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SPIN IMPURITIES, AND RESONANT EXICTATION- AN
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'DR K N PRASANNA KUMAR, PROF B S KIRANAGI AND *PROF C S BAGEWADI

ABSTRACT: What stands out as a verkrampte reactionary with unsettled malleability is the tendentious
testament of the experimentation wherein infrared magneto transmission experiments have been performed
in magnetic fields up to 32 T on a series of multilayer epitaxial graphene samples. Inharmonious key notes
have been struck with many experiments as many have found enthusiastic confidence with the
experimenters. Theoretical aspect of the field is not given much important and this work is intended to fill
the gap not wholly or in full measure but very substantially Changes in the spectral features and broadening
of the main cyclotron transition when the incoming photon energy is in resonance with the lowest Landau
level separation and the energy of a K point optical phonon, have been detected We develop a theory
encompassing various variables like scalable Quantum computation, optical transmission against spectral
diffusion, gated control to single nv centres etc.,

The outlay of the paper is as follows:

l. Introduction

1. Formulation of the Problem

1. Statement of Governing Equations

V. Obtention of the solution(Body fabric of the paper)

V. Conclusions
VI. ACKNOLEDGEMENTS
VII. REFERENCES

I. INTRODUCTION:
Following are the systems taken in to consideration:

(1) Conflict between Quantum Gate operation and Decoupling (Module Numbered one)

(2) Internal resonance in the coupled spin system ( Module numbered one)

(3) Accuracies threshold for fault tolerant Quantum Information Processing with Solid state
devices(Module numbered two)

(4) Quantum Gates with integrated coupling (Module numbered two)

(5) Integrated Diamond networks based on cavity coupled with spin impurities (Module numbered
three)

(6) Scalable Quantum Computation (Module numbered three)
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(7) Optical Transition against spectral diffusion (Module numbered four)

(8) Resonant Excitations (Module Numbered Four)

(9) Single crystal diamond photonic crystal cavities and other nanophotonics(Module numbered five)
(10) Gated control to single NV centers (Module numbered five)

(11) Quantum Coherence of idle Qubit(Module numbered six)

(12) Dynamical decoupling(Module numbered Six)

1. FORMULATION OF THE PROBLEM:

CONFLICT BETWEEN QUANTUM GATE OPERATION AND DECOUPLING AND INTERNAL
RESONANCE IN THE COUPLED SPIN SYSTEM

MODULE NUMBERED ONE

NOTATION :

G13 : CATEGORY ONE OF QUANTUM GATE OPERATION AND DYNAMIC DECOUPLING
G4 : CATEGORY TWO OF QUANTUM GATE OPERATION AND DYNAMIC DECOUPLING
G5 : CATEGORY THREE OF QUANTUM GATE OPERATION AND DYNAMIC DECOUPLING
T,3 : CATEGORY ONE OF INTERNAL RESONANCE IN THE COUPLED SPIN SYSTEMS

T,;4 : CATEGORY TWO OF INTERNAL RESONANCE IN THE COUPLED SPIN SYSTEMS

T,;5 :CATEGORY THREE OF INTERNAL RESONANCE IN THE COUPLED SPIN SYSTEMS

ACCURACIES THRESHOLD FOR FAULT TOLERANT QUANTUM INFORMATION
PROCESSING WITH SOLID STATE DEVICES AND QUANTUM GATES WITH
INTEGRATED COUPLING

MODULE NUMBERED TWO:

G5 : CATEGORY ONE OF ACCURACIES THRESHOLD FOR FAULT TOLERANT QUANTUM
INFORMATION

G1; : CATEGORY TWO OF ACCURACIES THRESHOLD FOR FAULT TOLERANT QUANTUM
INFORMATION

G.3 : CATEGORY THREE OF ACCURACIES THRESHOLD FOR FAULT TOLERANT
QUANTUM INFORMATION

T, :CATEGORY ONE OF QUANTUM GATES WITH INTEGRATED COUPLING

T;7 : CATEGORY TWO OF QUANTUM GATES WITH INTEGRATED COUPLING
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T3 : CATEGORY THREE OF QUANTUM GATES WITH INTEGRATED COUPLING

INTEGRATED DIAMOND NETWORKS BASED ON CAVITY COUPLED WITH SPIN
IMPURITIES -SCALABLE QUANTUM COMPUTATION

MODULE NUMBERED THREE:

G,o : CATEGORY ONE OF INTEGRATED DIAMOND NETWORKS BASED ON CAVITY
COUPLED WITH SPIN IMPURITIES -

G,; 'CATEGORY TWO OF INTEGRATED DIAMOND NETWORKS BASED ON CAVITY
COUPLED WITH SPIN IMPURITIES -

G,, : CATEGORY THREE OF INTEGRATED DIAMOND NETWORKS BASED ON CAVITY
COUPLED WITH SPIN IMPURITIES -

T, : CATEGORY ONE OF SCALABLE QUANTUM COMPUTATION
T, :CATEGORY TWO OF SCALABLE QUANTUM COMPUTATION

T,, : CATEGORY THREE OF SCALABLE QUANTUM COMPUTATION

OPTICAL TRANSITION AGAINST SPECTRAL DIFFUSION AND RESONANT EXCITATION:
MODULE NUMBERED FOUR:

G,4 : CATEGORY ONE OF OPTICAL TRANSITION AGAINST SPECTRAL DIFFUSION
G,5 : CATEGORY TWO OF OPTICAL TRANSITION AGAINST SPECTRAL DIFFUSION
G, : CATEGORY THREE OFOPTICAL TRANSITION AGAINST SPECTRAL DIFFUSION
T,4 :CATEGORY ONE OF RESONANT EXCITATION

T,5 :CATEGORY TWO OF RESONANT EXCITATION

T,6 : CATEGORY THREE OF RESONANT EXCITATION

SINGLE CRYSTAL DIAMOND PHOTONIC CRYSTAL CAVITIES AND OTHER
NANOPHOTONICS AND GATED CONTROL TO SINGLE NV CENTERS

MODULE NUMBERED FIVE:

G, : CATEGORY ONE OF SINGLE CRYSTAL DIAMOND PHOTONIC CRYSTAL CAVITIES AND
OTHER NANOPHOTONICS
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G, : CATEGORY TWO OF SINGLE CRYSTAL DIAMOND PHOTONIC CRYSTAL CAVITIES AND
OTHER NANOPHOTONICS

G3o :CATEGORY THREE OF SINGLE CRYSTAL DIAMOND PHOTONIC CRYSTAL CAVITIES AND
OTHR NANO PHOTONICS

T, :CATEGORY ONE OF GATED CONTROL TO SINGLE NV CENTERS
T,9 :CATEGORY TWO OF GATED CONTROL TO SINGLE NV CENTERS

T3o :CATEGORY THREE OF GATED CONTROL TO SINGLE NV CENTERS

QUANTUM COHERENCE OF IDLE QUBIT AND DYNAMICAL DECOUPLING

MODULE NUMBERED SIX:

Gz, : CATEGORY ONE OF QUANTUM COHERENCE OF IDLE QUBIT
G33 : CATEGORY TWO OF QUANTUM COHERENCE OF IDLE QUBIT
Gz4 : CATEGORY THREE OF QUANTUM COHERENCE OF IDLE QUBIT
T3, : CATEGORY ONE OF DYNAMICAL DECOUPLING

T33 : CATEGORY TWO OF DYNAMICAL DECOUPLING

T34 : CATEGORY THREE OF DYNAMICAL DECOUPLING

(a13)(1), (a14)(1), (a15)(1); (b13)(1); (b14)(1), (b15)(1) (a16)(2)' (a17)(2), (a18)(2) (b16)(2)' (b17)(2)' (b18)(2):
(azo)(g), (021)(3)' (azz)(a) ’ (bzo)@), (b21)(3); (bzz)(3)

(a24)(4), (azs)@)' (aze)@'); (b24)(4), (bzs)(4)» (b26)(4)1 (bzs)(s)' (b29)(5). (bBO)(S)v(aZS)(S)' (a29)(5)' ((130)(5),
(a32)(6), (a33)(6), (a34)(6), (b32)(6); (b33)(6), (b34)(6)

are Accentuation coefficients

(1 (1)

(ai3)(1), (ai4)(1), (ais) ’ (bi3)(1); (b{4)(1), (bis) , (a'16)(2), (ai7)(2); (ais)(z); (bie)(z)' (bi7)(2)‘ (bis)(z)
) (aVZO)(S)I (a’21)(3)’ (aVZZ)(S)’ (béO)(S)l (bél)(3)' (béZ)(S)
(@)@, (a35)™, (@)@, (b3)®, (b35) ™, B36)®, (b)), (b30)®, (b3)® (@), (@)™, (@s)® |
(aéz)(é), (a§3)(6). (054)(6). (béz)%), (bé3)(6); (bé4)(6)

are Dissipation coefficients

HI.STATEMENT OF THE GOVERNING EQUATIONS
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CONFLICT BETWEEN QUANTUM GATE OPERATION AND DECOUPLING AND INTRNAL
RESONANCE IN THE COUPLED SPIN SYSTEM:

MODULE NUMBERED ONE

The differential system of this model is now (Module Numbered one)

4G . p
=L = (a;3)V6y4 — [(a13)(1) + (ay3) P (T, t)]613

4G . p
= = (a;9) V63 — [(a14)(1) + (a1) P (T, t)]614

dg_:s = (aIS)(l)Glé} - [(ais)(l) + (ais)(l)(T]A_, t)] 615

dT13

= (b13) VT — [(b13)P = (b13) P (G, 0)]To3
= (by)VTy3 — [(bﬁ)(l) — (b1)V (G, t)]TM
dTls = (bys)MTy4 — [(bis)(l) - (blus)(l)(G» t)] Tis
+(aj3) P (T4, t) = First augmentation factor

—(by3)V(G,t) = First detritions factor

ACCURACY THRESHOLD FOR FAULT TOLERANT QUANTUM INFORMATION
PROCESSING AND QUANTUM GATES WITH INTEGRATED COUPLING

MODULE NUMBERED TWO

The differential system of this model is how ( Module numbered two)

d616 (alé)( )Gy — [(ai6)(2) + (aiys)(z)(Tn: t)]Gw
dGJ = (a17)( )616 [(ai7)(2) + (a{7)(2)(T17, t)]Gn
dGlg (a18)( )Gy — [(ais)(z) + (aiya)(z)(Tn: t)]618
dTlﬁ = (b16) DTy — [(b16)® = (b1s) P ((G19), t)]Ti6
dT17 = (b17) DTy — [(017)P = (b17)P((G19), t)] Ty
dT18

= (b1g) DTy — [(b1s)@ — (b15) P ((G19),t)]T1s
+(a;s) @ (Ty;,t) = First augmentation factor
—(b1s)P((Gye), t) = First detritions factor

INTEGRATED DIAMOND NETWORKS BASED ON CAVITY COUPLED WITH IMPURITIES
AND SCALABLE QUANTUM COMPUTATION:

MODULE NUMBERED THREE

The differential system of this model is now (Module numbered three)

4G , )
=2 = (a30)®Ga1 — [(@20)® + (a30)® (To1, )] Gao
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G , ,
=2 = (a21)®6y0 — [(@21)® + (a31) P (To1, )] 6oy

a6 , ,

l = (az2)® Gy — [(az2)® + (az2)®(Ty1, )] 6oy

= (by)®Ty; — [(bzo)(3) — (b30)® (G, t)]Tzo

dT: ' )
T8 = (b)) DTy = [B3)® = (31)® (63, O] T

dT
=2 = (b)®Ty — [(bzz)(3) — (b3)® (G, t)]Tzz

+(a'2'0)(3)(T21, t) = First augmentation factor

—(by)®(G,3,t) = First detritions factor

OPTICAL TRANSISTION AGAINST SPECTRAL DIFFUSION AND RESONANT EXCITATION:

MODULE NUMBERED FOUR

The differential system of this model is now (Module numbered Four)

dé , ,
Z2 = (a24)P6o5 — [(@20)™® + (a20) P (Tos, 0)]Gas

dG ) 4)

—25 = (az5)® Gy — [(azs) + (ays) (Tas, t)] Gos

dst

= (a26)WGy5 — [(az6)™ + (az6) @ (Tys, )] Goe
dT“ = (b2a)Tys5 — [(20)™® = (b)) P ((G27), )] Tos
des = (bys) DTy — [(bés)(4) - (bzus)“)((Gn); t)] Tys

dr:
=2 = (b6) WTas — [(b26)™® — (b36) P ((G27), t)]T6
+(ay,)®(Tys,t) = First augmentation factor

—(b33)@((Gy7),t) = First detritions factor

SINGLE CRYSTAL DIAMOND PHOTONIC CRYSTAL CAVITIES AND OTHER

NANOPHOTONICS PHOTONICS AND GATED CONTROL TO SINGLE NV CENTERS

MODULE NUMBERED FIVE

The differential system of this model is now (Module number five)

46 , .
=2 = (a8) P69 — [(@28)® + (a36) ™ (Tog, )] Gog
4G , .,
2 = (a9)®Gag — [(az0)® + (a39) ™ (Ta9, )] G2g
dGso

= (a30)® 69 — [(a30)® + (az0)® (Tz9, )] G30

dT: , .,
=2 = (byg) DTy — [(b25)® — (by5) D ((G31), t)]Tog
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dt

dt

dr , ,
ZE = (byg)OTog — [(520)® = (by9) P ((G31), )] Tao

dr , "
30 = (b3g)OTyg — [(b30)® = (b30) ™ ((G31), £)] T30

+(ay5)®(Ty, t) = First augmentation factor

—(b33)®((G31),t) = First detritions factor

QUANTUM COHERENCE OF IDLE QUBIT AND DYNAMIC COUPLING

:MODULE NUMBERED SIX

The differential system of this model is now (Module numbered Six)

dG3p
dt

dG33
dt

dG3q
dt
dt

dt

dt

= (a32)©G33 — [(a3)© + (a3)©(T33, )]G
= (a33)©G3; — [(a33)©® + (a33)© (T33, )] 63
= (az4)©Gs3 — [(aé4)(6) + (a34)® (Ty3, t)]G34
T2 = (b5) T3 = [(052)® = (b3) @ ((G35), 6)] T
T = (bs) Oy = [(33)® = (b33) @ ((G35), 6)] T

st — (byy)OTs5 — [(534)© — (b53)©((G35), £)] T34

+(az,)© (Ts3,t) = First augmentation factor

—(b3)®@((G3s),t) = First detritions factor

1V. BODY FABRIC OF THE PAPER: CONCATENATED EQUATIONS,STABILITY

ANALYSIS,SOLUTIONAL BEHAVIOUTR AND ASYMPTOTIC ANALYSIS

===HOLISTIC CONCATENATE SYTEMAL EQUATIONS HENCEFORTH REFERRED TO AS

“GLOBAL EQUATIONS”

(1)
()
)

(4)
()

(6)
(")
(8)
(©)

Conflict between Quantum Gate operation and Decoupling (Module Numbered one)

Internal resonance in the coupled spin system ( Module numbered one)

Accuracies threshold for fault tolerant Quantum Information Processing with Solid state
devices(Module numbered two)

Quantum Gates with integrated coupling (Module numbered two)

Integrated Diamond networks based on cavity coupled with spin impurities (Module numbered
three)

Scalable Quantum Computation (Module numbered three)

Optical Transition against spectral diffusion (Module numbered four)

Resonant Excitations (Module Numbered Four)

Single crystal diamond photonic crystal cavities and other nanophotonics(Module numbered five)

(10) Gated control to single NV centers (Module numbered five)
(11) Quantum Coherence of idle Qubit(Module numbered six)
(12) Dynamical decoupling(Module numbered Six)
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s » (a13) |+ (a15) D (114, 0) || +(a10) ) (T17, 8) || +(a50) O (T30, 0)|

T = (@) G - T A 7 ~(5555) (6,666 Gis
_|+(a24) o (Tzs;t)H"'(azs) o (ng,t)||+(a32) o (T33't)|_

614 . (@1) P+ @) (T, O] +(@) @2 (7, )] [+(a3) 4 (T3, 1)

T = (@) 63— RYCYYYS) 7~ (5555) "~ (6,6,6,6,) Gia
_|+(azs) e (Tzs't)| +(azq) " (ng,t)||+(a33) o (T33.t)|_

(@15) V| +(a15) D (T14, )| +(a1p) @2 (Ty7, ) || +(a5) 33 (T, D) |
" m 7 15
| +(az6) ) (Tys, 1) H +(azp) 5> (T, 1) H +(a34) @08 (Ty3, 1) I

dGys
dt

(a15)P Gy —

Where I (a13) P (T4, 1) |;| (a10) P (T4, )
1,2and 3

,|(a'1'5)(1)(T14, t)‘ are first augmentation coefficients for category

‘+(a'1'6)(2'2') (Ty7,t) | , | +(aj;) ¥ (T, t)| , |+(a'1'8)(2'2') (Ty7, ) ‘ are second augmentation coefficient for
category 1, 2 and 3

1]

|+@a50) %3 Ty, )], [+(a5) 33 (T1, )], | +(a) 33 (T, £) | are third augmentation coefficient for

category 1, 2 and 3

|+(a'2'4)(4'4'4'4')(T25, t)| , |+(a'2'5)(4'4'4'4')(T25, t)| , | +(aze) @44 (Tys, t) | are fourth augmentation coefficient
for category 1, 2 and 3

|+(a'2'8)(5'5'5'5')(T29, t) |,|+(a'2'9)(5'5'5'5') (Tyo, t)|,|+(a§0)(5'5'5'5')(T29, t)| are fifth augmentation coefficient
for category 1, 2 and 3

|+(a§2)(6'6'6'6')(T33, t) | ‘+(a'3'3)(6'6'6'6') (Ts3, t)‘ , ‘ +(az4) 00 (Ty,, t)‘ are sixth augmentation coefficient
for category 1, 2 and 3

s " 1) V=0V E, O] [~ (1) ) (Gro, O] |- (b30) (G5, )|

_ = (b ) Tis — " I " T;
@ T T g A (G, 1) ]| = (b)) 35 (G, 1) ]| = (032) 5 (G, )]
R B G ROAGIC) G2 G 0] ;0P 60| |
= = D1g 13~ " " " 1
« [ (b35) 44 Gy, 1) || = (b0) ®555) (Gay, £) ||~ (b3) @5 (G35, 1) |
s _ gy o, | G0V 0] | 0) G, 0] i) G| |
e 15 14 — m I 7 15
« | [= (30 4449 (67, ) || = (b30) 555 (631, 1) || = (b34) @59 (G35, 1) |

Where ‘ —(by3)V(G, t) | ‘ — (b)), t) | , ’ —(b5)(G, t) | are first detrition coefficients for category 1, 2
and 3

|—(bi’6)(2'2')(619, t) ‘ ‘ —(by7)??) (G, t) |,|—(bi’8)(2'2') (Gyo, t)‘ are second detrition coefficients for
category 1, 2 and 3

|—(b§0)(3'3')(623, t)|,|—(b§1)(3'3')(623, t)|, —(b;'z)(3'3')(623,t)‘are third detrition coefficients for category

1,2and 3
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|—(b§4)(4'4'4'4')(627, t) |,|—(b§5)(4'4'4'4')(627, )[,| =(bge) @*44) (Gyy, t) ‘ are fourth detrition coefficients for

category 1, 2 and 3

’

| = (53) 55559 (Gay, )], [ = (b39) ®55%) (G, )| | = (b30) ®555) (Gay, )| are Tifth detrition coefficients for
category 1, 2 and 3

| =(b3)E558) (Gag, D), [ = (b33)©000) (G5, )|, | = (b34) ©#®) (Gys, £) | are sixth detrition coefficients for
category 1, 2 and 3

515 _ (g y@0g (@10 (@1) @ (N7, 0| [ +(a1) D (T O] +@) 0T, 0] |

— = Q6 17 — m m = 16
a |+(az4)(4'4'4'4'4)(T25. t)| +(az5) &5 (T, 1) H+(a32)(6‘6‘6’6’6) (Tz3, t)‘

6 _ (o g (@) @+ (ai) @ (117, 0| +@i) 1 (114, ) || +(@5) O (T3, 0)|

— =\ayy 16 — = m 0 17
a |+(a25)(4'4'4'4'4)(T25, t)| +(az9) 5559 (T, t) ”+(a33)(6‘6‘6’6’6) (Ts3, t)’

0 = (1) PG (1) @[ +(a1p) @ (T17, ) || +(@15) M) (T1a, 0) || +(a5) 2 (T30, 0)|

= (a3 17 ~ - m = 18

& | +(ape) 4449 (Tys, O || +(a39) S5559) (To, 1) || +(a34) G445 (T3, )|

Where ‘ +(ajg) P (Ty7, 1) | , | +(a;;) P (T, t) |,|+(a'1'8)(2)(T17, t) ‘ are first augmentation coefficients for
category 1, 2 and 3

|+(a'1'3)(1'1') (Tya, t)l , ‘+(a'1'4)(1'1') (Tya, t)| , ‘+(a'1'5)(1'1') (Tya, t)| are second augmentation coefficient for
category 1, 2 and 3

|+(a§0)(3'3'3)(T21, t) | | +(az1) 33 (Tyy, ) | , | +(ay,) 33 (Tyy, t) | are third augmentation coefficient for
category 1, 2 and 3

|+(a'2'4)(4'4'4'4'4)(T25, t) |,|+(a'2'5)(4'4'4'4'4)(T25, t) |,|+(a'2'6)(4'4'4'4'4)(T25, t)| are fourth augmentation
coefficient for category 1, 2 and 3

| +(a55) 5559 (Tyg, )| [+(a30) E5559) (Ty, )|, | +(a3) ©>559) Ty, )| are fifth augmentation
coefficient for category 1, 2 and 3

| +(a5) @000 Ty, )| [+(az3) ©5559) (T3, £)], [+(az,) 6666 (T4, )] are sixth augmentation
coefficient for category 1, 2 and 3

e _ gy yor b1~ Bl)P G10,0] |-G VG0 ||- i) G 0)] |

BT 16 17 — m m m 16
a l —(b24)(4‘4‘4‘4‘4) (Gy7,0) H _(bzg)(s,s,s,s,S) (G31,0) || —(bgz)(6'6'6’6’6) (G35, 0) ’

iy _ oy yor B[~ BI® G0, 0] [~ VG0 - )P G0 |

BT 17 16 — m m m 17
“ | =(b35) 449 (Gy7, )]~ (b30) ®555 (G1, 1) ||~ (b3) @555 (G5, ) |

s _ gy yor (b16) @] = (b15) @ (Gro, )] [~ (b15) " (G, D] (B32) 33 (63, D)| .

= 18 17 — m m m 18
“ ‘ —(bye) 4 (G, 1) H —(b30) 9 (G, 1) || —(b34) 050 (G5, 1) ‘
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where‘ —(b'1'6)(2)(G19,t)‘ ,|—(b'1'7)(2)(G19,t)| ,|—(b'1'8)(2)(G19,t)| are first detrition coefficients for
category 1, 2 and 3

|—(bf3)(1'1')(6, t) | ,|—(bf4)(1'1') (G, t)‘ , | —(by5) (G, t)| are second detrition coefficients for category 1,2
and 3

| = (530)B33) (Gas, )], | = (03) B33 (G2, D) |, |~ (052) B33 (6,3, 1) | are third detrition coefficients for
category 1,2 and 3

= (b3) #4449 (Gyy, 1)
for category 1,2 and 3

,|—(b;’5)<4'4'4'4'4> (Gyy, t)|,|—(b;'s)(4'4'4'4'4)(627,t)l are fourth detrition coefficients

| = (53) 55559 (Gay, D), [ = (b39) B335 Gy, )|, | = (b30) ®5555) (Gay, ) | are fifth detrition coefficients
for category 1,2 and 3

| —(b3) 65569 (Gag, )] = (b33) 5559 (Gag, )|, [~ (034) @444 (G5, £) | are sixth detrition coefficients
for category 1,2 and 3

o " (a20) [+ (@20) P (T, 0| +(a16) > (T17, )| | +(a13) (T, 1)

22 = (g,,)36,y — 7 0 0 G
dt 20 2 l+(az4)(4‘4‘4‘4‘4‘4)(T25. t) ||+(a28)(5'5'5'5'5'5) (T, t) ”"‘(a32)(6’6’6’6’6’6) (Ts3, t)| 20
101 _ (0 G (@) V() (T, 0| +@) O30T, O | @) 0T )] |

—— = \ay 20 — 7 T m 21
a I +(ap5) D (Tys, 1) I | +(a39) 22559 (T, t) | | +(az3)©00080) (T35, 1) |

o2 _ (o 006 (@2) @ +(a52)® (T, O || +(a1e) @22 (117, )] [+(a1s) W1 (T34, ) | ;

— = \dy; 21 — m o T 22
a |+ (age) #** 449 (s, O || +(a50) 5555 (To, ) || +(a5) €555 (T3, 1) |

|+(a§0)(3)(T21, t) ‘ | +(ay)®(Tyy, t) | | +(az)®(Tyy, t)‘ are first augmentation coefficients for category
1,2and 3

|+(a'1'6)(2'2'2)(T17, t) | +(ay;)#*D(Ty,, t)| , |+(a'1'8)(2'2'2) (Ty7,0) ‘ are second augmentation coefficients for

category 1, 2 and 3

|+(a'1'3)(1'1'1')(T14, t) ‘ ‘ +(ay ) B (Tyy, t) |,|+(a'1'5)(1'1'1') (T, t)‘ are third augmentation coefficients for
category 1, 2 and 3

[+ (@) #4448 (T, 0)], [+ (ags) 44449 (T, 1)
coefficients for category 1, 2 and 3

| +(aze) 4444 (Tye, 1) ‘ are fourth augmentation

| +(azg) &5 (Tyo, ) |,| +(a39) 22555 (T, t) | )
coefficients for category 1, 2 and 3

+(az9) C55555) (Thq, t) ‘ are fifth augmentation

| +(az,)©06666)(T,, 1) || +(az3)©06666)(Ty, 1) |,| +(az4)©06666)(T,, 1) ‘ are sixth augmentation
coefficients for category 1, 2 and 3

WWwWWw.ijsrp.org
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o _ g o (b20)®[=(b30)® (G5, D |- (b16) #*2 Gy, )| |- (b13) " (G, 1) .

. = 20 21 — m m = 20

“ | —(bya) 44D (Gyy, t) I ‘ —(byg) 559 (Gyy, t) H —(b3) 05008 (Gys, t) |

it _ o )P~ 623, 0]|- GNP G0, O |- i G0 |

g \P21 20 7 m m 21
a | —(bys) 444D (Gyy, t) ‘ ‘ —(bye) ®559) (63, 1) H —(bg3)©O0E08) Gy, t) |

it _ o, o (53)®[=(03)® (G5, D |- (b15) #*2 (Gro, )| |- (b15) (G, 1) .

. = 22 21 — m m = 22
“ | —(bye) 44D (Gyy, t) ‘ ‘ —(b3o) 559 (Gyy, t) H —(b3s) 05000 (Gys, t) |

—(by1)P®(Gy3,0) ,|—(b§2)(3)((}23,t)| are first detrition coefficients for category 1, 2

|=(530)® (Ga3, 1)),
and 3

|—(bf6)(2'2'2)(619, t) | , |—(bf7)(2'2'2)(619, t)| , ‘—(bfg)(z'z'z)(Glg, t)‘ are second detrition coefficients for
category 1,2 and 3

|—(bf3)(1'1'1')(G, t) ‘ ,|—(bf4)(1'1'1')(6, t)l , ‘—(bi’s)(l'l'l') (G, t)| are third detrition coefficients for category
1,2and 3

—(byy) 44D Gy, ) || = (Bgs ) HHH44D (Gyy, ) || — (b)) 444449 (Gyy, t)|  are  fourth detrition
24 25 26
coefficients for category 1, 2 and 3

| = (b3s) S55559) (631, D)} = (b30) S55559) (Gay, )|, [~ (b30) B35559) (G5, 1) are  fifth  detrition
coefficients for category 1, 2 and 3

= (b3,)©56669) (Gyg, )|
for category 1, 2 and 3

—(by3) 56660 (Gac, 1) |,|—(b§4)(6'6'6'6'6'6) (Gss, t) ‘ are sixth detrition coefficients

LT LG T e C B CHD] | C G i) RGO )
= \d2q 25 0 " i 2
dt | ‘+(a13)(1'1'1'1)(T14, t)‘ +(a16) @3 (Ty7, 1) H+(a20)(3'3'3'3)(T21, t)’
o5 _ 0 g (@)@ +(a35) D (Tys, D] [ +(az0) O (T, D] [ +(a35) @O (T3, 0)|
= azs 24~ 0 " " 2
de ] | +(ay) P (Tyy, £) ||+(a17)(2'2'2'2)(T17, t) ||+(a21)(3'3'3'3)(T21, t)|
dGas _ 0 g (@36) @ +(a30) P (Tys, D] [+(a30) & (Tyo, 1) [ +(a3) (T3, 1)
= (lze 25 7 " " 26
dt | [+(@is) VD (T, )] [ +(ahp) @22D (Ty7, )] | +(a50) G239 (T, 0|

Where |(a'2'4)(4) (Tys, )|, (a35) @ (Tys, t) |,| (a26)® (Ts, t)‘ are first augmentation coef ficients for ca

’

|+(a;8)(5'5') (Tyo,t) ‘,|+(a;9)(5'5') (Tyo,t) ‘,|+(ag0)(5'5')(T29, t) ‘ are second augmentation coef ficient fo

’

| +(az) %) (Ts3, 1)

+(az3)®%) (Tys, 1) |,|+(a;4)(6'6') (Ts3, t) ‘ are third augmentation coef ficient for

[ +(a13) D (T, O} | +(a)) PP (Tyy, )

+(ays)AD(T, t)‘ are fourth augmentation coefficients

b

WWwWWw.ijsrp.org
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for category 1, 2,and 3

|+(a'1'6)(2'2'2'2)(T17, t) | ‘+(a'1'7)(2'2'2'2)(T17, t) |,|+(a'1'8)(2'2'2'2)(T17, t)| are fifth augmentation coefficients for
category 1, 2,and 3

|+(a'2'0)(3'3'3'3)(T21, t) | |+(a'2'1)(3'3'3'3)(T21, t) | |+(a'2'2)(3'3'3'3)(T21, t) | are sixth augmentation coefficients
for category 1, 2,and 3

ATos _ o sy, _ |2 20D G O] |- 0) O Gy O] i) 0 s O] |
— = D24 25 — 0 m m 24
dt _ |—(b13)(1'1:1'1)(6, t)‘ —(b16)(2'2'2'2)(619,t)H—(bzo)(3'3'3'3)(623,t)‘ |
ATos _ o sy, _ |20 20D, O] |Z02) O G, O (3 Gs D) |
- 25 24 m m m 25
dt _ |—(b14)(1'1'1'1)(6,t)| |—(b17)(2'2'2'2)(619,t)”—(b21)(3'3'3'3)(623,t)| _
s _ g ory, _ | o) =)D Gor, O] |2 (i0) O G, O] - (b)) (G, 1)
— = W2 25 0 T 7 26
dt | =@ PG, 0] [~ 01 22D (Gio, ) || - (h3) O3 (G, 8]

Where |—(bg4)(4)(627, t) |,|—(b;’5)(4)(627, t) ‘, —(bys) @ (Gyy, t) ‘ are first detrition coef ficients for ca

|—(b58)(5'5')(631, t) |,|—(b;’9)(5'5')(631, t) ‘, —(b30) (63, t)‘ are second detrition coef ficients for ca

|—(b§2)(6'6')(635, t) |,|—(b;3)(6'6')(635, t) |, —(b34)®®) (G35, 1) ‘ are third detrition coef ficients for cate,

=) D6, D)= i) D6, 0] [~ (i) VDG, )
are fourth detrition coef ficients for category 1,2 and 3

[= (b1 #*2D (Gro, O] [~ (B P22D (G19, D| [=(b1) #**2 (G0, 0|
are fifth detrition coef ficients for category 1,2 and 3

|- (b20) B3 (Gy3, 1) H— (b21) @33 (Gys, 1) l; = (by2) @333 (G, 1) |
are sixth detrition coef ficients for category 1,2 and 3

(@36) | +(a56) D (To, O |[+(a) #*) (Tos, ]| +(a5) @00 (T3, 1) |

dGrg _ 5
d_t_(aZS)()ng_ TECERRED) T N(2,2,2.2,2) " (3.3333) 28
|+(a13) T (T14:t)H+(a16) e (T17,t)H+(a20) e (T21.t)’
o _ 0 o (@59)®)[+(a50)® (Ty0, ) || +(@55) ) (T, 0) || +(a53) 59 (T35, 0)|
= (29 28 — 7 7 7 29
dt |+(a14)(1'1'1'1'1)(T14, t) ||+(a17)(2'2'2'2'2)(T17, t) ”+(a21)(3'3'3'3'3)(T21, t) ’
dGsy - (aéo)(5)| +(az0)® (T, 1) H +(az6) " (Tys, t) H +(a3q) @00 (T35, 1) |
= Gyg — m m T G
ac @076 = [ 011D (1, )] [+(a10) *222D (T, O] [+(a3) 232 (T, 0)] | &

Where |+(a'2'8)(5)(T29, t) ,|+(a'2'9)(5)(T29, t) ,|+(a;0)(5)(T29, t) ‘ are first augmentation coef ficients fi

WWwWWw.ijsrp.org
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And | +(az,) 44 (Tys, t) I, +(ay5) @) (Tys, t) |,|+(a;6)(4'4') (Tys, t)‘ are second augmentation coef ficier

|+(a;2)(6’6’6) (Ts3,t) l ,‘ +(az3) 00 (Ty3, 1) |,|+(a§4)(6'6'6)(T33, t) | are third augmentation coef ficient f

| +(a1) D (T, O} |+ (@) PP (Tyy, O )| +(ars) WD (T, 1) | are fourth augmentation
coefficients for category 1,2, and 3

|+(a'1'6)(2'2'2'2'2)(T17, t) |,|+(a'1'7)(2'2'2'2'2)(T17, t) |,|+(a'1'8)(2'2'2'2'2)(T17, t) ‘ are fifth augmentation coefficients
for category 1,2,and 3

| +(a50) 33333 (Ty, O | +(a) 33333 (T, )] | +(a5) 33333 (T4, )| are sixth augmentation
coefficients for category 1,2, 3

Moo _ ooy, _ | o) 20O G O] |02 Gy, O (0O Gs 1) |

- 28 29 — m m m 28
dt | =136, )] [~ (b)) #2222 (Gro, B) || - () *333P (G B |
Ty _ oy oy, _ | E) GO G, O] [ 3) Gy, O] (i) *OGs )] |,
7 — W29 28 — = = = 29
dt | =BG, 0] | = (b)) @222 (Gro, B) || - ()O3 (G B |
AT _ s, _ | G0 OO G, O] |02 (G, D] () G 1)

- 30 29 — 7 m m 30
dt | =BG, )| [~ (i) @222 (Gro, B) || - () @333 (G O]

where |— (byg)®(Gs1, t)| = (b29) P (634, t)| ,|—(bé’0)(5)(631,t)‘ are first detrition coef ficients

for category 1,2 and 3

|—(b§4)(4'4')(627, t) |,|—(b;5)(4'4')(627, t) |, —(byg) 4 (G, t)‘ are second detrition coef ficients for ca

|—(b§2)(6'6'6)(635, t)|,|—(b§3)(6'6'6)(635, t)|,|—(b§4)(6'6'6)(635, t)| are third detrition coef ficients for

|=(bi) WD (G, 0) || = (bry) WA (G, 1)
category 1,2, and 3

,|—(bf5)(1'1'1'1'1')(6, t)| are fourth detrition coefficients for

| = (b15)@222D (Gy9, O || = (by7) #***P (Gro, )| = (b15) #2222 (G4, 1) | are fifth detrition coefficients for
category 1,2, and 3

|— (byo) 33333 (G5, 1) | |— (by) 33333 (6,3, 1) H— (byy) 33333 (6,3, 1) | are sixth detrition coefficients for
category 1,2, and 3

dGs; (2,)©6 (alsz)(e)| +(a§2)(6) (T33, 1) ‘ ‘ +(a;8)(5'5'5) (T, 2) H+(a'2’4)(4'4'4') (Tzs, t)‘ G
= \as; 33~ " " " 32
de I +(ag3) D (T, t) H +(a1) #2238 (Tyy, t) || +(a30) B339 (Tyy, 1) ‘
4G5 (a33)©6 (a’33)(6)| +(ag3)(6) (T33,8) ‘ ’ +(a;9)(5'5'5) (Tp9, 8) H +(a;5)(4'4'4') (Tzs, 1) | G
= 33 32 7 " E " 33
dt ‘ +(ay )LD (T, 1) H +(ay;) 22222 (T, t) || +(ay;) 333333 (T, £) ‘

WWwWWw.ijsrp.org
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(a,34)(6)‘ +(a3a)© (T35, 1) | | +(az0) > (Ty, t) ‘ | +(az6) M (Tys, t) |

T m m 34
[+(a15) 111D (T, )| +(als) B2222D(Ty7, ) |[+(a5,) 333333 (Tyy, )|

ar (a34)©G33 —

|+(a§2)(6) (T3, t) |,|+(ag3)(6) (Ts3, t) |,|+(a§4)(6) (Ts3, t)l are first augmentation coef ficients for cate

|+(a’2'8)(5'5'5)(T29, t) l ,I +(az9) 5 (Tyg, t) |,|+(ag0)(5'5'5) (Tyo,t) | are second augmentation coef ficients

|+(a’2'4)(4'4'4')(T25, t) | ,I +(ays) ) (Tys, t) |,|+(a;6)(4'4'4')(T25, t)| are third augmentation coef ficients

|+(a'1'3)(1'1'1'1'1'1)(T14, t) |,|+(a'1'4)(1'1'1'1'1'1)(T14, t) |,|+(a'1'5)(1'1'1'1'1'1)(T14, t)| - are fourth augmentation
coefficients

[+ (a1) 2222(Tyy, )] +(aiy) @222 (T, )] +(ale) @22#2)(Ty;, £)| - fifth augmentation
coefficients

b

| +(a50) 333333 (T, O] [+(a) B33333) (T, D] | +(a5) 333333 (T, )| sixth augmentation

coefficients
T _ s, _ | 020 G, O )G, - 2) G 0] |
- 32 33 — m m m 32
dt | = (b1 ) WL (G, 0)| [ = (b1g) B2222D) (Gyo, £) |- (B29) B339 (63, 1)
s _ oy o, _ | 80O O] i) G O]|- G) DG 8] |
= 033 32~ 0 " " 33
dt | = (b)) OV (G, 0)| | = (b1,) 22222 (Gyo, £) |- (b7)BP333D Gy, 1) |
LR I oy O ) | ST R | S CA IR O] gy
— — (D34 33 — — — — 34
dt | = (b1 )PP (G, 0)] [ (b1g) Z2222D) (G, 0)| |- (07) 33333 (6,3, 0)|

|—(b§2)(6)(635,t)|,|—(b;3)(6)(035,t)| ,|—(b§4)(6)(635,t)| are first detrition coef ficients for categor

|—(b£8)(5'5'5)(G31, t) |,|—(b§9)(5'5'5> (G31, 1) | ,| —(b3g) > (Gyy, t)| are second detrition coef ficients for

|—(b;4)(4'4'4')(G27, t) |,|—(b;5)(4'4'4')(627, t) |,|—(b;6)(4'4'4')(627, t)| are third detrition coef ficients for

| = (1) PG, )] [ = (b ) AV (G, 6)| | = (bys) A111D(G, ¢) | are fourth detrition coefficients
for category 1, 2, and 3

= (b10)@2222D(G1, 1) |||~ (by7) B2222D) (Gyg, 1) ||~ (1) #2222 (G, £)| are fifth detrition
coefficients for category 1, 2, and 3

|- (D3) 33333 (Gys, t) |. ’— (byy)B33333) (Gys, t) H— (by2)B333:33) (G, t)‘ are sixth detrition
coefficients for category 1, 2, and 3

Where we suppose
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@A) (@), (@)®,@)®, eV, )P, (M > o,
i,j =13,14,15
(B) The functions (a; ), (b; ) are positive continuous increasing and bounded.
Definition of (p))®, ()M
(a YD (T4, 0) < ()P < (Ag3)D
(BHVEG. O < ()P < B)D < (Biz)®
©  lmpyw(@)® (T, 1) = @)@
limg e (b ) (G,0) = ()@
Definition of ( A3 )™, (By3)™M:
Where | (Ai3)D, (Bi3)D, (p)D, (r)H)® | are positive constants and

They satisfy Lipschitz condition:

1(a; YD (T14, £) = (@] YO Ty, )] < (ki3 YD|Tyy — Tyyle (M)t
(b YD G, 6) = (B YD, D) < (kg3 )D||G — G ||~ (M) Dt

With the Lipschitz condition, we place a restriction on the behavior of functions
(a; )P (Ty,,t) and(a; )P (Tyy,t) . (Tys, t) and (T4, t) are points belonging to the interval
[(Ry3)D, (M5 )] . 1t is to be noted that (a; )™ (Ty4, t) is uniformly continuous. In the eventuality of the

fact, that if ( M3 )@ = 1 then the function (a; ) (T4, t) , the first augmentation coefficient WOULD be
absolutely continuous.

Definition of ( M3 )@, (ky3)M :
(D) (My3)D, (ky3)D, are positive constants

@)® k)™
(M43)MD 7 (M33)D

Definition of ( P;3 )™, (03)® :

(E) There exists two constants ( P;3 ) and ( Q3 ) which together
with (M;3)D, (ky3)D, (A3)® and (B3 )™ and the constants
@)@, @)™, ®)®, ) D, @™, ()®,i=13,14,15,

satisfy the inequalities

1

Foo @P + @)V + (A) D+ (Pg)® (ki3)P] <1

1
(M3)D

[ BO™W +B)D + (Bis)® + (Q13)® (kiz) ] <1

Where we suppose

F (@)@, (@)@, (@ )P, B)P, (b)P, (b )® >0, i,j=16,17,18

(G) The functions (a; )@, (b; )® are positive continuous increasing and bounded.

Definition of (p;))®, (r;))@:
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" ~ )
(@) )P (Ty7,6) < ()P < (Ag)

(b )P (Gro,0) < ()P < (b)P < (B )@
(H) limTZ_,oQ (a;" )(2) (T17, t) = (pl)(Z)
limg e, (b, )® ((G19),t) = ()@

Definition of (A )@, (B )@ :

Where|(/i16 Y@, (Big)?, (p)P®, ()@ |are positive constants and [i = 16,17,18

They satisfy Lipschitz condition:
1@)P(T37,8) = (@ )P (T, O] < (ki )P |Tyy = Tyl (Fe)®e

(5 )@ ((G19),£) = (b )P ((G19), )] < (K16 YD I(Go) — (Gyo)'[|le~(Mr6) Pt

With the Lipschitz condition, we place a restriction on the behavior of functions (a; )@ (T;,,t)

and(a; )@ (Ty7,t) . (Ty7,t) and (Ty7, t) are points belonging to the interval [( ki )@, (M )] . Itisto
be noted that (a; )® (T}, t) is uniformly continuous. In the eventuality of the fact, that if ( M )@ =1
then the function (a;' YA (Ty,,t) , the SECOND augmentation coefficient would be absolutely continuous.

Definition of (M4 )@, (k)@ :
() (M) P, (k6 )P, are positive constants

@® )@
(M16)P 7 (M16)@

Definition of ( P;3 )@, (043)@ :

There exists two constants ( B¢ )@ and ( 0,4 )@ which together
with (M6 )@, (k16 )@, (A16)Pand (B )P and the constants
(@), (a)®, ()P, )P, )P, ()?,i =16,17,18,

satisfy the inequalities

1

Goml @@+ @D+ (Ri)® + (Pie)® (kig)P] < 1

1
(M16)®

[ B)P +B)P + (Bi)® + (016)? (kis)P] <1
Where we suppose
Q) (@)@, (@)@, (a)®, (1)@, (3D, (b )P >0, i,j=202122
The functions (a; )®, (b, ) are positive continuous increasing and bounded.
Definition of (p)®, (r;)®:

(@)P (M0, 8) < PP < (Ayo)®

(b )P (G5, t) < ()P < (5)® < (By)®
lime, o (@ )® (Ty1,8) = (p)®

limgoe, (b )® (G3,8) = (1)@
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Definition of ( A,5 ), ( By )@ :

Where | (Ay0)®, (By )P, 0)®, (1)@ | are positive constants and [i = 20,21,22

They satisfy Lipschitz condition:

1(a; )BTy, ) = (@] )P (Ty1, 0] < (kgo )P|Tyy — Ty le™(M20)Pt
10 ) (Ga3 ) = (b )P (Go3, )] < (Fego )P||Gog — Gog' [|e™ (20Dt

With the Lipschitz condition, we place a restriction on the behavior of functions (a;' )BTy, t)

and(a; )®(Ty,t) . (Tyy, £) And (T,y, t) are points belonging to the interval [( ko )®, ( My )®] . Itis to
be noted that (a; )® (T, t) is uniformly continuous. In the eventuality of the fact, that if ( M,, )® = 1
then the function (a; )®(T,y,t) , the THIRD augmentation coefficient, would be absolutely continuous.

Definition of ( Mo )®, (ko )@ :
(K) (M )P, (kyo )P, are positive constants

@® k@
(M30)3) 7 (M29)B3)

There exists two constants There exists two constants ( P, )® and ( 05, ) which together with
(M), (k)P (Ay0)Pand ( By, )™ and the constants

(@)@, (a)®, (b)®, )P, @), ()®,i=202122,

satisfy the inequalities

1

(F30)® [(a)® + (a;)(S) + (A0 )® + (Py)® (hpo)P] < 1

! ! D A ~
W[ (bi)(s) + (bi)(3) + (Byo )(3) + (Q2 )(3) (koo )(3)] <1

Where we suppose
(@)@, (@)@, (@), )@, 6@, ()P >0, i) = 242526
(M) The functions (a; )®, (b, )™ are positive continuous increasing and bounded.
Definition of (p,))®, ()®:
(@)W (T, ) < @)@ < (Ap)®

(b)) P (G2, < ()P < (B)W < (Bay)®

(N) limr, 5o (@ )P (Tys,t) = (p)@
lirnG—)oo (blu )(4) ((627)1 t) = (ri)(4)

Definition of ( Ay, )™, ( Bys )® :

Where ‘ (Ay)®, (B )P, ()@, ()W ‘ are positive constants and [i = 24,25,26

They satisfy Lipschitz condition:

1(a; Y® (Tys, £) — (a; )P (Tys, )] < (kpg )P|Tys — Tpsle™(M2a) @
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15 B ((G27) ) = (B YP((G27), £)] < (ko YPII(Gp) — (Gop) [e™ (M) Pt

With the Lipschitz condition, we place a restriction on the behavior of functions (a;' YD (Tys, t)
and(a; )® (Tys,t) . (Tys, ) and (Tys, t) are points belonging to the interval [(kaq )®, (M2, )®] . Itis to
be noted that (a; )™® (Ts, t) is uniformly continuous. In the eventuality of the fact, that if ( My, )® = 4
then the function (a; ) (T,s, t) , the FOURTH augmentation coefficient WOULD be absolutely
continuous.

Definition of ( My, )™, (k24 ) :
(Myy )P, (koy )@, are positive constants

@® ™
(M24)® 7 (M4 )H

Definition of ( By, )™, (04 )@ :
Q) There exists two constants ( P, Y® and (0,4 )™ which together with
( My YD, (s )P, (Ayy)Pand ( By, )™ and the constants

@)™, (@)@, 1)@, )P, @)@, ()@, i = 24,25,26,
satisfy the inequalities

1 , . ) A
(H24)® [@)® +(@)® + (A)®P + (Pru)® (ke )P] <1

1
(M4 )®

[ 0)® + 1)@+ (B2a)® + (Q24)® (hpy )P <1
Where we suppose
(ai)(S)' (a;)(S)l (a;' )(5)’ (bi)(S)l (bl’)(S)l (bl” )(5) > 01 ll_] = 28)29;30
(S) The functions (a; )®, (b; ) are positive continuous increasing and bounded.
L L
Definition of (p,))®, (r;)®:
(a; ) (T, 1) < () < (Ayg)®

B (G,) < ()P < 1) < (Byg)®

) limg, o (a;’ ) (Tye, 1) = (p)™
limG_,oo (bl )(5) (G31: t) = (ri)(S)

Definition of (A,g )®, (B )™ :

Where ‘(Azg )®), (B )®, 0)®, (11)® ‘ are positive constants and [i = 28,29,30

They satisfy Lipschitz condition:

1(a; ) (Tyo, ) — (a; ) (Tyo, )] < (Kgg )®|Tpg — Tpole™(M2)t

15 YD ((G31)', ) = (b YO ((G31),£)] < (g YD|I(G31) — (Gap) [Je~M2s) Pt

With the Lipschitz condition, we place a restriction on the behavior of functions (a; )® (T, t)
and(a; )®(Tao,t) . (Tyo, t) and (Ty, t) are points belonging to the interval [( ky5)®, (M5 )] . Itisto
be noted that (a; ) (T, t) is uniformly continuous. In the eventuality of the fact, that if ( Mg )® =5

WWwWWw.ijsrp.org



International Journal of Scientific and Research Publications, Volume 2, Issue 8, August 2012
ISSN 2250-3153

then the function (a; )®(T,,t) , theFIFTH augmentation coefficient attributable would be absolutely
continuous.

Definition of ( Mg )®, (k2 )® :
(Mg ), (kg )®, are positive constants

@® _vp®
(M28)3) 7 (M8 )

Definition of ( Pg )®, (0,5 )™ :

There exists two constants ( P,g )® and ( Q,g ) which together with
(F35)®, (kpe )®, (Az5)Pand (Byg ) and the constants
(@)®, (@)®, (), (), )®, ()P, i=28,29,30, satisfy the inequalities

1

T @ + @) + (Az)® + (Pog)® (kog)PI < 1

1 : - ~ -
W[ b)® + B)P + (B )P + (Q26)® (kg )P <1

Where we suppose
(@)@, (@)®, (@)@, ()@, (b)), (b )® >0, i,j=323334
(W)  The functions (a; )©, (b, )® are positive continuous increasing and bounded.
Definition of (p,)©, (;)®:
(a; ) O (T3, ) < ()@ < (A3,)©@

(b)) P ((G35), 1) < (1)@ < (B)® < (B )®

X)  limpoe (@ )® (T33,8) = (p)©
limg_e, (b )@ ((G35),t) = (1)@

Definition of ( Az, ), (B3, )© :

Where | (A3)®, (B3,)®, (p)®, (1)@ | are positive constants and [i = 32,33,34

They satisfy Lipschitz condition:

" / " - L (f12,)®
(@ )OO (T35, t) — (a; ) O (Ts3, )| < (fegp )Tz — Tygle™Ms2)™t

" / " - (3 )©
[(b; )@ ((G35), 1) = (b; ) O ((G35), )| < (kzz )O|(G35) — (G33) e (F152)(®)e

With the Lipschitz condition, we place a restriction on the behavior of functions (ag YO (Tas, 1)
and(a; )© (Ts3,t) . (Tss, t) and (Ts3, t) are points belonging to the interval [(ks; )©, (M3, )@] . Itisto
be noted that (a; )® (T3, t) is uniformly continuous. In the eventuality of the fact, that if ( M3, ) = 6
then the function (a;' )©®)(Ty3,1) , the SIXTH augmentation coefficient would be absolutely continuous.

Definition of ( M3, )©, (ks, )© :
(M55 )®, (ksy ), are positive constants

@)® _wp®©
(M32)® 7 (#32)(®
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Definition of ( P, )®, (03, )@ :

There exists two constants ( P;, ) and ( @3, ) which together with
( Ms, )(6>,,( k3 )©, (A32)<6>and ( B3, )® and the constants
(@)@, (@)®, (6)®, (5)®, @)@, ()@, i =32,3334,
satisfy the inequalities
1 ’ ~ ~ ~
T® L (@)@ + @)@+ (A5) @+ (P3)® (k3 ) @] < 1
1

Gl B+ DO+ (B) O+ (052)® (k)@ <1

Theorem 1: if the conditions IN THE FOREGOING above are fulfilled, there exists a solution satisfying

the conditions

Definition of G;(0),T;(0) :

GO < (Pyy) VeVt T76,0) = 60> 0]

T,(0) < (Qu3)Ve™)Pt [1,0) =T >0

Definition of G;(0),T;(0)
Gi(t) < (Prg)@eMe)Pt - G(0) =6Y >0

@)

Ty(t) < (Qy )PeMe) T,(0)=T" >0

Gi(£) < (Py)Pe™)Pt G,(0) =62 >0
T(t) < (Qp )PeM0)®t  T(0) =T >0

Definition of G;(0),T;(0):

G(O) < (Pyy ) Pem)®e  T7G,0) = 67 > 0]

T,(t) < (Qpy )Pe™)Pt  — [1(0)=T0 >0

Definition of G;(0),T;(0):

G(O) < (Pyg )P0t T7G,0) = 67 > 0]

A ®)
Ty(t) < (Qg5 )Mt T,(0)=T2 >0

Definition of G;(0),T;(0):
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G:(O) < (P ) et 7G,0) = 67 > 0]

A (6)
Ty(t) < (03 )@eM2)™t 1 IT(0) =T > 0

Proof: Consider operator A defined on the space of sextuples of continuous functions G;, T;: R, — R,
which satisfy

G:(0)=GY, T.(0)=TY, G < (P;3)D,T? < (Q43)D,
0 < Gi(t) — G0 < (B3 ) VeI

0<Ti(t) =T < (Qp3 )De(Mia) Dt

By

Gis() =G + [, [(a13)(1)Gl4(5(13)) - ((a'13)(1) + a'1'3)(1)(7‘14(5(13)),5(13))) Gi3 (5(13))] dsas)
Gia(t) = Gy + fot [(a14)(1)(;13(s(13)) - ((a'14)(1) + (a1) (T (513)), 5(13))) Giq (5(13))] ds(13)
Gis(t) = G5 + [(a15)<1)014(5(13)) = ((ais)“) + (allls)(l)(TM(S(B))'5(13))) Gis (5(13))] ds 3

7_w13 ® = T103 + fot [(b13)(1)T14 (5(13)) - (bi3)(1) - (bf3)(1)(6(5(13)); S(13))) T13(5(13))] ds(3)

Tia() = Ty + fot [(b14)(1)T13 (5(13)) - ((bﬁ)(l) - (bi,4)(1)(6(5(13))'5(13))) T14(5(13))] dsq3)

Tis(t) = Tfs + fot [(bls)(l)Tm(s(m)) - ((bis)(l) - (bils)(l)(G(s(B))» 5(13))) Tis (5(13))] ds(13)

Where s(q3y is the integrand that is integrated over an interval (0, t)

Proof:

Consider operator A® defined on the space of sextuples of continuous functions G;, T;: R, — R, which
satisfy

G(0) =G, T,(0) =T, G0 < (Pis)® T < (Q16)?,
0 < Gi(t) — G < (Prg )PeMs YDt
0 < Ti(t) = T < (g )P Mot

By

Gis(®) = Gl + J; (@) P17 (s06) = ((@6)P + 1) (T (s 5016))) G16(s06))] dsae)
Gir(8) = G + [ [ (@) @6 (s06)) = (@)@ + (@DP (T (sa6)) 5an) ) 17 (sas)| dsas)
Gis () = Gfy + Iy [ (@) P61y (s1)) = (@)@ + @) (T (s016))r 5016)) ) G5 (s016))]| dsiae)

Ti6(t) = T + fot [(bla)(z)Tn (5(16)) - ((bid(z) - (bi,6)(2)(6(5(16))' 5(16))) T16(5(16))] ds(16)
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T, () =Tf + fot [(b17)(2)T16 (5(16)) - ((bi7)(2) - (bi,7)(2)(6(5(16))1 5(16))) T17(5(16))] ds(16)

Tig(t) = Tip + fot [(b18)(2)T17 (sae) — ((bis)(z) - (biys)(z)((;(s(m)),5(16))) Tig (5(16))] ds(1e)

Where 5,6, is the integrand that is integrated over an interval (0, t)

Proof:

Consider operator A® defined on the space of sextuples of continuous functions G;, T;: R, — R, which
satisfy

G;(0) = Gio , T;(0) = Tio ’ Gio < (ﬁzo )(3) vTiO = (Ozo )(3):
0 < Gi(t) — G < (Pyy )PeM20) Ve

0 < Ty(6) =T < (Qg0 )P M)t

By

Goo(8) = G3p + fot [(azo)(3)621(5(20)) - ((a,zo)@ + a20)®(T21 (s20))s 5(20))) 520(5(20))] ds(20)

Go (t) = G31 + fot [(a21)(3)620 (5(20)) - ((0,21)(3) + (alzl1)(3)(T21 (S(zo)); S(zo))) G2y (5(20))] ds 20
Gyp (t) = G, + fot [(azz)(3)621(5(20)) - ((a’zz)m + (agz)(3)(T21 (5(20)); 5(20))) G2 (5(20))] ds (20

Ty (t) = Tsp + fot [(bzo)(3)T21(5(20)) ~ ((020)® = (020)® (G (s20)), 5(20))) N (5(20))] ds (20

Ty (t) = T3 + fot [(b21)(3)T20(5(20)) - ((bél)@) - (bgl)(3)(5(5(20))'5(20))) T21(5(20))] ds (20

— t ’ "
T () =T, + fo [(bzz)(g)Tn (s@oy) — ((bzz)(3) - (bzz)(g)(G(S(zo)),5(20))) Ty, (5(20))] ds(20)
Where s,y is the integrand that is integrated over an interval (0, t)

Consider operator A™ defined on the space of sextuples of continuous functions G;, T;: R, — R, which
satisfy

G(0) =GP, Ti(0) =T7, G) < (P )®, T < (Q24),
0 S Gl(t) - Glo S (ﬁ24 )(‘l')e(M24)(4)LL
0 S T(8) = T < (Qo4 ) Pe 2

By
Gaa(6) = G4 + fot [(a24)(4)625(s(24)) - ((a'24)(4) + az4) @ (Tos (s20)), 5(24))) 524(5(24))] ds a4
st(t) = G§5 + fot [(azs)(4)024 (5(24)) - ((aés)(4) + (a;s)(4) (Tzs (5(24)),5(24))) Gos (5(24))] d5(24)

Ga6(t) = G3s + fot [(a26)(4)625(5(24)) - ((alze)m + (a26) P (Tos (s2))s 5(24))) Gae (5(24))] ds(a4)
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Toa(6) = T8 + fy [ (520) P Tas (s20)) = (02)® = b2) (G (520)), 520)) ) Toa (52| dscany
Tos (6) = Tfs + Jy [(b25)DTaa (s20)) = (B2)® = B3) (G (5209, 520)) ) s (5020)) | dscany
Tos () = T + g [ (b26) PTos (s2)) = ((026)® = (b26)P(6 (52)), S21)) ) Tas (52)) | dscan
Where s(,4y is the integrand that is integrated over an interval (0, t)

Consider operator A defined on the space of sextuples of continuous functions G;, T;: R, — R, which
satisfy

Gi(0)=GY, T, (0) =T, GY < (P )® ,T? < (Q3)®,
0 < Gy(t) — GP < (g )®e (M)t

0<T, () =T < (0 )De(M28)t

By

Gon(0) = G35 + [ [(@28)®Gas(5a)) — ((@2)® + @36) ™) (T (s ), Szmy) ) Gas (Samr)| dsiamy
Goo(®) = Gl + f [ (@020) G (52)) = ((a20)® + (@39) P (Tas (528)), 529))) G (5c28)) | sy
Gao(®) = G + [y [(@30)® 6o (528)) — ((@30)® + (@50) ) (Tas (5289, Szy) ) Gao (Sz)) | dsimy
Ty (6) = Tfs + [ [ (b26) a0 (52m) = ((b26)® = (b25)®(G(52)), Szs)) ) Tow (52| dsiamy
Too(6) = Ty + [ [(020)®Tas (s28y) = ((02)® = B3) (G (50280, S2s)) ) Too (Saey)]| dscasy

Tso(t) = T + fot [(b30)(5)T29(5(28)) - ((béo)(s) - (bgo)(s)(G(S(zs)),5(28))) T3 (5(28))] ds(2s)

Where s(,g) is the integrand that is integrated over an interval (0, t)

Consider operator A® defined on the space of sextuples of continuous functions G;, T;: R, — R, which
satisfy

Gi(0) =GP, T,(0) =T, G < (P)®, T < (Q52)®,
0= Gi(t) = G < (Py ) @eM2)

0<Ti(0) ~ T < (Qp YO M2)

By

G32(8) = G3, + fot [(‘132)(6)633 (sa») — ((aéz)(@ +a3) @ (Ts3(ss2))s 5(32))) Gz, (5(32))] ds(3z)

G33(t) = G35 + fot [(‘133)(6)632 (sG2)) = ((aé3)(6) + (a§3)(6)(T33 (3(32)),3(32))) Gs3 (5(32))] ds(32)
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Ga4(t) = G4 + fgt [(a34)(6)G33 (5(32)) - ((a;4)(6) + (a;4)(6)(T33 (5(32))' 5(32))) G34(5(32))] ds(sz)

Tsp(t) = Tgy + fot [(baz)(G)Tw (5(32)) — ((b3)©@ - (b;z)(G)(G(sm))‘ 5(32))) T3, (5(32))] ds(s2)

Ty5(t) = T3s + fot [(b33)(6)T32(5(32)) - ((b:’s:;)(é) - (bg3)(6)(5(5(32)),5(32))) T33(5(32))] ds(3z)

T3 (t) = T3y + fot [(b34)(6)T33 (sa2)) — ((b:’s4)(6) — (3@ (G(s@2)), 5(32))) T34(5(32))] ds(3z)

Where s(3,y is the integrand that is integrated over an interval (0, t)

(@) The operator A™ maps the space of functions satisfying GLOBAL EQUATIONS into itself .Indeed it
is obvious that

t s ®
Gi3(t) < G5 + Jo [(a13)(1) (094"‘(1)13 YDeMhz) 5(13))] dsus) =

1 0 (a13)P(Py3)D M2 YD
(1+ (a13) V)G +W(e( - 1)

From which it follows that

_(P13)M+6Y,

_ eH) M - ( —o—) o
(Gr3(8) = Gy)e~ (M) Ve < (013) [((PB YD +60)e\ T ) 4 (Py)®

— (My3)D

(G?) is as defined in the statement of theorem 1
Analogous inequalities hold also for G4, G1s, T13, T14, Tis

(b) The operator A maps the space of functions satisfying GLOBAL EQUATIONS into itself .Indeed it
is obvious that

t ~ @)
Gi6(t) < Gl + [ [(a16)(2) (Gf7+(Pl6 )©eHs) 5(16))] dsge) =

2 0 (a16)P(P16)P j7 )
(1+ (a16)?t)GYy +W(e( 16— 1)

From which it follows that

_(P16)P+6Y,

- @) @ 5 ( —o—> 5
(Go(t) — Glp)e~(Me) Pt < LU 1 (B Y@ 4 G2)e & )4 ()@

= (M)@

Analogous inequalities hold also for G5, Gig, Tig, T17, T1g

(@) The operator A maps the space of functions satisfying GLOBAL EQUATIONS into itself .Indeed it
is obvious that

t 5 3)
Gao(t) < G3o + [(azo)m (631 +( Pyy )PeM20) S(ZO))] dso) =

3 0 (a20)®( Py )@ Mon Y3
(1+ (a20)Pt)63 +W(e( 20— 1)

From which it follows that

_(P20)®)+6Y,

- ®) ® 5 —0—> 5
(G () — GYp)e~(Ma0) Pt < 020\ (( p, )<3>+Gz°1)e< +(on)<3>l

T (M)
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Analogous inequalities hold also for G,q , Gy, Tog, To1, Toz

(b) The operator <A™ maps the space of functions satisfying GLOBAL EQUATIONS into itself .Indeed it
is obvious that

t 5 @)
G4 (t) < G4 + [ [((124)(4) (Gzos +(Pyy ) Wel M2t 5(24))] dsa) =

4 0 ()P (PP Boa YD
(1 + (a24)( )t)st +W(e( 24 )t _ 1)

From which it follows that

_(Paa)®+63s

N ® 5 < —0—> 5
(G4 (t) = Gy )e (M)t < (@2e) (( Py )™ + Ggs)e 625 + (P )®

T (M)

(G?) is as defined in the statement of theorem 1

(c) The operator A maps the space of functions satisfying GLOBAL EQUATIONS into itself .Indeed it
is obvious that

t 5 )
Gg(t) < G35 + fg [(azs)(s) (G§9+( Prg )®eM2e) 5(28))] dsg) =

5 0, (a28)P(Pyg)® Moa )
(1 + (az8)®t)G3 +W(6( )T — 1)

From which it follows that

_(P2g)®)+6%

- ®) &1 5 ( —o—> 5
(Gg(£) — Gl)e~ (M) Pt < L8 (P YO) 1 G Ye\ B /4 (Pyy)®

T (M)

(G?) is as defined in the statement of theorem 1

(d) The operator A©® maps the space of functions satisfying GLOBAL EQUATIONS into itself .Indeed it
is obvious that

t 5 (6)
G2 (t) < G + [ [(032)(6) (Gé)a‘l‘( Py, )@ M32) 3(32))] ds@sz) =

0\ 0 o @3)@P3)O (g, y©)
(1 + (a32)( )t)G33 +W(e( 32 )Vt _ 1)

From which it follows that

(P32)®+6%3

oo o[ (st
(G2 (£) — G)e~Ms2) ™t < La52) ((P32)® +G%)e 633 +(P3)®

~ (M3)®

(G?) is as defined in the statement of theorem 6

Analogous inequalities hold also for G5, Gyg, Tog, Tos, Toe

. - @® e ®
It is now sufficient to take D ) ® < 1 and to choose
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(P35 )® and (Qq3 )™ large to have

[ <(f’13 )(1)+G}’>
@)® |, 5 - i = .
(1,30 (Pi3)® + ((Pi3)® + Gjo)e J < (P;3)®
[ (Q13 )(1)+T]Q
(bi)(l) ~ —( — ) ~ R
(M13)® (( Q13)P + T}O)e g +(013)P[ < (013)®

In order that the operator <A™ transforms the space of sextuples of functions G, , T; satisfying GLOBAL
EQUATIONS into itself

The operator A is a contraction with respect to the metric
d ((Gm,T(n), (G(Z),T(Z))) =

1 2 - @ 1 2 — (€8]
Sup{rtré%f |Gi( )(t) _ Gi( )(t)|e (Mq3) tﬂ’;gf |Tz( )(t) _ Ti( )(t)|e (Mq3) 3!

Indeed if we denote
Definition of G, T :
(G,T)=ADG,T)
It results
1G5 - 67| < [, @)V |6y - Gl(f)|e_ml3)(l)s“3)e (1) Vs dsgiz) +

PP J6 - e SR s
(ai) V(1) 5(13))|G1(;) - 01(3%)|e_(%3)(1)5(13)6(%3)(1)5(13) +

61D, 503) = @)1, sap)| e M Psane T Msasys )

Where s(;3y represents integrand that is integrated over the interval [0, t]

From the hypotheses it follows

|G(1) _ G(2)|e—(W13)(1)t <

A (@) + @)D + (A1) + (i) D (Fip))d (60, 70; 62, 7))

And analogous inequalities for G; and T;. Taking into account the hypothesis the result follows

Remark 1: The fact that we supposed (a;3)™® and (b;3)® depending also on t can be considered as not
conformal with the reality, however we have put this hypothesis ,in order that we can postulate condition

necessary to prove the uniqueness of the solution bounded by ( Py3)Pe™1DDt gnd (9y5)Me (M1 Mt
respectively of R,.

If instead of proving the existence of the solution on R,, we have to prove it only on a compact then it
suffices to consider that (a; )™ and (b; )V,i = 13,14,15 depend only on T, and respectively on
G (and not on t) and hypothesis can replaced by a usual Lipschitz condition.

Remark 2: There does not existany t where G; (t) = 0and T; (t) = 0

From 19 to 24 it results
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G, (t) > Gi()e[—f(f{(a;)(l)—(a;')(1)(T14(5(13))15(13))}‘15(13)] >0

T, (¢) > TOe ¢ > 0 fort>0
Definition of ((My3)®),, (M13)®), and ((M;3)™), :
Remark 3: if G;3 is bounded, the same property have also G4 and G5 . indeed if

Gi3 < (M;3)@ it follows d;’% < ((7l7113)(1))1 — (a14)™M Gy, and by integrating

Gy < ((7‘7113)(1))2 = Giy + 2(014)(1)((’Mm)(l))l/(a,m)(l)

In the same way , one can obtain

Gis < ((My3)W), = Gfs + 2(“15)(1)((/Mw)(l))z/(a,ls)(l)

If G,, or G5 is bounded, the same property follows for G;5, Gi5 and Gz, Gy4 respectively.

Remark 4: If G;3 is bounded, from below, the same property holds for G, and G5 . The proof is
analogous with the preceding one. An analogous property is true if G4 is bounded from below.

Remark 5: If T3 is bounded from below and lim,_,., ((b; )V (G(t), t)) = (by,)® then Ty, — co.
Definition of (m)™ and ¢, :

Indeed let t; be so that fort > t;

(b1)® = (b HP(G(), 1) < &, T3 (1) > (M)W

Then d;—i“ > (a) P (m)® — g, T;, which leads to

(a19) D)™

- ) (1 —e~1t) + The 1t If we take t such that e =61t = % it results
1

T 2 (

Ty 2

W™

(%) t= log; By taking now &; sufficiently small one sees that T, is unbounded.
1

The same property holds for T;5 if lim,_,. (b15)® (G(t),t) = (bys) P

We now state a more precise theorem about the behaviors at infinity of the solutions

@® _vp®
(M16)® 7 (M16)®

It is now sufficient to take < 1 and to choose

(P )® and (0,4 )@ large to have

<(f’16 )(2)+G?>
@® |+ 5 LG 5
m (Pre)® + ((Ps)? +G)e K < (Pyg)®

(@16)(2)”})
®)® 14 T A A
wow | ((Q)® +T)e S+ (@) £ (016)@

In order that the operator A transforms the space of sextuples of functions G; , T; satisfying
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The operator A is a contraction with respect to the metric
d (((619)D, (T19)D), ((G10)P, (T19)@)) =

1 2 — () 1 2 — )
Sup{r[ég'f |Gi( )(t) _ Gi( )(t)|e (M16) t'rfém‘}f |Tz( )(t) _ Ti( )(t)|e (M16) £

Indeed if we denote

Definition of Gyo, Tro © ((Gro, Tro ) = AP (Gy9, Tro)

It results

|G1(é) _ G"i(2)| < fof(am)(z) |Gl(;) _ Gl(g)|e—(ﬂlﬁ)ws(m)e(ﬂ16)(2>5(16) ds(16) +
[H{@)@[6L = 62 e~ M) Psane=(Tie)Dsas) 4

(‘111’6)(2)(711(71)' 5(16))|Gl(61) - Gl(é)|e_m16)(2)5(16)emlﬁ)(z)s(lﬁ) +

2 " 1 " 2 (M @) ™ )
G1(6)|(a16)(2) (T1(7)'5(16)) - (‘116)(2) (T1(7):5(16))| e~ (M) sas) g (Mie) 5(16)}‘15(16)
Where s34 represents integrand that is integrated over the interval [0, t]

From the hypotheses it follows

|(619) = (619) @ e P10t <

1 ’ o~ —~ o~
W((am)m + (a16)® + (A1) @ + (P1s) D (ki) @)d (((619)(1), (T19)Y; (G19)®, (T19)(2)))
And analogous inequalities for G; and T;. Taking into account the hypothesis the result follows

Remark 1: The fact that we supposed (a;s)® and (b;s)® depending also on t can be considered as not
conformal with the reality, however we have put this hypothesis ,in order that we can postulate condition

necessary to prove the uniqueness of the solution bounded by (P )@e(™M1)®t and (Q,¢)Pe(M1e)®:
respectively of R,.

If instead of proving the existence of the solution on R,, we have to prove it only on a compact then it
suffices to consider that (a; )® and (b; )®,i = 16,17,18 depend only on Ty, and respectively on
(G19)(and not on t) and hypothesis can replaced by a usual Lipschitz condition.

Remark 2: There does not existany t where G; (t) = 0and T; (t) =0

From 19 to 24 it results

G, (t) = G?e[—fg{(a})(”—(a}' )(2)(T17(3(16))'3(16))}(15(16)] >0

T, () = TP > 0 fort>0

Definition of ((My6)®),, (M;6)®), and ((My6)?), :

Remark 3: if G4 is bounded, the same property have also G;; and Gz . indeed if

dG
d

Gy < (My6)@ it follows I < ((M6)®), = (a17)®Gy7 and by integrating

Gi7 < ((m16)(2))2 =Gj; + 2(a17)(2)((ﬁ16)(2))1/(a;7)(2)

In the same way , one can obtain
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Gig < (My)®), = Gls + 2(a18) @ ((My6)?®), /(a15)®
If Gy, or G5 is bounded, the same property follows for G, , G5 and Gy, G5 respectively.

Remark 4: If Gy¢ isbounded, from below, the same property holds for G;; and G;5. The proof is
analogous with the preceding one. An analogous property is true if Gy is bounded from below.

Remark 5: If T, is bounded from below and lim,_,., ((b; )® ((G19) (1), 1)) = (by7)® then Ty, — oo.
Definition of (m)® and ¢, :

Indeed let t, be so that fort > t,

(0:1)® = ()P (619)(V, D) < £2, Ty (© > (M)®

Then 2 2 (a3,) @ (m)@ — e,T;, which leads to

(a17)Pm)®

- ) (1 —e®2%) + T e 2t If we take t such that e~*2t = % it results
2

Ty =

Ty =

((a17><2>(m)<2> 2 ) - )
f) t= logg By taking now ¢, sufficiently small one sees that Ty, is unbounded. The
same property holds for Tyg if lim, e, (byg) @ ((G19) (D), t) = (byg)@

We now state a more precise theorem about the behaviors at infinity of the solutions

NG NG
It is now sufficient to take ((al) (bo)

W ,W < 1 and to choose

(P )@ and (Qy ) large to have

[ (P20)®+6}
@® | 5 T 5
(1;20)(3) (on)(a) + (( Py )(3) + Gjo)e G < (P, )(3)
[ (Q20 )(3)+T})
(b)® A ‘( 0 ) A ~
(M0)3) (( Q20 )(3) + 7}0)3 g + (Qz0 )(3) < (Q )(3)

In order that the operator A transforms the space of sextuples of functions G, , T; into itself

The operator A® is a contraction with respect to the metric

d (((6:2)D, (T3)D), ((6:2)P, (T:2)P) ) =

sup(mazx [67(©) - 62O, max [17() - 1O (©)]e ™)
Indeed if we denote

Definition of G,3, T3 3( (GT3), @ ) = 04(3)((623), (T23))

It results

|G“2(é) _ 5i(2)| < fot(azo)(g) |Gz(}) _ Gz(f)|e—(ﬁzo)ms(zo)e(mzo)@)s(zo) dsco) +
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LIPS0 — G~ - T s 4

(ago)(3)(T2(11)' 5(20))|Gz(é) - Gz((z))|e_(mz‘))(3)5(2°>e(MZO)(”S(ZO) +

G52 1(a20) @ (T30, 5209) = (@50) D (TS7, 5209 e_mz")(3)s<2°)emz")(3)5<2°)}ds(zo>

Where 5,0, represents integrand that is integrated over the interval [0, t]

From the hypotheses it follows

|60 — @]~ M20Pe <

5 (@0)P + (@)D + (A)® + (Pa0)® (ko)) (((62) D, (T29) D (6P, (1))
And analogous inequalities for G; and T;. Taking into account the hypothesis the result follows

Remark 1: The fact that we supposed (a,)® and (b,,)® depending also on t can be considered as not
conformal with the reality, however we have put this hypothesis ,in order that we can postulate condition

necessary to prove the uniqueness of the solution bounded by (P,0)®e ™20t and (Qy)®eM200Pt
respectively of R,.

If instead of proving the existence of the solution on R,, we have to prove it only on a compact then it
suffices to consider that (a; )® and (b; )®,i = 20,21,22 depend only on T,; and respectively on
(G,3)(and not on t) and hypothesis can replaced by a usual Lipschitz condition.

Remark 2: There does not existany t where G; (t) = 0and T; (t) =0

From 19 to 24 it results

G, (t) > Glg)e[—fé{(a;)m—(ag YO (21 (520))520))}d5 200 >0

T, (¢) = T2e-00P) > 0 fort> 0

Definition of ((M0)®),, (M29)®), and ((My)®), :

Remark 3: if G,, is bounded, the same property have also G,; and G, . indeed if

Gao < (Myo)® it follows d;% < (My)®), = (a21)® G,y and by integrating

Go1 < (M30)®), = 631 + 2(a20) P ((M0)®), / (a31)®

In the same way , one can obtain

Gy < ((7‘7120)(3))3 = Gpp + 2(azz)(3)((ﬁ20)(3))2/(a;2)(3)

If G,1 or G,, is bounded, the same property follows for G, , G,, and G, , G,q respectively.

Remark 4: If G,, is bounded, from below, the same property holds for G,; and G, . The proof is
analogous with the preceding one. An analogous property is true if G,; is bounded from below.

Remark 5: If Ty, is bounded from below and lim,_, ((b; )® ((G23)(£),t)) = (b31)® then Ty; — oo.
Definition of (m)® and &; :
Indeed let t; be so that for t > t,

(b21)® = (b )P ((G23) (1), t) < &3, Too (£) > (M)®
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Then “2- > (az;)® (m)® — 3Ty, which leads to

@) ()3 .
Ty = (M) (1 —e™®%) + T e3t If we take t such that e3¢ = % it results

&

The same property holds for Ty, if lim; e, (b22)® ((G23)(¢), t) = (b32)®

@) (m)®)
Ty = (w) t= logi By taking now &5 sufficiently small one sees that T,; is unbounded.

We now state a more precise theorem about the behaviors at infinity of the solutions

(ap™® ™
(M24)® 7 (M34)®

It is now sufficient to take < 1 and to choose

(Poy )™ and (Qy4 )™ large to have

[ (P24 )(4)%?
@™ |, 5 5 T A
W)@ (P)® + ((P1a)® + GP)e J < (B )®
[ (Q20) W41}
()™ N ‘( —0—> A "
(M34)® ((Q24)® + Y}O)e g +(024)®| < (Q24)®

In order that the operator <A™ transforms the space of sextuples of functions G, , T; satisfying IN to itself

The operator A™ is a contraction with respect to the metric
d (((6:)D, (T3)D), (6P, (T3)@)) =

sup{max |Gi(1)(t) - Gi(z)(t)|e_m24)(4)t,max |Ti(1)(t) - ﬂ(z)(t)|e_(M24)(4)t}
. teRy teRy

Indeed if we denote
Definition of (Gy7), (Tz7) :  ((G27), (T27) ) = AW ((G27), (T27))
It results

|G(1) G(2)| < f (a24)(4) |G(l) Gz(é) e—(ﬁ24)(4)s(24)e(7W24)(4)S(24) dS(24) +

Jy (@) P57 — 62 [em M0 Vs (Man s 4

(a24)(4)(T(1) 3(24))|G(1) GZ(Z)| —(Wz4)(4)5(z4) (M24)Ps(2) +

2 1 ” 2 (M) @ o) @
G( )|(a24)(4)(T2(5),S(24)) _ (a24)(4)(T2(5),s(24))| e~ (M24)"5(24) o (M24) SeN}ds (249

Where s(,4) represents integrand that is integrated over the interval [0, t]

From the hypotheses it follows

(G @ — ((;27)<2>|e—(7‘724>(4)f <
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1 ’ —~ —~ —~
W((azﬂm + (a20)® + (A2)® + (P) P (kpa)®)d (((627)(1), (T)D; (Go) @, (Tz7)(2)))
And analogous inequalities for G; and T;. Taking into account the hypothesis the result follows

Remark 1: The fact that we supposed (ay,)™ and (by4)™® depending also on t can be considered as not
conformal with the reality, however we have put this hypothesis ,in order that we can postulate condition

necessary to prove the uniqueness of the solution bounded by (Py,)@e ™2™t and (Q,,)®e M2t

respectively of R,.

If instead of proving the existence of the solution on R, we have to prove it only on a compact then it
suffices to consider that (a; )™ and (b; ), i = 24,25,26 depend only on T,s and respectively on
(Gy7)(and not on t) and hypothesis can replaced by a usual Lipschitz condition.

Remark 2: There does not existany t where G; (t) = 0and T; (t) =0

From 19 to 24 it results

G, (t) > Gl_()e[—fot{(a;)(“)—(a;’ D725 (s2a)) 5 2))Jds 2| >0

T, (t) 2 T2e-00Y) > 0 fort>0
Definition of ((M,4)®),, (M24)™*), and ((M4)®), :
Remark 3: if G,, is bounded, the same property have also G,5 and G, . indeed if

Gya < (Mp)™@ it follows dg% < (Mp4)®), = (a25)® G5 and by integrating

Gys < ((ﬁ24)(4))2 = G35 + 2(azs)(4)((7‘7124)(4))1/(‘1125)(4)

In the same way , one can obtain

a6 < ((ﬁ24)(4))3 = G + 2(aza)(4)((7‘7124)(4))2/(61’26)(4)

If G,5 or G, is bounded, the same property follows for G,, , G, and G,4, G,5 respectively.

Remark 4: If G,, isbounded, from below, the same property holds for G,5 and G,,. The proof is
analogous with the preceding one. An analogous property is true if G5 is bounded from below.

Remark 5: If T,, is bounded from below and lim,_,., ((b; )® ((G7)(t), 1)) = (bys)® then 7,5 — oo.
Definition of (m)™® and ¢, :

Indeed let t, be so that fort > t,

(b2s)® = (b )P ((Go7) (), 1) < &4, T4 (1) > ()@

Then “2 > (az5)® (m)® — &,T,s which leads to

(a25) W (m)®

- ) (1 —e™#t) + T e 4t If we take t such that e 4 = % it results
4

Tys = (

Tys =

(a25)® ()@ 2 . . . i
(f) t= logg— By taking now ¢, sufficiently small one sees that T,s is unbounded.
4

The same property holds for Tye if lim; e, (b2e)® ((G27)(£),t) = (bze)®
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We now state a more precise theorem about the behaviors at infinity of the solutions ANALOGOUS
inequalities hold also for Gaq , G3g, Tag, Tog, T3

@® _vp®

(Mg )(S) ’ (Mg )(5) < 1 and to choose

It is now sufficient to take

(Pyg )™ and (Q,g )™ large to have

[ (P2g)O)+6)
@)® |, 4 5 I = — ~
(1;28)(5) (st)(s) + (( Pyg )(5) + Gjo)e Gj < ( Py )(5)
[ (228))+1)
(b)® A ‘( 0 ) A ~
(M28)®) ((Q28)® + 7}‘0)3 g +(028)P] < (026)®

In order that the operator A transforms the space of sextuples of functions G; , T; into itself

The operator A®) is a contraction with respect to the metric
d (((G5)™, (T5)®), ((6:), (T5) @) ) =

1 2 - (5) 1 2 - (5)
S’_‘p{rfelﬂ%f |Gi( )(t) _ Gi( )(t)|e (M3g) t’Ttrén%ic |TL( )(t) _ Ti( )(t)|e (M3g) 3!

Indeed if we denote

Definition of (Gs1), (Ts1) :  ( (G31), (T51) ) = A®((G31), (T31))

It results

|52(;) - G~l.(2)| < fot(azg)(S) |GZ(;) -6 e~ (M28)s(28) o (M28)Ps2g) dsgg) +
[} (@GS - 682 oM sz g .

(@) T, 5653 — 657 oM Psme P P o

2 " 1 ” 2 —(Mra)E) Moa)®)
G2(8)|(a28)(5)(T2(9)v5(28)) _ (a28)(5)(T2(9):5(28))| e~ (M28)*"5(28) o (M28) S(zs)}ds(zg)
Where s,y represents integrand that is integrated over the interval [0, t]

From the hypotheses it follows

_ (5)
|(G31)® = (G3y) @ e~ (M)t <
1 ’ —~ o~ P
W((“ze)(s) + (azg)® + (A6)® + (Pr5)® (k5)®)d (((631)(1), (Ts); (G3)?, (T31)(2)))

And analogous inequalities for G; and T;. Taking into account the hypothesis (35,35,36) the result follows

Remark 1: The fact that we supposed (a,5)® and (b,) depending also on t can be considered as not
conformal with the reality, however we have put this hypothesis ,in order that we can postulate condition
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necessary to prove the uniqueness of the solution bounded by (P,5)®e™28)®t gnd (Qg)®eM28)®t
respectively of R,.

If instead of proving the existence of the solution on R_, we have to prove it only on a compact then it
suffices to consider that (a; )® and (b, )®,i = 28,29,30 depend only on T,, and respectively on
(G31)(and not on t) and hypothesis can replaced by a usual Lipschitz condition.

Remark 2: There does not existany t where G; (t) =0and T; (t) =0

From GLOBAL EQUATIONS it results

G, (t) > Gi()e[—f(f{(a;)(s)—(a; )(5)(T29(5(28))'5(28))}d5(28)] >0

T, (t) = Tioe(‘(blf)(s)t) >0 fort>0

Definition of ((/1\7128)(5))1, ((7\7[28)(5))2 and ((/Mzs)(s))3 :

Remark 3: if G,g is bounded, the same property have also G,q and G5, . indeed if
Gag < (Mg)® it follows 2 < ((M6)®), = (a29)® G, and by integrating

Gag < ((M25)®), = G35 + 2(“29)(5)((/Mzs)(s))l/(aég)(s)

In the same way , one can obtain

G3p < ((ﬁzs)(s))3 =G + 2(a30)(5)((7\7’28)(5))2/(‘1,30)(5)

If G,9 or G5, is bounded, the same property follows for G,g, G3o and G,g, G,g respectively.

Remark 4: If G, isbounded, from below, the same property holds for G,q and Gs,. The proof is
analogous with the preceding one. An analogous property is true if G,q is bounded from below.

Remark 5: If T,g is bounded from below and lim,_,., ((b; )® ((G31)(t),t)) = (by)® then Tpy — o.
Definition of (m)® and &5 :

Indeed let t5 be so that for t > tg

(b2)® — (b, YO ((G31)(£), ) < &5, Tg (£) > (M)
Then % > (ay9)® (M) — £5T,y which leads to

(a29)®P ()®

- ) (1 —e™®%) + The™*st If we take t such that e=#5¢ = % it results
5

Ty = (

) ()
(M) t= logei By taking now &5 sufficiently small one sees that T,q is unbounded.
5
The same property holds for Tsg if lim, e, (b30)® ((G31)(¢), t) = (b30)®
We now state a more precise theorem about the behaviors at infinity of the solutions

Analogous inequalities hold also for G35, Gz4, T3y, T33, T34

WWwWWw.ijsrp.org

34



International Journal of Scientific and Research Publications, Volume 2, Issue 8, August 2012
ISSN 2250-3153

@® _ep®
(M32)(® 7 (M32)©®

It is now sufficient to take < 1 and to choose

(P, )® and (Q3, )® large to have

- (P32)(©+6?
@)@ | 5 p B 7 p
i@ | (Pa) @+ ((P2)@ +6P)e N ° < (P)®
[ (032 )(6)+T]Q
(bi)(ﬁ) ~ _( 0 _> R R
(M32)©® ((Q32)® + 7}0)6 g +(032)@] < (032)®

In order that the operator A4 transforms the space of sextuples of functions G; , T; into itself

The operator A©® is a contraction with respect to the metric
d (((G35)®, (T35)D), ((635)P, (T35) D) ) =

sup{max |Gi(1)(t) - Gl.(z)(t)|e_m32)(6)t,max |Ti(1)(t) - ﬂ(z)(t)|e_(ﬁ32)(6)t}
. teRy teRy

Indeed if we denote

Definition of (Gs5), (Tss) ( (Gss), (T3s) ) = A®((Gss), (T35))

It results

65— 62| = [£(as)® |6 — 6P Oscmg Mo s gy

165D — 6P om = O 4
(@O, s 659 — 6 e g PO

2 " 1 " 2 —(M=,)®) O]
Gi3'1(a32) (T3, 56)) = (@32) O (T35, 53 )| €™ (M) s (M) sy 5
Where s(3) represents integrand that is integrated over the interval [0, t]

From the hypotheses it follows

|(G35)™ — (035)(2)|€_m32)(6)t <

A (@)@ + (@3)@ + (A)@ + (P) @ (Rs) @) (((G35) D, (T3)D; (635)P, (13)P) )
And analogous inequalities for G; and T;. Taking into account the hypothesis the result follows

Remark 1: The fact that we supposed (as,)® and (bs,)® depending also on t can be considered as not

conformal with the reality, however we have put this hypothesis ,in order that we can postulate condition

necessary to prove the uniqueness of the solution bounded by (Ps,)©e™s2®¢ gnd (Qsy)©eMs2) @t

respectively of R,.

If instead of proving the existence of the solution on R,, we have to prove it only on a compact then it
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suffices to consider that (a; )® and (b; )©,i = 32,33,34 depend only on T;; and respectively on
(G35)(and not on t) and hypothesis can replaced by a usual Lipschitz condition.

Remark 2: There does not existany t where G; (t) =0and T; (t) =0

From 69 to 32 it results

G, (t) > Glpe[—f(f{(a;)(é)—(a;’)(6)(T33(5(32))15(32))}“(32)] >0

T, (t) > TPe-¢0®) > 0 fort>0

Definition of ((M3,)®),, (M3,)®), and (M3,)®), :

Remark 3: if G5, is bounded, the same property have also G3; and Gs, . indeed if

G3p < (M3,)® it follows d(% < ((M3)®), = (az3)®Gs3 and by integrating

G33 < ((7‘7132)(6))2 =G + 2(a33)(6)((’M32)(6))1/(‘1’33)(6)

In the same way , one can obtain

G3y < ((7‘7132)(6))3 =Gy + 2(a34)(6)((’M32)(6))2/(‘1,34)(6)

If G35 or G, is bounded, the same property follows for Gz, , G4 and Gs, , Gz respectively.

Remark 4: If Gz, isbounded, from below, the same property holds for Gz and Gz, . The proof is
analogous with the preceding one. An analogous property is true if G35 is bounded from below.

Remark 5: If T;, is bounded from below and lim,_,., ((b; )® ((G35)(t),t)) = (b33)© then T35 — co.
Definition of (m)® and & :

Indeed let t, be so that for ¢t > t,

(b33)© — (b YO ((G35)(t), t) < &6, T3y () > (M)©®

Then d;% > (a33)©@(m)©® — g,T3; which leads to

(6) (1) (6)
T3z = (w) (1 —e~%6t) + The %6t If we take t such that e =56t = % it results
6
(a33)©(m)® 2 . . . i
Ty = (f) t= logg— By taking now ¢4 sufficiently small one sees that T;5 is unbounded.
6

The same property holds for Tay if lim, ., (b34)©® ((G35) (), t(£), ) = (b34)®

We now state a more precise theorem about the behaviors at infinity of the solutions

Behavior of the solutions

_If we denote and define

Definition of (a;,)®, (6,)®, (r))DV, (1)@ :
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@ )P, (0)P, (1D, (1,)® four constants satisfying

—(0)® < —(a13)® + (a1)® = (a13) P (Tiy, ) + (a1) P (Tiy, 1) < ()@
— ()™ < =(b13)™® + (b1)® = (b13) (G, 1) = (b)) P (G, 1) < —(7)@
Definition of (v))®, (v)®, (u))@, (up) D, v®,u® -

(b) By (v)® >0, v,)® < 0and respectively (u;)® > 0, (uy)® < 0 the roots of  the equations
2 2
(@) P (P)" + (@) Pv® — (ag3)® = 0and (b)) P (u®)” + (1) Pu® — (by3)™ =0

Definition of (¥,)®,, (#,)®, (@)@, (i) :

By (v)® >0, (#,)® < 0and respectively (ii;)® >0, (i1,)® < 0 the roots of the equations
(@DPED) + (@)D = (@) P = 0 and (51O (u®)” + @) Du® = (b)® = 0

Definition of (m;)®, (mx)®, (u)®, ()@, (ve)® :-
(©) If we define (my)®, (mp)®, (u)®, (u)® by
(m)® = (), (M) = ()WY, if W)V < (v)®

m)® = (D, (m)® = @D, if ()P < (V)P < (FD,

0
and |(vg)® = ﬁ

'S

(m)® = ()D, (D = W)@, if D < (vy)®
and analogously
(Hz)(l) = (uo)(l)'(lh)(l) = (ul)(l)' if (uo)(l) < (ul)(l)

u)® = @)D, (u)® = @)D, if W)@ < (ue)® < (@)®,

0
and | (ug)® = %
1

(1) = w)®, @)® = W)@, if @) < (ue)™ where (u)®, @)™
are defined respectively

Then the solution satisfies the inequalities

G°3e((51)(1)‘(p13)(1))t < G3(t) < G&e(sl)(l)t

where (p;)™® is defined

G1e (V0N < Gy (6) < 5 6D

W 13¢ (1)

((m1)(1)((sl()ﬁ)sz(:f;u)_(sz)(1)) [e((sl)(l)_(m)(l))t — e ] +Gle M < G5 (1) <
(mz)(1)(&;i§i3[ilii’ls)(1)) @DVt — e~ @) Vi) 4 GPem(015) )

T103€(R1)(1)t STi() < T103e((R1)(1)+(r13)(1))t

= Toe®Mt < Ty (6) < —5TS e (RDD+(r15)D)e
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(bls)(l)Tlo3
DD (RYD=(b15)D)

[e(Rl)(l)t — e—(bis)(l)t] + T1056—(b,15)(1)t <Tis(f) <

(a15) D} [ (R)D+(r13) D)t _ —(Rz)(l)t] 0 ,—(Ry)We
DD+ D+ D) 1 ¢ +Tise

Definition of (S;)@, (S,)®, (R, (Ry)D:-
Where (S)® = (a33) D (my) D — (az)®
(S = (a15)® = (p1s)™
(R1)(1) = (bl3)(1) (#2)(1) - (bi3)(1)

(Rz)(l) = (bis)(l) - (7’15)(1)

Behavior of the solutions

_If we denote and define
Definition of (6,)@, (6,)@, (1)@, (1)@ :
d) 6P ,(0,)?,(1t)?, (1,)@® four constants satisfying
—(0)® < —(a16)® + (@17)@ — (a16) P (Ty7,t) + (a17) P (Ty7,t) < —(07)@
—(1)@ < =(b16)@ + (b17)? — (b1) P ((G19), t) — (by7)P((G19),t) < —(11)@
Definition of (v;)®, (v)®, (1)@, (uy)® :
By (1))@ >0, (v,)® < 0 and respectively (1)@ > 0, (u,)® < 0 the roots
(e) of the equations (a17)(2)(v(2))2 + (0)Pv® — (a;6)@® =0
and (b1)@ @)’ + (1)@u® — (b;)® = 0 and
Definition of (¥,)@,, ()@, (@,)®, (11,)@ :
By (1,)® >0, (¥,)® < 0 and respectively (1;)® > 0, (1,)® < 0 the
roots of the equations ((117)(2)(1/(2))2 + (0)Pv® — (a16)@ =0
and (i) @ (@)’ + (@) Pu® — (bi)® = 0
Definition of (m;)@®,(m,)®, (u))®, (ux)® :-
(f) If we define (m)@, (my)®, ()@, (u)® by
(m)® = ()@, (Mm@ = ()@, if Ve)® < (v)®

(my)® = (1)@, ()@ = @)D ,if v)® < W)? < (7)P,

0
and |(vg)® = g%
17

(m)® = ()@, (m)® = W)@, if TP < (v))®

and analogously
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(#2)(2) = (uo)(z)'(ﬂl)m = (u1)(2): if (uo)(Z) < (u1)(2)

W2)® = W)@, (u)® = @)@, if w)® < (w)® < @)?,

and | (u)® =

(1)@ = W)@, (w)? = W)@, if @)? < (u)®

Then the solution satisfies the inequalities
6Qe(CVP-010P) < G (1) < Gle®V

(p)® is defined

@)_ () )
5 Gleel ST < 615 (1) < o GV
(a19)Pc? @ ()@ —(s)@ (5@
((m1)<2>((s1)é§3—(p161>6<2>—(52)<2>) elE0 1) — o6 t]+G?Se GO < G <

(a18)M6%6 SHPt _ —(dy)@ 0 —(@ @
(m2)P((s1)P—(a15)P) [eOVT — T 4 Glgem T

10 e®D®t < 7y (1) < TG e(R0 4010 |

TSe (RDP+(r16)P)e

T e®RDPt <7 (1) <

(11 )<2> <2>
(b18) D1 RD)@t —(b13) @t 0 —(b1g) Pt
WD (R)D~(b1)D) [0 — e | 4 e 0P < Ty (1) <
(a19) P16 (R)P+(r16) @t _ —(Rz)(z)t] 0 .—(Ry)@t
WP (ERDP+rie) @+ R)®) [ ¢ + Tige

Definition of ($)®, ()@, (R))@, (R)?:-
Where (S)® = (a;6)® (m,)® — (aj6)@®
($2)® = (a18)® — (p1s)®
(R)® = (b16)® ()™ — (by)®

(R)® = (b1s)® — (r1g)®

Behavior of the solutions

_If we denote and define

Definition of (67)®, (6,)®, (1)@, (1)@ :

@ )@, (0)®, (1), (1)@ four constants satisfying

—(0)® < —(a20)® + (a31)P = (@20) P (1, 8) + (2) P (T, 1) < —(0)®
—(1)® < =(b30)® + (b2)® = (b20)P (G, 1) = (b21)P((G3),t) < = (1)@

Definition of (v;)®, (1)@, (1)@, (uy)® :

(b) By (v)® >0,1,)® < 0and respectively (u;)® > 0, (uy)® < 0 the roots of

the equations
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(@)P (V@) + @)V — (a;0)® =0
and (b,)®W®)’ + (1)@u® — ()@ = 0 and
By (1)® >0, (%,)® < 0and respectively (i1;)® >0, (1,)® < 0 the
roots of the equations (a21)(3)(v(3))2 +(0)Pv® — (a,0)® =0
and (by)® ()" + (@) Ou® = (b)) = 0
Definition of (m)®, (m)®, (u)®, (u)® -
() Ifwe define (m)®, (mx)®, (1)@, (ux)® by
(m)® = W)@, ()@ = W)®, if W)® < ()@

m)® = (v)®, ()@ = @), if v)® < (WP < @),

|l\}<3

and |(vg)® = =

No

1

(mz)(3) = (V1)(3)' (m1)(3) = (Vo)(B)' if (171)(3) < (Vo)(3)

and analogously

(#2)(3) = (uo)(S)'(lh)(S) = (ul)(S)r if (Uo)(S) < (Ul)(3)

W)@ = @)®, @w)® = @)@, if W)® < @® < @)@, and|(u)® =2

21

(12)® = @)®, @)® = W), if @) < (we)®
Then the solution satisfies the inequalities
Ggoe((sl)(s)_(pz")(3))t S Gy(t) < Ggoe(sl)@t
(p)® is defined

1 B)_ (1,073 ©)
— oy G0e 00N < Gy () < sy GO

(a22)®69p B —(0r)e —(5,)B)¢ 0 —(s,)®s
D205 ®) [e(( DY) — ]J’G“e EREIOE
@) V6h o650t _ g=@)Pt] 4 GO, e~@)r)

m2)B((s)P=(ay,)®)

79 e®Pt < 7,0 () < T e(RP+020)@)e |

Tzoe(Rl)( e < o () <—5 TS, e (RD®+(r30))e

(11 )(3) )(3)
Gy T [Pt — g=@i)®] 4 7,e=02% < T,y (6) <
1) (RDB=(b3)@) 22 < Typ(t) <
(azz)(3)T200 [ ((R1)(3)+(T20)(3))t _ —(Rz)(3)t] 0 —R)®t
WP (RDD+20) P+ @) D) 1 e +Tzze

Definition of (5))®, (5,)®, (R)®, (R,)®:-

Where (51)(3) = (‘120)(3)("12)(3) - (aéo)(3)
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(52)(3) = (‘122)(3) - (Pzz)m
(Rl)(3) = (bzo)(3)(ﬂz)(3) - (béo)m

R)® = (b)® — (1)@

Behavior of the solutions
1f we denote and define

Definition of (a,)®, (6,)®, (1))@, (1)@ :

d) ()@, (0)?, (1P, (1)@ four constants satisfying

—(0)® < —(a2)® + (@55)® = (az) P (Tys . 6) + (a35) W (Tzs5, 1) < — (o)
—(1)® < —(b)® + (bys)™ — (b)) P ((G27),t) — (b5) P ((Gy7), t) < — (7))@
Definition of (v;)®, (v,)®, (u)@, (uy)®, v®, u®

(e) By (v)® >0,(v,)® < 0and respectively (u;)® > 0, (uy)® < 0 the roots of the equations
(@25)P(®)” + (@) PV — (@)@ = 0
and (by5)® (u®)” + (1) @u® — (b,,)® = 0 and

Definition of (7,)®,, (¥,)®, (i)W, (71,)@ :

By ()™ >0, (#,)® < 0and respectively (7i;)® >0, (i1i,)® < 0 the
roots of the equations (ays)® (v(4))2 + (06)Wv® — (g,)® =0
and (bzs)(4)(u(4))2 n (TZ)(4)u(4) _ (b24)(4) —0
Definition of (m)®, (my)®, ()@, (1)@, (v)® :-

() 1f we define (m)®@, ()@, (u)®, ()@ by
(mz)m = (Vo)m, (m1)(4) = (V1)(4)' if (Vo)(4) < (V1)(4)
(m)® = (v)®, ()W = @D, if )@ < (W)W < @)D,

0
and [(vo)® = %
25

(m)® = ()@, (m)® = ()@, if TP < (v))®
and analogously
)™ = ()™, (u)™ = W)™, if (w)™® < (u)®

W)™ = W)™, (u)™ = @Y, if W)™ < (W)™ < @)®,

0
and [(ug)® = ;2—04
25

(12)® = W)@, ()™ = ()™, if @)™ < (u)® where (u)®, (@)@
are defined by 59 and 64 respectively

Then the solution satisfies the inequalities
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6343((51)(4)_(p24)(4))t < Gou(t) < Gg4e(51)(4)f

where (p,)™ is defined

L 69,e(0W-020®) < (1) < —L 9, eGP

(m® (my)®
(a26)63, DD =2 ®)e _ ,—(5)®t 0 (5@t
((m1)(4)((51)(4)_(p24)(4)_(52)(4)) [e( ! P2 ) — g2 ] + G670 S Gpe(t) <
(a26) ™G3y [ sH@e -(a’z(,)(‘*)s] 0 L —(ah) @t
(S0P —(ape)®) L ¢ + Gage

|T204e(R1)(4)f < Tpu(t) < T204e((R1)(4)+(724)(4))f ‘

_1
(u)@W

T2043(R1)(4)tST24(t)SﬁT2°4e((R1)(4)+("24)(4))t

(b26) VTS,
DD (RDD —(bye)®)

[eR0 — e=®20 ] 4 =020V < T, (1) <

(a26) 15y [ (RY®+(r2) @)t _ —(RZ)(4)t] 0 ,—(R))®t
@D O(ROD+(rz0) D+ RYD) 1 ¢ +Tose

Definition of (5;)®, ()@, (R))™, (R,)®:-
Where (51)(4) — (a24)(4) (mz)(4) _ (a’24)(4)
($2)® = (az6)™ — (P26)™
(R1)(4) = (b24)(4) (“2)(4) - (bé4)(4)

(R)™ = (bye)™ — (126)™®

Behavior of the solutions
If we denote and define

Definition of (¢,)®, (6,)®, (t))®, (7,)® :

@) (), (0)®, (@), () four constants satisfying

—(02)® < —(aze)® + (a20)® = (a26) ) (T29, t) + (a29) P (T30, t) < = (1)
—(1)® < =(b3g)® + (b39)® — (bg) P ((G31),t) — (b20) P ((G31), 8) < — ()™
Definition of (v;)®, (v2)®, (1)@, (ux)®, v, u® :

(h)y By (v{)® >0,(v,)® < 0 and respectively (u)® > 0, (u,)® < 0 the roots of the equations
(@) () + @)V — (a)® = 0
and (b20)® (u®)” + (1,)Ou® — (byg)® = 0 and

Definition of (7,)®,, (7,)®, (#,)®, (&,)® :

By (v))® >0, (#,)® < 0and respectively (%i;)® >0, (i1,)® < 0 the
roots of the equations (aze)® (1/(5))2 + (0) v — (ayg)® =0
and (bzg)(s)(u(s))2 + (1) OuU® — (b,g)® =0
Definition of (m)®, (m,)®, ()™, (1), (v)® :-
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(i) 1f we define (m)®, ()@, (u)®, (1) by
(mz)(s) = (Vo)(s)' (ml)(s) = (Vl)(S)' if (Vo)(s) < (Vl)(s)
(m)® = (1), (m)N® = N, if V) < VS < TS,

0
and |(v)® = %
29

(m)® = (), (m)® = W)@, if ) < (v)®
and analogously
(#2)(5) = (uo)(s)'(lh)(s) = (ul)(s)r if (Uo)(s) < (ul)(s)

U)® = @)®, (1) = @), if @)™ < W)™ < @),
TO
and [(uy)® = %

(12)® = @)®, ()P = W)®,if @)® < (ue)® where (u)®, (@)™
are defined respectively

Then the solution satisfies the inequalities

Ggse((sl)(S)_(pZS)(S))t < Gag(t) < Ggse(sl)(s)t

where (p,)® is defined
! Ggge((ﬁ)(s)—(vze)(s))f < Gyo(t) < ! 05’86(51)(5)f

(ms5)®) (m2)®)
(a30)™ 655 TN O NN NN 0 —(5,)O)¢
((m1)(5>((51)<5>—(ng)<5>—(52)(5>) (6070l — =0 ]+G3°e P S 6@ <
(a30)®)6J 5.8t —(aan)®t 0 —(aan)®¢
(m2)®((51)P~(a30)®) [e( DT el ]+ Go€ (07

(78,60t < 7,0 (1) < T (D020 |

1

0 ,((R)P+(r25)Nt
wn® T28€( ! ™)

The ™™ < Thg (1) <

(12)®

(b30)(5)T208
D (R —(b39)®)

e(R1)(5)f — e—(béo)(S)t] + T3ooe—(b'30)(5)f S Ts(t) <

(a30) )Ty [ ((R)® +(rog)®)t _ —(RZ)(S)t] 0 ,—(R)®t
wO(FDO +r) O+ @) L ¢ * Taoe

Definition of (5,)®, (5,)®, (R))®, (R))®:-
Where (5)® = (az5)® (m3)® — (a)®
(52)® = (a30)® — (030)®
(R)® = (b28)® (12)® — ()™

(Rz)(s) = (béo)(s) - (7’30)(5)

Behavior of the solutions
_If we denote and define
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Definition of (67)®, (6,)®, (1))@, (1)@ :

Q) ()@, (0)@, (1)@, (1,)® four constants satisfying

—(02)© < —=(az)® + (a33)® = (a32) @ (T35, ) + (a33) @ (T3, ) < —(07)©@
—(1)©@ < =(b3)©@ + (b33)©@ — (b32) @ ((G35), ) — (b33) @ ((G35),t) < —(11)®
Definition of (v;)©, (v)®, (u1)©, (up)®,v®,u® :

(k) By (v{)® >0,(1,)® < 0and respectively (u;)® > 0, (u,)® < 0 the roots of the equations
(a5) (V)" + (0) OV — (az)® = 0
and (b33)© (@)’ + (1) ©u® — (b3,)© = 0 and

Definition of (¥,)®,, (), (@1;)®, (i,)© :

By (v)® > 0, (#,)® < 0and respectively (7i;)® >0, (i1,)©® < 0 the
roots of the equations (az3) @ (v®) + (6,)©v® — (a3,)® =0
and (b33)(6)(u(6))2 + (1) ©u® — (hy,)® =0
Definition of (1)@, (m2)®, (u)®, (1) ®, (v0)® :-

(I) If we define (m)© , m)©@, (u)®, (u)© by
(m)® = (1)@, ()@ = W)@, if (v)® < (v)©®
(m)® = ()@, (m)® = @)@, if (v)©® < ()® < T)®,

0
and [(vy)©® = g%
33

(mp)® = (1)@, (M@ = W@, if T)® < (v)©®
and analogously
(Hz)(6) = (uo)(@' (#1)(6) = (ul)(G)' if (uo)(G) < (ul)(6)

1)@ = W)@, (1)@ = @)@, if (w)® < (u)® < (@),

0
and | (ug)©® = ;3—02
3

(42)® = W)@, ()@ = ()@, if @)® < (up)® where (u)®, (@)®
are defined respectively

Then the solution satisfies the inequalities
G,e(VO-0))t < G,y (1) < G eV

where (p;)® is defined
L 69,e(6G0@-03)) < G (1) < —L - G2,e@®

(m1)©® (m2)®
(a34) 6 [0 @0 _ gm0t ] 4 g8, e~
— < <
((m1)<6>((51)<6>—(p32)<6>—(52)<6>) ¢ ¢ *Ge <Gu® <
(a30)©65, [ $D®c _ —(a'34)(6)s] 0 —(az)®t
m® (DO —(a5p®) L ¢ + Gse

(18,6 ®0 < T, (£) < T e B0+ )t |
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TSe®Vt < 7 (1) < 7Y, e (RO +3)@)e

1
up® 32

1
(u2)©®

(b34)(6)T302
D)@ (RO —(b34)®)

[e(Rl)(6)t — e—(bé4)(6)t] + T304e—(b§4)(6)f S Ts(t) <

(a3) O3, [ (RO +(r3) @)t _ —(Rz)((’)t] 0 ,—(Ry)©t
DO (RO +(32) O+ @) ®) 1 ¢ +Tsse

Definition of (5;)©, (5,)®, (R,)®, (R,)®:-
Where (5)® = (a3;)® (my)©® — (az2)©
(52)(6) = (a34)(6) - (p34)(6)
(RD® = (b52) @)@ — (b3)®

(Rz)(6) = (bé4)(6) - (7’34)(6)

Proof : From GLOBAL EQUATIONS we obtain

dy@® , , . B
Zt = (a;3)® — ((‘113)(1) — (@1)® + (a13) P (Thg, t)) — (a1) PO (Tyq, OVD — (ag) Vv
Definition of vV :- y@ = &3
- Giq
It follows

2 dv(®D 2
~ (@D ED) + (@) Vv = (01)P) < 2= < = (@)D ED)" + (0) DV = (@) D)

From which one obtains

Definition of (7)™, (vo)™ :-

GY _
(@) For0<|(v))® = ﬁ < ()W < (W

(V1)(1)+(C)(1)(VZ)(1)e [—(a 14)(1)((1/1)(1)—(1/0)(1)) t]
140 Wel- @D (EDD-00) D) ]

_ 0DW-®

@
V() = T ) D-)®

, (C)(l)

it follows (vo)® < v (t) < (v @

In the same manner , we get

FDD D@y~ @O (EDD-a2 D) ]
140 Wel-@D(EDD- W) ]

_ GW-p®

®
v s — w)W-p®

, (C_)(l)

From which we deduce (vo)® < vV (1) < (7,)®

0
() If 0< ()P < (V)P = % < (7)™ we find like in the previous case,
14
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D+ Dy e~ @D (@DO-02®) ]

< v <
140 Wel @D (@DD-02 D) v s

)W <

FD+OD @, We @ D(TDD-2D) ]
14O Wel-@D(EDD-nD) ]

< @)W

0
(© If 0< (W)W < @)D <|w)® =2, we obtain
1

IS

@O +OD @y Del~@D (D=2 M) ]
11O Wl @D (EDD- D) ]

)® < vD(p) < < (vp)®

And so with the notation of the first part of condition (c) , we have

Definition of vV (¢t) :-

(mz)(l) < v(l)(t) < (ml)(l): V(l)(t) _ 613
G14(t)

In a completely analogous way, we obtain

Definition of u®(t) :-

I < uD(©) < @)@, | @ =EE
T14(t)

Now, using this result and replacing it in GLOBAL EQUATIONS we get easily the result stated in the
theorem.

Particular case :

If (a13)® = (a1,) W, then (o)) = (0,)™® and in this case (v;)® = (¥)@ if in addition (vy)® =
(v)® then vV (1) = (vo)™ and as a consequence G5 (t) = (vo) PG4 () this also defines (vo)™® for the
special case

Analogously if (b13)® = (b1)D, then (t1)® = (1,)® and then

(u)® = (@) Pif in addition (ug)® = (u;)® then Ty5(t) = (ug) P T4 (t) This is an important
consequence of the relation between (v;)® and (v;)*, and definition of (u,)™®.

we obtain
av@ , , . B
= @)@~ ([@e)? ~ @) + @)@ (T17,0) = (@)@ (T, v — () Dv®
Definition of v® :- y@ = b6
G17
It follows

av@

~(@NPE®) + (@)@ — (0)P) < %= < = (@N@ ) + @) Pv® — (@e)@)

From which one obtains

Definition of (¥;)®, (v4)@ :-
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cY _
(@ For0 < (v)® =5 < )@ < (1)@

v () = @ +(OD @l @D DD-00®) ] ©)® = vDP-wp®
- 140 @@ @ (e DP-00 @) ] ' ) P—()®
it follows (vo)® < v@(t) < (v})@®
In the same manner , we get
v () < @O+ @OD @l @D (EDD-02®) ] ©)® = TP-wp®
- 14+(© @@ (TDD-T @) ] ’ ) P—)®

From which we deduce (vo)® <v®(t) < ()P

0
) If 0< ()P < (v)?® = g% < (1)@ we find like in the previous case,
17

01D+ ()@@ B (DB @) ]
1+(O)@e [~@1@ (v )@ - )@) ]

)@ < < V@) <
@O+ D @y @l @D (DD -2 @) ]

< (7,)@
By R CYCRTYC)E Y

0
(M 1f 0<@)® < @)P < (v)® =3¢, we obtain
17

TP +©D @y @el @B (TP -2P) ]

2) « 4@ <
(Vl) < v (t) = 1+(E)(2)e[—(a17)(2)((71)(2)—(‘72)(2)) t]

< (vp)®

And so with the notation of the first part of condition (c) , we have

Definition of v (¢) :-

(mz)(Z) < V(Z)(t) < (ml)(z), V(Z)(t) _ G16(®)
Gy7(t)

In a completely analogous way, we obtain

Definition of u®(¢) :-

(#2)(2) < u(Z)(t) < ('ul)(Z)’ u(z)(t) — T16(t)
T17(t)

Particular case :

If (a}s)® = (a1;)@, then (6,)® = (6,)@ and in this case (v;)® = (¥;,)@ if in addition (vy)® =
(v))® then v (1) = (vy)® and as a consequence G;4(t) = (Vo) PGy (t)

Analogously if (b1s)® = (b;;)@, then (1,)® = (1)@ and then

(u)® = (1) @if in addition (uy)® = (u;)@ then Ti4(t) = (uy) P Ty, (t) This is an important
consequence of the relation between (v;)® and (v,)®

From GLOBAL EQUATIONS we obtain
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dv 3 / ' " "
Fr (a20)® — ((‘120)(3) = (a31)® + (az0)® (Tz1, t)) = (a21)® (T1, VP = (a)Pv®

Definition of v® :- y@® = G20
Go1

It follows

dv®

~ (@)@ E®)’ + (@) - (@;0)?) < 2= <~ (@) P (D) + (6)Pv® — (a,0)?)

From which one obtains

63 _
(@) For0 < (v)® = ﬁ <)@ < @)®

(1))@
V3 () > (vl)(3)+(C)(3)(vZ)(3)e[ @2 (v1)®-)®)| OO = R E )
T o@D (0P -e0®) ’ ) P-)®
it follows (v))® < v®(t) < (v)®
In the same manner , we get
i RPN YORNC) SIS —
v () < T+ @)D~ C2DP (D=0 D) ] O = 1))@
T 1@l P (0P -e®) ! v)®-)®

Definition of (¥;)® :-

From which we deduce (vy)® < v®(t) < (#,)®

0
() If 0<()® < (V)P = % < (1,)® we find like in the previous case,
21

_ 3) B3
(Vl)(3)S(Vl)(3)+(c)(3)(vz)(3)e[ @200 -02@)

< vO®(@) <
14(0)® el @@ (@DO-02®) ] s vEO <

TP +O® @y Pel @D (TDF-2®) ]
14+(O@ [ @@ (EDO-®) ]

< (@)@

0
(© If 0<@)® < @) < ()@ =2, we obtain
21

(71)(3)_,.(@(3)(72)(3)8 [—(a21)(3)((71)(3)—@2)(3)) t]
1+ (O@ el @D (T -®) ]

v)® < v® () < < (v)®

And so with the notation of the first part of condition (c) , we have

Definition of v®(¢) :-

(my)® < v® (@) < (Mm@, | v () = G20(t)
G21(8)

In a completely analogous way, we obtain

Definition of u®(¢t) :-
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@)@ < u®() < @)@, |u@ (@) =20
T21(t)

Now, using this result and replacing it in GLOBAL EQUATIONS we get easily the result stated in the
theorem.

Particular case :

If (a30)® = (az)®, then (6,)® = (0,)® and in this case (v;)® = (#,)® if in addition (v))® =
(v)® then v®(t) = (vy)® and as a consequence G, (t) = (V)@ Gy (1)

Analogously if (by)® = (by;)®, then (1,)® = (1,)® and then

w)® = (@) ®if in addition (ug)® = (uy)® then T,y (t) = (uy) Ty (t) This is an important
consequence of the relation between (v;)® and (7,)®

: From GLOBAL EQUATIONS we obtain

dv@® , ’ " "
,Vit = (az)® — ((‘124)(4) — (az5)™® + (azq) P (Tys, t)) — (a5) @ (Tys, OV® — (ap5)Pv®
Definition of v® :- @ = G2
Gas
It follows

dv®

~ (@) DED) + (@)D — (@;)®) < = < = (@D E®D) + @)DV — (@) )

From which one obtains

Definition of (7)™, (vy)® :-

GY _
(d) For0 <|(v))® = ﬁ < ()W < (1)@

VO () > (vl)(4)+((;)(4)(v2)(4)e[‘(a25)(4)((vl)(4)—(v0)(4)) t] ©® = ) B ()@
= 4+(C)(4)e[—(azs)(4)((v1)(4)_(V0)(4)) t] ’ (VO)(4)_(V2)(4)
it follows (v))® < v®(t) < (v)®
In the same manner , we get
@ (t) < (71)(4)+(C‘)(4)(72)(4)e[—(a25)(4)((?1)(4)—(72)(4))t] (f)(4) _ ) ®—(vg)@
- 4+@(4)e[—(azs)(4)((vl)(4)—(v2)(4)) t] ' )P @

From which we deduce (vy)® <v®(t) < (v,)®

0
() If 0< ()™ < (V)W = % < (1)@ we find like in the previous case,
25

(Vl)(4)+(c)(4)(v2)(4)e[—(azs)(4)((1/1)(4)—(1/2)(4)) t]

< v®(@) <
1+(C)(4)e[—(azs)(4)((V1)(4)‘("2)(4))t] - ® =

(v)® <

FD OB E@el-@20 P (E0D-2D) ]

< (v.)@
1+(OWel" @2 P(EDD-TW) ] = ()
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0
(M 1 0< @)® < @)@ <|(v)™® =2, we obtain
25

FPHOD @y@el 2P (@D -0 )

4) « @) ) <
(1/1) =V ( ) - 1+(C—)(4)8[f(azs)(4)((171)(4)*(72)(4))t]

< ()™

And so with the notation of the first part of condition (c) , we have
Definition of v#(t) :-

G4 (t)
(m)® < v (@) < (m)®, |vW () = 2=
Gas(t)

In a completely analogous way, we obtain
Definition of u®(¢) :-

1)@ < u®(®) < ()@, |u® () = 1Y
T25(t)

Now, using this result and replacing it in GLOBAL EQUATIONS we get easily the result stated in the
theorem.

Particular case :

If (a34)® = (az5)™®, then (0,)™® = (a,)® and in this case (v)® = ()@ if in addition (v,)® =
(v))™W then v (1) = (vy)™ and as a consequence G,4(t) = (vo) ™G, (t) this also defines (vy)® for
the special case .

Analogously if (by)® = (bys)@, then (1,)® = (1,)® and then
(u)® = () @if in addition (ug)® = (u)® then Ty, (t) = (ug)®Ts (t) This is an important
consequence of the relation between (v;)™® and (v,)®, and definition of (u)®.

From GLOBAL EQUATIONS we obtain

dv(®) , , . B
= (@) — (@) — (a))® + (39)® (T30, ) = (@36) P (Ty0, VS — (a29) OV
Definition of v® :- v = Gz
G29
It follows

2 dv® 2
~ (@) (VD) + (0)v® = (2)®) < Z= < = (@) P (v®)" + (0 vE — (26)®)

From which one obtains

Definition of (¥;)®, (vy)® :-

G _
@ Foro<|)® =2 < v)® < (73)®

(Vl)(5)+(C)(5)(V2)(5)e [—(a 29)(5)((1/1)(5)—(1/0)(5)) t]
5+(C)(S)e [_(GZQ)(S) ((V1)(5)—(Vo)(5)) t]

0)®-wp®

G) = " —(vo)
@ v0)®-)®

vO(t) =

it follows (v))® < v (t) < (v)®

In the same manner , we get
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YOS @) S @2 (@D -0 ]
5+(0))el"@20P(EDO-02®) ]

_ @O -®
— )®-)®

VO <& ©O®

From which we deduce (vy)® < v®(t) < (75)®

0
(h) If 0< (w)® < (W)@ =22 < (7)) we find like in the previous case,
29

DO+ O ()Pl @29 P (DO -2 ) ]

< vO () <
@ @O ] = (0=

(v)® <

T+ @y O~ @2 (TDE-2) ]

< (v.)®
1+(O®el @O (EDO-e®)e] = )

0
() If 0<@)® < @) <|(v)® =2 , we obtain
29

T1E+(OO Ol @2 (T -2 ) ]

< (v, 5)
1+(c‘)(5)e[—(azg)(5)((71)(5)_@2)(5))t] < (vp)

W)@ < V() <

And so with the notation of the first part of condition (c) , we have
Definition of v®)(¢t) :-

(mz)(S) < V(S)(t) < (ml)(S), V(S)(t) _ Gs®
Ga9(t)

In a completely analogous way, we obtain
Definition of u®(t) :-

(MZ)(S) < u(S)(t) < (M1)(5), u(S)(t) — Tg(t)
T29(t)

Now, using this result and replacing it in GLOBAL EQUATIONS we get easily the result stated in the
theorem.

Particular case :

If (a38)® = (ay9)®, then (6,)® = (6,)® and in this case (v;)® = (¥,)® if in addition (v,)® =
(v)® then v () = (vy)® and as a consequence G,g(t) = (vo)®) G,o(t) this also defines (v,)® for
the special case .

Analogously if (byg)® = (byo)®, then (1,)® = (1,)® and then
(u)® = (@) ®if in addition (ug)® = (u;)® then Tyg(t) = (uy) Ty (t) This is an important
consequence of the relation between (v;)® and (¥,)®, and definition of (u,)®.

we obtain
dv(©) , , . B
= (a3)@ = (@) = (a3)@ + (@5) (T3, 0)) = (@53)@ (T35, OV = (a35) OV
Definition of v® :- v® = G2
G33

It follows

2 dv(©®
~(@)@EO) + (@) OV ~ (a5)@) <

<~ (@n@E@)" + @)V - (a:)®)
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From which one obtains

Definition of (#,)(, (v)® :-

0
() For0<|(p)® =22 < (1)® < (7)®

G33
vO () = 0O+ O @l @3 Ve O-00 )] (©)© = DO
- 140 ® el @O (0 DO-00)®) ] ' ) ©—(v2)©®
it follows (v)® < v®(t) < (v;)©®
In the same manner , we get
vO (1) < T1)O+(0) O )@ [~@3D (DO -2)®) o] ©)© = T1)©—wg)©
- 1+(0) el @33 O(TD@-2) (@) ] ’ v0) @) ®

From which we deduce (v()® < v®(t) < (#,)©®

0
K If 0<()® < (v)® = g% < (7,)©® we find like in the previous case,
33

1O+ () e[ ~@3) (@D O-2)®) ]

< v®(p) <
@@ eIy S VO S

(v)® <

O+ O @) O [~(a33)O(@1)(O-w2)(©)¢]

< (v,)®
1+(f)(6)e[_(a33)(6)((?1)(6)_(72)(6))t] < (vy)

0
(1) 1f 0< ()@ < @)@ <|(w)® =T , we obtain
33

@O+ O @) ©el~@3) (DO -2 )]

< (6)
1+(f)(6)g[_(a33)(6)((171)(6)_(72)(6)) t] < (vp)

(v)® < vO®(t) <

And so with the notation of the first part of condition (c) , we have
Definition of v (¢) :-

(mz)(6) < y® ) < (ml)(ﬁ): MO) ®) = G32(¢)
G33(t)

In a completely analogous way, we obtain
Definition of u©(t) :-

W)@ < u®(t) < u)®, |u© @) =22
T33(t)

Now, using this result and replacing it in GLOBAL EQUATIONS we get easily the result stated in the
theorem.

Particular case :

If (a3,)® = (a33)®, then (0,)©® = (0,)©® and in this case (v;)©® = (#,)® if in addition (v,)©® =
(v))® then v® (1) = (v,)® and as a consequence G, (t) = (vo)® G33(t) this also defines (v)® for
the special case .

Analogously if (b3,)® = (b33)@, then (1,)©® = (1,)©® and then

(u)® = (1) @if in addition (1y)® = (u;)® then T3, (t) = (up)®Ts3(t) This is an important
consequence of the relation between (v;)® and (v,)®, and definition of (u,)®.
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We can prove the following
Theorem 3: If (a; )P and (b, )® are independent on ¢ , and the conditions

(a13) P (a1)® — (a13) P (a1)P < 0

(a13) P (a1)® = (a13) P (a1) D + (a13) P (P13)D + (@10) P 1) P + (P13) P (1) P > 0
(b13) P (1) = (b13) P (1) >0,

(b13)(1)(bi4)(1) - (b13)(1)(b14)(1) - (bi3)(1)(7”14)(1) - (bi4)(1)(7"14)(1) + (7"13)(1)(7”14)(1) <0
with (p13)®, ()@ as defined, then the system

If (a; )Pand (b; )@ are independent on t, and the conditions

(a16) P (@17)@ = (a16) P (@;7))® < 0

(a16) @ (@17)® = (a16) P (@17)® + (a16) P (P16)? + (@17)P (P17)@ + (P16) P (P17)P > 0
(b16) @ (by7)@® — (b16) @ (b17)® >0,

(bié)m(bb)m - (ble)(z)(bn)(z) - (bi6)(2)(r17)(2) - (b17)(2)(7’17)(2) + (T16)(2)(T17)(2) <0
with (p1g)®@, (1;,)® as defined are satisfied , then the system

If (a; )®and (b; )® are independent on t , and the conditions

(a20)® (a31)® = (a20)® (a1)® < 0

(a20)® (a21)® = (a20)®(a21)® + (a20)® P20)® + (@3)® 210 + (P20) P (P21)® > 0
(b20)® (b21)® — (b20)® (1)@ >0,

(béo)(S)(béﬂ(g) - (bzo)(3)(b21)(3) - (béo)(3)(7'21)(3) - (b,21)(3) (7'21)(3) + (7'20)(3) (7'21)(3) <0
with (py)®, (15,)® as defined are satisfied , then the system

If (a; )P and (b; )™ are independent on ¢ , and the conditions

(a24)®(az5)™ — (a24)® (az5)* < 0

(a24)®(az5)™® — (a24)® (@25)™ + (@20) @ 02)® + (@25) P P25)® + 24) P (025)™ > 0
(b24) @ (by5)® — (b)) W (b25)® >0,

(b2)® (b25)™ — (b20) @ (b25)™® — (b24)® (r25)™ — (b35) P (125)® + (r24) P (1r25)® < 0
with (ppa)®, (r,5)® as defined are satisfied , then the system

If (a; )®and (b; )® are independent on t , and the conditions

a’ a’ — a a <

( 28)(5)( 29)(5) ( 28)(5)( 29)(5) 0

(a28) ) (a20)® = (a28) ™ (A29)™ + (a28)™ (P28)™ + (a20)® P20)® + (P23)® (P29) > 0

(b35)® (b39)® — (b2g)® (b0)™ > 0,
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(bés)(s)(béf))(s) - (bzs)(s)(bw)(s) - (bés)(s)(rw)(s) - (bé9)(5)(7‘29)(5) + (7‘28)(5)(7‘29)(5) <0
with (pag)®, (1,9)® as defined satisfied , then the system

If (a; )©and (b; )© are independent on t , and the conditions

(a32)® (a33)® — (a32)®(az3)® < 0

(a32) @ (a33)® — (a32)® (@33)@ + (@32)@ (032)©@ + (a33)@ (033)©@ + P32) @ (p33)® > 0
(b32)® (b33)© — (b3,) @ (b33)® >0,

(béz)(6)(bé3)(6) - (b32)(6)(b33)(6) - (b:’sz)(é) (T33)(6) - (bé3)(6)(7‘33)(6) + (7‘32)(6)(7‘33)(6) <0
with (p3,)®, (33)® as defined are satisfied , then the system

(a13)M6Gyq — [(a'13)(1) + (allls)(l)(Tm)]Gl?; =0

(a10) V613 = [(@1)® + (a1) P (T14)]Gra = 0
(a15)(1)614 - [(a’15)(1) + (allls)(l)(TM)]Gls =0
(b13)VT1y = [(b13)D = (b13)P(6) ITys = 0
(1) PTiz = [(b1) D = (1) (6) ]Toy = 0
(b15) VTyy = [(b15)® = (b15)P(6) 115 = 0

has a unique positive solution , which is an equilibrium solution for the system
(a16)@PG17 — [(@16)® + (a16) P (T17)]G16 = 0
(@17) P66 — [(@17)P + (a17) P (T17)]Gy7 = 0

(a18)P G157 — [(a19) P + (aig) P (T17)]Gig = 0

(b16)PTy7 — [(b16)® — (b16) @ (G19) 1T1s = 0
(b17)(2)T16 - [(b17)(2) - (bi’7)(2)(619) ]T17 =0
(b1g) PTy; — [(b1g)® — (b13) P (G19) 1Tig = 0

has a unique positive solution , which is an equilibrium solution for

0

(a20)® 61 — [(a20)® + (a20)® (T21)] G20

|
o

(ay1)® Gy — [(a’21)(3) + (agl)(3)(T21)]G21 =
(a2) PGy — [(a2)® + (az) P (T21)]G2y = 0
(b20)PTa1 = [(b20)® = (b20)®(G23) [Too = 0
(b21)(3)T20 - [(bé1)(3) - (bg1)(3)(623) IT21 =0

(b22) BTy — [(b32)® — (b32) P (G23) 1Ty, = 0

has a unique positive solution , which is an equilibrium solution
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(a20)®Gas — [(a20)® + (a34) P (T25)] G2y = 0
(az25) WGy — [(az5)™ + (az5)® (T25)]Gos = 0
(a26) PG5 — [(a26)® + (a26)® (T25)]Go6 = 0

(b24)(4)T25 - [(bé4)(4) - (bg4)(4)((627)) IT24 = 0

(b25) VT = [(b25)™® = (b25) W ((627)) IT5 = 0

(bze)(4)T25 - [(béa)m - (bg6)(4)((627)) IT26 = 0

has a unique positive solution , which is an equilibrium solution for the system
(a28) ™G9 — [(aze)® + (az5) ™ (T29)]Grg = 0

(a20)®Gag — [(a20)® + (a30) P (T29)]G29 = 0

(a30)® Gy — [(a;o)(s) + (ago)(s)(Tz9)]G3o =0

(byg) P Tg — [(b2g)® — (b3g) P (G31) Ty = 0

I
o

(by9) D Tog — [(b29)® — (b39)® (G31) 1Tog =
(b30) P Tag — [(b30)® — (b3) P (G31) T30 = 0

has a unique positive solution , which is an equilibrium solution for the system

(a32)®Gs3 — [(a32)© + (a32)® (T33)]Gs, = 0
(a33)® 63y — [(a33)©@ + (a33)® (T33)]Gs3 = 0
(a34)©Gs3 — [(a34)©@ + (a34)© (T33)]G34 = 0

(b32)©Ts3 — [(b3)©® — (b3,)® (G35) 1Tz, = 0

(b33) T3y — [(b33)©® — (b33)©(G35) ]T33 = 0

|
o

(b34)©Tz3 — [(b34)® — (b34)©(G35) 1T34 =

has a unique positive solution , which is an equilibrium solution for the system

(@) Indeed the first two equations have a nontrivial solution G5, G;4 if

F(T) = (a13) P (a1)® — (a13) P (a10)® + (a13) P (a14) P (1) + (a14) P (a13) P (T1a) +
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(ay3) P (T1)(a1) P (T4) = 0

(@) Indeed the first two equations have a nontrivial solution G4, G17 if

F(T19) = (a16)@(a17)® — (a16)P(a17)® + (a16)P (a17) P (T17) + (a17) P (a16) P (T17) +
(a16) P (T17)(a17) P (Ty7) = 0

(a) Indeed the first two equations have a nontrivial solution G,g, G,q if

F(Ty3) = (a20)®(a21)® — (a20)®(@21)® + (a20)® (a31) @ (T21) + (a21)® (az0)® (1) +
(a20)®(T21)(a31) P (T1) = 0

(a) Indeed the first two equations have a nontrivial solution G,y4, G,5 if

F(Ty7) = (a24)® (a25)™ — (a20) @ (a25)® + (a24)™® (a35) @ (Tz5) + (azs)™ (az)® (Tzs) +
(a24)® (Ty5) (a5) @ (T25) = 0

(a) Indeed the first two equations have a nontrivial solution G,g, G,q if

F(T31) = (a28)® (a20)®™ — (@28)®(a29)® + (a38)® (@29)® (Ta9) + (a29)® (az8) ™ (Tog) +
(az8)®(T29)(az9)® (Ty9) = 0

(a) Indeed the first two equations have a nontrivial solution Gs,, G35 if

F(Ts5) = (a32)® (az3)® — (a3) @ (a33)® + (a32)® (az3) @ (T33) + (a33) @ (a3,)® (T33) +
(a32)® (T33) (a33) @ (T33) = 0

Definition _and unigueness of Ty, :-

After hypothesis f(0) < 0, f(e0) > 0 and the functions (a; ) (T}4) being increasing, it follows that there
exists a unique Ty, for which f(Ty,) = 0. With this value , we obtain from the three first equations

(a15)M614
[(a15)D+(a15)D(T7y)]

(a13)M614
[(a13) D +(a13)D(174)] '

(;13 = (;15 =

Definition _and unigueness of Ty, :-

After hypothesis f(0) < 0, f(e0) > 0 and the functions (a; ) (T;,) being increasing, it follows that there
exists aunique Ty; for which f(Ty5) = 0. With this value , we obtain from the three first equations

(a18)@6G17
[(a18)@+(a15)@(T77)]

(a16)@G17

Gig = — o ,
16 [(@16)P+(a16)P(T77)]

Gig =

Definition_and uniqueness of T; :-

After hypothesis f(0) < 0, f(o0) > 0 and the functions (a; )*(T,;) being increasing, it follows that there
exists a unique T,; for which f(T5;) = 0. With this value , we obtain from the three first equations
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_ (a22)® 621
[(a22)P+(az)®(131)]

(a20®621

G = 7 77 y
20 [(@20)®)+(az0)®(131)]

Goo

Definition _and uniqueness of T)5 :-

After hypothesis f(0) < 0, f(c0) > 0 and the functions (a; )® (T,s) being increasing, it follows that there
exists aunique Tys; for which f(T;5) = 0. With this value , we obtain from the three first equations

_ (a26) Y625
[(a26) P +(az6)®(T55)]

(a20) P65

G = 7 77 y
247 ag)®+(az)®(155)]

Gag

Definition_and unigqueness of Ty :-

After hypothesis f(0) < 0, f(e0) > 0 and the functions (a; ) (T,) being increasing, it follows that there
exists a unique T,y for which f(T;9) = 0. With this value , we obtain from the three first equations

_ (a30)™ 629
[(@30)®+(a30)®(T55)]

(a28) 69

G = 7 7 f
28 [(a28)®)+(a25))(T30)]

GBO

Definition _and uniqueness of T35 :-

After hypothesis £(0) < 0, f(e0) > 0 and the functions (a; )® (Ts3) being increasing, it follows that there
exists a unique Ts3 for which f(T53) = 0. With this value , we obtain from the three first equations

_ (a34) 633
[(@34)®+(a34)®(T33)]

(a32)®633

G = 7 7 f
32 [(@32)®)+(a32)O(T33)]

G3q

(e) By the same argument, the equations 92,93 admit solutions G, Gy4 if

9(6) = (b13) P (b1)™® — (by3) PV (b1) ™ ~

[(13)® (b)) P (6) + (1) (b13) P (@] +(b13) P (6) (b)) P (6) = 0

Where in G (Gy3, Gq4, G15), G13, G15 must be replaced by their values from 96. It is easy to see that ¢ is a
decreasing function in G, taking into account the hypothesis ¢@(0) > 0, ¢(o0) < 0 it follows that there

exists a unique Gy, such that ¢(G*) =0

(f) By the same argument, the equations 92,93 admit solutions G, Gy7 if
¢(Gyo) = (bié)(z)(biﬂ(z) - (ble)(z)(bn)(z) -
[(b16)® (b17) @ (G19) + (b17) @ (b15) P (G19)]+(b16) P (G19) (b17) P (G19) = 0

Where in (G19)(G14, G17, G15), G16, G1g Must be replaced by their values from 96. It is easy to see that ¢ is a
decreasing function in G;, taking into account the hypothesis @(0) > 0, ¢() < 0 it follows that there
exists a unique Gj, such that @((Gy9)*) = 0

(9) By the same argument, the concatenated equations admit solutions G, G,; if
@(Gz3) = (béo)m(bél)m - (bzo)(3)(bz1)(3) -
[(620)® (b21)P (Ga3) + (b21)® (b20) P (G23) |+ (b20) P (G23) (b21) P (G23) = 0

Where in Gy3 (G5, G21, G22), Gog, Go, Must be replaced by their values from 96. It is easy to see that ¢ isa
decreasing function in G,; taking into account the hypothesis ¢(0) > 0, ¢ () < 0 it follows that there
exists a unique Gy such that ¢ ((G,3)*) =0

WWwWWw.ijsrp.org

57



International Journal of Scientific and Research Publications, Volume 2, Issue 8, August 2012 58
ISSN 2250-3153

(h) By the same argument, the equations of modules admit solutions G,,, G, if
9(G27) = (b2a)™® (by5)™® = (b24)® (b25)® —
[(b24)® (b25) P (G27) + (b25) ™ (b24) @ (G27) ]+ (b24) ™ (G27) (b25) W (G7) = 0

Where in (G,7)(Gz4, G2s, G26), Go4, G2 Must be replaced by their values from 96. It is easy to see that ¢ is a
decreasing function in G,5 taking into account the hypothesis ¢(0) > 0, ¢ () < 0 it follows that there
exists a unique G5 such that ¢ ((G,7)*) =0

(i) By the same argument, the equations (modules) admit solutions G,g, G,q if

@(Gs1) = (bg) ™ (b39)® — (bg)® (b29)® —
[(bés)(s)(bgg)(s)(Gm) + (b39)® (byg)® (G3l)]+(b;8)(5) (G31)(b39)® (G31) =0

Where in (G31)(Gag, G29, G3), G25, G3o Must be replaced by their values from 96. It is easy to see that ¢ is a
decreasing function in G4 taking into account the hypothesis ¢(0) > 0, () < 0 it follows that there
exists a unique G;q4 such that ¢ ((G31)*) =0

(j) By the same argument, the equations (modules) admit solutions Gs,, G35 if

@(Gss) = (b32)® (b33)© — (b3,) @ (b33)® —
[(b32)© (b33)©(G35) + (b33) @ (b32)© (G35) |+ (b32) @ (G35) (b33) @ (G35) = 0

Where in (Gz5)(Gsy, Ga3, Ga), G2, G34 Must be replaced by their values It is easy to see that ¢ is a
decreasing function in G55 taking into account the hypothesis ¢ (0) > 0, (o) < 0 it follows that there
exists a unique G3; such that ¢ (G*) =0

Finally we obtain the unique solution of 89 to 94

G, given by ¢(G*) = 0, Ty given by f(T7,) = 0 and

G = (a13)M6iy G = (a15)161,

B 7 @ D+@®(rfy)] 7 T T @) D+(als)D(11,)]
T* — (b13) D77y T = (b15) D17,

BT 00-01M6)] T T T (19 D-b15) D (6]

Obviously, these values represent an equilibrium solution

Finally we obtain the unique solution

G;i; given by @((G19)*) = 0, Ty given by f(T;7) = 0 and

G = (a16)?G3, Gro = (a18)?G},
167 [@1)@P+@1)@(Ti7)] 1T [@19)@+@lp)@(Ti)]
T = (b16) DT, T = (b18) DT,
16 7 [019)@-01)@(619)0] 7 B T (019D (b1) D ((619))]

Obviously, these values represent an equilibrium solution

Finally we obtain the unique solution
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G;1 given by ¢ ((Gz3)") = 0, Tz, givenby £(T5;) = 0 and

Gl = — (azo)(i)Gz*l Gy = (a22)®63;
[@20)P+(az0)P(151)] ' [(a22)®+(az)®(757)]
bon )BT by )BT
T3, (b20)*’T1 TS (b22)’Tyy

~ 0200503 G23] S REOSOICR)
Obviously, these values represent an equilibrium solution
Finally we obtain the unique solution

G2s given by ¢(Gp7) = 0, Tys given by f(T35) = 0 and

G = (a20)P635 G (a26)P635
24 7 [(a)®+(az)D(155)] 26 = [(a26)®+(az6)®(T55)]
Ty, = (b20) D155 L Ty = (b26) T35

[(b24) P =(b2)P ((G27)")] [(b26) P =(b26) P ((627)]
Obviously, these values represent an equilibrium solution
Finally we obtain the unique solution

G39 givenby @((G31)") = 0, Ty given by f(T59) = 0 and

G (az8)®6G39 G = (a30)®639
28 = [(a20)P+(@z)®(139)] ' 30 7 [(a30)®+(az0)®(T3)]
TE = (b28) D154 T — (b30)®)T59
28 7 ) ®O-03)® (G001 T30 T [30)®-b30)®(G31)7)]

Obviously, these values represent an equilibrium solution

Finally we obtain the unique solution

Gis given by @((Gs)") = 0, T3 given by f(T3;) = 0 and

G (a32)©633 G: (a3)©63;
32 = [(a32)©+(az)©(133)] 34 = [(234)©)+(az4)®(T33)]
T (b32)OT3; T (b30) 133
32 T [ @-01p®(@)0] 3 T (s @03 ® (G35))]

Obviously, these values represent an equilibrium solution

ASYMPTOTIC STABILITY ANALYSIS

Theorem 4: If the conditions of the previous theorem are satisfied and if the functions (a; )* and (b, )V

Belong to ¢ ( R,) then the above equilibrium point is asymptotically stable.

Proof:_Denote
Definition of G;, T; :-
Gl:GL*+(Gl ’Ti:Ti*+Ti

a(b )

ad
“W (Tis) = (q10)® (6 ) =sy
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Then taking into account equations (global) and neglecting the terms of power 2, we obtain

dG ! — !

dt13 = '((a13)(1) + (P13)(1))G13 + (a13) PGy — (913)VG13T1y
dG ! — !

dtM = ((a14)(1) + (P14)(1))(Gl4 + (a12) PGz — (q1a)VG1, Toy
dG ! — !

d:ls = ((als)m + (P15)(1))Gls + (a15) PGy — (q15) P Gi5T1y
dT ! T~ + + 3G
—dt13 = —((b13)(1) - (r13)(1)) 13 (b13)(1)T14— 2}213(5(13)0)7‘13 ])
dT ! Y
—dl}‘* = —((b1)® = (1) V) Ty4 + (b1a) VTy3 + X215 (s04)) T2 G;)
dT ! f
—dt"’ = —((b15)® = (r1s) V) Tys + (b1s) VTrs + X215 (s015)) T15G;)

If the conditions of the previous theorem are satisfied and if the functions (a; ) and (b; )@ Belong to
C@(R,) then the above equilibrium point is asymptotically stable

Denote
Definition of G;, T; :-
Gl:G;‘+Gl lTizTi*+Ti

a(an)( ) a(b )< )

(Ti) = (@)@, =—((G19)") = s;

taking into account equations (global)and neglecting the terms of power 2, we obtain

dG / ;

dt16 = —((@16)® + 016)P) G + (a16) PGy — (q16) P Gi6Tyy
dG / .
TN = —((@7)@ + P17)?P)Gy7 + (a17) PGy — (q17) PGy, Tyy
dG / ;

dt18 = —((@18)® + (018)P) Gy + (@18) P Gyy — (q18) P GigTyy
dT ’ s
== ~((b16)® = (1) @) T16 + (b16) P T17 + %216 (5(16)() Ti6 Gy )
dT ’ y

dt” = —((b17)@ = (7)P)Ty7 + (by7)PTy6 + %ii6(san ) Ti7G;)
dT , *
0= —((h1)® = (1) P)Tyg + (b1g) DTy + T216(s08)() Tis G;)

If the conditions of the previous theorem are satisfied and if the functions (a; )® and (b; )® Belong to
C®(R,) then the above equilibrium point is asymptotically stabl

_Denote
Definition of G;, T; :-
G1=GL*+(GIl !Ti=Ti*+Ti

a(b )( )

““2” (T5) = (@20, 22— ((Gy3)") = sy

Then taking into account equations (global) and neglecting the terms of power 2, we obtain
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dG ' .
d—fo = —((a20)® + (P20)®) G + (a20)PG21 — (20) P G5 T
G ) .

dfl = —((@20)® + 0200®) Gy + (a21)P Gz — (q21)P 631 Ty
dG ' .
d—fz = —((a22)® + (022)P) G, + (a22) P Gyy — (422) P63, Ty
daT : .
720 = —((b20)® = (r20) )Ty + (b20) T2y + Z]Zizo(s(zo)(/)Tzo G;)
daT ' .
721 = —((b21)(3) - (T21)(3))T21 + (b21)(3)T20 + Z,Zizo(s(zn(j)TmGj)
daT ' .
722 = —((bzz)m - (Tzz)(S))Tzz + (bzz)(3)T21 + Z,Zizo(s(zz)(j)Tzsz)

If the conditions of the previous theorem are satisfied and if the functions (a; )* and (b, )®® Belong to
C™(R,) then the above equilibrium point is asymptotically stabl

_Denote

Definition of G;, T; :-

Gl=GL*+(Gl lTi=Ti*+Ti
3(azs)™® o b )W .
%(Tzs) = (QZS)(4) ) a—(;j((627) )= Sij

Then taking into account equations (global) and neglecting the terms of power 2, we obtain

d(g% = —((a20)® + (2)®) G4 + (a20) PG5 — (q24) PG54 Tos
df% = —((a25)™ + (25)®)Gz5 + (a25) P Gpg — (925) P G35Tos
d(:% = —((az26)® + (P26) ™) G + (A26) W G5 — (q26) M G36T2s
T2 = ()™ = () D) T4 + (b20) DTs + 2204 (5000 T34 G )
dj% = —=((035)® = (r25) @) Ta5 + (by5) W Toq + 27204 (s2s)(H T25 Gy )
d;r% = —((b26)™ — (r26) ™) T3 + (b26) P T25 + £28,4 (52610 T26 Gy )

If the conditions of the previous theorem are satisfied and if the functions (a; )® and (b, )® Belong to
C®(R,) then the above equilibrium point is asymptotically stable

Denote
Definition of G;, T; :-
Gi=Gi*+Gi 1Ti=Ti*+Ti

90 )®

a@i® . .
(@20) (T3) = (%9)(5) " oe ((G3)") = Sij
J

ang
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Then taking into account equations (global) and neglecting the terms of power 2, we obtain

dG ' G 38T
d:s = —((a26)® + (026)) Gigg + (a28) P Gz9 — (G26) P G35 Tog
dG ' G 391
d:zg = —((a29)® + (026)®) g + (a29) PGy — (420) G399
dG ' 301
e ~((@30)® + (30)®)G3p + (a30)® Gz9 — (430) G50 T29
dT ' G
dt28 = —((b25)® = (r28) ) T + (b2) P T20 + X 205(5 28y () T3 G7)
dT ' 0 G
dtzg = —((b29)® = (r20) ) T2 + (b20) T2 + X7255(520)() T29 G;)
dT ' T 5 350G
=2 = —((b30)® = (130)®) T30 + (b30) P Tag + Ti256(530 ) T50 ;)

If the conditions of the previous theorem are satisfied and if the functions (a; )® and (b, )® Belong to
C®(R,) then the above equilibrium point is asymptotically stable

Denote
Definition of G;, T; :-
GiZGi*+Gi ’7-'i=Ti*+Ti

9(a33)® ., (b )® .
%(Tm) = (CI33)(6) ) a—(;,-( (G35)") = Sij

Then taking into account equations(global) and neglecting the terms of power 2, we obtain

dG ' G 3
_dt32 = —((a52)® + (032)©)G3z + (a32) @ G3 — (g32) @G5, T3
dG ' 3
—dt33 = —(((133)(6) + (p33)(6))G33 + (a33)(6)G32 - (q33)(6)633T33
dG ' 3

= —((a3)®@ + (030) @) G4 + (a31) P G33 — (434) 634 T35
dT ' 5 ’
—d:Z = —((b32)(6) - (ng)(ﬁ))']rgz + (b32)(6)T33 + ?132(5(32)(}')7’32 G])
dT ' ;
e —((b33)® = (133) @) T35 + (b33) T3, + X323, (s533) T5: G )
dT ' .
_dt34 = —((03)® = (13) @) T34 + (b3) O T35 + X235 (5Gay () T34 Gy )

The characteristic equation of this system is

(DD + (b15)® = E)N(DD + (@)D + (p15) D)
(WD + @)D + 1) V) @) D65 + (@) V(@) V655 )|
(((ﬂ)(l) + (by3)® — (7”13)(1))5(14),(14)T1*4 +(b14)(1)5(13),(14)T1*4)

+ (((/1)(1) + (a1)® + (P14)(1))(Q13)(1)G1*3 + (a13)(1)(q14)(1)61*4)
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(DD + Bi)® = (1) D)san,anTis + Br) Vsasyan7Tis)

(D) + (@)D + @) + PP + Pu)P) HD)

(@) + (Bl + Bi)® = (3)D + (1) D) DD

+ (@) + (@)D + @) + @) + @) ®) WD) (@15) D615
(DD + (@)D + P1)®) (@) P (010) V65 + (@)D (@15) D (g15) V653)

(((/1)(1) + (b13)® — (r13)(1))5(14),(15)T1*4 +(b14)(1)5(13),(15)T1*3)} =0

+

(WP + Bi)@ = 1)@ H(DP + @)D + (p1)P)

(W@ + @)@ + 1) P) @) D61 + (@) P (016265 )|
(WP + B1e)® = (1)@ )sananTis + i) Psae,anTir)

+ (WP + (@)@ + 1)) (@16 PGis + (016) P (@7) P67 )
(D + 1) = (1) P)san,a6Ti7 + B17)Ps6,06Tis)

((W®) + (@)@ + (@)@ + @)@ + @:)®) WP)

(WD) + (Bi)@ + BN = (36)@ + (17)P) DD

+ (W) + (@)@ + (@)? + 1)@ + E:)?) WD) (@16)P g
DD + (@)@ + P16)®) (@) P (@) PG + (@17)P (1) P (q16) P Gio)
(WP + 11 = (16)P)sarn,ae) Ty +bi17) Psue,asTis )} = 0

.

(DD + (009 = ()ON(DD + (@) + (P)®)

(WP + (@20)® + P20)®) (@2)D651 + (@)D (020)D630 )|

(W@ + B = 120)D)s@nenTi +b2)Pseoy T )

+((W® + @)D + 21)®) (@009 60 + (220)P (421) V631 )
(DD + B:0)® = (20050 51 + (b21) P50y T50)

(D) + (@) + @)D + P20)® + @20P) WD)

(WD) + (B3P + (03P = (20 + (2)P) WD)

WWwWWw.ijsrp.org

63



International Journal of Scientific and Research Publications, Volume 2, Issue 8, August 2012
ISSN 2250-3153

+ (@) + (@)@ + @) + @) + @:1)P) DD) (422) P62
+(DP + (@) + 0200P) ((a2)P (@)D 631 + (220D (@22)P (420)P650)
(DD + B2)® = C20)P)snen T3 +b2) P50y, T50 )} = 0
.
(DD + (b2e)™® = ) WD + (A26)® + (p26) ™)
[((D@ + (@)@ + B2)®) (425)P G35 + (225)® (026) V63|
(D + (b2)® = (124)®)525),25) T35 +(b25) P52, 25)T5s )
+ (DD + (@)@ + B25) ) (@20) 634 + (22)® (025) G35 )

(DD + B20)® = ) P)sasenT5s + 025) V00,0 T
(D) + (@)@ + @) + P2)® + @25)®) DD)

(WD) + (B + (h5)® = (2@ + () ®) WD)
+((W®) + (@)@ + (@)@ + @20® + P25)®) DP) (426)? G2
HD® + (@2)® + 20)®) ((a26)® (G25) V635 + (a25) P (@26) P (424) Y G34)

(((/1)(4) + (b2)™® = (1) ™)525),26) T35 +(b25)(4)5(24),(26)T2*4)} =0
+

(DO + (b3)® = Gs) (D + (@30) + (30)®)
(DS + (@) + 126 (420) DG + (a29)® (426) G35 )|
(DD + 12) = (26)D)5(20),09 T35 +(b29) V528, 20) T )
+((D® + (@)D + (29)) (426)® G35 + (226) (426) )63

(WD + (b20)® = (26)D)s 291,200 Tso + (b29) 528 6T )
(WD) + (@)@ + (@) + @20)® + P20)P) D)

(WD) + ()@ + (b10)® = () + (1)) WD)
+((@®) + (@)@ + (@) + @2)® + P29)P) D) (430) Gz

+((/1)(5) + (az)® + (st)(s)) ((a30)(5)(QZ9)(5)G;9 + (az0)® (azp)® (q28)(5)G§8)
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(((/1)(5) + (byg)® — (Tzs)(s))5(29),(30)T59 +(b29)(5)5(28),(30)T;8)} =0

.
(DO + (13)® = ) ON(D® + (a30)©@ + (p3)©)

(W + (@)@ + 2) ) (@3) @653 + (@)@ ()63, )|
((W© + (b3)© = (132)@)s(33),33) T +(b33) @532 33)T5: )
+((W® + (@)@ + (33)@) (@52) 652 + (@) (433 V653

(DD + 3@ = (32)@)ss)60T55 + 033) Vs3T5 )
(D) + (@)@ + @)@ + P2)© + @:)®) D)

(W) + (B5)@ + (bi)® = (52)©@ + (15)@) W©)
+((W©) + (@)@ + (@5)@ + ©:2)@ + P3)@) D) (34)© G
(D@ + (@3)@ + 132)®) (@)@ (433) V633 + (a33)© (a34) @ (32)©63,)

(DO + B3 = (52)@)s 33y 60 T3 +B33) 532 3)T2 )} = 0

And as one sees, all the coefficients are positive. It follows that all the roots have negative real part, and this
proves the theorem.

(V) CONCLUSIONS:

One of the notable works in recent years pertaining to the subject matter in question is that of Gurvits, L. ,
Shortn, R. ; Mason, O. where it was conjectured that the Hurwitz stability of the convex hull of a set of
Metzler matrices is a necessary and sufficient condition for the asymptotic stability of the associated
switched linear system under arbitrary switching. They show that (1) this conjecture is true for systems
constructed from a pair of second-order Metzler matrices; (2) the conjecture is true for systems constructed
from an arbitrary finite number of second-order Metzler matrices; and (3) the conjecture is in general false
for higher order systems. . For a class of differential inclusions, to which many of the practically important
control systems can be reduced, necessary and sufficient conditions for asymptotic stability of the zero
solution are established by the method of Lyapunov functions. Similar results are obtained for the
corresponding class of difference inclusions. Asymptotic stability; exponential stability; differential
inclusions; difference inclusions; Lyapunov functions are some of the stability analyses that are made in the
context of quantum systems. Some of the stability problems prove extremely difficult in the analysis of the
Solutional behaviour and one has to make lot of assumptions denovo, and suo moto, to obtain solution. We
have in our paper not resorted to any such communicating singularities, counteractualisation assumptions,
such as exogenous influences and endogenous applications. We have made the view of essentially holistic
without any singularly superficial, or perpetually hackneyed key assumptions that violates the very body
fabric of the thesis. Be it equidistributional random matricies of the system, Schofield”’s cavitations tensor,
Quantum complementarity, jet stream atmospherics, or endogenous pressure field, the system is allowed to
take the variables and reach its own destination. We also discuss Solutional behavior and stability analysis
of the system
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The introduction is a collection of information from various articles, Books, News Paper reports,
Home Pages Of authors, Journal Reviews, Nature ‘s L:etters,Article Abstracts, Research papers,
Abstracts Of Research Papers, Stanford Encyclopedia, Web Pages, Ask a Physicist Column,
Deliberations with Professors, the internet including Wikipedia. We acknowledge all authors who
have contributed to the same. In the eventuality of the fact that there has been any act of omission on
the part of the authors, we regret with great deal of compunction, contrition, regret, trepidiation and
remorse. As Newton said, it is only because erudite and eminent people allowed one to piggy ride on
their backs; probably an attempt has been made to look slightly further. Once again, it is stated that
the references are only illustrative and not comprehensive
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