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A linear operator of a new class of multivalent harmonic
functions
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Abstract- New classes of multivalently functions with a linear operator are introduced . We give sufficient coefficient bounds for
f(z) € KM,(K,B,q) and then we show that these sufficient coefficient conditions are also necessary for f(z) € AM,, (K, B, q).
Furthermore, we determine extreme points, convex combination, convolution property and integral operator for these functions. Also
we obtain new results in this paper.
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I. INTRODUCTION

continuous function f =u +iv is a complex valued harmonic function in a complex domain Cif both w and v are real
harmonic in C . In any simply connected domain D c C,we can write f = h + g, where h and g are analyticin D.Wecall h
the analytic part and g the co-analytic part of f . A necessary and sufficient condition for f to be locally univalent and sense-
preserving in D isthat |h'(z)| > |g (2)| in D, see Clunie and Sheil-Small [5].
Denote by M(p) the class of functions f = h + g that are harmonic multivalent and sense-preserving in the unit disk U = {z €
C:|z| < 1} . The class M (p) was studied by Ahuja and Jahangiri [1] and class M (p) for p = 1 was defined and studied by Jahangiri
et. al. in [6].
For f = h+ g € M(p), we may express the analytic functions h and g as:

R@) =2+ Y @, 9@ =) b bl <1. )
n=p+1 n=p
Let W, denote the subclass of M(p) consisting of functions f = h + g, where h and g are given by:
M@ =2 = Y lalz 9@ ==Y bl |b,| <1. @
n=p+1 n=p

Now, we define anew class KM, (K, ,q) of harmonic functions of the form (1) that satisfy the inequality

(]@asnr@) +2 (0,6.801@)" il

> B, 3)
(D, B @)
where 0 < g <%,p >qp€eEN={12.}9€EN,=NU{0},0<K<1,1>0,y >0,
f12) = 8@ + ) 6 qa,z",
! "~ j=
5(”)_(1'—]')!_{1'(1'—1) w(i—j+1) j#0
and
(0, B.f@) = (D, VR + (D, B, 1)9(@)) . 4)
The operator D,, (4, B,y) denotes the linear operator introduced in [8] . For h and g given by (1), we obtain
had _ n
D,(A, B,¥)h(z) = 2% + Z [1 +(’;pr)1] a, 2", (5)
n p+1
—-p)A
D, (L .1)9(@) = Z [1 + 20 ] b,", (©)
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wherepeN={12,..},1=0,y =0,n = 0.
We further denote by AM,, (K, B,y) the subclass of KM, (K, ,y) that satisfies the relation
AM,(K,B,y) = AM, N KM, (K, B,y). (7)

Il.  COEFFICIENT INEQUALITY
We need the following lemma in our results:

Lemma 1[2]:Re{w(z)} > B if and only if |w(z) — (1 + B)| < w(z) + (1 — B)I.
In the following theorem, we find a coefficient inequality for functions in the class KM, (K, ).
Theoreml:let f=h+g(h and g being given by (1)) . If

Z d(nq) (n— q)((n— — 1K — B)+K][1+

n=p+1

(n p)l] |
p Tl

n
ba| < 6(p, @), (8)

Z 5 )[(n - )((n — g — DK — B) + K] [1 NG —+p)
n=p

where 0 < < %,p >qpeEN={12.}9€eN,=NU{0},0<K<11n=01=0,y =0, then f is harmonic p-valent sense-
preserving in U andf € KM, (K, B,y).

Proof : Let
- +2

ol (0,817 @) + 22 (0,008,197 @) |

wi(z) = .
2(0, 8 )F @)

Using the fact in Lemma (1)
Re{w(2)} > B if and only if |w(z) —(1+p)| <
lw(z) + (1 —p)I. ©)]

Substituting for w and resorting to simple calculations, we find that
wz) - A+ <6@ )| —-)((p—q—DK—(1+p))+K]lzlP~1

+ ) 6@ lm—a((r—q— DK =1 +B) +K]layllz"

n=p+1
£ 89| — (1 —q = DK = A+ ) +K] I, ]l (10)
n=p

and
w@ + 1 -pl=s@, DE-D((@—-—qg-DK+A-p))+K]|lzIP~4

- ) 6@ lm— (- q— DK+ A=)+ K] layllz"

n=p+1
—2 S, )[(n—)((n—q - DK+ ~=p)+K]Ibllz"™0. (11
n=p

Evidently (10) and (11) in conjunction with (8) yields
w@) - 1+p)-Iw@+A-pl=<0.
The harmonic functions
f(z)=2" + —
; 5[ — ) (- q - DK =) + K] [1 + =22

oo

Xn

* y; (n—p)A
n=p 6(n, Q)[(n_Q)((n q—1K - [3’)+K][1+ L ]

< i |, | + im = 5(P,q)>,
n=p

n=p+1
show that the coefficients bounds given by (8) is sharp.
The functions of the form (12) are in KM, (K, B,y) because in view of (12) infer that

-7, (12)

where
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Z 5(nq)[(n q)((n q— 1K — [3’)+K][1+

n= p+1

—-p)A
+;6(n.q)[<n—q)(<n—q - DK - ) +K]| [1 +(’;pr)] b |

Z i |+z|yn|—s(p.q)

n=p+1
The restriction placed in Theorem (1) on the moduli of coeff|C|ents of f = h+ g implies for arbitrary rotation of the coefficients of
f . the resulting functions would still be harmonic multivalent and f € KM, (K, 8,7).

The following theorem shows that the condition (8) is also necessary for function f to belongto AM, (K,p,y) .

(n—p)a]’ la, |
p+y "

Theorem 2: Let f = h + g with h and g are given by (2). Then f € AM, (K, B,y) ifand only if

S sl - (- q- DK~ 9+ [+ S22,

n=p+1
_ n
+HZ=p§(n,CI)[(n—q)((n—q—1)K—B)+K] [1+%] b, |<6(,q), (13)

where OSB<%,p>q,pEN={1,2,...},qENO =NU{0},0<K<173>01>0y=>0.

Proof : By noting that AM,, (K, B8,y) < KM, (K, B,y), the sufficiency part of Theorem (2) follows at once from Theorem (1). To prove
the necessary part, let us assume thatf € AM, (K, 8,y). Using (3), we get

[ [(DP (A'ﬁ'Y)h(Z))q + (D, LB V)9@)" + 2 [(Dp B, ]/)h(z))q+2 .\ (W)M]P

Re q+1 —_— . q+1
z [(Dp (1, B, y)h(z)) + (D, A, B.7)9(2) ]

—_ V> (n—p)a]" n—q _ | (n—p)a]" n—q
e Kt =Y 1 Kc [1+ - ] la,|z Yn—p Kc [1+—p+y ] |b,|Z

» —p)A1" _ o —p)A" o
5, +1) = By 1 80nq + D [1+ S22 o, 12070 = 3, 6(n,q + D [1+ S22 b, 700

> a,
where

t=6, Pl +P-9)@—-q—-D]andc=6(n 1+ n—qg)(n—q—-1)]
If we choose z to be real and let z — 17, we obtain the condition (13).

I1l. EXTREME POINTS

Next, we determine the extreme points of the closed convex hull of AM,, (K, 8,y), denoted by AM,, (K, 3, 7).
Theorem 3:f € AM, (K, B, y)if and only if

f(Z) = Z(:unhn + engn): (14)
wherez € U, h,,(z) = z?, n=p
5(p,q)
hn(2) = 2" = 2, (15)
S, [(n—q)((n—q—-1DK—-B) +K]| [1 + (’;—pr)ﬂ]”
(n=p+Lp+2,..)
In (Z) =zP — 6(p’ q) _ P (16)

5@ - )((n—q - DK - B) + k] [1+ %27
(n =pp+1,..)and

Z(un+9)_1 (u, = 0,6, =0).

In partlcular the extreme points of AM, (K, 8,v) are {h,,} and {g, }.
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Proof : Suppose f is of the from (14). Using (15) and (16), we get

@) =) Gt +6,9,)

N N 5(p,q)
= (nun + gn)Zp - ‘unzn
nzz; 2ot [n—g)((n—q- 1K -B) +K]| [1 L@ fy)z]n
— Z 6, q) 0,
= ln—(n-q- 1K —B) +K] [1 i ﬁ]
oS 5®.9) -
W18 O[(n— ) ((n—q— DK - B) + K| [1 + %]"
N 5, q) -
- 6, (2"
nZ‘a 5(n, (- )((n—q - DK =) + K] [1+ p”]”
Then
Z 8, @[(m ~)((n~q ~ DK~ ) +K] [1 " py)ﬂ]
n=p+1
" §(p,q) .
S [n—q)((n—q—-1DK-B) +K]| [1 s p)/l]n n
_ o (n—p)A
+Z5(n n—q)((n DK —B) + K] [1+ — ]

5. ) 0
8, O[(n— )((n—q - DK = ) + K] [1 + _(np_fy)l]n

=68(p,q) <Z(un +6,) — u,;) =5 )(1-w,) <509,
n=p

which implies that f € AM,, (K, 8,y) . Conversely, assume that f € AM,, (K, 8, y). Putting

5, [ — ) ((n — g — DK — B) + K] [1+‘”f”]
:un - 5(p q) AR |an|v
n=p+1p+2..),
s ) —q)((n—q— DK — ) + K] [1 +2=24]
) n)[n-q)((n—q B) ][ p+y] bl

5, q)
(n=pp+1,..), weget

&) =) (ko +0,90)
n=p

Theorem 4: The class AM, (K, ,v) is a convex set.
Proof : Let the function £, ; (j = 1,2)defined by

fuy @) =27 - Z @ 12" —Z|bn,|z

n=p+1
be in the class AM,, (K, B, 7).

It is sufficient to prove that the function

Hz) =1f1(2)+ (1 -1Df2(2), (0=<7<1),
is also in the class AM,, (K, 8,v). Since for 0<t<1,

H@) = 2" - z (tans| + @ = Dlay,]) 2" —Z(T|bn1|+(1 D|bas]) @"

n=p+1
with the aid of Theorem (2), we have
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- 2
Z S(n,q)[(n — q)((n —q— 1K - ,8) + K] [1 (n - p) ] (T|an 1| +(1-— ‘L')|an2|)
n=p+1
- —p)A
+ Z S, )[(n—)((n—q- DK —B) +K]| [1 + (n +Py) ] (|bps| + 1 = D)|by2])
n=p

(n—p)A]’
] o]

:‘[L;d(S(n,q)[(n—q)((n—q — 1)K—[3’) +K] [1+ "

oo T
+Z(5(n,q)[(n—q)((n—q—1)K—[)’)+K] [1+(np :;/) ] |bn'l|l

A
Y stualm-a(a-q- k- + ][+ E2 o,

n=p+1

+@ —T)[

C —p)A
+nzzz;5(n,q)[(n—q)((n—q—1)K—[)’)+K] [1+(np :;/) ] |an2|

<16(p, ) + (A1 —=1)8(,q) = 5@, .
Hence, H(z) € AM, (K, B,v) .
For harmonic functions

fG) =2 - Z @, |2 —Zw @ (a7

n=p+1
and
F(2) =27 - Z A 12" —Zw @ (18)
n=p+1
We define the convolution of f and F as
FeP@ =2~ ) lapdlz" = ) [buBl@". (19)
n=p+1 n=p

IV. CONVOLUTION PROPERTY

In the following theorem we examine the convolution property of the class AM, (K, 5,v) .

Theorem 5: If f and F are in the class AM,, (K, B, v), then (f = F) also in the class AM,, (K, 5, y).

Proof : Let f and F of the from (17) and (18) belong to AM, (K, B,y). Then the convolution of f and F is given by (19). Note that
|A,| < land |B,| < 1,since F e AM, (K, B,y). Then we can write

Z S(nq)[(n q)((n q— 1K — ,8)+K][1+

n p+1

—-p)A
+Za(n,q)[(n—q)((n—q—1)K—ﬁ)+1<][1+( 2 ] b0 1B, |

A']
—P) ] lan | 14,

Z 6(n,q) (n—q)((n—q—l)K B)+K][1+

n p+1

+Z(5(n D[ —)((n—q—- DK — [g)+K][1+ —p) ] b .

The right hand side of the above mequallty is bounded by 8(p, q) because f € AM, (K, B, y). Therefore(f = F) € AM, (K, B,7).

5- Integral Operator:
Definition 1[7]: The June-Kim-Srivastava integral operator is defined by

A
p)]|n|

P+1)7 [

T(O’)O (lOg %)U K(t)dt, g > 0. (20)

J°h(2) =
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h(z) = zP — Z a,z",
n=p+1
then

< p+1)”

o — D _ n

J°h(z) =z Zrl (n+1 a,z", (@2))
n=p

also J° is a linear operator.
Remark 1: If f(z) = h(2) + g(z), where

h(z) = 2P — Z la,|z",  g(z)= —Zlbnlz”,|bp| <1,

n=p+1 n=p
then
J°f(2) =J°h(z) + J°g(2). (22)
Theorem 6: If f € AM,, (K, B,v), then J°f is also in AM, (K, B,y).
Proof : By (21) and (22), we obtain

[oe] [oe]

- _ p+ 1\° - p+ 1\° - —
a — qo P _ n __ n — D _ n __ £ - n
If@=4 (z > lanlz =) |bn|(z)> 7= (E5) =) (B5) Dlml@r,
n=p+1 n=p n=p+1 n=p n=p
since f € AM,, (K, B,y), then by Theorem (2), we have

Z s, [n—)((n—q - DK - B) +K] [1 +

n=p+1

(n—p)A]’ |
p+y | '

(n— 'p)/l

+26(n.q)[(n—q)((n—q—1)K—,8)+K][1 ] |b,| <8, q). (23)

n=p
We must show

—-p)A 1\
Z 5, @[ = )((r =g~ DK — B)+K][1+( ”)] (B) el

. p+1 +y n+1
A 1\’
+Z(S(nq) (n-q)((n—q—-DK - /3)+1<][1+(" +py)] (5:1) Ib, |
<6, q). (24)

But in view of (23) the inequality in (24) holds true if (%)U < 1, since ¢ > 0 and p < n, therefore (24) holds true and this gives the

result.
Theorem 7: Let f € AM,, (K, B,y). Then

5(p, q) - |bp| | |p+1
s +1,9[(p—q+ (- K-B)+K]

D, B.F@)| < (1+ by |)27 +
and
5(P: Q) - |bp| |Z|p+1.
5G +1L[@—q+D(( - DK —f) +K]

1D, (4, BNf (@] = (1 - |by|)2P -
Proof : Let f € AM, (K, B,v), then we have

—)A]"
Sp+L[p—qg+D(p- K -B) +K] [1+M] (la,| + b, 1)

=Y stale-o(e—g- K- 9+ K1[1+ 222 a1+ 1) < 50,00~ |
Which implies thatn L
N (n— p)l]" 8(p,q) — |by|
14+—2 (laul + b)) < .
ZJ oy | Ul |)<6(10+1,q)[(zo—q+1)((19—61)K—[?)+K]

Applying this inequality in the following assertion, we obtain

zv—Z[ o ”)]|n|n Z[H(‘"’)]wm”

n=p+1

1D, (4B, (2)] =
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[oe]

—oAl"
<@+l + Y [1 +(’";pr)] (Ianl + 1B DI"

n=p+1

- n—p)A]”
< (1+]|b,))z + 1+ P2 a4 by 2+
’ +1 p +-y
n=p

|Z|p+{
@+ L[ -q+D(@-K-B)+K]

<(1+|b,|)z" +
Also, on the other hand we obtain

o _ n
0,681 = (1= Dz = . [14 S22 g+ e

n=p+1

> (1-|b,|)z" - Z [1+%] (Ian| + b, D]z|P*!

. 5(%‘]) - |bp|
s@+1,9[—q+ (- K- B) +K]

n=p+1

|Z|p+y

= (1= [by|)2"
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