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Abstract This paper is on the proof of the Sendov's conjecture for polynomials of degree 10. Sendov's conjecture deals with the location
of roots and critical points of polynomials of complex variables. To prove it for polynomials of degree 10 is the central part of the paper.
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. INTRODUCTION

Pnis monic Polynomial of degree n>2 of the form p(z)= [[%=1(z —2zx), |zx<1 (k= 1, 2,.....,n) With
p(2)=n 171z = Q) 1¢1<1(j= La....n-1)

Write 1(zk) = minl<j<n-1|zk- {j|, I(p)= = max1<k<n I(zk) and I1(Pn )= suppePn 1(p)

It was showed By Brown that there exists an extremal polynomial p.*, i.e., I(pn) = I(pn+) and that pn« has at least one zero on each sub
arc of the unit circle of length ©

It is enough to prove the Sendov conjecture assuming p is an extremal polynomial of following form

p(2)= (z-3) [Te=1(z —24), 12el<1 (k= 1, 2,.....,n-1)

Sendov’s conjecture

If P(2)= [Ti=1(z —Zk) is a polynomial with all its zero’s inside the closed unit disk then each of the disks |z-zx|<] (k= 1, 2,.....,n) must
contain zero of p” With

Let n=la-z, pi=|a-| for all k,j=1,2,3,.....,n-1

We suppose pl <p2<........ <pn-1 and rl<r2<....... <rn-1

We have form [3]

2p1sin (%) <rk<l+a, k=1,2,..,n-1.

Theorem for n=10

The polynomial p(z) has a critical point in the disk |z-a|<1

In this paper we assume that zy #a for k=1,2,3,...... ,n-1 and p(z) is the extremal form
1(pn) = I(p)=I(a)= p1

In this paper we need to prove the theorem for a>0.845

1. Lemmas from references
In this section | will present few lemmas but not the proof as the proofs are present in the reference given in the reference section
Lemmal

/n in (& )
If 1-(1-|p (O)|)1 Shssin (H) and A<a, p1>1 then there exist a critical point {=a+ po €' such that
A(1+2) P P P

Re(” > %(a - ).
Proof: Theorem 1 of [2]
Lemma 2

For p>0 we have

http://dx.doi.org/10.29322/1JSRP.9.08.2019.p9228 WWW.ijsrp.org



http://dx.doi.org/10.29322/IJSRP.9.08.2019.p9228
http://ijsrp.org/
http://dx.doi.org/10.29322/IJSRP.9.08.2019.p9228

International Journal of Scientific and Research Publications, Volume 9, Issue 8, August 2019

ISSN 2250-3153

mk
Hrkaprk p I—[pk>p Pj P l_[ 25”’!—

2¢m
This is theorem 3 of [2] by taking m=1

Lemma 3

If ck [k=1,2,....N] m,M,c are positive constants with mScsM, [1% 72 and mN<c< MN then

N-v Mv—l

ZN: 1 —U+v—1+m
k_'r - M2 t c }

Proof: Lemma B of [2]
Lemma 4

n-1 n—1
[Tre=n]lps

k=1  j=1

Proof: see [3]

Throughout this paper we let

¢j—a Zp—a
yj = —— = 2l

adj-1 Wy azp-1

Now we take the assumption, the general form of assumption can be written as

n-1 _
< =1 | wyl
j=1 n

“Trar- a ¥ i3 Rewy

For n=10 the assumption becomes

%|Wk|
|]/j - 4a2
n-—

This assumption holds which can be checked easily

183

Next lemma is the last lemma in the reference Lemma section | have skipped Lemma 5 which will be presented in next section

Lemma 6: If

1
Vil < Trasa then pi<l
Proof: see Lemma 1 of [4]
We can write Lemma 6 as

Hh’; (1 +a+a2)M

2. Lemmas with proof

Lemma 5: p1 >1, {g=a+ po € is the critical point in Lemma 1

_ {p—a
ago—1 then
1

|}’“| ? iiiGao-aiigisz)
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Iyol? = o
o0 T a2|¢,|? - 2aRel, + 1
1 A(A 2)
Re {y =7 (a— - o hence

A(A+2)

pPocos0, 2—( a+—-)

P

2 _

Ivol a* —2a? + 1+ a?p§ + 2a(a? — 1)pycosh,
2 _fo-a

ol? = 1222

|y |2 — Pg > P% > 1
0 a*-2a?+1+a2pi+2a(a®-1)pocosby  a*-2a?+1+a?pi+(1-a)(a?+A(A+2) ~ 1+A(A+2)—-a?A(A+2)

1
T3 A+ 2) — A2 + 2)

[vol?

Which proves the above lemma

Lemma 7
If a € [0.846,1] and there exist |z«/< 0.56 then I(a)=p:1<1

Proof: If 1(a) >1 and there exist |z\|< R then by then by above equation and lemma 5 there exists some yjo

Iylols | I B
Ji+A(A+2)- aZJ(JH-Z) Vi 10 mzz_m
1+a
Hence
g _ V1+A(A+2)—a?A(A+2)
|}30| < 1a2 B

T+aZ

By lemma 6 it suffices to show

aR+1

(10 — % —6a)——— 1+ (1 —a?)A(A +2) (1+a-a?)20

Considering following condition for A
p(0) = alli=; |z | <aR

1- (1~ [p(O))T0 < A < sin(5)

1
A=1-(1-aR)m0

And R satisfies R < a™}(1 — (1 — sin(n/10)10

We have
2O~ G+
(0) k= 1

¢ 100111 = (eIl [ + 295
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Let A= Re(_+2k1 )U Yh- 1iz
Tk

Then 10T131¢; | = —allp1 |2 |

Lemma 8

If p1>1 a € [0.846,1] and |zk| €[0.56,1] k=1......10 then
b2 400420 g
<3 atg (1-a*)o

Proof: zk = |zklet =a + pjety 1 <k by Lemma 3.2 of [3] we have

[s q

9 ;
1 1— |z [?
A= —+ Re sz +Z—cos€k
a |z |

k=1 k=1

_1-a 1—|z[?
+ —Re ZCJ z cos6
|z

9
|z, —a cost;
lal ety
T Pj

k=1 j=1

Since pj>1 we deduce costj< 0

9

2

9
|z, —a cost;
Prarets,.3
Tk Pj

k=1 Jj=1

But Re X1 {; = 9a + X7_, p;cost; < 9a + X7_, cost;

Hence
2

|z |*
Rezg,fa__ Lyl o

And by value of A we obtained in the previous equation of this lemma
2

10 |z.|? —a® 1 —|z,|%cos@
A<9a—_+z( |z | . n |z | k)
k |z |

To prove

10|z,|? —a® 1 —|zg|*cos8 - 101 — a?
9a n} |z | -9
If cosOx< 0 above equation is valid

Assume cos8r>0 and write x= |zx| 6=0k

Then

1= a?+ x?— 2ax cosO

We want to show
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9a(1 — x?)(a? + x? — 2axcosf)cosf
10x

2 (1-x%) (a?+x?)
It is enough to prove * 102

For a€ [0.846,1] x€ [0.56,1] this is true by Lemma 3.8 of [3] the lemma follows

x* 4+

<1

Lemma 9
Letm=2/9, aze [0.846,1]
flx) =——

(1-x™)(x+a)? then £(x) >0 for
Proof

We have f'(x) =

x€ [0.56,1]

- r
1-x™)%(x+a)3

Y=((m —2)x™! —mx™! + 2x)a + mx™*? — (2 + m)x™ + 2
If Y=0 we will obtain a>1 for x€[0.56,1]hence Y0 for a€ [0.846,1] x€[0.56,1] when a=x=0.9

Y>0 and the Lemma follows
Lemma 10
n—1

If p1 = 1 we have the general form H?;ll ¢ < (H?;ll pj) [a? -1+ (ﬁ){z
k
For n=10 the general form becomes

z 2_q2 n-l
_, 12 32
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2 2
]_[<J<(]_[p,)[a 1+ ){Z' Al

Applying the following identities

n-1 n-1

Do
j=1a—Cj k=1a—zk
Letr, = |a — zx|land p; = |af(’j|fork—123 n—1

1 1 |w|*—a?
Rl )l Wi-d
a—w) 2a 2ala—w|?

It can be easily verified that this is true
S a? =g Izl
a” — a — |Z
T ZZ :
j=1 j

And since pj=1 for j=1,2,3,...n-1

1551
S <250, B o1 - a?)

Py

Apply Arithmetic geometric inequality

j=1 j=1 j=1
9 9 2
2 2 _ 2
[lo={ et -1+ (9){2 'Z"'r—ﬁ“}ﬁ
st st k=1

Hence the Lemma is proven

We will use the condition given below
xt -1
(1 —x™)(x + a)?

9
+(1—a2)(0—5)S0

x€[0.56,1] and a€[0.85,1]
Lemma 11
If 0 >9/2 p1>1 above condition holds with m=2/9
And zx €[0.56,1] k=1,2,3,......9 then N
9 10 _— 9.9
92 (9—30)(1—(1 )< (G_E)Z 1OZ]pJ-
j=

Proof
By lemma 8 and 10
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9
9 9
2 10 2 2 2 |Zk|2 -
(9—9a —?(1—0)0)2 |ze] < 10(T p)) [a —1+(5){Z 2
k=1 j=1 et k
Write
Write x=|zy| , zZk=xe'
9
2 z | klz
®=a —1+(9){Z }(H Zk)9
it k=1

(9 —9a® — E(1 —a®)o) < 10([[9 - CD%
9 - p/)

) . j=1
a = a’ + x? — 2axcos@
ZIZ:I2
a=a%*—1+-
1=k
. 2(x2-a%) =2 2(1- a)
WewnllshowaJrTxo <a+ - that is
k
x?—xm 2
T om —a“ +4ar; <0
Since
1 1-a® 2 2(1 - a?
a<a’-1+—% Sa2—1+—(1—a2)a—(—2)
4 n 9 "

l#k

Py - o *-1 _ 42 _9
And rk < a+x it is sufficient to have . x'”)(x+u)2 +(1—a“) (cr ) <0

9 . 2(x%—a?) =2 2(1—a?)
Fora>;weobtama+ , X° sat+— 5
k

Applying above equation 9 times we have
21— a®) (0 - 2)
= 9

2
Using inequality (9 — 9a* — %(1 —a*)o) < 10([[?:1 pj) @2

The lemma follows
w(a) < U(a)

w(a) = Z—

k 1
szrkl_[ 9fork—12 -1
j=1
2sin o= -16 1+ 2sin
U@ = (0~ )T + @~ )2+ (G2 10)9(9
109
’s
Where v += min(j € Z:j > [{810g( )}(l { (1+a)s }) 1
1092sin 9
Lemma 12
If p; > 1 then Ziﬂ% < U*(a)
k
proof

We have [[°k=1 Rk =1

http://dx.doi.org/10.29322/1JSRP.9.08.2019.p9228
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a
1]

1
v)(

9

109

+a_
l)v 1}2
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25in - 1
10)(J <R, < +1a
l1+a 109
Taking N=9 C=1 m= ( “') M—— Ck=Rkino < U*
109
Where

U(a) = (9— u)(Zsfnl)—2 +@w-DA+a)?+ {(Zsinl)g_"(l +a)’11071y?

T
v=min(j € Z:j = log{lO(Zsm “Hlog(1 + a)(Zsm -
Lemma 13

. 9 (n—1)?
if py>1 E<G£U(a)<T

U@ 9- 9U(a)1

9
U@-5 -
Let a€[0.56,0.96]

I x2 -1 ra 2)( 9)<0
o120 (1 —x™)(x + a)? AN N

9 ;g 81
N <
hatis o + (+a)(1+a)® this is true fO?O' < o

Now by prewous lemmas
9
9,2

92(9 ——)(1 —a?)3 < (cr ——) 101_[,0J

92(9 - —)(1 —a?)™ < {(10 Hpj)oo —=(10 ﬂp,)9}2

ZF——(loﬂp, 52 < U° (a)——(lo]_[p, oy

Usmg Lemma 11

100 2 -7 2 10 g\ 1
[0~ 7351~ a1)¥ < 2U(@) ~ 5 (O~ g1 —at) T (o —3)
Hence the Lemma follows
Proof of theorem
This is the main part of the paper her we prove the sendov conjecture for suppose n=10 We want a new upper bound to U(a)
ny=#{zi: re< 1}, no=#{zx: re> 1}

ni+n;=10
q—l_[Tk,G—Z Z Z =JA+2ZB
e e
rE<l rE<il re=1

1
Where ZA —Zrkﬂ 2 IB =¥ 7z

Suppose p;>1 by using Lemma 13 and the new upper bound of U(a) we will get contradiction

Ifp;>1 taking p = 1in Lemma 2 we have
nk
Hrkzl Tk HJ 1PiIL Slnﬁ

ZSITL

By Lemma 4
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k
10 < 1_[ T 25inﬁ

<1 2s5inmx 102
Hence

=10 2 T 2si "2

q ( 1_[ sin 0) —(smlo)
2.5171— =1

By Lemma 4 in the sum )’ B we have

[MTre=9q"!

rk>1

In the sum Y A, we have

[Trk=gq<1

rk<1

By Lemma 4 and other equations we obtain

[T+

Then
22> (1+a)>9
Hence
n,>4and n1< 4
We will consider four subcases for ni, a € [0.846,1).
(i) ni=0,n2=9
ZA =0=U,say

In the sum Z B We have1 < r, <1+ a Hence by Lemma 3

R G P
=M= (1+a)2 0V = Ussay

where v, = min(j € Z: (1 + a)/ = 10}
U(a) = U, + Uy

Using the bound of U(a), we get the contradiction to Lemma 13
(i) ni=1,n,=8

zA =q% = U, say

In the sum Z B Wehavel < 1, <1+ a Hence by Lemma3

;=1 (1+a)n? 2
ZB <n, —v (1+a)2+{ 10g7 1 = Uy say
where
vi=min (j € Z: (1 +a)>10q""}
U(a) =Ua+ Us

. T
Using the bound of U(a),q 2 Zsmﬁ we get the desired contradiction to Lemma 2.13
(iii) n1=2,n,=70rn;1=3,n2,=6

T
In the sum Z A We have 25inﬁ < 1, <1+ aHence by Lemma3

. T
A< (@sinp™ ™, _
S——Ftn-1+{———}" =U,say
25in== q

. . . logq
v, =min{j €EZ:j =2 n, — —7r
Where "2 M € B 2
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Inthe sumy) B We have 1 <r¢<1+ a Hence by Lemma3

vy —1 (1+a)yt
ZB £n27v1+(1+a)2+{ 1041 } = Ug say
where
vi=min(j € Z: (1 +a)>10q '}
U(a) =Ua+ Us

. m 2
Using the bound of U(a) = (25 75)" we get the desired contradiction

(iv) ni=4,np=50rn;=5mn,=4

T
In the sum Z A We have ZSinE < 1, <1+ a Hence by Lemma3

T —v,

ny, — v, (2singm)™ 7"

ZA S—n+v2—1+{—}3=UAsay
ZSinﬁ q

. . . logq
v, =min{jEZL:j=2n ————
Where - U J=m log(2sin5)

In the sum Z Bifq(l+a)"=29Wehavel < r, <1+ a Hence by Lemma3

v —1 1+a)ynt
ZB <n,— L +{( ) ¥ = Uy say

R cEmY 10g-1
where

vi=min(j € Z: (1 +a)>10q '}

if (1+a)’<9theny B=0=Us

U(a) =Ua+ Us

191

a T 2
Using the bound of U(a) q 2 (2sin E) we get the desired contradiction to Lemma 13 and by Lemma 7 we obtain the theorem.
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