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ABSTRACT

The non-homogeneous sextic equation with five unknowns represented by the Diophantine equation is
2(x3 +y° )(X —y)= 84(22 - WZ)P4 analyzed for its patterns of non-zero distinct integral solutions are illustrated. Various

interesting relations between the solutions and special numbers namely, polygonal numbers, pyramidal numbers are exhibited.
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1. INTRODUCTION

The theory of Diophantine equations offers a rich variety of fascinating problems (Dickson, 1952; Carmichael, 1959; Mordell,
1969; Telang, 1996). Particularly, in (Gopalan et al., 2007; Gopalan and Sangeetha, 2010; Gopalan et al., 2010), sextic equations
with three unknowns are studied for their integral solutions. (Gopalan and VijayaShankar, 2010; Gopalan et al., 2012; Gopalan et
al., 2012; Gopalan et al., 2013; Gopalan et al., 2013; Gopalan et al., 2013; Gopalan et al., 2013) analyze sextic equations with four
unknowns for their non-zero integer solutions (Gopalan et al., 2012; Gopalan et al., 2013; Gopalan et al., 2014; Gopalan et al.,

2015) analyze sextic equations with five unknowns for their non-zero integer solutions.

This communication concerns with yet another interesting non-homogeneous sextic equation with five unknowns
2(x3 +y° )(X —y)= 84(22 - WZ)P4 given by tuple is analysed for its infinitely many non-zero distinct integer solutions (X, y,

z, w, P) satisfying the above equations are obtained. Various interesting properties among the values of x, y, z, w, P are presented.

NOTATIONS

., : Polygonal number of rank n with size m.

P> : Pyramidal number of rank n with size m.

2. METHOD OF ANALYSIS

The non-homogeneous sextic equation with five unknowns to be solved for its distinct non-zero integral solutions is
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2(x3 + y3)(x —y)= 84(22 - WZ)P4
Introduction of the linear transformations

X=U+V, y=Uu-V, z=2u+V, w=2u-Vv, uzv=0
in (1) leads to

u? +3v? = 84p*

Different methods of obtaining the patterns of integer solutions to (1) are illustrated below:

2.1 PATTERN: 1

Let
P=a’+3b°
where a and b are non-zero integers.

Write 84 as
84=(9+iv3)9-iv3)
Using (4), (5) in (3) and applying the method of factorization, define
(u +1 3v)= (9 + i\/§Xa+ i\/§b)4
From which, we have

u=9a*+81b* —162a°h* —12a°b + 36ab*
v=a*+9b* -18a’b? +36a’h—108ab*

Using (7) in (2), the values of x,y,z andw are given by

x(a,b)=10a* +90b* —180a’b? + 24a’b — 72ab®

w(a,b)=17a" +153b* —306a’b® —60a°b +180ab®

Thus (4) and (8) represent the non-zero integer solutions to (1).

PROPERTIES

s X(1,b)+y(Lb)-18P2(Lb)+ 24|ty , +tygy +tipp + i, + tig, —18P,° | = ~696b

1)

)

®)

(4)

®)

(6)

O

(8)
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+ y(a1)+z(a1)-w(al)-10P@a 1)+12]t,, +t,, +t,, +t,;, —12P.*|= 0(mod6)
X3 z(a,l)—W(a,l)—x(a,l)+8[P(a2,1)—36Pa3JEO(m0d48)

7

& 2(Lb)-w(1,b)+6[216P,° — P(Lb? )~ 6[t,s, + 1, + L5, || = O(mod4)
» wlal)+y(al)-x(a1)-15Pa21)+ 6032 ~t,,, —t,;, — tis, |= 0(mod3)
2.2 PATTERN: 2
Consider (6) as
u?—81P* =3(P* -v?) ©)

Write (9) in the form of ratio as

u+9P? 3P’-v) a
= :—’ 0
PP+v  u-9P* § (520)

which is equivalent to the following two equations

Pu—av+(98-a)P? =0
3 +au—(9a+38)P? =0

On employing the method of cross multiplication, we get

u=9a%+6apf-278°

a of p 10)
V=3ﬂ2 —a? +18ap
P?=38%+a’ (11)

which is satisfied by

a=3r"-s?
p=2rs

Substituting the values of & and £ in (10) and (11), we get

u=81r* +9s* —-162r%s® +36r3s—12rs°
v=-9r*—s*+18r%s? +108r%s — 36rs°

Substituting the values of u and v in (2), the non-zero distinct integral values of x and y are given by
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x(r,s)=72r" +8s* —144r%s® +144r3s — 48rs°

y(r,s)=90r"* +10s* —180r?s? — 72r°s + 24rs®

z(r,s)=153r* +17s* —306r?s® +180r°s —60rs®
w(r,s)=171r* +19s* —342r%s? —36r3s +12rs°
P(r,s)=3r%+s?

Thus (12) represent the non-zero integer solutions to (1).

PROPERTIES

& wL,s)-x(Ls)- y{,s)- P{Ls?)+36]t,, — 6P +6t,, , |=0(mod6)

( 10 Pt t14,r + t16 r )] (mOd 2)

(Ls)- y(Ls)-7P(L,5? )+ 6B4P.° — (t,s, +1ys., +1y5. )| =18(mod 42)
)-

(

o
o
x

rl

.
o
N

)+ y(r1)-2(r.2)-3P(r? 1)+ 18[36P°

25

(12)

o 2(r2)=x(rd)-27P(r2 1)+ Blty,, +ty, +ig, .+, +20t,, —36P°|=12(mod18)

& wL,s)-2(Ls)-2P{Ls?)+ 36lt,,, —12P° |= 0(mod12)

2.3 PATTERN: 3

Write (9) in the form of ratio as

u+9P’ _(Pz—v)_g
3(P?+v) u-9P? _ﬁ’(ﬂio)

which is equivalent to the following two equations

Au—3av+ (98 -3a)P? =0
A +ou—(9a+p)P?=0

On employing the method of cross multiplication, we get

u=27a’+6apf -94°
v=-3a’+ f*+18af

P?=3a%+ ,6’2
which is satisfied by

a=2rs
B=3r?-s?

Substituting the values of @ and f in (13) and (14), we get

(13)

(14)
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u=-81r*—9s* +162r2s* +36r3s—12rs®
v=9r*+s*-18r?s* +108r3s—36rs*

Substituting the values of u and v in (2), the non-zero distinct integral values of x and y are given by

X(r,s)=—-72r* —8s* +144r?s? +144r°s — 48rs°
y(r,s)=-90r* —10s* +180r?s® — 72r%s + 24rs®
z(r,s)=-153r* —17s* + 306r s +180r>s — 60rs’ (15)
w(r,s)=-171r* —19s* +342r?s? —36r°s +12rs’
P(r,s)=3r? +s?

Thus (15) represent the non-zero integer solutions to (1).

PROPERTIES

+ y(1,s)+10P*(1,5)=246P° +1,, +1,,. |
(r1)
(Ls)- y(,5)+ 7|Pl,s? )+ 72p.° —6(t,o , +1,,. )| = 0(mod 42)
o x(rd)-z(r1)-27P(r 1)+ 6[36R° + 1, +t,, |=-6(mod18)

o
o
x

r1)+8[P2(r,1)—108P, + t,,,, |=—528r
& 7
& X(Ls)+y(Ls)-w(Ls)-P>(1,5)+12118P° —t,, —t,,, | = 240s

,s
PATTERN: 4

Write (9) in the form of ratio as

u+9pP? _(P2+v)_g
3P -v) u-9P? _ﬂ’(ﬂio)

which is equivalent to the following two equations

Au+3av+(98-3a)P? =0
—V+au—9a+ B)P? =

On employing the method of cross multiplication, we get

(16)

u=_27a” +6apf -9’
v=3a’-B°-18ap

P?=3a’+p° (17)

which is satisfied by

26

WWW.ijsrp.or


http://ijsrp.org/

International Journal of Scientific and Research Publications, Volume 7, Issue 8, August 2017
ISSN 2250-3153

a=2rs
B=3r*-s’

Substituting the values of  and £ in (16) and (17), we get

u=-81r*—9s* +162r%s? + 36r’s —12rs?
v=-9r*—s*+18r?s®> —108r%s + 36rs*

27

Substituting the values of u and v in (2), the non-zero distinct integral values of x and y are given by

x(r,s)=-90r* —10s* +180r2s® — 72r°s + 24rs’
y(r,s)=-72r* —8s* +144r%s® +144r°% — 48rs®
z(r,s)=—171r" —19s* +342r?s* —36r°s +12rs°
w(r,s)=-153r* 173“+306r252+180r3s—60rs3
)=3

(
P(r,s

Thus (18) represent the non-zero integer solutions to (1).

PROPERTIES

e 2(Ls

)-x(Ls)- y(1,5)+ P{L,s*)-18112P° - 6t, , —t,  |= 0(mod6)
o 2(r)-w(r1)—6|P(r? 1)-36-6P,° +(t,, +t, +t, +1s, )]=0(mod4)
& y(Ls)+8P(s)+4[72P° —4gt, —12t,, |= 0(mod 48)
)

= y(r2)+w(r2)-x(r1)+45P(r2 1)+ 6300, , —396P° +1,, |=—6

(18)

o 2(1s)-w1,s)-x(1,s)- y(1,5)+161108P° — P(L,s?)-6lt,, +t;, +2t,. , )|= 0(mod96)

2.5 PATTERN: 5

Write (9) in the form of ratio as

u+9P2_3(P2+v)_g
(P2-v) u-9p* g’ (520)

which is equivalent to the following two equations

Pu+av+(98-a)P? =
~3v+au—(9a+38)P* =

On employing the method of cross multiplication, we get
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u:9a2+6a,6’—27,6’2}

V=a’-38°-18ap
P? =38 +a’
which is satisfied by
a=3r"-s’
p=2rs

Substituting

Substituting the values of u and v in (2), the non-zero distinct integral values of x and y are given by

the values of @ and S in (19) and (20), we get

u=81r*+9s* —-162r2s?

v=9r*+s*-18r2s®> —108r°s + 36rs°

x(r,s)=90r* +10s* —180r?s® — 72r°s + 24rs®
y(r,s)=72r* +8s* —144r?s? +144r°s — 48rs°
z(r,s)=171r* +19s* —342r%s? —36r°%s +12rs°
w(r,s)=153r* +17s* —306r2s® +180r°s — 60rs®
P(r,s)=3

Thus (21) represent the non-zero integer solutions to (1).

PROPERTIES

e x(ri)+
@ y(,s)+8

)
(1.s)-

®,
o
N

o
o<
x

N

1)+

y(r,
8[36P°
(1

w(r,1) +12[12t3,r - 9P(r2 ,1)— 72P° + 2(t8’r g, + i, i, g, g, U, )J

1)-w(r1)-3P(r21)+18[36R° —t

P —P(L sZ)JE 0(mod 48)

+36r3s—12rs®

10 r _t14,r _tlﬁ rJ (mOd 2)

5)- (L)~ P52+ 16, + Lo, ~12P|=0(mod6)

(r)+6[72P —5P(r2 1) 4t,, - 2t,, |=
(r

= 48(mod 72)

3. CONCLUSION

0(mod4)

(19)

(20)

(21)

28

In this paper, we have made an attempt to determine different patterns of non-zero distinct integer solutions to the

non-homogeneous sextic equations with five unknowns. As the sextic equations are rich in variety, one may search for

other forms of sextic equation with variables greater than or equal to five and obtain their corresponding properties.
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