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    Abstract- New classes of multivalently functions with a linear operator are introduced . We give sufficient coefficient bounds for 
𝑓𝑓(𝑧𝑧) ∈ 𝐾𝐾𝑀𝑀𝑝𝑝(𝐾𝐾,𝛽𝛽, 𝑞𝑞) and then we show that these sufficient coefficient conditions are also necessary for 𝑓𝑓(𝑧𝑧) ∈ 𝐴𝐴𝑀𝑀𝑝𝑝(𝐾𝐾,𝛽𝛽, 𝑞𝑞). 
Furthermore, we determine extreme points, convex combination, convolution property and integral operator for these functions. Also 
we obtain new results in this paper. 
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I. INTRODUCTION 
continuous function  𝑓𝑓 = 𝑢𝑢 + 𝑖𝑖𝑖𝑖  is a complex valued harmonic function in a complex domain  ℂif both  𝑢𝑢 𝑎𝑎𝑎𝑎𝑎𝑎 𝑣𝑣  are real 
harmonic in  ℂ  . In any simply connected domain  𝐷𝐷 ⊂ ℂ,we can write 𝑓𝑓 = ℎ + 𝑔̅𝑔, where  ℎ 𝑎𝑎𝑎𝑎𝑎𝑎 𝑔𝑔  are analytic in  𝐷𝐷 . We call  ℎ  

the analytic part and  𝑔𝑔  the co-analytic part of  𝑓𝑓 . A necessary and sufficient condition for 𝑓𝑓  to be locally univalent and sense-
preserving in  𝐷𝐷  is that |ℎ′(𝑧𝑧)| > |𝑔𝑔′(𝑧𝑧)| in 𝐷𝐷, see Clunie and Sheil-Small [5]. 
Denote by 𝑀𝑀(𝑝𝑝) the class of functions 𝑓𝑓 = ℎ + 𝑔̅𝑔 that are harmonic multivalent and sense-preserving in the unit disk 𝑈𝑈 = {𝑧𝑧 ∈
ℂ: |𝑧𝑧| < 1} . The class 𝑀𝑀(𝑝𝑝) was studied by Ahuja and Jahangiri [1] and class 𝑀𝑀(𝑝𝑝) for  𝑝𝑝 = 1 was defined and studied by Jahangiri 
et. al. in [6]. 
For 𝑓𝑓 = ℎ + 𝑔̅𝑔 ∈ 𝑀𝑀(𝑝𝑝), we may express the analytic functions  ℎ 𝑎𝑎𝑎𝑎𝑎𝑎 𝑔𝑔  as: 

ℎ(𝑧𝑧) = 𝑧𝑧𝑝𝑝 + � 𝑎𝑎𝑛𝑛𝑧𝑧𝑛𝑛
∞

𝑛𝑛=𝑝𝑝+1

  , 𝑔𝑔(𝑧𝑧) = �𝑏𝑏𝑛𝑛𝑧𝑧𝑛𝑛
∞

𝑛𝑛=𝑝𝑝

 , �𝑏𝑏𝑝𝑝� < 1 .                       (1) 

Let  𝑊𝑊𝑝𝑝   denote the subclass of  𝑀𝑀(𝑝𝑝)  consisting of functions  𝑓𝑓 = ℎ + 𝑔̅𝑔 , where  ℎ 𝑎𝑎𝑎𝑎𝑎𝑎 𝑔𝑔  are given by: 

ℎ(𝑧𝑧) = 𝑧𝑧𝑝𝑝 − � |𝑎𝑎𝑛𝑛 |𝑧𝑧𝑛𝑛
∞

𝑛𝑛=𝑝𝑝+1

  , 𝑔𝑔(𝑧𝑧) = −�|𝑏𝑏𝑛𝑛 |𝑧𝑧𝑛𝑛
∞

𝑛𝑛=𝑝𝑝

 , �𝑏𝑏𝑝𝑝� < 1 .                       (2) 

Now, we define anew class  𝐾𝐾𝑀𝑀𝑝𝑝(𝐾𝐾,𝛽𝛽, 𝑞𝑞)  of harmonic functions of the form (1) that satisfy the inequality 

𝑅𝑅𝑅𝑅 �
𝐾𝐾 ��𝐷𝐷𝑝𝑝(𝜆𝜆,𝛽𝛽, 𝛾𝛾)𝑓𝑓(𝑧𝑧)�

𝑞𝑞
+ 𝑧𝑧2 �𝐷𝐷𝑝𝑝(𝜆𝜆,𝛽𝛽, 𝛾𝛾)𝑓𝑓(𝑧𝑧)�

𝑞𝑞+2
�

𝑧𝑧 �𝐷𝐷𝑝𝑝(𝜆𝜆,𝛽𝛽, 𝛾𝛾)𝑓𝑓(𝑧𝑧)�
𝑞𝑞+1 � > 𝛽𝛽,                       (3) 

where 0 ≤ 𝛽𝛽 < 1
𝑝𝑝

,𝑝𝑝 > 𝑞𝑞,𝑝𝑝 ∈ ℕ = {1,2, … },𝑞𝑞 ∈ ℕ0 = ℕ ∪ {0}, 0 ≤ 𝐾𝐾 ≤ 1, 𝜆𝜆 ≥ 0, 𝛾𝛾 ≥ 0,  

𝑓𝑓𝑞𝑞(𝑧𝑧) = 𝛿𝛿(𝑝𝑝,𝑞𝑞)𝑧𝑧𝑝𝑝−𝑞𝑞 + �𝛿𝛿(𝑛𝑛, 𝑞𝑞)𝑎𝑎𝑛𝑛𝑧𝑧𝑛𝑛−𝑞𝑞
∞

𝑛𝑛=1

, 

𝛿𝛿(𝑖𝑖, 𝑗𝑗) =
𝑖𝑖!

(𝑖𝑖 − 𝑗𝑗)!
= �

1                                                           𝑗𝑗 = 0
𝑖𝑖(𝑖𝑖 − 1) … (𝑖𝑖 − 𝑗𝑗 + 1)                     𝑗𝑗 ≠ 0

�, 

and 
�𝐷𝐷𝑝𝑝(𝜆𝜆,𝛽𝛽, 𝛾𝛾)𝑓𝑓(𝑧𝑧)� = �𝐷𝐷𝑝𝑝(𝜆𝜆,𝛽𝛽, 𝛾𝛾)ℎ(𝑧𝑧)� + �𝐷𝐷𝑝𝑝(𝜆𝜆,𝛽𝛽, 𝛾𝛾)𝑔𝑔(𝑧𝑧)�����������������������  .                     (4) 

The operator 𝐷𝐷𝑝𝑝(𝜆𝜆,𝛽𝛽, 𝛾𝛾) denotes the linear operator introduced in [8] . For  ℎ 𝑎𝑎𝑎𝑎𝑎𝑎 𝑔𝑔  given by (1), we obtain 

𝐷𝐷𝑝𝑝(𝜆𝜆,𝛽𝛽, 𝛾𝛾)ℎ(𝑧𝑧) = 𝑧𝑧𝑝𝑝 + � �1 +
(𝑛𝑛 − 𝑝𝑝)𝜆𝜆
𝑝𝑝 + 𝛾𝛾

�
𝜂𝜂∞

𝑛𝑛=𝑝𝑝+1

𝑎𝑎𝑛𝑛𝑧𝑧𝑛𝑛 ,                           (5) 

𝐷𝐷𝑝𝑝(𝜆𝜆,𝛽𝛽, 𝛾𝛾)𝑔𝑔(𝑧𝑧) = ��1 +
(𝑛𝑛 − 𝑝𝑝)𝜆𝜆
𝑝𝑝 + 𝛾𝛾

�
𝜂𝜂

𝑏𝑏𝑛𝑛𝑧𝑧𝑛𝑛
∞

𝑛𝑛=𝑝𝑝

,                                         (6) 

A 
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where 𝑝𝑝 ∈ ℕ = {1,2, … }, 𝜆𝜆 ≥ 0, 𝛾𝛾 ≥ 0, 𝜂𝜂 ≥ 0. 
We further denote by  𝐴𝐴𝑀𝑀𝑝𝑝(𝐾𝐾,𝛽𝛽, 𝛾𝛾)  the subclass of 𝐾𝐾𝑀𝑀𝑝𝑝(𝐾𝐾,𝛽𝛽, 𝛾𝛾) that satisfies the relation 

𝐴𝐴𝑀𝑀𝑝𝑝(𝐾𝐾,𝛽𝛽, 𝛾𝛾) = 𝐴𝐴𝑀𝑀𝑝𝑝 ∩ 𝐾𝐾𝑀𝑀𝑝𝑝(𝐾𝐾,𝛽𝛽, 𝛾𝛾).                                           (7) 

II. COEFFICIENT INEQUALITY 
We need the following lemma in our results: 
Lemma 1[2]:Re{𝑤𝑤(𝑧𝑧)} > 𝛽𝛽  𝑖𝑖𝑖𝑖 𝑎𝑎𝑎𝑎𝑎𝑎 𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜 𝑖𝑖𝑖𝑖  |𝑤𝑤(𝑧𝑧) − (1 + 𝛽𝛽)| ≤ |𝑤𝑤(𝑧𝑧) + (1 − 𝛽𝛽)|. 
In the following theorem, we find a coefficient inequality for functions in the class 𝐾𝐾𝑀𝑀𝑝𝑝(𝐾𝐾,𝛽𝛽, 𝛾𝛾). 
Theorem 1: Let  𝑓𝑓 = ℎ + 𝑔̅𝑔 (ℎ 𝑎𝑎𝑎𝑎𝑎𝑎 𝑔𝑔  being given by (1)) . If  

� 𝛿𝛿(𝑛𝑛, 𝑞𝑞)�(𝑛𝑛 − 𝑞𝑞)�(𝑛𝑛 − 𝑞𝑞 − 1)𝐾𝐾 − 𝛽𝛽� + 𝐾𝐾�
∞

𝑛𝑛=𝑝𝑝+1

�1 +
(𝑛𝑛 − 𝑝𝑝)𝜆𝜆
𝑝𝑝 + 𝛾𝛾

�
𝜂𝜂

|𝑎𝑎𝑛𝑛 | 

�𝛿𝛿(𝑛𝑛, 𝑞𝑞)�(𝑛𝑛 − 𝑞𝑞)�(𝑛𝑛 − 𝑞𝑞 − 1)𝐾𝐾 − 𝛽𝛽� + 𝐾𝐾�
∞

𝑛𝑛=𝑝𝑝

�1 +
(𝑛𝑛 − 𝑝𝑝)𝜆𝜆
𝑝𝑝 + 𝛾𝛾

�
𝜂𝜂

|𝑏𝑏𝑛𝑛 | ≤ 𝛿𝛿(𝑝𝑝, 𝑞𝑞),   (8) 

where  0 ≤ 𝛽𝛽 < 1
𝑝𝑝

,𝑝𝑝 > 𝑞𝑞,𝑝𝑝 ∈ ℕ = {1,2, … },𝑞𝑞 ∈ ℕ0 = ℕ ∪ {0}, 0 ≤ 𝐾𝐾 ≤ 1, 𝜂𝜂 ≥ 0, 𝜆𝜆 ≥ 0, 𝛾𝛾 ≥ 0, then  𝑓𝑓  is harmonic p-valent sense-
preserving in 𝑈𝑈 and𝑓𝑓 ∈ 𝐾𝐾𝑀𝑀𝑝𝑝(𝐾𝐾,𝛽𝛽, 𝛾𝛾). 
Proof : Let  

𝑤𝑤(𝑧𝑧) = �
𝐾𝐾 ��𝐷𝐷𝑝𝑝(𝜆𝜆,𝛽𝛽, 𝛾𝛾)𝑓𝑓(𝑧𝑧)�

𝑞𝑞
+ 𝑧𝑧2 �𝐷𝐷𝑝𝑝(𝜆𝜆,𝛽𝛽, 𝛾𝛾)𝑓𝑓(𝑧𝑧)�

𝑞𝑞+2
�

𝑧𝑧 �𝐷𝐷𝑝𝑝(𝜆𝜆,𝛽𝛽, 𝛾𝛾)𝑓𝑓(𝑧𝑧)�
𝑞𝑞+1 �. 

Using the fact in Lemma (1) 
Re{𝑤𝑤(𝑧𝑧)} > 𝛽𝛽  𝑖𝑖𝑖𝑖 𝑎𝑎𝑎𝑎𝑎𝑎 𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜 𝑖𝑖𝑖𝑖  |𝑤𝑤(𝑧𝑧) − (1 + 𝛽𝛽)| ≤
|𝑤𝑤(𝑧𝑧) + (1 − 𝛽𝛽)|.                                                                                                                     (9) 
Substituting for  𝑤𝑤  and resorting to simple calculations, we find that 

|𝑤𝑤(𝑧𝑧) − (1 + 𝛽𝛽)| ≤ 𝛿𝛿(𝑝𝑝, 𝑞𝑞)�(𝑝𝑝 − 𝑞𝑞)�(𝑝𝑝 − 𝑞𝑞 − 1)𝐾𝐾 − (1 + 𝛽𝛽)� + 𝐾𝐾�|𝑧𝑧|𝑝𝑝−𝑞𝑞  

+ � 𝛿𝛿(𝑛𝑛, 𝑞𝑞)�(𝑛𝑛 − 𝑞𝑞)�(𝑛𝑛 − 𝑞𝑞 − 1)𝐾𝐾 − (1 + 𝛽𝛽)� + 𝐾𝐾�
∞

𝑛𝑛=𝑝𝑝+1

|𝑎𝑎𝑛𝑛 ||𝑧𝑧|𝑛𝑛−𝑞𝑞  

+ �𝛿𝛿(𝑛𝑛, 𝑞𝑞)�(𝑛𝑛 − 𝑞𝑞)�(𝑛𝑛 − 𝑞𝑞 − 1)𝐾𝐾 − (1 + 𝛽𝛽)� + 𝐾𝐾�
∞

𝑛𝑛=𝑝𝑝

|𝑏𝑏𝑛𝑛 ||𝑧𝑧|𝑛𝑛−𝑞𝑞 ,          (10) 

and  
|𝑤𝑤(𝑧𝑧) + (1 − 𝛽𝛽)| ≥ 𝛿𝛿(𝑝𝑝, 𝑞𝑞)�(𝑝𝑝 − 𝑞𝑞)�(𝑝𝑝 − 𝑞𝑞 − 1)𝐾𝐾 + (1 − 𝛽𝛽)� + 𝐾𝐾�|𝑧𝑧|𝑝𝑝−𝑞𝑞  

− � 𝛿𝛿(𝑛𝑛, 𝑞𝑞)�(𝑛𝑛 − 𝑞𝑞)�(𝑛𝑛 − 𝑞𝑞 − 1)𝐾𝐾 + (1 − 𝛽𝛽)� + 𝐾𝐾�
∞

𝑛𝑛=𝑝𝑝+1

|𝑎𝑎𝑛𝑛 ||𝑧𝑧|𝑛𝑛−𝑞𝑞  

−�𝛿𝛿(𝑛𝑛, 𝑞𝑞)�(𝑛𝑛 − 𝑞𝑞)�(𝑛𝑛 − 𝑞𝑞 − 1)𝐾𝐾 + (1 − 𝛽𝛽)� + 𝐾𝐾�
∞

𝑛𝑛=𝑝𝑝

|𝑏𝑏𝑛𝑛 ||𝑧𝑧|𝑛𝑛−𝑞𝑞 .          (11) 

Evidently (10) and (11) in conjunction with (8) yields  
|𝑤𝑤(𝑧𝑧) − (1 + 𝛽𝛽)| − |𝑤𝑤(𝑧𝑧) + (1 − 𝛽𝛽)| ≤ 0. 

The harmonic functions 

𝑓𝑓(𝑧𝑧) = 𝑧𝑧𝑝𝑝 + �
𝑥𝑥𝑛𝑛

𝛿𝛿(𝑛𝑛, 𝑞𝑞)�(𝑛𝑛 − 𝑞𝑞)�(𝑛𝑛 − 𝑞𝑞 − 1)𝐾𝐾 − 𝛽𝛽� + 𝐾𝐾� �1 + (𝑛𝑛−𝑝𝑝)𝜆𝜆
𝑝𝑝+𝛾𝛾

�
𝜂𝜂

∞

𝑛𝑛=𝑝𝑝+1

𝑧𝑧𝑛𝑛  

+ �
𝑦𝑦𝑛𝑛���

𝛿𝛿(𝑛𝑛, 𝑞𝑞)�(𝑛𝑛 − 𝑞𝑞)�(𝑛𝑛 − 𝑞𝑞 − 1)𝐾𝐾 − 𝛽𝛽� + 𝐾𝐾� �1 + (𝑛𝑛−𝑝𝑝)𝜆𝜆
𝑝𝑝+𝛾𝛾

�
𝜂𝜂

∞

𝑛𝑛=𝑝𝑝

𝑧𝑧𝑛𝑛���,        (12) 

where 

� � |𝑥𝑥𝑛𝑛 |
∞

𝑛𝑛=𝑝𝑝+1

+ �|𝑦𝑦𝑛𝑛 |�����
∞

𝑛𝑛=𝑝𝑝

= 𝛿𝛿(𝑝𝑝, 𝑞𝑞)�, 

show that the coefficients bounds given by (8) is sharp. 
The functions of the form (12) are in 𝐾𝐾𝑀𝑀𝑝𝑝(𝐾𝐾,𝛽𝛽, 𝛾𝛾)  because in view of (12) infer that 
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� 𝛿𝛿(𝑛𝑛, 𝑞𝑞)�(𝑛𝑛 − 𝑞𝑞)�(𝑛𝑛 − 𝑞𝑞 − 1)𝐾𝐾 − 𝛽𝛽� + 𝐾𝐾� �1 +
(𝑛𝑛 − 𝑝𝑝)𝜆𝜆
𝑝𝑝 + 𝛾𝛾

�
𝜂𝜂

|𝑎𝑎𝑛𝑛

∞

𝑛𝑛=𝑝𝑝+1

|  

+ �𝛿𝛿(𝑛𝑛, 𝑞𝑞)�(𝑛𝑛 − 𝑞𝑞)�(𝑛𝑛 − 𝑞𝑞 − 1)𝐾𝐾 − 𝛽𝛽� + 𝐾𝐾� �1 +
(𝑛𝑛 − 𝑝𝑝)𝜆𝜆
𝑝𝑝 + 𝛾𝛾

�
𝜂𝜂

|𝑏𝑏𝑛𝑛

∞

𝑛𝑛=𝑝𝑝

| 

= � |𝑥𝑥𝑛𝑛 |
∞

𝑛𝑛=𝑝𝑝+1

+ �|𝑦𝑦𝑛𝑛 |�����
∞

𝑛𝑛=𝑝𝑝

= 𝛿𝛿(𝑝𝑝, 𝑞𝑞). 

The restriction placed in Theorem (1) on the moduli of coefficients of  𝑓𝑓 = ℎ + 𝑔̅𝑔  implies for arbitrary rotation of the coefficients of  
𝑓𝑓 , the resulting functions would still be harmonic multivalent and 𝑓𝑓 ∈ 𝐾𝐾𝑀𝑀𝑝𝑝(𝐾𝐾,𝛽𝛽, 𝛾𝛾). 
The following theorem shows that the condition (8) is also necessary for function  𝑓𝑓  to belong to  𝐴𝐴𝑀𝑀𝑝𝑝(𝐾𝐾,𝛽𝛽, 𝛾𝛾) . 
 
Theorem 2: Let 𝑓𝑓 = ℎ + 𝑔̅𝑔 with ℎ 𝑎𝑎𝑎𝑎𝑎𝑎 𝑔𝑔  are given by (2). Then 𝑓𝑓 ∈ 𝐴𝐴𝑀𝑀𝑝𝑝(𝐾𝐾,𝛽𝛽, 𝛾𝛾)  if and only if 

� 𝛿𝛿(𝑛𝑛, 𝑞𝑞)�(𝑛𝑛 − 𝑞𝑞)�(𝑛𝑛 − 𝑞𝑞 − 1)𝐾𝐾 − 𝛽𝛽� + 𝐾𝐾� �1 +
(𝑛𝑛 − 𝑝𝑝)𝜆𝜆
𝑝𝑝 + 𝛾𝛾

�
𝜂𝜂

|𝑎𝑎𝑛𝑛

∞

𝑛𝑛=𝑝𝑝+1

|  

+ �𝛿𝛿(𝑛𝑛, 𝑞𝑞)�(𝑛𝑛 − 𝑞𝑞)�(𝑛𝑛 − 𝑞𝑞 − 1)𝐾𝐾 − 𝛽𝛽� + 𝐾𝐾� �1 +
(𝑛𝑛 − 𝑝𝑝)𝜆𝜆
𝑝𝑝 + 𝛾𝛾

�
𝜂𝜂

|𝑏𝑏𝑛𝑛

∞

𝑛𝑛=𝑝𝑝

| ≤ 𝛿𝛿(𝑝𝑝, 𝑞𝑞), (13) 

where  0 ≤ 𝛽𝛽 < 1
𝑝𝑝

,𝑝𝑝 > 𝑞𝑞,𝑝𝑝 ∈ ℕ = {1,2, … },𝑞𝑞 ∈ ℕ0 = ℕ ∪ {0}, 0 ≤ 𝐾𝐾 ≤ 1, 𝜂𝜂 ≥ 0, 𝜆𝜆 ≥ 0, 𝛾𝛾 ≥ 0. 
 
Proof : By noting that 𝐴𝐴𝑀𝑀𝑝𝑝(𝐾𝐾,𝛽𝛽, 𝛾𝛾) ⊂ 𝐾𝐾𝑀𝑀𝑝𝑝(𝐾𝐾,𝛽𝛽, 𝛾𝛾), the sufficiency part of Theorem (2) follows at once from Theorem (1). To prove 
the necessary part, let us assume that𝑓𝑓 ∈ 𝐴𝐴𝑀𝑀𝑝𝑝(𝐾𝐾,𝛽𝛽, 𝛾𝛾). Using (3), we get  

𝑅𝑅𝑅𝑅

⎩
⎪
⎨

⎪
⎧𝐾𝐾 ��𝐷𝐷𝑝𝑝(𝜆𝜆,𝛽𝛽, 𝛾𝛾)ℎ(𝑧𝑧)�

𝑞𝑞
+ �𝐷𝐷𝑝𝑝(𝜆𝜆,𝛽𝛽, 𝛾𝛾)𝑔𝑔(𝑧𝑧)��������������������

𝑞𝑞
+ 𝑧𝑧2 ��𝐷𝐷𝑝𝑝(𝜆𝜆,𝛽𝛽, 𝛾𝛾)ℎ(𝑧𝑧)�

𝑞𝑞+2
+ �𝐷𝐷𝑝𝑝(𝜆𝜆,𝛽𝛽, 𝛾𝛾)𝑔𝑔(𝑧𝑧)��������������������

𝑞𝑞+2
��

𝑧𝑧 ��𝐷𝐷𝑝𝑝(𝜆𝜆,𝛽𝛽, 𝛾𝛾)ℎ(𝑧𝑧)�
𝑞𝑞+1

+ �𝐷𝐷𝑝𝑝(𝜆𝜆,𝛽𝛽, 𝛾𝛾)𝑔𝑔(𝑧𝑧)��������������������
𝑞𝑞+1

�
⎭
⎪
⎬

⎪
⎫

 

= 𝑅𝑅𝑅𝑅 �
𝐾𝐾𝐾𝐾 − ∑ 𝐾𝐾𝑐𝑐 �1 + (𝑛𝑛−𝑝𝑝)𝜆𝜆

𝑝𝑝+𝛾𝛾
�
𝜂𝜂

|𝑎𝑎𝑛𝑛 |𝑧𝑧𝑛𝑛−𝑞𝑞 − ∑ 𝐾𝐾𝐾𝐾 �1 + (𝑛𝑛−𝑝𝑝)𝜆𝜆
𝑝𝑝+𝛾𝛾

�
𝜂𝜂

|𝑏𝑏𝑛𝑛 |𝑧𝑧̅𝑛𝑛−𝑞𝑞∞
𝑛𝑛=𝑝𝑝

∞
𝑛𝑛=𝑝𝑝+1

𝛿𝛿(𝑝𝑝, 𝑞𝑞 + 1) −∑ 𝛿𝛿(𝑛𝑛, 𝑞𝑞 + 1) �1 + (𝑛𝑛−𝑝𝑝)𝜆𝜆
𝑝𝑝+𝛾𝛾

�
𝜂𝜂

∞
𝑛𝑛=𝑝𝑝+1 |𝑎𝑎𝑛𝑛 |𝑧𝑧𝑛𝑛−𝑞𝑞 − ∑ 𝛿𝛿(𝑛𝑛, 𝑞𝑞 + 1) �1 + (𝑛𝑛−𝑝𝑝)𝜆𝜆

𝑝𝑝+𝛾𝛾
�
𝜂𝜂

|𝑏𝑏𝑛𝑛 |𝑧𝑧̅𝑛𝑛−𝑞𝑞∞
𝑛𝑛=𝑝𝑝

� 

> 𝛼𝛼, 
where  
𝑡𝑡 = 𝛿𝛿(𝑝𝑝, 𝑞𝑞)[1 + (𝑝𝑝 − 𝑞𝑞)(𝑝𝑝 − 𝑞𝑞 − 1)] 𝑎𝑎𝑎𝑎𝑎𝑎 𝑐𝑐 = 𝛿𝛿(𝑛𝑛, 𝑞𝑞)[1 + (𝑛𝑛 − 𝑞𝑞)(𝑛𝑛 − 𝑞𝑞 − 1)]. 
If we choose 𝑧𝑧 to be real and let 𝑧𝑧 → 1−, we obtain the condition (13). 
 

III. EXTREME POINTS 

Next, we determine the extreme points of the closed convex hull of 𝐴𝐴𝑀𝑀𝑝𝑝(𝐾𝐾,𝛽𝛽, 𝛾𝛾),  denoted by 𝐴𝐴𝑀𝑀𝑝𝑝(𝐾𝐾,𝛽𝛽, 𝛾𝛾)����������������. 
Theorem 3:𝑓𝑓 ∈ 𝐴𝐴𝑀𝑀𝑝𝑝(𝐾𝐾,𝛽𝛽, 𝛾𝛾)����������������if and only if  

𝑓𝑓(𝑧𝑧) = �(𝜇𝜇𝑛𝑛ℎ𝑛𝑛 + 𝜃𝜃𝑛𝑛𝑔𝑔𝑛𝑛),                                                          (14)
∞

𝑛𝑛=𝑝𝑝

 

where𝑧𝑧 ∈ 𝑈𝑈,ℎ𝑝𝑝(𝑧𝑧) = 𝑧𝑧𝑝𝑝 , 

ℎ𝑛𝑛(𝑧𝑧) = 𝑧𝑧𝑝𝑝 −
𝛿𝛿(𝑝𝑝, 𝑞𝑞)

𝛿𝛿(𝑛𝑛, 𝑞𝑞)�(𝑛𝑛 − 𝑞𝑞)�(𝑛𝑛 − 𝑞𝑞 − 1)𝐾𝐾 − 𝛽𝛽� + 𝐾𝐾� �1 + (𝑛𝑛−𝑝𝑝)𝜆𝜆
𝑝𝑝+𝛾𝛾

�
𝜂𝜂 𝑧𝑧𝑛𝑛 ,      (15) 

(𝑛𝑛 = 𝑝𝑝 + 1,𝑝𝑝 + 2, … ) 

𝑔𝑔𝑛𝑛(𝑧𝑧) = 𝑧𝑧𝑝𝑝 −
𝛿𝛿(𝑝𝑝, 𝑞𝑞)

𝛿𝛿(𝑛𝑛, 𝑞𝑞)�(𝑛𝑛 − 𝑞𝑞)�(𝑛𝑛 − 𝑞𝑞 − 1)𝐾𝐾 − 𝛽𝛽� + 𝐾𝐾� �1 + (𝑛𝑛−𝑝𝑝)𝜆𝜆
𝑝𝑝+𝛾𝛾

�
𝜂𝜂 𝑧𝑧̅𝑛𝑛 ,       (16) 

(𝑛𝑛 = 𝑝𝑝,𝑝𝑝 + 1, … ) and 

�(𝜇𝜇𝑛𝑛 + 𝜃𝜃𝑛𝑛)
∞

𝑛𝑛=𝑝𝑝

= 1,        (𝜇𝜇𝑛𝑛 ≥ 0,𝜃𝜃𝑛𝑛 ≥ 0). 

In particular, the extreme points of 𝐴𝐴𝑀𝑀𝑝𝑝(𝐾𝐾,𝛽𝛽, 𝛾𝛾) are {ℎ𝑛𝑛} 𝑎𝑎𝑎𝑎𝑎𝑎 {𝑔𝑔𝑛𝑛}. 
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Proof : Suppose 𝑓𝑓 is of the from (14). Using (15) and (16), we get 

𝑓𝑓(𝑧𝑧) = �(𝜇𝜇𝑛𝑛ℎ𝑛𝑛 + 𝜃𝜃𝑛𝑛𝑔𝑔𝑛𝑛)
∞

𝑛𝑛=𝑝𝑝

 

= �(𝜇𝜇𝑛𝑛 + 𝜃𝜃𝑛𝑛)
∞

𝑛𝑛=𝑝𝑝

𝑧𝑧𝑝𝑝 − �
𝛿𝛿(𝑝𝑝, 𝑞𝑞)

𝛿𝛿(𝑛𝑛, 𝑞𝑞)�(𝑛𝑛 − 𝑞𝑞)�(𝑛𝑛 − 𝑞𝑞 − 1)𝐾𝐾 − 𝛽𝛽� + 𝐾𝐾� �1 + (𝑛𝑛−𝑝𝑝)𝜆𝜆
𝑝𝑝+𝛾𝛾

�
𝜂𝜂 𝜇𝜇𝑛𝑛𝑧𝑧𝑛𝑛

∞

𝑛𝑛=𝑝𝑝+1

 

−�
𝛿𝛿(𝑝𝑝, 𝑞𝑞)

𝛿𝛿(𝑛𝑛, 𝑞𝑞)�(𝑛𝑛 − 𝑞𝑞)�(𝑛𝑛 − 𝑞𝑞 − 1)𝐾𝐾 − 𝛽𝛽� + 𝐾𝐾� �1 + (𝑛𝑛−𝑝𝑝)𝜆𝜆
𝑝𝑝+𝛾𝛾

�
𝜂𝜂

∞

𝑛𝑛=𝑝𝑝

𝜃𝜃𝑛𝑛(𝑧𝑧)����𝑛𝑛  

= 𝑧𝑧𝑝𝑝 − �
𝛿𝛿(𝑝𝑝, 𝑞𝑞)

𝛿𝛿(𝑛𝑛, 𝑞𝑞)�(𝑛𝑛 − 𝑞𝑞)�(𝑛𝑛 − 𝑞𝑞 − 1)𝐾𝐾 − 𝛽𝛽� + 𝐾𝐾� �1 + (𝑛𝑛−𝑝𝑝)𝜆𝜆
𝑝𝑝+𝛾𝛾

�
𝜂𝜂

∞

𝑛𝑛=𝑝𝑝+1

𝜇𝜇𝑛𝑛𝑧𝑧𝑛𝑛  

−�
𝛿𝛿(𝑝𝑝, 𝑞𝑞)

𝛿𝛿(𝑛𝑛, 𝑞𝑞)�(𝑛𝑛 − 𝑞𝑞)�(𝑛𝑛 − 𝑞𝑞 − 1)𝐾𝐾 − 𝛽𝛽� + 𝐾𝐾� �1 + (𝑛𝑛−𝑝𝑝)𝜆𝜆
𝑝𝑝+𝛾𝛾

�
𝜂𝜂

∞

𝑛𝑛=𝑝𝑝

𝜃𝜃𝑛𝑛(𝑧𝑧)����𝑛𝑛 . 

Then 

� 𝛿𝛿(𝑛𝑛, 𝑞𝑞)�(𝑛𝑛 − 𝑞𝑞)�(𝑛𝑛 − 𝑞𝑞 − 1)𝐾𝐾 − 𝛽𝛽� + 𝐾𝐾� �1 +
(𝑛𝑛 − 𝑝𝑝)𝜆𝜆
𝑝𝑝 + 𝛾𝛾

�
𝜂𝜂∞

𝑛𝑛=𝑝𝑝+1

 

𝛿𝛿(𝑝𝑝, 𝑞𝑞)

𝛿𝛿(𝑛𝑛, 𝑞𝑞)�(𝑛𝑛 − 𝑞𝑞)�(𝑛𝑛 − 𝑞𝑞 − 1)𝐾𝐾 − 𝛽𝛽� + 𝐾𝐾� �1 + (𝑛𝑛−𝑝𝑝)𝜆𝜆
𝑝𝑝+𝛾𝛾

�
𝜂𝜂 𝜇𝜇𝑛𝑛  

+ �𝛿𝛿(𝑛𝑛, 𝑞𝑞)�(𝑛𝑛 − 𝑞𝑞)�(𝑛𝑛 − 𝑞𝑞 − 1)𝐾𝐾 − 𝛽𝛽� + 𝐾𝐾� �1 +
(𝑛𝑛 − 𝑝𝑝)𝜆𝜆
𝑝𝑝 + 𝛾𝛾

�
𝜂𝜂∞

𝑛𝑛=𝑝𝑝

 

𝛿𝛿(𝑝𝑝, 𝑞𝑞)

𝛿𝛿(𝑛𝑛, 𝑞𝑞)�(𝑛𝑛 − 𝑞𝑞)�(𝑛𝑛 − 𝑞𝑞 − 1)𝐾𝐾 − 𝛽𝛽� + 𝐾𝐾� �1 + (𝑛𝑛−𝑝𝑝)𝜆𝜆
𝑝𝑝+𝛾𝛾

�
𝜂𝜂 𝜃𝜃𝑛𝑛  

= 𝛿𝛿(𝑝𝑝, 𝑞𝑞)��(𝜇𝜇𝑛𝑛 + 𝜃𝜃𝑛𝑛) − 𝜇𝜇𝑝𝑝

∞

𝑛𝑛=𝑝𝑝

� = 𝛿𝛿(𝑝𝑝, 𝑞𝑞)�1 − 𝜇𝜇𝑝𝑝� ≤ 𝛿𝛿(𝑝𝑝, 𝑞𝑞),              

which implies that 𝑓𝑓 ∈ 𝐴𝐴𝑀𝑀𝑝𝑝(𝐾𝐾,𝛽𝛽, 𝛾𝛾)���������������� . Conversely, assume that 𝑓𝑓 ∈ 𝐴𝐴𝑀𝑀𝑝𝑝(𝐾𝐾,𝛽𝛽, 𝛾𝛾)����������������. Putting 

𝜇𝜇𝑛𝑛 =
𝛿𝛿(𝑛𝑛, 𝑞𝑞)�(𝑛𝑛 − 𝑞𝑞)�(𝑛𝑛 − 𝑞𝑞 − 1)𝐾𝐾 − 𝛽𝛽� + 𝐾𝐾� �1 + (𝑛𝑛−𝑝𝑝)𝜆𝜆

𝑝𝑝+𝛾𝛾
�
𝜂𝜂

𝛿𝛿(𝑝𝑝, 𝑞𝑞)
|𝑎𝑎𝑛𝑛 |, 

(𝑛𝑛 = 𝑝𝑝 + 1,𝑝𝑝 + 2, … ), 

𝜃𝜃𝑛𝑛 =
𝛿𝛿(𝑛𝑛, 𝑞𝑞)�(𝑛𝑛 − 𝑞𝑞)�(𝑛𝑛 − 𝑞𝑞 − 1)𝐾𝐾 − 𝛽𝛽� + 𝐾𝐾� �1 + (𝑛𝑛−𝑝𝑝)𝜆𝜆

𝑝𝑝+𝛾𝛾
�
𝜂𝜂

𝛿𝛿(𝑝𝑝, 𝑞𝑞)
|𝑏𝑏𝑛𝑛 |, 

(𝑛𝑛 = 𝑝𝑝,𝑝𝑝 + 1, … ), we get 

𝑓𝑓(𝑧𝑧) = �(𝜇𝜇𝑛𝑛ℎ𝑛𝑛 + 𝜃𝜃𝑛𝑛𝑔𝑔𝑛𝑛)
∞

𝑛𝑛=𝑝𝑝

. 

Theorem 4: The class 𝐴𝐴𝑀𝑀𝑝𝑝(𝐾𝐾,𝛽𝛽, 𝛾𝛾) is a convex set. 
Proof : Let the function 𝑓𝑓𝑛𝑛 ,𝑗𝑗 (𝑗𝑗 = 1,2)defined by 

𝑓𝑓𝑛𝑛 ,𝑗𝑗 (𝑧𝑧) = 𝑧𝑧𝑝𝑝 − � |𝑎𝑎𝑛𝑛 ,𝑗𝑗

∞

𝑛𝑛=𝑝𝑝+1

|𝑧𝑧𝑛𝑛 −� |𝑏𝑏𝑛𝑛 ,𝑗𝑗

∞

𝑛𝑛=𝑝𝑝

|𝑧𝑧𝑛𝑛
���������������

 

be in the class 𝐴𝐴𝑀𝑀𝑝𝑝(𝐾𝐾,𝛽𝛽, 𝛾𝛾). 
It is sufficient to prove that the function 

𝐻𝐻(𝑧𝑧) = 𝜏𝜏𝑓𝑓𝑛𝑛 ,1(𝑧𝑧) + (1 − 𝜏𝜏)𝑓𝑓𝑛𝑛 ,2(𝑧𝑧), (0 ≤ 𝜏𝜏 < 1), 
is also in the class 𝐴𝐴𝑀𝑀𝑝𝑝(𝐾𝐾,𝛽𝛽, 𝛾𝛾). Since for 0 ≤ 𝜏𝜏 < 1, 

𝐻𝐻(𝑧𝑧) = 𝑧𝑧𝑝𝑝 − � �𝜏𝜏�𝑎𝑎𝑛𝑛 ,1� + (1 − 𝜏𝜏)�𝑎𝑎𝑛𝑛 ,2��
∞

𝑛𝑛=𝑝𝑝+1

𝑧𝑧𝑛𝑛 −��𝜏𝜏�𝑏𝑏𝑛𝑛 ,1� + (1 − 𝜏𝜏)�𝑏𝑏𝑛𝑛 ,2��
∞

𝑛𝑛=𝑝𝑝

(𝑧𝑧)����𝑛𝑛  

with the aid of Theorem (2), we have 
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� 𝛿𝛿(𝑛𝑛, 𝑞𝑞)�(𝑛𝑛 − 𝑞𝑞)�(𝑛𝑛 − 𝑞𝑞 − 1)𝐾𝐾 − 𝛽𝛽� + 𝐾𝐾� �1 +
(𝑛𝑛 − 𝑝𝑝)𝜆𝜆
𝑝𝑝 + 𝛾𝛾

�
𝜂𝜂∞

𝑛𝑛=𝑝𝑝+1

�𝜏𝜏�𝑎𝑎𝑛𝑛 ,1� + (1 − 𝜏𝜏)�𝑎𝑎𝑛𝑛 ,2�� 

+ �𝛿𝛿(𝑛𝑛, 𝑞𝑞)�(𝑛𝑛 − 𝑞𝑞)�(𝑛𝑛 − 𝑞𝑞 − 1)𝐾𝐾 − 𝛽𝛽� + 𝐾𝐾� �1 +
(𝑛𝑛 − 𝑝𝑝)𝜆𝜆
𝑝𝑝 + 𝛾𝛾

�
𝜂𝜂

�𝜏𝜏�𝑏𝑏𝑛𝑛 ,1� + (1 − 𝜏𝜏)�𝑏𝑏𝑛𝑛 ,2��
∞

𝑛𝑛=𝑝𝑝

 

= 𝜏𝜏 � � 𝛿𝛿(𝑛𝑛, 𝑞𝑞)�(𝑛𝑛 − 𝑞𝑞)�(𝑛𝑛 − 𝑞𝑞 − 1)𝐾𝐾 − 𝛽𝛽� + 𝐾𝐾� �1 +
(𝑛𝑛 − 𝑝𝑝)𝜆𝜆
𝑝𝑝 + 𝛾𝛾

�
𝜂𝜂

�𝑎𝑎𝑛𝑛 ,1�
∞

𝑛𝑛=𝑝𝑝+1

+ �𝛿𝛿(𝑛𝑛, 𝑞𝑞)�(𝑛𝑛 − 𝑞𝑞)�(𝑛𝑛 − 𝑞𝑞 − 1)𝐾𝐾 − 𝛽𝛽� + 𝐾𝐾� �1 +
(𝑛𝑛 − 𝑝𝑝)𝜆𝜆
𝑝𝑝 + 𝛾𝛾

�
𝜂𝜂

�𝑏𝑏𝑛𝑛 ,1�
∞

𝑛𝑛=𝑝𝑝

� 

+(1 − 𝜏𝜏) � � 𝛿𝛿(𝑛𝑛, 𝑞𝑞)�(𝑛𝑛 − 𝑞𝑞)�(𝑛𝑛 − 𝑞𝑞 − 1)𝐾𝐾 − 𝛽𝛽� + 𝐾𝐾� �1 +
(𝑛𝑛 − 𝑝𝑝)𝜆𝜆
𝑝𝑝 + 𝛾𝛾

�
𝜂𝜂

�𝑎𝑎𝑛𝑛 ,2�
∞

𝑛𝑛=𝑝𝑝+1

+ �𝛿𝛿(𝑛𝑛, 𝑞𝑞)�(𝑛𝑛 − 𝑞𝑞)�(𝑛𝑛 − 𝑞𝑞 − 1)𝐾𝐾 − 𝛽𝛽� + 𝐾𝐾� �1 +
(𝑛𝑛 − 𝑝𝑝)𝜆𝜆
𝑝𝑝 + 𝛾𝛾

�
𝜂𝜂

�𝑏𝑏𝑛𝑛 ,2�
∞

𝑛𝑛=𝑝𝑝

� 

≤ 𝜏𝜏𝜏𝜏(𝑝𝑝, 𝑞𝑞) + (1 − 𝜏𝜏)𝛿𝛿(𝑝𝑝, 𝑞𝑞) = 𝛿𝛿(𝑝𝑝, 𝑞𝑞). 
Hence, 𝐻𝐻(𝑧𝑧) ∈ 𝐴𝐴𝑀𝑀𝑝𝑝(𝐾𝐾,𝛽𝛽, 𝛾𝛾) . 
For harmonic functions 

𝑓𝑓(𝑧𝑧) = 𝑧𝑧𝑝𝑝 − � |𝑎𝑎𝑛𝑛

∞

𝑛𝑛=𝑝𝑝+1

|𝑧𝑧𝑛𝑛 −� |𝑏𝑏𝑛𝑛

∞

𝑛𝑛=𝑝𝑝

|(𝑧𝑧)����𝑛𝑛                                           (17) 

and 

𝐹𝐹(𝑧𝑧) = 𝑧𝑧𝑝𝑝 − � |𝐴𝐴𝑛𝑛

∞

𝑛𝑛=𝑝𝑝+1

|𝑧𝑧𝑛𝑛 −� |𝐵𝐵𝑛𝑛

∞

𝑛𝑛=𝑝𝑝

|(𝑧𝑧)����𝑛𝑛 .                                         (18) 

We define the convolution of  𝑓𝑓 𝑎𝑎𝑎𝑎𝑎𝑎 𝐹𝐹  as 

(𝑓𝑓 ∗ 𝐹𝐹)(𝑧𝑧) = 𝑧𝑧𝑝𝑝 − � |𝑎𝑎𝑛𝑛𝐴𝐴𝑛𝑛 |𝑧𝑧𝑛𝑛
∞

𝑛𝑛=𝑝𝑝+1

−�|𝑏𝑏𝑛𝑛𝐵𝐵𝑛𝑛 |(𝑧𝑧)����𝑛𝑛
∞

𝑛𝑛=𝑝𝑝

.                                          (19) 

IV. CONVOLUTION PROPERTY 
In the following theorem we examine the convolution property of the class 𝐴𝐴𝑀𝑀𝑝𝑝(𝐾𝐾,𝛽𝛽, 𝛾𝛾) . 
Theorem 5: If  𝑓𝑓 𝑎𝑎𝑎𝑎𝑎𝑎 𝐹𝐹 are in the class 𝐴𝐴𝑀𝑀𝑝𝑝(𝐾𝐾,𝛽𝛽, 𝛾𝛾), then (𝑓𝑓 ∗ 𝐹𝐹) also in the class 𝐴𝐴𝑀𝑀𝑝𝑝(𝐾𝐾,𝛽𝛽, 𝛾𝛾). 
Proof : Let 𝑓𝑓 𝑎𝑎𝑎𝑎𝑎𝑎 𝐹𝐹 of the from (17) and (18) belong to 𝐴𝐴𝑀𝑀𝑝𝑝(𝐾𝐾,𝛽𝛽, 𝛾𝛾). Then the convolution of 𝑓𝑓 𝑎𝑎𝑎𝑎𝑎𝑎 𝐹𝐹 is given by (19). Note that 
|𝐴𝐴𝑛𝑛 | ≤ 1𝑎𝑎𝑎𝑎𝑎𝑎 |𝐵𝐵𝑛𝑛 | ≤ 1, since 𝐹𝐹 ∈ 𝐴𝐴𝑀𝑀𝑝𝑝(𝐾𝐾,𝛽𝛽, 𝛾𝛾). Then we can write 

� 𝛿𝛿(𝑛𝑛, 𝑞𝑞)�(𝑛𝑛 − 𝑞𝑞)�(𝑛𝑛 − 𝑞𝑞 − 1)𝐾𝐾 − 𝛽𝛽� + 𝐾𝐾� �1 +
(𝑛𝑛 − 𝑝𝑝)𝜆𝜆
𝑝𝑝 + 𝛾𝛾

�
𝜂𝜂

|𝑎𝑎𝑛𝑛 |
∞

𝑛𝑛=𝑝𝑝+1

|𝐴𝐴𝑛𝑛 | 

+ �𝛿𝛿(𝑛𝑛, 𝑞𝑞)�(𝑛𝑛 − 𝑞𝑞)�(𝑛𝑛 − 𝑞𝑞 − 1)𝐾𝐾 − 𝛽𝛽� + 𝐾𝐾� �1 +
(𝑛𝑛 − 𝑝𝑝)𝜆𝜆
𝑝𝑝 + 𝛾𝛾

�
𝜂𝜂

|𝑏𝑏𝑛𝑛 |
∞

𝑛𝑛=𝑝𝑝

|𝐵𝐵𝑛𝑛 | 

≤ � 𝛿𝛿(𝑛𝑛, 𝑞𝑞)�(𝑛𝑛 − 𝑞𝑞)�(𝑛𝑛 − 𝑞𝑞 − 1)𝐾𝐾 − 𝛽𝛽� + 𝐾𝐾� �1 +
(𝑛𝑛 − 𝑝𝑝)𝜆𝜆
𝑝𝑝 + 𝛾𝛾

�
𝜂𝜂

|𝑎𝑎𝑛𝑛 |
∞

𝑛𝑛=𝑝𝑝+1

 

+ �𝛿𝛿(𝑛𝑛, 𝑞𝑞)�(𝑛𝑛 − 𝑞𝑞)�(𝑛𝑛 − 𝑞𝑞 − 1)𝐾𝐾 − 𝛽𝛽� + 𝐾𝐾� �1 +
(𝑛𝑛 − 𝑝𝑝)𝜆𝜆
𝑝𝑝 + 𝛾𝛾

�
𝜂𝜂

|𝑏𝑏𝑛𝑛 |
∞

𝑛𝑛=𝑝𝑝

. 

The right hand side of the above inequality is bounded by 𝛿𝛿(𝑝𝑝, 𝑞𝑞) because 𝑓𝑓 ∈ 𝐴𝐴𝑀𝑀𝑝𝑝(𝐾𝐾,𝛽𝛽, 𝛾𝛾). Therefore(𝑓𝑓 ∗ 𝐹𝐹) ∈ 𝐴𝐴𝑀𝑀𝑝𝑝(𝐾𝐾,𝛽𝛽, 𝛾𝛾). 
5- Integral Operator: 
Definition 1[7]: The June-Kim-Srivastava integral operator is defined by 

𝒥𝒥𝜎𝜎ℎ(𝑧𝑧) =
(𝑝𝑝 + 1)𝜎𝜎

𝑧𝑧Γ(𝜎𝜎) ��𝑙𝑙𝑙𝑙𝑙𝑙
𝑧𝑧
𝑡𝑡
�
𝜎𝜎

𝑧𝑧

0

𝐾𝐾(𝑡𝑡)𝑑𝑑𝑑𝑑, 𝜎𝜎 > 0.                         (20) 

If  
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ℎ(𝑧𝑧) = 𝑧𝑧𝑝𝑝 − � 𝑎𝑎𝑛𝑛𝑧𝑧𝑛𝑛
∞

𝑛𝑛=𝑝𝑝+1

, 

then 

𝒥𝒥𝜎𝜎ℎ(𝑧𝑧) = 𝑧𝑧𝑝𝑝 − � �
𝑝𝑝 + 1
𝑛𝑛 + 1

�
𝜎𝜎∞

𝑛𝑛=𝑝𝑝+1

𝑎𝑎𝑛𝑛𝑧𝑧𝑛𝑛 ,                                                   (21) 

also 𝒥𝒥𝜎𝜎  is a linear operator. 
Remark 1: If 𝑓𝑓(𝑧𝑧) = ℎ(𝑧𝑧) + 𝑔𝑔(𝑧𝑧)������, where 

ℎ(𝑧𝑧) = 𝑧𝑧𝑝𝑝 − � |𝑎𝑎𝑛𝑛 |
∞

𝑛𝑛=𝑝𝑝+1

𝑧𝑧𝑛𝑛 , 𝑔𝑔(𝑧𝑧) = −�|𝑏𝑏𝑛𝑛 |
∞

𝑛𝑛=𝑝𝑝

𝑧𝑧𝑛𝑛 , �𝑏𝑏𝑝𝑝� < 1,               

then 
𝒥𝒥𝜎𝜎𝑓𝑓(𝑧𝑧) = 𝒥𝒥𝜎𝜎ℎ(𝑧𝑧) + 𝒥𝒥𝜎𝜎𝑔𝑔(𝑧𝑧)����������.                                                    (22) 

Theorem 6: If 𝑓𝑓 ∈ 𝐴𝐴𝑀𝑀𝑝𝑝(𝐾𝐾,𝛽𝛽, 𝛾𝛾), then 𝒥𝒥𝜎𝜎𝑓𝑓 is also in 𝐴𝐴𝑀𝑀𝑝𝑝(𝐾𝐾,𝛽𝛽, 𝛾𝛾). 
Proof : By (21) and (22), we obtain  

𝒥𝒥𝜎𝜎𝑓𝑓(𝑧𝑧) = 𝒥𝒥𝜎𝜎 �𝑧𝑧𝑝𝑝 − � |𝑎𝑎𝑛𝑛 |𝑧𝑧𝑛𝑛
∞

𝑛𝑛=𝑝𝑝+1

−�|𝑏𝑏𝑛𝑛 |(𝑧𝑧)����𝑛𝑛
∞

𝑛𝑛=𝑝𝑝

�                           = 𝑧𝑧𝑝𝑝 − � �
𝑝𝑝 + 1
𝑛𝑛 + 1

�
𝜎𝜎

|𝑎𝑎𝑛𝑛 |𝑧𝑧𝑛𝑛 −��
𝑝𝑝 + 1
𝑛𝑛 + 1

�
𝜎𝜎

�|𝑏𝑏𝑛𝑛 |(𝑧𝑧)����𝑛𝑛
∞

𝑛𝑛=𝑝𝑝

,
∞

𝑛𝑛=𝑝𝑝

∞

𝑛𝑛=𝑝𝑝+1

 

since 𝑓𝑓 ∈ 𝐴𝐴𝑀𝑀𝑝𝑝(𝐾𝐾,𝛽𝛽, 𝛾𝛾), then by Theorem (2), we have 

� 𝛿𝛿(𝑛𝑛, 𝑞𝑞)�(𝑛𝑛 − 𝑞𝑞)�(𝑛𝑛 − 𝑞𝑞 − 1)𝐾𝐾 − 𝛽𝛽� + 𝐾𝐾� �1 +
(𝑛𝑛 − 𝑝𝑝)𝜆𝜆
𝑝𝑝 + 𝛾𝛾

�
𝜂𝜂

|𝑎𝑎𝑛𝑛 |
∞

𝑛𝑛=𝑝𝑝+1

 

+ �𝛿𝛿(𝑛𝑛, 𝑞𝑞)�(𝑛𝑛 − 𝑞𝑞)�(𝑛𝑛 − 𝑞𝑞 − 1)𝐾𝐾 − 𝛽𝛽� + 𝐾𝐾� �1 +
(𝑛𝑛 − 𝑝𝑝)𝜆𝜆
𝑝𝑝 + 𝛾𝛾

�
𝜂𝜂

|𝑏𝑏𝑛𝑛 |
∞

𝑛𝑛=𝑝𝑝

≤ 𝛿𝛿(𝑝𝑝, 𝑞𝑞).      (23) 

We must show 

� 𝛿𝛿(𝑛𝑛, 𝑞𝑞)�(𝑛𝑛 − 𝑞𝑞)�(𝑛𝑛 − 𝑞𝑞 − 1)𝐾𝐾 − 𝛽𝛽� + 𝐾𝐾� �1 +
(𝑛𝑛 − 𝑝𝑝)𝜆𝜆
𝑝𝑝 + 𝛾𝛾

�
𝜂𝜂

�
𝑝𝑝 + 1
𝑛𝑛 + 1

�
𝜎𝜎

|𝑎𝑎𝑛𝑛 |
∞

𝑛𝑛=𝑝𝑝+1

 

+ �𝛿𝛿(𝑛𝑛, 𝑞𝑞)�(𝑛𝑛 − 𝑞𝑞)�(𝑛𝑛 − 𝑞𝑞 − 1)𝐾𝐾 − 𝛽𝛽� + 𝐾𝐾� �1 +
(𝑛𝑛 − 𝑝𝑝)𝜆𝜆
𝑝𝑝 + 𝛾𝛾

�
𝜂𝜂

�
𝑝𝑝 + 1
𝑛𝑛 + 1

�
𝜎𝜎

|𝑏𝑏𝑛𝑛 |
∞

𝑛𝑛=𝑝𝑝

 

≤ 𝛿𝛿(𝑝𝑝, 𝑞𝑞).                                                               (24) 
But in view of (23) the inequality in (24) holds true if �𝑝𝑝+1

𝑛𝑛+1
�
𝜎𝜎
≤ 1, since 𝜎𝜎 > 0 𝑎𝑎𝑎𝑎𝑎𝑎 𝑝𝑝 ≤ 𝑛𝑛, therefore (24) holds true and this gives the 

result. 
Theorem 7: Let 𝑓𝑓 ∈ 𝐴𝐴𝑀𝑀𝑝𝑝(𝐾𝐾,𝛽𝛽, 𝛾𝛾). Then 

�𝐷𝐷𝑝𝑝(𝜆𝜆,𝛽𝛽, 𝛾𝛾)𝑓𝑓(𝑧𝑧)� ≤ �1 + �𝑏𝑏𝑝𝑝��𝑧𝑧𝑝𝑝 +
𝛿𝛿(𝑝𝑝, 𝑞𝑞) − �𝑏𝑏𝑝𝑝�

𝛿𝛿(𝑝𝑝 + 1,𝑞𝑞)�(𝑝𝑝 − 𝑞𝑞 + 1)�(𝑝𝑝 − 𝑞𝑞)𝐾𝐾 − 𝛽𝛽� + 𝐾𝐾�
|𝑧𝑧|𝑝𝑝+1 

and 

�𝐷𝐷𝑝𝑝(𝜆𝜆,𝛽𝛽, 𝛾𝛾)𝑓𝑓(𝑧𝑧)� ≥ �1 − �𝑏𝑏𝑝𝑝��𝑧𝑧𝑝𝑝 −
𝛿𝛿(𝑝𝑝, 𝑞𝑞) − �𝑏𝑏𝑝𝑝�

𝛿𝛿(𝑝𝑝 + 1, 𝑞𝑞)�(𝑝𝑝 − 𝑞𝑞 + 1)�(𝑝𝑝 − 𝑞𝑞)𝐾𝐾 − 𝛽𝛽� + 𝐾𝐾�
|𝑧𝑧|𝑝𝑝+1. 

Proof : Let 𝑓𝑓 ∈ 𝐴𝐴𝑀𝑀𝑝𝑝(𝐾𝐾,𝛽𝛽, 𝛾𝛾), then we have 

𝛿𝛿(𝑝𝑝 + 1, 𝑞𝑞)�(𝑝𝑝 − 𝑞𝑞 + 1)�(𝑝𝑝 − 𝑞𝑞)𝐾𝐾 − 𝛽𝛽� + 𝐾𝐾� �1 +
(𝑛𝑛 − 𝑝𝑝)𝜆𝜆
𝑝𝑝 + 𝛾𝛾

�
𝜂𝜂

(|𝑎𝑎𝑛𝑛 | + |𝑏𝑏𝑛𝑛 |) 

≤ � 𝛿𝛿(𝑛𝑛, 𝑞𝑞)�(𝑛𝑛 − 𝑞𝑞)�(𝑛𝑛 − 𝑞𝑞 − 1)𝐾𝐾 − 𝛽𝛽� + 𝐾𝐾� �1 +
(𝑛𝑛 − 𝑝𝑝)𝜆𝜆
𝑝𝑝 + 𝛾𝛾

�
𝜂𝜂∞

𝑛𝑛=𝑝𝑝+1

(|𝑎𝑎𝑛𝑛 | + |𝑏𝑏𝑛𝑛 |) ≤ 𝛿𝛿(𝑝𝑝, 𝑞𝑞) − �𝑏𝑏𝑝𝑝� 

Which implies that 

� �1 +
(𝑛𝑛 − 𝑝𝑝)𝜆𝜆
𝑝𝑝 + 𝛾𝛾

�
𝜂𝜂

(|𝑎𝑎𝑛𝑛 | + |𝑏𝑏𝑛𝑛 |) ≤
𝛿𝛿(𝑝𝑝, 𝑞𝑞) − �𝑏𝑏𝑝𝑝�

𝛿𝛿(𝑝𝑝 + 1, 𝑞𝑞)�(𝑝𝑝 − 𝑞𝑞 + 1)�(𝑝𝑝 − 𝑞𝑞)𝐾𝐾 − 𝛽𝛽� + 𝐾𝐾�

∞

𝑛𝑛=𝑝𝑝+

. 

Applying this inequality in the following assertion, we obtain 

�𝐷𝐷𝑝𝑝(𝜆𝜆,𝛽𝛽, 𝛾𝛾)𝑓𝑓(𝑧𝑧)� = �𝑧𝑧𝑝𝑝 − � �1 +
(𝑛𝑛 − 𝑝𝑝)𝜆𝜆
𝑝𝑝 + 𝛾𝛾

�
𝜂𝜂

|𝑎𝑎𝑛𝑛 |
∞

𝑛𝑛=𝑝𝑝+1

𝑧𝑧𝑛𝑛 −� �1 +
(𝑛𝑛 − 𝑝𝑝)𝜆𝜆
𝑝𝑝 + 𝛾𝛾

�
𝜂𝜂

|𝑏𝑏𝑛𝑛 |
∞

𝑛𝑛=𝑝𝑝

(𝑧𝑧)����𝑛𝑛� 
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≤ �1 + �𝑏𝑏𝑝𝑝��𝑧𝑧𝑝𝑝 + � �1 +
(𝑛𝑛 − 𝑝𝑝)𝜆𝜆
𝑝𝑝 + 𝛾𝛾

�
𝜂𝜂

(|𝑎𝑎𝑛𝑛 | + |𝑏𝑏𝑛𝑛 |)|𝑧𝑧|𝑛𝑛
∞

𝑛𝑛=𝑝𝑝+1

 

≤ �1 + �𝑏𝑏𝑝𝑝��𝑧𝑧𝑝𝑝 + � �1 +
(𝑛𝑛 − 𝑝𝑝)𝜆𝜆
𝑝𝑝 + 𝛾𝛾

�
𝜂𝜂

(|𝑎𝑎𝑛𝑛 | + |𝑏𝑏𝑛𝑛 |)
∞

𝑛𝑛=𝑝𝑝+1

|𝑧𝑧|𝑝𝑝+1 

≤ �1 + �𝑏𝑏𝑝𝑝��𝑧𝑧𝑝𝑝 +
𝛿𝛿(𝑝𝑝, 𝑞𝑞) − �𝑏𝑏𝑝𝑝�

𝛿𝛿(𝑝𝑝 + 1, 𝑞𝑞)�(𝑝𝑝 − 𝑞𝑞 + 1)�(𝑝𝑝 − 𝑞𝑞)𝐾𝐾 − 𝛽𝛽� + 𝐾𝐾�
|𝑧𝑧|𝑝𝑝+1. 

Also, on the other hand we obtain 

�𝐷𝐷𝑝𝑝(𝜆𝜆,𝛽𝛽, 𝛾𝛾)𝑓𝑓(𝑧𝑧)� ≥ �1 − �𝑏𝑏𝑝𝑝��𝑧𝑧𝑝𝑝 − � �1 +
(𝑛𝑛 − 𝑝𝑝)𝜆𝜆
𝑝𝑝 + 𝛾𝛾

�
𝜂𝜂

(|𝑎𝑎𝑛𝑛 | + |𝑏𝑏𝑛𝑛 |)|𝑧𝑧|𝑛𝑛
∞

𝑛𝑛=𝑝𝑝+1

 

≥ �1 − �𝑏𝑏𝑝𝑝��𝑧𝑧𝑝𝑝 − � �1 +
(𝑛𝑛 − 𝑝𝑝)𝜆𝜆
𝑝𝑝 + 𝛾𝛾

�
𝜂𝜂

(|𝑎𝑎𝑛𝑛 | + |𝑏𝑏𝑛𝑛 |)|𝑧𝑧|𝑝𝑝+1
∞

𝑛𝑛=𝑝𝑝+1

 

≥ �1 − �𝑏𝑏𝑝𝑝��𝑧𝑧𝑝𝑝 −
𝛿𝛿(𝑝𝑝, 𝑞𝑞) − �𝑏𝑏𝑝𝑝�

𝛿𝛿(𝑝𝑝 + 1, 𝑞𝑞)�(𝑝𝑝 − 𝑞𝑞 + 1)�(𝑝𝑝 − 𝑞𝑞)𝐾𝐾 − 𝛽𝛽� + 𝐾𝐾�
|𝑧𝑧|𝑝𝑝+1. 
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