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ABSTRACT 

The non-homogeneous sextic equation with five unknowns represented by the Diophantine equation is  

( )( ) ( ) 42233 Pwz84yxyx2 −=−+   analyzed for its patterns of non-zero distinct integral solutions are illustrated.  Various 

interesting relations between the solutions and special numbers namely, polygonal numbers, pyramidal numbers are exhibited. 
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1. INTRODUCTION 

The theory of Diophantine equations offers a rich variety of fascinating problems (Dickson, 1952; Carmichael, 1959; Mordell, 

1969; Telang, 1996).  Particularly, in (Gopalan et al., 2007; Gopalan and Sangeetha, 2010; Gopalan et al., 2010), sextic equations 

with three unknowns are studied for their integral solutions.  (Gopalan and VijayaShankar, 2010; Gopalan et al., 2012; Gopalan et 

al., 2012; Gopalan et al., 2013; Gopalan et al., 2013; Gopalan et al., 2013; Gopalan et al., 2013) analyze sextic equations with four 

unknowns for their non-zero integer solutions (Gopalan et al., 2012; Gopalan et al., 2013; Gopalan et al., 2014; Gopalan et al., 

2015) analyze sextic equations with five unknowns for their non-zero integer solutions.  

This communication concerns with yet another interesting  non-homogeneous sextic equation with five  unknowns 

( )( ) ( ) 42233 Pwz84yxyx2 −=−+   given by tuple is analysed for its infinitely many non-zero distinct integer solutions (x, y, 

z, w, P) satisfying the above equations are obtained.  Various interesting properties among the values of x, y, z, w, P are presented. 

NOTATIONS 

     n,mt   : Polygonal number of rank n with size m. 

      n
mP : Pyramidal number of rank n with size m. 

2. METHOD OF ANALYSIS 

The non-homogeneous sextic equation with five unknowns to be solved for its distinct non-zero integral solutions is  
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                 ( ) ( ) ( ) 42233 Pwz84yxyx2 −=−+                                         (1) 

Introduction of the linear transformations  

                 0vu,vu2w,vu2z,vuy,vux ≠≠−=+=−=+=                        (2) 

in (1) leads to 

                                  
422 P84v3u =+                                                    (3) 

Different methods of obtaining the patterns of integer solutions to (1) are illustrated below: 

2.1 PATTERN: 1 

Let  

                                 22 3baP +=                                                          (4) 

where a  and  b  are  non-zero  integers. 

Write 84 as 

                        ( )( )3i93i984 −+=                                                         (5) 

Using (4), (5) in (3) and applying the method of factorization, define  

                    ( ) ( )( )43393 biaiviu ++=+                                             (6) 

From which, we have 

                       






−+−+=

+−−+=
332244

332244

10836189
3612162819
abbababav

abbababau
                       (7) 

Using  (7)  in  ( 2),  the  values  of  x, y, z  and w  are  given  by 

            

( )
( )
( )
( ) 












+−−+=

−+−+=

+−−+=

−+−+=

332244

332244

332244

332244

1806030615317,
361234217119,

14448144728,
72241809010,

abbabababaw
abbabababaz
abbabababay
abbabababax

                  (8) 

Thus  (4)  and  (8)  represent  the  non-zero  integer  solutions  to  (1).     

PROPERTIES 

 ( ) ( ) ( ) [ ] b696P18ttttt24b,1P18b,1yb,1x 3
bb,18b,16b,12b,10b,8

2 −=−+++++−+  
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 ( ) ( ) ( ) ( ) [ ] ( )6mod0P12tttt121,aP101,aw1,az1,ay 3
aa,16a,14a,12a,8

2 ≡−++++−−+  

 ( ) ( ) ( ) ( )[ ] ( )48mod0P361,aP81,ax1,aw1,az 3
a

2 ≡−+−−  

 ( ) ( ) ( ) [ ][ ] ( )4mod0ttt6b,1PP2166b,1wb,1z b,18b,12b,10
23

b ≡++−−+−  

 ( ) ( ) ( ) ( ) [ ] ( )3mod0tttP13261,aP151,ax1,ay1,aw a,18a,16a,14
3

a
2 ≡−−−+−−+  

2.2 PATTERN: 2 

Consider (6) as  

                                ( )2442 381 vPPu −=−                                                (9) 

Write (9) in the form of ratio as  

                      
( ) ( )0,

P9u
vP3

vP
P9u

2

2

2

2

≠=
−
−

=
+

+ β
β
α

                                          

which is equivalent  to  the  following  two  equations  

                               
( )
( ) 0393

09
2

2

=+−+

=−+−

Puv
Pvu
βααβ

αβαβ
 

On employing the  method  of  cross  multiplication,  we  get 

                                






+−=

−+=

αβαβ

βαβα

183
2769

22

22

v
u

                                         (10) 

                                 222 3 αβ +=P                                                          (11) 

which is  satisfied  by   

                                   
rs

sr
2
3 22

=
−=

β
α

 

Substituting the values of α and β   in (10) and (11), we  get  

                                  
332244

332244

36108189
1236162981

rssrsrsrv
rssrsrsru

−++−−=

−+−+=
 

Substituting  the  values  of  u  and  v  in (2),  the  non-zero  distinct  integral  values  of   x  and  y  are  given  by 

http://ijsrp.org/


International Journal of Scientific and Research Publications, Volume 7, Issue 8, August 2017      25 
ISSN 2250-3153   

    www.ijsrp.org 

                

( )
( )
( )
( )
( ) 














+=

+−−+=

−+−+=

+−−+=

−+−+=

22

332244

332244

332244

332244

3,
123634219171,
6018030617153,

24721801090,
48144144872,

srsrP
rssrsrsrsrw
rssrsrsrsrz

rssrsrsrsry
rssrsrsrsrx

                       (12) 

Thus (12) represent the  non-zero  integer  solutions  to  (1). 

PROPERTIES 

 ( ) ( ) ( ) ( ) [ ] ( )6mod06636,1,1,1,1 1,3
3

,3
2 ≡+−+−−− −sss tPtsPsysxsw  

 ( ) ( ) ( ) ( ) ( )[ ] ( )2mod036181,31,1,1, ,16,14,10
32 ≡++−+−−+ rrrr tttPrPrzryrx  

 ( ) ( ) ( ) ( )[ ] ( )42mod18846,17,1,1 ,18,16,14
32 ≡++−+−− ssss tttPsPsysz  

 ( ) ( ) ( ) [ ] ( )18mod12362061,271,1, 3
,3,20,18,16,14,12

2 ≡−++++++−− rrrrrrr PttttttrPrxrz  

 ( ) ( ) ( ) [ ] ( )12mod01236,12,1,1 3
,16

2 ≡−+−− ss PtsPszsw  

2.3 PATTERN: 3 

Write (9) in the form of ratio  as  

                               ( )
( ) ( )0,

93
9

2

2

2

2

≠=
−
−

=
+

+ β
β
α

Pu
vP

vP
Pu

                                          

which is equivalent  to  the  following  two  equations  

                               
( )
( ) 09

0393
2

2

=+−+

=−+−

Puv
Pvu

βααβ

αβαβ
 

On employing the method  of  cross  multiplication,  we  get 

                                






++−=

−+=

αββα

βαβα

183
9627

22

22

v
u

                                          (13) 

                                 222 3 βα +=P                                                          (14) 

which is  satisfied  by   

                                   223
2

sr
rs
−=

=

β

α
 

Substituting   the values of α and  β   in (13) and (14), we  get  
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332244

332244

36108189
1236162981

rssrsrsrv
rssrsrsru

−+−+=

−++−−=
 

Substituting  the  values  of  u  and  v  in (2),  the  non-zero  distinct  integral  values  of   x  and  y  are  given  by 

              

( )
( )
( )
( )
( ) 














+=

+−+−−=

−++−−=

+−+−−=

−++−−=

22

332244

332244

332244

332244

3,
123634219171,
6018030617153,

24721801090,
48144144872,

srsrP
rssrsrsrsrw
rssrsrsrsrz

rssrsrsrsry
rssrsrsrsrx

                      (15) 

Thus (15) represent the non-zero integer  solutions  to  (1). 

PROPERTIES 

 ( ) ( ) [ ]sss ttPsPsy ,10,8
32 624,110,1 ++=+  

 ( ) ( )[ ] rtPrPrx rr 52861081,81, ,12
32 −=+−+  

 ( ) ( ) ( ) ( )[ ] ( )42mod0672,17,1,1 ,12,10
32 ≡+−++− sss ttpsPsysz  

 ( ) ( ) ( ) [ ] ( )18mod63661,271,1, ,12,10
32 −≡+++−− rrr ttPrPrzrx  

 ( ) ( ) ( ) ( ) [ ] sttPsPswsysx sss 2401812,1,1,1,1 ,10,8
32 =−−+−−+  

PATTERN: 4 

Write (9) in the form of ratio  as  

                               ( )
( ) ( )0,

P9u
vP

vP3
P9u

2

2

2

2

≠=
−
+

=
−

+ β
β
α

                                          

which is  equivalent  to  the  following  two  equations  

                               
( )
( ) 09

0393
2

2

=+−+−

=−++

Puv
Pvu

βααβ

αβαβ
 

On employing the method of cross multiplication, we get 

                                






−−=

−+=

αββα

βαβα

183
9627

22

22

v
u

                                              (16)  

                            222 3 βα +=P                                                                        (17) 

which  is  satisfied  by   

http://ijsrp.org/


International Journal of Scientific and Research Publications, Volume 7, Issue 8, August 2017      27 
ISSN 2250-3153   

    www.ijsrp.org 

                                   223
2

sr
rs
−=

=

β

α
 

Substituting the values of α and  β  in (16) and (17), we get  

                                  
332244

332244

36108189
1236162981
rssrsrsrv

rssrsrsru
+−+−−=

−++−−=
 

Substituting  the  values  of  u  and  v  in (2),  the  non-zero  distinct  integral  values  of   x  and  y  are  given  by 

          

( )
( )
( )
( )
( ) 














+=

−++−−=

+−+−−=

−++−−=

+−+−−=

22

332244

332244

332244

332244

3,
6018030617153,

123634219171,
48144144872,
24721801090,

srsrP
rssrsrsrsrw

rssrsrsrsrz
rssrsrsrsry
rssrsrsrsrx

                       (18) 

Thus (18) represent the non-zero integer solutions to (1). 

PROPERTIES 

 ( ) ( ) ( ) ( ) [ ] ( )6mod061218,1,1,1,1 ,6,3
32 ≡−−−+−− sss ttPsPsysxsz  

 ( ) ( ) ( ) ( )[ ][ ] ( )4mod06361,61,1, ,16,12,10,8
32 ≡++++−−−− rrrrr ttttPrPrwrz  

 ( ) ( ) [ ] ( )48mod01249724,18,1 ,10,3
3 ≡−−++ sss ttPsPsy  

 ( ) ( ) ( ) ( ) [ ] ( )30mod639630061,451,1,1, ,8
3

,3
2 −≡+−++−+ rrr tPtrPrxrwry  

 ( ) ( ) ( ) ( ) ( ) ( )[ ] ( )96mod026,110816,1,1,1,1 1,3,6,8
23 ≡++−−+−−− −ssss tttsPPsysxswsz  

2.5 PATTERN: 5 

Write (9) in the form of ratio as  

                               ( )
( ) ( )0,

P9u
vP3

vP
P9u

2

2

2

2

≠=
−
+

=
−

+ β
β
α

                                          

which is  equivalent  to  the  following  two  equations  

                               
( )

( ) 0393
09
2

2

=+−+−

=−++

Puv
Pvu
βααβ

αβαβ
 

On employing the method of cross multiplication, we  get 
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





−−=

−+=

αββα

βαβα

183
2769

22

22

v
u

                                               (19) 

                                 222 3 αβ +=P                                                              (20) 

which   is  satisfied  by   

                                   
rs

sr
2
3 22

=
−=

β
α

 

Substituting   the values of α and  β   in (19) and (20),  we  get  

                                  
332244

332244

36108189
1236162981
rssrsrsrv

rssrsrsru
+−−+=

−+−+=
 

Substituting  the  values  of  u  and  v  in (2),  the  non-zero  distinct  integral  values  of   x  and  y  are  given  by 

               

( )
( )
( )
( )
( ) 














+=

−+−+=

+−−+=

−+−+=

+−−+=

22

332244

332244

332244

332244

3,
6018030617153,

123634219171,
48144144872,
24721801090,

srsrP
rssrsrsrsrw

rssrsrsrsrz
rssrsrsrsry
rssrsrsrsrx

                       (21) 

Thus (21) represent the non-zero integer  solutions  to  (1). 

PROPERTIES 

 ( ) ( ) ( ) ( ) [ ] ( )2mod036181,31,1,1, ,16,14,10
32 ≡−−−+−−+ rrrr tttPrPrwryrx  

 ( ) ( )[ ] ( )48mod0,1368,1 23 ≡−+ sPPsy s  

 ( ) ( ) ( ) ( ) [ ] ( )6mod01218,1,1,1,1 3
,10,8

2 ≡−++−−− sss PttsPsysxsz  

 ( ) ( )[ ] ( )4mod0241,57261, ,6,3
23 ≡−−−+ rrr ttrPPrx  

 
( ) ( ) ( ) ( )[ ]

( )72mod48
ttttttt2P721,rP9t12121,rw1,rz r,20r,18r,16r,14r,12r,10r,8

3
r

2
r,3

≡

+++++++−−++
 

3. CONCLUSION 

In  this  paper,  we  have  made  an  attempt  to  determine  different  patterns  of  non-zero  distinct   integer  solutions  to  the  

non-homogeneous  sextic  equations  with  five  unknowns.  As  the  sextic  equations  are   rich  in  variety,  one  may  search  for  

other   forms  of  sextic  equation  with  variables  greater  than  or equal  to  five  and  obtain  their  corresponding  properties. 
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