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Abstract- This paper touched the concept of a new system of
abstract algebra .Where we relied on a set of semi order, and the
stack of elements in the form of a matrix. We proved that this
system is a semi-group, after providing the fuzzy system to the
system, and access to the algebraic operations determine the
significance of any element in the set and reliance on the location
element in the set . Identify new methods to resolve the issues of
transportation models in Operations Research.

Index Terms- stacked set , stacked system , order fuzzy stacked
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I. INTRODUCTION

he transportation model is actually a class of the linear

programming models discussed in quantitative module . As
it is for linear programming, software is available to solve
transportation problems. To fully use such programs, though, you
need to understand the assumptions that underlie the model. The
basic idea in a transportation problem is that there are sites or
sources of product that need to be shipped to destinations.
Usually in issues transport models we are looking for reducing
cost less as possible or increase (and a few of these exist). In this
paper we tried to address a new concept which determine the cost
to be accessible, and we dealt using fuzzy systems, range to the
desired cost, even if we cannot get to the same cost . And the
introduction of the concept of abstract algebra to make it semi-
group and prove it.

Generally this study opens the door to new relationships and
mathematical operations are very important, and will appear to
the spotlight soon.

Il. PRELIMINARIES

2.1 Definition®
For a set A ,we define a membership function p, such as

w1 xen
I =0 0 0 x A

(“iff ” is short for “if and only if ).

X be a classical set of objects, called the universe, whose
generic elements are denoted x . Membership in a classical
subset A of X is often viewed as a characteristic function , ua
from X to {0,1} such that :

Ua:X—{0,1}.

2.2 Definition®

Let X be a space of points (objects),with a generic element
of X denoted by x . Thus, X = {x}. A fuzzy set (class) A in X is
characterized by a membership (characteristic) function fa(x)
which associates with each point in X a real number in the
interval [0, 1] , with the value of fa(x) at X representing the
“grade of membership” of : x in A. Thus, the nearer the value of
fa(X) to unity, the higher the grade of membership of 0 in A.
When A is a set in the ordinary sense of the term, its membership
function can take on only two values 0 and 1, with fo(X) = 1 or 0
according as x does or does not belong to A . Thus, in this case
fa(X) reduces to the familiar characteristic function of a set A .
(When there is a need to differentiate between such sets and
fuzzy sets, the sets with two-valued characteristic functions will
be referred to as ordinary sets or simply sets).

2.3 Definition

If A is a collection of objects denoted generically by x then a
f~uzzy set Ain Ais a set of ordered pairs:
A={(x, ua(x)) I xeT}.

ua(x)is called the membership function or grade of
membership (also degree of compatibility or degree of truth) of
x in A which maps X to the membership space M. (When M
contains only the two points 0 and 1, A is nonfuzzy and pa(x) is
identical to the characteristic function of a nonfuzzy set.) The
range of the membership function is a subset of the nonnegative
real numbers whose supremum is finite. Elements with a zero
degree of membership are normally not listed.

2.4 Definition o
The support of a fuzzy set A, S(A), is the crisp set of all x €
X such that :

1A(X) > 0.

2.5 Definition

The (crisp) set of elements that belong to the fuzzy set A at
least to the degree a is called the « - level set :
Ac={x€X|ua(x)za}
Ay = {x € X | ua(x) > a } is called "strong a - level set" or
"strong «a -cut."

2.6 Definition®

A real function f defined on a real interval | is convex on |
iff:
VX]_,XQ,X3E I:X1< X< X3 :[f(Xz)_f(Xl)] / [XZ_Xl] < [f(Xg)_f(Xz)] /
[Xs—x2].
or:
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VX1, X0,X3E  1:X1< Xo< X3
[f(xs)—f(x1)] / [Xz—x1].

The function f is strictly convex on | if, in the above
inequalities, equality cannot hold.

TFx)—f(x)] / [Xe—=x4] <

2.7 Definition'
A fuzzy set A is convex if :
pa (A% + (1= 24)%2 )= min(ua (X1) , pa (X2), X1, X2 € X, 4

€[0,1]

Figures 1
Convex fuzzy set

2.8 Definition”

The mathematical systems is a set of interacting or
interdependent components forming an integrated whole or a set
of elements (often called ‘components’ ) and relationships which
are different from relationships of the set or its elements to other
elements or sets .

2.9 Example
(R, +)isasystem, R isasetof all the reel numbers, and
(+) the relation between the elements .

2.10 Definition!”]
A binary operation on a set S is a mapping of the Cartesian
product S x Sinto S.

2.11 Definition!”

Let Sbeasetand 6 : S x S — S a binary operation that
maps each ordered pair (x , y) of S to an element o(x , y) of S.
The pair (S, o) (or just S, if there is no fear of confusion) is
called a groupoid .

2.12 Definition”

By groupoid ( S, * ) we shall mean a non-empty set S on
which a binary operation * is defined. That is to say, we have a
mapping *: S x S — S,

We shall say that ('S, *) is a semigroup if * is associative,
ie. if

(Vv Xy, € 9), (% y)* 2)* = (x, (¥, 2))*

2.13 Definition®*!
S is a finite semigroup if it has only a finitely many
elements.

2.14 Definition!*!
A commutative semigroup is a semigroup S with property :

(VX,ye S) (xy =yx).

2.15 Definition™

If there exists an element 1 of Ssuchthat (Vv x € S) x1 =
1x = x .We say that 1 is an identity (element) of S and that S is a
semigroup with identity.

2.16 Definition!

let T, be a finite set, where T, be a stacked set if and only
ifags € To, @ € N/O , a is the number of methods stacking
elements in the set, and it is called paths (P; ,P,,... , Pa ).

2.17 Definition!

The system ( T, t) called stacked - system if and only if
ay T bg = miny (& , bg ), and the system looking for ( zero
convergence) , and The system ( T., T) called stacked - system
if and only if a, T bg =max, (a,, by ), and the system looking
for (zero spacing ) . a,andbg € T, .

2.18 Definition!)

The system ( T, ) called stacked - system if and only if
a t© bg = min( a , bg ), and the system looking for
(convergence of t ) , and The system ( T, T ) called stacked -
system if and only if a, T bg = max(ay,, bs ), and the system
looking for (spacing of t) . a,andbg € To,tER.

2.19 Definition™

The order element on stacked system T, ,where the system
looking for zero convergence or zero spacing, is amount
contributes to this element in the system, and this estimate is
calculated relationship of this element in every path that contains
this element, then the element order of a,, ( Oo(ay) ) :

|a‘71| |a}/2| |a';/a|
| Zayl | Za’;/l | Za’;/i |
Ooay ) =[ ay Jo= [ & +o 18 Ve

$ ey,
RN

2.20 Definition!

The order element on stacked system T, ,where the system
looking for convergence of t ( or spacing of t ), is amount
contributes to this element in the system, and this estimate is
calculated relationship of this element in every path that contains
this element, then the element order of a, ,(O(a, )) :

Oay)=1[a |i=

|a}/l_t| |a}/2 _t| |a‘7a _t|
Z|ayi _t | Z|a;/i _t | Z|ayi _t
[ il + il +...+ 04 la
_tl

3ty
' Z| a,;—
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2.21 Definition!!

The order stacked set T, in zero convergence system is set
Oo(Ta) = {Xl,Xz g s ,Xn} if [ X1J0 < [ X2 _Io <...< [ Xn_lo And
the order stacked set T, in zero spacing system is set Og[T.] =
{Xnaxn-l Y ees ,Xl} if [ X1_|0> [ Xo _|0> R [ XnJO .

The order stacked set T, , where the system looking for
convergence of t ( or spacing of t ), is set O¢(T¢) = {X1,%2 , ...
Xob if [ xq)e< [ %2 Ji< ... < [ x,)¢ -And the order stacked set
Te in zero spacing system is set Og[To ] = {0 X0t » ... ,X1} if [
XoJo> [ % Ji> o> [ %]

2.22 Definition™
- If(Tg,t)or(Te, T) isstacked— systemthenV a, ,
bﬁ S Ta .
Max; (8, ,bg )=a, T bg,and Min; (a, ,bg )=a, t bg

- W (Ta,t)or(Te, T) is stacked— system then V a, ,
bB € Tu .

a,:if ((a,J, >(‘bﬁJt.

max, (aa’b/’) :{bﬁ tif rbﬂ ‘}t > raa ‘J‘ ’

a, :if ranl<rbﬁJt.

min, (aa'b/’):{b; tif (b, J <la, J;.

- Ifa.=t,(in[ a, |)then we suppose that|a, —t|= At

[21

Zlai —t |
, and where i
compensate |a,—t|=0.

, a € {1, .i} then, we

- If [a, Jt=1[bg |t (one order element in two
different places)so we have many type of this system ,
andif [a, Ji# [bs | the systemis type-1.

2.23 Definitiont"
A stacked-semigroup
associative binary operation .
2.23 Theorem
(i) Ifthe systems ( T, , t) is a stacked-system ( type — 1),
then (T ,, t) is a semigroup and called a stacked-
semigroup .

(ii) If the systems ( T, T )is a stacked-system ( type — 1),
then ( T, , T ) is a semigroup and called a stacked-
semigroup.

is a stacked-system T, , with

Prove this theorem earlier in paper [1]

1. STACKED SET AND FUZZY SYSTEMS ON
TRANSPORTATION MODELS

LetT, ={ X113y X12 5eees Xin s X215 v 5 X2n 5 --- » Xpn } be a set
of the cost in the transportation model , from sales centers to
distribution centers, ne N/0

X11 | X12 | ..... X1n
Or : T, = X21 | X22 | ... X2n
Xn]_ an ..... Xnn

Table 1

Such that rows means selling centers , and columns means
the distribution centers , or the opposite.

Then T, be a set with some relations between an element
such that we stacks this relations vertically and horizontally, then
T, is called a stacked set .

And this set becomes a system if there is some operation on
it , like looking for minimums or maximums , as in transport
models .then T , is called a stacked system.

3.1 Definition

LetT, :{ X113y X12 5oees X1n sy X217 5 vov 5 X205 -+- » Xpn } be called
a stacked set if the elements in T , are stacked in terms of the
place (horizontally and vertically).

3.2 Definition

If T,isa stacked system of element denoted generically by
X then a fuzzy stacked system T, in T, is a system of ordered
pairs:
Tu={(x, ur(X)) X €T, }.

ur (X) is called the membership function or grade of
membership ( also degree of compatibility or degree of truth ) of
x in T, which maps T , to the membership space M . (When M
contains only the two points 0 and 1, T, is nonfuzzy and pr(x) is
identical to the characteristic function of a nonfuzzy stacked set).
The range of the membership function is a subset of the
nonnegative real numbers whose supremum is finite . Elements
with a zero degree of membership are normally not listed .

Tu={(x, ur(x) | x€T}.

3.3 Theorem

If T,isastacked system,Vx,a€e T, :

pra(¥)= (1+]a—x|)".

pra(0= (1+(a-x)*)",

pra()= (1+ (la—x])")*

are types of a function such that u7;(x)e [0,1],ie {1,2,...,n

1.

proof :let T, is a stacked system,V x,a€ T,:

la—x|> 0= (1+a-x|)> 1=0<(1+]a-x]|)'<1

= pri()=(1+]a—-x[)"€ [0,1].

(a—x)’> 0= (1+(a-x))> 1=0<(1+(a—x))*<1
= pr1(¥)= (1 + (a—x))"€ [0,1],50 pra()= (L+(fa—x)"
)" )e [0,1]ie{1,2,...,n}.

3.4 Theorem

If T,isastacked system, ¥ x € T, ur(a)> ur(x) then :
pr(X)= (1+(a—x)")" ne N/0 ,is convex function .
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Proof : Letx;<a<x,,andVXx € T,, ur(a)> ur(x)then:
pr (@)= pr (X1) , and pr (2)= pr (X2)
So :[ pr(a)= pr (X)) / [a=x1] <0 < [ur (X2)— pr ()] / [x2—a] .
From definition 2.6 :[ ut (a)— ur (X1)] / [a—x1] = [ur (%2)— ur (@)] /
[x,—a] ,then ur (x)= (1 + (Ja—x|)")™ is convex function .

3.5 Definition
If T, isa stacked system, then the fuzzy stacked system T,
in T, is a system of ordered pairs:
Tu={(x, pr(¥)) [x €T }.
Such that :

ur(X) = (1+(|x-al)") ', neNOandx € Ta

3.6 Remark
During this paper we take into account the system is always
looking for the nearly values of a .

3.7 Definition
For a finite fuzzy stacked set T, the column(row) cardinality
\Tu(corr)\is defined as :

X<(CoR) Ut(corr) (X).

\T, (CorR )\ =
3.8 Definition
Let u(x,p) € T, , y isarow and B is column then the order
fuzzy stacked of p(x,z) is:

O = 1l tulxyp ) I =L ixvp Y Ty \ + 1y ) T o)\ 112

3.9 Theorem
If Tisastacked system,Vx,a€ T :

O() = Il uCxyp) Il =L (s ) \Tur)\ + (X ) Ty (5)\ 1/2
is atype of a function such that O(x)e [0, 1],

Proof :from definitions (3.5) , (3.7), (3.8).

0= puxyp) <\Tug)\ = 0/\Tugp)\ < ulxyp) I\Tug)\ <
\Tﬂ(y)\/\TH(y)\ = OS ‘LL(XVB)/ \TH(}')\ < 1 (A) . Andso 0
< up) S\Tugy)\ = 01\ T\ < ulyp) I\Tug)\ <\Tugp)\
/\Tﬂ(ﬁ)\ = 0< #(X}’ﬁ)/\TH(B)\ Sl(B)
Then (A) +(B) = 040 = 0 < p1(Xys )/ \Tp )\ + 10xyp ) \To )\ <
1+1=2= 0= [u(xyp ) \Tuo)\ + u(xyp) \Tu)\V/2<1 =
O(x))e [0,1]

3.10 Definition

If T, is a stacked system, then the fuzzy level stacked
system I(T,) in T, is a system :
I(Ty) ={(x, pr(x), O(X)) [x €T }.

3.11 Definition

Let I(T,) in T , is a fuzzy level stacked system [I(T,)={(x,
#r(x), O(X)x € T, } ], then:
max1[O(T)] = { X1, X2 ,... , Xy } .That's where :

R _,C
max[O(T)] = X, , max[O(T){ *' %} = X ,... ,
max[O(T)K R Cx, : R Cx, yere s R Cxns = X,, C mean
column and R mean row ,and if Xz € maxy(O(T)), then Rz N
maxy (O(T))= {Xs} , and Cp N maxy(O(T))= {Xg} .ICil = [Ril = |
Maxy (O(T))|=n.

3.12 Example

Suppose that a product is transferred from four stores {C; ,
C,,Cs,Cs}, to four center sales { Ry, R, , Rz, Ry } at cost
price shown in the following table , and is the transfer of four
units of the cost or price close to this, to Centers of sale

Ci|C | C| Cy
Ry 1 8 |35 2
Te= 'R, [ 6 | 7 45
R; 1 5 8.5
Ry | 3 1 0
Table 2
HaP)= (14 (x—a )?)* : x€Ta

1- Wherea=4,sous(1)=(1+(1-4 ))'=01, pa
(0)=0.059, 14 (2)=0.2, us (3)= 0.5, us(3.5)=0.8, 4
(4)=1, 1 (45)=0.8, ps(5) =05, g (6) = 0.2, ps (7)
=0.1,us(8)=0.059 ,and p4(9)=0 (9¢ T,).

2- Since T, = {( x, ue(x)) | x € T, }, then the fuzzy
stacked system T, in T, is

Tu={(1y,0.1), (812,0.059), (3.513,08),(214,02),(
620,02),(722,01),(423,1),(452,08),(13,0.1), (5
,05),(633,0.2),(83,0059),(34,05),(1s2,01),(
243,0.2),(04,0.059)}.

Or

Ci| C |G| Cy

Ry]01(0.059|08| 0.2
T.= |Ry|0.2]| 01 1 0.8
Rs; |1 01| 05 |0.2|0.047
Ry[05] 0.1 |0.2]0.059
Table 3
3- 0n(0.2) =
[(0.1/(0.1+0.059+0.8+0.2))+(0.1/(0.1+0.2+0.1+0.5))]/2=
0.0987.

And so : 01,(0.059)= 0.0643 , 0,5(0.8)= 0.527 , 014(0.2) =
0.1767 , 051(0.2)= 0.15873 , O,(0.1)= 0.08969 , O3(1)= 0.465 ,
0,4(0,8)= 0.552 , 033(0.1)= 0.1146 , 03,(0.5)= 0.62 , 033(0.2)=
0.16 , 034(0.047)= 0.049 , 04(0.5)= 0.5688 , O4,(0.1)= 0,124 ,
043(0.2)= 0.16 , 04,(0.1)= 0.052 .

O(T) ={ (111, 0.0987), ( 81, , 0.0643) , (3513, 0.527) , ( 214
,0.1767 ), (61, 0.1583 ) , (725, 0.08969 ) , ( 43 , 0.465 ) , (
455 ,0552) ( 1y ,0.1146 ), (55, 0.62), (63, 0.16), (
8.55,0.047), (341, 0.5688 ), (1s, 0.124), (243,0.16 ) , ( Lag
,0.052) }.
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Or
C: C C: | C4
R, | 0097 | 00643 | 0527 | 0.1767
To = ['R, [ 01583 | 0.08%9 | 0.465 | 0552
Rs | 0114 | 062 | 016 | 0047
R, | 05688 | 0124 | 016 | 0052

Table 4

4- I(Ty) ={(x, pr(x), O(X)) | x € T } ={ (1u, 0.1,
0.0987), ( 81>, 0.059 , 0.0643) , (3.515, 0.8, 0.527 ), (
214,02 ,0.1767), (65,02, 01583 ), (7, 0.1,
0.08969 ), (423, 1,0.465 ), (4.5, ,0.8,0552 ) (
15,01 ,0.1146 ), (53 ,05,0.62 ), (65,0.2,0
16 ), (8.53,0.059,0.047 ), (34,05,,0.5688), (
14,0.1,0.124),(243,0.2,0.16 ), (14,0.1,0.052
)}

5-  Maxu [I(T)] ={ (53,05,062 ), (3,05, 0.5688
), (45, ,08,0552 ), (3.55,08,0527 ) }.

6- Maxy [O(To)]={ 0.62s, , 0.56884; , 0.552, , 0.52715

3
Or Max [O(T2)]= { (52, 0.62 ), (341, 05688 ) , (4.5, ,0.552
) ' (3'513 ’ 0.527 ) }

7- Maxy [T]={532,341,454,353}.

IV. STACKED SEMI-GROUPS ON TRANSPORTATION
MODELS

4.1 Definition

Let I(Ty) in T , be a fuzzy level
[((T)={(x,ur(x),0(x))Ix € T, } ], then
The best level of T, isb.I(T,) ={(x, ur(x), bIX)) |xeT,,
b.(x) = O(x) if b.l(x)e Maxy[O(T )], or b.I(x) =0 if b.I(X) ¢
Maxu[O(T )] } -

stacked system

4.2 Definition

Let (To,t*) is stacked system (0 € T, and 0 = min[O(T)] )
VabeTy thenat'b=bt'a =t"(a,b)=maxy(a,b) =a,
if b.I(a)> b.l(b), ifb.I@@) = b.I(b) =0 then a t'b=0 .

4.3 Remark

if b.l(a) = b.d(b) # 0, or O(@) = O(b) then there is two
stacked systems one of them called T4 ,this system takes b.l.(a)
> b.I(b) , and Ty, takes b.l.(b) > b.I(a) .

4.4 Example
From example(3-12) above :

1- bA(Ta) ={(x, pr(x), bI(X) [ x € T} ={(111,0.1,0),(
812,0.059,0),(3.513,0.8,0527 ),(24,02,0),(
621,02,0),(722,01,0),(425,1,0),(4.5,,08,
0548 ),(13,01,0),(53,05,062 ),(633,0.2,
0),(83,0.059,0),(34,05,,05688), (145,01,
0),(243,0.2,0.5657 ),(14,0.1,0)}

Or

C, C, | Cs Cy
R, 0 0 | 0527 0
0 0 0 0.548

b.I(T,) = R
R; 0 062 O 0
R, | 05688 | 0 0 0

Table 5

4y3 T 34 =341, b33 T 13 =04 ,

53 =53 .

2- 3.513 ‘Cl 532 :532 f
4o T 044 =044 , 044 T

4.5 Theorem

The operation 7* is binary operation in T° .

Proof : Leta, b € T, and T, is stacked set so 0 € T, and
0(0)= min[O(T,)], from definition 4-2 above at* b=1"(a,b)
=maxy(a, b) =aorbor 0=(avbv0)eT,,sova,b,0€
T,=at beT,= ' is cartesian product T, x T, into T, ,
and from definition 2-10 , 7+ is binary operation .

4.6 Theorem

The operation 7* is associative .

Proof :Leta,b,c e T,,then ((at' b)t' c)=(@V bvo0
Yyt ¢)=((aV bVO)V cVO0)=(aV 0 (bV d)V0)=(a
V(b c)VOo)=(at' (b 1 c)),then t isassociative
relation .

4.7 Theorem
If the system (T, , t*) is a stacked-system then ( T, , t* ) isa
semigroup and called a stacked-semigroup .

proof : From theorems (4-5) ,(4-6) and definition (2-12)
(about the semigroup) we proof that (T, , ") is a semigroup.

4.8 Theorem
If the semigroup ( T, , ) is a stacked-semigroup , then ( T,
, ') is a commutative semigroup.

Proof:Let x,y e T,thenxt y=xV yV0 =yVxVO0
syt xeT,=xt y=yt x=(T,, v )isacommutative
semigroup.

4.9 Theorem
If the semigroup ( T, , t* )is a stacked-semigroup , then ( T,
, ) is a finite semigroup

proof : From definition of the stacked set T is a finite ,then
from definition(2-13) (T, , t" )is a finite semigroup .

4.10 Theorem
If (T,,t") is a stacked-semigroup (z' is operation defined in
definition (4-2)), then there is no an identity element in ( T, , t*

).

proof :From definition (4-2). Let (T ,<*) is stacked system ,
a,beT,, thenat'b=bt a=1"(a,b)=maxq(a,b) = aif
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O@) =0(h) =0,thenat' b=bt a=0e T.lete is identity
element ,then O(e)>0 .

1- 1fO(e)=0,0(a)=0,thenat" e=et" a=0,itisnot
necessary to be 0 = a, so there is no e € T, such that
O()=0,andvaeT,,atle=et a=e.

2- Now let O(e) >0, O(a)=0, thenat' e =e 1 a=e. This
is contrary to the concept of an identity element (such
thatvae T,at'e=et' a=a).

From (1 and 2 ) there isno an identity element in (T, "),
suchthat e € T, maxy(X,e)=maxy(e,x)= x(VX€ET).

4.11 Theorem

If (T, t*) is a stacked-semigroup (t* is operation defined in
definition (4-2)), then there is a zero element (X,ero )in (T, ‘tl ),
such that (V X, Xzero € To)? Xzero tx=x1 Xzero = Xzero -

Proof :From definition (4-2). Let (T, ,t* ) is stacked system ,
abeT, thenat b=1(a,b)=maxy(a,b) = a, if b.l(a)>
b.I(b) . When O(a) = O(b) =0, thenat' b=t (a,b)=maxy(a
,b) = 05, now let O(Xzero) = O(X) (V X, Xzer0 € T ), then  Xyero
X = X 1 Xgero = Xgero TOr all X € T, SO Xgero IS @ z€ro element

» when O(Xzer0) > O(X), (V' X, Xzero € Ty, ) .

V. RESULTS AND PAPER TARGETS

1- There is a new shape of the sets, and the elements order
is not larger or smaller, but by placement the elements
in the set .This set make a different system of known
mathematical systems, through some mathematical
operations.

2-  Apply this concept to some mathematical models such
as in transport models (Operations Research) and others,
and through conversion solutions transport models
known to search for minimize the cost to determine the
cost if we wish this.

3- Insert new mathematical meanings of some words that
already exist, but not in common use such as semi-order
set , stacked sets and stacked system and other.

4- Prove the stacked system is a semi-group.

5-  Finally .This paper is submitted to a series of papers that
will reveal some new concepts in the same system
reached researcher . The expansion of the concept of the
sets is very necessary to expand the research and
development of the pattern previously.
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