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THE GENERAL THEORY OF EINSTEIN FIELD EQUATIONS,
HEISENBERG’SUNCERTAINTY PRINCIPLE, UNCERTAINTY
PRINCIPLE IN TIME AND ENERGY, SCHRODINGER’S
EQUATION AND PLANCK’S EQUATION- A “GESELLCHAFT-
GEMEMSCHAFT MODEL”
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ABSTRACT: A Theory is Universal and it holds good for various systems. Systems have all characteristics
based on parameters. There is nothing in this measurement world that is not classified based on parameters,
regardless of the generalization of a Theory. Here we give a consummate model for the well knows models
in theoretical physics. That all the theories hold good means that they are interlinked with each other. Based
on this premise and also under the consideration that the theories are also violated and this acts as a detritions
on the part of the classificatory theory, we consolidate the Model. Kant and Husserl both vouchsafe for this
order and mind boggling misnomerliness and antinomy, in nature and systems of corporeal actions and
passions. Note that some of the theories have been applied to Quantum dots and Kondo resonances. Systemic
properties are analyzed in detail.

INTRODUCTION:
Following Theories are taken in to account to form a consummated theory:
(1) Einstein’s Field Equations ;

The Einstein field equations (EFE) may be written in the form:

1 8rd
1 — Egﬁv R+ g = ?TM-‘
where RH-E-‘ is the Ricci curvature tensor, R the scalar curvature, Juv the metric tensor, Ais
the cosmological constant, (7 is Newton's gravitational constant, € the speed of light in vacuum, and TM‘

the stress—energy tensor.

(2) Heisenberg’s Uncertainty Principle

A more formal inequality relating the standard deviation of position o, and the standard deviation of
momentum o, was derived by Kennard later that year (and independently by Weyl in 1928), This essentially
implies that the first term namely the momentum is subtracted from the term on RHS with the second term
on LHS in the denominator

i
2?

TrOp :_}

(3) Uncertainty of time and energy

Time is to energy as position is to momentum, so it's natural to hope for a similar uncertainty relation
between time and energy. This implies that the first term is dissipated by the inverse of the second term what
with the Planck’s constant h is involved
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(AT) (AE) > A/2

(4)Schridinger’s equation:

Time-dependent equation

The form of the Schrédinger equation depends on the physical situation (see below for special cases). The
most general form is the time-dependent Schrédinger equation, which gives a description of a system
evolving with time:

Time-dependent
Schrédinger
equation (general)

L0 -
th—=% = HWV
ot

where W is the wave function of the quantum system,iis the imaginary unit, his the reduced Planck

constant, and JH is the Hamiltonian operator, which characterizes the total energy of any given
wavefunction and takes different forms depending on the situation.LHS is subtrahend by the RHS .Model
finds the prediction value for the term on the LHS with imaginary factor and Planck’s constant

(5)Planck’s Equations:

Planck’s law describes the amount of electromagnetic energy with a certain wavelength radiated by a black
body in thermal equilibrium (i.e. the spectral radiance of a black body). The law is named after Max Planck,
who originally proposed it in 1900. The law was the first to accurately describe black body radiation, and
resolved the ultraviolet catastrophe. It is a pioneer result of modern physics and quantum theory.

In terms of frequency (1) or wavelength (), Planck's law is written:

2h? 1 2hc? 1
B,(T) =

he 1 BA{T} = /\\5 he

ekBT — 1 or e pT — ]
Where B is the spectral radiance, T is the absolute temperature of the black body, kg is the Boltzmann
constant, h is the Planck, and c is the speed of light. However these are not the only ways to express the law;
expressing it in terms of wave number rather than frequency or wavelength is also common, as are
expressions in terms of the number of photons emitted at a certain wavelength, rather than energy emitted. In
the limit of low frequencies (i.e. long wavelengths), Planck's law becomes the Rayleigh—Jeans law, while in
the limit of high frequencies (i.e. small wavelengths) it tends to the Wien. Again there are constants involved
and finding and or predicting the value of RHS and LHS is of great practical importance. We set to out do
that in unmistakable terms.
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EINSTEIN FIELD EQUATIONS: MODULE NUMBERED ONE

NOTATION :

Gy3 : CATEGORY ONE OF THE FIRST TERM
Gy, : CATEGORY TWO OF THE FIRST TERM
Gy5 : CATEGORY THREE OF THE FIRST TERM
T3 : CATEGORY ONE OF THE SECOND TERM
Ty, : CATEGORY TWO OF THE SECOND TERM

T,5 :CATEGORY THREE OF THE SEOND TERM

EINSTEIN FIELD EQUATIONS(THIRS AND FOURTH TERMS):MODULE NUMBERED TWO

Gy : CATEGORY ONE OF THE THIRD TERM IN EFE
Gy7 : CATEGORY TWO OF THE THIRD TERM IN EFE
G.g : CATEGORY THREE OF THE THIRD TERM IN EFE
Ti6 :CATEGORY ONE OF THE FOURTH TERM IN EFE
T,7 : CATEGORY TWO OF THE FOURTH TERM IN EFE

Tig : CATEGORY THREE OF THE FOURTH TERM ON RHS OF EFE

HEISENBERG’S UNCERTAINTY PRINCIPLE: MODULE NUMBERED THREE

G, : CATEGORY ONE OFLHS IN THE HUP(NOTE THE POSITION FACTOR IS INVERSELY
PROPORTIONAL TO THE MOMENTUM FACTOR)

G,, :CATEGORY TWO OF LHS IN HUP
G,, : CATEGORY THREE OF LHS IN HUP

T,, : CATEGORY ONE OF RHS(NOTE THE MOMENTUM TERM IS IN THE DENOMINATOR AND
HENCE RHS DISSIPATES LHS WITH THE AMOUNT EQUAL TO PLACK CONSTANT IN THE
NUMERATOR AND TWICE OF THE MOMENTUM FACTOR)

T,; : CATEGORY TEO OF RHS (WE ARE TALKING OF THE DIFFERENT SYSTEMS TO WHICH
THE MODEL IS APPLIED AND SYSTEMS THEREFORE ARE CATEGORIES. TO GIVE A BANK
EXAMPLE OR THAT OF A CLOSED ECONOMY THE TOTAL SHALL REMAIN CONSTANT WHILE
THE TRASNACTIONS TAKE PLACE IN THE SUBSYSTEMS)

T,, : CATEGORY THREE OFRHS OF HUP(SAME BANK EXAMPLE ASSETS EQUAL TO
LIABILITIES BUT THE TRANSACTIONS BETWEEN ACCOUNTS OR SYSTEMS TAKE PLACE
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AND THESE ARE CLASSIFIED NOTWITHSTANDING THE UNIVERSALISTIC LAW)

UNCERTAINTY OF TIME AND ENERGY(EXPLANATION GIVEN INHUP AND BANK”S
EXAMPLE HOLDS GOOD HERE ALSO): MODULE NUMBERED FOUR:

G,, : CATEGORY ONE OF LHS OF UPTE
G,5 : CATEGORY TWO OF LHS IN UPTE
G,¢ : CATEGORY THREE OF LHS IN UPTE
T,, :CATEGORY ONE OF RHS IN UPTE
T,5 :CATEGORY TWO OF RHS IN UPTE

T,s : CATEGORY THREE OF RHS IN UPTE

SCHRODINGER’S EQUATIONS(LHS AND RHS) SAME EXPLANATIONS AND EXPATIATIONS
AND ENUCLEATIONS HEREINBEFORE MENTIONED HOLD GOOD:MODULE NUMBERED
FIVE:

G,g : CATEGORY ONE OF LHS OF SE
G,9 : CATEGORY TWO OFLHS OF SE
G3o :CATEGORY THREE OF LHS OF SE
T,g :CATEGORY ONE OF RHS OF SE
T,9 :CATEGORY TWO OFRHS OF SE

T30 :CATEGORY THREE OF RHS IN SE

PLANCK’S EQUATION:MODULE NUMBERED SIX:

Gy, : CATEGORY ONE OF LHS OF PLANCK’S EQUATION
Gss : CATEGORY TWO OF LHS OF PLANCK’S EQUATION
Gy, : CATEGORY THREE OFLHS OF PLANCK’S EQUATION
Ts, : CATEGORY ONE OF RHS OF PLANCK’S EQUATION
Ts3 : CATEGORY TWO OF RHS OF PLANCK’S EQUATION

Ts, : CATEGORY THREE OF RHS OF PLANCK’S EQUATION
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(313)(1), (314)(1)' (315)(1)' (b13)(1)' (b14)(1): (b15)(1) (316)(2): (317)(2), (318)(2) (b16)(2)l (b17)(2)' (b18)(2):
(azo)(g), (321)(3)' (azz)(s) , (bzo)(B)v (b21)(3), (bzz)(g)
(324)(4)' (325)(4)' (326)(4)’ (b24)(4), (bzs)(4)v (bza)(4)v (bzs)(s): (b29)(5): (bso)(s)!(azs)(s): (329)(5), (330)(5):
(332)(6), (333)(6)' (334)(6), (bsz)(6): (bss)(6): (b34)(6)

are Accentuation coefficients

(3'13)(1), (3’14)(1), (3'15)(1), (b’13)(1)' (b’14)(1)' (b’15)(1)' (3'16)(2), (317)(2); (a,18)(2), (blle)(z), (b'17)(2): (b,18)(2)
,(@50)®, (@51)®, (a52)®, (050)®, (05,)®, (b5,)®
(3'24)(4), (3’25)(4), (3’26)(4): (b’24)(4)' (blzs)m' (blze)(4)' (blzs)(s)' (b’29)(5); (béo)(s) (3128)(5): (3’29)(5), (3'30)(5) )
(3’32)(6)' (333)(6)' (3’34)(6)' (bfv,z)(@: (b’33)(6): (b’34)(6)

are Dissipation coefficients

EINSTEIN FIELD EQUATIONS: MODULE NUMBERED ONE

The differential system of this model is now (First Two terms in EFE)

GOVERNING EQUATIONS

dG13

dGl4,

dGls

dT13

dT14_

= (a13) WGy — (1) + @73) P (Tiy, ]Gy
= (1) MGy3 — [@1) D + (@1 (Tis, ©]Gra
= (a15) MGy — [(@15)® + (@75) P (Tos, D]Gys
= (b13) VT — [(b1)@ = (b5) D (G, O] Ty,
= (b1) PTy3 — [(b1) @ = (b1 P(G, )] Ty,

(b15)(1)T14 - [(b 5)(1) — (bis (G, t)]T15

+(a’1’3)(1)(T14, t) = First augmentation factor

— (b)) (G,t) = First detritions factor

EINSTEIN FIELD EQUATIONS(THIRS AND FOURTH TERMS):MODULE NUMBERED TWO

GOVERNING EQUATIONS

The differential system of this model is now

dG16

dG17

dG18

dT1s

dT17

= (a16)PG17 — [(@10)P + (1) P (T17, ] Gye
= (a1) P66 — [@1)P + (@17 P (T17, ]Gy
= (a18)PGy7 — [(@1)® + (1) P (T17, ] Gys
= (b16) PTy7 — [(b10)® = (0Ye) P ((G19), )] Ti6
= (b17) P Ty — [(01)® = (0Y)P((G10), )] Ty

= (byg)@Ty; — [(b 8)@ — (b7, )(2)((G19) t)]T18
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+(als) @ (T,,,t) = First augmentation factor
—(bYs)P((Gyo), t) = First detritions factor
HEISENBERG’S UNCERTAINTY PRINCIPLE: MODULE NUMBERED THREE

GOVERNING EQUATIONS

The differential system of this model is now

% - (aZO)mGZl - [(3’20)(3) + (3'2’0)(3)(T21’t)]G20
% = (2,1)¥Gy — [(3’21)(3) + (3’2’1)(3)(1‘21,0]("'21
92 — (2,,)D6y; — [(@2)D + (%) (To1, 0]G22
L2 = (b0) Ty — [(050)® — (050)P G2z, O] oo
T2t = (b)) DTy — [(05)P = (051)® (Gzs, O] T
22 = (b,)) Ty, — [(05)P = (65)P (G2, T,

+(aky)®(T,q,t) = First augmentation factor
—(b5)®(Gy3,t) = First detritions factor

UNCERTAINTY OF TIME AND ENERGY(EXPLANATION GIVEN INHUP AND BANK”S
EXAMPLE HOLDS GOOD HERE ALSO): MODULE NUMBERED FOUR

GOVERNING EQUATIONS::

The differential system of this model is now

dGzq _

i (a24)®Gys — [(3'24)(4) + (3’2'4)(4)(T25,t)]G24

dG r 17
dis = (a25)WGyy — [(325)(4) + (325)(4)(T25:t)]G25
dGze _

ax (aze)mczs - [(3,26)(4) + (a,2,6)(4)(T25't)]G26

d I "
2 = (by4) DTy5 — [(0)@ — (05) @ ((Ga7), )] T

d ’ "
25 = (bys) DTy — [(035)@ — (bs)®((G27), 1)] s

dr ) .
d:G = (b26)(4)T25 - [(b26)(4) - (b26)(4)((G27)1t)]T26
+(ay,) @ (T,5,t) = First augmentation factor

—(b5)®((Gy7),t) = First detritions factor
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GOVERNING EQUATIONS:

SCHRODINGER’S EQUATIONS(LHS AND RHS) SAME EXPLANATIONS AND EXPATIATIONS
AND ENUCLEATIONS HEREINBEFORE MENTIONED HOLD GOOD:MODULE NUMBERED
FIVE

The differential system of this model is now

dng = (aye)® Gpo — [(azs)(s) + (al )(5)(T29,t)]G28
dczg = (a20) @G — [(a3)® + (249)® (Tz0, )] G20
T2 = (@30) ¥ G0 — [(@50)® + (@5)® (To9, ] Gso
des = (byg) P Tye — [(b3e)® — (b4) P ((G31), )] Tus
deg = (bye)®Tyg — [(b3)® — (b55)®((G31), )] Tso
dT30

= (b3o)® Ty — [(b )& — (bY, (5)((G31), t)]T30
+(akg)® (T,0,t) = First augmentation factor
—(b%)®((G31),t) = First detritions factor

PLANCK’S EQUATION:MODULE NUMBERED SIX

GOVERNING EQUATIONS::

The differential system of this model is now

dc
i = (a32)®Gs3 — [(332)(6) + (a3 )(6)(T33,t)]G32

dG
3 = (a33) Gy, — [(333)(6) + (a3, )(6)(T33;t)]G33

dG
=3 = (a34)® G35 — [(334)(6) + (a5, )(6)(T33,t)]G34

dT32

= (bs,) ®@Ty5 — [(b 2)® — (b'3’2)(6)((G35)’t)]T32

dT33 = (b33) Ty, — [(b 3)© — (b'3’3)(6)((G35), t)]Tss

dT34,

(b34)(6)T33 - [(b 4)(6) —( '3’4)(6)((G35),t)]T34
+(a4,)®(Ty5,t) = First augmentation factor
—(b%,)®((Gss),t) = First detritions factor

HOLISTIC CONCATENATE SYTEMAL EQUATIONS HENCEFORTH REFERRED TO AS
“GLOBAL EQUATIONS”

(1) Einstein Field Equations(First Term and Second Term)
(2) Einstein Field Equations(Third and Fourth Terms)

(3) Heisenberg’s Principle Of Uncertainty

(4) Uncertainty of Time and Energy
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(5) Schrodinger’s Equations
(6) Planck’s Equation.

s _ o 300G (a1) V@)D (M, [ +25) *2 (T, O ||+ @) 2 (T 0] |
—. = A3 14 — 13
a [+ @) 449 (Tys, 1) || +(ae) 555 (To, O || +(a,) @00 (T3, 0|
G _ , g (1) V@)D (T, O +@5) 22 (T, O ||+ @) O (T 0] |

= d14 13 — 14
a |+ (@ys) #4449 (Tys, 1) || +(a50) ©555) (Tpo, )] |+ (a%43) @66 (Tys, D) |
i _ p yg @15) P+ @) D (Tug, O || +@5) @2 (T17, D] [ +@5) 4 (T, 0|

=(ass 14~ 15
a |+ (a56) 444 (Tys, ) || +(a50) 5555 (Tpo, )] | +(a%,) €666 (T3, 0|

Where ‘ @)D (T, t) || @)D (T4 1) | ) | @)D (Ty,, t)‘ are first augmentation coefficients for category
1,2and 3

|+(a’1’6)(2'2') (Ty7,0) | , ‘+(a’1’7)(2'2')(T17,t) ‘ , |+(a’1’8)(2'2') (T4, 1) | are second augmentation coefficient for
category 1, 2 and 3

‘+(a’2’0)(3'3')(T21, t)|,|+(a’2’1)(3'3')(T21,t)|, +(a’2’2)(3'3')(T21,t)|are third augmentation coefficient for

category 1, 2 and 3

|+(a’2’4)(4'4'4'4') (Tys, t)| , |+(a’2’5)(4'4'4'4') (Tys, t)l , ‘ +(ale) @44 (Tys, t) | are fourth augmentation coefficient
for category 1, 2 and 3

|+(a’2’8)(5'5'5'5')(T29, t) ‘,‘+(a'2’9)(5'5'5'5') (Tyo, 1) |,|+(a’3’0)(5'5'5'5')(T29, t)‘ are fifth augmentation coefficient for
category 1, 2 and 3

|+(a’3’2)(6'6'6'6') (Ty3,1) | |+(a’3’3)(6'6'6'6') (Tss, t)l , ‘ +(ak,) E66)(T,,, t)‘ are sixth augmentation coefficient
for category 1, 2 and 3

" N (bi) V=0 VG O] [~ (0 **) (61, V)] |- (050) (G230
L= (b Tig — T
at (b13)"Tg | —(bY,) 44 (G, t) | —(bYg)E555) (Gay, ) H —(b%,)(6666) (G, t) ‘ 13
e B e G ) | B G GO | Y CDG C) J
- 14 13— 14
dt _ ‘ _(blzls)(4,4,4,4,) (Gyy, ©) | ‘ _(brzrg)(S,S,S,S,) (Gsy,t) | | _(br3/3)(6,6,6,6.) (Gzs, ©) | |
s _ b, 30 (b)) [V (G, O] [~ 0f) ) (G0, O] |- )0V G0 |
- 15 14 — 15
dt - ‘ _(bIZIG)(4,4,4,4,) (G27, t) H _( 1310 (5'5'5'5')((;31, t) H _( 314 (6,6,6,6,) (G35’ t) | |

’

Where |~ (bi5) (G, 9)],[- (1) P (G, D
and 3

— (b)) D (G, t) | are first detrition coefficients for category 1, 2

|—( ’1’6)(2'2')(G19,t)|,|—( 1)) (Gro, ) [,|— (bY5) @) (Gyo, t)‘ are second detritions coefficients for

category 1, 2 and 3
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|—(b’2’0)(3’3’)(G23,t) ,|—( ’2’1)(3’3')(G23,t)|,|—( ’2’2)(3'3')(G23,t)|are third detritions coefficients for category

1,2and 3

| — (b)) “***) (Gyy, D)
category 1, 2 and 3

| —(bys) @444 (G, t) |,|—(bg’6)(4'4'4'4')(G27, t) | are fourth detritions coefficients for

| = (05) 5559 (G31, )|, [~ (b50) 5555) (G3y, )], |~ (055) 5550 (G, ©) | are fifth detritions coefficients for
category 1, 2 and 3

|—(bg’2)(6'6'6'6')(635, t)l , | —(bY,)(6:666) (G, t)l , | —(bY,)(6666)(Gye, t) | are sixth detritions coefficients for
category 1, 2 and 3

e = (2,06 (1) P+ @)D (T, 0| [ +@1) 1 (T O]+ @) DT 0] |
— — (16 17 — 16

d " " "

‘ | [+@5) *H44 (Tys,0) || +(236) 5559 (Tyo, 1) || +(25,) ©4009) (T, 1)
W51 _ (u y@0g (1) 2+ @1) D (T, O [H@1) D (T O] [ H@) Oy, 0)] |
- — 17 16 — 17

d " I 1

‘ | [+ (a5 44449 (Tys, )| +(259) 5559 (Tyo, )| +(25) @059 (T3, 1) |
6 _ o (a16)? [ +(@16) (117, O @) (T, 0| [+@5) 2T, 0] |

dt 18 17 — ; ; ; 18

‘ | [+ @) @444 (Tys, ||+ (%) O555%) (Tyo, O || +(a) 0500 (Tys, O

+(@@g) @ (Ty,, 1) ‘ are first augmentation coefficients for

1]

Where l +(a’1’6)(2) (T17, t) | ) | +(a,1,7)(2) (T17' t)
category 1, 2 and 3

|+(a’1’3)(1'1') (Tys, t)‘ , |+(a’1’4)(1'1') (Ty4 t)| , ‘+(a’1’5)(1'1')(T14, t)| are second augmentation coefficient for
category 1, 2 and 3

| +(a%e) 333 (T, 1) | ) | +(a4,) B33 (T,q, t) | are third augmentation coefficient for

category 1, 2 and 3

+(a%;) @33 (Tyy, 1)

|+ (@) 444 (Tyg, 0| +(ae) @449 (Tys, ©) | |+ (a) #4449 (T,5, 1) | are fourth augmentation
coefficient for category 1, 2 and 3

|+(a’2’8)(5'5'5'5'5)(T29, t) | ‘ +(aky) 5555 (T,,, t)| , | +(a%y) %% (T, t)| are fifth augmentation
coefficient for category 1, 2 and 3

|+(ag’2)(6'6'6'6'6)(T33, t) | ‘+(a’3’3)(6'6'6'6'6) (Ts3, t)‘ , | +(a},) (60666)(T,,, t)| are sixth augmentation
coefficient for category 1, 2 and 3

P o e L I | e T G 0 | R G T oot g
—. — (D¢ 17 — 16
a = (04D (Gyy, ) || = (D) 5555 (Gay, ©) || = (b5,) @445 (G35, V)|
Ty _ @ (b5) @] P (Goo, O] |- BII VG, 0] |- 002G 0| |

= (D17 16 — 17
at = () #4449 (G, 1) || = () ©5555) (Gay, ) || = (05) @000 (Ggs, V)|
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(016) @[~ (012) @ (G1o, D] [~ YD TV (G, V]| (D) B3 (Gpa, V)] ‘T
dt 18

dT
8= (b18)(2)T17 -
I —(bY)4*444) (G, 1) I | —(bY,)55555) (G, ) I | —(bY,)(66666) (G, 1) I

where | —(b56)® (G1o,9)| [~ (01) @ (G10,0)| [~ (b}s) P (Gyo, )| are first detrition coefficients for
category 1, 2 and 3

|—(b’1’3)(1'1')(G, t) ‘ ,|—(b’1’4)(1'1')(G, t)l , | — (b)) (G, 1) ‘ are second detrition coefficients for category 1,2
and 3

| = (05) %33 (Gys, V)| ,|[ = (b51) B33 (Gp3, ©)|, |~ (04,) 333 (G5, 1) | are third detrition coefficients for
category 1,2 and 3

| —(by,) @449 (G, 1) l’
for category 1,2 and 3

—(b3s) ***** (Go7, V)

—(blg) @444 (G, t)| are fourth detritions coefficients

b

|—(b’2’8)(515151515)(G31,t)‘ , ‘ —(byy) 5555 (Gyy, 1) | , | — (b)) 5555 (Gyy, t) | are fifth detritions coefficients
for category 1,2 and 3

| = (04,) @450 (G5, D) ||~ (b53) @440 (Ggs, )|, | = (0,) @444 (G35, 1) | are sixth detritions coefficients
for category 1,2 and 3

dG “ (ab0) [+ @50) P (Tos, D[ +(@76) *22 (T17, 1) || +(af5) M1 Ty, 1)
—2 = (a ) 3 Gy — " " " G

dt 20 2 |+(324)(4’4’4’4’4’4) (Tys,0) ‘ ‘ +(328)(5'5'5'5'5'5)(T29» t) H+(a32)(6’6’6’6’6’6)(T33, t)| 20
521 _ (2 300G @)@ +@5) P (Tyy, ) ||+ @) P2 (Tyy, B[ +(@L) V) (Tyy, )] .
—= = (a —

& “? * | +(al) 44D (Tyg, 1) | +(aly) 555555) (Tyo, 1) ” +(a};) (000000 (Ty;, 1) ’ “
22 = (a,) 6 (a5) V@) O Ty, O [+ @) 222 (T, O +@3) D (T 0] |
o - @22 21— 22

d " " "

‘ | +(ale) 44D (Tys, 1) | +(aly) 555555 (Tyg, 1) ‘ | +(a},) 00000 (Ty5, 1) |

|+(a’2’0)(3)(T21, t) | ‘ +(a5)®(T,q, 1) | ‘+(a’2’2)(3) (T21,t)| are first augmentation coefficients for category 1,
2and 3

|+(a’1’6)(2'2'2)(T17, t) ‘ ‘ +(@l,)®22(Ty,, t)| , |+(a’1’8)(2'2'2)(T17, t) | are second augmentation coefficients for
category 1, 2 and 3

|+(a’1’3)(1'1'1')(T14, t) | +(,) (T, O |,|+(a'1’5)(1'1'1') (T4, t)‘ are third augmentation coefficients for

category 1, 2 and 3

| +(al,) 44D (T, 1) | , | +(als) BB (T, 1) ‘ ) | +(ahe) EH44AD (Tyq, 1) | are fourth augmentation
coefficients for category 1, 2 and 3

|+ (@) 555559 (Tyq, O || +(a) G555 (T, 1) || +(a0) B55559) (T, 1) | are fifth augmentation
coefficients for category 1, 2 and 3
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|+(a%,) 66660 (Tyy, )|, [+ (alfy) ©00000) (Ty5, 1) || +(a%,) 55559 (Ty, ) | are sixth augmentation
coefficients for category 1, 2 and 3

T ()T (50)?] =050 P (G O] |- ) **2 G0, O - GED G 0] |
20 21~ 20
| —(bY,) @449 (G, 1) H —(bYg) 55555 (Gyy, t) || —(by,)(666666) (G, 1) |
T _ 0 (b))~ 05D (Ga3, V]| - bF7) 222 (Gy0, ) ||~ bEY (G, B)| .
21 20 — 21
| —(bYg) @449 (G, 1) I | —(bYy) 55555 (Gyy,t) I | —(bY,)(666666) (G, 1) |
T )00 (b3) V] 0) (G O] |- ) Gy, O - G G0 |
22 21~ 22
| _(bIZIG)(4,4,4,4',4',4') (G27, t) I | —(b’3,0)(5'5'5'5'5'5) (G31, t) || _(b1374)(6,6,6,6,6,6) (G35, t) |

—( ’2’2)(3)(G23,t)| are first detritions coefficients for category 1, 2

|=(05)® (Gy3,)|,| = (05)® (Gas,
and 3

|—(b’1’6)(2'2'2)(G19,t) | , |—(b’1’7)(2'2'2)(G19, t)| , ‘—(b’l’g)(z'z'z)(Glg, t) ‘ are second detritions coefficients for
category 1, 2 and 3

|- (bl
1,2and 3

— (b} )@LL(G, t)‘ , | — (b)) TL(G, t)l are third detrition coefficients for category

|_ by, )@44449) (G, t)H_ by, ) 4444 (G,
coefficients for category 1, 2 and 3

—(bYyg) @A4449 (G, t)‘ are fourth detritions

vvvvv

|—(05)S55559) (G, O} [~ (b
coefficients for category 1, 2 and 3

—(bY) 55555 Gy, t) ‘ are fifth detritions

| — (b, )(666666) (G, t)|'|_ by )(6,6,6,6,6,6)(G3 5
coefficients for category 1, 2 and 3

—(bY,)(6:66666)(G, t) ‘ are sixth detritions

Wos _ 0 S [ (25) [+ (@50 ® (Ts, O] [+ (25) 55 (Ty0, O [+ (5) (T3, ]
= azs 25 —

de | [ +@1) P (T, O || +(afe) 2222 (T, O] +(250) @232 (T, B) |

dGys G (a25)<4>|+(a D@ (Ts, 0 |[+ () &%) (T, ) || +(252) 69 (a3, )|
= azs 24 —

de | [+ @D M (Ty, B[+ @) P22D(Ty,, 9| +(25) G233 (Tyy, D)

Qoo _ . g, _ | G20 LHEE) D s O +@50) ) (T O] +(a) ) (T3, 1)
= (a2 25 —

dt | [+ @15) MV (T, B[ +(@g) 222D (T, 9| +(25,) 3233 (Tyy, D)

WWWw.ijsrp.org
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Where ‘ (ay) @ (Tys, 1) |,| (ahs) @ (Tys, 1) I,I(a’2’6 B (T,s, t)| are first augmentation coefficients for category

|+(a'2’8)(5’5’) (Tyo, 1) |,|+(a’2’9)(5'5') (Tyo, 1) |,|+(a’3’0)(5'5')(T29, t) ‘ are second augmentation coefficient for cat:

|+(a'3’2)(6’6’) (T3, 1) ‘ , | +(a%s)®®) (Tys, 1) |, +(al,) %) (Ts3, ) ‘ are third augmentation coefficient for categ

[+ @fp) (T, 0
for category 1, 2,and 3

+(@Y) EEED(Ty,, 1) ,|+(a’1’5)(1'1'1'1) (T14,t)| are fourth augmentation coefficients

| +(aa/6)(2,2,2,2)(T17’ t) L | +(alll7)(2,2,2,2) (T17, t) l’
category 1, 2,and 3

+(alg) #**3(Ty5, t)‘ are fifth augmentation coefficients for

|+(a’2’0)(3'3'3'3)(T21,t) | ‘+(a’2’1 (3333)(T,,,t) ‘ ‘+(a’2’2 (3333)(T,,,t) ‘ are sixth augmentation coefficients for
category 1,2,and 3

YRR (G T i i C Al ) | S CA LI CD) CAIGRICE )
- 24 25 — 24
dt _ | _(blll3)(1,1,1,1) (G, t) | ‘ _(blllﬁ)(2,2,2,2) (G19, t) H_ (blzro)(3,3,3,3) (G23, t) ‘ |
T _ o (b)Y = (05) (G2, | = (050) &) G0, V[ 05 G5, 0] |
- 25 24 25
dt - ‘_(brlr4)(1,1,1,1) (G, t)‘ ‘_(brlr7)(2,2,2,2)(G19' t) ||_ (brzrl)(3,3,3,3)(G23' t)| |
T o A o) | GG (o) RYCAGR )
- 26 25 — 26
de | [~ DG, 0| |01 222D (Gao, B |- (05,) B339 Gy, V)

Where | (b%,)™ (Gy7, 1)

,I — (5@ (Gyy, ) I, —(b5) @ (Gyy, t) ‘ are first detrition coefficients for categor

|—(b’2’8)(5'5') (G31,0) H—( 1)) (Gzq, 1) |,|—( 4) &%) (G, t)‘ are second detrition coefficients for catego

|—(b’3’2)(6'6') (Gzs, D) H—( 1)E8) (G5, t) H—( 1)©E8)(Ggs, t) ‘ are third detrition coefficients for category

(=BG, 0} [~ IG, D], | =) D (G, V)
are fourth detrition coefficients for category 1,2 and 3

| — (b)) @222 (G0, 1) |' l — (b)) @222 (G o, 1) ‘, ’—(b'llg)(z'z'z'z)(Gw; t) |
are fifth detrition coefficients for category 1,2 and 3

|_ (5,) 3333 (Gys, t) H_ (b5,) 3333 (Gyg, t) L|_ (4,)3333) (G, t) ‘
are sixth detrition coefficients for category 1,2 and 3

(@56) |+ (@) ® (Tyo, ||+ (@5 4 (Tys, 0| +(at) @4 (T3, )|
28
‘+(a'1'3)(1‘1‘1‘1‘1)(T14, t)‘ +(a'1'6)(2‘2‘2‘2‘2)(T17,t)H+(a'2'0)(3'3'3'3'3)(T21,t)|

dG
dzs = (a28)®Gpo —
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dGyo (a20)®G (3’29)(5)| +(a'2'9)(5) (To,1) H +(a’2’5)(4'4’) (Tzs,0) H +(a’3'3)(6‘6‘6) (Ts3,0) | c
= 329 28 -
dt _‘+(a’1’4)(1‘1‘1‘1‘1)(T14, t)‘ +(a),) @222 (T, t)H+(a’2’1)(3'3'3'3'3)(T21,t)|_
dGs o (@30)®|+@50) @ (Tyo, ) || +2576) “*) (Tys, 0| | +(a4) 0% (T3, V)|
= (a30)® Gy — — = = G
dt 20)" Gag |+(a15)(1'1r1r1r1)(T14,t)| +(alg)(2'2'2'2'2)(T17,t)||+(a22)(3'3'3'3'3)(T21,t)l 30

Where ‘ +(ag)® (Tyo, 1) | ,‘ +(ale) P (Tyo, V) |,|+(@50) @ (Tyo, £) ‘ are first augmentation coefficients for cate

’

And l +(al,) ) (Tys, £) |,|+(a’2’5)(4'4') (Tys, O |,|+(ale) %) (Tys, t)| are second augmentation coefficient fo

’

|+(a’3’2)(6'6'6)(T33, t) ‘ ,‘ +(ak3) @50 (Ty3, 1) ,|+(a’3’4)(6'6'6)(T33, t) | are third augmentation coefficient for cat

b

|+ @) D (T, ||+ @1 CP D (Tyy, O || +(a75) D (Ty,, 1) are fourth augmentation

coefficients for category 1,2, and 3

|+(a’1’6)(2'2'2'2'2)(T17,t) |,|+(a'1’7 (22222) (T, 1) | +(alg) @#22A(T,,, 1) ‘ are fifth augmentation coefficients

for category 1,2,and 3

|+(a50) 32239 (Ty, O} | +(a5) P339 (T, ©) | |+ (a,) #3339 (T, 1) | are sixth augmentation
coefficients for category 1,2, 3

T _ 0 Jon (b5) V| =(056) 9 (G50, D] | =05 ) (G, O 05) 0 G 0)] |
- 28 29 28

dt _l _(b1113)(1,1,1,1,1) (G, t) l ‘ _(b1116)(2,2,2,2,2)(G19’ ) ||_ (brzlo)(3,3,3,3,3) (G23, t) ‘ |

Y G o C ) | B C AR ) S AT R

7y — D29 28 — 29
dt - | _(blll4)(1,1,1,1,1) (G, t) | ‘ _(blll7)(2,2,2,2,2) (Gyo, ©) H_ (brzll)(3,3,3,3,3)(G23’ t) | |

o _ o yorp (050)®[=(05) @ (G31, 0| | = (056) ) (G37, D] |- (b5 9 (Ggs, 1)

T 30 29 T 30
dt | =) TG, 0| [ = (bi) #222D (Gao, V) || - (b5) P33 (Gpa )|

where ‘— (bye)® (G31,t)| ,‘ —(b%9)®(Gs4, t)‘ ,|—( 2)® (Gay, t)‘ are first detrition coefficients
for category 1,2 and 3

|—(b’2’4)(4'4') (Ga7,©) l , | —(b%5)**)(Gyy, 1) ‘ , | —(b%s) ") (G,,, t)‘ are second detrition coefficients for catego

|—(b’3’2)(6'6'6)(G35, t)‘,|—(bg’3)(6'6'6)(G35, t)‘,’—(b§’4)(6'6'6)(G35,t)| are third detrition coefficients for categ

| = () D (G, ) || = (b) (G, 0| | = (0s) @116, 1) | are fourth detrition coefficients for
category 1,2, and 3

= (1) 22222 Gy, ) —(b}jy) %222 Gy, 1) | are fifth detrition coefficients for

category 1,2, and 3

_(b’1’7)(2'2'2'2'2) (Gy9,0)

b

|— (b)) 33333 (G,s, 1) | |— (by)B3333)(G,s, 1) H— (by,)E3333)(G,s, 1) | are sixth detrition coefficients for
category 1,2, and 3
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dGis2 (a3,)®G (3’32)(6)| +(a’3’2)(6) (Ts3,0) l | +(a'2’8)(5'5'5) (T, ) | ‘ +(a’2’4)(4'4'4') (Tys, ©) | G
= @32 33 32
dt [+ @) T, O] +(al) #2222 (T, ] [+(230) G233 (T, )|
s _ (. g (25) ]+ @) O Ty, O |[+a5) 0Ty, O +@5) 4 (s, 0)] |
- 33 32 7 33
d |+ @) BTy, )| +(ay,) #2222 (T, 0] +(a5,) 333339 (T, 1) |
Bt _ (@0 (a5) @) O Ty, O | [+ @) O5 Ty, O +@5) 44 (o5, 0] |
= A3z 33 34
dt [+ @1 T, O] +(ale) #2222 (T, ] [+(25) G339 (T, 1) |

|+(a’3’2)(6) (T33,0) |,| +(a43)© (Ty3,0) |,|+(a'3’4)(6) (T3, t)l are first augmentation coefficients for category 1

|+(a’2’8)(5'5'5)(T29, t) | ,l +(a4y) 5% (Ty, 1) | +(a%y) % (Tyo, 1) | are second augmentation coefficients for «

| +@@y,) ) (Tys, ©)

,l +(aks) *44) (Tys, t) | , | +(ake) @) (Tys, t)| are third augmentation coefficients for

| +@y) (T, 0| [+ @y, 22D (T, O ||+ (af) 111D (T, 1) - are fourth augmentation
coefficients

|+(a7e) @22222(Ty,, | [+ () #2222 (T, O | | +(al) #2222D(T,,, 1) - fifth augmentation
coefficients

[+ @50 #3333 (T, 0] [+(ag)C33339 (Tyy, 0] [ +(a,)533339(T,y, 1) sixth augmentation

b

coefficients
T _ 0 o (b52) | = (052)© (Gas, 1) || - (b3) S5 (Gar, V||~ (bF) “**)(Gy7, )| .
- 32 33 7 32
dt J _(blllg)(l,l,l,l,l,l) (G, 0 | | _(blllﬁ)(2.2,2,2,2.2) (G19; t) H_ (blzro)(3,3,3,3,3,3)(G23’ t) |_
T Iy OO o) SO RG] | SICARRICH] gy
- 33 32 7 33
dt -‘ _(blll4)(1,1,1,1,1,1) (G, 0 | | _(blll7)(2.2,2,2,2.2) (Gyo, ©) H_ (blzrl)(3,3,3,3,3,3)(G23’ t) |-
T 0 o (150 =059 (G O] |- (050)C* (G0, O |- B G, ] |
- 34 33 7 34
dt I — (b} (G p) | | —(b}y) 322222 (G4, 1) H_ (by,)333333) (G, 1) |

|—(b’3’2)(6) (Gss, 1) |,|—(b’3’3)(6)(G35,t)| ,’—(b’3’4)(6) (G35,t)| are first detrition coefficients for category 1, 2

|—(b’2’8)(5'5'5) (G31,0) ‘,|—(b’2’9)(5'5'5) (G341, 1) \,]—(bg'0)<5'5'5> (Gsq, t)‘ are second detrition coefficients for cate

|—(b’2'4)(4'4'4')(G27, t) l ,‘ —(by5)***) (G, 1) ‘ , ’ —(b% ) #*4)(G,,, t)| are third detrition coefficients for categ

|—(b’1’3)(1'1'1'1'1'1) (G, ) I,l —(by,)ALLLLD(G 1) H—(b’l’s)(l'l'l'l'l'l)(G, t)‘ are fourth detrition coefficients for
category 1, 2, and 3

—(bYs) 22222 (Go, 1) |, [ = (b)) 22222 (G, t) || — (by) @22222) (G, t) | are fifth detrition
16 19 17 19 18 19
coefficients for category 1, 2, and 3
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|— (byy)333333)(G,s, 1) | ‘— (b)) G33333) (Gyg, t) |- (bhy) 33333 (Gys, 1) ‘ are sixth detrition coefficients

for category 1, 2, and 3

b

Where we suppose
(A) (a®, @)™, @D, )@, (bH®, (biH® >0,
i,j =13,14,15
(B) The functions (a] )@, (b!")™ are positive continuous increasing and bounded.
Definition of (p)™, (r;)®:
@)D (Tie, ) < ()@ < (Ay3)®
bHDGH < )P < ON® < (Bys)®
©)  limp, e @)® (T, ) = (p)™
limg_,,, (b )™ (G, 1) = (™
Definition of (A;3)®, (By3)® :
Where [(A;3)®@, (By3)®, (p)®, (r,)™ |are positive constants and

They satisfy Lipschitz condition:

1@ D(TL,, ©) — @)D (Ty )] < (Ryz ) DTy — TiyleMaz)Dr
I(BYD(G, ) — (Y D(G, )] < (kyz )D|G — G [|e (M)

With the Lipschitz condition, we place a restriction on the behavior of functions
@D (TL,, ) and@) D (Ty,, t) . (T4, t) and (Ty,, t) are points belonging to the interval
[(kys)®, (M3 )D] . Itis to be noted that (aj’)™®(Ty,, t) is uniformly continuous. In the eventuality of the

fact, that if (M5 )™ = 1 then the function (a}")¥(T,,,t) , the first augmentation coefficient WOULD be
absolutely continuous.

Definition of (M;5)®, (ky3)® :
(D) (My3)D, (ky3)D, are positive constants

@®  op®
(My3)D 7 (My3)®

Definition of (P3)®, (Q,3)® :

(E) There exists two constants ( P,z )™ and ( Q,5 )™ which together
with (My3)®, (ky3)D, (A1) and (By3)® and the constants
(@™, @)™, ™, DD, ()™, (rW,i = 13,14,15,

satisfy the inequalities

1

() ® [@)® +@)P + (A3)D + (P3)® (ky3)P] <1

WWWw.ijsrp.org
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1

(My3)® [ )@+ ®DP + (Biz)P+ (Qu3)® (ky3)P]< 1

Where we suppose
F) @2 @)?,@"?, )P, NP, (NP >0, ij=1617,18
(G) The functions (a})®, (b}")® are positive continuous increasing and bounded.
Definition of (p;))®, (r;))®:
@) (T, 0 < PD® < (By)
bIP(G1o,) < ()P < (KNP < (Bye)@
(H) limr, 0 (a])@ (Ty7,0) = (pi)®@
limg e (0 )® ((Gyo),t) = (1)@
Definition of (A;6)®, (Bys)® :
Where | (R16)P, (B1g)?, (pD?®, (1)@ ‘are positive constants and

They satisfy Lipschitz condition:

@)D (T];,0) — @)D (Tyy, )] < (Ryg)D|Ty; — Tfyle~(Mae)®t

|2 ((Gy0), ) = ()P ((G1o), )] < (Ky6 )DI(Gro) — (Gyo)'[Je (M)t

With the Lipschitz condition, we place a restriction on the behavior of functions (a})®(Ty,,t)
and(a])@(Ty,, 1) . (T{5,t) and (Ty,, t) are points belonging to the interval [(ky6 )@, (M;6)@] . Itis to be
noted that (a}")® (T, t) is uniformly continuous. In the eventuality of the fact, that if ( M, )® = 1 then
the function (aj")®(T,,,t) , the SECOND augmentation coefficient would be absolutely continuous.

Definition of (M;4)®, (k)@ :
) (M6)®, (ki )@, are positive constants

@® (@
(M16)® ’ (My)@

Definition of (P;3)®, (Q,3)® :

There exists two constants ( P )@ and ( Q¢ )® which together
with (M16)®, (k16 )@, (A15)Pand (B )@ and the constants
(ai)(Z)' (a{)(Z)l (bi)(Z)l (b;)(Z)l (pi)(Z)l (ri)(Z)' i= 16117118'

satisfy the inequalities
1 , -~ = ~
(Mye)@ [ (@)@ + (ai)(z) + (Ae)P + (Pe)® (k)P <1

1

(My6)® [ (b)® + (b;)(Z) + (Big)P+ (Q16)@ (kys @< 1

Where we suppose
(‘]) (ai)(S)l (a;)(?’)' (a;’)(3)l (bi)(3)l (b;)(3)l (bI,)(3) > 0; 1!] = 20I2 1)22

The functions (a})®, (bj")® are positive continuous increasing and bounded.
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International Journal of Scientific and Research Publications, Volume 2, Issue 9, September 2012
ISSN 2250-3153

Definition of (p))®, (r;)®:
@)®(Ty1,1) < (p)® < (By)®
(NP Gz ) = (P < (NP < (B)@
limr, e (ai)® (T1, ) = (p)®
limgeo (b)) (G, ) = (1)@
Definition of (A, )®, (B, )@ :
Where | (R,0)®,(By)®, p)®, D@ | are positive constants and

They satisfy Lipschitz condition:

(@)@ (Tp1, t) — (@) (Tp1, ] < (Rpo )Ty — Tyyle~(Mao)®t
I(6)® (G5’ ) — (0P (G, )] < (Kpg )P [Gps — Gpy'[|e(M20) Pt

With the Lipschitz condition, we place a restriction on the behavior of functions (a})®(T;,, t)

and(a})® (T, 1) . (Ts1,t) And (T,y, t) are points belonging to the interval [(k,o )@, (M )®] . Itisto
be noted that (a}")®(T,,, t) is uniformly continuous. In the eventuality of the fact, that if ( M,, )® = 1 then
the function (a}')® (T,,,t) , the THIRD augmentation coefficient, would be absolutely continuous.

Definition of (M, )®, (kpe ) :
(K) (M, )®, (kyo )P, are positive constants

@® _op®
(Mz0)® 7 (Mz0)®

There exists two constants There exists two constants ( P,, ) and ( Q,, )® which together with
(M), (k0 )@, (By)Pand (B, )@ and the constants
@)@, @), ), D@, (p)®, ()@,i= 20,2122,
satisfy the inequalities

1 , ~ - -
(T ® [@)® + @) + (By0)® + (P)® (k)P < 1

1

T ® | B + BH® + (Byp)® + (00)@ (kyo)®P] <1

Where we suppose
(@)@, @)@, @™, b™@, GN®, (biH™ >0, i,j = 24,2526
(M) The functions (a})®, (b{" )™ are positive continuous increasing and bounded.
Definition of (p;))®, (r;)®:
@) (Tys,0) < (p)@ < (Azy )™

bW (G, 1) < ()™ < ()@ < (B )@

(N)  limg, ()@ (Tys, ) = (p)@
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limG—)oo(b;’)(‘l-) ((G27)! t) = (ri)(4)
Definition of (A, )™, (Byy )@ :

Where | (R,.)®, (B )@, (p)®, (@ | are positive constants and [i = 24,25,26

They satisfy Lipschitz condition:

1)@ (Tps,t) — @) P (Ty5, )] < (Rpq )P Tys — Tysle™(Maa)®t

I(0) P ((G27)', ) = B P ((G27), )] < (Rpg YPII(Gay) = (Gpp)' = (M2t @t

With the Lipschitz condition, we place a restriction on the behavior of functions (a})® (T, t)
and(aj )™ (Tys, 1) . (T35, t) and (T,s, t) are points belonging to the interval [(kp4 )@, (My, )®] . Itis to
be noted that (a}")® (T,s, t) is uniformly continuous. In the eventuality of the fact, that if ( M,, )® = 4 then
the function (a}’)® (T,s,t) , the FOURTH augmentation coefficient WOULD be absolutely continuous.

Definition of ( My, )@, (ks )@
(M, )@, (k,, )™, are positive constants

@® o™
(Mz4)®) 7 (Mp4)®

Definition of (P,, )®, (Q,4)® :

Q) There exists two constants ( P,, )™* and ( Q,, )® which together with
(My )@, (kpy )P, (B,,)Pand (B,, )@ and the constants
(ai)(4)' (ai)@)' (bi)(4)' (b{)(4), (pi)(4)l (ri)(4)' i= 24,25,26,
satisfy the inequalities

1 , ~ R A
(M) [ (ai)(4) + (ai)(4) + (Roa) @+ (Pry)® (kpy )P <1

_r
(Mz4)®

[ BD® + GNP+ (Bz)® + (Qaa)® (kpy )] <1
Where we suppose
@)®, @)®, (N, (b, N, (b >0, i,j=2829,30
(S) The functions (a])®, (b!")® are positive continuous increasing and bounded.
Definition of (p)®, (r;)®:
(a{')(s)(ng,t) = (pi)(s) =< (Kzs )(5)

G ((Gan),t) < () < 0D < (Bze)®

(T) limTzﬁm(ag’)(S) (T29' t) = (pi)(S)
limgoe () (Gs1, ) = ()®

Definition of (A,g)®, (B,g )™ :

Where ‘ (A)®, (B )®, (p)®, (r)® ‘ are positive constants and [i = 28,29,30
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They satisfy Lipschitz condition:
1@ (T10,8) = (2 ) (Tpo, O] < (Rpg )O|Tpg — Toole™Ma0)

|0 ((G31)', ) = B P ((G31), )] < (Rag)P|1(Gay) — (Gap)'| e~ (M)t

With the Lipschitz condition, we place a restriction on the behavior of functions (a}")® (Tso, t)

and(aj')® (Tyo, ) . (T3o,t) and (Tyo, t) are points belonging to the interval [(k,g )™, (M,5)®] . Itisto
be noted that (a}")® (T, t) is uniformly continuous. In the eventuality of the fact, that if ( M,g )® = 5 then
the function (a}’)® (T,,t) , theFIFTH augmentation coefficient attributable would be absolutely
continuous.

Definition of ( M,g ), (k) :
(M, ), (kug ), are positive constants

@®  op®
(M25)(® 7 (Mpg)®

Definition of (P,g ), (Qu5 ) :

There exists two constants ( P,g ) and ( Q,5 ) which together with
(M), (kpg )®, (A5)Pand (B,g )™ and the constants
@)®, @)®, 1)@, ®H®, (PN®, (;)®,i =28,29,30, satisfy the inequalities

1

T [ @O + @@+ (B)® + (Bg)® (kpg)P1 < 1

(1‘7[2: )® [ 0D + BN + (Byg)® + (Qus)® (kye)®] <1

Where we suppose
(ai)(6)' (a{)(6)’ (a;’)(6)’ (bi)(6)l (b{)(ﬁ)’ (bI,)(6) > 01 ll] = 32,33,34
(W)  The functions (a})(©, (b{")(® are positive continuous increasing and bounded.
Definition of (p;)©®, (r;)®:
(@)@ (T35, 1) < (p)® < (B3,)®

bO((Ga5), ) < (1)@ < ()@ < (Bs,)®

X)  limp,oe(@))© (T3, ©) = (p)©
limge (0 )® ((G3s),t) = (r)(®

Definition of (As, )®, (Bs, )© :

Where ‘ (A3,)®, (B3,)®, ()@, (1)® ‘ are positive constants and [i = 32,33,34

They satisfy Lipschitz condition:

" ’ " T ] —(M (6)
|(@])©(T4s, ) — (@] )® (Ts3, )| < (kap )(©|Taz — Tigle~(Msz )™t

|(0})©((G35)', 1) = 0])O((G3s), )] < (Kaz )O||(Gas) — (Gas)'|[e~ (M)t
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With the Lipschitz condition, we place a restriction on the behavior of functions (a}")(©® (T, t)
and(aj')(®(Ts3,t) . (T4s,t) and (Tss, t) are points belonging to the interval [(ks, )@, (M3, )©] . Itis to
be noted that (a}")(® (T3, t) is uniformly continuous. In the eventuality of the fact, that if ( M;, )® = 6 then
the function (a}’)® (Ts3,t) , the SIXTH augmentation coefficient would be absolutely continuous.

Definition of ( M3, ), (ks )© :
(M3,)®, (ks, )®, are positive constants

@®  (©®
(M32)(® (M35 ) <1

Definition of (P;, ), (Q3, )@ :

There exists two constants ( P;, )® and ( Q3, )(® which together with
(M3,)®, (ks )®, (A3,)@and (Bs, )@ and the constants

(@)@, @)@, (@, ®H®@, (D@, (@i = 32,3334,

satisfy the inequalities

1

@l @@+ @@+ (Be)@ + (P)®@ (k) @] < 1

i@l GO+ ®D@ + (B3) @+ (Q2)@ (ky2)@1 <1

Theorem 1: if the conditions IN THE FOREGOING above are fulfilled, there exists a solution satisfying
the conditions

Definition of G;(0), T;(0) :

GO < (Ba)Ve™)™t [6,(0) = 62 > 0]

Ti(t) < (Quz)PeM)Pe 1 (0) =T >0

Definition of _ G;(0), T;(0)
Gi(D) < (P )@eMe)®t 1 G,(0) =GP >0

Ti() < (Que)PeMe)@t  T0)=T0 >0

Gi(D < (PBy)PeM20)Pt 1 G(0) = G? >0
Ti(®) < (Qu) e () =T >0

Definition of G;(0), T,(0) :

G0 < (P ) PelMa) e J G =6">0
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Ti(®) < (Qza )(4)9(M24)(4)t ) T;(0)=T>>0

Definition of G;(0), T;(0) :

GO < (B)Pe(™e)™t [76,(0) = G0 > 0]

A M (5)
Ti(t) < (Qgpg)PeMe)™t T(0)=T">0

Definition of G;(0), T,(0) :

G < (P )(6)e(M32)(6)t G0 =6 > 0]

T(t) < (Qsz)@eM2)Pt  [T00) =T > 0

Proof: Consider operator A™ defined on the space of sextuples of continuous functions G;, T: R, = R,
which satisfy

G;(0) = Gio , T,(0) = Tio , Gio < ('}513 )(1) 'TiO < (QB )(1),

0<Gi(t) —G) < (P )(I)e(l\?[m)(l)t

0<Ti(t) — Ti0 S (QI3 )(I)e(mm)(l)t

By

G t ! n

Gia(®) = Gla + [y [(313)(1)(;14(5(13)) - ((313)(1) +a73) P (T (s03)s 5(13))) G13(S(13))] ds(i3)
Gra(®) = G4 + fOt [(314)(1)(;13(5(13)) B ((3114)(1) + (@) (T1a(s03))s 5(13))) G14(S(13))] ds13)

Gis(®) = G5 + |, [(315)(1)G14(5(13)) - ((3'15)(1) + (@75) P (Twa(503), 5(13))) G15(5(13))] ds(13)
Tys() =TS + [(b13)(1)T14(5(13)) - ((b'13)(1) - (b’1’3)(1)(G(S(13))'5(13))) Ti3 (5(13))] dsi3)
T =T + [(b14)(1)T13(S(13)) - ((b'14)(1) — (1) P(G(sas), 5(13))) T14(5(13))] dsqs)
Tys() =T + [(bls)(l)TM(S(B)) - ((b'ls)(” — (1) (G(s19)), 5(13))) T15(5(13))] ds(i3)

Where s(,3) is the integrand that is integrated over an interval (0, t)

Proof:

Consider operator A@ defined on the space of sextuples of continuous functions G;, T;: R, — R, which
satisfy

G;(0) = G? , Ti(0) = Tio ’ Gi0 < (/1516 )(2) :Tio = (Qle )(2)'

0 < Gi(t) = G < (Pyg)Pef Mg )@
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0 < T~ T < (Qug )Pl Me)

By

G16(D) = Gi6 + fot [(316)(2)G17(5(16)) - ((3’16)(2) +a1e) P (Ti7 (516))s 5(16))) G16(S(16))] ds(16)
Gi7(0) = GY; + fot [(317)(2)G16 (5(16)) - ((3’17)(2) + (3’1’7)(2)(T17(5(16)): 5(17))) G17(S(16))] dse)

Gys(t) = Gig + fot [(318)(2)G17(S(16)) (a19)@ + (@)@ (Ti7(sae) Sae)) G18(S(16))] ds(16)

Tie(t) = Ti + fot [(biﬁ)(z)Tﬂ(s(le)) - ((b’16)(2) - (b'1’6)(2)(G(S(16))'5(16))) T16(5(16))] ds(16)
Ty, (t) = Tfy + fot [(b17)(2)T16(S(16)) - ((b'17)(2) - (b’1,7)(2)(G(S(16))1 5(16))) T17(S(16))] ds6)
Ty (t) = Tpg + fot [(bIB)(Z)T17(S(16)) - ((blls)(z) - (bils)(z)(G(S(le))x 5(16))) Tig (5(16))] ds16)

Where s(;¢) is the integrand that is integrated over an interval (0, t)

Proof:

Consider operator A®) defined on the space of sextuples of continuous functions G;, T;: R, — R, which
satisfy

Gi(0) =GY, T;(0) =T, G < (P )®, T < (Qy0)®,
0<G(t)—GY < (Py YR e(Fz) e

0< T =T < (Qgp )Pe(M20)Pt

By

Gaolt) = G2o + fot [(320)(3)(321(5(20)) B ((3120)(3) + a'2'0)(3)(1121(5(20))'5(20))) GZO(S(zo))] ds(z0)
Gor(t) = G, + [ [(321)(3)(;20(5(20)) - ((3’21)(3) + (@5) @ (Ty1 (520))» 5(20))) G21(s(20))] ds o)
Goa(0) = G, + [(322)(3)(321(5(20)) - ((a'zz)(3) +(@7)® (T2t (520 ), 5(20))) GZZ(S(ZO))] ds(z0)
T2o(®) = Tzo + f;[(bZO)(s)Tﬂ(S(ZO)) — (020)® = 12 (G(s20)), 5209) TZO(S(ZO))] ds20)

( )
T, (t) = T, + fot [(b21)(3)T20(5(20)) - ((b'21)(3) - (b’2'1)(3)(G(5(20)):5(20))) T21(5(20))] ds(z0)
)

T t ! "
T, (D) = Tzoz + fo [(bzz)(g)Tn(s(zo)) - ((bzz)(3) - ( 22)(3)((;(5(20)), S(zo)) Tzz(s(zo))] ds(zo)
Where s,y is the integrand that is integrated over an interval (0, t)

Consider operator A™ defined on the space of sextuples of continuous functions G;, T;: R, — R, which
satisfy

Gi(0) =G, Ti(0) =T, G) < (P )®, T < (Qus)@,

0 < Gi(t) — GY < (Ppy ) We(Fat) ™t
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0<T(D) =T < (Qgy )Pe(M2e)®t

By

Gou() = G3, + fot [(a24)(4)G25(S(24)) - ((a'z4)(4) +ay,) @ (Tus(say)s s(24))) G24(s(24))] dscz)
Gos® =G+ [y [(325)(4)(;24(5(24)) B ((3’25)(4) + (a75)® (Tzs(520)), 5(24))) G25(5(24))] ds(zs)

Ga6(t) = G36 + fot [(326)(4)(325(5(24)) (a26)® + (a36) ™ (Tzs (524, 5(24))) G26(5(24))] ds(za)

Ta() = T2, + fot [(b24)(4)T25(5(24)) - ((b'24)(4) - (b’2'4)(4)(G(5(24))' 5(24))) T24(5(24))] ds(q)
Tzs(t) = Tzos + f; [(bzs)(4)T24(5(24)) - ((blzs)w - (blzls)(4)(G(5(24)): 5(24))) T25(5(24))] d5(24)
Tp6(t) = TJe + f; [(bze)(4)Tzs(S(24)) - ((b’26)(4) — (b% (4)((}(5(24)): 5(24))) T26(S(24-))] ds(aq)

Where s(,4) is the integrand that is integrated over an interval (0, t)

Consider operator A defined on the space of sextuples of continuous functions G;, T;: R, — R, which
satisfy

Gi(0) =G, Ti(0) =T, G < (P )®, T < (Qps)®,
0<Gi(t) —GY < (Py )(S)e(mzs)(s)t
0<Ti(t) = T < (Qpg )Pe(Ma)t

By

Gag(D) = Gis + fot [(328)(5)(329(5(28)) - ((3'28)(5) + 3'2'8)(5)(T29(5(28))'5(28))) st(s(zs))] ds(2e)
Gao(t) = G35 + [ [(azg)(S)st(S(ZS)) - ((3'29)(5) + (a50)® (2o (528 ), 5(28))) G29(5(28))] ds(ze)
Gao(® = G + [, [(330)(5)(329(5(28)) - ((a'zo)(s) + (@50)® (Tzo(s28)). 5(28))) G30(5(28))] ds(ze)
Toe () = Ty + [ [(bzs)(s)Tw(S(ZS)) - ((b'zs)(s) = (03)®(G(see)), 5(28))) T28(5(28))] ds(2e)
Too(t) = T + |, [(bz«a)(S)Tzs(S(zs)) - ((b'zg)(s) — (b79)(G(s28)), 5(28))) T29(5(28))] ds(zg)

T30(0 = T300 + fot [(bso)(S)Tm(s(zs)) - ((bgo)(s) - (blslo)(s)(G(S(zs))' S(ZB))) Tso(s(zs))] d5(28)

Where s,y is the integrand that is integrated over an interval (0, t)

Consider operator A©® defined on the space of sextuples of continuous functions G;, T;: R, — R, which
satisfy

Gi(O) = Gi0 ’ Ti(O) = Tio ’ Gio < (’P32 )(6) 'Tio < (Qsz )(6)'
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0<Gi(t) -G < (P;, )(6)3(1\7132)(6%

0<T(0) — TP < (Qap ) @eMa2)t

By

Gsa® = 6% + J;[(@5)@G3(s6) = (@5 + )@ (Tas (s32)), 5632)) ) G (532))] A
Gan(® = G + I [ @39 @Gaa(5) = (@50 + @) (T (5002, 562)) s (5052 A

G34(D) = G, + fot [(334)(6)G33(5(32)) (334)(6) + (a3 )(6)(T33(S(32)), 5(32))) G34(S(32))] ds(sz)

T3, () = T3, + f; [(b32)(6)T33(5(32)) (( 2)(6) —( ’3’2)(6)((}(5(32)):5(32)) T32(S(32))] ds3z)

Ts3(t) = T3 +f [(bss)( )T32(5(32)) — ((b5)® — (b’3’3)(6)(G(s(32)),5(32))) T33(5(32))] ds(s2)

T34(t) = T304 + fot [(b34)(6)T33(5(32)) - ((b 4)(6) — (b3 )(6)(G(5(32)) 5(32)) T34(5(32))] ds(32)

Where s(3;) is the integrand that is integrated over an interval (0, t)

(@) The operator A™ maps the space of functions satisfying GLOBAL EQUATIONS into itself .Indeed it
is obvious that

t 5 M, )
Gi3(H) < GP5 + [(313)(1) (ngﬁ'( Ppy )MelMis) 5(13))] ds(i3) =

1 0 (a13) D (Py3)® M4 ) Dt
(1 + (313)( )t)G14 + W(e( 13) - 1)

From which it follows that

(P13)M+69,

(1) —~
(Grs(®) = G;)e™ (M) M < 12 [((P13)<>+61 )e< o >+(P13)<1>l

13)®

(G?) is as defined in the statement of theorem 1
Analogous inequalities hold also for Gy, ,Gys, Ty3, Ti4, Tis

(b) The operator A maps the space of functions satisfying GLOBAL EQUATIONS into itself .Indeed it
is obvious that
Gi6(t) < Gig + fot [(316)(2) (G27+(§16 )(G)e(MM)(Z)S(M))] ds(1e) =

0 4 @10P(P16) [ (f1,6H@
(1+ o)L + SR (o™ 1)

From which it follows that

(P16)P+6Y,

(Gm(t) Goﬁ)e (M16)@t < (a16)? [(( Py )(2) +G0 7)e<_ GY, ) + (/1516 )(2)]

(M16)®

Analogous inequalities hold also for Gy, , Gyg, Ti6, Ty7, Tig

(@) The operator A maps the space of functions satisfying GLOBAL EQUATIONS into itself .Indeed it
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is obvious that
t o~ TEINE)
Gao(t) < G3p + J, [(azo)(g) (G§1+(P20 )Be(Hz0) 5(20))] ds() =

3 0 (a200® (P20)® .0 )t
(1 + (azo)( )t)621 + W(e( 20) - 1)

From which it follows that

R CE Pt <_ M) R
(Goo(t) = GRp)e™(Mz0) ™t < m ((P2)® +69))e 621 4 (Py)y)®

Analogous inequalities hold also for G, , G2, T20, T21, T2z
(b) The operator <A™ maps the space of functions satisfying GLOBAL EQUATIONS into itself .Indeed it
is obvious that
0 t @ (o B V(@) o (Mps)Bszy =
G2a(t) < 634 + [ |(aza)™ (G5 +( Poy ) Pe @) ds(aq) =

(@20 (P2 [ (g1, y®
(1 + (a24—)(4)t)635 + W(e(”’zz}) t_ 1)

From which it follows that

1, D¢ _ (az)® <— 7@24)(:)%35)
(G2a(t) = GPy)e™(Maa )t < ﬁ ((P2a)™ +Ggs)e Gz + (P )®

(G?) is as defined in the statement of theorem 1

(c) The operator A maps the space of functions satisfying GLOBAL EQUATIONS into itself .Indeed it
is obvious that

t PN e )(5)
Gos(t) < G3g + [(azs)(S) (tha"‘( Pyg )®e(M20) 5(28))] ds(zg) =

5 0 (a )(5)(ﬁ )(5) [N O)
(1 + (a28)( )t)ng + %(e( 28 )"t 1)

From which it follows that

(P25)®)+634

—(F1,9)® ® 5 (— ) 5
(G(t) — Glg)e™(Maa) Pt < 820 = ((p, 1Y) 4 G9,)e s 4 (Pyg)®

T (Mz)®

(G?) is as defined in the statement of theorem 1

(d) The operator A(® maps the space of functions satisfying GLOBAL EQUATIONS into itself .Indeed it
is obvious that

t 5 s, )(6)
G32(t) < G, + [(asz)(ﬁ) (G§3+( Pyy )(©eMs2) 5(32))] ds@a) =

0 4 @2)®P2)® (g, y©®
(1+ (@) V) + B = (o —1)

From which it follows that
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_(P32)©)+6Y5

Py + a2l ) 4 (o, )@]

(9 p-(H15) Ot . (a52)®
(G32(t) — G3z)e™ 32 S(M32)(a)

(G?) is as defined in the statement of theorem 6

Analogous inequalities hold also for G5, Gy¢, Tos, Tas, Tag

@® ™

(Mq3)® 7 (Fq3)D <1 and to choose

It is now sufficient to take

(Pi3)® and (Q,3)™ large to have

[ (P13 )(1)+G?
(a.)(l) - R B = R
(,qll3)(1) (P13)(1) + (( Pi5 )(1) + Gjo)e j < (P, )(1)
[ (Q13 )(1)+T?
1D (( Qi) +T; )e Y + (Q13)"| = (0Q13)

In order that the operator <A™ transforms the space of sextuples of functions G; , T; satisfying GLOBAL
EQUATIONS into itself

The operator A™ is a contraction with respect to the metric
d ((G(n, T®), (6@, T(z))) =

sup{max |Gi(1)(t) - Gi(z)(t)|e_("7’13)(1)t,max |Ti(1)(t) — Ti(z) (t)|e_("713)(1)t}
i tER4 tER4

Indeed if we denote
Definition of G, T :
(G,T)=ADG,T)
It results
1653 - 6] < [1(@n® |67 — 67 |e M1 (Fi Vs g +
F@PI6Y = 6 fem (M sam e~ Vss .
@D 5|6 = 6 e Vsane o o 4
Gg) | (ails)(l) (TS)' 5(13)) - (a1'3)(1) (T1(f): 5(13))| e—(1\713)(1)s(13)e(ﬁ13)(1)s(13)}ds(13)
Where s(;3y represents integrand that is integrated over the interval [0, t]

From the hypotheses it follows

|60 — G@|e=(1Pe <
1 , -~ ~ ~
W((als)(l) + (‘113)(1) + (A13)(1) + (P13)(1)( k13)(1))d ((G(l),T(l); G(z),T(z)))
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And analogous inequalities for G; and T;. Taking into account the hypothesis the result follows

Remark 1: The fact that we supposed (aj)™ and (bj5)™ depending also on t can be considered as not
conformal with the reality, however we have put this hypothesis ,in order that we can postulate condition

necessary to prove the uniqueness of the solution bounded by (P;3)®e™19)™t gnd (Qyq) e (MMt
respectively of R,.

If instead of proving the existence of the solution on R,, we have to prove it only on a compact then it
suffices to consider that (a;) and (b;)™V,i = 13,14,15 depend only on T,, and respectively on
G (and not on t) and hypothesis can replaced by a usual Lipschitz condition.

Remark 2: There does not existany t where G; (t) =0and T; (t) = 0

From 19 to 24 it results

G; (t) > Gioe[_f(]t{(ag)(l)_(agl)(l)(T14(S(13))‘5(13))}d5(13)] >0

T; (t) = Tioe(‘(b{)(l)f) >0 fort>0
Definition of ((/M13)(1))1; ((,M13)(1))2 and ((/M13)(1))3 :
Remark 3: if G5 is bounded, the same property have also G,, and G5 . indeed if

G153 < (My3)@ it follows dz% < ((My3)®W), = (1) Gy, and by integrating

Gia < ((7‘713)(1))2 =GPy + 2(a14)(1)(('M13)(1))1/(a14)(1)

In the same way , one can obtain

Gis < ((ﬂ13)(1))3 =G5+ 2(a15)(1)((/1\7113)(1))2/(a15)(1)

If Gy, or Gy5 is bounded, the same property follows for G5, G;5 and Gy5, G4 respectively.

Remark 4: If G5 is bounded, from below, the same property holds for G, and G5 . The proof is
analogous with the preceding one. An analogous property is true if G, is bounded from below.

Remark 5: If T, is bounded from below and lim,_.,((b;)™ (G(t),t)) = (b],)™" then Ty, — oo.
Definition of (m)™ and «; :

Indeed let t; be sothat fort > t,

(b1)® = BNV (G (D), 1) < &, Ty5 (£) > (M)

Then % > (a;,) V(M) — g T, which leads to

(a10)P D

€1

Ty = ( ) (1 —e a1ty + The 1t If we take t such that e~51t = % it results

(a1) D)@
gn >( = 2 )

The same property holds for Tys if lim,_.(bi5)® (G(t),t) = (b5)D®

, t= logsi By taking now ¢; sufficiently small one sees that T;, is unbounded.
1

We now state a more precise theorem about the behaviors at infinity of the solutions

@® @

()@ ()@ <1 and to choose

It is now sufficient to take
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(P1s)® and (0,4 )® large to have

((ﬁm)(zuag)

( .)(2) —~ ~ - 0 =~

wom | (P)@ + ((Pe)@ +60)e L T < (Pg)®
(Q16 )(Z)+T?

(b')(z) ~ _< 70) A A

Wﬁﬁkwmﬂ”+ﬁk T4 (06)?] < (016)@

In order that the operator A transforms the space of sextuples of functions G; , T; satisfying

The operator A is a contraction with respect to the metric
d (((G1)@, (T1)®), ((G1) @, (T1) @) ) =

sup{max |V (t) - Gi(z)(t)|e'(’q16)(2)t,max T (@) - 1,® (t)|e‘("7’16)(2)t}
i teER+ teER4

Indeed if we denote
Definition of Gyo, Tre : ((Gro, T1o ) = AP (Gyo, Tyo)
It results

< < (T @ STING))
|Gl(é) _ Gi(2)| < fot(a16)(2) |Gl($) _ Gl(;)|€ (M16)? 5(16)3(M16)(2 S(16) ds(lé) +
[H@)@16E — 62~ (M0 Psa0e(Fre) Psas
(aile)(z)(T1(71)' 5(16))|Gl(é) - G1(f25)|e_(ﬂls)ms(“)e(ﬂls)ms(lﬁ) +

(1)@ T,0)@

Gfé)l(a%)(z)(ng)'5(16)) _ (a]’_,6)(2)(T1(72)!S(16))| e~ (M16)*75(16) o (M16) 5(16)}ds(16)
Where s (44 represents integrand that is integrated over the interval [0, ¢]

From the hypotheses it follows

|(61)® = (G15)P e PPt <
1 , ~ ~ -
@ (@@ + (@@ + (1)@ + (Pi) @ (*1e)@)d (610D, (1) (610)P, (1))

And analogous inequalities for G; and T;. Taking into account the hypothesis the result follows

Remark 1: The fact that we supposed (a}s)® and (bjs)® depending also on t can be considered as not
conformal with the reality, however we have put this hypothesis ,in order that we can postulate condition

necessary to prove the uniqueness of the solution bounded by (P;o)@e™10®t and (Qyc)@Pe (10t
respectively of R,.

If instead of proving the existence of the solution on R,, we have to prove it only on a compact then it
suffices to consider that (a;)® and (b;)®,i = 16,17,18 depend only on T;, and respectively on
(G19)(and not on t) and hypothesis can replaced by a usual Lipschitz condition.

Remark 2: There does not existany t where G; (t) = 0and T; (t) =0

From 19 to 24 it results
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G (t) > Gige[—fot{(alf)(Z)_(al{l)(Z)(T17(s(16)),5(16))}ds(16)] >0

T, (0) = TP > 0 fort >0
Definition of ((M16)®),, (M16)®), and ((M;6)®), :
Remark 3: if G, is bounded, the same property have also G, and G,g . indeed if

G1e < (M;6)@ it follows % < ((M6)®), = (a17)PGy7 and by integrating

Gi7 < (M1)?), = G + 2(a17) P ((M16)®), /(ai)®

In the same way , one can obtain

Gig < ((/MIG)(Z))3 = Grg + 2(‘118)(2)((/Mua)(z))z/(ais)(z)

If Gy, or G,g is bounded, the same property follows for G4, Gig and G,¢, G, respectively.

Remark 4: If G,¢ is bounded, from below, the same property holds for G,, and G,5. The proof is
analogous with the preceding one. An analogous property is true if G, is bounded from below.

Remark 5: If T;4 is bounded from below and lim,_,o, ((b;")® ((G15)(t), 1)) = (b},)@® then T,, — oo.
Definition of (m)® and ¢, :

Indeed let t, besothatfort >t,

(b17)® = (BNP ((G19) (D), 1) < £, T4 () > (M)

Then d;% > (ay,)®(mM)® — &,T;, which leads to

(a17)Pm)®

- ) (1 —e22Y) + T2 e 2t If we take ¢t such that e~2¢ = % it results
2

Ty = (

(a )(2)(171)(2)
LY 2( - 2 )

The same property holds for Tyg if lim;_,«(bi5)® ((G19) (), t) = (big)@

, t= log; By taking now &, sufficiently small one sees that T;, is unbounded.
2

We now state a more precise theorem about the behaviors at infinity of the solutions

NE) NO)
It is now sufficient to take (f‘) , (f‘) < 1 and to choose
(M20)B3) 7 (M30)®

(Py0)® and (9, )® large to have

[ <(f’zo)(3)+c§?>
@ | _ - _
) (P2)® + ((P0)® + Gjo)e € < (Pp)®

(M30)®

[ ( (Q20 )(3)+T?>
~ -\ T ~ ~
(( Q20)® + Tjo)e g +(Q20)® < (050)®

®)®
(M20)®

In order that the operator A transforms the space of sextuples of functions G; , T; into itself
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The operator A® is a contraction with respect to the metric
d (((6:)D, (T3)®), ((6:)P, (T5)P)) =

sup{max |Gi(1)(t) - Gi(z)(t)|e_(M2°)(3)t,max |Ti(1) t) - Ti(Z) (t)|e_("720)(3)t}
i teR+ teER4

Indeed if we denote
Definition of G,3, T3 :( ®' @ ) = cA(B)((Gm)' (T23))
It results
1653 = 62| < [ (@)@ |65 — G| M0 Vsteme (Fz) 50 sy +
Jy a8 = 63 e Meo) Vo~ Vs
() (152, sG55 = G5 oMo e P
Gz(ﬁ) | (ago)m(Tz(ll)' 5(20)) - (alzlo)(g) (Tz(f): S(20))| e_(T/IZO)(S)S(ZO)e(ﬁ”)ms(zo)}ds(zo)
Where s,y represents integrand that is integrated over the interval [0, t]
From the hypotheses it follows
|6 — @]~ (F20Pt <
A (@)@ + @)@ + (A20)® + (P2)® (kz)@)d (((62) D, (1325 (629) @, (135)P))
And analogous inequalities for G; and T;. Taking into account the hypothesis the result follows

Remark 1: The fact that we supposed (ay,)® and (by,)® depending also on t can be considered as not
conformal with the reality, however we have put this hypothesis ,in order that we can postulate condition

necessary to prove the uniqueness of the solution bounded by (P,0)®e™20®t and (D)@ e M2t
respectively of R,.

If instead of proving the existence of the solution on R,, we have to prove it only on a compact then it
suffices to consider that (a;)® and (b/')®,i = 20,21,22 depend only on T,; and respectively on
(G,3)(and not on t) and hypothesis can replaced by a usual Lipschitz condition.

Remark 2: There does not existany t where G; (t) = 0and T; (t) =0

From 19 to 24 it results

G, (t) > GL,Oe[—fot{(a{)m—(ag')m(Tz1(5(20))'5(20))}‘15(20)] >0

T, (0) = TP > 0 fort >0

Definition of ((/1\7120)(3))1, ((7\7120)(3))2 and ((/1\7120)(3))3 :

Remark 3: if G,, is bounded, the same property have also G,, and G, . indeed if
Gyo < (My)® it follows % < (My0)®), = (a31)® G,y and by integrating
Gy < ((7\7120)(3))2 = G3 + 2(“21)(3)((7\7120)(3))1/(‘1’21)(3)

In the same way , one can obtain
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Goz < (M20)®), = G2, + 2(a22) P ((M20)P), / (a)®
If G,, or G, is bounded, the same property follows for G,,, G,, and G,,, G, respectively.

Remark 4: If G,, is bounded, from below, the same property holds for G,, and G,, . The proof is
analogous with the preceding one. An analogous property is true if G,, is bounded from below.

Remark 5: If T,, is bounded from below and lim, o, ((b{")® ((G3)(¢t),t)) = (b3)® then Ty, — oo.
Definition of (m)® and &, :

Indeed let t; be so that for t > t4

(b20)® = (B )P ((G23)(1), t) < £3, T (£) > (M)®

Then “2% > (a,;)® (m)® — &,T,; which leads to

(az1)®Pm)®

- ) (1 —e™ %) + T e %3 If we take ¢t such that e3¢ = % it results
3

Ty = (

Ty 2

@ m®

(%) t= loggi By taking now &5 sufficiently small one sees that T, is unbounded.
3

The same property holds for Ty, if lim, e (b35)® ((G3)(t), t) = (b52)®

We now state a more precise theorem about the behaviors at infinity of the solutions

@® _mp®
(M24)® 7 (M24)®

It is now sufficient to take < 1 and to choose

(P )™ and ( Q4 )™ large to have

<(1324 )(4)+G?>

(a.)(4) - R \— R

(IVIzL4)(4) (P24)(4) + (( Py )(4) + G]-O)e € < (Pyy )(4)
[ (Q24 )(4)+T?

W)@ ((Q24) + T )e / + (Q24 )" = (Q24)

In order that the operator A transforms the space of sextuples of functions G; , T; satisfying IN to itself

The operator A™ is a contraction with respect to the metric
d (G, (7)), ((6:), (T)®) ) =

sup{max |Gi(1)(t) - Gi(z)(t)|e‘(“7’24)(4)t,max |Ti(1)(t) - Ti(z) (t)|e'm24)(4)t}
. teRy teR4

Indeed if we denote
Definition of (G,,), (T57) :  ((G27), (T27) ) = AP ((Go7), (T2))
It results

|G“2(i) _ Gi(2)| < fot(a24)(4) |Gz(é) _ Gz(?|e—(1‘724)(4)5(24)3(7‘7124)(4)5(24) dS(24) +
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[y (@) ®[65) = 652 oMo steng (M0 Vs 1
(@) (T2, 520|651 — G357 |e™ M) sz (M2 sy 4

" " (M) Mo @D
Gz(az;)|(a24)(4)(T2(51)'5(24)) - (a24)(4)(T2(§)'5(24))| e~ (M24) 'S4 (M24) 5(24)}d5(24)
Where 5,4, represents integrand that is integrated over the interval [0, t]

From the hypotheses it follows

()@
|(G27)® = (G57)@]e™ M0 <
1 , ~ ~ ~
W((aﬂ)@) + (a24)(4) + (A24)(4) + (P24)(4)( k24)(4))d (((627)(1), (T27)(1); (627)(2), (T27)(2)))

And analogous inequalities for G; and T;. Taking into account the hypothesis the result follows

Remark 1: The fact that we supposed (ay,)® and (by,)™ depending also on t can be considered as not
conformal with the reality, however we have put this hypothesis ,in order that we can postulate condition

necessary to prove the uniqueness of the solution bounded by (P,,)®e™20™®¢ gnd (Q,,)®eM20)®t
respectively of R,.

If instead of proving the existence of the solution on R,, we have to prove it only on a compact then it
suffices to consider that (a;)* and (b/)™®,i = 24,25,26 depend only on T,s and respectively on
(G,7)(and not on t) and hypothesis can replaced by a usual Lipschitz condition.

Remark 2: There does not existany t where G; (t) = 0and T; (t) =0

From 19 to 24 it results

G, (t) > Gioe[_ I {@)® =@}y O (T25(524)) 5 24))} 5 2| >0

T, (0) > TPe-®D™) > 0 fort >0

Definition of ((M2)®),, (M2)®), and ((M2,)®), :

Remark 3: if G,, is bounded, the same property have also G,s and G, . indeed if

Gyy < (Mypy)™@ it follows ds% < (M2)®), = (a35)® G, and by integrating

Gos < (Mp)®), = G35 + 2(a25) P (M20) @), / (a35)™®

In the same way , one can obtain

G < ((/M24)(4))3 = Ggs + 2(“26)(4)((7\7124)(4))2/(‘1’26)(4)

If G,5 or G, is bounded, the same property follows for G,,, G, and G,,, G,s respectively.

Remark 4: If G,, isbounded, from below, the same property holds for G,s and G,,. The proof is
analogous with the preceding one. An analogous property is true if G,z is bounded from below.

Remark 5: If T,, isbounded from below and lim,_ ., ((b;")® ((G,,)(2),t)) = (bss)™® then T,s — oo.

Definition of (m)™® and ¢, :
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Indeed let t, be sothatfort > t,
(by5)® — (BN P ((G27) (), 1) < £4,Tpq (£) > (M)

Then 2 > (a,5) ™ (m)® — £,T, which leads to

@ ()@ .
Tys = (w) (1 — e™#4t) + T e+t If we take ¢t such that e+t = % it results
4
(az5) W (m)® 2 : - _
Tys = (f) t= loge— By taking now ¢, sufficiently small one sees that T, is unbounded.
4

The same property holds for Tpg if lim, e, (b36) ™ ((G27)(),t) = (bse)™

We now state a more precise theorem about the behaviors at infinity of the solutions ANALOGOUS
inequalities hold also for G,q, G30, T2s, T29, T30

@® _p®
(M2g)®) 7 (M)

It is now sufficient to take < 1 and to choose

(Py5)® and (0, )® large to have

[ (P2g )(5)+G?
@® | 5 (e _
(leg)(s) (Pe)® + (( P ) + Gjo)e j < (Py)®
[ (Q2zs )(5)+T?
CON P NG B _< T) A. 1\ 5. ()
Uiye)® ((025)® +T)e J +(0,5)®] < (0,8)

In order that the operator A transforms the space of sextuples of functions G; , T; into itself

The operator A is a contraction with respect to the metric

d (60, (T:)®), ((6:0P, (T:)®) ) =

supfmax |6(©) = G2 @©)]e™ 20, max [T9(0) = T (0)e=20")
Indeed if we denote

Definition of (G51), (T51) :  ( (G31), (T51) ) = A®((G31), (T31))

It results

1652 = G| < J (@)@ [655) — 653 [e™ (a0 s (Fon)Psew sy +
fot{(a’zg)(s)|62%) - GZ(?|e_(7‘7’28)(5)5(28)e_(7‘7’28)(5)5(28) +

(@) (1395 653 — 637 o0l Pa0e T
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2 1 2 —(Tl)® 105
Gz(g)|(a£’8)(5) (Tz(g)'s(zs)) — (a)e)® (Tz(g)'s(zs))| e~ (M28)">’5(25) o (M28) SeD}ds ()
Where s(,g) represents integrand that is integrated over the interval [0, t]

From the hypotheses it follows

(G @ — (631)(2)|e_("728)(5)t <

1 , ~ ~ ~
W((azs)(s) + (ase)® + (Az0)® + (Pr) ™ (kpg)®)d (((631)(1); (T5)®; (Gs)?, (T31)(2)))
And analogous inequalities for G; and T;. Taking into account the hypothesis (35,35,36) the result follows

Remark 1: The fact that we supposed (ayg)™ and (bys)® depending also on t can be considered as not
conformal with the reality, however we have put this hypothesis ,in order that we can postulate condition

necessary to prove the uniqueness of the solution bounded by (P,g)®e™28)®¢ and (D) e (M20)®t

respectively of R,.

If instead of proving the existence of the solution on R, we have to prove it only on a compact then it
suffices to consider that (a;)® and (b/')®,i = 28,29,30 depend only on T,, and respectively on
(G31)(and not on t) and hypothesis can replaced by a usual Lipschitz condition.

Remark 2: There does not existany t where G; (t) = 0and T; (t) =0

From GLOBAL EQUATIONS it results

G, (t) = Gioe[_ f(f{(af)(s)-(af')(s)(T29(5(28))'5(28))}‘15(28)] >0

T, (0) = Te D) > 0 fort >0

Definition of ((M,5)®),, ((M25)®), and ((My)®), :

Remark 3: if G,g is bounded, the same property have also G,q and G5, . indeed if

Gy < (Myg)® it follows % < (M) ®), — (a39)®) G, and by integrating

Ga9 < ((7‘7128)(5))2 = Ggo + 2(“29)(5)((ﬁzs)(s))l/(aé9)(5)

In the same way , one can obtain

Gzo < (M25)®), = G + 2(a30) P ((M25)®), /(a30)®

If G,4 or G5, is bounded, the same property follows for G,g, G3, and G,g, G,q respectively.

Remark 4: If G,g is bounded, from below, the same property holds for G, and Gs;,. The proof is
analogous with the preceding one. An analogous property is true if G,q is bounded from below.
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Remark 5: If T, is bounded from below and lim,_,., ((b;)® ((G31)(t), t)) = (bso)® then T,q — oo.
Definition of (m)® and s :

Indeed let t5 be so that for t > t;

(b29)(5) - (bi’,)(S)((G31)(t)! t) < &5, Thg (t) > (m)®
Then d:% > (ay9)® (M) — £5T,4 which leads to

(az9)®m)®

€5

Ty = ( )(1 — e~ + The et If we take t such that e~#st = % it results

Ty9 2

) (m)(5)

(M) t =log 83 By taking now &5 sufficiently small one sees that T,q is unbounded.
5

The same property holds for Tsq if lim, e (b35)® ((G31)(t), t) = (b3e)®

We now state a more precise theorem about the behaviors at infinity of the solutions

Analogous inequalities hold also for Gss, G4, T32, T33, Tas

@@ ®©
(M32)® 7 (M37)(®

It is now sufficient to take < 1 and to choose

( P3,)® and (05, )® large to have

(P32 )(6)+G?
@® | ~ R | ~
(M;Z)(s) (Psz)(s) + (( P, ) + Gjo)e J < (P;,)®
[ (Q32 )(6)+T?
0 | A @ Lo ‘( 0 ) I - e
L0 +Te VT +(052)@| < (05)

In order that the operator A transforms the space of sextuples of functions G; , T; into itself

The operator A® is a contraction with respect to the metric
d (((GSS)(l)' (T35)(1))1 ((G35)(2)1 (T35)(2))) =

sup{max |Gi(1)(t) - Gi(z)(t)|e_("7’32)(6)t,max |Ti(1) ) — Ti(z) (t)|e_("732)(6)t}
i teR4 teR4+

Indeed if we denote
Definition of (Gss), (Tss) :  ((Gas), (T35) ) = A®((Gss), (T35))
It results

~(1 ~(2 t 1 2 (M) (&) M=-)(6)
|G§2) - Gi( )| < (as,)® |G3f3) — (;3(3) e~ (Ms2)' 52 e (Ms2)'5G2) s, +
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[y (@) @63 — 652 |e~ M2 Vsme (M) Vs
(@) (T35, 532|653 — 63 |e™Fs2) Vs (Fa2) V) 4

" " —(M2-)(6) M) (6)
G§§)|(a32)(6)(7‘3(;)'5(32)) - (asz)(G)(Tg(gz)'S(32))| e~ (Ma2)7'52) o (Ms2) 5(32)}d5(32)
Where 535, represents integrand that is integrated over the interval [0, t]

From the hypotheses it follows

NG
|(G35)® = (G35)@[e M2 <

1 , - - ~
W((asz)(ﬁ) + (a5)© + (A32) @ + (P3)® (k3,)®)d (((Gss)(l), (T35)®; (G35) @, (Tss)(z)))

And analogous inequalities for G; and T;. Taking into account the hypothesis the result follows

Remark 1: The fact that we supposed (aj,)® and (b3,)® depending also on t can be considered as not
conformal with the reality, however we have put this hypothesis ,in order that we can postulate condition

necessary to prove the uniqueness of the solution bounded by (Ps;)©®e™s2®¢ gnd (Qs,)©®e(Ms2) @t
respectively of R,.

If instead of proving the existence of the solution on R,, we have to prove it only on a compact then it
suffices to consider that (a;)® and (b/')®,i = 32,33,34 depend only on T;; and respectively on
(G35)(and not on t) and hypothesis can replaced by a usual Lipschitz condition.

Remark 2: There does not existany t where G; (t) = 0and T; (t) =0

From 69 to 32 it results

G, (t) = Gioe[—f(f{(ai)(e)—(ai')(e)(Tss(5(32))'5(32))}615(32)] >0

T, (0) = TPe-®D) > 0 fort >0

Definition of ((Ms2)®),, (M2)®), and ((M32)®), :

Remark 3: if G5, is bounded, the same property have also G5 and Gs, . indeed if

Gz, < (M3,)® it follows ds% < ((M52)®), = (a33)®G3; and by integrating

Ga3 < ((7\7132)(6))2 = G35 + 2(“33)(6)((7‘7132)(6))1/(‘1’33)(6)

In the same way , one can obtain

G3s < ((7\7132)(6))3 =G, + 2(“34)(6)((7\7132)(6))2/(‘1’34)(6)

If G55 or G4, is bounded, the same property follows for G;,, G, and G5, , G respectively.

Remark 4: If G;, isbounded, from below, the same property holds for G5 and G;,. The proof is
analogous with the preceding one. An analogous property is true if G55 is bounded from below.

Remark 5: If T, is bounded from below and lim,_ ., ((b}")® ((G35)(t),t)) = (b3)® then T3 — oo.

Definition of (m)© and & :
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Indeed let t, be so that for t > t,

(b33)® — (bi”)(6)((635)(t), t) < &6, T3z (£) > (mM)©®

Then Z22 > (a35)® (m) © — £T;5 which leads to
(6) (1) (®) .
Tyy = (M) (1—e~%6t) + T e %" If we take t such that e =56t = % it results
6
(a33)®(m)® 2 . . . .
T33 = (f) t= loge— By taking now &, sufficiently small one sees that T;5 is unbounded.
6

The same property holds for Ty, if lim, e, (b33)® ((G35)(t), t(¢), t) = (b3,)®

We now state a more precise theorem about the behaviors at infinity of the solutions

Behavior of the solutions

_If we denote and define

Definition of (6)®, (5,)®, (1)@, (1)@ :

@) 0))®, ()P, (t)D, (r,)® four constants satisfying

—(02)W < —(aiz)® + (a1)® = (@15) P (Tu, £) + (@)D (Tia, 1) < —(a) ™
— (7)™ < =(bi3)™ + (b1)® = (b)) P (G, t) = (b)) P (G, 1) < — (7)™
Definition of (v;)@, (v,)®, ()@, (uy) D, v®, 4D :

(b) By (v)® >0, v,)® < 0 and respectively (u;)® > 0, (u,)® < 0 the roots of the equations
(@) PEO) + @)DV — (01)® = 0and (51D UD)” + (@) Pu® — (by5)® = 0

Definition of (7,)@,, (#,)®, (11D, (,) @

By (1,)® >0, (7,)™ < 0 and respectively (i1;)® > 0, (1,)® < 0 the roots of the equations
(@DPED) + (@)D = (@) = 0 and (51D u®)” + @) Du® ~ (b)) = 0

Definition of (m,)®, (m)®, (u)®, (u)®, (vp)™ :-
(c) If we define (m1)(1) ) (mz)(l) ) (#1)(1)’ (#2)(1) by
(mz)(l) = (Vo)(l)'(mi)(l) = (V1)(1); if (VO)(l) < (V1)(1)

(mz)(l) = (V1)(1)' (m1)(1) = (171)(1) Jif (V1)(1) < (Vo)(l) < (171)(1)'

0
and [(vy)® = %
14

(mz)(l) = (Vl)(l)' (ml)(l) = (Vo)(l): if (171)(1) < (Vo)(l)
and analogously
(llz)(l) = (uo)(l)’ (#1)(1) = (u1)(1): if (uo)(l) < (u1)(1)

u2)® = D, (u)® = )P, if w)® < we)® < (@)@,
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0
and | (uo)® = %
14

()P = W)@, ()™ = ()™, if (@)™ < (up)™ where (u)®, (@)™
are defined respectively

Then the solution satisfies the inequalities

GP3e (@M -E M) < G (6) < GlreD™

where (p,)@ is defined

! Goge((sl)(l)—(Pm)(l))f < G () < 1 Gf3e(31)(1)t

mp® 1 (my)@
(a15)V6Ps DD —@1)D)e _ () Dt 0 ()Mt
D G- DG D) [0 — e |4 e < Gis(0) <
(a15) W6y

s (@D —(a! D 0 . —(a. )@
(m2)D((s1)D—(a} D) [0 = eI+ Gige (T

Te®Dt < T, (1) < TG (R P+rin®)e |

— @ 1 (€3] )
@ Toe®D™Vt < T (1) < m’]"l(]Se((Rl) +(r5) D)t

(b15)(1)T103
() D (R)YD-(b15)D)

[e(Rl)(l)t - e‘(bis)(l)t] + T105€—(b{5)(1)f STis(0) <

(@15) D1y [((Rl)(1)+(r13)(1))t_ —(R2)<1>t] 0 p-(R) Mt
(u2) V(R D +(113) D +(Rp) (D) € € +Tise

Definition of ()™, (S;)™, (R)™, (R)™:-
Where (S)® = (a13)® (my)® — (aj3)™
($)® = (a15)® = (p15)™
(R)W = (b13) P ()™ = (b15)™
(R)® = (b1s)® — (115)™

Behavior of the solutions

_If we denote and define

Definition of (0,)®, (6,)®, (1)@, (1)@ :

d) )@, (6,)?, (1))P, (1,)® four constants satisfying

—(02)® < —(a19)@ + (a1,)® = (af6) P (T17, ) + (af) P (Ty7,t) < —(0)®
—(12)® < =(bie)® + (bi)® = (b15) P ((G19), t) = (b17) P ((G1o), ) < —(2)?
Definition of (v;)®, (v,)®, (u)®, (u,)® :

By (v{)® >0, 1,)® < 0and respectively (u;)® >0, (u,)® < 0 the roots

(e) of the equations (6117)(2)(1/(2))2 + (0)Pv® — (a,)P =0
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and (by)@ @)’ + (1) Pu® — (b;)® = 0 and
Definition of (7,)@,, (7,)®, (1)@, (71,) @ :
By (v,)® >0, (#,)® < 0and respectively (ii;)® >0, (i1,)® < 0 the
roots of the equations (a,,)® (1/(2))2 + (0,)Pv® — (a,)® =0
and (by,)@u®)” + (1)Pu®@ — (by)® = 0
Definition of (m;)® , (m,)®, (1)@, (up)® -
(f) If we define (m)@, (m,)®, ()@, (u)® by
(mz)(z) = (Vo)(z)' (m1)(2) = (V1)(2): if (Vo)(z) < (V1)(2)

(my)@ = (v))®,(m)® = @)@ ,if V)P < (V)?® < (1)@,

and [(vy)® = 616
7

(mp)® = (1)@, (m)® = ()@, if )@ < (v)®
and analogously
(Hz)(z) = (uo)(z)’ (:ul)(Z) = (u1)(2)r if (Uo)(z) < (u1)(2)

U)@ = W)@, (1)@ = @)? ,if (W)@ < (w)? < (@),

0
and | (u)® = %
17

(1)@ = W)@, ()@ = ()@, if @)? < (up)®

Then the solution satisfies the inequalities
Gf6e((51)(2)—(p16)(2))t < Gi(t) < Gf6e(51)(2)t

(p)® is defined

1

((51)(2) (P16)P)t < Gy (t) < Glﬁ (51)(2)t

@ ¢ )(z)
(a19)?6] YD~ (p; )@ —(5,)@ 0 —(s)®
((ml)(z)((sl)(g3 (p161)6(2)_(52)(2)) [e(( v 1) — e (52) t] + Glse (S2)t =< GlB(t) <
(a19)P67s [eGDPt _ o=@ Pt 1 0 o-(ain)Pty

(m)@D((5)@-(a})?)

T8 e®™t < T (6) < The 0@+ @)t |

Toe®®t <, (1) <% T e (RO P+ @)t

(11 )<2> ><2>
(019) D14 Rt _ o-1g) Pt 0 ,—(b1e) @t
W@ ((R)D-(b]5)D) [0 = em @i V] 4 e =00 < T (1) <
(a10) 1 (R)P+(r16)@)t _ o~(R)Pt 0 o—(R)Pt
(#2)(2)((Rl)(z)+(.,16)(z)+(R2)(2)) [e( 1 16 ) —e 2 ] + TlBe 2

Definition of (5,)®, (5,)®, (R)®, (R,)®:-
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Where (5))® = (a16)®(m;)® — (a36)®
(52)(2) = (‘118)(2) - (p18)(2)
(R1)(2) = (b16)(2)(ll2)(1) - (bis)(z)

(Rz)(z) = (bis)(z) - (7”18)(2)

Behavior of the solutions

_If we denote and define
Definition of (6,)®,(6,)®, (1))@, (1,)®:

@ )@, (0,)®, (1), (1,)® four constants satisfying

—(02)® < —(a}0)® + (@)@ = (@¥0) (T2, 8) + (a5) P (Toy, £) < —(0)®

—(12)® < =(b30)® + (530 = (b5)P (G, 1) = (bz) P ((G2),t) < ~ ()@

Definition of (v;)®, (v,)®, (u))®, (up)® :

(b) By (v;)® >0,(v,)® < 0and respectively (u,)® > 0, (u,)® < 0 the roots of the equations

2
(@2)P(V®)" + (0)PV® — (a0)® = 0

and (b,))®(u®)” + (1)Pu® — (b,)® = 0 and

By (v))® >0, (#,)® < 0and respectively (7i;)® >0, (i1,)® < 0 the

roots of the equations (a21)(3)(v(3))2 + (0)Pv® = (a,)® =0
and (b,1)® (u®)? + (1)@u® = (b,0)® =0

Definition of (m;)®, (m,))®, (1)@, (ux)® -

(c) Ifwe define (m;)®,(my)®, (u)®, ()@ by
(Mm)® = W)@, ()@ = @)@, if W)@ < V)@

m)® = (v)®, (Mm@ = @)D, if v)® < (V)P < @),

0
and [(v))® = %
21

(mz)(g) = (V1)(3)' (m1)(3) = (VO)(3)' if (171)(3) < (VO)(3)

and analogously

(ﬂz)(S) = (uo)(S)' (#1)(3) = (ul)(3)' if (uo)(3) < (u1)(3)

(ﬂz)(S) = (u1)(3)'(#1)(3) = (1_11)(3) Jif (u1)(3) < (uo)(3) < (1_11)(3)' and

@) _ T2
(uO) Tzo1

(1)@ = W)®, ()™ = w)®, if @) < (up)®

Then the solution satisfies the inequalities
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Ge (DDt < 6, (¢) < 68,eV®t

(p)® is defined

O (p,)® ®
WGZO (V=20 < G, (1) < (3) GRoe®D ™t
(a22)P65, [ ()P =(p20)® (5)® (5@
e((51 P20t _ 5=(S2) t]+GOe(Sz) t< G () <
((m1)(3)((51)(3)0—(1720)(3)—(52)(3)) 22 22(0)
(a22)® 620 [eCDPt _ g=@2)Pe) 1 0 o=(a2)Pty

m2)3((5)®=(a})®)

Tzooe(Rl)(S)t S Ty (t) < Tzooe((Rl)(3)+(r20)(3))t

R)®t R)® @
i )<3> Tyoe FD) 8 < Ty (1) < (3) TS e (R +(r20)™)

(b22) D10y @Bt _ =05)®t] 4 70 -0t
I (RP-Gp@) 6 T | + The 0 < Tp(0) <

(a22) 1, ((R)®+(20)®)t _ —(Rz)(3)t] 0 ,—(Ry) Pt
D (RO P+ (r0) D+ R D) 1€ ¢ + Toze

Definition of (5,)®, (5,)®, (R))®, (R)®:-
Where ()@ = (az0)® (mz)® — (a30)®
()P = (a22)® = P22)®
(R)P = (b20)® (12)® = (b30)®

(Rz)(3) = (béz)m - (Tzz)(S)

Behavior of the solutions
If we denote and define

Definition of (,)®, (6,)® , (t))@, (r,)® :

d) ()@, (0)®, (1)@, (r,)® four constants satisfying

—(0)® < —(a3)™ + (a35)® = (@) P (s, t) + (a35) P (T, 1) < —(07)®
—(1)® < =(b5)@ + (b35)™ = (b)) P ((G27),t) — (b35) P ((G27), 1) < — ()@
Definition of (v;)®, (v,)®, (u)®, (uy) @, v®, u® :

(e) By (v)® >0, (v,)® < 0 and respectively (u)™® > 0, (u,)® < 0 the roots of the equations
(@)@ D) + @)V — ()@ = 0
and (bys)®@ (u®)” + (1) @u® — (b,,)® = 0 and

Definition of (#,)®,, (#,)@, ()@, (i1,)@ :

By ()™ > 0, (%,)® < 0 and respectively (@;)® >0, (7i,)® < 0 the
roots of the equations (a,s)™® (v(“))2 + (0)Pv® — ()@ =0
and (b)) (u®)” + (1) Pu® — (b,)® = 0
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Definition of (m)® , (M@, (u)®, (ux)®, (vo)@ :-
(f) If we define (m)®@, (m)™@, ()@, ()™ by
(mz)(4) = (Vo)m’ (m1)(4) = (V1)(4): if (Vo)(4) < (V1)(4)
(m)® = ()@, (M)W = @YW ,if W)@ < W)™ < [T)®,

GO
and |(vo)® = o
25

(m)® = W)@, (m)® = W)@, if @) < ()™
and analogously
(12)® = (o)™, (1)@ = )@, if (ue)® < (u))®
(12)™ = @)@, ()@ = @), if w)® < W)™ < @)™,

0
and | (ug)® = %
25

(12)® = ()@, (1)@ = (ue)®, if (@)™ < (ue)™® where (u)®, (@)@
are defined by 59 and 64 respectively

Then the solution satisfies the inequalities
6346((51)(4)_(p24)(4))t < Goa(t) < G§4e(51)(4)f

where (p,)™® is defined

L G2,e(0P-020)t < 6, (1) < —L—G2,e(D

(m®W (m)®
((126)(4)6'94 s ) _ [COMP —(S,)®¢ 0 . —(S,) D¢
((m1)(4>((51)“)—(p24)<4>—(52)<4>) (0@ — o= | 4 e < Gy (0) <
(a26)M 63, $)®¢t —(al )@t 0 —(a ) @®¢
(mz)(4')((51)(4')—(a£6)(4)) [e( 1) — e~ (az¢) ] + Gzﬁe (aze)

|T204e<R1><4)t < Ty, (t) < T, e(BD@+mn®)e |

1

(up)® TO,e Wt < T, (1) < —L T, e(®RD+r2)®)e

(u2)®

(bze)(4)T204
()W (RYW-(bse)®)

[e(h)mt _ e‘(bés)(4)t] + Tzoae_(béﬁ)mt STh(t) <

(aze) TP, (R)®+(r20) @)t _ —(Rz)(4)t] 0 ,—(R)®t
B2 DR +(r2) D+ (R @) | ¢ *Toe

Definition of (S;)™, (S;)®, (R)™, (R,)™:-
Where (S))® = (a,,)® (my)® — (a},)®
(520 = (az26)™ — (P26)™
(R = (b)) ® (u2)® — (b3)®

(Rz)(4) = (bés)@) - (Tzé)(4)
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Behavior of the solutions
If we denote and define

Definition of (a,)®, (6,)®, (z))®, (z,)® :

@) (), (0)®,(@)®, (7)™ four constants satisfying

—(0)® < —(a}e)® + (ah9)® — (a5) ) (Tr9, 1) + (a50)® (Tr9,8) < —(07)®
—(1)® < =(b30)® + (b39)® = (b35) P ((G31), ) = (b39) P ((Gs1), ) < —(2)®
Definition of (v;)®, (v,)®, (u))®, (uy)®,v®, u® :

(h)y By (v,)® >0,(v,)® < 0and respectively (u;)® > 0, (u,)® < 0 the roots of the equations
(@20 O (D) + @)V — () = 0
and (byo)®(u®)” + (1) Ou® — (b,g)® = 0 and

Definition of (7,)®,, (1,)®, (i1))®, (1,)® :

By (v))® >0, (#,)® < 0 and respectively (7i;)® >0, (i1,)® < 0 the
roots of the equations (a,q)® (V(S))Z + (0,) OV — (a,)® =0
and (o) U®)” + (1)OU® — (bye)® = 0
Definition of (m)®, (my)®, (u)®, (1), (o)™ :-

(i) If we define (m)® , (M), (1)®, (u)® by
(m)® = )®, (m)® = W), if W)® < (v)®

(m)® = (v))®, (m)® = @), if v)® < (V)® < @),
GO
and |(vy)® = o

(m)® = (), (M) = We)®, if @) < (v)®
and analogously
1) = e)®, () = W), if we)® < ()™

1)® = W)®, (1)® = @), if w)® < (w)® < (@)™,
TO
and [ (uy)® = %

(1) = @)@, ()P = )P, if @)® < (ue)® where (u)®, (@)™
are defined respectively

Then the solution satisfies the inequalities
G356 (V=@ D) < G (1) < (et

where (p;)® is defined

(5)_ (5) (5)
WGZS e (5D -w20))t < (¢ 29(t) < (5) Gdge e(S1)t
(a30) 695 51O —(p28) Nt _ ,—(5) Ot 0 ,—(5)®t
((ml)“)((51)<5>—(pzs)<5>—(sz)<5>) [e(( A ]+G3°e CT S Ga(0) <
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(430635 DOt _ —(ahe)®t 0 ,—(aho)®t
O (5O () [e 1 — e~ (30 ]+ G3pe (@30

TOe Rt < T, () < TS e (RO +020) ) |

_ Tzose(Rl)(S)t STy(t) < (;Tzose((Rl)(5)+(T28)(5))t

() u2)®

(b30) P15
)G (RN -())®)

[e(Rl)(S)t — e‘(béo)(S)t] + T3ooe_(bé°)(5)t STa(t) <

(a30)®1f [ (RS +(120) )t _ —(Rz)(s)t] 0 —(R)®t
PR+ (r30) D+ R ®) 1€ ' ¢ + Tsoe

Definition of (5))®, (5,)®, (R)®, (R,)®:-
Where (5))® = (a26) P (m2)® — (a36)®
(5)® = (a30)® — (P30)®
(Rl)(S) = (bzs)(s)(ﬂz)(S) - (bés)(S)
(R)® = (b30)® = (130)®

Behavior of the solutions
_If we denote and define

Definition of (,)®, (6,)©, (1,)©, (7,)© :

Q) (6@, (0)®, (1)@, (1,)® four constants satisfying

—(02)® < —(a3,)® + (a5)© — (@) O (T3, 1) + (a3) O (T3, 1) < —(07)©

— (1) < =(b3)@ + (b33)® = (b32) @ ((G35), ) = (b55)©((G35),t) < —(7)®
Definition of (v1)©, (v,)®, (u)®, (uy)©®,v®,u® :

(k) By (v,)® >0,(v,)® < 0and respectively (u,)® > 0, (u,)® < 0 the roots of the equations
(a5) @ (V@) + (0) OV — (a5)@ = 0
and (by3)®@ (u®)” + (1) ®u® — (b;,)© = 0 and

Definition of (¥,)®,, (¥,)®, (@)@, (ii,)© :

By ()® >0, (,)® < 0 and respectively (@;)® >0, (i1,)® < 0 the
roots of the equations (as3)® (1/(6))2 + (0,)©Ov® — (a3,)® =0
and (b33)(6)(u(6))2 n (TZ)(ﬁ)u(G) _ (b32)(6) —0
Definition of (m;)®, (m,)®, (1), (1)@, (v0)© :-

(1) 1f we define (m1)(6) ) (mz)(ﬁ) ) (#1)(6): (#2)(6) by
(mz)(ﬁ) = (Vo)(ﬁ)' (m1)(6) = (V1)(6)' if (Vo)(e) < (Vl)(ﬁ)
(mz)(ﬁ) = (V1)(6)' (m1)(6) = (176)(6) Jif (Vl)(é) < (VO)(6) < (171)(6),

0
and |(vo)® = %
33

(mz)(6) = (V1)(6)' (m1)(6) = (Vo)(G): if (‘71)(6) < (Vo)(6)
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and analogously

(ﬂz)(G) = (uo)(G)’ (.“1)(6) = (u1)(6): if (uo)(G) < (u1)(6)

1)@ = W)@, (1)@ = @)@, if (W)@ < (ue)® < (@),
and | (ug)® = T32

(1)@ = W)@, (1)@ = (ue)®@, if (@)@ < (up)® where (u;)®, (@)®
are defined respectively

Then the solution satisfies the inequalities
G,e(D =)t < G, (£) < GL,eD

where (p,)© is defined

WG“ (51 ~(p32) @)t < Gas(t) < )(6) nge(gl)(s)t
((ml)(ﬁ)((51()(22;2((61))5)2(6)_(52)(6)) [e((sl)(s)—(pgz)(s))t _ e—(sz)(ﬁ')t] + G§4e‘(52)(6)f <G <
(mz)(6)((62?532;5%;4)(6)) [e(sl)(e)t —e _(aé“)(e)t] + G§4e—(a§4)(6)t)

|T3029(R1)(6)t < Ty(t) < Tgoze((Rl)(6)+(T32)(6))t |

o )(6) T32 (Rl)(ﬁ)t < Tsy (1) < (6) ((Rl)(5)+(r32)(6))t

0‘0“)Eﬁ;ﬁgi{zéa“)) [e(Rl)(ﬁ)t - e_(bé“)(ﬁ)t] + T0e @0t < T, (8) <
(uz)@((ngfjfjizgﬁﬁ)Jr ) [e(@ O+t _ =R Ve] 19, o-(R)t

Definition of (5,)@, (5,)®, (R)®, (R,)®:-
Where (5)© = (a32)© (mz)® — (a3,)®
(5@ = (a3)® — (p30)©
(R)® = (b32) @ (u2)® — (b3,)®

(Rz)(6) = (b§4)(6) - (7’34)(6)

Proof : From GLOBAL EQUATIONS we obtain

dv( )

= (a3 )(1) - ((a )(1) - (a )(1) + (af’ )(1) (T4, t)) - (aﬂ)(l) (T4, t)V(l) - (a14)(1)V(1)

Deflnltlon of v :- y@® =23
G14

It follows

((a14)(1)(v(1)) + (0,)Dv® — (g, )(n) < dv(“ _ ((a14)(1)(v<1))2 F (0)DYD — (a;,)®)
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From which one obtains

Definition of (¥,)@, (vy)™® :-

GY _
(8) For 0 <|(vy)® = G—E < ()W < ()W

D40 D () el @D (@DP-00) D) ]
140 el ~@D(0DD-wo) D) ]

_ W)@
W

v () > oW

it follows (vo)® < v (t) < (v))®

In the same manner , we get

@D +@D (Vz)me[—(am(l)(m)(1)—@)(1)) t]

_ G)W-(p®
140 Wel-@DD(EDD- W) ]

— wWD-n)®

v (1) < @

From which we deduce (vo)® < v®(t) < (#,)®

0
() If 0< (v))® < ()@ =22 < (#,)® we find like in the previous case,
4

G1

) D40 D (e[~ @ P (D=2 D) ]
1+(C)(1)e[—(a14)(1)((V1)(1)—(V2)(1)) t]

(v)® < < vD() <
@)D+ OD @y el @D (@D -2 W) ]

< (v,
1+(OWel~ @D (EW-W)e = ()

0
(© If 0< (W)® < (@)D <|(v)® = 22| , we obtain
14

(Vl)(l) +(OW (Vz)(l)e [—(0-14)(1) ((71)(1) —(Vz)(l)) f]

™M « @ <
(Vl) SV (t) = 1+(6)(1)e[—(a14)(1)((Vl)(l)—(vz)(l)) t]

< ()™

And so with the notation of the first part of condition (c) , we have

Definition of vV (¢) :-

(mz)(l) < V(l)(t) < (ml)(l): V(l)(t) _ G1z(®)
G14(8)

In a completely analogous way, we obtain

Definition of u®(t) :-

W)@ < ud(t) < )@, |u® () =29
T14(t)

Now, using this result and replacing it in GLOBAL EQUATIONS we get easily the result stated in the
theorem.

Particular case :

If (a}5)® = (a}) D, then (o) = (6,)@® and in this case (v;)® = (v,)® if in addition (v,)® =

WWWw.ijsrp.org

46



International Journal of Scientific and Research Publications, Volume 2, Issue 9, September 2012 47
ISSN 2250-3153

(v))® then v (£) = (vo)™ and as a consequence G5(t) = (vo) VG4 (t) this also defines (vy)™ for the
special case

Analogously if (bj5)® = (bj,) D, then (1,)® = (7,)® and then

(u)® = () PVif in addition (ug)® = (u;)® then Ty5(t) = (ue) P T4 (t) This is an important
consequence of the relation between (v;)™® and (v;)®, and definition of (u,)™.

we obtain
av(® , , ., .
i (316)(2) - ((‘116)(2) - (a17)(2) + (a16)(2) (Ty7, t)) - (a17)(2)(T17, t)v(z) — (a17)(2)v(2)
Definition of v® :- @ = G1e
G17
It follows

2 av(® 2
~(@NPEP) + (@)Pv® = (0,9)P) < 2= < — (@)D (@)’ + (6)PV® - (@,9)?)

From which one obtains

Definition of (7)), (v)® :-

G, _
(d) For0 < (v)® =2 < (v)® < ()@

W)@+ D) @De [-(a17)(2)((V1)(2)—(V0)(2)) t] W)@ =)@

@) > @ —
veo = 1+(C)(2)e[—(a17)(2)((V1)(2)—(V0)(2)) t] - 1© (v0) P -(v)@
it follows (vo)® <v®(t) < (v,)@
In the same manner , we get
e ®) < (71)(2)+(C')(z)(VZ)(z)e[‘(a17)(z)((71)(2)—(172)(2)) t] (6)(2) ~ M
T @@ (- ) ’ — 0@P-)®@

From which we deduce (v,)® <v®(t) < (7,)®

0
() If 0< (V)P < (v))?® = % < (7,)® we find like in the previous case,
17

W)@ +0)@ (VZ)(z)e[—(a17)(2)((1’1)(2)—(1/2)(2)) f]
)(2)e[—(a17)(2)((V1)(2)—(V2)(2)) ¢]

(v)® < <v@@) <

1+(C

TP+ @ @y el - @D (DD -2 @) ]

< (v.)@
14O @l @@ (D@ -w2)@) ] < ()

0
(M 1f 0< W)@ < (@)@ < (v)@ =22, we obtain
17

TP+ @ @y @el~ @D (EDP -T2 @) ]
@[~ @@ (@@ -@) ]

)@ < v@(0) < < ()@

1+(C

And so with the notation of the first part of condition (c) , we have

Definition of v®(¢t) :-
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(my)@ < vA@) < )@, |vA() = G16(8)
G17(t)

In a completely analogous way, we obtain

Definition of u®(¢) :-

)P < P < )P, |u®(@) =225
T17(t)

Particular case :

If (ais)® = (ai,)®, then (6,)@ = (0,)@ and in this case (v;)® = (¥,)@ if in addition (vy)® =
(v1)@ then v@ (1) = (vy)@® and as a consequence G4(t) = (vo) @Gy, (t)

Analogously if (bj5)® = (by,)@, then (1,)® = (1)@ and then

(u)® = () @if in addition (ug)® = (u;)® then Ty4(t) = (ug) @ Ty, (t) This is an important
consequence of the relation between (v;)® and (v,)®

From GLOBAL EQUATIONS we obtain

dav® , , ., .
pra (az0)® — ((azo)m — (a5)® + (azo)(S)(sz t)) — (a5) P (To1, OV = (a,) BV
Definition of v® :- y3) = G20
G21
It follows

2 av® 2
~ (@)@ ()" + (09O = (4;0)®) = 2= < = (@)D (D) + (@)D = (a;0)®)

From which one obtains

G _
(8) For0 < (v)® =22 < (v)® < (m)®

V() = D+ Dy @l 2V (0P -00 ) (€)® = &=
- 14+(0)@ el @@ (0D-00) @) ] ’ )P =)@

it follows (vo)® < v®(t) < (v)®

In the same manner , we get

v (1) < FO+OD @Dl 2002 D) () = TD®-)®
- 140 @l @DE(EE-2)3) ] ’ v0)P-)®

Definition of (¥,)® :-

From which we deduce (v,)® < v®(t) < (#,)®

0
(b) If 0< (v)® < (v)® = % < (v,)® we find like in the previous case,
21
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W)@+ ()Pl @0P(DP-02)P)
1+ el @D (DO -02®)

v)® < < v <

@)D+ @)Dl @DP(EDP-02)P)

< (v,)®
1+ (@@l @@ (ED®-0)®) = ()

0
(© 1f 0<@W)® < @T)P < (v)® =22, we obtain
2

1
TP+ @y el @D (D=2 ) ]

3 < 43 <
(Vl) SV (t) = 1+((f)(3)e[_(az1)(3)(@1)(3)_(72)(3)) t]

< (Vo)(s)

And so with the notation of the first part of condition (c) , we have

Definition of v®(¢t) :-

(m)® < v (@) < (m)®, [v () = 29
G21(t)

In a completely analogous way, we obtain

Definition of u®(¢) :-

1) < w0 < W)@, | @@ =225
T21(t)

Now, using this result and replacing it in GLOBAL EQUATIONS we get easily the result stated in the
theorem.

Particular case :

If (ayy)® = (a5)®, then (a,)® = (0,)® and in this case (v;)® = (¥,)® if in addition (v,)® =
(v1)® then v® (1) = (v4)® and as a consequence G, (t) = (V)@ G,1 (1)

Analogously if (b5,)® = (b5)®, then (1,)® = (1,)® and then

(u)® = ()@ if in addition (ug)® = (u;)® then T,o(t) = (ug)® Ty, (t) This is an important
consequence of the relation between (v;)® and (v,)®

: From GLOBAL EQUATIONS we obtain

dv(® , "
Pr (az)® — ((az4)(4) — (ahs)® + (ah) @ (Tys, t)) — (a45) @ (Tys, IV — (a,5) Pv®
Definition of v® :- p@® = G2e
Gzs
It follows

dv(® 2
< (@P @) + @)V — (@)®)

2
~(@)@(D)" + (@)D — (a,)@) <
From which one obtains

Definition of (¥,)™®, (v)® :-

69 _
(@ For0 <|(m)® = Z < v)® < (1)@
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W)@+ ) @el~@29 (0 W -0 @)
440 Wel @2 P (0 P-00)®) ]

©)® = v ®-we)@

(4) > =
vEm = )W -)®

it follows (vo)® < v®(t) < (v)@

In the same manner , we get

D+ 0@ @y Wl ~@29 D (DD -2
4+(f)(4)e[‘(“25)(4)((71)(4)‘(VZ)“)) t]

_ @)W-®

@ _ W@
NOE 0@

(O

From which we deduce (vo)® <v®(t) < (v,)®
0
() If 0< (V)™ < (vy)W = g—z;: < (7,)™® we find like in the previous case,

) D ()@ () W~ @29 P (DB -2) ) ]
140 @el @@ (0DW -0 @) ]

)™ < < v <

@)@ +(O® @y el @2 P (TP -m2)?) ]
14 @l @29 DD - @) ]

< @)@

0
(M 1 0< @)@ < @)@ <|(v)® =2 , we obtain
25

@)D 4@ @)@l ~@2P (DB -m2®) ]

< Vv (4‘)
1+(OWel- @@ (@D -G W) = (vo)

v)® < v® (@) <

And so with the notation of the first part of condition (c) , we have
Definition of v#(¢) :-

(mz)(4) < V(4)(t) < (ml)(zl), V(4)(t) _ G2a®
Gas(t)

In a completely analogous way, we obtain
Definition of u™®(¢) :-

1)@ < u®D() < ()@, | u®(e) =29
T25(t)

Now, using this result and replacing it in GLOBAL EQUATIONS we get easily the result stated in the
theorem.

Particular case :

If (ay)™® = (ays)@, then (6,)® = (6,)® and in this case (v;)® = ()@ if in addition (vy)® =
(v))™W then v (t) = (v,)™® and as a consequence G,,(t) = (vo) ¥ G,s(t) this also defines (v,)® for
the special case .

Analogously if (by,)® = (bys)®, then ()@ = (1,)™® and then
(u)® = () @if in addition (ug)® = (u)® then T,,(t) = (uy) @ T,s(t) This is an important
consequence of the relation between (v;)® and (¥,)®, and definition of (u,)®.

From GLOBAL EQUATIONS we obtain

av® ’ li " "
@ (aza)(s) - ((azs)(s) - (azg)(s) + (azs)(s) (T30, t)) - (a29)(5) (T30, t)V(S) - (a29)(5)V(5)
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Definition of v(® :- y® = G2
G29

It follows
2 av(® 2
~ (@) (VD) + @)V = (9)®) < L= < = ((@20) P (V)" + (G)OVE = (229)®)

From which one obtains

Definition of (7,)®, (vy)® :-

G _
(@) For0<|(v)® = Gigz < ()® < @)®

V(S)(t) - (vl)(5)+((:)(5)(v2)(5)e[‘(a29)(5)((1/1)(5)—(1/0)(5)) t] (C)(S) _ ) O —(e)®
B 5+(0)® el @2 (DP-00)®) ] ’ ) ®-)®
it follows (vo)® <v®(t) < (v)®
In the same manner , we get
v () < (vl)(S)+(c‘)(s)(vz)(s)e[—(azg)(s)((v1)(5)_(vz)(5))t] O = 1) O —(ve)®
= 5+(C_)(S)e[_(azg)(s)((vl)(s)_(vz)(s)) t] ) (o) B =(7,)®

From which we deduce (v,)® <v®(t) < (75)®
0
() If 0<(v)® < (v))® = % < (7,)® we find like in the previous case,
29

)+ () Del~@29 (@D F-2) ) ]
(5)|~ (@20 (DD -()®) ]

v)® < < vO(p) <

1+(C)

@O+ @)Dl @2 (EDF-2P) ]
1+(0)® el @2 O(FDE-2®) ]

< ([#)®

0
() I 0<@)® < @) <|(v)® =22 , we obtain
29

O+ @) el = @29 (@D -2 ]

(6) <« ) <
(vl) SV (t) = 1+(6)(5)e[_(azg)(s)((vl)(s)_(gz)(s)) t]

< (v)®

And so with the notation of the first part of condition (c) , we have
Definition of v®(¢) :-

(mz)(S) < V(S)(t) < (ml)(s), V(S)(t) _ Gzs(®)
G29(t)

In a completely analogous way, we obtain
Definition of u®)(t) :-

W)® < u®(t) < @)®, |u@() =222
T29(t)

Now, using this result and replacing it in GLOBAL EQUATIONS we get easily the result stated in the
theorem.

Particular case :
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If (ayg)® = (ahe)®, then (6,)® = (0,)® and in this case (v;)® = (#,)® if in addition (v,)® =
(vs)® then v (1) = (v,)® and as a consequence G,g(t) = (Vo) G,4(t) this also defines (v,)® for
the special case .

Analogously if (by)® = (bys)®, then (1) = (1,) and then
u)® = () ®if in addition (ug)® = (u;)® then T,g(t) = (uy) P Ty (t) This is an important
consequence of the relation between (v;)® and (v,)®, and definition of (u,)®.

we obtain
av(® © ' N®) _ (! \6) 1 (a1 \(6) 1\ (6) ©) ©)1,(6)
i = (asz) —((a32) — (az3)*™ + (azz) (T33,t))—(a33) (T33, V'™ — (az3)"™v
Definition of v(® :- y(© = G2

G33

It follows
2 av(® 2

~ (@)@ (V@) + (0)Ov©® = (43)@) < 2= < = (@) O (V@) + (@) OV ® = (a;)®)

From which one obtains

Definition of (7,)(®, (v,)® :-

. G2 _
() For0 <|(v)® =7 < ()@ < (1)@

NO) ) > (vl)(6)+(C)(6)(vz)(é)e[—(ass)(6)((v1)(6)—(v0)(6)) t] (C)(G) _ 1) —(v)©®
T @®@el @ @(00©-00©) ] ’ ) ®O-)®
it follows (vy)©® <v©®(t) < (v,)®
In the same manner , we get
vO(e) < E0 @+ @@l (0O -C2 )] (©)© = W00
- 14+(0)® el (@3 O(@DO-2)®)) ’ (v0)©)-(7,)(®)

From which we deduce (v)® <v©®(t) < (7,)®

0
K) If 0< (v)® < (v)® = g—zoz < (v,)® we find like in the previous case,
W) ©+(0) O (ry) @l @3 (DO -2 @) ]

< v®@R) <
)(©)el~ (@33 (v © -2 @) ] - ® <

(V1)(6) <
1+(C

O +(0) O @)@l ~@33) (@D -T2)(@) ]

< (v,)®
1+(C)(6)g[—(a33)(e)((vl)(s)_(gz)(s)) t] < (vy)

0
() 1 0< @)@ < @)@ <|(v)® =22 , we obtain
33

O +(O) O @)@l ~@33 (@D -T2)(@) ]

< (6)
1+(C)(s)g[—(a33)(s)((i1)(6)_(vz)(s)) q < (vy)

(v)® < vO() <
And so with the notation of the first part of condition (c) , we have
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Definition of v(©(t) :-

(mz)(G) < y® t) < (ml)(G), (6 ®) = G32(8)
G33(t)

In a completely analogous way, we obtain
Definition of u®(t) :-

1)@ < u@®) < @)@, |u®(0) = 245
T33(8)

Now, using this result and replacing it in GLOBAL EQUATIONS we get easily the result stated in the
theorem.

Particular case :

If (a%,)©® = (a43)®, then (0,)® = (0,)©® and in this case (v;)©® = (¥,)(® if in addition (v,)© =
(v1)® then v©(t) = (v4)©® and as a consequence Gs,(t) = (vo)© G35 (t) this also defines (v,)© for
the special case .

Analogously if (b55)® = (b55)®, then (7,)©® = (1,)© and then

(uy)® = (,)@if in addition (ug)® = (u;)® then Ts,(t) = (uy)®Ts3(t) This is an important
consequence of the relation between (v,)® and (v,)®, and definition of (u,)®.

We can prove the following
Theorem 3: If (a])Pand (b;")V are independent on ¢ , and the conditions

a a —a a <

(@i) P (ai)® = (a13)P(a1)® <0

(‘113)(1)(‘114)(1) - (‘113)(1)(‘114)(1) + (a13)(1) (p13)(1) + (ah)(l) (P14)(1) + (P13)(1) (P14)(1) >0
(1) P (b1)® = (b13) P (1) P >0,

(b£3)(1)(b1’4)(1) - (b13)(1) (b14)(1) - (b{3)(1) (7’14)(1) - (b{4)(1)(7’14)(1) + (7’13)(1) (7’14)(1) <0
with (p13)®, (11,) D as defined, then the system

If (a])Pand (b}")® are independent on t , and the conditions

a a —a a <

(a16)@ (1)@ — (a16)P(a1,)@ < 0

(ais)(z)(ab)(z) - (a16)(2)(a17)(2) + (a16)(2) (plﬁ)(Z) + (a{7)(2)(p17)(2) + (p16)(2) (P17)(2) >0
(b16) P (b17)® — (b)) @ (1)@ >0,

(bis)(z)(bb)(z) - (bie)(z)(bn)(z) - (bie)(z)(rn)(z) - (b{7)(2)(7'17)(2) + (T16)(2)(T17)(2) <0
with (p16)®, (117)® as defined are satisfied , then the system

If (aj)®and (b}")® are independent on t , and the conditions

(a50)®(a51)® = (a20)®(a,1)® < 0

(a50)®(a21)® = (a20)® (@21)® + (a20)® 020)® + (@51) P @210 + P20)P 21)® >0
(b50)® (51)® = (b)) (b)) >0,

(béo)(s)(bh)(s) - (bzo)(3)(b21)(3) - (béo)(” (T21)(3) - (bé1)(3) (7"21)(3) + (7"20)(3) (7"21)(3) <0
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with (p,0)®, (1,,)® as defined are satisfied , then the system
If (a/')*®and (b]")® are independent on ¢ , and the conditions
(a5)® (a35)® — (a24)®(az5)® < 0
(a'24)(4)(a'25)(4) — (a20)®(az5)™® + (a20)® (p22)™® + (alzs)m 0250 + (02)® (p25)™ > 0
(b5) @ (b35)® = (b)) (b25)™® >0,
(b3) @ (D35)® = (b22)® (b25)™ = (b3) @ (135)® = (b35) P (r25) @ + (r24) P (15)™ < 0
with (pp4)®, (,5)® as defined are satisfied , then the system
If (a})®and (b;")® are independent on ¢t , and the conditions

L L
(alzs)(s)(a’m)(s) - (azs)(s)(aw)(s) <0
(a%8) ™ (a59)® — (az26)® (a20)® + (a28)® (P26) + (ah9) (P20)® + (P28) (P29) > 0
(b3) S (59) ™ — (b)) (b29)® >0,
(bés)(s)(béca)(s) — (b2g)® (be)® — (bés)(s) (129)® = (b59) ) (129)® + (15) P (129)® < 0
with (p,g)®, (1,0)® as defined satisfied , then the system
If (a])©and (b}")® are independent on ¢t , and the conditions

L L
(a%2)® (a33)® — (a32)® (az3)® < 0
(a%2)® (a53)® — (a35) @ (a33)® + (a32) @ P32)©@ + (a53)® P33)© + (32)© (p33)@ > 0
(béz)(6)(bé3)(6) — (b32) @ (b33)® >0,
(béz)(6)(bé3)(6) - (b32)(6)(b33)(6) - (béz)(6)(r33)(6) - (b§3)(6)(7’33)(6) + (7"32)(6)(7”33)(6) <0
with (p33)®, (133)® as defined are satisfied , then the system

0

(‘113)(1)614 - [(a£3)(1) + (‘11'3)(1)(7'14)]613

(‘114)(1)613 - [(‘114)(1) + (‘11’4)(1) (T14)]G14 0

(a15)(1)614 - [(ais)(l) + (‘11’5)(1)(7'14)](;15 =0

(b13) Ty — [(b13)® = (b15)P(6) ITy5s = 0
(b1) VT3 = [(b1) P = (b)) (6) ITys = 0
(b15) Ty — [(b15)® = (b1s)P(6) ITys = 0

has a unique positive solution , which is an equilibrium solution for the system

0

(a16)(2)617 - [(ais)(z) + (‘11’6)(2) (T17)]G16
(a17)(2)G16 - [(a17)(2) + (ai’7)(2)(T17)]G17 =0

(a16)@Gy7 — [(aig)(Z) + (ails)(z)(Tﬂ)]Gm =0
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|
o

(b16)(2)T17 - [(bis)(z) - (bfe)(z)((;w) 1Ti6 =

|
o

(b17)(2)T16 - [(b{7)(2) - (b{’7)(2)(619) 1T, =
(b18)(2)T17 - [(bis)(z) - (b{'s)(z)((;w) ITig= 0

has a unique positive solution , which is an equilibrium solution for
(a20)® 621 — [(@h)® + (@) (T21)]G20 = 0
(@21 620 = [(@50)® + (a3)P (130G = 0
(@22) 621 = [(@5)® + (a3)P(T51)]Gz = 0
(b20)PTo1 = [(b30)® = (b)) (G23) 130 = 0
(b21)(3)T20 - [(bél)m - (bélﬂ(s)(st) [T,y =10

(bzz)(3)T21 - [(béz)(s) - (bélz)(g)(am) 1T, = 0

has a unique positive solution , which is an equilibrium solution
(a24)(4)625 - [(a'24)(4) + (a§’4)(4) (Tzs)]Gz4 =0

(azs) PGy — [(a’zs)m + (ag’s)m(Tzs)]st =0

(azs)(4)625 - [(alze)m + (aéle)(4)(Tzs)]Gze =0
(b2a) W Ty5 = [(b5)® — (b5) P ((G27)) 1Toa = 0
(bs) P Tys — [(b35)™ = (b55) M ((G27)) ITos = 0O

(bze)(4)T25 - [(bés)m - (béla)m((Gn)) IT6= 0

has a unique positive solution , which is an equilibrium solution for the system

(azs)(s)Gth - [(arzs)(s) + (arzls)(s) (ng)]st =0

(a29)(5)628 - [(a’29)(5) + (a’2'9)(5) (T29)]Gz9 =0

(a30) P60 — [(@50)® + (a40) P (T29)]Gzo = 0
(b36) STz — [(b36)® — (b35) (G31) 1Tps = 0
(b39) S Tog — [(B39)® — (b56) P (G31) 1Tz = 0
(b30)®Tz9 — [(b5)® — (b3) (G31) 1T30 = 0

has a unique positive solution , which is an equilibrium solution for the system

(as5)®Gs3 — [(aéz)(@ + (aélz)(G)(Tss)]Gn =0
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|
o

(‘133)(6)632 - [(alss)(@ + (a§'3)(6)(T33)]G33 =

|
o

(a34) @633 = [(a5)® + (a5) @ (T33)]G34 =
(bsz)(ﬁ)T33 - [(béz)(ﬁ) - (bélz)(6)(G35) ]T32 =0
(bss)(G)Tsz - [(bés)@ - (b§'3)(6)(635) 1T33=0
(b34)(6)T33 - [(b§4)(6) - (bélzt)(G)(Gss) T34 =0

has a unique positive solution , which is an equilibrium solution for the system

(a) Indeed the first two equations have a nontrivial solution G5, G, if

F(T) = (‘113)(1) (‘134)(1) - (‘113)(1) (a14)(1) + (a13)(1) (aﬂ)(l) (T1q) + (a14)(1) (a1’3)(1) (T1) +
(ails)(l) (T14)(a£’4)(1) (T14) =0

(a) Indeed the first two equations have a nontrivial solution G;¢, G, if

F(Ty) = (ais)(z)(ab)(z) - (a16)(2) (a17)(2) + (aiﬁ)(z)(a1'7)(2) (Ty7) + (ai7)(2)(a£’6)(2)(T17) +
(ails)(z) (T17)(a1’7)(2)(T17) =0

(a) Indeed the first two equations have a nontrivial solution G, G, if

F(Ty3) = (aéo)(3)(aé1)(3) - (azo)(S)(au)(S) + (alzo)(3)(aé’1)(3)(T21) + (aé1)(3)(aé’0)(3)(T21) +
(arzlo)(s)(T21)(a§’1)(3)(T21) =0

(a) Indeed the first two equations have a nontrivial solution G,,, G,5 if

F(Ty;) = (a§4)(4) (aés)“) - (a24)(4)(a25)(4) + (a'24)(4) (aéls)(‘L)(Tzs) + (aés)m (a§'4)(4) (Tys) +
(a’2’4)(4) (Tzs)(aéls)(‘L)(Tzs) =0

(a) Indeed the first two equations have a nontrivial solution G,g, G54 if

F(T3) = (aés)(s) (aé9)(5) - (azs)(s) (a29)(5) + (aés)(s) (aé"a)(s) (Tzo) + (aé'a)(s) (aéls)(s) (To) +
(alzla)(s)(ng)(a§’9)(5)(T29) =0

(a) Indeed the first two equations have a nontrivial solution Gs,, G55 if

F(T35) = (aéz)(ﬁ)(aés)(ﬁ) - (‘132)(6)((133)(6) + (a'32)(6)(a§'3)(6)(T33) + (a§3)(6)(a§’2)(6)(T33) +
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(a%,)(©(Ts3)(al3)©(Ts3) = 0

Definition_and uniqueness of Ty, :-

After hypothesis £(0) < 0, f(o) > 0 and the functions (a;")"(T,,) being increasing, it follows that there
exists a unique Ty, for which f(Ty,) = 0. With this value , we obtain from the three first equations

G = (a13) MGy Goe = (a15) P61y
B (@l ®+@n®(ry,)] 157 (@l @+@in®(11,)]

Definition _and uniqueness of Ty, :-

After hypothesis £(0) < 0, f(e) > 0 and the functions (a!")® (T,,) being increasing, it follows that there
exists a unique T;, for which f(Ty;) = 0. With this value , we obtain from the three first equations

Go. = (a16)P617 G = (a18)@615
17 [@he@+@p@(r)] T T T (@1 @+l @ (1)

Definition_and unigueness of T;; :-

After hypothesis £(0) < 0, f(e0) > 0 and the functions (a;")(T,,) being increasing, it follows that there
exists a unique Ty; for which f(T5;) = 0. With this value , we obtain from the three first equations

G = (a20)® 624 G = (a22)®624
207 @)@ +@i)®(rs,)] 1 TP (@)@ +(agy) @) (1))

Definition and uniqueness of 7,5 :-

After hypothesis f(0) < 0, f(e0) > 0 and the functions (a{’)(“)(Tzs) being increasing, it follows that there
exists a unique Ty: for which f(T;5) = 0. With this value , we obtain from the three first equations

(a2)®Gys5 G.. = (az26)®Gys
[(@D@®+@p@(135)] 20T [(a56)W+(aze) D(T35)]

Gyy =

Definition _and uniqueness of T, :-

After hypothesis £(0) < 0, f(o0) > 0 and the functions (a;")®)(T,,) being increasing, it follows that there
exists a unique T4 for which f(T;5) = 0. With this value , we obtain from the three first equations

G = (a28)® 639 Gar = (a30)®629
27 @p®+@)®(159)] T 0T [(@h)® +(ap)®)(130)]

Definition and uniqueness of T35 :-

After hypothesis £(0) < 0, f(e0) > 0 and the functions (a;")® (T;3) being increasing, it follows that there
exists a unique T35 for which f(T35) = 0. With this value , we obtain from the three first equations

Gar = (a32)'®633 Gay = (a34)®633
T [ah®@+@iy)©(r55)] T T [(@5)©) +(ag)©)(1355)]

(e) By the same argument, the equations 92,93 admit solutions G5, G, if
@(G) = (b13) P (b1)™ — (by13) P (1) ™ —
[(b13) P (b)) (6) + (b1) P (b15) V()] +(b15) P () (b12) P (6) = 0

Where in G(G;3, G14, G1s), G13, G15 must be replaced by their values from 96. It is easy to see that ¢ is a
decreasing function in G, taking into account the hypothesis ¢(0) > 0, ¢(c) < 0 it follows that there
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exists a unique Gy, such that ¢(G*) =0

(f) By the same argument, the equations 92,93 admit solutions G, G, if
@(Gro9) = (b16) @ (b17)® — (b16) P (by,)® —

[(B16)@ (B17) P (G19) + (b17) P (b16) P (G10)]+(b16) P (G19) (b17) P (G1o) = 0

Where in (G14)(G1g, G17, G15), G16, G1g Must be replaced by their values from 96. It is easy to see that ¢ isa
decreasing function in G, taking into account the hypothesis ¢(0) > 0, ¢ () < 0 it follows that there
exists a unique Gy, such that ¢ ((G19)*) =0

(g) By the same argument, the concatenated equations admit solutions G, G, if
9(Gy3) = (béo)(3)(bé1)(3) - (bzo)(S)(bu)(S) -
[(b50)® (b)) P (G3) + (b51) P (b36) P (G23) ]+ (b30) P (G23) (b31) P (G23) = 0

Where in G,3(Gg, G21, G22), Goo, G2, Must be replaced by their values from 96. It is easy to see that ¢ is a
decreasing function in G, taking into account the hypothesis ¢(0) > 0, () < 0 it follows that there
exists a unique G;; such that ¢((G,3)*) =0

(h) By the same argument, the equations of modules admit solutions G,,, G,s if
9(Ga7) = (b3)® (b35)® — (b24)® (by5)™ —
[(B3)® (b35)® (G27) + (b35) ™ (b52) P (G2 |+ (b5) P (G27) (b35) P (G27) = 0

Where in (G37)(Gaa, G5, Go6), G24, G2 Must be replaced by their values from 96. It is easy to see that ¢ is a
decreasing function in G, taking into account the hypothesis @(0) > 0, ¢ () < 0 it follows that there
exists a unique G, such that ¢ ((G,;)*) =0

(i) By the same argument, the equations (modules) admit solutions G,g, G, if

0(G3q) = (bés)(S)(bétB)(S) - (bzs)(s)(bw)(s) -
[(b5)® (b55) P (G31) + (b5e) S (by5) P (G31) ]+ (b35) ) (G31) (b35) P (G31) = 0

Where in (G31)(Gyg, Go9, G30), G2g, G3o Must be replaced by their values from 96. It is easy to see that ¢ is a
decreasing function in G,4 taking into account the hypothesis ¢@(0) > 0, @(c0) < 0 it follows that there
exists a unique G;q such that ¢((G31)*) =0

(j) By the same argument, the equations (modules) admit solutions Gs,, G5 if

@(G3s) = (béz)(6)(b§3)(6) - (b32)(6)(b33)(6) -
[(b52)(@ (b53)©(G35) + (b53) @ (b35)© (G35)]+(b32)® (G35) (b35)® (G35) = 0

Where in (G35)(Gs,, G33, G34), G54, Gz, must be replaced by their values It is easy to see that ¢ is a
decreasing function in G55 taking into account the hypothesis ¢ (0) > 0, () < 0 it follows that there
exists a unique G35 such that ¢(G*) =0

Finally we obtain the unique solution of 89 to 94
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Gi, given by ¢(G*) =0, T}, given by f(T;,) = 0 and

(a15) V61,
[(@15)D+(af’s)D(11,)]

* (a13)(1) GI‘L *
G = s G =
137 [(ah)W+(af @ (11,)] 1

(b13) V1],

 _ (b15) V17,
[CERETACE I

Ta = " [0l™-0HME)]

Obviously, these values represent an equilibrium solution

Finally we obtain the unique solution

Gi7 given by 9((Gyo)") = 0, T1; given by f(Ty7) = 0 and

Gr = (a16)?61, Gr o= (a19)®61,
167 (@) @+@n@(1,)] 1 T T (@l @+(alp@(1y,)]
T1*6 _ (b16)PT1y, ’ T1*8 _ (b10) P17,

T [01e)@ -0 (619)M)] T bl @ -0 P (619)M)]
Obviously, these values represent an equilibrium solution
Finally we obtain the unique solution

G31 given by 9((Gp2)) = 0, T, given by f(T5;) = 0 and

Gr = (azo)(S)Gé‘l Gt = (‘122)(3)G§1
207 [(@ah)®+@@(13,)] T T T [(@h)®+(@sh) B (T5)]

N )BT
Ty, = (b20)**' Ty

X (bzz)(g)Tz*1
= , TS, =
[(b5) B =15 P (G23")] 22

T [0 -3 B (6237)]

Obviously, these values represent an equilibrium solution
Finally we obtain the unique solution

G2s given by ¢(Gz7) = 0, Tz given by f(T;5) = 0 and

G = (a24)W63s Gr = (a26)®635
247 (@)@ +@h)@(135)] 1 T2 T [(ape) W+ (ake)D(135)]
. _ (b2) T35 . _ (b26) W55
T34 = ) v Toe = :

(CARECARICGHY] [(026) @~ (b36) P ((G27))]
Obviously, these values represent an equilibrium solution
Finally we obtain the unique solution

Gz given by ((G31)") = 0, Tz given by f(T5,) = 0 and

Gt = (aza)(S)Gﬁg G = (0-30)(5)02*9
28 [(ah)®+@hp)®(155)] T T30 T [(aho)P+(asp) ) (T50)]

(030) Tz,
[(10)®-(b15) ) ((631)")]

T+ — (b28) T34
28

= . Th =
[(B5e) D= (b3e) D ((G31)")] 30

Obviously, these values represent an equilibrium solution

Finally we obtain the unique solution
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G33 given by 9((G35)*) = 0, T3 given by f(T33) = 0 and

Gr = (a32)(6)5§3 G*, = (a34)(6)5§3

32 7 (@)@ +(ay©(133)] 1 3T [(a5)©@+(ad(©)(T33)]
b32) Ty b34) T3

T?TZ (b32)'*'T33 ' T§4 _ (b34)'*'T33

~ (05 @03 (G39)")] (B3 -3 O (635))]
Obviously, these values represent an equilibrium solution
ASYMPTOTIC STABILITY ANALYSIS

Theorem 4: If the conditions of the previous theorem are satisfied and if the functions (a!)* and (b} )"
Belong to ¢V ( R,) then the above equilibrium point is asymptotically stable.

Proof:_Denote
Definition of G;, T; :-
G,_=G:+G,_ ,TizTi*‘l'Ti

2H™
BG]'

a(afp®
0Tq4

(T1y) = (Q14)(1) ) (G7)= Sij

Then taking into account equations (global) and neglecting the terms of power 2, we obtain

% = —((@13)® + P13)P)Gys + (a13) PGy — (q13) V63T
it = (@) P + @) D) Gy + (1) VGs — (@) VG5
% = _((ais)(l) + (P15)(1))G15 + (a35) PGy — (q15) V615 Ty,
T8 = (1) = (i) V) Tz + (biz) VT + T 15 (sa3)) T13G1)
% = —((1)® = () D) Ty + (b1) PTis + X2 15(50a () T14G))
T = (1) = () V)T + (brs) Vs + I} 13 (505)) Tis G)

If the conditions of the previous theorem are satisfied and if the functions (a;")® and (b;")® Belong to
C@(R,) then the above equilibrium point is asymptotically stable

Denote

Definition of G;, T; :-

GL:G:‘FGL ’Ti:TL'*—I_Ti
(@@ .. a{H® .
alT;(Tﬂ) = (CI17)(2) ) aL—G]_((Gw) )= Sij

taking into account equations (global)and neglecting the terms of power 2, we obtain

G , *
au:l6 - _((alﬁ)(Z) + (Pls)(z))Gle + (a16)(2)G17 - (q16)(2)G16T17
G , *
== —((@1)® + (17)?)Gy7 + (1) PGy = (917) P61, Ty
at
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aG i + — iy
dt18 - ((als)(z) + (P18)(2))G18 (a18) PGy (%8)(2)618]117
dT / T, + + T16G
d;e _ ((b16)(2) _ (r16)(2)) 16 (blG)(Z) 17 211'216(5(16)(1') 16 j)
dT / T, + +> TG
d;” = —((b1)@ = () P)Ty7 + (by) DTy ]1'216(5(17)(1') 17Gy)
dT / T, o + +> TisG
dis = —((bie)® — (115) @) Ty + (b1g) DTy, ]1'216(5(18)(1') 13G))

If the conditions of the previous theorem are satisfied and if the functions (a;)® and (b;)® Belong to
C®(R,) then the above equilibrium point is asymptotically stabl

_Denote

Definition of G;, T; :-

GI.=GL*+(GL VTi=Ti*+Ti
3@ iy _ 3 AwH® £y _
621 (T7) = (QZ1)( ) ) BL—G]( (G23)") = Sij

Then taking into account equations (global) and neglecting the terms of power 2, we obtain

dG , .

d:O = _((azo)(3) + (on)(s))Gzo + (azo)(3)G21 - (qZO)(3)GZOT21
dG , .
_d:1 = _((a21)(3) + (p21)(3))((}21 + (a21)® Gy — (421631 Toy
dG , .
_dtzz = _((azz)(3) + (pzz)(3))((522 + (a2)®Gyy — (422)635,Toy
dT , .
—d:0 = _((bzo)(3) - (Tzo)(3))Tzo + (b)) ®Ty + Z?izo(s(zo)(j)TzoGj)
daT , .
_dil = —((05)® = (121) )Ty + (1) P T4 + Z?izo(s(u)(j)Tqu)
daT ’ *
_diz = —((b32)® = (1) @) Ty + (b)) P Ty + Z?izo(s(zz)(j)Tzsz)

If the conditions of the previous theorem are satisfied and if the functions (a;")* and (b;")® Belong to
C™®(R,) then the above equilibrium point is asymptotically stabl

_Denote
Definition of G;, T; :-
GL:G:‘FGL !Ti:TL'*+Ti

abH®

F) n (4) . .
e (M) = (@)@ (G ) =,

Then taking into account equations (global) and neglecting the terms of power 2, we obtain

dG ’ G + G — ;

_d:4 = —((a24)(4) + (p24)(4)) 24 (a24)(4) 25 (Q24)(4)GZ4H25

aG ’ + — G5 T
d:s = ((azs)(4) + (st)(4))st (a25) M Gaq — (425) G35 T2s
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dGye

o —((aéG)(“) + (st)(4))G26 + (aze)(4)G25 - (q26)(4)G;6T25

dT , X
724 = _((b24)(4) - (r24)(4))']I‘24 + (b24)(4)T25 + Z§224(5(24)(j)T24Gj)

dT , X
725 = _((bzs)(4) - (rzs)(4))Tzs + (bzs)(4)T24 + ngm(s(zs)(j)Tszj)

dT , X
726 = _((bzs)(4) - (rze)(4))T26 + (bze)(4)T25 + ngm(s(ze)(j)TzeGj)

If the conditions of the previous theorem are satisfied and if the functions (a!')® and (b;")*® Belong to
C®(R,) then the above equilibrium point is asymptotically stable

Denote
Definition of G;, T; :-
GLZG,_*+G1 ’Ti:Ti*+Ti

a(b )(

3(ay0)® s
%(ng) = (%9)(5) , ((G3D)7) = Sij

Then taking into account equations (global) and neglecting the terms of power 2, we obtain

G , *
728 = —((a28)® + (28)) G + (a26) G20 — (423) P G332
G , *
729 = —((a49)® + P29)®) G20 + (a29) P Gz — (429) P G3Tg
G , *
d:O = —((a%0)® + (p30)®) G3p + (a30)® G0 — (d30) P G350 T20
dT , *
d—:B = _((bzg)(s) - (rzg)(S))TZS + (bzs)(S)ng + 23228(5(28)(1)7123@])
dT , *
=2 = —((b30)® = (129) P 9 + (b20) T2 + T3226(529)( T36G;)
dT , *
s ~((50)® = (130)F) T30 + (b30) P T2 + 232,6(530) (1) T30 G5)

If the conditions of the previous theorem are satisfied and if the functions (a;")® and (b;")® Belong to
C@(R,) then the above equilibrium point is asymptotically stable

Denote
Definition of G;, T; :-
Gl=GL*+Gl ’Ti:TL'*+Ti

a(b )( )

6(a33) (T33) = (g33)©@ , =—((G3s)*) = Sij

Then taking into account equations(global) and neglecting the terms of power 2, we obtain

dG32 _

dt ((asz)(ﬁ) + (p32)(6))G32 + (a32)(6)G33 - (CI32)( G3,T33
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, 6 6) *

dt33 ((6133)(6) (p33)(6))G33 (a33)( )G32 (q33)( )G33T33

, 6 6 G T

dG:‘l — ((a3 )(6) + (p3 )(6))((}34 + (a34)( )(GI33 (Q34)( ) 34 433
dT l ! + 2 = S 2 ;

l:2 (( 32)(6) (1 32)(6)) 32 (b32)( ) 33 + ]3—32( 32)() 32@]')
dT l ! + 2 = S 2 ;

l:3 (( 33)(6) (1 33)(6)) 33 (b33)( ) 32 + ]3—32( (33)() 33@]')
dT 4 ! 6 6 + l’ + 2 = S 4 2 *4G

_: = _((b34)( ) — (734)( )) 34 ( 34—)( ) 33 13—32( B3 ])

The characteristic equation of this system is

((/1)(1) + (by5)@ — (7”15)(1)){((/1)(1) + (ais)® + (P15)(1))
(WD + @)@ + 1)) @) D61, + (@) V(@) V65 )|
(DD + Bi® = (10D )s a0 Tis +b1a) Vsan anTis)
+ (((/1)(1) +(a1)® + 1)) (@1) V615 + (ar5)™ (q14)(1)Gf4)
(((1)(1) + (b13)W = (13)P)saa,anTia + (b14)(1)5(13).(13)T1*3)
(WD) + (@)D + (@) + Pi)D + P ®) WD)
(WD) + (b1 + BiDD = (1) + (D) WD)

+ (WD) + (@D + (@)D + @)V + P1)P) WD) (1) V6

+((/1)(1) + (ai)® + (P13)(1)) ((a15)(1) (q10) P61, + (a1) P (ay5) @ (Q13)(1)Gf3)

(((/1)(1) + (b{3)(1) - (7'13)(1))5(14),(15)Tf4 +(b14)(1)5(13),(15)Tf3)} =0
+

(D + (bie)® = () )N + (@1e)® + (1)?)
(WP + (@)@ + B10)P) (@) P67 + (a17)P(016) P61 )]
(WD + B1@ = (10)P)sananTis +br2)Psae,anTiy )
+ (DD + @D + @:1)P) (@16 P 616 + (0160)P (017) P61 )
(DD + B1)P = (1)@ )sanaeTis + i) Psae,aeTis)
(WD) + (@)@ + @)@ + (1)@ + (17)?) WD)

(WD) + (Bi)D + BN = (130)P + (3,)P) DD
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+ (WD) + (@)@ + @) + @1)@ + P:)P) WD) (420) DG
+(DP + (@) + P1?) (@) P (017 P67 + (@17)P (16)® (416) P6i)
(D + Bi)® = (1) @)san,am Ty +i7) Psae,anTis)} = 0

.

(DD + (53)® = E)ON(DD + (@)@ + (P2)®)

(WS + (@)@ + P20)®) (@2)P 631 + (220D (0200650 )|

(DD + B2 = C20)D)snenTi +b2)Pseo,enT5)

+ (DD + (@) + B21)®) (420) PG50 + (220)P (421) V631 )

(DD + B30)® = 20)D)sn,0 5 + B2) D@0 eoTh)

(W) + (@)@ + @) + P20)® + (02)P) DD)

(W) + (2@ + B3P = ()P + (1)) WD)

+ (WD) + (@)@ + (@)D + P20)® + 02)P) DD) (422) D6
+H(DP + (@)D + 020P) ((a2)P (@)D 631 + (2P (0:)P (420) 65

(((A)B) + (béo)m - (Tzo)(3))5(21),(22)T;1 +(b21)(3)5(20),(22)T§0)} =0
+

(WP + B3 = ()N (DW + (@)@ + (p26)®)
(DD + (@50@ + 2)®) (425)P G35 + (225)® (024) 963
(DD + (bp)® = (2)D)s(25),29)Tss +b25) D522 Tss )
+ (D@ + (@)@ + (25)®) (@2) PG54 + (020)® (425) G35
(DD + B30® = (20502500 T35 + b25) 52,20 T5)
(@) + (@)@ + (@)@ + P2)® + (025)P) DP)
(D) + (5@ + ()@ = (1)@ + () @) WD)
+ (D) + (@)@ + (@)D + P20)® + B25)P) WD) (426) PGz

+((/1)(4) + (a§4)(4) + (P24)(4)) ((aza)(4) (qZS)(‘”G;S + (azs)(4)((126)(4)(‘724)(4)054)
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(((/1)(4) + (bé4)(4) - (T24)(4))5(25),(26)T55 +(b25)(4)5(24),(26)T2*4)} =0

.
(WP + B50)® = (3N (D + (@5)® + (P30)™)
(DS + (@)@ + 2) ) (@20) G35 + (229))(426) D635 )|
(DS + (b)® = (126))5 29,2 Tos +(B29) S5 2,20 T3 )
+ (WD + (ah)@ + (126)) (026) VG35 + (26) (426) P63

(DD + ()@ = (26))s29),20)Tso + (b29)5 28 2T )
(WD) + (@)@ + (@) + @) + P20)®) D)

(D) + (5)® + (b3)® = (1) + (129)®) (D)
+ (D) + (@) + (@) + B20) + 020)P) DD (30) PGz
+H(D® + (@) + (P26)) ((@30)® (426) PG5 + (229) ) (@30) P (q26) ) G5)

(DD + B5)® = (2)D)s(29),60) T3 +(b25) 523, 509 3 )} = 0
.
(D© + B3)® = )N + (@5)© + (3)®)
(W + (@)@ + 32)®) (@) @65 + (@) ()63, )|
(WO + (b3)© = (1509533, T5s +(b33) @520 6)T5: )
+ (D + (@5)@ + (3)©) (43) Q63 + (a52)® (452)©635)

((W© + ©5)© = (13)@)s3)62) T + (033) @526 T2 )
(@) + (@@ + @)@ + ()@ + (p33)@) W)

(W) + (5@ + (04:)© = (1)@ + (13)@) W)
+ (V@) + (@5 + @)@ + (P32)@ + (P32)®) W©) (234) G4
H® + (@52)@ + (32)@) (23 (A33) @ G2z + (239 (23 (032) @ G32)

(((7\)(6) + (b32)@ = (13)®)s(33) (30 T3 +(b33)(6)5(3z),(34)T§z>} =0

And as one sees, all the coefficients are positive. It follows that all the roots have negative real part, and this
proves the theorem.

WWWw.ijsrp.org

65



International Journal of Scientific and Research Publications, Volume 2, Issue 9, September 2012
ISSN 2250-3153

Acknowledgments:

The introduction is a collection of information from various articles, Books, News Paper reports,
Home Pages Of authors, Journal Reviews, Nature ‘s L:etters,Article Abstracts, Research papers,
Abstracts Of Research Papers, Stanford Encyclopedia, Web Pages, Ask a Physicist Column,
Deliberations with Professors, the internet including Wikipedia. We acknowledge all authors who
have contributed to the same. In the eventuality of the fact that there has been any act of omission on
the part of the authors, we regret with great deal of compunction, contrition, regret, trepidiation and
remorse. As Newton said, it is only because erudite and eminent people allowed one to piggy ride on
their backs; probably an attempt has been made to look slightly further. Once again, it is stated that
the references are only illustrative and not comprehensive

REFERENCES

1. Dr K N Prasanna Kumar, Prof B S Kiranagi, Prof C S Bagewadi - MEASUREMENT DISTURBS
EXPLANATION OF QUANTUM MECHANICAL STATES-A HIDDEN VARIABLE THEORY -
published at: "International Journal of Scientific and Research Publications, Volume 2, Issue 5, May 2012
Edition".

2. DR K N PRASANNA KUMAR, PROF B S KIRANAGI and PROF C S BAGEWADI -CLASSIC 2
FLAVOUR COLOR SUPERCONDUCTIVITY AND ORDINARY NUCLEAR MATTER-A NEW
PARADIGM STATEMENT - published at: "International Journal of Scientific and Research Publications,
Volume 2, Issue 5, May 2012 Edition".

3. A HAIMOVICI: “On the growth of a two species ecological system divided on age groups”. Tensor,
Vol 37 (1982),Commemoration volume dedicated to Professor Akitsugu Kawaguchi on his 80"
birthday

4. FRTJOF CAPRA: “The web of life” Flamingo, Harper Collins See "Dissipative structures” pages 172-
188

5. HEYLIGHEN F. (2001): "The Science of Self-organization and Adaptivity", in L. D. Kiel, (ed) .
Knowledge  Management, Organizational Intelligence and Learning, and Complexity, in: The
Encyclopedia of Life  Support Systems ((EOLSS), (Eolss Publishers, Oxford) [http://www.eolss.net

6. MATSUI, T, H. Masunaga, S. M. Kreidenweis, R. A. Pielke Sr., W.-K. Tao, M. Chin,and Y. J
Kaufman (2006), “Satellite-based assessment of marine low cloud variability associated with
aerosol, atmospheric stability, and the diurnal cycle”, J. Geophys. Res., 111, D17204,
d0i:10.1029/2005JD006097

7. STEVENS, B, G. Feingold, W.R. Cotton and R.L. Walko, “Elements of the microphysical structure of
numerically simulated nonprecipitating stratocumulus” J. Atmos. Sci., 53, 980-1006

8. FEINGOLD, G, Koren, I; Wang, HL; Xue, HW; Brewer, WA (2010), “Precipitation-generated
oscillations in open cellular cloud fields” Nature, 466 (7308) 849-852, doi: 10.1038/nature09314,
Published 12-Aug 2010

9. RWOOD “The rate of loss of cloud droplets by coalescence in warm clouds” J.Geophys. Res., 111,
doi: 10.1029/2006JD007553, 2006

10. H. RUND, “The Differential Geometry of Finsler Spaces”, Grund. Math. Wiss. Springer-Verlag,

WWWw.ijsrp.org


http://www.ijsrp.org/research_paper_may2012/rp34.html
http://www.ijsrp.org/research_paper_may2012/rp34.html
http://www.ijsrp.org/research_paper_may2012/rp35.html
http://www.ijsrp.org/research_paper_may2012/rp35.html
http://www.ijsrp.org/research_paper_may2012/rp35.html
http://pcp.lanl.gov/papers/EOLSS-Self-Organiz.pdf
http://dx.doi.org/10.1038/nature09314

International Journal of Scientific and Research Publications, Volume 2, Issue 9, September 2012
ISSN 2250-3153

Berlin, 1959
11. A. Dold, “Lectures on Algebraic Topology”, 1972, Springer-Verlag

12. S LEVIN “Some Mathematical questions in Biology vii ,Lectures on Mathematics in life sciences, vol
8” The American Mathematical society, Providence , Rhode island 1976

(13) Arndt, M. et al., Wave-particle duality of C60 molecules, Nature 401, 680-682 (1999)

(14) Yacoby, A., Heiblum, M., Mahalu, D., and Shtrikman, H., Coherence and phase sensitive
measurements in a quantum dot, Phys. Rev. Lett. 74, 4047-4050 (1995).

(15) Gustavsson, S., Leturcq, R., Studer, M., Ihn, T., and Ensslin, K., Time-Resolved Detection of Single-
Electron Interference, Nano Lett. 8, 2547-2550 (2008).

(16) Cardamone, D. V., Stafford, C. A., and Mazumdar, S. Controlling quantum transport through a single
molecule, Nano Lett.6, 2422-2426 (2006).

(17) Ke, S.-H., Yang, W., and Baranger, U., Quantum-interference-controlled molecular electronics, Nano
Lett. 8, 3257-3261(2008).

(18)Quian, Z., Li, R., Zhao, X., Hou, S., and Sanvito, S., Conceptual molecular quantum phase transistor
based on first-principles quantum transport calculations, Phys. Rev. B 78, 113301.1-4 (2008).

(19)Begemann, G., Darau, D., Donarini, A., and Grifoni, M., Symmetry fingerprints of a benzene single-
electron transistor:

(20) Interplay between Coulomb interaction and orbital symmetry, Phys. Rev. B 77, 201406(R).1-4 (2008);
78, 089901(E).1(2008).

(21)Darau, D., Begemann, G., Donarini, A., and Grifoni, M., A benzene interference single-electron
transistor, arXiv: 0810.2461.

(22)Wolf, S. A. et al., Spintronics: A spin-based electronic vision for the future, Science 294, 1488-1495
(2001).

(23)Awschalom, D. D., and Flatt’e, M. E., Challenges for semiconductor spintronics, Nature Phys. 3 153-
159 (2007).

AUTHORS

First Author: 'Mr. K. N.Prasanna Kumar has three doctorates one each in Mathematics, Economics,
Political Science. Thesis was based on Mathematical Modeling. He was recently awarded D.litt. for his work on
‘Mathematical Models in Political Science’--- Department of studies in Mathematics, Kuvempu University,
Shimoga, Karnataka, India Corresponding_ Author:drknpkumar@gmail.com

Second Author: ?Prof. B.S Kiranagi is the Former Chairman of the Department of Studies in Mathematics,
Manasa Gangotri and present Professor Emeritus of UGC in the Department. Professor Kiranagi has guided
over 25 students and he has received many encomiums and laurels for his contribution to Co homology Groups

WWWw.ijsrp.org

67



International Journal of Scientific and Research Publications, Volume 2, Issue 9, September 2012
ISSN 2250-3153

and Mathematical Sciences. Known for his prolific writing, and one of the senior most Professors of the
country, he has over 150 publications to his credit. A prolific writer and a prodigious thinker, he has to his credit
several books on Lie Groups, Co Homology Groups, and other mathematical application topics, and excellent
publication history.-- UGC Emeritus Professor (Department of studies in Mathematics), Manasagangotri,
University of Mysore, Karnataka, India

Third Author: Prof. C.S. Bagewadi is the present Chairman of Department of Mathematics and Department
of Studies in Computer Science and has guided over 25 students. He has published articles in both national and
international journals. Professor Bagewadi specializes in Differential Geometry and its wide-ranging
ramifications. He has to his credit more than 159 research papers. Several Books on Differential Geometry,
Differential Equations are coauthored by him--- Chairman, Department of studies in Mathematics and Computer
science, Jnanasahyadri Kuvempu University, Shankarghatta, Shimoga district, Karnataka, India

WWWw.ijsrp.org

68



