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Abstract This paper is on the proof of the Sendov's conjecture for polynomials of degree 10. Sendov's conjecture deals with the location 

of roots and critical points of polynomials of complex variables. To prove it for polynomials of degree 10 is the central part of the paper.  
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I. INTRODUCTION 

Pn is monic Polynomial of degree n≥2 of the form p(z)= ∏𝑛𝑘=1(𝑧 −zk), |zk|≤1 ( k= 1, 2,…..,n) With   

p’(z) = n 2,…..,n-1)  

 

Write I(zk) =  𝑚𝑖𝑛1≤j≤n-1|zk- 𝜁j|, I(p)= =  𝑚𝑎𝑥1≤k≤n I(zk) and I(Pn )= 𝑠𝑢𝑝p Pn I(p)  

It was showed By Brown  that there exists an extremal polynomial pn*, i.e., I(pn) = I(pn ) and that pn  has at least one zero on each sub 

arc of the unit circle of length π  

It is enough to prove the Sendov conjecture assuming p is an extremal polynomial of following form  

p(z)= (z-   

 

Sendov’s  conjecture   

If P(z)= ) is a polynomial with all its zero’s inside the closed unit disk then each of the disks |z-zk|≤1 ( k= 1, 2,…..,n) must 

contain zero of p’  With  

 

p’(z) = n   

 

Let rk=|a-zk|, ρj=|a -j| for all k,j=1,2,3,…..,n-1  

We suppose ρ1 ≤ ρ2≤........≤ ρn-1 and r1≤r2≤…….≤rn-1  

We have form [3]  

  
Theorem for n=10  

The polynomial p(z) has a critical point in the disk |z-a|≤1  

In this paper we assume that zk ≠a for k=1,2,3,……,n-1 and p(z) is the extremal form   

I(pn) = I(p)=I(a)= ρ1  

In this paper we need to prove the theorem for a>0.845  

  

1.  Lemmas from references   

In this section I will present few lemmas but not the proof as the proofs are present in the reference given in the reference section  

Lemma1  

If 1-(1-|p (0)|) ) and λ<a , ρ1 ≥1 then there exist a critical point ζ=a+ ρ0 eiθ0 such that  

Reζ   

Proof: Theorem 1 of [2]  

Lemma 2  

For ρ>0 we have   
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This is theorem 3 of [2] by taking m=1  

 

Lemma 3  

If ck [k=1,2,….N] m,M,c are positive constants with m  and  mN ≤c≤ MN  then  

 

  
 

Proof: Lemma B of [2]  

Lemma 4  

𝑛−1 𝑛−1 

∏ 𝑟𝑘 = 𝑛 ∏ ρ𝑗  

𝑘=1 𝑗=1 

Proof: see [3]  

  

Throughout this paper we let   

 

          wk   

 

Now we take the assumption, the general form of assumption can be written as   

 

  
 

For n=10 the assumption becomes  

 

  
 

This assumption holds which can be checked easily  

Next lemma is the last lemma in the reference Lemma section I have skipped Lemma 5 which will be presented in next section   

Lemma 6: If   

 

  then ρj ≤1  

Proof: see Lemma 1 of [4]  

We can write Lemma 6 as   

 

   
 

2. Lemmas with proof  

 

Lemma 5: ρ1  >1, ζ0=a+ ρ0 eiθ0 is the critical point in Lemma 1   

 

 then   

|   

 

Proof:  
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 hence   

 

  
 

  
 

  

   
 

  
 

Which proves the above lemma  

 

Lemma 7  

If a  [0.846,1] and there exist |zk|≤ 0.56 then I(a)=ρ1≤1  

Proof: If I(a) >1 and there exist |zk|≤ R then by then by above equation and lemma 5 there exists some 𝛾𝑗0  

 

  
 

Hence   

 

  
 

By lemma 6 it suffices to show   

 

  
 

Considering following condition for λ  

 

   
 

  
 

  
 

And R satisfies 𝑅 ≤ 𝑎−1(1 − (1 − 𝑠𝑖𝑛(𝜋/10)10  

=  

 

We have   

 

  
 

And   
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Let   

 

Then  10 ∏ |𝜁𝑗
9
1 |  ≥ −𝑎 ∏ |𝑧𝑘

9
𝑘=1 | 

 
 

Lemma 8  

 

If ρ1 >1 a  

 

  
 

Proof: 𝑧𝑘 = |𝑧𝑘|𝑒𝑖   = 𝑎 + 𝜌𝑗𝑒𝑖𝑡𝑗 1 ≤ 𝑘 𝑏𝑦 𝐿𝑒𝑚𝑚𝑎 3.2 𝑜𝑓 [3] 𝑤𝑒 ℎ𝑎𝑣𝑒   

 

  
 

  

  
 

  
 

Since ρj >1 we deduce costj ≤ 0  

 

  
 

But   

 

Hence  

 

  
 

And by value of Δ we obtained in the previous equation of this lemma   

 

  
 

To prove   

 

  
If 𝑐𝑜𝑠𝜃𝑘≤ 0 above equation is valid  

Assume 𝑐𝑜𝑠𝜃𝑘>0 and write x= |zk| θ=θk   

Then  

𝑟𝑘
2 = 𝑎2 + 𝑥2 − 2𝑎𝑥 𝑐𝑜𝑠𝜃  

We want to show  

∈ [0.846,1] and |z k | ∈[0.56,1] k=1……10 then   

http://dx.doi.org/10.29322/IJSRP.9.08.2019.p9228
http://ijsrp.org/


International Journal of Scientific and Research Publications, Volume 9, Issue 8, August 2019              186 

ISSN 2250-3153   

http://dx.doi.org/10.29322/IJSRP.9.08.2019.p9228    www.ijsrp.org 

  

It is enough to prove   

 

 then f’(x) >0 for  

Proof   

  

 
Lemma 10  

  
For n=10 the general form becomes  

For a ∈  [0.846,1]  x∈ [0.56,1] this is true by Lemma 3.8 of [3] the lemma follows   

Lemma 9   

Let m=2/9, a∈ [0.846,1]   

x∈ [0.56,1]   

We have  𝑓 ′ ( 𝑥 ) = 
𝑌 

( 1 − 𝑥  𝑚 ) 2 ( 𝑥 + 𝑎 ) 3   

Y= ( ( 𝑚 − 2 ) 𝑥 𝑚 − 1 − 𝑚 𝑥 𝑚 − 1 + 2 𝑥 ) 𝑎 + 𝑚 𝑥 𝑚 + 2 − ( 2 + 𝑚 ) 𝑥 𝑚 + 2 
If Y= 0  we will obtain a>1 for x ∈[0.56,1]hence Y≠0 for a∈ [0.846,1]  x ∈[0.56,1] when a=x=0.9  

Y>0 and the Lemma follows   

If  𝜌 1 ≥ 1   𝑤𝑒   ℎ 𝑎𝑣𝑒   𝑡 ℎ 𝑒   𝑔𝑒𝑛𝑒𝑟𝑎𝑙    𝑓𝑜𝑟𝑚   ∏ 𝜁 𝑗 
𝑛 − 1 
𝑗 = 1 ≤ ( ∏ 𝜌 𝑗 ) 

𝑛 − 1 
𝑗 = 1 [ 𝑎 2 − 1 + ( 

2 
𝑛 − 1 ) { ∑ 

| 𝑧 𝑘 | 2 − 𝑎 2 

𝑟 𝑘 2 
} 

𝑛 − 1 

𝑘 = 1 
] 

𝑛 − 1 
2 
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Hence the Lemma is proven   

 

We will use the condition given below   

 

 
Proof  

By lemma 8 and 10  

𝑥 2 − 1 

( 1 − 𝑥 𝑚 ) ( 𝑥 + 𝑎 ) 2 
+ ( 1 − 𝑎  2 ) ( 𝜎 − 

9 

2  
) ≤ 0   

x ∈[0.56,1] and a∈[0.85,1]   

Lemma 11   

If  𝜎   >   9 /2 ρ 1   >1 9  above condition holds with m=2/   

And z k   ∈[0.56,1] k=1,2,3,……9 then    
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Write  

Write x=|zk| , zk=xeiθ  

 
Since   

 

  

   
Applying above equation 9 times we have   

 
The lemma follows  

 

 

 
Lemma 12  

  
proof  

We have ∏9
𝑘=1 𝑅𝑘 = 1  

( 9 − 9 𝑎 2 −   
10 

9 
( 1 − 𝑎 2 ) 𝜎 ) ∑ | 𝑧 𝑘 | 

9 

𝑘 = 1 
≤ 10 ( ∏ 𝜌 𝑗 ) 

9  

𝑗 = 1  
[ 𝑎 2 − 1 + ( 

2 

9 
) { ∑ 

| 𝑧  𝑘 | 
2 − 𝑎 2 

𝑟 𝑘  
2 } 

9  

𝑘 = 1  

] 
9 
2   

𝛼 ≤ 𝛼 2 − 1 + 
1 

4 
∑ 

1 − 𝑎 2 

𝑟 𝑙  
2 

𝑙 ≠ 𝑘 
≤   𝑎 2 − 1 +   

2 

9 
( 1 − 𝑎 2 ) 𝜎 −   

2 ( 1 − 𝑎 2 )  

9   𝑟 𝑘 
2   

For  𝜎 > 
9 
2   we obtain  𝛼 + 

2 ( 𝑥 2 − 𝑎 2 ) 
9 𝑥 

− 2 
9 ≤ 𝛼 + 

2 ( 1 − 𝑎 2 )  
9 𝑟 𝑘  2 

Φ ≤ 
2 ( 1 − 𝑎 2 ) ( 𝜎 − 

9 
2 )  

9    

Using inequality  ( 9 − 9 𝑎 2 −   
10 
9  ( 1 − 𝑎 2 ) 𝜎 ) ≤ 10 ( ∏ 𝜌 𝑗 ) 

9 
𝑗 = 1   Φ 

9 
2   

Φ =   𝑎 2 − 1 + ( 
2 

9 
) { ∑ 

| 𝑧  𝑘 | 
2 − 𝑎 2 

𝑟 𝑘 
2 } ( 

9 
  

𝑘 = 1  

∏ 𝑧 𝑘 
  
) 

− 2 
9 

9  

𝑘 = 1  
  

( 9 − 9 𝑎 2 −   
10 

9  
( 1 − 𝑎 2 ) 𝜎 ) ≤ 10 ( ∏ 𝜌 𝑗 ) 

9  

𝑗 = 1  
  Φ 

9  
2   

http://dx.doi.org/10.29322/IJSRP.9.08.2019.p9228
http://ijsrp.org/


International Journal of Scientific and Research Publications, Volume 9, Issue 8, August 2019              189 

ISSN 2250-3153   

http://dx.doi.org/10.29322/IJSRP.9.08.2019.p9228    www.ijsrp.org 

 

  
Where   

  

 

 
Lemma 13  

 
  

 

 
Let a∈[0.56,0.96]  

 
Now by previous lemmas   

 

 

 
Hence the Lemma follows  

Proof of theorem  

This is the main part of the paper her we prove the sendov conjecture for suppose n=10 We want a new upper bound to U(a)  

𝑛1 = #{𝑧𝑘: 𝑟𝑘 < 1}, 𝑛2 = #{𝑧𝑘: 𝑟𝑘 ≥ 1}  

𝑛1 + 𝑛2 = 10  

 

 

  
By Lemma 4  
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Hence   

  
By Lemma 4 in the sum ∑ 𝐵 we have   

 ∏ 𝑟𝑘 ≥ 9𝑞−1  

𝑟𝑘≥1 

In the sum ∑ 𝐴, we have   

∏ 𝑟𝑘 = 𝑞 < 1  

𝑟𝑘<1 

By Lemma 4 and other equations we obtain  

  
Then   

2𝑛2 ≥ (1 + 𝑎)2 > 9  

Hence   

𝑛2 ≥ 4 𝑎𝑛𝑑 𝑛1 < 4  

We will consider four subcases for 𝑛1, 𝑎 ∈ [0.846,1).  

(i) 𝑛1 = 0, 𝑛2 = 9  

  
Using the bound of U(a), we get the contradiction to Lemma 13  

(ii) 𝑛1 = 1, 𝑛2 = 8  

  
where  

𝑣1 = min (𝑗 ∈ ℤ: (1 + 𝑎) ≥ 10𝑞−1}  

𝑈(𝑎) = 𝑈𝐴 + 𝑈𝐵  

  

Using the bound of U(a),  we get the desired contradiction to Lemma 2.13  

(iii) 𝑛1 = 2, 𝑛2 = 7 or 𝑛1 = 3, 𝑛2 = 6  

  

Where   
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𝐼𝑛 𝑡ℎ𝑒 𝑠𝑢𝑚 ∑ 𝐵 𝑊𝑒 ℎ𝑎𝑣𝑒 1 ≤ 𝑟𝑘 ≤ 1 + 𝑎 𝐻𝑒𝑛𝑐𝑒 𝑏𝑦 𝐿𝑒𝑚𝑚𝑎3  

  
where  

𝑣1 = min( 𝑗 ∈ ℤ: (1 + 𝑎)𝑗 ≥ 10𝑞−1}  

𝑈(𝑎) = 𝑈𝐴 + 𝑈𝐵  

Using the bound of U(a) q  we get the desired contradiction  

  

(iv) 𝑛1 = 4, 𝑛2 = 5 or 𝑛1 = 5, 𝑛2 = 4  

  

Where   

  
where  

𝑣1 = min( 𝑗 ∈ ℤ: (1 + 𝑎)𝑗 ≥ 10𝑞−1}  

𝑖𝑓 (1 + 𝑎)2 < 9 𝑡ℎ𝑒𝑛 ∑ 𝐵 = 0 = 𝑈   

𝑈(𝑎) = 𝑈𝐴 + 𝑈𝐵  

Using the bound of U(a) q  we get the desired contradiction to Lemma 13 and by Lemma 7 we obtain the theorem.  
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