/wiki/Bibcode
http://en.wikipedia.org/wiki/Bibcode
http://en.wikipedia.org/wiki/Digital_object_identifier
http://dx.doi.org/10.1126%2Fscience.124.3212.103
http://en.wikipedia.org/wiki/PubMed_Identifier
http://www.ncbi.nlm.nih.gov/pubmed/17796274
http://books.google.com/?id=v_tiL2NlfvMC&pg=PA38
http://en.wikipedia.org/wiki/Cambridge_University_Press
http://en.wikipedia.org/wiki/International_Standard_Book_Number
http://en.wikipedia.org/wiki/Special:BookSources/978-0-521-65003-8
http://en.wikipedia.org/wiki/Special:BookSources/978-0-521-65003-8
http://nobelprize.org/nobel_prizes/physics/laureates/1995/
http://en.wikipedia.org/wiki/The_Nobel_Foundation
http://en.wikipedia.org/wiki/ArXiv
http://arxiv.org/abs/physics/0503172
http://arxiv.org/archive/physics
http://en.wikipedia.org/wiki/New_Journal_of_Physics
http://en.wikipedia.org/wiki/New_Journal_of_Physics
http://en.wikipedia.org/wiki/ArXiv
http://arxiv.org/abs/hep-ph/0405172
http://en.wikipedia.org/wiki/Bibcode
http://adsabs.harvard.edu/abs/2004NJPh....6..122M
http://en.wikipedia.org/wiki/Digital_object_identifier
http://dx.doi.org/10.1088%2F1367-2630%2F6%2F1%2F122
http://dx.doi.org/10.1088%2F1367-2630%2F6%2F1%2F122
http://en.wikipedia.org/wiki/Particle_Data_Group
http://pdg.lbl.gov/2005/listings/lxxx.html

International Journal of Scientific and Research Publications, Volume 2, Issue 9, September 2012
ISSN 2250-3153

Physics". Physics Letters B 592 (1): 1-5. arXiv:astro-
ph/0406663. Bibcode2004PhLB..592....1P. DOI:10.1016/j.physletb.2004.06.001.

62. S.M. Caroll (25 March 2009). "Ada Lovelace Day: Chien-Shiung Wu". Discover Magazine.
Retrieved 2011-09-23.

63. S.E. Shnoll, K.I. Zenchenko, I.1. Berulis, N.V. Udaltsova, I.A. Rubinstein (2004). "Fine structure
of histograms of alpha-activity measurements depends on direction of alpha particles flow and
the Earth rotation: experiments with collimators".arXiv:physics/0412007 [physics.space-ph].

64. D. Stober (August 2010). "The strange case of solar flares and radioactive elements” (Press
release). Stanford University.

65. E. Kolbe, G.M. Fuller (2004). "Neutrino-Induced Fission of Neutron-Rich Nuclei".Physical
Review Letters 92 (11): 1101. arXiv:astro-
ph/0308350. Bibcode2004PhRvL..92k1101K. DOI:10.1103/PhysRevLett.92.111101.

66. A. Kelic, K.-H. Schmidt (2005). "Cross sections and fragment distributions from neutrino-
induced fission on r-process nuclei". Physics Letters B 616 (1-2): 48-48.arXiv:hep-
ex/0312045. Bibcode 2005PhLB..616...48K.DOI:10.1016/j.physletb.2005.04.074.

67. G. Karagiorgi et al. (2007). "Leptonic CP violation studies at MiniBooNE in the (3+2) sterile
neutrino  oscillation  hypothesis”. Physical ~ Review D 75(13011):  1-8. arXiv:hep-
ph/0609177. Bibcode 2007PhRvD..75a3011K.DOI:10.1103/PhysRevD.75.013011.

68. M. Alpert (2007). "Dimensional Shortcuts”. Scientific American. Retrieved 2009-10-31.[dead
link]

69. Th. A. Mueller et al. (2011). "Improved Predictions of Reactor Antineutrino Spectra”.Physical
Review C 83 (5): 54615. arXiv:1101.2663.D01:10.1103/PhysRevC.83.054615.

70. G. Mentionet al. (January 2011). "The Reactor Antineutrino Anomaly". Physical Review
D 83 (7): 073006. arXiv:1101.2755. DOI:10.1103/PhysRevD.83.073006.

71. R. Cowen (2 February 2010). "Ancient Dawn's Early Light Refines the Age of the
Universe". Science News. Retrieved 2010-02-03.

72. neutrinos.linl.gov "LLNL/SNL Applied Antineutrino Physics Project. LLNL-WEB-204112".
2006.

73. apc.univ-paris7.fr "Applied Antineutrino Physics 2007 workshop". 2007.

74. "New Tool To Monitor Nuclear Reactors Developed". ScienceDaily. 13 March 2008. Retrieved
2008-03-16.

75. V.A. Kostelecky, M. Mewes (2004). "Lorentz and CPT violation in neutrinos". Physical Review
D 69 (1): 016005. arXiv:hep-ph/0309025.D0OI:10.1103/PhysRevD.69.016005.

76. C. Giunti, C.W. Kim (2007). Fundamentals of neutrino physics and astrophysics.Oxford
University Press. p. 255. ISBN 0-19-850871-9.

77. P. Adamson et al. (MINOS Collaboration) (2007). "Measurement of neutrino velocity with the
MINOS  detectors and  NuMI neutrino  beam". Physical Review D 76 (7):
072005.arXiv:0706.0437. Bibcode 2007PhRvD..76g2005A.D0I:10.1103/PhysRevD.76.072005.

78. D. Overbye (22 September 2011). "Tiny neutrinos may have broken cosmic speed limit". New
York Times. "That group found, although with less precision, that the neutrino speeds were
consistent with the speed of light."

79. J. Timmer (22 February 2012). "Faster Than Light Neutrino Result Apparently a Mistake Due to
Loose Cable". Ars Technica.

80. ICARUS Collaboration (June 18, 2012). "Measurement of the neutrino velocity with the
ICARUS  detector at the CNGS  beam".Physics  Letters B 713(1): 17—
22.arXiv:1203.3433. DOI:10.1016/j.physleth.2012.05.033.

81. "Neutrinos sent from CERN to Gran Sasso respect the cosmic speed limit". CERN press release.
2012-06-08. Retrieved 2012-06-08.

82. A. Goobar, S. Hannestad, E. Mdrtsell, H. Tu (2006). "The neutrino mass bound from WMAP 3
year data, the baryon acoustic peak, the SNLS supernovae and the Lyman-a forest". Journal of
Cosmology and Astroparticle Physics 606 (6): 19. arXiv:astro-
ph/0602155. Bibcode 2006JCAP...06..019G. DOI:10.1088/1475-7516/2006/06/019.

83. Fukuda, Y., et al (1998). "Measurements of the Solar Neutrino Flux from Super-Kamiokande's
First 300 Days". Physical Review Letters 81 (6): 1158-1162. arXiv:hep-
ex/9805021. Bibcode 1998PhRvL..81.1158F. DOI:10.1103/PhysRevLett.81.1158.

84. R.N. Mohapatra et al. (APS neutrino theory working group) (2007). "Theory of Neutrinos: A
White Paper". Reports on Progress in Physics 70 (11): 1757. arXiv:hep-
ph/0510213. Bibcode 2007RPPh...70.1757M. DOI:10.1088/0034-4885/70/11/R02.

85. T. Araki et al. (KamLAND Collaboration) (2005). "Measurement of Neutrino Oscillation with
KamLAND: Evidence of Spectral Distortion". Physical Review Letters 94 (8):

WWWw.ijsrp.org


http://pdg.lbl.gov/2005/listings/lxxx.html
http://en.wikipedia.org/wiki/Physics_Letters_B
http://en.wikipedia.org/wiki/ArXiv
http://arxiv.org/abs/astro-ph/0406663
http://arxiv.org/abs/astro-ph/0406663
http://en.wikipedia.org/wiki/Bibcode
http://en.wikipedia.org/wiki/Bibcode
http://en.wikipedia.org/wiki/Digital_object_identifier
http://dx.doi.org/10.1016%2Fj.physletb.2004.06.001
http://blogs.discovermagazine.com/cosmicvariance/2009/03/25/ada-lovelace-day-chien-shiung-wu/
http://en.wikipedia.org/wiki/Discover_Magazine
http://en.wikipedia.org/wiki/ArXiv
http://arxiv.org/abs/physics/0412007
http://arxiv.org/archive/physics.space-ph
http://news.stanford.edu/news/2010/august/sun-082310.html
http://en.wikipedia.org/wiki/Stanford_University
http://en.wikipedia.org/wiki/Physical_Review_Letters
http://en.wikipedia.org/wiki/Physical_Review_Letters
http://en.wikipedia.org/wiki/ArXiv
http://arxiv.org/abs/astro-ph/0308350
http://arxiv.org/abs/astro-ph/0308350
http://en.wikipedia.org/wiki/Bibcode
http://en.wikipedia.org/wiki/Bibcode
http://en.wikipedia.org/wiki/Digital_object_identifier
http://dx.doi.org/10.1103%2FPhysRevLett.92.111101
http://en.wikipedia.org/wiki/Physics_Letters_B
http://en.wikipedia.org/wiki/ArXiv
http://arxiv.org/abs/hep-ex/0312045
http://arxiv.org/abs/hep-ex/0312045
http://en.wikipedia.org/wiki/Bibcode
http://adsabs.harvard.edu/abs/2005PhLB..616...48K
http://en.wikipedia.org/wiki/Digital_object_identifier
http://dx.doi.org/10.1016%2Fj.physletb.2005.04.074
http://en.wikipedia.org/wiki/Physical_Review_D
http://en.wikipedia.org/wiki/ArXiv
http://arxiv.org/abs/hep-ph/0609177
http://arxiv.org/abs/hep-ph/0609177
http://en.wikipedia.org/wiki/Bibcode
http://adsabs.harvard.edu/abs/2007PhRvD..75a3011K
http://en.wikipedia.org/wiki/Digital_object_identifier
http://dx.doi.org/10.1103%2FPhysRevD.75.013011
http://www.sciam.com/article.cfm?chanID=sa006&colID=5&articleID=B5CB9C67-E7F2-99DF-3BF7368614D46C5D
http://en.wikipedia.org/wiki/Scientific_American
http://en.wikipedia.org/wiki/Wikipedia:Link_rot
http://en.wikipedia.org/wiki/Wikipedia:Link_rot
http://en.wikipedia.org/wiki/Physical_Review_C
http://en.wikipedia.org/wiki/Physical_Review_C
http://en.wikipedia.org/wiki/ArXiv
http://arxiv.org/abs/1101.2663
http://en.wikipedia.org/wiki/Digital_object_identifier
http://dx.doi.org/10.1103%2FPhysRevC.83.054615
http://en.wikipedia.org/wiki/Physical_Review_D
http://en.wikipedia.org/wiki/Physical_Review_D
http://en.wikipedia.org/wiki/ArXiv
http://arxiv.org/abs/1101.2755
http://en.wikipedia.org/wiki/Digital_object_identifier
http://dx.doi.org/10.1103%2FPhysRevD.83.073006
http://www.sciencenews.org/view/generic/id/55957/title/Ancient_dawns_early_light_refines_age_of_universe
http://www.sciencenews.org/view/generic/id/55957/title/Ancient_dawns_early_light_refines_age_of_universe
http://en.wikipedia.org/wiki/Science_News
http://neutrinos.llnl.gov/
http://www.apc.univ-paris7.fr/AAP2007/
http://www.sciencedaily.com/releases/2008/03/080313091522.htm
http://en.wikipedia.org/wiki/ScienceDaily
http://en.wikipedia.org/wiki/Physical_Review_D
http://en.wikipedia.org/wiki/Physical_Review_D
http://en.wikipedia.org/wiki/ArXiv
http://arxiv.org/abs/hep-ph/0309025
http://en.wikipedia.org/wiki/Digital_object_identifier
http://dx.doi.org/10.1103%2FPhysRevD.69.016005
http://books.google.com/?id=SdAcSwTR0CgC&lpg=PA255&dq=majorana%20neutrino%20helicity&pg=PA255
http://en.wikipedia.org/wiki/Oxford_University_Press
http://en.wikipedia.org/wiki/Oxford_University_Press
http://en.wikipedia.org/wiki/International_Standard_Book_Number
http://en.wikipedia.org/wiki/Special:BookSources/0-19-850871-9
http://en.wikipedia.org/wiki/MINOS
http://en.wikipedia.org/wiki/Physical_Review_D
http://en.wikipedia.org/wiki/ArXiv
http://arxiv.org/abs/0706.0437
http://en.wikipedia.org/wiki/Bibcode
http://adsabs.harvard.edu/abs/2007PhRvD..76g2005A
http://en.wikipedia.org/wiki/Digital_object_identifier
http://dx.doi.org/10.1103%2FPhysRevD.76.072005
http://www.nytimes.com/2011/09/23/science/23speed.html
http://en.wikipedia.org/wiki/New_York_Times
http://en.wikipedia.org/wiki/New_York_Times
http://arstechnica.com/science/news/2012/02/faster-than-light-neutrino-result-apparently-a-mistake-due-to-loose-cable.ars
http://arstechnica.com/science/news/2012/02/faster-than-light-neutrino-result-apparently-a-mistake-due-to-loose-cable.ars
http://en.wikipedia.org/wiki/Ars_Technica
http://en.wikipedia.org/wiki/ArXiv
http://arxiv.org/abs/1203.3433
http://en.wikipedia.org/wiki/Digital_object_identifier
http://dx.doi.org/10.1016%2Fj.physletb.2012.05.033
http://press.web.cern.ch/Press/PressReleases/Releases2011/PR19.11E.html
http://en.wikipedia.org/wiki/Journal_of_Cosmology_and_Astroparticle_Physics
http://en.wikipedia.org/wiki/Journal_of_Cosmology_and_Astroparticle_Physics
http://en.wikipedia.org/wiki/ArXiv
http://arxiv.org/abs/astro-ph/0602155
http://arxiv.org/abs/astro-ph/0602155
http://en.wikipedia.org/wiki/Bibcode
http://adsabs.harvard.edu/abs/2006JCAP...06..019G
http://en.wikipedia.org/wiki/Digital_object_identifier
http://dx.doi.org/10.1088%2F1475-7516%2F2006%2F06%2F019
http://en.wikipedia.org/wiki/Physical_Review_Letters
http://en.wikipedia.org/wiki/ArXiv
http://arxiv.org/abs/hep-ex/9805021
http://arxiv.org/abs/hep-ex/9805021
http://en.wikipedia.org/wiki/Bibcode
http://adsabs.harvard.edu/abs/1998PhRvL..81.1158F
http://en.wikipedia.org/wiki/Digital_object_identifier
http://dx.doi.org/10.1103%2FPhysRevLett.81.1158
http://en.wikipedia.org/wiki/American_Physical_Society
http://en.wikipedia.org/wiki/Reports_on_Progress_in_Physics
http://en.wikipedia.org/wiki/ArXiv
http://arxiv.org/abs/hep-ph/0510213
http://arxiv.org/abs/hep-ph/0510213
http://en.wikipedia.org/wiki/Bibcode
http://adsabs.harvard.edu/abs/2007RPPh...70.1757M
http://en.wikipedia.org/wiki/Digital_object_identifier
http://dx.doi.org/10.1088%2F0034-4885%2F70%2F11%2FR02
http://en.wikipedia.org/wiki/KamLAND
http://en.wikipedia.org/wiki/Physical_Review_Letters

International Journal of Scientific and Research Publications, Volume 2, Issue 9, September 2012
ISSN 2250-3153

081801. arXiv:hep-
ex/0406035. Bibcode 2005PhRvL..94h1801A.DOI:10.1103/PhysRevL ett.94.081801. PMID 157
83875.

86. "MINOS experiment sheds light on mystery of neutrino disappearance™ (Press
release). Fermilab. 30 March 2006. Retrieved 2007-11-25.

87. C. Amsler et al. (Particle Data Group) (2008). "The Review of Particle Physics: Neutrino Mass,
Mixing, and Flavor Change". Physics Letters B 667:
1. Bibcode2008PhLB..667....1P. DOI:10.1016/j.physletb.2008.07.018.

88. Th. M. Nieuwenhuizen (2009). "Do non-relativistic neutrinos constitute the dark
matter?". Europhysics Letters 86 (5): 59001. Bibcode 2009EL.....8659001N.DOI:10.1209/0295-
5075/86/59001.

89. "The most sensitive analysis on the neutrino mass [...] is compatible with a neutrino mass of
zero. Considering its uncertainties this value corresponds to an upper limit on the electron
neutrino mass of m < 2.2 eV/c2 (95% Confidence Level)" The Mainz Neutrino Mass Experiment

90. N. Agafonova et al. (OPERA Collaboration) (2010). "Observation of a first vt candidate event in
the OPERA experiment in the CNGS beam". Physics Letters B 691 (3): 138-
145. arXiv:1006.1623. Bibcode 2010PhLB..691..138A.DOI:10.1016/j.physletb.2010.06.022.(92)

91. S. Thomas, F. Abdalla, O. Lahav (2010). "Upper Bound of 0.28 eV on Neutrino Masses from the
Largest Photometric Redshift Survey". Physical Review Letters 105 (3):
031301. DOI:10.1103/PhysRevLett.105.031301

Authors

First Author: 'Mr. K. N.Prasanna Kumar has three doctorates one each in Mathematics, Economics,
Political Science. Thesis was based on Mathematical Modeling. He was recently awarded D.litt. for his work on
‘Mathematical Models in Political Science’--- Department of studies in Mathematics, Kuvempu University,
Shimoga, Karnataka, India Corresponding_ Author:drknpkumar@gmail.com

Second Author: ?Prof. B.S Kiranagi is the Former Chairman of the Department of Studies in Mathematics,
Manasa Gangotri and present Professor Emeritus of UGC in the Department. Professor Kiranagi has guided
over 25 students and he has received many encomiums and laurels for his contribution to Co homology Groups
and Mathematical Sciences. Known for his prolific writing, and one of the senior most Professors of the
country, he has over 150 publications to his credit. A prolific writer and a prodigious thinker, he has to his credit
several books on Lie Groups, Co Homology Groups, and other mathematical application topics, and excellent
publication history.-- UGC Emeritus Professor (Department of studies in Mathematics), Manasagangotri,
University of Mysore, Karnataka, India

Third Author: *Prof. C.S. Bagewadi is the present Chairman of Department of Mathematics and Department
of Studies in Computer Science and has guided over 25 students. He has published articles in both national and
international journals. Professor Bagewadi specializes in Differential Geometry and its wide-ranging
ramifications. He has to his credit more than 159 research papers. Several Books on Differential Geometry,

WWWw.ijsrp.org


http://en.wikipedia.org/wiki/ArXiv
http://arxiv.org/abs/hep-ex/0406035
http://arxiv.org/abs/hep-ex/0406035
http://en.wikipedia.org/wiki/Bibcode
http://adsabs.harvard.edu/abs/2005PhRvL..94h1801A
http://en.wikipedia.org/wiki/Digital_object_identifier
http://dx.doi.org/10.1103%2FPhysRevLett.94.081801
http://en.wikipedia.org/wiki/PubMed_Identifier
http://www.ncbi.nlm.nih.gov/pubmed/15783875
http://www.ncbi.nlm.nih.gov/pubmed/15783875
http://www.fnal.gov/pub/presspass/press_releases/minos_3-30-06.html
http://en.wikipedia.org/wiki/Fermilab
http://en.wikipedia.org/wiki/Particle_Data_Group
http://pdg.lbl.gov/2008/reviews/rpp2008-rev-neutrino-mixing.pdf
http://pdg.lbl.gov/2008/reviews/rpp2008-rev-neutrino-mixing.pdf
http://en.wikipedia.org/wiki/Physics_Letters_B
http://en.wikipedia.org/wiki/Bibcode
http://en.wikipedia.org/wiki/Bibcode
http://en.wikipedia.org/wiki/Digital_object_identifier
http://dx.doi.org/10.1016%2Fj.physletb.2008.07.018
http://en.wikipedia.org/wiki/Europhysics_Letters
http://en.wikipedia.org/wiki/Bibcode
http://adsabs.harvard.edu/abs/2009EL.....8659001N
http://en.wikipedia.org/wiki/Digital_object_identifier
http://dx.doi.org/10.1209%2F0295-5075%2F86%2F59001
http://dx.doi.org/10.1209%2F0295-5075%2F86%2F59001
http://www.physik.uni-mainz.de/exakt/neutrino/en_experiment.html
http://en.wikipedia.org/wiki/ArXiv
http://arxiv.org/abs/1006.1623
http://adsabs.harvard.edu/abs/2010PhLB..691..138A
http://en.wikipedia.org/wiki/Digital_object_identifier
http://dx.doi.org/10.1016%2Fj.physletb.2010.06.022

International Journal of Scientific and Research Publications, Volume 2, Issue 9, September 2012
ISSN 2250-3153

Differential Equations are coauthored by him--- Chairman, Department of studies in Mathematics and Computer
science, Jnanasahyadri Kuvempu University, Shankarghatta, Shimoga district, Karnataka, India

WWWw.ijsrp.org

71



