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ABSTRACT: Inquantum physics, in order to quantize a gauge theory, like for example Yang-
Mills theory, Chern-Simons or BF model, one method is to perform a gauge fixing. This is done in
the BRST and Batalin-Vilkovisky formulation. Another is to factor out the symmetry by dispensing
with vector potentials altogether (they're not physically observable anyway) and work directly
with Wilson loops, Wilson lines contracted with other charged fields at its endpoints and spin networks.
Older approaches to quantization for Abelian models use the Gupta-Bleuler formalism with a "semi-
Hilbert space™ with an indefinite sesquilinear form. However, it is much more elegant to just work with
the quotient space of vector field configurations by gauge transformations.An alternative approach using
lattice approximations is covered in (Wick rotated) lattice gauge theory. In this paper we construct a new
paradigm of relational context, with primary focus and locus of asymptotic freedom and differentially
instrumental activity of both QFT and YM Theory. It is to be noted that there exists a qualitative gradient
of energy differential ascribed to energy excitation of vacuum. This MIGHT as well be the orthogonal
energy state of Vacuum, with solidarity abstraction extant and existential with collective chiral symmetry
and causuistral chemistry with transitive states and substantive sub states. We donor enucleate or
expatiate upon the subtleties and nuances and nitty grit ties of the various aspects dealt and straight away
construct the model with formulator equations .Advanced readers may find the article useful for further
research and experimentation.

INTRODUCTION:
What is a gauge?

Gauge is a term which has connotations of being a befuddling fearsome, and perniciously complicated
part of mathematics — for instance, playing an important role in quantum field theory, general relativity,
geometric PDE, and so forth. Underlying concept is really quite simple: a gauge is nothing more than a
“coordinate system” that varies depending on one’s “location” with respect to some “base space” or
“parameter space”, a gauge transformis a change of coordinates applied to each such location, and
a gauge theory is a model for some physical or mathematical system to which gauge transforms can be
applied (and is typically gauge invariant, in that all physically meaningful quantities are left unchanged
(or transform naturally) under gauge transformations). By fixing a gauge (thus breaking or spending the
gauge symmetry), the model becomes something easier to analyse mathematically, such as a system of
partial differential equations (in classical gauge theories) or a perturbative quantum field theory (in
quantum gauge theories), though the tractability of the resulting problem can be heavily dependent on the
choice of gauge that one fixed. Deciding exactly how to fix a gauge (or whether one should spend the
gauge symmetry at all) is a key question in the analysis of gauge theories, and one that often requires the
input of geometric ideas and intuition into that analysis. Quantum gauge theories are the quantization of
classical gauge theories and have their own set of conceptual difficulties (coming from quantum field
theory).

In early 1954, Chen Ning Yang and Robert Mills extended the concept of gauge theory for abelian
groups, e.g. quantum electrodynamics, to nonabelian groupsto provide an explanation for strong
interactions. The idea by Yang—-Mills was criticized by Pauli, as the quanta of the Yang—Mills field must
be massless in order to maintain gauge invariance. The idea was set aside until 1960, when the concept
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of particles acquiring mass through symmetry breaking in massless theories was put forward, initially by
Jeffrey Goldstone, Yoichiro Nambu, and Giovanni Jona-Lasinio.

Quantum field theory

Quantum field theory (QFT) provides a theoretical framework for constructing quantum
mechanical models of systems classically parameterized (represented) by an infinite number of degrees
of freedom, that is, fields and (in a condensed matter context) many-body systems. Quantum field theory
is the natural and quantitative language of particle physics and condensed matter physics. Most theories
in modern particle physics, including the Standard Model of elementary particles and their interactions,
are formulated as relativistic quantum field theories. Quantum field theories are used in many
contexts, and are especially vital in elementary particle physics, where the particle count/number may
change over the course of a reaction. They are also used in the description of critical
phenomena and quantum phase transitions, such as in the BCS theory of superconductivity.

In perturbative quantum field theory, the forces between particles are mediated by other particles.
The electromagnetic force between two electrons is caused by an exchange of photons. Intermediate
vector bosons mediate the weak force and gluons mediate the strong force. There is currently no
complete quantum theory of the remaining fundamental force, gravity, but many of the theories postulate
the existence of a graviton particle that mediates it. These force-carrying particles are virtual
particles and, by definition, cannot be detected while carrying the force, because such detection will
imply that the force is not being carried. In addition, the notion of "force mediating particle” comes from
perturbation theory, and thus does not make sense in a context of bound states.

In QFT, photons are not thought of as "little billiard balls" but are rather viewed as field quanta —
necessarily chunked ripples in a field, or "excitations”, that "look like" particles. Fermions, like the
electron, can also be described as ripples/excitations in a field, where each kind of fermion has its own
field. In summary, the classical visualization of "everything is particles and fields", in quantum field
theory, resolves into "everything is particles”, which then resolves into "everything is fields". In the
end, particles are regarded as excited states of a field (field quanta). The gravitational field and
the electromagnetic field are the only two fundamental fields in Nature that have infinite range and a
corresponding classical low-energy limit, which greatly diminishes and hides their "particle-like"
excitations. Albert Einstein, in 1905, attributed "particle-like" and discrete exchanges of momenta and
energy, characteristic of "field quanta”, to the electromagnetic field. Originally, his principal motivation
was to explain the thermodynamics of radiation. Although it is often claimed that the photoelectric and
Compton require a quantum description of the EM field, this is now understood to be untrue, and proper
proof of the quantum nature of radiation is now taken up into modern quantum as in the antibunching
effect.

In the "low-energy limit", the quantum field-theoretic description of the electromagnetic field, quantum
electrodynamics, does not exactly reduce toJames Clerk Maxwell's 1864 theory of classical
electrodynamics. Small quantum corrections due to virtual electron positron pairs give rise to small non-
linear corrections to the Maxwell equations, although the "classical limit" of quantum electrodynamics
has not been as widely explored as that of quantum mechanics.

Presumably, the as yet unknown correct quantum field-theoretic treatment of the gravitational field will
become and "look exactly like" Einstein's general theory of relativity in the "low-energy limit", or, more
generally, like the Einstein-Yang-Mills-Dirac System. Indeed, quantum field theory itself is possibly the
low-energy-effective-field-theory limit of a more fundamental theory such as superstring theory.
Compare in this context the article effective field theory. No definitive and perceptible statements could
be made dogmatically about the issue.

Canonical quantization of fields was extended to the many-body wave functions of identical particles, a
procedure that is sometimes called second quantization. In 1928, Jordan and Eugene found that the
quantum field describing electrons, or other fermions, had to be expanded using anti-commuting
creation and annihilation operators due to the Pauli exclusion principle. This thread of development was
incorporated into many-body theory and strongly influenced condensed matter physics and nuclear
physics
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EULEDIAN INVARIANT MEASURES AND QUANTUM FIEL THEORIES(APPLICABLE
TO CHARACTERSTIC SYSTEMS AND HENCEFIRTH CLASSIFIABLE BESED ON THE
PARAMETRICIZATION OF THE SYTEMS.SPACES WITH GENERALISED
FUNCTIONALS:

MODULE NUMBERED ONE
NOTATION :

Gy3 : CATEGORY ONE OF EUCLEDIAN INVARIANT MEASURES AND QUANTUM FIELD
THEORIES

G4 : CATEGORY TWO OF EUCLEDIAN INVARIANT MEASURES AND QUANTUM FIELD
THEORIES

G5 : CATEGORY THREE OF EUCLEDIAN INVARIANT MEASURES AND QUANTUM FIELD
THEORIES

Ti3 : CATEGORY ONE OF SPACES WITH GENERALISED FUNCTIONALS
T4 : CATEGORY TWO OFSPACES WITH GENERALISED FUNCTIONALS

Tis :CATEGORY THREE OF SPACES WITH GENERALISED FUNCTIONALS

DIRAC FIELDS AND GAUGE FIELDS AND MEASURES ON SPACES OF FUNCTIONS
TAKING VALUES IN A GRASSMAN ALGEBRA:

MODULE NUMBERED TWO:

Gy : CATEGORY ONE OF DIRAC FIELDS AND GAUGE FIELDS
Gy : CATEGORY TWO OF DIRAC FIELDS AND GAUGE FIELDS
Gyg : CATEGORY THREE OF DIRAC FIELDS AND GAUGE FIELDS

Tis :CATEGORY ONE OF M,EASURES ON SPACES OF FUNCTIONS TAKING VALUES IN A
GRASSMAN ALGEBRA

T,;; : CATEGORY TWO OF MEASURES ON SPACES OF FUNCTIONS TAKING VALUES IN A
GRASSMAN ALGEBRA

T,s : CATEGORY THREE OF MEASURES ON SPACES OF FUNCTIONS TAKING VALUES IN A
GRASSMAN ALGEBRA

DENORMALIZATION THEORY AND LOCAL SINGULARITIES AND GLOBAL
DECAY(INFRA RED REGULARITIES IN QUANTUM FIELD THEORIES:

MODULE NUMBERED THREE:

G,y : CATEGORY ONE OFDENORMALIZATION THEORY (WE HERE SPEAK OF THE
CHARACTERISED SYSTEMS FOR WHICH QUANTUM GAUGE THEORY IS APPLICABLE)
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G,; :CATEGORY TWO OF DENORMALIZATION THEORY
G,, : CATEGORY THREE OF DENORMALIZATION THEORY

T,y : CATEGORY ONE OF LOCAL SINGULARITIES AND GLOBAL DECAY (INFRA
REGULARITIES) IN QUANTUM FIELD THEORIES

T,; :CATEGORY TWO OF LOCAL SINGULARITIES AND GLOBAL DECAY(INFRA
REGULARITIES) IN QUANTUM FIELD THEORIES

T,, : CATEGORY THREE OF LOCAL SINGULARITIES AND GLOBAL DECAY(INFRA
REGULARITIES) IN QUANTUM FIELD THEORIES

QUANTUM FIELD THEORY (AGAIN,PARAMETRICIZED SYSTEMS TO WHICH QFT
COULD BE APPLIED IS TAKEN IN TO CONSIDERATION AND RENORMALIZATION
THEORY(BASED ON CERTAIN VARAIBLES OF THE SYSTEM WHICH
CONSEQUENTIALLY CLSSIFIABLE ON PARAMETERS)

: MODULE NUMBERED FOUR:

G4 : CATEGORY ONE OF QUANTUM FIELD THEORY(EVALUATIVE PARAMETRICIZATION
OF SITUATIONAL ORIENTATIONS AND ESSENTIAL COGNITIVE ORIENTATION AND
CHOICE VARIABLES OF THE SYSTEM TO WHICH QFT IS APPLICABLE)

G,5 : CATEGORY TWO OF QUANTUM FIELD THEORY
G, : CATEGORY THREE OF QUANTUM FIELD THEORY
T,, :CATEGORY ONE OF RENORMALIZATION THEORY

T,s :CATEGORY TWO OF RENORMALIZATION THEORY(SYSTEMIC INSTRUMENTAL
CHARACTERISATIONS AND ACTION ORIENTATIONS AND FUYNCTIONAL IMPERATIVES
OF CHANGE MANIFESTED THEREIN )

T,s : CATEGORY THREE OF QUANTUM FIELD THEORY

ASYMPTOTIC FREEDOM AND FOURIER SERIES AND CLASSICAL DYNAMICAL
SYSTEMS

MODULE NUMBERED FIVE:

G,5 : CATEGORY ONE OF ASYMPTOTIC FREEDOM
G,9 : CATEGORY TWO OF ASYMPTOTIC FREEDOM
Gz :CATEGORY THREE OF ASYMPTOTIC FREEDOM

T,g :CATEGORY ONE OF FOURIER SERIES OF CLASSICAL DYNAMICAL SYSTEMS
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T,9 :CATEGORY TWO OF FOURIER SERIES OF CLASSICAL DYNAMICAL SYSTEMS

T3p :CATEGORY THREE OF FOURIER SERIES OF CLASSICAL DYNAMICAL SYSTEMS

QUANTUN FIELD THEORY AND STATISTICAL MECHANICS AND YANG BAXTER
EQUATIONS AND QUANTUM GROUPS AND BOSE FERMION EQUIVALENCE AND
RATIONAL CONFORMAL FIELD THEORY::

MODULE NUMBERED SIX:

Gz, : CATEGORY ONE OF QUANTUM FIELD THEORY AND STATISTICAL MECHANICS
G33 : CATEGORY TWO OF QUANTUM FIELD THEORY AND STATISTICAL MECHANICS
Gz4 : CATEGORY THREE OF QUANTUM FIELD THEORY AND STATISTICAL MECHANICS

T3, : CATEGORY ONE OF YANG BAXTER EQUATIONS AND QUANTUM GROUPS AND BOSE
EINSTEIN FERMI EQUIVALENCE AND QUANTUM GROUPS AND RATIONAL CONFORMAL
FIELD THEORY

T33 : CATEGORY TWO OF YANG BAXTER EQUATIONS AND QUANTUM GROUPS AND BOSE
EINSTEIN FERMI EQUIVALENCE AND QUANTUM GROUPS AND RATIONAL CONFORMAL
FIELD THEORY

T34 : CATEGORY THREE OF YANG BAXTER EQUATIONS AND QUANTUM GROUPS AND
BOSE EINSTEIN FERMI EQUIVALENCE AND QUANTUM GROUPS AND RATIONAL
CONFORMAL FIELD THEORY

LIE ALGEBRAS OF THE GROUP AND TRANSLATIONS IN SPACE TIME

MODULE NUMBERED SEVEN

G36 : CATEGORY ONE OF LIE ALGEBRAS
G37 : CATEGORY TWO OF LIE ALGEBRAS

Gsg : CATEGORY THREE OF LIE ALGEBRAS (ENERGY EXCITATION OF THE VACUUM AND
CONCOMITANT GENERATION OF ENERGY DIFFERENTIAL-TIME LAG OR
INSTANTANEOUSNESSMIGHT EXISTS WHEREBY ACCENTUATION AND ATTRITIONS
MODEL MAY ASSUME ZERO POSITIONS)

T35 : CATEGORY ONE OF TRANSLATIONS IN SPACE TIME

T3; : CATEGORY TWO OF TRANSLATIONS IN SPACE TIME
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Tzg : CATEGORY THREE OF TRANSLATIONS IN SPACE AND TIME

(‘113)(1), (a14)(1), (als)(l): (b13)(1): (b14)(1), (b15)(1) (a16)(2)' (a17)(2), (als)(z)
(b16)(2)' (b17)(2)' (b18)(2): (azo)(3): (a21)(3), (azz)(3) , (bzo)(”, (b21)(3)l (bzz)(3)
(a20)™, (a25)™@, (a26)®, (b24) ™, (b25) @, (b26) ™, (b25)®, (b39)®, (b30)™,
(azs)(s), (a29)(5), (a30)(5), (a32)(6): (a33)(6), (a34)(6): (b32)(6), (b33)(6)‘ (b34)(6)

are Accentuation coefficients

(€] (€]

(a'13)(1),(a'14)(1),(a'15) , (bﬁ)(l). (bi4)(1);(bi5) , (a'l(,)(z), (ai7)(2);(ai8)(2);
(bié)m, (bi7)(2); (big)m ) (aéo)(B): (aél)(3)' (aéz)(B): (bﬁo)m' (bé1)(3)' (béz)m
(@)@, (a55)", (@), (b3)®, (b35)™, (bie)®, (B3), (b30), (b3)
(aég)(s), (aég)(s), (aéo)(s) ) (aéz)(ﬁ): (aé3)(6)» (aé4)(6): (béz)(G)' (b§3)(6)' (bé4)(6)

are Dissipation coefficients

1
EULEDIAN INVARIANT MEASURES AND QUANTUM FIEL THEORIES(APPLICABLE
TO CHARACTERSTIC SYSTEMS AND HENCEFIRTH CLASSIFIABLE BESED ON THE
PARAMETRICIZATION OF THE SYTEMS.SPACES WITH GENERALISED
FUNCTIONALS:
MODULE NUMBERED ONE

The differential system of this model is how (Module Numbered one)
dG , .
713 = (a13)MGyy — [(a13)(1) + (a13) P (T, £)|Gy3 2
ac ' "
714 = (a14)(1)613 - [(014)(1) + (a14)(1)(T14, t)]G14 3
dG N ¢ RN ¢Y)
715 = (a15) MGy — [(a15) + (ass) (T14,t)] Gys 4
dr : .
d—f = (b13) VT — [(b13)P — (b13) (G, 0)|To3 5
dr : .
= )O3 = [0 = (1) D (6, 0] Ty 6
dT RN ¢Y) RN ¢Y)
d_t15 = (b1s) DTy — [(bls) —(bis) (G, t)] Tis !
+(aj3) P (T4, t) = First augmentation factor 8
—(b13)(G,t) = First detritions factor

DIRAC FIELDS AND GAUGE FIELDS AND MEASURES ON SPACES OF FUNCTIONS 9

TAKING VALUES IN A GRASSMAN ALGEBRA:

MODULE NUMBERED TWO:
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The differential system of this model is now ( Module numbered two)

dG , .
716 = (16)P 617 — [(a16)P + (a16) @ (T17,0)]Gi6 10
dG , .
717 = (017)P 616 — [(@17)P + (a17) P (T17, 0] Gy7 11
dG , .
718 = (a18) P61y — [(18)@ + (a1) @ (T17,0)]Gig 12
dT: ' "
ZL = (b)) DTy; = [(bi6)® = (bie) @ ((Gro), £)]Tig 13
dar: ' "
“Z = (i) PTie = [(017)@ = b1 P ((Gro), 0)]T7 14
dar: ' "
S = (1) PTyy = [(b1e) @ = (1) P ((Gro), )] s 15
+(aj) @ (Ty;,t) = First augmentation factor 16
—(b16)@((G19),t) = First detritions factor 17
18
DENORMALIZATION THEORY AND LOCAL SINGULARITIES AND GLOBAL
DECAY(INFRA RED REGULARITIES IN QUANTUM FIELD THEORIES:
MODULE NUMBERED THREE
The differential system of this model is now (Module numbered three)
aa ' "
720 = (az0)®¥ Gy — [(azo)m + (a30)® (T, t)]Gzo 19
aa ' "
721 = (a1)® Gy — [(a21)® + (a3)®(Tp1, )]G 20
aa ' "
722 = (a2)® Gy — [(a22)® + (az) P (Ty1, )]Gz 21
ar , .
720 = (b20) Ty — [(b20)® = (b30) P (Ga3, )] Tog 22
ar , .
721 = (b)) Ty — [(121)® = (b31) P (Go3, O] T 23
ar , .
d—:z = (by)PTyy — [(122)® — (b3) P (Gy3, 1) Ty 24
+(a3)®(Ty;,t) = First augmentation factor
—(b30)®(G,3,t) = First detritions factor 25
QUANTUM FIELD THEORY(AGAIN,PARAMETRICIZED SYSTEMS TO WHICH QFT 26
COULD BE APPLIED IS TAKEN IN TO CONSIDERATION AND RENORMALIZATION
THEORY(BASED ON CERTAIN VARAIBLES OF THE SYSTEM WHICH
CONSEQUENTIALLY CLSSIFIABLE ON PARAMETERS)
: MODULE NUMBERED FOUR
The differential system of this model is now (Module numbered Four)
dGz 2

i (a20) PG5 — [(@2)™ + (a34) @ (Tos, 0] G4
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dG N )] v 4
— &= (a5)¥Gaq — [(azs) +(azs) (T, t)] Gos 28
dG ' "
d—t% = (az26)®Gy5 — [(a26)™® + (az6) @ (Tzs, )]G 29
dr: ' "
d—? = (b)) PTos — [(02)® = (b3) P ((G27), )] Tos 30
dr: NG v \(4)
725 = (bys)WTyy — [(bzs) — (b3s) (G2, t)] Tys 31
dr: ' "
726 = (by) W Tys — [(b36) ™ — (b36) P ((Ga7), t)]T26 32
+(ay) @ (Tys,t) = First augmentation factor 33
—(b3)®((Go7),t) = First detritions factor 34
ASYMPTOTIC FREEDOM AND FOURIER SERIES AND CLASSICAL DYNAMICAL 35
SYSTEMS
MODULE NUMBERED FIVE
The differential system of this model is now (Module number five)
dG : .
728 = (az8)® 69 — [(a2)® + (a38)™ (T, )]G 36
aa ' "
729 = (az0)®Gag — [(azg)(s) + (a39)® (T, t)]Gz9 37
aa ' "
730 = (a30)® 69 — [(a30)® + (a30)® (Tao, )] G30 38
ar , ,
S = (byg) P Tye — [(b36)® — (b36) P ((G31), )] Tos 39
ar : .
ZB = (bye) ®Tas — [(b20)® — (b39)®((G31), 1)]To 40
ar , ,
=2 = (b30)®Ta9 = [(b30)® — (b30)®((G31), )] T30 4
+(a%g)® (Ty9, t) = First augmentation factor 42
—(b35)®((G31),t) = First detritions factor 43
QUANTUN FIELD THEORY AND STATISTICAL MECHANICS AND YANG BAXTER 44
EQUATIONS AND QUANTUM GROUPS AND BOSE FERMION EQUIVALENCE AND "

RATIONAL CONFORMAL FIELD THEORY:

MODULE NUMBERED SIX:
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The differential system of this model is now (Module numbered Six)

dG ! .

dt32 — (agz)(6)G33 _ [(a32)(6) + (a32)(6)(T33; t)]G32
dG ! .

dt33 — (agg)(6)G32 _ [(a33)(6) + (a33)(6)(T33; t)]G33
6 , "
—3= (a30)®Gz3 — [(a3)® + (a34)© (T3, )] G4
dT . "

diz = (b3y)OTs3 — [(532)(6) - (b32)(6)((635)' t)]T32
. . "

dig = (b33) 0Ty, — [(533)(6) - (b33)(6)((635)' t)]T33
dT: ! .

d? = (b34) T35 — [(534)(6) - (b34)(6)((635)' t)]T34

+(a3,)®(Ts3,t) = First augmentation factor
LIE ALGEBRAS OF THE GROUP AND TRANSLATIONS IN SPACE TIME

MODULE NUMBERED SEVEN

The differential system of this model is now (SEVENTH MODULE)

, " 7 G
dG:6 — (a )(7)G37 — [(a36)( ) (a36)( )(237; t)] 36
, " 7 T
d: — (a37)( )G36 [(a37)( ) + (a37)( )( 37’t)]G3
dG 7 ! . ’137 3
dt38 — (a38)( )G37 [(aSS)( ) + (a38)( )( ’t)]G 8

d 4 "
% = (b3) T3 = [(b36)(7) - (b36)(7)((G39): t)]Tss

d 4 "
% = (b37) T3 = [(b37)(7) - (b37)(7)((639): t)]T37

d 4 "
% = (b3p) Ts7 = [(b38)(7) - (bgs)(7)((639): t)]Tss

+(aszs) (T35, t) = First augmentation factor

—(b36)7((G39), t) = First detritions factor

FIRST MODULE CONCATENATION:

46
47
48
49
50
51

52

53

54
55
56
57

58

59
60

61

62
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[ (@)D +(a13) P (T, O] +(a16) @2 (T17, O] [+ (@5) B3 (T, 0)| ]
dG P I "
713 = (1) V64 — |+(a24)(4'4'4'4')(T25, t)H+(azs)(5'5'5'5')(7129, t)”+(a32)(6'6'6'6')(7133.t)‘ G13
| [ +(a36) 7 (T57,0)| |
[ (a1) D[ +(a1) D (Tyg, O || +(a] ) C Ty, O || +(a5) 3 (T, 0] ]
dGig _ 1 v N (4,4,4,4) - —
= @)V | [+ (azs) " (Tys, 0) || +(a20) 55 Ty, 1) || +(a35) @04 (T35, 0)| | s
| | +(a37) " (T35, 1) l |
[ Ay v (1) M 0 T
(a15)" [+ (ars)" (T1a, O || +(aie) @2 (Ty7, O |[+(a5) 33 (T, D) |
dG " I ,,
215 = (ay5) D6y — | [F @) A (Tys, 0) || +(a30) 555 (T, D|[+(a3) 44 (T35, )| | Gy
| +(a3e)?(Ts7, 0|

Where I (a13)P(Tyy, 1)

| (a1)D(Tyy,t) | (a]5) O (Tyy, t)| are first augmentation coefficients for category 1, 2 and 3

|+(a{6)(2'2') (Ty7, t)l , |+(a{7)(2'2') (Ty7, t)| , |+(a{8)(2'2'> (Ty7, ) | are second augmentation coefficient for category 1, 2 and 3

|+(a§o)(3'3') (To1,t) I +(ay;) 33 (Tyy, t) |,|+(a§2)(3'3') (Ty1, t)l are third augmentation coefficient for category 1, 2 and 3

|+(a§4)(4'4'4'4f> (Tys, t)l , |+(a;5)(4'4'4'4') (Tys, t)| , |+(a§6)(4'4'4'4') (Tys, t)| are fourth augmentation coefficient for category 1, 2
and 3

y

[+(a2) 5355 (Tyo, 0} [ +(a39) O359) (T, 1)
3

+(az0) 555 (T, t)| are fifth augmentation coefficient for category 1, 2 and

|+(a§2)(6'6'6'6') (Ty3,t) I |+(a§3)(6'6'6'6') (Ts3, t)| , |+(a§4)(6'6'6'6') (Ts3, t)| are sixth augmentation coefficient for category 1, 2 and
3

[+ (@30)? (T35, 0| +(@3) (T3, )| +(a36) (T3, ) ]ARESEVENTHAUGMENTATION
COEFFICIENTS

(1) V[~ (b1 DG, D] [~ (30) 7 (G30, D[~ (30) ) (63, 1) 1|
% = (blg)(l)Tl4 — | _(b£4)(4‘4‘4‘4‘) (6271 t) || _(bQB)(S'S'S'S') (6311 t) H_ (b§2)(6'6'6'6') (6351 t) ’ | T13
|
I ‘—(bée)(m (Gs, t) | |
i) D= (1) DG, D] [~ (b1 @) (619, D)]|- (B3 E* (Gr3, )] ]
dT: v \(4,4,4,4) " "
d—? = (b1a)Ty3 — —(bzs (Gz7,1) ’- (b29)(5‘5‘5‘5‘)(G31;t)”— (b33)®508) (G35, t)| Tiy
» | = (65) 7 (Gao, )] |
[ EN(¢Y) n (1) " P 1
(b1s) |~ (bis) ™ G, O] [~ (1) % (Gyo, )] |- (B32) B3 (63, D) |
ahis _ 1) _ " " "
a = (B15) T = [ () 444 (G, ][ (b30) 5559 (631, )| - (B5) 05 (G5, D] | Tas
I | —(b3g) 7 (G39, ) ‘ ]

Where|— (b)) (G, ¢)

U=, 0], |- (bis) DG, t)| are first detritions coefficients for category 1, 2 and 3

|—(b{6)(2'2')(619. t) | .|—(b{7)(2'2')(G19, O)],|—(b15) %2 (G, t)| are second detritions coefficients for category 1, 2 and 3

’
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|—(bg0)(3'3')(623, t) | ,|—(b'2'1)(3'3')(623, O),|=(b3) B3 (G, t) | are third detritions coefficients for category 1, 2 and 3

’

[=(B3)* 44 (G, D)], | = (by5) #**P (G, 1)
3

| —(byg) 4+ (Gyy, 1) | are fourth detritions coefficients for category 1, 2 and

|—(b'2'8)(5'5'5'5')(631, t)| . |—(b'2'9)(5'5'5'5')(631, t)| , | —(b3g) 5% (Gyy, t)| are fifth detritions coefficients for category 1, 2 and 3

|—(b§z)(6'6'6'6') (Gss, t)l ,I—(b;3)(6'6'6'6')(635, t)| , |—(b§4)(6'6'6'6')(635, t)| are sixth detritions coefficients for category 1, 2 and 3

| = (636) 7 (Gao, D) || = (536)7” (Gao, 1) || = (36) 7" (G3o, 1) |ARE SEVENTH DETRITION
COEFFICIENTS

"y " (1) " \(2,2) " 3(33) 63
ms _ g yor (b15) V= (b1 D (G, D] [ (b1s) ®¥ (619, D) |- (B52) 43 (G3a, D)
= Wis 14— = 7 7 15
| = (b2e) 44 (G, ) || = (b30) G555 (Gay, 1) || = (b34) G55 (G3s, )|
=(bi3) (G, 0)|,[=(b1) (G, 1) |,| = (bss ) ,
Where| (b13)V(G t)l I (b1)D(G t)l (b;)V(G t)lare first detrition coefficients for category 1, 2 and 3 64
|—(bi’6)(2'2'>(619, ,|=(b17) % (G, )| ,| —(b1g) **(Gyo, t)| are second detritions coefficients for category 1, 2 and 3
|—(b'2'0)(3'3')(623, O, |=(b31)B3 (Gy3, )|, | = (b72) 33 (Gp3, t)| are third detritions coefficients for category 1, 2 and 3
|—(b'2'4)(4'4'4'4')(027, ], |=(bys) 4 (Gyy, )|, | = (b3) 444 (G5, t) | are fourth detritions coefficients for category 1, 2 and 3
|—(b'2'8)(5'5'5'5')(631, t)| , |—(b§9)(5'5'5'5'>(631, t)| , |—(b§0)(5'5'5'5')(631, t) | are fifth detritions coefficients for category 1, 2 and 3
|—(b§2)(6'6'6'6')(635, t)| , |—(b§3)(6'6'6'6')(635, t)| , |—(b§4)(6'6'6'6')(635, t) | are sixth detritions coefficients for category 1, 2 and 3
SECOND MODULE CONCATENATION: 65
(1)@ +(a1e)® (Ti7, )] [+(ars) “ (T, ) || +(a30) 2D (T, 1) } 66
dG 7 = T
%= (a16)PGy7 — |+(a24)(4'4'4'4'4)(T25,t)l +(a28)(5‘5‘5‘5‘5)(T29;t)‘|+(a32)(6'6'6'6'6)(T33, t)| lGle
| ‘ +(aze) 77 (T37, 1) | J
[ (@) @[+(@)P (T17, D) || +(a1s) W (T, B) || +(a5) B39 (T, )| 67
dG " " "
dt” = (‘117)(2)016 - “"(‘125)(4‘4‘4‘4‘4)(Tzs,t)H‘i‘(azg)(s‘s‘s‘s‘s)(Tzwt)‘|+(a33)(6'6'6’6'6)(T33' t)| Gy7
_ [+(a5) 77 (157, 0)] |
(@1)@|+(a1g) @ (T, )] [+(ais) 1) (Ty, )] [ +(az2) 332 (T, 1) 68
dG 7 = T
d_tw = (a15) PGy — l+(a26)(4'4'4'4'4)(T25,t)‘ +(a30)(5'5'5'5'5)(T29,t)H+(a34)(6'6'6'6'6)(T33rt)| Gig
| ‘ +(az) "7 (T, 1) | J
Where | +(a16) P (Ty7,t) ,|+(a'1'7)(2)(T17,t) |+ (@) P (T, ) I are first augmentation coefficients for category 1, 2 and 3 69

|+(a'1'3)“'1') (T4, t)l , |+(a'1'4)“'1') (Tva) t)l , |+(a'1'5)(1'1') (Tva) t)l are second augmentation coefficient for category 1, 2 and 3

’

[+(a50) @33 (Tyy, 0|, [ +(a5) @3 (T4, 0)

+(az,) 333 (Tyy, ) | are third augmentation coefficient for category 1, 2 and 3

b

|+(a/2/4)(4'4'4'4'4)(T25,t)|,|+(a;5)(4'4'4'4'4)(T25,t)
3

+(aye) 444D (Tys, t)| are fourth augmentation coefficient for category 1, 2 and

wWww. ijsrp.org
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|+(a’2’8)(5'5'5'5'5)(T29, t) | |+(a'2'9)(5'5'5'5'5)(T29, t)| , |+(a§0)(5'5'5'5'5)(T29, t)| are fifth augmentation coefficient for category 1, 2 and
3

70
|+(a§z)(6'6'6'6'6)(T33, t) I |+(a'3'3)(6'6'6'6'6)(T33, t)| , |+(a'3'4)(6'6'6'6'6)(T33, t)| are sixth augmentation coefficient for category 1, 2 and
3
|+(a36) 77 (Ts7, 0| +(a37) 77 (Ts7, O | +(a36) 77 (T5, ©) |ARE SEVENTH DETRITION 71
COEFFICIENTS
(b16) @[~ 1) P (610, D] [~ (b1) VG, )] |- (b)) B33 (G5, )] | &
dT ,, o T
716 = (b16)(2)T17 - |_(b24)(4'4'4'4'4)(027, t) H— (bzg)(5,5,5,5,5)(631’ t) I | - (b32)(6'6'6'6'6)(635' t) l T
| = (b36) 77 (Ga, 1) | _
(b)) = (1) P (619, O] [=(b1) (6, ) || - (B3) P33 (Ga, )| | 3
dT " " "
L= ) PTi = |- bp) #4449 (Gay, 1) |- (bo) B5559) (63, )] |- (33) @599 (G5, 0)| | 7
| = (b3) 77 (G0, 1) _
(1)@= (b15) @ (610, 8)] [~ (b15) (G, )] |- (b22) 333 (63, 1) [
dT ,, 7 g
Tls = (b18)(2)T17 - ‘_(bze)(4‘4‘4‘4‘4)(627, t) ||— (b30)(5‘5‘5‘5‘5) (G341, 1) ||— (b34)(6‘6‘6‘6’6) (Gss, t)| |T18
| = (b3) 77 (G3o, )| |
wherel —(b1e) @ (G, t)| ,I—(bi})(z)(cw, t)l , |—(b{8)(2)(619, t)| are first detrition coefficients for category 1, 2 and 3 75

|—(bf3)(1'1')(G, ,| (b)) (G, t)| , |—(bi'5)(1'1')(6, t)| are second detrition coefficients for category 1,2 and 3

’

|—(b'2'0)(3'3'3')(623,t) = (b)) B33 (Gys, 1) |, —(b;'z)(3'3'3')(623,t)| are third detrition coefficients for category 1,2 and 3

| —(bpa) 4444 (G, ) I; | —(bys) 44D (Gyy, )

—(bye) 444D (G, t)| are fourth detritions coefficients for category 1,2 and 3

b

|—(b'2'8)(5'5'5'5'5)(631, t)l ,|—(b'2'9)(5'5'5'5'5>(631, t)| . |—(b§0)(5'5'5'5'5)(631, t) | are fifth detritions coefficients for category 1,2 and 3

|—(b§2)(6'6'6'6'6)(635, t)|,|—(b§3)(6'6'6'6'6>(635, t)| . |—(b§4)(6'6'6'6'6)(635, t)| are sixth detritions coefficients for category 1,2 and 3

|—(b§6)(7'7)(639, t) | —(b3s) 77 (G39, t) | —(b3g) 77 (G3o, t) ‘are seventh detrition coef ficients

THIRD MODULE CONCATENATION:
4620 _ 76

e
(a30) @[ +(@50) P (Toy, || +(a16) 222 (Ty7, D) ||+ (a13) W1 (Ty, 0)]

(30) PGy — | [F@DH 44D (Tys, O] +(as) 35559 (o, D] [ +(a3) @459 (133, 0)| |

| [+(a2) 777 (T, 0)] |
(@) @[+ (@) P (o, ||+ (1) @22 (Ty7, O)| [+ (a1 ) 1 (T, 0)] I
dG 77 m m
T = (@) V60 = |[+(a3) WD Ty, )| +(a50) 00055 Ty, O] |4 (a33) 00000 (T, O] 6o
| | +(a37) 777 (Ts;, 0)| |
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(@22) D[ +(a5)® Ty, || +(a1) 2 (117, B[+ (@15) I (T, )| 8
dG z T ,,
d—fz = (az2)®Gy - |+(a26)(4’4’4’4’4'4)(7125' t)| +(a39) 5255 (Tyo, ) ‘ ‘ +(a34) ©O0L60 (T, t)| G2
l | +(azg) "7 7 (Tsy, ) ‘ J
79
|+(a’2’0)(3)(T21, t) I |+(a’2’1)(3)(T21, t) | |+(a§2)(3)(T21, t)| are first augmentation coefficients for category 1, 2 and 3
|+(a'1'6)(2'2'2)(T17, t) | +(ay;)*A(T,,, t)l , |+(a'1'8)<2'2'2)(T17, t) | are second augmentation coefficients for category 1, 2 and 3
+(a;3) M (T, B) || +H(ag ) (T, £ | +(ags) 1 (Thy, t) | are third augmentation coefficients for category 1, 2 and 3
" \(1,1,1) " N(1,1,1) ’1’5 (1,1,1)
|+(a§4)(4'4'4'4'4'4)(T25, t)l , |+(a'2'5)(4'4'4'4'4'4) (Tys, £) |, |+ (age) @*444D (Tys, t) | are fourth augmentation coefficients for category 1,
2and3
80
|+(a§9)(5'5'5'5'5'5)(T29, t)|,|+(a'2'9)(5'5'5'5'5'5)(T29, O, |+(aze) C55555) (Ty, t) | are fifth augmentation coefficients for category 1, 2
and 3
|+(a§2)(6'5'5'5'6'5)(T33, t) |,|+(a'3'3)(6'6'6'6'6'6>(T33, )b+ (azq) ©66660) (T, t)| are sixth augmentation coefficients for category 1, 2
and 3
| +(az¢) 777 (Ty, t) | +(az7) 77 7(Ty,, t) | +(azg) 777 (Tyy, t) ‘are seventh augmentation coefficient 81
4l _ 82
dt
[ 0@ 020D (G2, |- B30) 777 (Gro, O] |- B1) VG, 0] ]
(b20)®To1 = | [=(by) @449 Gy, 0)] |- (b) 55555 (G, ][ - (b52) @559 (G35, )| | T20
|— (b36)7"" 7 (G, 1) ‘
al _ 83
dt
B3P~ 3D (623, 0)]|- (B1) 2D (619, 1) || - (b1) (G, )
(b21)® Tz — | [=(b3) “444D (67, D) |- (b30) &55555) (G351, D) || (b33) @550 (G35, )| | o1
| “ (b37) 777 (G3o, 1) | |
dlz2 _ 84
dt
(b2) = (b3) D (623, ||~ (b1) P (619, 1) | - (15) (G, 1)
(b22)®Ty1 = | [=(b30) “#4 (67, |- (b30) 55555 (G50, D) || - (b3) @559 (G35, )| | T2z
| |- (b36)77 7 (G35,1)] _
|—(b'2'0)(3)((}23, t) I,I—(b'z'l)“)(czg, t) ,I—(bgz)(3)(623, t)l are first detritions coefficients for category 1, 2 and 3 85

|—(b;'6)(2'2'2)(619, t)l . |—(b1'7)(2'2'2)(619, t)| , |—(b{8)(2'2'2)(619, t)| are second detritions coefficients for category 1, 2 and 3

=) M6, 0

| —(by) (G, t)| , |—(b{5)(1'1'1')(6, t)| are third detrition coefficients for category 1,2 and 3

b

[=(by)***44D (Goy, O | [~ (bys) #4449 (G, 1)
and 3

—(bgﬁ)(4'4'4'4'4'4)(G27,t)| are fourth detritions coefficients for category 1, 2

| _(bé’s)(s,s,s,s,s,s)((;% t) |' | —(bgg)(5'5'5'5'5'5)(631, t)
and 3

—(bgo)(5'5'5'5'5'5)(631,t)| are fifth detritions coefficients for category 1, 2

’

| _(bé’z)(e,e,e,e,e,e) (Gas, t) L | _(bé’3)(6,6,6,6,6,6) (Gas, £)

—(b3,) 606660 (G, t)| are sixth detritions coefficients for category 1, 2 and

b
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3
|— (b36) 777 (630, t) | - (b37) 77 (G39, 1) |— (b33) 777 (G3o, t) |are seventh detritions coefficients 86
FOURTH MODULE CONCATENATION:
] [ (024)®|+(a5)D (Tys, )] [+(a35) &) (Tyo, 1) || +(a3) O (T3, £)] ] 87
N - ,, -
dr (a20) M G5 — |+(a13)(1'1'1'1)(T14, t) ||+(a16)(2'2'2'2)(T17, t) H +(a30) 3233 (T, t)| Goa
| +(az) 7777 (Tyy, 1) |
[ (a5) @] +(az5) ™ (T, )] [+(az0) &5 (T, 1) || +(233) 0 (T3, )| ] 88
dG 0 7 =
—2 = (a25) W6 — | [+(@) D (g, 0| +(@1) 22 (T, ] | +(a3) O3 (T, D] 655
| +(az;) 7777 (Tyy, 1) |
[ (a26)®|+(a36)® (Tys, )] [+(@30) &%) (To, 6) || +(@34) ¢ (T3, )| 89
dG Z T T
d26 = (ap6) G5 — |+(a15)(1'1'1'1)(T14,t)“+(a18)(2’2’2’2)(T17,t)H+(a22)(3’3’3’3)(T21,t)| G
t "
‘+(a38)(7'7'7'7') (T37,1) ‘ |
90
Where I (az4) @ (Tys, t) |,](a’2’5)(4> (Tys,t) | ,| (az6) @ (Tys, t)l are first augmentation coef ficients for category 1,2 and 3
91
|+(a'2'8)(5'5') (Tpo, t) | ,I +(az9) %5 (The, t) I ,| +(asy) % (Tho, t) I are second augmentation coef ficient for category 1,2 and :
|+(a§2)(6'6') (Ts3,1) |,|+(a§3)(6'6') (Ts3,t) I, +(azs)®% (T3, 1) | are third augmentation coef ficient for category 1,2 and 3
|+(a'1'3)(1'1'1'1)(T14, t) |,|+(a'1'4)(1'1'1'1)(T14, ), +(a'1'5)(1'1'1'1>(T14,t)| are fourth augmentation coefficients for category 1, 2,and 3
|+(a'1'6)(2'2'2'2)(T17, t) | |+(a'1'7)(2'2'2'2>(T17, t)|,|+(a'1'8)(2'2'2'2>(T17, t)| are fifth augmentation coefficients for category 1,2,and 3
|+(a'2'0)(3'3'3'3)(T21, t) I |+(a'2'1)(3'3'3'3)(T21, t) I |+(a'2'2)(3'3'3'3)(T21, t)| are sixth augmentation coefficients for category 1, 2,and 3
[ +(a36)7777)(Tsy, 0| +(a36) 7777 (Ts, )| +(a36) 77772 (T;7, ) JARE SEVENTH augmentation
coefficients
92
] (0200 =(b3)® (Ga7, )| |~ (b3) S5 (Ga, )| - (B3) (s, )] ] 9
T24 - 0 -
0 = 020)WTs = | [=(b1) W06, O] [ (01) 22 (Gro, ) ]| = (030) 242 (G, O] | Tos
‘ —(b36) 7777 (Go, t) ‘
. [(b35) @]~ (b35) D (67, )] [~ (b3) 5 (631, ) || - (B3:) % (G35, )] | %
25 z Z Z
— = 02) VT = | =) D6, 0] [=(01) 2D (G, D |- (053 (G35, 0)] [ Tos
‘ —(b3;) 77777 (G, 1) ‘
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" (b36) | =(b36) @ (Ga7, | | = (b30)®> (G31, V) || - (63)©* (G35, V)| 9
2= (b26)OTs = | [=(1) DG, O [ (i) 22D (Gao, D] [ (b)) (63, D] | s
| | —(b3g) "7 77 (Go, 1) | |

Where |—(blzl4)(4)(627, t) |,]—(b§5)<4>(627, O], |=(b36) P (Gy7,t) | are first detrition coef ficients for category 1,2 and 3 96

’

= (b0) 53 (Gay, D) |, —(b;o)(s's')(631,t)| are second detrition coef ficients for category 1,2 and 3

| —(b38)% (G4, 1)

—(b33)¢% (G35, )

’ ’

—(b34)®% (Gys, 1) | are third detrition coef ficients for category 1,2 and 3

[=(b3)®®) (G5, 1)

=) MG, 0} [ =B VG, )], | =) PG, 6|
are fourth detrition coef ficients for category 1,2 and 3

(=10 #2261, D] [~ (022 (619, O} [~ (b1) 232D (G, )]
are fifth detrition coef ficients for category 1,2 and 3

|- (3) B339 Gy, D} |- (5303 (G, O] |- (0) 239 (G35, 0)|
are sixth detrition coef ficients for category 1,2 and 3

b

DETRITION

COEFFICIENTS

97
FIFTH MODULE CONCATENATION: 98
/ 7 7 7 99
[ (@) ®|+(a5e)® (Ta0, || +(a5) “*) (Tys, )| +(az) o0 (T3, )| ]
dG 7 I 7
728 = (a28)®Go — |+(a13)(1'1'1'1'1)(T14,t)l +(a16)(2’2’2’2’2)(T17.t)‘|+(a20)(3’3’3'3’3)(T21,t)| Gasg
|+ (a3) 77777 (T, 8) |
] [ (a59)®]+(a59)® (Tao, )| +(azs) ) (Tys, )| [ +(a3) @O (T3, 0) | ] 100
G 0 T T
dzg = (a20)®Gog — l+(314)(1'1'1'1'1)(T14;t)l +(a17)(2'2'2'2'2)(T17,t)H+(a21)(3'3'3'3'3)(T21, t)| Gag
| ‘ +(az;) 7777 (Tyy, 1) ‘ ]
[ (aéo)(5)| +(a30)® (T, 1) H +(az6) 4" (Tys, ) H +(a34) 5 (T35, 1) I ] 101
50 — (a30) 0 — | [F @D DT, O+ @) 22Ty, O [+ @) P390, | g,
» |+ (a3) 77777 (T, 8) | |

+(az0)® (Tyo, ) | are first augmentation coef ficients for category 1,2 and : 102

Where|+(az)® (Tyo, )], +(a20)® (Tyo, )

’

+(az6) 4 (Tys, t)| are second augmentation coef ficient for category 1,2 a

And [+(a5) “P) (Tys, )], [+ (a35) ) (Tys, )

y

|+(a§z)(6'6'6)(T33, t) |,|+(a§3)(6'6'6)(T33, )|, |+ (az,)©00 (Ty3, t) | are third augmentation coefficient for category 1,2 and :

’

|+(a'1'3)(1'1'1'1'1)(T14, t) |,|+(a{4)(1'1'1'1'1)(T14, )} [+(a)s) BT, t)l are fourth augmentation coefficients for category 1,2,

and 3

b

b

|+(a{6)(2'2'2'2'2)(T17, t) |,|+(a{7)<2'2'2'2'2)(T17, )} |+ (aig) @222 (Ty,,t) | are fifth augmentation coefficients for category 1,2,and 3

b

|+(a'2'0)(3'3'3'3'3)(T21, t) |,|+(a'2'1)<3'3'3'3'3)(T21, )|+ (az) 3333 (T, t)| are sixth augmentation coefficients for category 1,2, 3
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103
- 7 7 7 - 104
T (bzs)(s)l —(b2s)®(G31,t) | ‘ —(b24)“* (G, 1) ‘ I— (b32)®*® (Gss, t)|
28 " " "
ar (b2g)®Tz9 — |—(b13)(1'1’1’1’1)(0; t)| |—(b16)(2'2’2’2’2)(619‘ t)”‘ (h20) @333 (Gys, t)| Tzs
= (b3e) 7777 (G3g, )|
] [ (b29) )= (b39)® (61, )] |~ (b35) *) (7, 1) || - (b33) ©®O) (G35, )| | 105
Ty - - -
ar (be)®Tpg — |—(b14)(1‘1‘1‘1‘1)(G,t)‘ ‘—(b17)(2‘2‘2‘2‘2)(619‘ t)”‘ (b21) B339 (Gys, t)| Tz9
| —(b37) 77777 (Gg, 1) ‘
" [ (530)®)|=(b3)) P (G31, )] | = (b)) (67, 8) ] |- (b3) ¢4 (G35, )| ] 106
30 " " "
= 030)OTos = | [~ (b1) DG, 0] [~ (b1g) #2222 (Gro, )| = (b22) 422 Gz, )| [ Tio
‘ —(b3g) 77777 (Gag, 1) ‘ }
where l— (b33)®(G3y, t)| ,|—(b;9)(5)(631, t)l ,|—(b;0)(5)(631, t)| are first detrition coef ficients 107
for category 1,2 and 3
[=(B5)**) (27, )],| = (b35)**) (Gay, )|, [~ (036) #*)(Gy7, 1) | are second detrition coefficients for category 1,2 and 3
|—(b'3'2)(6'6'6)(635, t)l,|—(b'3'3)(6'6'6)(635,t)|,|—(b;4)(6'6'6)(635, t)| are third detrition coef ficients for category 1,2 and 3
|—(b1'3)(1'1'1'1'1)(6, ) |,|—(b'1'4)(1'1'1'1'1>(6, | ,|=bs) LG, t)| are fourth detrition coefficients for category 1,2, and 3
|—(b1’6)(2'2'2'2'2)(619, t) I,l —(b17) 222D (Grq, ) || = (b1g) ¥2%%2) (Gyo, t) | are fifth detrition coefficients for category 1,2, and 3
|— (byo) 33333 (G, 1) | |— (by1) 33333 (G, 1) |,|— (byy) 33333 (G, 1) | are sixth detrition coefficients for category 1,2, and 3
SIXTH MODULE CONCATENATION 108
dGs, 109
dt = (a32)(6)G33
(@32) @ +(a5)® (T3, ) || +(az8) 5% (T, )| [+ () 44 (Ts, 1) }
_ ||+(a’1'3)(1'1'1'1'1'1)(T14, t)| +(a)s)@22222) (T, t) H+(a;0)(3'3'3’3’3’3) (T,s, t)|| Gso
| |+(a36) 777777 (T, )| |
dGss 110
Pk (a33)®G3,
[ (@3)®+(a3) @ (Tss, O] [+(a30) 5P (Tyo, ) || +(a3) 4 (15, )| ]
_ |+(a’1'4)(1'1'1'1'1'1)(T14, t) ”+(a'1’7)(2,2,2,2,2,2)(7~17’ t)‘|+(a;1)(3'3'3'3'3'3) (Ty1, t) || Gas
| +(agy) 7777 (Tay, £) |
dGs, 111
dt = (034)(6)033
[ (@) O] +(25)© (T53, 0] [+(a30) 5% (Tpo, )| | +(a36) “4 ) (Tys, )] ]
= |+ (@)D (T, £) || +(als) B222ED (T, £) || +(azp) G233 (T, £)]| Gas

| +(azg) 777777 (Tsy, £) |
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|+(a§2)(6)(T33, t)I,|+(a'3'3)((’)(T33,t)I,|+(a'3'4)<6)(T33, t)| are first augmentation coef ficients for category 1,2 and 3 112

|+(a;3)(5'5'5)(T29, t)

'I +(a0) %) (T, )

+(az0) G (T, ) I are second augmentation coef ficients for category 1,2 anc

’

[+(a5) 44 (Tys, 0)

+(azs) ) (Tys, 1)

, |+ (age) B (Tys, t)l are third augmentation coef fic/ ents for category 1,2 a

[+(ay5) POy, 0 || +(a)) WD (T, )

+(ays) LT, t)| - are fourth augmentation coefficients

b

[+(a1s) #2222 (17, 0) || +(a);) #2222 (T, 1)

+(ayg) #22222(T,,, t)| - fifth augmentation coefficients

b

|+(a’2’0)(3,3,3,3,3,3)(T21' t) I’ |+(a’2’1)(3,3,3,3,3,3)(T21, t)

+(a'2'2)(3'3'3'3'3'3)(T21,t)| sixth augmentation coefficients

b

[+ (a36) 777777 (Ty5, ) ||+ (a36) 777777 (T35, £) ||+ (az6) 77777 (T3, £)| ARE SVENTH
AUGMENTATION COEFFICIENTS

113
/ m m m . 114
" (b32) @ = (B3)® (Gas, ) ||~ (b3) ®55) (Ga, )| |- (bpa) 44 (G, )|
32 " " "
= (032) s = || =) VDG, )| | = (b1e) #2222 D (Gro, )] [ (b0) 4239 (G, ) T
| |- (b3) 77777 (G, ) | _
o (b32) @ =(B3)® (Gas, D) ||~ (39) 5P (Ga1, )] |- (b)) (Go7, )] ] 115
33 _ (6) _ 0 7 0
ar (b33)**'Ts; l_(b14)(1'1'1'1'1'1)(6’ t)l ‘—(b17)(2'2'2'2'2'2)(619, t) H_ (b)) 333333 (G, t)| T3
| _ (bg7)(7‘7‘7“7‘7‘7)(639, t) |
] (53) @[ = (B3)® (Gas, ) ||~ (B30) > (G31, O] |- (b)) (Go7, )] ] 116
T34— " " "
= 03O = || =(bi) VDG, )| | = (i) 222D (Gro, ) || - (b) 33232 (Gya, )| T
| ‘— (b3g) "7 7777 Gy, 1) | |
|—(b'3'2)(6)(635, t)l,l—(bgg)(é)(G%, | ,|=(b3)® (G3S,t)| are first detrition coef ficients for category 1,2 and 3 117
|—(b'2'8)(5'5'5)(631, t)|,|—(b'2'9)(5'5'5)(631, 0|, —(bgo)(s's's)(GM,t)l are second detrition coef ficients for category 1,2 and 3
|—(b'2'4)(4'4'4')(627, )], |=(bys) &4 (Gyy, ) |,| — (b2e) 444 (G, t)| are third detrition coef ficients for category 1,2 and 3
[=(b1) WD (G, )| [= (b)) PPV (G, )| | = (b15) WD (G, )| are fourth detrition coefficients for category 1, 2, and 3
|—(b;'é)(z'z'z'z'z'z)(Glg, t) | |—(b;})(z'z'z'z'z'z)(619, )} | (b1g) #2222 (G, t)| are fifth detrition coefficients for category 1, 2, and
3
|— (byg) 333333 (G, t) | |— (byy)BR33333)(G,s, t)H— (byy)BR33333)((G,s, t)| are sixth detrition coefficients for category 1, 2, and
3
|— (b36) 77777 (G, t) |— (b36) 77777 (G, t) |— (b36) 77777 (G, t) IARE SEVENTH DETRITION
COEFFICIENTS
118
SEVENTH MODULE CONCATENATION: 119
dGs6 _ 120
dt
(‘136)(7)637 -

(@30) |+ (@36) D (Ts7, O |+ [(@16) D (Tu7, O] + {[(a30) 7 (Tor, O] +| [(@50) 7 (T3, )G | +
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(az8) P (Tpo, )|+ |(a;2)(7) (Tz3, t)‘ + ‘ (a13)" (Tia, t) |] G3e

121
dGs7 _ ™ ' YD "N NG 7 3D 122
= (@37)"Gse — [(a37) + I(a37) (T37, t)| + ‘(am) (T14, t)| + |(az1) (T21.t)‘+
I(a;7)(7)(T17, t)| + |(a;5)(7)(T25,t)‘ +|(a§3)(7)(T33,t)‘ + | (a39) 7 (T, t)| ] Gz7
dGsg _ 123
dt
(a38)(7)G37 - 124

[(aés)(7)+ @) T, 0] + [(@) (T 0)] + @)V t) + [+@) (T, 0)] + 125
(a26) P (Tos, )| + |(a3) P (T33,0)| + [(@30)7(Tog, t) ]GSB

dTs6 _ 126
dt

(b36)VTs; = [(b3) 7 = [B3)V((G30).1)] = [B10) P ((Gio).8)] =[P ((Gua).t)] -
[(B20) P ((G231).8)] = |G P(G), 1) =) (Gs) )] -

|(b§2)(7)((635)' t)l ] T34

= (b)) Ty 127

(307 =[G (G30). )] = [BIND(Gro). )] = [B1) P (Gra)t)] -
|(b51)(7)((0231)' t) ‘ - |(b;5)(7)((027), t) ‘ - ‘ (b20) 7 ((G31), t) ‘ -
|(b§3)(7)((G35), t) ‘ ] T3,

Where we suppose

(A) (ai)(l)l (a;)(l)’ (a;, )(1)' (bi)(l)l (bl,)(l)’ (bl” )(1) > 01
i,j =13,14,15

(B) The functions (a; )@, (b, )V are positive continuous increasing and bounded.
Definition of (p,)®, ()™

(a; YD (Tyy, ) < () < (Ay3)D
B HPG, 0 < )P < )W < (By3)D

©)  limpye(a; )P (T, 1) = ()@
limg oo (b )V (G, 1) = (r)®
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Definition of (A3 )™, (B3 )M :

Where ‘ (A;3)D, (Bi3)D, (p)D, (1)H® ‘ are positive constants

and |i = 13,14,15

They satisfy Lipschitz condition:
(@ YD (Tia, ) = (@ YD (T14, )] < (Ryz YDTyy — Tyyle™ M)Vt

(b YD, 6) = (b YDV(G,T)| < (kyz )DIG = G'||e~(M13) P

With the Lipschitz condition, we place a restriction on the behavior of functions (a; ) (T;4,t) and(a; ) (T4, t)
. (Ty4, t) and (Tyy, t) are points belonging to the interval [(ky3)®, (M3 )P] . Itis to be noted that (a; ) (T4, t)
is uniformly continuous. In the eventuality of the fact, that if ( M5 )™ = 1 then the function (a; ) (Ty4,t) , the
first augmentation coefficient attributable to terrestrial organisms, would be absolutely continuous.

Definition of ( M3 )™, (ky3)D :
(D) (My3)D, (ky3)D, are positive constants

@) _ep®
(M13)D 7 (#M33)D

Definition of ( B3 )™, (033)D :

(E) There exists two constants ( P;3 ) and ( 0,5 ) which together with
(My3)D, (ki3)D, (A13)Pand (B3 )P and the constants
(ai)(l)' (ai)(l)' (bi)(l)l (bi)(l)' (pi)(l)' (ri)(l)l l = 13,14,15,
satisfy the inequalities

ﬁ[ @)D+ @)V + (A)V+ (P3)D (ky3)P) <1
13

W[ BIP + BV + (Biz)D + (013)Y (k3)P] <1
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dlss _ 128
e
(bse)PTs; = [(b30)? = [ (030) ((G30), )| = i) P(G1o). B)] = [(3) P ((Gua)8)| - 129
[(02)P(G).t)| = [P (G2)8)] =) P(Gs)t)| - 130
|(bé’4)(7)((635)' t) ‘ ] T3g 131
132
+(azg) P (T37,t) = First augmentation factor 134
W)(a)®, (@)@, (@ )P, ()P, ()P, (6, )? >0, i,j=1617,18 135
(F) (2) The functions (a; )@, (b; )@ are positive continuous increasing and bounded. 136
Definition of (p,))®, (r,)@: 137
" N )
(@)P(Ty7,6) < @) < (Aig ) 138
(b)P (610, ) < (P < (b)) < (Bye)® 139
G) B limpy (@ )? (Ty7, ) = ()P 140
limg e (bi”)(Z) ((619)» t) = (ri)(Z) 141
Definition of (A )@, (B )@ : 142
Where|(‘416 Y, (Bis)®, )P, ()P lare positive constants and [i = 16,17,18
They satisfy Lipschitz condition: 143
(@YD (17, 8) = (& )P (117, )] < (ag ) DTy = Tiple™ i) 144
" , " - - @
(6 )P ((G19),0) = (0 )P ((Gro), )] < (kig )P(G19) = (Gro)'[Jle ™M) ™ 145
With the Lipschitz condition, we place a restriction on the behavior of functions (a; ) (T}, t) 146
and(a; )@ (Ty7,t) . (Ty7,t) And (T, t) are points belonging to the interval [( ki )@, (M )] . Itis
to be noted that (a; )® (T}, t) is uniformly continuous. In the eventuality of the fact, that if ( M;4 )@ =
1 then the function (a;' Y@ (Ty5,t) , the SECOND augmentation coefficient would be absolutely
continuous.
Definition of ( My )@, (k1)@ : 147
(H) (4) (M)®, (ki )P, are positive constants 148
@® )@
(M16)@ 7 (M16)P
Definition of ( Pj3 )@, (0,3 )@ : 149

There exists two constants ( B¢ )@ and ( 0,4 )@ which together
with (M6 )@, (k16 )@, (A16)Pand (B )P and the constants
@)@, (@)@, 1)@, B)®, @)®, ()?,i=16,1718,

satisfy the inequalities
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1

(#16)® [(@)® + (@)®+ (Aig)® + (Pis)® (k)P < 1

el GOP+B)P + (Bie)® + (016)® (kie)@] <1
Where we suppose
0 6 @@ @)® ), ), 6P >0, ij=202122
The functions (a; )®, (b; )® are positive continuous increasing and bounded.
Definition of (p)®, (,)®:
(a; ) (Ty,0) < )P < (hyp)®
(b)P (G2, ) < (1P < (5P < (By)®
limg, o (a; )® (Ty1,0) = )
limg . (b )P (G23,0) = (1)
Definition of (A )®, (B )™ :

Where I(AZO )3, (Byo )P, (p)®, (r)® | are positive constants and [i = 20,21,22

They satisfy Lipschitz condition:

1(a; )BTy, ) = (@] )P (Ty1, ] < (kgo )P Tyy — Ty le™ (200D
10 ) (Ga3 ) = (b )P (Ga3, )] < (Fego )P|Gog — Gog' [|e= (200Dt

With the Lipschitz condition, we place a restriction on the behavior of functions (a;' YO (T, 0)

and(a; ) (Ty,t) . (Tyy, t) And (T,y, t) are points belonging to the interval [( ko )®, (Mg )®] . Itis
to be noted that (a; )®)(Ty, t) is uniformly continuous. In the eventuality of the fact, that if ( M,, )® =

1 then the function (a;' Y®)(Ty,,t) , the THIRD augmentation coefficient, would be absolutely
continuous.

Definition of ( M0 )®, (ko ) :
) (6) (M )®, (kyo)®, are positive constants

@® _)®
(M20)3) 7 (Fz0)®

There exists two constants There exists two constants ( P )® and ( 05, ) which together with
(M), ()P, (Ay0)Pand ( By, )@ and the constants

(@)®,(@)®, 1), 1)@, @)D, D, i =120,21,22,

satisfy the inequalities

1

(F20)® [(a)® + (a;)(g) + (A)® + (Py)® (kp)®] <1

! ! D A ~
W[ (bi)(3) + (bi)(3) + (Byo )(3) + (Q2 )(3) (koo )(3)] <1

Where we suppose
(ai)(4)! (ag)(zl), (ag )(4)! (bi)(4)! (b;)(4)f (bL” )(4) > 01 l;] = 24;25)26

(L) (7) The functions (a; )@, (b; )™ are positive continuous increasing and bounded.

150

151

152

153

154
155

156

157
158

159

160

161

162
163
164
165
166
167
168

169
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Definition of (p)®, (r,)®:

(a; )P(Tys,0) < )™ < (A0 )@

BB (G ) < )P < (B)® < (Byy )@

(M) (8) limp,o(a; ) (Tys,t) = ()@
limg e (b )® ((Go7), t) = (1)®

Definition of (A, )@, (Byy )® :

Where ‘(424 Y, (B ), (p)®, (1)@ ‘ are positive constants and [i = 24,25,26

They satisfy Lipschitz condition:

(@] )P (Tys, £) = (a; YD (Tys, )] < (Kpg )P |Tpg — Tps|e (M)t

15 B ((Gy7) ) = (0 YP((G27), £)] < (ko YPII(Gp) — (Go7) [e™ M) Pt

With the Lipschitz condition, we place a restriction on the behavior of functions (a;' YB(Tys, t)

170

171

172

and(a; )®(Tys,t) . (Tys, t) And (Tys, t) are points belonging to the interval [(koy )®, (May )®] . Itis
to be noted that (a; )® (Ts, t) is uniformly continuous. In the eventuality of the fact, that if ( M,, )® =
4 then the function (a; )® (T,s,t) , the FOURTH augmentation coefficient WOULD be absolutely

continuous.

Definition of ( My, )™, (kgq )@ :
(M, )1767°™), (kp4 )@, are positive constants

@® @

(M4)®) 7 (M4 )®) <1

Definition of ( Py, ), ( Q54 )™ :
(P) (9) There exists two constants ( P,, )™ and ( 0,4 )™ which together with
(Myy )®, (ks )P, (A0)Pand ( B,y )™ and the constants

(@)@, (@)™, )@, )P, )@, )W, i = 24,2526,
satisfy the inequalities

1 , R R ~
@l @@ + @)+ ()@ + (P)® (k)P < 1

1 ’ ~ A~ ~
W[ B)® + B)P + (B )P + (Q24)® (kpy )] <1

Where we suppose
(@)®, @)™, (&), (b)®, ()™, (b)) >0, i,j =28,29,30
(R) (10) The functions (a; )®, (b; )® are positive continuous increasing and bounded.

Definition of (p)®, (r,)®:

(@) P (Tz5,8) < () < (A )®

173

174

175

176

177
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(b)) ((Ga1),8) < ()P < (B)® < (By)®

S) (A1) limp, e (a; )® (Tye,t) = ()
limg e (biu)(s) (G, ) = (1)®

Definition of (A,g )®, ( Byg )™ :

Where | (Ay8)®, (Byg )™, 0)®, (1)® | are positive constants and [i = 28,29,30

They satisfy Lipschitz condition:
1(a; )P (T30, ) = (a; ) (Too, )] < (kag YO |Tpg — Tygle™ (267t

15 )P (G5, ) = (B YO ((G31), )] < (kg YON(Gap) — (Gap)'[|e= 280t

With the Lipschitz condition, we place a restriction on the behavior of functions (a;' YO (Tyo, t)

178

179

180

and(a; ) (Tao, t) . (Tyo,t) and (Tyo, t) are points belonging to the interval [(ky5)®, (Mg )] . Itis
to be noted that (a; )®) (T, t) is uniformly continuous. In the eventuality of the fact, that if ( M,g )® =

5 then the function (a;' YB)(T,o, t) , theFIFTH augmentation coefficient attributable would be

absolutely continuous.
Definition of ( Mg ), (kg )® :
(M5 )®, (kyg )P, are positive constants
@)® _6)®
(M28)B) 7 (M)

Definition of (P )®, (05 ) :

There exists two constants ( P,g ) and ( 0,5 ) which together with
(M), (kg)®, (Ay8)Pand (B,g )® and the constants

(@)®, (@)®, (), (b)), (), :)®,i=28,29,30, satisfy the inequalities

1

e @+ @@+ (Arg)® + (Po)® (kg )P] < 1

! ! 5} A ~
(M25)®) [ B)® + (b)) + (B )P+ (Q28)® (k)] <1

Where we suppose
@)@, (@)@, @)@, B)®, b)) >0, ij=323334
(12) The functions (a; )®, (b; )(© are positive continuous increasing and bounded.
Definition of (p,))©, (,)®:
(@)@ (T35, 8) < @)@ < (43)®

(b )O((G35), ) < ()@ < () < (B3 )®

(13) limp, o (a; )© (T3,8) = (p)©
limg_,e0 (b; )© ((035); t) = (r)®

181

182

183

184

185
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Definition of (A3, )®, (B3, )® :

Where ‘(/132 ), (B3, )®, (p)®, (1)©® ‘ are positive constants and [i = 32,33,34

They satisfy Lipschitz condition:

(a; )© (T35, ) — (a; )© (Ts3, )] < (kzp )O|Tg3 — Tagle™ (M)

(5 YO ((Gss)', ) — (b YO ((G35), £)] < (a2 YO I(Ga5) — (Gas) [Je™ M52

With the Lipschitz condition, we place a restriction on the behavior of functions (a;' YO (T4, 1)

186

187

and(a; )©(Ts3,t) . (Tss,t) and (Ts3, t) are points belonging to the interval [( ks, )@, (M3, )@] . Itis
to be noted that (a; ) (T3, t) is uniformly continuous. In the eventuality of the fact, that if ( M3, )® =

6 then the function (a;' )©®)(Ty3, 1) , the SIXTH augmentation coefficient would be absolutely

continuous.

Definition of ( M3, ), (k3, )© :

(M3, )®, ( k3, )©®, are positive constants

@)® _6)®
(M32)(©® 7 (M32)®

Definition of ( P;; )®, (03, )® :

There exists two constants ( P;, )©® and ( 03, )® which together with
(M35 )®, (k35 )®, (A3,)@and (B, )® and the constants

(ai)(6),

(@)®, ()@, (13)®, (p)@, (1)©®,i=323334,

satisfy the inequalities

1
(M3 )(®)

1
(M3 )(®)

[(@)© + (@)©® + (Ag)© + (P3yy)© (ks )©] < 1

[ (5)© + (b)) + (Bsy)O + (03,)© (k) ®]< 1

Where we suppose

(V)

(W)

(@), @7, @)P, b)?, B, (6)P >0,
i,j =36,37,38

The functions (a; )™, (b; )7 are positive continuous increasing and bounded.

Definition of (p,)?, ()7

(@ )P (T35, ) < )7 < (A36)?

B HDG, ) < )P < ()P < (B36)?

188

189

190

191

192
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(X) limTz—mo (a;’)(7) (T37' t) = (pi)(7)
limg oo (b; )7 ((Go), ) = ()7

Definition of ( A35 )7, (B3 )7 :

Where ‘ (A36)D, (B3s)D, (0D, )P ‘ are positive constants

and |i =36,37,38

They satisfy Lipschitz condition: 193

1(a; )P (T3, 8) = (a; )P (T3y, 0] < (zg )D|Tgy — Tyl (Mas) Pt

1 )P ((G39)', ) = (b )7 ((Gao), (Tso))| < (kzg Y [(G) — (Go) || P32 Pt

With the Lipschitz condition, we place a restriction on the behavior of functions (a; ) (T3, t) 194
and(a; ) (Ts7,t) . (Tsy,t) and (Ts;, t) are points belonging to the interval [(ksq )™, (M36 )] .
It is to be noted that (a; )’ (T3, t) is uniformly continuous. In the eventuality of the fact, that if

( M3 )? = 7 then the function (a; )?(Ts,,t) , the first augmentation coefficient attributable to
terrestrial organisms, would be absolutely continuous.

Definition of ( M3 )7, (k3 )7 : 195
(Y) (M3 )7, (k36 )7, are positive constants
@)? 67
(M36)D 7 (M36)7)

Definition of ( P3¢ )7, (036 )7 : 196

(2) There exists two constants ( P, )7 and ( Q3¢ )’ which together with
(M3 )P, (k3 )P, (A36)Pand ( Byg )™ and the constants
(@)?, (@)?, )7, ()7, )7, ()7, i =36,37,38,
satisfy the inequalities
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1
(Ms6)?

(M36)7

Definition of G;(0),T;(0) :
(1) < (P )(S)e(ﬂzs)(s)t

A )
Ti(t) < (Qqg )PeM28)™t

Definition of G;(0),T;(0):
6i() < (Pyy ) elan)

A ()
Ti(t) < (Qaz )@eMs2)™

[@)? + @)D + (Az)D + (B3 )? (ks ) D] < 1

[ B+ B)P + (B3g) P+ (Q36)7 (kse)P] <1

| G(0)=6)>0
| |

T,(0)=T">0

| G (0)=6)>0
| |

T,(0)=T">0

197

198

199

Definition of G;(0),T;(0):

Gi(t) < (Ps )(7)e(ﬁ36)(7)t

A @)
Ti(t) < (Q36) Ve M)

| G0 =62 >0

T,(0)=T" >0

Proof: Consider operator A™) defined on the space of sextuples of continuous functions

G;, T;: R, —» R, which satisfy

Gi(0)=G), T,(0)=T", G < (P3)P,T? < (Q13)W,

0<Gi(D) = G < (P )DeMa)D

0<Ti(t) —TY < (Qy3)DeMs YDt

By

200

201
202
203

204
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Gi3(t) = Gf5 + fot [(‘113)(1)614(5(13)) - ((a,13)(1) +a;3) P (T (sas), 5(13))) Gi3 (5(13))] ds3)

Gia(t) = Gy + fot [(‘114)(1)G13 (5(13)) - ((0,14)(1) + (014)(1)(7114 (5(13)),5(13))) Gia (5(13))] ds(13) 205
Gi5(t) = Gfs + fot [(als)(l)Gm (5(13)) - ((ais)(l) + (a;’s)(l)(Tm (5(13))‘ 5(13))) Gis (5(13))] ds3) 206

Tis(®) =TS + [(b13)(1)T14 (saz) = ((b1)® = (birg)(l)(G(Sus)),5(13))) Ti3 (5(13))] ds13) 207

Tia(t) = TH + fot [(b14)(1)T13 (5(13)) - ((bﬁ)m - (bi,4)(1)(6(5(13))‘ 5(13))) T14(5(13))] ds(13) 208

Tis(t) = Tj5 + fot [(b15)(1)T14 (sas) — ((bis)(l) - (bils)(l)(G(Sus)),5(13))) Tis (5(13))] ds3) 209
Where s(q3y is the integrand that is integrated over an interval (0, t)

210
if the conditions IN THE FOREGOING above are fulfilled, there exists a solution satisfying the conditions

Definition of G;(0),T;(0) :

G(O) < (Pyg )7t T7G,0) = 67 > 0]

Ti(t) < (Q36)Pe™)Pt I1,(0) =T > 0

Consider operator A7) defined on the space of sextuples of continuous functions G;, T;: R, — R, which satisfy

Gl(o) = Glo ’ Tl(O) = T[O ) Glo S (p36 )(7) ,Tio S (036 )(7)’
0 < Gi(t) — G < (Pyg )DeMse) Pt

0<Ti(t) =T < ( Q35 ) Ve M6 YDt

By

G_36(t) = G§)6 + fot [(a36)(7)G37(5(36)) - ((a'36)(7) + a§6)(7)(T37(5(36))15(36))) G36(5(36))] d5(36)

G37(t) = G37 +
t ’ "
fo [(‘137)(7)636 (5(36)) - ((a37)(7) + (a37)(7)(T37 (5(36)): 5(36))) Gy (5(36))] ds(36)

Gag(t) = G +
t ’ "
fo [(‘138)(7)637(5(36)) - ((a38)(7) + (a38)(7)(T37 (5(36)): 5(36))) Gag (5(36))] ds(36)

T36(t) = Tas + fot [(b36)(7)T37(5(36)) - ((bés)m - (bgs)m(G(S(ae)),5(36))) T34 (5(36))] ds(3e)

T3 (8) = T3y + fot [(b37)(7)T36(5(36)) - ((bé7)(7) - (bg7)(7)(6(5(36))’3(36))) T37(S(36))] ds(3e)
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Tsg(t) = Tsp +
t ' "
fo [(b38)(7)T37 (5(36)) - ((b38)(7) - (b38)(7)(6(5(36))1 5(36))) T3g (5(36))] ds(3e)

Where s(56) is the integrand that is integrated over an interval (0, t)
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Consider operator A® defined on the space of sextuples of continuous functions G;, T;: R, —» R,
which satisfy

G(0) =G, T,(0) =T2, GY < (P1s)®,T® < (046)?,
0 < Gi(t) — G0 < (Prg )PelMe)?t

0<T(t) =T < (01 )Pe(Me) Pt

By

Gis () = 6% + J} [(@10) @617 (s06) = (@)@ + ai0) P (Tir (sue))rSa6)) Gro(sa6))] dscrey
Gy () =Gl + |, [(a17)(2)516(5(16)) - ((a’17)<z) n (a’l’7)<z>(Tl7(s(16)),s(m)) 617(5<16))] dsge)
Gio(©) = Gl + [ [(@) @617 (s16)) — (@)@ + @)@ (Ti7 (s16)r 506)) ) G5 (s16))| dsa)

Tie(t) = Ti + fot [(b16)(2)T17 (5(16)) - (bie)(z) - (bile)(z)(G(S(le))x5(16)) Ti6 (5(16))] ds(1e)

Ty, () =T + fot [(b17)(2)T16 (5(16)) - ((bi7)(2) - (bf7)(2)(6(5(16))» 5(16))) Tl7(5(16))] ds(i6)

Tig(t) = Tip + fot [(bls)(z)Tn (5(16)) - ((bis)(z) - (bils)(z)(G(S(lé))'5(16)) Tig (5(16))] dsie)

Where s(46) is the integrand that is integrated over an interval (0, t)

Consider operator A® defined on the space of sextuples of continuous functions G;, T;: R, —» R,
which satisfy

G(0)=GY, T;(0) =T, GY < (Py)®,T? < (0p)®,
0 < Gi(t) — G? < (Py )(3)6(1%0)(3%

0 <Ti(t) = T2 < ( Qg )Pe(M20 B

By

Gao(t) = G + [, [(aZO)(3)021(s(20)) - ((a’zo)@) + a50)®(Ta1 (s20y), 5(20))) G20(5(20))] dsz0)
G (®) = 681 + Jy [ (@) @620 (s20)) = (@20 @ + (@)@ (T (s20)): 5620))) Gt (s200) | dscaoy
Goa(t) = G%, + [ [(azz)(3)021(s(20)) - ((a’zz)(3) + (@)@ (Ta1 (s20))» 5(20))> G22(5(20))] dsz0)

To0(t) =Ts + fot [(bzo)(g)Tu(S(zo)) — ((620)® = (b20)®(G (5(20)),5(20))) Ty (5(20))] ds(20)

Ty (t) = T3 + fot [(b21)(3)T20 (5(20)) - ((béﬂ(g) - (b;1)(3)(0(5(20))' 5(20))) T21(5(20))] ds (20
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— t ’ "
Ty () =Ty, + Jo [(bzz)(S)Tn (s@0)) = ((bzz)(3) - (bzz)(3)(G(s(20)),5(20))) T2 (5(20))] ds 20
Where s,y is the integrand that is integrated over an interval (0, t)

Consider operator A™ defined on the space of sextuples of continuous functions G;, T;: R, - R,
which satisfy

G:(0) = G2, T,(0) =T, G¥ < (Ppy )™, T < (Q24)®,
0<G;(t) =G < (Py )(4)6(1@24)(4):

0<T, () =T < (Qgq )Pe(M2a) Pt

By

Goa(t) = GY4 + |, [(a24)(4)525(s(24)) - ((a’24)(4) + a5) P (Tys (s24)), 5(24))) 624(5(24))] dsca)
Gos(t) = G5 + fot [(025)(4)624 (s@ay) — ((a’zs)@) + (ay5) @ (Tys (520 5(24))) Gys (5(24))] ds(a
Gas(t) = G96 + [ [(a26)(4)625(5(24)) - ((a'zé)@) + (@5) D (Tys (), 5(24))) 026(5(24))] ds 24

Toa () = T + [ [ (20 PTos (s20) — (B30 = G306 (50200, 56) ) Tos (s200)]| dsiaa

Tys () = TJs + fot [(bzs)(4)T24 (5(24)) - ((bés)m - (bgs)(4)(5 (5(24))'5(24))) Ts (5(24))] ds(z4)

— t i "
Tye(t) = T3 + [, [(b26)(4)T25 (ses) — ((bze)(4) - (bzs)(4)(5(5(24)),5(24))) T26(5(24))] ds(z4)
Where s(,4y is the integrand that is integrated over an interval (0, t)

Consider operator A defined on the space of sextuples of continuous functions G;, T;: R, — R,
which satisfy

G,(0) =GO, T,(0) =T, G° < (Pyg)®, T < (),
0<G;(t)— G < (Py )(S)Q(Mzg)(s)t

0<Ti(t) =T < (Qpg )P M2s NOE

By

Gog(t) = GY + [ [(azg)&’»)ng(s(zg)) - ((a'zg)“) + a’z’s)m(rzg(s(zg)),5(28))) Gag (s(zg))] dsgg)
Goo(0) = Gl + [} [(@26)®Gan(s20) = (@320 + (@5) ) (Too (523 Sa0) ) Gs (529)] dsiosy
G3o(t) = Gy + fot [(a3o)(5)629(5(28)) - ((aéo)(S) + (a30)® (Too(s28)), 5(28))) G (5(28))] dszg)

Ty (t) = Tgs + fot [(bzs)(s)Tw (5(28)) — ((be)® - (bga)(s)(c(s(zs))' 5(28))) Tz (5(28))] ds(2g)

Tyo(t) = T3 + J, [(b29)(5)T28 (ses) — ((bég)(S) - (bgg)(s)(G(S(zs)),S(zs))) T29(5(28))] ds2s)
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T30 (t) = T5p + fgt [(bao)(S)T29(5(28)) - ((béo)(s) - (bgo)(s)(c(s(za))'5(28))) T3 (5(28))] ds 2g)

Where 5,9, is the integrand that is integrated over an interval (0, t)

Consider operator A©® defined on the space of sextuples of continuous functions G;, T;: R, —» R,
which satisfy

G,(0) =G, T,(0) =T, GY < (P3, )®,TY < (05,)®,
0 < Gi(t) — G0 < ( Py, )©e(Ms2)t

0<T,(t) =T < (03 ) ©e(M:2)t

By

G32(6) = G, + fgt [(agz)(6)G33(5(32)) - ((aéz)(e) + agz)(fv)(rgg(s@z)),5(32))) 532(5(32))] dsca)
G = G2 + 1 [(@39)O 6 (5527) = (@)@ + (@O (T (560), 5520)) G (50 Ay
Gaa(t) = 6% + [y [(@)@633(562)) — ((@5)@ + (@5)© (Ts3 (5629, S329) ) Gaa (s32y) | ds a2y

T (t) = T3, + fot [(b32)(6)T33 (5(32)) - (béz)(é) - (bgz)(6)(5(5(32))x5(32))) T3, (5(32))] ds(sz)

Tys(t) = T3s + fot [(b33)(6)T32(5(32)) - ((bé3)(6) - (b;3)(6)(5(5(32))'5(32))) T33(5(32))] ds(zz)

T t ’ "
T30 () = Tgy + | [(b34)(6)T33 (5G2)) = ((b34)(6) - (b34)(6)(0(5(32)),5(32))) T34(5(32))] ds(32)
Where s(3,y is the integrand that is integrated over an interval (0, t)

. if the conditions IN THE FOREGOING are fulfilled, there exists a solution satisfying the conditions

Definition of G;(0),T;(0) :

G;(t) < (ﬁge )(7)3(M36)(7)t , | G;(0) = G? > 0‘
T,(t) < (Q36) ™)V [1,(0) =T >0
Proof:

Consider operator A7) defined on the space of sextuples of continuous functions G;, T;: R, — R,
which satisfy

Gi(0)=G), T,(0) =T, G) < (P3) 7, T < (Q36)7,
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0 < G,(t) — GO < (Pyg )DeM6) Dt .
0< n(t) — TiO < (036 )(7)6(M36 )(7)1‘ -
7 266

G6(t) = G35 +
fot [(a36)(7)G37(s(36)) - ((aéa)(7) + age)(7)(T37 (5(36))'5(36))) G3e (5(36))] ds(3e)

267
G37(t) = G§; +
fot [(a37)(7)G36 (5(36)) - ((aé7)(7) + (a§7)(7)(T37 (5(36))'5(36))) G37 (5(36))] ds(3e)
G_38(t) = G:?g + 268
fot [(a38)(7)G37(5(36)) - ((a'38)(7) + (ags)(7)(T37 (5(36))15(36))) Gsg (5(36))] ds(3e)

269
Ts6(t) = Tgp +
fot [(b36)(7)T37 (5(36)) - ((béa)m - (bgﬁ)m(G(s(%)),5(36))) T36 (5(36))] ds(36)
T37 (t) = T307 + 270
fot [(b37)(7)T36 (s@e)) — ((b§7)(7) - (b§7)(7)(6(s(36))’5(36))) T3, (5(36))] ds(3e)
T38 (t) = T308 + 271
fot [(b38)(7)T37 (5(36)) - ((bés)m - (bgg)(”((}(s(%)), 5(36))) T3g (5(36))] ds(3e)
Where s(56) is the integrand that is integrated over an interval (0, t)

Analogous inequalities hold also for G,; , G2z, Tog, To1, Tos 272
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(@) The operator A™ maps the space of functions satisfying GLOBAL EQUATIONS into itself
.Indeed it is obvious that

t 5 (C))
G2 (t) < G4 + [ [(a24)(4) (635 +( Pyy )W M2t 5(24))] dsa) =

W0 o @B (P)® (g, @
(1 + (a24) t)GZS + (M24 )(4) (e 24 1)

From which it follows that

@ _ (@)@ <_ = )(04)+G85>
— a = ~
(G4 (8) = Gfy)e~ (M)t < o ® ((Pyy )™ + G5 )e 625 +(Py )(4)]

(G?) is as defined in the statement of theorem 1

(b) The operator A®) maps the space of functions satisfying GLOBAL EQUATIONS into itself
.Indeed it is obvious that

t 5 )
Gag(t) < G3g + [(azs)(s) (G§9+(P28 )®eMas) 5(28))] dsg) =

5 0 (a28)®(Pg ) Moe )(5)
(1+ (a28)®'t)G3 +W(e( )7 — 1)

From which it follows that

_(P28)®)+6%q

_ ) ®) s ( —o—> o
(Gog(t) — GIg)e~(M28)™t < Laze) ((Pyg)® + G)e 629 + (Py)®

(M35 ))

(G?) is as defined in the statement of theorem 1

(c) The operator A maps the space of functions satisfying GLOBAL EQUATIONS into itself
.Indeed it is obvious that

t ~ (6)
G3(t) < G, + N [(a32)(6) (G§3+( Py, Y©eMs2) 5(32))] ds@sz) =

6 0 (a32)'® (P32 ) J7 N )
(1+ (a32)©t)G3 +W(e( 27— 1)

From which it follows that

_(P32)©®)+6Y3

(( Py )©® + G§’3)e< 633 ) + (P )(6)l

— (9 Ye—(f13)Or . (a32)®
(G32(8) — G3p)e 32 S sy )©

(G?) is as defined in the statement of theorem1
Analogous inequalities hold also for G5, Gag, Tos, Tos, Tog
(d) The operator A7) maps the space of functions satisfying 37,35,36 into itself .Indeed it is

obvious that

t 5 ™)
G36(t) < G36 + Jo [(a36)(7) (G§7+(P36 )DeMae) 5(36))] dsae) =

7 0 (a36) 7 (P3) 7 W36 )P
(14 (az)"t)GY, +W(e( 36 )t _ 1)
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280
From which it follows that
D¢ _ (a36)7 <_ e )(7)+Gg7>
_ a o -~
(G3o(8) = Gl)e(Ms6) 7 < LIV (P ) 4 G )e\ ™ )+ (Pyg )m]
(GY) is as defined in the statement of theorem 7
It is now sufficient to take @ _6)® < 1 and to choose 281
15 NOW SUTTICI (M13)® 7 (M13)D
(Pi3)® and (0,5 )™ large to have
282

[ ((ﬁla >(1>+6}-’> 283
@)® | 5 b AUG 5
(Mam(l) (Pi3)® + ((Pr3 )P +GP)e K < (P3)®

[ ( (Q13 )(1)+TJQ> 284
(CHI o B 5 A
(#13)® (( Qi3)P + Y}O)e g +(013)P[ < (013)®
In order that the operator A™ transforms the space of sextuples of functions G; , T; satisfying 285
GLOBAL EQUATIONS into itself
The operator A™) is a contraction with respect to the metric 286
d ((G(n, T, (69, T(Z))) =
sup{max |Gi(1)(t) - Gi(z)(t)|e'(M13)(1)f,max |Ti(1)(t) - Ti(z) (t)|e'(M13)(1)t}

i teER+ teRy

Indeed if we denote 287

Definition of G, T :
(G, T)=ANG,T)
It results
165 = 67 < ;@@ |61} = 67 |e= M Msune MiDsas) g5 +
I [ A e
@O, 50— 6o ne )

2 " 1 " 2 (M) D) M) D
G1(3)|(a13)(1)(T1(4):5(13)) - (a13)(1)(T1(4),s(13))| e~ (M3 saz) e (M) sayd s, 5
Where s(;3y represents integrand that is integrated over the interval [0, t]

From the hypotheses it follows
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|G(1) _ G(2)|e—(ﬂ13)(1)t <
1 ' —~ —~ ~
W((“B)(D + (a3)® + (A3)® + (Pr3) P (ky3)P)d ((G(l),T(l): G(Z).T(Z)))
And analogous inequalities for G; and T;. Taking into account the hypothesis the result follows

Remark 1: The fact that we supposed (a;3)® and (b;3) depending also on t can be considered as
not conformal with the reality, however we have put this hypothesis ,in order that we can postulate
condition necessary to prove the uniqueness of the solution bounded by

(Pr)PeMD gng (9,5)De ™Dt respectively of R,.

If instead of proving the existence of the solution on R, we have to prove it only on a compact then
it suffices to consider that (a; ) and (b; ), i = 13,14,15 depend only on T}, and respectively on
G (and not on t) and hypothesis can replaced by a usual Lipschitz condition.

Remark 2: There does not existany t where G; (t) = 0and T; (t) =0
From 19 to 24 it results
G (t) > Gi()e[—fgt{(a;)(l)—(a;’ )(1)(T14(5(13))'5(13))}‘15(13)] >0

W) S0 fort>0

Definition of ((M3)®),, and ((My3)®), :
Remark 3: if G;3 is bounded, the same property have also G4 and G;s . indeed if

Gi3 < (M;3)@ it follows dg% < ((M3)®), — (a14)VGy4 and by integrating

Gy < ((ﬁ13)(1))2 =Gy + 2(“14)(1)((’1‘7’13)(1))1/(“'14)(1)

In the same way , one can obtain

Gis < ((M13)®), = G5 + 2(“15)(1)((’1‘7’13)(1))2/(“,15)(1)

If Gi4 or Gy5 is bounded, the same property follows for G5, Gis and Gy3, G4 respectively.

Remark 4: If G5 is bounded, from below, the same property holds for G;, and G5 . The proof is
analogous with the preceding one. An analogous property is true if Gy, is bounded from below.

Remark 5: If T;; is bounded from below and lim,_., ((b; ) (G(t),t)) = (b14)™ then Ty, — oo.
Definition of (m)® and ¢, :

Indeed let t; be sothatfort > t;

(b1)® = (B )PV (G (1), 1) < &1, Tys () > (M)

Then <2+ > (a;4)® (m)® — &7y, which leads to

(a19)Dm)D

€1

Ty = ( )(1 —e 1) + T e %1t If we take t such that e~51¢ = % it results

Ty, =

W ()
(%) t= logi By taking now ¢, sufficiently small one sees that T;, is
unbounded. The same property holds for Tys if lim, . (b;s)® (G(t),t) = (by5) P

We now state a more precise theorem about the behaviors at infinity of the solutions

288

289

290

291

292

293

294

295
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@® @
(M16)P 7 (M16)@

It is now sufficient to take < 1 and to choose

(P )P and (0,4 )@ large to have

(P16 )(2)+G;.’

@® | % 5 B = — -
Aa—(Z) (Pie)® + (( P16 )@ + Gjo)e ‘I < (P)®
(M16)

(Q16 )(2)+T]Q

(bi)(z) ~ —( — ) ~ R

(116)@ ((Q16)® + 7}0)3 g +(016)P] < (016)®@

In order that the operator A4 transforms the space of sextuples of functions G, , T; satisfying

The operator A®) is a contraction with respect to the metric
d (((619)®, (M) D), ((619)®, (T1)®) ) =

sup{max |Gi(1)(t) - Gl.(z)(t)|e_m16)(z)t,max |Ti(1)(t) - Ti(z)(t)|e_m16)(z)t}
. teRy teRy

Indeed if we denote

Definition of Gyg, Tro © ((Gro, Tro ) = AP (Gy9, Tro)

It results

|51(é) - G~l.(2)| < fot(aw)(z) |Gl(;) - Gl(g)|e‘(ﬂlé)(z)s(lé)e(7‘716)(2)5(16) dsqe) +
[ @) ®l6fy) = 6 e~ M e Mo D0 +

@O, 5066 = 62 o0 a0V

2 " 1 " 2 (M @) ™ ()
61(6)|(a16)(2)(T1(7)'5(16)) - (alﬁ)(z)(T1(7):S(16))| e~ (M16) 7516 (Me) 560 }d s )
Where s (16 represents integrand that is integrated over the interval [0, ¢]

From the hypotheses it follows

|(619) = (619)@[e~ M)t <
1 ' —~
W((am)m + (a16)? + (A19)® +
(P1e)® (R1e))d (((G19) D, (Ti)D; (G19)@, (T39)@))

And analogous inequalities for G; and T;. Taking into account the hypothesis the result follows

Remark 1: The fact that we supposed (a;¢)® and (b;s)® depending also on t can be considered as
not conformal with the reality, however we have put this hypothesis ,in order that we can postulate
condition  necessary to prove the uniqueness of the solution bounded by

(Pe)Pe™P gnd (Q,6)@e™10@¢ respectively of R,.

If instead of proving the existence of the solution on R, we have to prove it only on a compact then
it suffices to consider that (a; )® and (b; )®,i = 16,17,18 depend only on T}, and respectively on
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(G19)(and not on t) and hypothesis can replaced by a usual Lipschitz condition.
Remark 2: There does not existany t where G; (t) = 0and T; (t) =0

From 19 to 24 it results

G (t) = Gioe[—f(f{(a;)(”—(a; (117 (sas))sae)lsas)] > g

T, (¢) > T0eCCOP) > 0 fore >0
Definition of ((M5)®),, (M15)®), and ((My6)®), :
Remark 3: if G4 is bounded, the same property have also G;; and G5 . indeed if

Gis < (M16)@ it follows 22 < ((F46)@), — (a37)PG;; and by integrating

Gi7 < ((/M16)(2))2 = Gi7 + 2(a17)(z)((’M16)(z))1/(a’17)(2)

In the same way , one can obtain

Gig < ((/M16)(2))3 = Gig + 2(a18)(2)((/M16)(2))2/(a,18)(2)

If Gi; or Gyg is bounded, the same property follows for G4, Gig and Gy, G17 respectively.

Remark 4: If G, is bounded, from below, the same property holds for G;; and G5 . The proof is
analogous with the preceding one. An analogous property is true if G, is bounded from below.

Remark 5: If T4 is bounded from below and lim,_,., ((b; )@ ((G19)(t), 1)) = (b;;)@ then
Ty7 — oo.

Definition of (m)® and ¢, :

Indeed let t, be so that fort > t,

(b17)® = (b )P ((G19)(8), ) < &, Ty (£) > ()@
Then “12 > (a3,)@ ()@ — &,T;; which leads to

(a17)P(m)®
€2

Ty, = ( )(1 —e~e2t) + T e 2t |f we take t such that e %2t = % it results

(a )(2)(m)(2)
Ti7 2( - 2 )

unbounded. The same property holds for Tyg if lim; e, (b1g) @ ((G1o) (), t) = (byg)®

, t= logsi By taking now &, sufficiently small one sees that T;; is
2

We now state a more precise theorem about the behaviors at infinity of the solutions

@)® _p)®

(M20)® ’ (M30)® < 1 and to choose

It is now sufficient to take

( Py )® and ( Q)™ large to have

<( P20 )(3)+G?>
@® | - 5 LG 5
(,;20)(3) (P2o)® + ((P)® +GP)e K < (Py)®
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(Q20 )(3)+T]Q
®® |5 - 7 ) 9
(M20)®) ((Q20)® + 7}0)6 g + (020)P[ < (02)®

In order that the operator <A@ transforms the space of sextuples of functions G, , T; into itself

The operator A®) is a contraction with respect to the metric
d (((62), (T)®), ((6:)P, (Ty)®) ) =

sup{max |Gi(1)(t) - Gi(z)(t)|e_(’q2°)(3)t,max |Ti(1)(t) - ﬂ(z)(t)|e_m20)(3)‘}
. teRy teRy

Indeed if we denote
Definition of Gy3, Ty3 :( (G23), (T23) ) = A®((G23), (T23))
It results
= ~ _ ) )
|Gz(é) _ Gi(2)| < fot(azo)m |Gz(i) _ Gz(f)|€ (F120)C S(zo)e(mzo)(3 520 ds(yy +
tecal V3D @), ~(M20)Ps —(M20)®s
fo {(az0) |Gzo — Gy |e @e @0) +
(a;o)(3)(Tz(11)' 5(20))|Gz(é) - Gz((z))|e_m2°)(3)5(2°)e(MZO)G)S(ZO) +

2 " 1 " 2 (M 3) ™ (3)
GZ(O)|(a20)(3)(T2(1),5(20)) - (azo)(3)(Tz(1):5(20))| e~ (M20)50) e (M20) 5200} 5.
Where s,y represents integrand that is integrated over the interval [0, t]

From the hypotheses it follows

|60 — G®]e=(M0e <

G (@) + (@) + (A0)® +

(P20)® (kz0)®d (((G25)©, (To)D; (62)@, (T33)@))

And analogous inequalities for G; and T;. Taking into account the hypothesis the result follows
Remark 1: The fact that we supposed (az,)® and (b,)® depending also on t can be considered

as not conformal with the reality, however we have put this hypothesis ,in order that we can postulate
condition necessary to prove the uniqueness of the solution bounded by

(Py0)Pe™20%t and (0,0)P e ™20t respectively of R,.

If instead of proving the existence of the solution on R, we have to prove it only on a compact then
it suffices to consider that (a; )®® and (b, )®,i = 20,21,22 depend only on T,; and respectively on
(G,3)(and not on t) and hypothesis can replaced by a usual Lipschitz condition.

Remark 2: There does not exist any t where G; (t) =0and T; (t) =0

From 19 to 24 it results

G, (t) > G‘oe[—fé{(a;)(”—(a;’ )(3)(T21(S(zo))'s(zo))}ds(zo)] >0
> G; >

T, () > T2e-00P) > 0 fort >0

Definition of ((’1\7120)(3))1, ((’1\7120)(3))2 and ((/MZO)G))?, :

318

319

320

321
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323

324
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Remark 3: if G, is bounded, the same property have also G,; and G,, . indeed if
Gao < (Myo)® it follows d;’% < (My)®), - (a31)®G,, and by integrating

Go1 < (M30)®), = Gy + 2(a20) P ((M0)®), / (a21)®

In the same way , one can obtain

Gyo < (My0)®), = G2 + 2(a22) P ((M20)P), / (a2)®

If G,; or G,, is bounded, the same property follows for G,, , G,, and G, , G, respectively.

Remark 4: If G,, is bounded, from below, the same property holds for G,; and G,, . The proof is
analogous with the preceding one. An analogous property is true if G,; is bounded from below.

Remark 5: If T, is bounded from below and lim, ., ((b; )® ((G23)(t),t)) = (by;)® then

Ty, — co.
Definition of (m)® and 5 :
Indeed let t; be so that for t > t4

(b21)® — (b YO ((G23)(0), t) < &3, Ty (£) > (M)

Then d;il > (ay)®(mM)® — &3T,; which leads to
(a21)Pm)® —e3t 0 ,—e3t —e3t 1.
Ty = (87) (1 —e )+ T e 3" If wetake t such that e %3t = 3 it results
3
(a2)®)® 2 : - i
Ty, = (f) t= logg— By taking now &5 sufficiently small one sees that T,; is
3

unbounded. The same property holds for Ty, if lim; e, (b33)® ((G23)(£),t) = (byy)®

We now state a more precise theorem about the behaviors at infinity of the solutions

@® _®p®

) ® Ty y® <1 and to choose

It is now sufficient to take

(P )™ and (0,4 )™ large to have

[ (P24) 6}
@ | 5 T 5
(1;24)(4) (Po)® + ((P)P +G)e i < (Pyy)®

[ (Q24)M+1)
®)* 1A o _ ~
Ty ® (( Q24)® + 7}0)6 Tj + (024)P| < (024)®

In order that the operator LA™ transforms the space of sextuples of functions G, , T; satisfying IN to
itself

The operator A™ is a contraction with respect to the metric

d (€N, ) ®), (6@, (1)) =
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sup{max |Gi(1)(t) - Gi(z)(t)|e_(’q24)(4)t,max |Ti(1)(t) - ﬂ(z)(t)|e_m24)(4)t}
. teRy teRy

Indeed if we denote

Definition of (G7), (To7) :  ((G27), (Tz7) ) = AP ((G27), (Ty7))

It results
1G5 = 62| < J (@)@ 652 — G2 e M0 s eMa s gy +
@IS = 6P fe=Ma0sane P s
(@)D (T, 50) |65 - G5 fem P ane M san 4

Gz(i)|(a'2'4)(4)(T2(51),s(24)) - (a'2'4)(4)(T2(§),s(24))| e_(m“)ms(“)e(M24)(4)S(24)}d5(24)
Where s(,4) represents integrand that is integrated over the interval [0, t]

From the hypotheses it follows
338

(G — ((;27)(2)|e—(ﬂz4)(4)t < 339
Fm (@@ + (@)™ + (A)® +

(Po)® () ((G2)©, (T2) Vs (G27) P, (T2)@))

And analogous inequalities for G; and T;. Taking into account the hypothesis the result follows

Remark 1: The fact that we supposed (ay,)® and (b,,)® depending also on t can be considered 340
as not conformal with the reality, however we have put this hypothesis ,in order that we can postulate
condition necessary to prove the uniqueness of the solution bounded by

(Pp)Pe 20Dt qnd (0,,)®eM20Pt respectively of R, .

If instead of proving the existence of the solution on R, we have to prove it only on a compact then
it suffices to consider that (a; )™ and (b; )®,i = 24,25,26 depend only on T,s and respectively on
(G,7)(and not on t) and hypothesis can replaced by a usual Lipschitz condition.

Remark 2: There does not existany t where G; (t) = 0and T; (t) =0 341

From GLOBAL EQUATIONS it results

O Glpe[—fé{(aé)m—(a!)(4)(Tzs(s<z4)).s<z4))}ds(z4)] >0

T, () = T2e-00P) > 0 fort >0

Definition of ((M,4)®),, (M24)®), and (M,4)®), : 342
Remark 3: if G,, is bounded, the same property have also G,s and G, . indeed if

Gps < (Mpy)™@ it follows dg—fs < (M)®), - (a35)™G,5 and by integrating

Gos < ((7‘7124)(4))2 = G35 + 2(azs)(4)((’1‘7124)(4))1/(01125)(4)
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In the same way , one can obtain
Gas < (M2)™®), = G + 2(a26) P ((M24)®), / (a26)®
If G,5 or G, is bounded, the same property follows for G,, , G, and G,,, G,5 respectively.

Remark 4: If G,, is bounded, from below, the same property holds for G,s and G, . The proof is
analogous with the preceding one. An analogous property is true if G5 is bounded from below.

Remark 5: If T,, is bounded from below and lim,_., ((b; )® ((G57)(t), 1)) = (by5)™® then
Tys — co.

Definition of (m)™® and ¢, :

Indeed let t, be so that fort > t,

(b2s)® = (b )P (G27) (1), 1) < 4, To4 (£) > (M)®
Then T2 > (az5)® (m)® — &,T,5 which leads to

(a25) W (m)®
&4

Tys = ( )(1 — e &4t + T e+t If we take t such that e =64t = % it results

@) ()@
Tys = (M) t= logi By taking now ¢, sufficiently small one sees that T,5 is
unbounded. The same property holds for Tyg if lim; e, (b3)™® ((G27)(£),t) = (bye)™®

We now state a more precise theorem about the behaviors at infinity of the solutions ANALOGOUS
inequalities hold also for G,q , G3g, Tog, Tag, T3

(al.)(S) M
(M28)® "’ (M25)® < 1 and to choose

It is now sufficient to take

(P )®) and ( Q5 )™ large to have

[ <( P2g )(5)+G?>
@® | - 5 LG 5
- (P2e)® + (P )® + G)e K < (Py)®

(M5)®)

[ ( (Q28 )(5)+T})>
R - — . ~
((Q)® + 7}0)3 g + (Q28) < (Q28)®

(GO
(M5))

In order that the operator A®) transforms the space of sextuples of functions G, , T; into itself

The operator A® is a contraction with respect to the metric
d (((G?)l)(l)' (T31)(1))1 ((G31)(2)1 (T31)(2))) =

1 2 — (5) 1 2 — (5)
Sup{r[éﬂ%x |Gi( )(t) _ Gi( )(t)|e (Mag) t't’ém‘}x |Tz( )(t) _ Ti( )(t)|e (M2g) 3!
i + +
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Indeed if we denote

Definition of (Gs1), (T51) :  ( (G31), (T51) ) = A®((G31), (T31))

It results

1G53 = G| < f; (@) |653) = G55 ™20 520 e Man)*'520) i +
@65 = 6o Mo M) s

(@) (T3, 520))|GS) — G |e™Mew) Vs (Faa) sz 4

2 " 1 " 2 —(Ma)®) Mra)B)
Gz(s)|(a28)(5)(Tz(9);S(zs))_(azs)(s)(Tz(g).S(zs))| e~ (M28)""520) ¢ (M20)

@}ds (zg)
Where s(,g) represents integrand that is integrated over the interval [0, t]

From the hypotheses it follows

352
_ Q)
|(G31)(1) _ (G31)(2)|e (M28)™t < 353
1 ’ —
W((azs)(s) + (az)® + (Az)® +

(Pee)® (Ta))d ((G30)©, (T3)D; (631)@, (T31)@))

And analogous inequalities for G; and T;. Taking into account the hypothesis (35,35,36) the result
follows

Remark 1: The fact that we supposed (ayg)® and (b,g)® depending also on t can be considered 354
as not conformal with the reality, however we have put this hypothesis ,in order that we can postulate
condition necessary to prove the uniqueness of the solution bounded by

(Py5) P e ™20t qnd (0,6) e ™28t respectively of R,.

If instead of proving the existence of the solution on R, we have to prove it only on a compact then
it suffices to consider that (a; )®® and (b, )®,i = 28,29,30 depend only on T,, and respectively on
(G31)(and not on t) and hypothesis can replaced by a usual Lipschitz condition.

Remark 2: There does not existany t where G; (t) =0and T; (t) =0 355

From GLOBAL EQUATIONS it results

G, (t) = G?e[—f(f{(aé)(s)—(a! YO (129 (s29)) sz)lsew] >

T, (¢) > TPe-00¥) > 0 fort >0

Definition of ((M5)®),, ((M5)®), and ((My5)®), : 356
Remark 3: if G,g is bounded, the same property have also G,q and G5, . indeed if

Grg < (Myg)® it follows d;’% < ((M25)®), — (a20)® Gog and by integrating

Gag < ((M25)®), = G + 2(az0)®((M25)®), /(a29)®
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In the same way , one can obtain
G3o < (My5)®), = G + 2(az0)®((M5)®), / (a30)®
If G,9 or G5, is bounded, the same property follows for G,5, G3o and G,g, G,g respectively.

Remark 4: If G,5 is bounded, from below, the same property holds for G, and G5, . The proof is
analogous with the preceding one. An analogous property is true if G,q is bounded from below.

Remark 5: If T,g is bounded from below and lim, ., ((b; )® ((G31)(t), t)) = (bye)® then

ng — 00,
Definition of (m)® and &5 :

Indeed let t5 be so that for ¢t > tg

(b20)® = (b )P ((G31)(0), 1) < &5, Tpg (£) > (M)
Then S22 > (a,9)®) (m)® — 5T, which leads to

(a29) D m)®
es

Ty = ( )(1 — e %) + The ot If we take t such that e ~65¢ = % it results

Ty =

&) ()5
(w) t= log; By taking now &5 sufficiently small one sees that T,q is
5

unbounded. The same property holds for Tyo if lim, e, (b5)® ((G31)(©),t) = (b3¢)®
We now state a more precise theorem about the behaviors at infinity of the solutions

Analogous inequalities hold also for Gss , G34, T332, T3, Tas

@® _®p®

H30)® * (i) ® 1 and to choose

It is now sufficient to take

( P3)® and (03, )® large to have

I <(1‘>32 )(6)+G}’>
NCE PR _ | _
) (P)® + ((P3)® + Gjo)e g < (Py)®

(M32)©

[ (@32 )(6)+T]Q
(b)© A i W ~ ~
(M13)©® (( Q32 )(6) + T}O)e Tj + (03, )(6) < (03, )(6)

In order that the operator A transforms the space of sextuples of functions G, , T; into itself

The operator A® is a contraction with respect to the metric

d (((635)(1). (T35)™), ((G35)@, (T35)(2))) =

wWww. ijsrp.org
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sup{max |Gi(1)(t) - Gi(z)(t)|e_(’q32)(6)t,max |Ti(1)(t) - Ti(z)(t)|e‘m32)(6)t}
. teRy teRy

Indeed if we denote

Definition of (Gss), (Ts5) ©  ( (G3s), (T35) ) = A©((G33), (Ts5))

It results

165 = G| < [y (@52)@ 653 = 67 |e~ (M2 Psawe (M) s di ) +

L6826~ s T s 4

(@O, 562G~ 6 o= om0

2 " 1 " 2 —(M 6) ™ (6) 367
G3(z)|(a32)(6)(T3(3)'5(32))_(a32)(6)(T3(3):5(32))| e~ (Ms2)™sG2) g (M32) 5(32)}‘15(32)

Where s 3,y represents integrand that is integrated over the interval [0, t]
From the hypotheses it follows

(1) (@)D, (@)D, b)D, (b)HD, (b )P >0,
i,j =13,14,15

(2)The functions (a; )™, (b; ) are positive continuous increasing and bounded.
Definition of (p)®, (,)®:

(@) (T, ) < ) < (Aiz)®
BHPG ) < (DD < (b)P < (Biz)D

(3) limy, oo (a; )P (T14, ) = ()™
limg e, (b )V (G,0) = (1)

Definition of ( A3 )®, (B3 )M :

Where | (A;3)D, (B3)D, (p)D, (r)® | are positive constants

and |i = 13,14,15

They satisfy Lipschitz condition:
(@ )V (T34, 8) = (@ )V (T1, O] < (Ryz YDITyg — Tiyle (1200

(b YD G, 1) = (b, YV(G, T < (ki3 )D||G — G [|le (M) P

With the Lipschitz condition, we place a restriction on the behavior of functions (a; )V(T}4,t) and(a; ) (T4, t)

. (Ty4, t) and (Ty4, t) are points belonging to the interval [( ky3)®, (M3 )P] . Itis to be noted that (a; ) (Tyy, t) is
uniformly continuous. In the eventuality of the fact, that if ( M5 )" = 1 then the function (a; ) (Ty4,t) , the first
augmentation coefficient attributable to terrestrial organisms, would be absolutely continuous.

Definition of ( M3 )™, (ky3)M :
(AA)  (My3)D, (ky3)D, are positive constants

@® _wp®
(M13)D 7 (#33)D

wWww. ijsrp.org
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Definition of ( P;3 )@, (Q,5)® :

(BB)  There exists two constants ( 23 )™ and ( Q3 )™ which together with
(My3)D, (k13)D, (A13)Pand (B3 )P and the constants
(@)D, (@)™, )P, (B)W, )P, ()W, i =13,14,15,
satisfy the inequalities

Tm @0+ @D+ () + (As)® (ki) V] <1
1

ml @D+ eV + (B)®+ (@)@ (ki) V<1

Analogous inequalities hold also for Gs; , Gsg, T34, T37, Tag 368

@® _®p?

(F36)D) * (l3e) D < 7 and to choose

It is now sufficient to take

(P3 )7 and ( Q56 )™ large to have

(P36)+6] 369
@? | 3 ; )|,
(1;36)(7) (P36)? + ((Pys) P + Gjo)e I < (Py)?
370

(036)M+1)

D7 A a 70 A~ ~
(g}i)@) l(( Q36) 7 +T)e ( J ) +(Q36)7] < (Q36)7

In order that the operator A7) transforms the space of sextuples of functions G;,T; satisfying 371
37,35,36 into itself

The operator A7) is a contraction with respect to the metric 372

d (((Ggg)(l)' (T39)P), ((G39)@, (T39)(2))) =

1 2 - @ 1 2 - ()]
Sup{rtrégf |Gi( )(t) _ Gi( )(t)|e (M36) t”;rén%f |Tl( )(t) _ Ti( )(t)|e (M36) t

Indeed if we denote
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Definition of @ @ :

((G39), (T39) ) = APV ((G3), (T39))

It results

1653 = 62| < [y (@) |65 — G5 |e™ M0 s01e (Ms6) 500 dis ) +
[H(@5) P 16D = 62|e M50 Vs0) ¢~ M3 Vsao) 4

" 7 7
(‘136)(7)(T3(71)' S(36))|G3(é) - G?Eé)|e_m36)( sa0e (M) 750 4

2 " 1 " 2 —(M 7 ™M (@)
G?Es)|(a36)(7)(T3(7):S(36)) _ (a36)(7)(T3(7), 5(36))| e~ (M36)""s(36) o (M36) G }ds 36)
Where s34y represents integrand that is integrated over the interval [0, t]

From the hypotheses it follows

|(G30)® — (039)(2)|e—m36)(7>r <
1 ’ —~
W((aae)m + (a3e) 7 + (436)7 +

(P3)? (s6) ™) ((G30) D, (T30) s (630)@, (T3)@))

And analogous inequalities for G; and T;. Taking into account the hypothesis (37,35,36) the result
follows

Remark 1: The fact that we supposed (az¢)? and (b)) depending also on t can be considered
as not conformal with the reality, however we have put this hypothesis ,in order that we can postulate
condition  necessary to prove the uniqueness of the solution bounded by

(P36)Pe™3907t and (0s6) P e M3t respectively of R,.

If instead of proving the existence of the solution on R, we have to prove it only on a compact then
it suffices to consider that (a; ) and (b; ), i = 36,37,38 depend only on T;, and respectively on
(G39)(and not on t) and hypothesis can replaced by a usual Lipschitz condition.

373

374

375
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376
Remark 2: There does not existany t where G; (t) = 0and T; (t) = 0
From 79 to 36 it results
G, (t) = G?e[—fé{(aé)m—(a! YP(T37(s@6))sae))Msie)] >
T, (t) = T2 > 0 fore >0
Definition of ((M35)7),, (M36)), and ((M36)7), : 377

Remark 3: if Gs¢ is bounded, the same property have also Gs; and Gsg . indeed if

G3e < (M36)7 it follows d;;% < ((M36)7), = (az7)7G3; and by integrating

Ga7 < (M36)7), = G5 + 2(az7) P ((M36)"), / (a37)”

In the same way , one can obtain

Gig < ((7\7136)(7))3 = ngs + 2(a38)(7)((7\\436)(7))2/(61,38)(7)

If G3; or Gsg is bounded, the same property follows for Gs¢ , Gsg and Gs4 , Gs; respectively.

Remark 7: If G4 is bounded, from below, the same property holds for Gs; and Gzg . The proofis 378
analogous with the preceding one. An analogous property is true if G5, is bounded from below.

Remark 5: If T34 is bounded from below and lim, ., ((b; )7 ((G39)(t),t)) = (b3,)7 then 379
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T3; — oo.
Definition of (m)” and ¢, :
Indeed let t; be so that fort > t;
(bs7)? = (b )7 ((G30) (1), £) < &7, T3 (£) > (M)
Then dz;% > (az7) P (m)?) — &,T;, which leads to 380

(a37) P (m)7

€7

T3; = ( )(1 —e 7)) + TY e #7t If we take t such that e ~¢7¢ = % it results

(az)P )™
T37 >( = 2 )

, t= log; By taking now &, sufficiently small one sees that T, is
7

unbounded. The same property holds for Tyg if lim; e, (b3g) " ((G39)(£),t) = (b3g)”

We now state a more precise theorem about the behaviors at infinity of the solutions of equations 37
to 72

In order that the operator A7) transforms the space of sextuples of functions G;,T; satisfying 381
GLOBAL EQUATIONS AND ITS CONCOMITANT CONDITIONALITIES into itself

382

The operator A7) is a contraction with respect to the metric 383

d (((039)(1). (T39)®), ((G39)®, (T39)(2))) =

sup{max |Gi(1)(t) - Gi(z)(t)|e‘("7’36)(7)t,max |Ti(1)(t) - Ti(z) (t)|e_(1‘7’36)(7)t}
i teER4 teER4

Indeed if we denote

Definition of @ @ :
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( @’ @ ) = 04(7)((639)‘ (T39))

It results

~ ~ _ 7) ()]
|G3(é) _ Gi(2)| < f;(a36)(7) |G3(;) _ 63(5) e~ (M36)7536) o (M36) s 36) dsgse) +
Jy (@) V]G = 62 ]em M50 560~ (M30) V50 4
" _ 7 ()]
@D, 50 8D - G e P00 0 1

2 " 1 " 2 (M () M 7
G?Es)|(a36)(7)(T3(7):S(36)) _ (a36)(7)(T3(7), 5(36))| e~ (M36)""s(36) o (M36) G }ds 36)
Where s34 represents integrand that is integrated over the interval [0, t]

From the hypotheses it follows

384

_ (@)
|(G39) D — (G39)@|e~ (M)t <
1 , -
)@ ((aze) P + (a36)™ + (A36)7 +

(P36) P (k3e))d (((539)(1), (T39)V; (G39)®@, (T39)(2)))

And analogous inequalities for G; and T;. Taking into account the hypothesis the result follows

Remark 1: The fact that we supposed (as¢)™ and (bs)? depending also on t can be considered 385
as not conformal with the reality, however we have put this hypothesis ,in order that we can postulate
condition  necessary to prove the uniqueness of the solution bounded by

(P36) P e ™37t and ()P e ™30t respectively of R,.

If instead of proving the existence of the solution on R, we have to prove it only on a compact then
it suffices to consider that (a; ) and (b, ), i = 36,37,38 depend only on T;, and respectively on
(G39)(and not on t) and hypothesis can replaced by a usual Lipschitz condition.

Remark 2: There does not existany t where G; (t) = 0and T; (t) =0 386

From CONCATENATED GLOBAL EQUATIONS it results
G, (t) = Gpe[—fg{(a;)m—(a;’ YD(T37(s36)) 5 36))}536)| > 0
= G; >

T; (t) = TiOe(‘(bg)(7)t) >0 fort>0
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Definition of ((M35)7),, (M36)), and ((M3)?), :
Remark 3: if Gs¢ is bounded, the same property have also Gs; and Gsg . indeed if

G3e < (M36)7 it follows dg% < ((M36)?), = (az7)7G3; and by integrating

G37 < ((7‘7136)(7))2 =G9 + 2(a37)(7)((7\\436)(7))1/((1,37)(7)

In the same way , one can obtain

Gag < (M36)7), = G5 + 2(ase) P ((M36) "),/ (a36)”

If G3; or Gsg is bounded, the same property follows for Gz, G3g and G4, Gs7 respectively.

Remark 7: If G;4 is bounded, from below, the same property holds for G5, and G35 . The proof is
analogous with the preceding one. An analogous property is true if G, is bounded from below.

Remark 5: If T34 is bounded from below and lim, ., ((b; )7 ((G39)(t), t)) = (b3;) then
T3; — co.

Definition of (m)™ and ¢, :
Indeed let t; be so thatfort > t,
(b37)7 = (b )7 ((G30) (£), ) < &7, T36 () > (M)

Then d;% > (az7)P(m)? — &,T;, which leads to

D ()
T3; = (w) (1—e~7%) + T e~7t If we take t such that e =67 = % it results
7

(a3 P )™
T3 >( n 2 )

unbounded. The same property holds for Tsg if lim; e, (b3g) " ((G39)(£),t) = (b3g)”

, t= loggi By taking now &, sufficiently small one sees that T3, is
7

We now state a more precise theorem about the behaviors at infinity of the solutions

—(0)® < —(a16)? + (@17) @ = (a16) P (T17,0) + (a17) P (Ty7, 1) < —(01)@
—(12)® < =(b16)® + (b17)® = (b16) P ((G1o), t) = (b17)P((Gro), ) < —(2)@
Definition of ()@, (1)@, (u) @, (up)@ :
By (v{)® >0,1,)® < 0and respectively (u;)® > 0, (u,)® < 0 the roots
(@) of the equations ((117)(2)(1/(2))2 + (6)Pv® — ()P =0

and (b1)@u®)” + (1,)@u® — (by)® = 0 and
Definition of (V,)®,, (1)@, (@)@, (1)@ :

By (v))® >0, (#,)® < 0and respectively (ii;)® > 0, (i1,)® < 0 the
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roots of the equations (a;,)@ (v®)” + (6,)@v® — (a;6)® = 0
and (b)) @ (u®)” + (@) Pu® = (bis)® = 0

Definition of (m;)@, (my)@ , (1)@, ()@ :-

(b) 1f we define (m)@, (my)@, ()@, (1)@ by

(M) = W)@, (m)® = (W)@, if ¥))® < ()@

(my)® = (1)@, ()@ = @)D, if )P < V)? < ()P,

0
and |[(vy)® = ﬁ
17

(mz)(z) = (V1)(2)'(m1)(2) = (Vo)(z): if (171)(2) < (Vo)(z)
and analogously
12)@ = )@, (u)® = W)@, if (up)® < (u)®

12)® = W)@, (u)® = @)@, if w)® < wW)® < @)@,

0
and |(up)® = %
Ty

~

(Hz)(z) = (u1)(2)' (#1)(2) = (Uo)(z): if (771)(2) < (uo)(z)

Then the solution satisfies the inequalities
G?ée((sl)(m_(pl(’)(z})t < Gi(t) < Gloae(sl)(z)t

(p)® is defined

1 S )(2) )(Z) ¢ (s )¢
5@ G2 e (VP =-010®)t < .- (6) < )(2) GO eV
(a18)?6] YD (1)@ —(5,)@ 0 (5@
((m1)<2>((51)<2>—(p161)6<2>—(52)(2>) [e(( DT — e t]+618e P S Gie(D) <

(a18) P67 (5@t —(a1g) @t 0 ,—(a1g) @t
PG D—@ @y e T e+ Grge™ )

T106€(R1)(2)t STe(t) < T106e((R1)(2)+(r16)(2))t

) (2) )
o )(2)T16 e®RD t<Ty (t)< )( l0 (R P +(r16) @)t

(b18) DTl (R)Pt —(b1g) @t 0 ,—(b1g) Pt
WD (R)D (1) D) [Pt — e D] 4 T < Ty (1) <

(a18) D15 [ ((R)P+(r16)@)e _ —(Rz)(z)t] 0 ,—(R)P¢
@O (R)D+r10) D+ RYD) L ¢ + Tige

Definition of (5))®, (5,)@, (R)P, (R,)®:-
Where (51)(2) = (a16)(2)(m2)(2) - (a,16)(2)
(52)(2) = (a18)(2) - (P18)(2)

(R)® = (b16) P ()@ = (bye)®
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(Rz)(Z) = (bis)(z) - (7’18)(2)
418
Behavior of the solutions 419

If we denote and define

Definition of (6,)®,(6,)®, (1)®, (1,)®:

@ )@, (0)®, ()P, (1,)® four constants satisfying

—(02)® < =(az0)® + (a20)® = (a20)® (T2, 1) + (a2) P (T, 1) < ()@

— (@)@ < =(b30)® + (b21)® = (b20)P (G, 1) = (b;))P((G3),t) < —(7)®

Definition of (v1)®, (v)®, (u)®, (uy)® : 420

(b) By (v)® >0,1,)® < 0and respectively (u;)® > 0, (u,)® < 0 the roots of the
equations (az)®(v®)’ + (6)Ov® — (ay)® =0

and (b)) (u®)” + (1)Pu® = (by)® = 0 and
By (1)® >0, (#,)® < 0and respectively (i1;)® >0, (1,)® < 0 the
roots of the equations ((121)(3)(1/(3))2 + (0) v — (a,0)® =0
and (b;))®(u®)” + (©)Pu® — (b;)® = 0
Definition of (m;)®, (m)®, (1)@, (ux)® - 421
() Ifwe define (m)®, (my)®, (u)®, (u)® by
(mz)(a) = (VO)(B)'(ml)(B) = (V1)(3)' if (Vo)m < (V1)(3)

m)® = 1)®, ()@ = @D, if v)® < (WP < @),

0
and |(vg)® = %
1

(mz)(3) = (V1)(3)' (m1)(3) = (VO)G)' if (171)(3) < (Vo)(3)

and analogously 422

(Mz)(g) = (uo)(g)'(#ﬂ(” = (ul)(S)' if (uo)(3) < (ul)(3)

— . _ 3
1)@ = @), @)@ = @)@, if @)® < w)® < @)@, and|u)® =73

(Mz)m = (u1)(3)' (M1)(3) = (uo)(3): if (ﬁl)(3) < (uo)(g)

Then the solution satisfies the inequalities
Ge(DP=020D) < Gy (1) < 6FHe@D

(p)® is defined 423

_r
(m)®

1

(m2)® Ggoe(sl)(S)t 424
2

Ggoe((Sl)(3)—(P20)(3))f < Gy (t) <
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((m1)<3>((sl()%z((jf;“)—(sz)<3>) [0 @) — =60 | 4 65,0 < G () < 4
(mz)(s)(&iggizzi’zz)<3>) [eGDPt — =)Vt 4 O e~(a) Pty
Tzooe(Rl)(E)t < Ty (t) < Tzooe((Rl)(3)+(T20)(3))t | 426
WTZOOE(RQ@% < Ty (t) < (H;WTzooe((Rl)(3)+(r20)(3))t 427
ey [ — e O] 4 T < 10 < @
(uz)<3>(<R1§?32>2+)§:g33>+(R2)(3)) e R T
Definition of (5))®, (5,)®, (R)®, (R,)®:- 429
Where (5)® = (a50)® (m)® — (a30)®
(5)® = (a)® = ()@
(R1)(3) = (bzo)(B)(Hz)(B) - (béo)(B)
(R)® = (béz)m — (r2)®
430
431
432
If we denote and define
Definition of (6))®, (5,)® , (1))@, (1)@ :
d) ()@, (6)@, (1P, (1)@ four constants satisfying
—(0)® < —(a20)™® + (az5)® — (a24) P (s, 1) + (a5) P (T5, 1) < —(07)@
()™ < —(b)® + (by5)™ — (b)) P ((G27),t) — (b5) P ((Gy7), t) < — (7))@
Definition of (v;)®, (v,))®, (u))®, (uy)®,v®, u® : 433
(e) By (v)® >0, (v,)® < 0 and respectively (u)™® > 0, (u;)® < 0 the roots of  the
equations (azs)(4)(V(4))2 + (6)Pv® — (a,9)® =0
and (by5)® (u®)” + (1) @Pu® — (b,,)® = 0 and
Definition of (7)™, (%)@, (@)@, (1)@ : jgg

By (1)® > 0, (%)™ < 0and respectively (;)® >0, (7i,)® < 0 the
roots of the equations (a,5)™ (V(4))2 + (0,)Pv® = (@)@ =0
and (by5)®(u®)” + (1) Pu® — (b;)® =0 436
Definition of (m;)®, ()™, (1)@, (u2)®, we)® -

(f) 1fwe define (m)™, ()™, (u)™@, (u)™® by
(mz)(4) = (Vo)(4), (m1)(4) = (V1)(4)' if (Vo)(4) < (V1)(4)

(m)® = ()@, (M@ = D@, if V™ < V)™ < )W,
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and |(vy)@ = 2t

(m)® = W)@, (m)® = ()@, if )P < (v)®
and analogously
1)@ = )™, ()@ = W)™, if (ue)® < w)®
(1)@ = @)™, ()™ = @)®,if W)™ < (W)™ < (@)™,

and | (u)® = ;2—04
25

(1)@ = W)@, ()@ = ()™, if (@)™ < (u)® where (u)®, (@)@
are defined respectively

Then the solution satisfies the inequalities
(ON

(;343((51)<4>—(pz4)<4>)r < Gyu(t) < GY,e6D

where (p,)™ is defined

@ _ 4) [€))
G9,e(CV =020t < 6, (¢) < GY, et

(m @ )(4)
(a26)P63, (s)®- )¢ —(52)®t 0 ,—(S)®t
((m1)“)((51)<4>—(p24)<4>—(52)(4>) [e( DT T — ) ]+626e DTS G0 <
(a26)(4)634 (51)(4)t _ _(a' )(4)15 0 _(a' )(4)t
(mZ)(4)((51)(4)—(01'25)(4)) [e e 26 ] + G26€ 26

(78,6 ®t < 1, () < T e (P42 |

79,e®0Yt <, (1) < 79, e (RW+02)®)e

(1 )(4) (4)

(b26) 1, RDPt _ _—(b, )(4)1:] 0 —(bye) Pt
W@ (BB~ (b76)®) e el T+ Toge el T < Tos (8) <

(a20) Ty [ (ROW+(r2) W)t _ —(Rz)(4)t] 0 ,—(R))®t
WD (R D +(r20) P+ (R @) [© € + Tzee

Definition of ()@, (5,)®, (R)™, (R,)®:-
Where (S)® = (az4)® (mp)® — (a24)®
(52)® = (az6)® — (026)®
(R)™W = (b2a)® (ux)® — (bp4)™
(R)™ = (bye)® — (136)®

Behavior of the solutions
If we denote and define

Definition of (6,)®, (6,)®, (1)®, (1,)® :

@ (), (0,)®, (@)D, (1,)® four constants satisfying

437
438
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440
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—(02)® < —(aze)® + (a20)® — (azg) P (T, 1) + (a20) P (Tog, ) < —(01)®
—(12)® < —(bye)® + (b3)® — (bga)(s)((G:sl)' t) - (bg9)(5)((031)' t) < —(1)®
Definition of (v))®, (v))®, (u))®, (up)®,v®, u® : 455

(h)y By (v{)® >0,(1,)® < 0and respectively (u;)® > 0, (u,)® < 0 the roots of the
equations (az9)®(v®)” + (6))Sv® — (ag)® =0
and (b20)® (1)’ + (1)Ou® — (byg)® = 0 and

Definition of (7,)®,, (1,)®, (i1))®, (1,)® : 456

By (1)® > 0, (#,)® < 0and respectively (i1;)® >0, (1,)® < 0 the
roots of the equations (azg)(s) (1/(5))2 + ((;2)(5)V(5) _ (aZB)(S) =0
and (by0)®U®)’ + (1)OuS — (byg)® =0
Definition of (m)®, m)®, ()™, (1)@, (v)® :-

(i) 1f we define (m)®, ()@, (u)®, () by

(mz)(s) = (Vo)(s)' (m1)(5) = (Vl)(s)r if (Vo)(s) < (V1)(5)

(m)® = (), (m)N® = T, if 1) < VS < TS,
GPs

and |(vo)® = o

(mz)(s) = (V1)(5)' (m1)(5) = (Vo)(s): if (‘71)(5) < (Vo)(s)
and analogously 457
(Hz)(s) = (Uo)(s)'(#ﬂ(s) = (ul)(s)' if (uo)(s) < (ul)(S)

W) = W)®, (1) = @), if @)™ < W)™ < @),

0
and [(uy)® = ;2—08
29

(1) = W)®, ()® = W)@, if @)® < (ue)® where (u)®, (@)™
are defined respectively

Then the solution satisfies the inequalities 458
Goe(DP-w2)) < G (1) < 95Dt

where (p,)® is defined

1 6)_ (5) 1 (5)
W(;gse((sl) @28)™)t < Goo(t) < mp)® Gige GVt 459
460
(a30)69 $1Y6) () IPING) 0 —(5® 461
((m1)<5>((51)<5>—(ngzf<5>—(sz)<5>) (D — om0 |4 500 < g (0) <
(a30)®6%g [ DSt _ ,—(a )(5%] 0 o—(a: )(S)t)
m2)® (1)) —~(a30)®) ¢ e + Gsoe 0
|T2089(R1)(5)t < Ty () < TSRO +02))e ‘ 462
;Tzose(Rl)(S)t STy < ! Tzose((Rl)(s)Jr(erf)(s))f 463

u)® (u2)®
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464

(b30)(5)T208
D (R ~(b39)®)

e(Rl)(S)t - e—(béo)(S)t] + T3ooe—(béo)(5)‘ S Ta(t) <

(a30) D1y [ (RS +(r2e) )t _ —(Rz)(s)t] 0 ,—(R)®t
@O (RN +20) P+ @) 1 ¢ +Tse

Definition of (5))®, (5,)®, (R)®, (R,)®:- 465
Where (5)® = (az5)® (m5)® — (aze)®
(52)(5) = (‘130)(5) - (P30)(5)
(R)® = (b2)® (2)® — ()™

(Rz)(s) = (béo)(s) - (7’30)(5)

Behavior of the solutions 466
If we denote and define

Definition of (6;)®, (6,)©®, (1))©, (7,)©@ :

Q) (6@, (0)®, (1)@, ()@ four constants satisfying

—(0)© < —(az)® + (a33)® = (a32) @ (T35, 1) + (a33) @ (T3, ) < —(07)©@

—(12)® < =(b3)©@ + (b33)©@ = (b3) @ ((G35),t) — (b33) @ ((G35), 1) < —(7,)®

Definition of (v;)®, (v,)®, (u))®, (uy)®,v®, 4 © : 467

(k) By (v)® >0, 1,)® < 0and respectively (u;)® > 0, (u,)® < 0 the roots of the
equations (az3)©@(v®)” + () ©v® — (a5,)® =0
and (b33)© (u®)” + (1,)©u® — (b3,)© = 0 and

Definition of (7,)®,, ()@, (i1))©®, (i1,)© : 468

By (v))® > 0, (#,)® < 0and respectively (7i;)® >0, (i1,)©® < 0 the
roots of the equations (az3) @ (v®) + (6,)©v® — (a3,)® =0
and (b33)(6)(u(6))2 + (1) ©u® — (by,)® =0
Definition of (m;)®, ()@, (u)®, (12) @, (ve)© -

(1) 1f we define (m)®, (m)©@ , (u)®, (u)© by

(m)® = )@, (m)® = ()@, if (v)® < (v)©® 470

(mp)® = (v)®, (M@ = )@, if (1) < (W)@ < (7))@,

0
and [(vy)©® = %
33

(mz)(6) = (Vl)(é)' (ml)(6) = (Vo)(6)' if (171)(6) < (Vo)(6)
and analogously 471
1)@ = W)@, ()@ = W)@, if (ue)® < (u)®

1)@ = @)@, (1)@ = @)@, if W)® < (w)® < @)@,
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0

and | (up)© = 2
T3

)

(12)©® = @)@, (u)®@ = ()@, if @) < (ue)® where (u)®, (@)®
are defined respectively

Then the solution satisfies the inequalities 472
nge((sl)(w_(p”)(w)t < G3(t) < nge(sl)((’)t

where (p,)©® is defined

(6)_ (1 )(6) 1 ©®
chze((sl) @32) )t < Gan(t) < —® GO, eVt 473
(a3)©65, 51))—(p35)®)¢ —(52)®)¢ 0 ,—(5)©®¢ 474
((m1)(6)((51)(6)—(1?32)(6)—(52)(6)) [e(( VE ) — o760 ] +Ghe T S G0 <
(a34)®63 TNO NP ENGOR 0 —(aan) O
OO (o) @) [e( Dt _ g—(azq) ]+ Ge (az4)
|T3°23(R1><6>t < Ty () < T e(BRDO+03) @) \ 475
1 ® ®) ®
WT302€(R1) =T =5w T (R0 +rs) ™)t 476
(b30) TS, (R1)®)t —(b3) Ot 0 ,—(bgs)©®t a7
D@ (RO -(31)®) [e Vet ] e < T (0) <
(a39)©15, RO +(r3) Ot _ —(R) Ot 0 ,—(R)®t
w2) O (RO +(r32) @) +(R2)(®)) [e( DT — g ] + Tgpe™ (2
Definition of (5)®, (5,)®, (R))©®, (R,)©:- 478
Where (5)© = (a3;)® (m)® — (az)®
(5)©® = (as))® — (p3)©
(RD® = (b3)®@ () ® — (b3)®
(R)® = (b3)©® — (r3)®
479
If we denote and define
Definition of (61)7, (6,)7, (1D, (1) :
(M) (67, (6)7, (x)?, (r,)7 four constants satisfying
—(0)7 < —(a36)™ + (a37)7) = (a36) 7 (T37, ) + (a37) 7 (T37, 1) < —(01)7
— ()7 < = (b3)7 + (b37)7 = (b36) P ((G30), ) — (b37) 7 ((G39),t) < —(x)7
Definition of (v;)?, v,)?, (u)?, (), v, u@ : 480

(n) By (v)? >0, ()™ < 0and respectively (u)? > 0, (u,)™ < 0 the roots of  the
equations (az;)) (V)" + (6)Pv? — (aze)? = 0 481
and (b3,)? (™)’ + (1) Pu? — (b3)™ = 0 and

Definition of (7,)7,, (,)?, ()7, (i1,) 7 : 482
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By (1)) > 0, (#,)”? < 0 and respectively (#;) >0, (i1;)7) < 0 the
roots of the equations (as;)"” (v(7))2 + (0,) VD = (az6)? =0

and (b3,)@ ()’ + (1) Pu? = (by)? =0

Definition of (), (m;)™ , (), ()™, (v) ™ -

(0) If we define (my)™, (M), (u)?, (u)? by

(mz)m = (Vo)m'(ml)m = (Vl)(7)r if (Vo)m < (V1)(7)

M) = )P, ()" = @)D, if v)? < W) < @)?,

0
and |(vg)? = %
37

(mz)m = (V1)(7)' (m1)(7) = (Vo)m» if (171)(7) < (Vo)m

and analogously 483
)P = (we)?, (u)” = W)?, if (W) < (u)?
W) = )P, (u)? = @)?,if w)? < (w)” < @)?,
TO
and | (ug)? = Tz_":
(12)7 = @)D, ()P = W), if @)7 < (ug)? where (u)?, ()7
are defined respectively
484

Then the solution satisfies the inequalities
G2 e(EDV=w30M) < G, (£) < 6% eVt

where (p;)7 is defined
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485
1 0 ) _ (e )? 1 )
T Goe(D7-w30)7)t < G, (1) < @ GO D7t 486
(a38)")68 D _(pae) NG NG 487
((m1)<7>((51)<§§3—(p363)6<7>—<52)<7>) [e((m Gae7t — e t]+GgSe O < Gag(D) <
(a38)76Y @ PSS! PSS!
PGy e — e T + GgeT ()T
T "7t < Ty () < The(F0 7+ V)t 488
1 %) @) )
aom Tse ™ < Ty () < o5 70 e (R +(36) )t 489
(b38) 7T, % (b)) ETTING) 490
TR [t — O] 4 The 0w < Ty (1) <
(az) P16 RO D)D) o —(R) Dt 0 —(R)D¢
T R G ) [e(@ P+ _ o) Pt] 4 7, o~k
Definition of (§))7, (5,)7, (R, (R,):- 491
Where (5)7 = (a36) " (m3)? — (a36)”
(52)(7) = (a38)(7) - (P38)(7)
(R1)(7) = (b36)(7)(112)(7) - (béa)m
(R = (b3g)? — (r3e)?”
From GLOBAL EQUATIONS we obtain 492

dv(@® ' ’ "
= (a36)7 = ((@36)? = (@) P + (a3) (T35, 1)) -

(a37) P (Ts7, v — (az;) Vv

Definition of v(7) :- y@ = 836
G37

It follows

2 dv(?
_((a37)(7)(v(7)) +(02)(7)v(7)_(a36)(7))s o<
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(@@ E?) + (@)™ = (as)?)

From which one obtains

Definition of (7)™, (vy)™ :-

0

G36
0

G37

(8) For0 <|(vp)? =28 < (v)? < (1)?

)(7)+(C)(7) (1/2)(7)9 [—(a37)(7)((v1)(7)_(V0)(7)) t]
1+©)De [~@3ND (v DD-wp)P)¢]

V(1) = &

it follows (vo)™? < v (t) < (v)?

In the same manner , we get

@D+ D@y Del~ @D (DD -2 ]
1+(0) el @3 D(EDD-2)D) ]

v(t) <

From which we deduce (vo)? < v (t) < (7))

(GO

@ = =00 -
O = D=

A (7) @)D -

O = 0®=a®

0
(o) 1f 0 < @) < ) =28 < (7,)? we find like in the previous case,
7

G3

@ < WD+ Dy Del~ @ P (DD -2 P) ]
%
)" < 1+(C)(7)e[—(a37)(7)((V1)(7)—(vz)(7))t]

FD+OD @y Del~ @D (TDV-27) ]

< (v,)D
1+(c‘)(7)e[—(a37)<7)((ﬁ)(7)_(gz)(7))t] < (V1)

0
(© If 0< ()P < @)D <|(w)? =Z2| , we obtain
3

=

w)? < v (o) <

D+ @y De [-@3ND (@D -TM) ]

< vD(@) <

11Dl @DD(EDD - D) ]

<

(Vo)m

493

494

495
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And so with the notation of the first part of condition (c) , we have

Definition of v (¢t) :-

m)? < v (@) < (m)?, [ v () = 29
G37(¢)

In a completely analogous way, we obtain

Definition of u™(¢) :-

1?7 < @ < )P, | u?(@) =725
T37(t)

Now, using this result and replacing it in GLOBAL EQUATIONS we get easily the result stated in
the theorem.

Particular case :

If (a36)? = (az;)7, then (6,)7 = (0,)7 and in this case (v;)” = ()7 if in addition
V) = (v then vV (t) = (vy)7 and as a consequence G4 (t) = (Vo) 7’63, (t) this also
defines (v,)” for the special case .

Analogously if (b35)? = (b3;)?, then (1) = (1,)™ and then

(u)? = (@) Pif in addition (ug)? = (uy)? then Ts4(t) = (ug) T3, (t) This is an important
consequence of the relation between (v;) and (v,)(”, and definition of (u,)?.

We can prove the following 496
If (a; )P and (b; ) are independent on ¢ , and the conditions 496A
(a3) P (@37)? ~ (az6) P (az)? < 0 4908
"NDql D @] @ @ @ ' N ()] ()] ()] 496C

(az6)*"’(az7)"” = (az6)*"’(az7)™” + (aze)'” (p36)""” + (az7)"’ (p37)™” + (036)*" (p37)"’ >0
497C
497D

b YD (b)) — (b YD (B (7)>0,

(b36)*" (b37) (b36)"" (b37) 197E
497F
(béé)(7)(bé7)(7) - (b36)(7)(b37)(7) - (bée)m (7”37)(7) - (bé7)(7) (T37)(7) + (T36)(7) (T37)(7) <0 497G

with (p3)7, (3,)7 as defined are satisfied , then the system WITH THE SATISFACTION OF
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THE FOLLOWING PROPERTIES HAS A SOLUTION AS DERIVED BELOW.

497
Particular case : 498
If (a1g)® = (a1;,)@, then (6,)® = (6,)® and in this case (v;)® = (¥,)@ if in addition
V)P = (v))P then v@ (1) = (v)® and as a consequence G4 (t) = (Vo) @ Gy7 (1)
Analogously if (bjg)® = (b;;)P, then (1,)® = (1)@ and then
(u)@ = (@) @if in addition (ug)® = (u;)® then Ty4(t) = (ug) @ Ty, (¢) This is an important
consequence of the relation between (v;)@® and (v,)®
499
From GLOBAL EQUATIONS we obtain 500
dv 3 / ' " "
T = (a0)® = ((@20)® = (@)D + (@3)P (T30, 1)) = (@)D (T1, VD = (@) v
Definition of v® :- v® = zﬂ 501
21
It follows
_ 3) ()2 3),(3) _ @) <« ® o _ 3) ()2 3),(3) _
(a2)®(V®)" + (6)®v (az)™’ ) < < = (@) @®)" + ()P
(azo)(s))
502
From which one obtains
G _
(@) For0< (v)® = ﬁ < ()® < @)@
v(g)(t) > (vl)(3)+(C)(3)(V2)(3)e[_(azl)(3)((1/1)(3)—(1/0)(3))t] (C)(3) _ M
B 140 @l @2 (@DD-w0®) (] ’ v)®-)®
it follows (vy)® <v®(t) < (v)®
In the same manner , we get 503
v® () < EUD+OD @@l 200D -eP) ] ()@ = V-t
B 140l @2(TDO-2®)) ] ’ ) -)®
Definition of (v,)® :-
From which we deduce (vy)® < v®(t) < (1,)®
504

0
(b) If 0< (v)® < ()@ = (G;% < (7)® we find like in the previous case,
21

)P+ (y) P~ @2 (DP-02P) ]
14+(0)®e [-@2® ()P -2 ®)¢]

v < < v®@) <
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YO 1(O)® @) D[ @DP(EDP-2P) ]
14(0O)Pe [-@2D@(ED®-32)3) 1|

(1

< @)@

0
G20

© 1f0<@)® < @) < @)® =22, we obtain 505
21

TP +O® @y Pel~@2 P (TDP-2P) ]

3 < B3 <
(v)® < v¥(D) < @ @[T -]

< (v)®

And so with the notation of the first part of condition (c) , we have

Definition of v®)(¢t) :-

(mz)(3) < v(3)(t) < (ml)(3): V(3)(t) _ Gao®
G21(t)

In a completely analogous way, we obtain

Definition of u®(t) :-

W) < w0 < @)@, | @@ =23
T21(t)

Now, using this result and replacing it in GLOBAL EQUATIONS we get easily the result stated in
the theorem.

Particular case :

If (a30)® = (az;)®, then (6))® = (0,)® and in this case (v;)® = (¥;,)® if in addition
v)® = (v)® then v® (1) = (vy)® and as a consequence G, (t) = (Vo) Gy, (1)

Analogously if (by)® = (by;)®, then (1)@ = (1,)® and then

(u)® = (@)@ if in addition (ug)® = (uy)® then Tyo(t) = (ug)® Ty, (t) This is an important
consequence of the relation between (v;)® and (v,)®

506
: From GLOBAL EQUATIONS we obtain 507

dv@®
.

(@20)® = ((@2)® = (a35)® + (a54) P (T35, 1)) — (@35)® (T, VP — (25) Py

Definition of v® :- v® = zﬂ 508
25

It follows
2
~(@)@(ED) + (@) PV - (a)®) <

(‘124)(4))
From which one obtains

dv@®

< ((aZS)@)(V@))Z + (0)®v® —

Definition of (7)™, (vy)® :-

G _
(d) For 0 <|(vp)® = ﬁ < ()™ < @)W
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(v1)(4)+(C)(4)(v2)(4)e[7(‘125)(4)(("1)(4)7(”0)(4)) t]
440 Wel~@22)P(EDD-00®) ]

©® = vD)W-@e)®

4) > =
vim = o)W -a)®

it follows (vg)® < v®(t) < (v))@

In the same manner , we get 509

TOD O @y @[T P(EDD-®) ]
4+(C)(4)e[—(“25)(4)((71)(4)_@2)(4)) ]

_ @W-w®

@ _ T®-00)®
Vi) < 0 P-G®

| O®W

From which we deduce (vo)® <v®(t) < (7)™

0
() If 0< (v)® < (vy)W = % < (7,)™® we find like in the previous case, 510
25

(vl)(4)+(C)(4) (1/2)(4)6 [—(a25)(4) ((v 1)(4) _(1/2)(4)) t]
1+(0)Be [z ® (0B -0®)¢]

)™ < < v <

(71)(4)+(C_)(4) (72)(4)9 [—(azs)(4)((vl)(4) —(72)(4)) t]
1+(0)@e [~(a25)®(@D® -T2)®) t]

< @)W

511
512

0
(M 1 0< @)@ < @)@ <|(v)® =2, we obtain
25

T +O® @y @@ P (@D B-2®) ]

“ <« @ <
()™ = v < 14O @e @29 (EDW-T®) ]

< (v)®

And so with the notation of the first part of condition (c) , we have
Definition of v#®(¢) :-

(m)® < v () < (m)@, | v () = 2L
G2s(t)

In a completely analogous way, we obtain
Definition of u®(¢) :-

1) < @@ < @)@, | u®@) =25
T5(£)

Now, using this result and replacing it in GLOBAL EQUATIONS we get easily the result stated in
the theorem.

Particular case :

If (az)® = (ay5) @, then (6))@ = (0,)® and in this case (v;)® = ()@ if in addition 513
vo)® = (v then v® (1) = (vy)™® and as a consequence G, (t) = (Vo) G, (t) this also
defines (vo)™ for the special case .

Analogously if (by,)® = (bys)®, then (1)@ = (r,)® and then
()™ = (i1,) @if in addition (1))@ = (u)® then Ty, (t) = (u) @ Tys (t) This is an important
consequence of the relation between (v;)® and (#,)™®, and definition of (u)®.
514
From GLOBAL EQUATIONS we obtain 515

dv(® / ' " "
prie (az)® — ((‘128)(5) — (a20)® + (a26)® (T, t)) — (a29)® (T29, OV = (ag9) v
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Definition of v® :- & = 928
G29
It follows
z dv® 2
~ (@O + )P ~ (@)®) <27 < = (@) D) + (@) O -
(‘128)(5))

From which one obtains

Definition of (¥,)®, (v))® :-

G _
(9) For0 <|(v)® =zt < (v)® < (3)®

vO(t) = (V1)(5)+(C)(5)(vz)(5)e[_(azg)(s)((v1)(5)_("0)(5))t] ©)® = w1)®—we)®
- 5+(0)®el @29 (@ DO-00®) ] ’ — 0)®-)®
it follows (vy)® < v®(t) < (v)®
In the same manner , we get 516
V(S)(t) < (71)(5)+(5)(5)(Vz)(5)e[7(a29)(5)((‘71)(5)’(72)(5))t] (6)(5) — O -
T s o®e (@O (EO-0®) ] ’ 00 ®-)®

From which we deduce (vy)® < v®(t) < (75)®

0
(hy 1f 0< (v)® < (v))® = % < (1;)® we find like in the previous case, 517
29

W)+ () ®el~ @29 (D=2 ®) ]
14(0)®)e["@2O (@D -02)) ]

v)® < < vO(p) <

(gl)(5)+(®(5)(72)(5)e[—(a29)(5)(@1)(5)—(72)(5)) t]
14+(0O)Be [~@29)® (1O -2)®) ]

< @)®

. 0 _ 518
() If 0<@)® < @) <|(v)® =2 , we obtain
29

T1O+(OO Ol @2 (DO -2) o]

v)® < v @) < < (v)®

1+ ® @O (ED®-2®) ] 519

And so with the notation of the first part of condition (c) , we have
Definition of v®(¢t) :-

(mz)(S) < V(S)(t) < (m1)(5), V(S)(t) _ Gas®)
G29(t)

In a completely analogous way, we obtain
Definition of u®(t) :-

(#2)(5) < u(S)(t) < (/11)(5)1 u(S)(t) — Tog(t)
T29(t)

Now, using this result and replacing it in GLOBAL EQUATIONS we get easily the result stated in
the theorem.

Particular case :
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If (a36)® = (a39)®, then (61)® = (0,)® and in this case (v;)® = (#,)® if in addition
(vo)® = (v5)® then v () = (v)® and as a consequence G,g(t) = (Vo) Gy (t) this also

defines (v)® for the special case .

Analogously if (byg)® = (byo)®, then (7,)® = (1,)® and then
(u)® = (@) ®if in addition (ug)® = (u;)® then Tyg(t) = (ug) Ty (t) This is an important
consequence of the relation between (v;)® and (v;)®, and definition of (u,)®.

we obtain

dv(®

dt

p® = 932

Definition of v(©® :-
G33

It follows
(@) @F@) + (@) - (a)®) <
(a32)(6))

dv(®

From which one obtains

Definition of (#,)(®, (v))® :-

0
(6) — G32
(Vo) N

(j)) Foro< <()® < @)®

v () >

1) O+(0) O () ©l @3 (D O-00) @) ]

520
521

(az)® — ((aéz)(s) — (a33)©@ + (a3,)© (T3, t)) — (@33)©(T33, )v® — (a33) Ov®

< ((a33)<6)(v<6))2 + (0)©Ov® —

(C)(s) _ vDO-®

14(0) el @33 O (0D O-0) )]
it follows (v))©® < vO(t) < (v)©®
In the same manner , we get

1 (©) () < @O +) O (w,)O)e [~(a33

O (@) ©-2)(®)) ¢]

T W) ®)—(v2)®)

522

_ m@-)® 523

, (5)(6)

1403 -2 @) ]

From which we deduce (v4)® < v©®(t) < (7,)®

0
K If 0<)® < ()® = g% < (1)@ we find like in the previous case,
33

DO+ O ()@l @33 (DO~ @) ]

) ©-)©®

524

®
v <
()™ = 1)@l ~@3 (DO -02@) ]

T O+ )@l @O (DO -2 @) 1]
14+ @@ O(EDO-2©) ]

(Vo)(6)

< (¥)®

0
_ G3

) 1 0<@)® < @) < =&
3

w

TDO+OO @)@l @33 (@D -2 @) ]

< v®(@) <

525

, We obtain

v)® < vO@) <

1+(c‘)(6)e[—(a33)(6)((171)(6)_@2)(6)) B

< (v)®
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And so with the notation of the first part of condition (c) , we have
Definition of v (¢) :-

m)® < vO) < (m)©, [vO () = 229
G33(¢)

In a completely analogous way, we obtain
Definition of u®(t) :-

1)@ < u®® < @)@, |u®0) =25
T33(t)

Now, using this result and replacing it in GLOBAL EQUATIONS we get easily the result stated in
the theorem.

Particular case :

If (a3,)©® = (a33)®, then (6,)© = (0,)® and in this case (v;)© = (¥,)© if in addition
(V) ® = (v))® then v®(t) = (v5)© and as a consequence G, (t) = (vo)® G35 (t) this also
defines (v)® for the special case .

Analogously if (bs,)® = (b33)®, then (7,)® = (1,)© and then

(u)® = () @if in addition (u)® = (u;)® then Ts,(t) = (uy)®Ts3(t) This is an important
consequence of the relation between (v,)® and (¥,)®, and definition of (u,)®.

526

Behavior of the solutions 527
If we denote and define
Definition of (6,)™, (6,)™, ()™, (r;)7 :
P (@)D, (0)7, ()7, ()P four constants satisfying
—(0)7 < —(a36)" + (a37)? = (a36) P (T37, ) + (a37) 7 (T37,8) < —(07)”
— ()7 < = (b36)7 + (b37) 7 = (b36) P ((G30), ) — (b37) 7 ((G39),t) < —(x)7
Definition of (v))™, (v))?, (u))?, (up)?, v, u™ : 528
(@ By (v)? >0,(,)? < 0and respectively (u)™ > 0, (u,)™ < 0 the roots of  the

equations (a37)(7)(v(7))2 + ()P = (aze)? =0

and (b3,)? (™) + (1) Pu? — (b3e)™ = 0 and

529

Definition of (v,)™,, (#,)?, (1)), (1) : 530.
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By (1)) > 0, (#,)”? < 0 and respectively (#;) >0, (i1;)7) < 0 the
roots of the equations (as;)"” (v(7))2 + (0,) VD = (az6)? =0

and (b3,)@ ()’ + (1) Pu? = (by)? =0

Definition of (), (m;)™ , (), ()™, (v) ™ -

() 1f we define (my)?, (M), (u)?, (u)? by

(mz)m = (Vo)m'(ml)m = (Vl)(7)r if (Vo)m < (V1)(7)

M) = )P, ()" = @)D, if v)? < W) < @)?,

0
and |(vg)? = %
37

(mz)m = (V1)(7)' (m1)(7) = (Vo)m» if (171)(7) < (Vo)m

and analogously 531
(Hz)m = (uo)m' (#1)(7) = (ul)(7)' if (uo)m < (ul)(7)
)P = w)?, (u)? = @), if (w)? < ()" < @),
TO
and | (ug)? = Tz—(,:
(12)7 = @)?, ()P = W), if @)7 < (ug)? where (u)?, (@)
are defined by 59 and 67 respectively
532

Then the solution of GLOBAL EQUATIONS satisfies the inequalities

Gle (0 7-030M) < Gy (1) < 60T
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where (p,)” is defined

1 @) _ ) 1 (@)
WGgse((Sl) @36)7)t < Gy (t) < mp)® GIeeD 533
(a38)763 (O IENG! —(s)D PN 534
((m1)<7>((51)5)8_(,,3:)6(7)_(52)(7)) [e((m a0t — gm0 ] + Gge™ VT < Gy (1) <
(a38) 765

[e6DDt _ g=@)Vt] 4 GO p—(@3e)Pty

m)D((S) D —(azg)™)

T @7t < T (1) < TO, (BT +(r3) D)t ‘ 535
1 7 (@) @)
WT?,%E(RI) t S T36 (t) S (MZ)(7) T3066((R1) +(r36) )t 536
(b3g) 1y RDDt _ ,—(bsg) Dt 0 ,—(b3g) Pt 537
E (@)D —(b5)?) |07 — e300 | 4 The Cs0 7 < Ty (1) <
(a38)(7)T396 (R YD )(7))t _ o —R)Dt 0 ,—(Ry)Mt
PR IrTS0)] S e 07| 4 Thhe (%
Definition of (5))7, (5,)7, (R, (R,):- 538
Where ()7 = (a36)? (my)™ — (az6)”
(52)(7) = (a38)(7) - (P38)(7)
539
(RDD = (b36) 7 (u2)") = (b3)”
(Rz)m = (bés)m - (7’38)(7)
From CONCATENATED GLOBAL EQUATIONS we obtain 540

dv(? / ' "
—— = (a36)" - ((a36)(7) — (az))? + (a36)(7)(T37:t)> -

(a37) P (T37, OV = (a3,) Vv ®

Definition of v(? :- vy = Gs6
G37

It follows
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2 av(?
—((a37)(7)(v(7)) + (a) v — (a36)(7)) = th =

~(@N?P)* + @)DV = (@) ™)

From which one obtains

Definition of (7)™, (vy)™ :-

63 _
(m) For 0 <|(v)?” = ﬁ < ()P < @)

V(7)(t) > (vl)(7)+((:)(7)(1;2)(7)g[_(a37)(7)((v1)(7)—(v0)(7)) t] (C)(7) ) D—w)?
T oWt (enD-eo®)] ’ — 00D
it follows (vg)? < v (t) < (v)?
In the same manner , we get
@D ®) < (Vl)(7)+(6)(7)(ﬁz)(7)g[7(1137)(7)((171)(7)—(72)(7))t] (6)(7) _ ) D)
T 1 @Wel @D (D=2 D) ! ) D=

From which we deduce (vy)? < v?(t) < (7))

0
n If0<)? < @)? = % < (1)™ we find like in the previous case,
37

(vl)(7)+(C)(7)(vz)(7)e[_(“37)(7)(("1)(7)_(’“2)(7)) t]

< vD(@) <
140Dl @D (DD -02M) ] - ® <

)7 <

@1)(7)4_(@(7)(72)(7)8[—(a37)(7)((V1)(7)—(Vz)(7)) t]

< (v,
1+(C')(7)e[‘<a37)(7)((171)(7)‘(72)(7))t] =)

0
(0) If 0< ()? < @)P <|(v)” =5 , we obtain
37

TPV +OD @y Del @V (DD -2 D) ]
PN R CRGRTQT)

V)P < v (@) < < (v)?

And so with the notation of the first part of condition (c) , we have

Definition of v (¢t) :-

541

542

543
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(my)? < v ) < m)?, |vO ) — G36(®)
G37(t)

In a completely analogous way, we obtain

Definition of u™(¢) :-

1) < D) < ()@, | u?P(r) = 28
T37(t)

Now, using this result and replacing it in CONCATENATED GLOBAL EQUATIONS we get easily
the result stated in the theorem.

Particular case :

If (az6)? = (a3;)?, then (6,)? = (0,)7 and in this case (v;)” = () if in addition
o) = (v))? then v (t) = (v))™ and as a consequence G4 (t) = (vo) 7 G3,(t) this also
defines (v)7 for the special case .

Analogously if (b3s)? = (b3;)?, then (1) = ()7 and then

u)? = (@) Pif in addition (ug)? = (uy)? then Ts4(t) = (ug) T3, (t) This is an important
consequence of the relation between (v;) and (v,)(”, and definition of (u,)?.

0

(b1)VTi3 — [(b14)® = (b)) P (6) |T1s
(b15)VT1y — [(b15)™ — (b15)P(G) ITis

has a unique positive solution , which is an equilibrium solution for the system

0

(a16)PGy7 — [(a16)@ + (a16) P (T17)]Gr6 = 0
(@17)P66 — [(@17)P + (a17) P (T17)]Gy7 = 0

(1) PGy7 — [(‘1118)(2) + (als)(z)(Tn)]Gls =0

|
o

(b16)PTi7 — [(b16)® — (b16) P (Gro) ITi6 =

I
o

(b17) DTy — [(h17)P — (b17)P(G19) 1Ty7 =
(b1g)PTi7 — [(b1g)® — (b1g) P (G19) ITig = 0

has a unique positive solution , which is an equilibrium solution for

(a20)® 621 — [(@20)® + (a20)® (T21)] G20 = 0
(a21) PGy — [(@21)® + (a31)® (T21)]G21 = 0
(a22)® Gz — [(a22)® + (a32) P (T21)] G2 = 0
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(bzo)(3)T21 - [(béo)m - (bgo)(3)(623) 1T =0 557
(b21) Ty — [(b31)® = (b31) P (G23) 1Ty = 0 558
(bzz)(3)T21 - [(béz)m - (bgz)(3)(623) 1T, = 0 559
has a unique positive solution , which is an equilibrium solution 560
(a2)WGy5 — [(a24)™ + (a24)® (T25)]Gos = 0 561
(az5) WGy — [(az5)™ + (az5)® (T25)]Gos = 0 563
(a26)®Gas — [(a26)® + (a36)® (T25)]G26 = 0 564
(b24)PTys — [(b3)® — (b2) M ((G27)) 1T2a = 0O 565
(b25) P Toy = [(b25)™ = (b25) P ((G27)) ITas = 0 566
(b26) P Tys — [(b26)™ — (b26) ™ ((G27)) 1T26 = 0 567
has a unique positive solution , which is an equilibrium solution for the system 568
(azg)(s)(;zg - [(alzs)(s) + (ags)(s)(T29)]Gza =0 569
(a29)(5)628 - [(a’29)(5) + (a;9)(5)(T29)]029 =0 570
(a30) ™G9 — [(a30)® + (a30)® (T29)]G30 = 0 571
(by) P To9 — [(b2g)® — (b)) (G31) ITog = 0 572
(b29)®Tag — [(b29)® — (b29)(G31) 1To9 = 0 573
(b30) P Tg — [(b30)® — (b3) P (G31) T30 = 0 574
has a unique positive solution , which is an equilibrium solution for the system 575
(a32)® Gz — [(a3)© + (a32)® (T33)]Gs, = 0 576
(a33)©Gsy — [(a33)@ + (a33)© (T33)]Ga3 = 0 S77
(a34)©Gs3 — [(a34)©@ + (a34)© (T33)]G34 = 0 578
(b32)©Ts3 — [(b3,)® — (b32)©(G35) 13 = 0 579
(b33)©Ts, — [(b33)©® — (b33)® (G35) IT33 = 0 580
(b34)(6)T33 - [(bézt)(é) - (b§4)(6)(635) T34 = 0 584
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has a unique positive solution , which is an equilibrium solution for the system 582

(a36) P Gy7 — [(a36)” + (az6) 7 (T37)]G36 = 0 583

(a37) P Gy6 — [(a37)7 + (az;) P (T37)]G37; = 0 584

(a3g)PGs7 — [(aze)? + (a38) 7 (T37)] G35 = 0 585
586

(b36) P Ts7 = [(b36)” — (b36)”(G39)]T36 = O 587

(b37) Tz — [(b37)? = (b37) 7 (G39) ]T37 = 0 588

(b3g) P Ts7 — [(b3)” — (b35) " (G30) | T35 = 0 589

has a unique positive solution , which is an equilibrium solution for the system 560

(a) Indeed the first two equations have a nontrivial solution Gs¢, G if

F(T39) = (a36) (a37)? = (a36) 7 (a37)? + (a36) " (a37) 7 (T37) + (a37) 7 (a36) 7 (T37) +

(ase) " (T37)(az7) P (T37) = 0

Definition and uniqueness of T3, :- 561

After hypothesis £(0) < 0, f(e) > 0 and the functions (a; )7’ (Ts,) being increasing, it follows
that there exists a unique T3, for which f(Ts;) = 0. With this value , we obtain from the three first
equations

_ (a38) 7637
[(a38)P+(azg) 7 (13)]

_ (a36) 7637
[(a36)P+(aze) P (T37)] '

G36 G38

(e) By the same argument, the equations( SOLUTIONAL) admit solutions G5, G if

@ (Gs9) = (b36) 7 (b37)7 — (b36) P (b37) 7 —
[(b36) 7 (b37) P (G39) + (b37) 7 (b36) 7 (G39)|+(b36) 7 (G39) (b37) 7 (G39) = 0

Where in (G39)(G34, G37, G3g), Gz, Gzg Must be replaced by their values from 96. It is easy to see that 562
@ is a decreasing function in Gs, taking into account the hypothesis ¢(0) > 0, () < 0 it follows
that there exists a unique G3, such that ¢(G*) = 0

Finally we obtain the unique solution OF THE SYSTEM
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G37 given by 9((G39)*) = 0, T37 given by f(T3;) = 0 and

Gt = (a36)763; Gt = (a38)76G3;
36 7 [(a30) D+@aze) D (137)] 7 38 T [(a3e)D+aze)D(137)]
T — (b36)T37 T = (b3g) 13, 563
36 T {b3) D -3 D ((G30)0] 1 38 T [3e) D ~(b35) D (G39)")]
Definition and uniqueness of Ty :- 564

After hypothesis f(0) < 0, f(e) > 0 and the functions (a; )*(T,;) being increasing, it follows
that there exists a unique Ty; for which f(T;;) = 0. With this value , we obtain from the three first
equations

G = (a200®621 Gor = (a22)®621

20 [(@20)®+(az0)®(131)] = [(@22)®)+(az2) S (131)]

565
Definition and uniqueness of T;5 :- 566
After hypothesis £(0) < 0, f(c) > 0 and the functions (a; )™ (T,s) being increasing, it follows
that there exists a unique T,: for which f(T,5) = 0. With this value , we obtain from the three first
25 25

equations
Gor = (a20) PG5 G = (a26) 625

2 [(a20)P+(az)®(155)] 26 [(a26)®+(az6)® (T55)]
Definition and uniqueness of T,y :- 567
After hypothesis f(0) < 0, f(e0) > 0 and the functions (a;')(s)(ng) being increasing, it follows
that there exists a unique T,y for which f(T5) = 0. With this value , we obtain from the three first

29 29

equations
Goo = (a28)® 629 G = (a30)™ 629

28 [(a28) P +(aze)O(T50)] 30 [(@30)®+(a30)®(T55)]
Definition and uniqueness of T3; :- 568
After hypothesis f(0) < 0, f(e) > 0 and the functions (a; )® (T33) being increasing, it follows
that there exists a unique T3 for which f(T33) = 0. With this value , we obtain from the three first
equations
Gy = (a32)© 633 Gan = (a34)©633

32 [(@32)®+(a3p)©)(153)] ' 34 [(a34)©+(a34)®(133)]
(f) By the same argument, the equations 92,93 admit solutions G, Gy4 if 569

@(6) = (b13) P (b1) P = (by3) P (by) ™ ~
[(B13) P (b1a) D (6) + (b14) P (by3) P (@) +(by3) P (6) (br) P (6) = 0

Where in G(G;3, G4, Gy5), G13, G1s must be replaced by their values from 96. It is easy to see that ¢
is a decreasing function in G;, taking into account the hypothesis ¢(0) > 0, @(o0) < 0 it follows
that there exists a unique Gy, such that ¢(G*) =0
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(g) By the same argument, the equations 92,93 admit solutions Gy, G;7 if
@(Gr9) = (b16) @ (b17)® — (b16) P (b17) @ —
[(b16)® (517)P (Gr9) + (b17) P (b16) P (G19)]+(b16) P (G19) (b17) P (G19) = 0

Where in (G19)(Gyg, G17, G1g), G16, G1g Must be replaced by their values from 96. It is easy to see that
@ is a decreasing function in G, taking into account the hypothesis @(0) > 0, ¢() < 0 it follows
that there exists a unique Gy, such that ¢ ((G19)*) =0

(a) By the same argument, the concatenated equations admit solutions G, G, if
@(Gy3) = (béo)(s)(béﬂ(s) - (bzo)(3)(b21)(3) -
[(620)® (h21)P (G23) + (b21)® (b20)® (G23) |+ (b20) P (G23) (b21) P (G23) = 0

Where in G,3 (G, G21, G22), Gg, Go, Must be replaced by their values from 96. It is easy to see that
@ is a decreasing function in G,; taking into account the hypothesis ¢(0) > 0, () < 0 it follows
that there exists a unique G3; such that ¢((G,3)*) =0

(b) By the same argument, the equations of modules admit solutions G,4, G5 if
@(Ga7) = (b2)® (b25)™® = (b2) W (bys)® —
[(B24)® (b25)® (G27) + (b25)® (b2) P (G27)]+(024) P (G27) (b5) P (G27) = 0

Where in (G37)(G24, G2s, G26), Go4, Gog must be replaced by their values from 96. It is easy to see that
@ is a decreasing function in G,5 taking into account the hypothesis ¢(0) > 0, ¢ () < 0 it follows
that there exists a unique G55 such that ¢((G,7)*) =0

(c) By the same argument, the equations (modules) admit solutions G,g, Gq if

0(Gsy) = (bég)(s)(bé9)(5) - (bza)(s) (b29)(5) -
[(b26) D (29) P (G31) + (b29) ™ (b36) ™ (G31)]+(b36) P (G31) (b39) P (G31) = 0

Where in (G31)(Gag, G29, G30), G2g, G3o Must be replaced by their values from 96. It is easy to see that
@ is a decreasing function in G,q taking into account the hypothesis ¢(0) > 0, () < 0 it follows
that there exists a unique G54 such that ¢ ((Gz1)*) =0

(d) By the same argument, the equations (modules) admit solutions Gs,, G35 if

@(Gss) = (b32)® (b33)© — (b3,) @ (b33)® —
[(32)© (b33)©(G35) + (b33) @ (b32) @ (G35) |+ (b32) @ (G35) (b33)® (G35) = 0

Where in (G35)(Gs,, G33, G34), G35, Gz, must be replaced by their values It is easy to see that ¢ is a
decreasing function in G55 taking into account the hypothesis ¢ (0) > 0, ¢ () < 0 it follows that
there exists a unique G35 such that ¢(G*) =0

Finally we obtain the unique solution of 89 to 94

Gi, given by ¢(G*) = 0, Ty given by f(T;) = 0 and

7

570

571

572

573

574

575

578

579

580

581

582
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G = (a13)V6i4 Gr = (a15)163,
B 7 @)D+ D)) 7 7 T {19 D+a)s) D (15,)]
_ (b13) VT, _ (b15)DT17,
T1*3 ’ T1*5

T [b1) D=1 D 6] k1) D-015)D (6]
Obviously, these values represent an equilibrium solution

Finally we obtain the unique solution

Gi7 given by ((G19)*) = 0, Ti7 given by f(T{7) = 0 and

G = (a16)P617 Gr = (a18)P61;
16 7 [(@1e)@+@19)@(117)] ' 18 7 [(d1p) P+ D (117)]
. (b16) DT}  _ (b18) D1y,
T16 ) T18

16 P-016)P (619)9)] T [b19)P-018) P (619)9)]
Obviously, these values represent an equilibrium solution
Finally we obtain the unique solution

G31 given by ¢((G,3)™) = 0, T3, given by f(T3;) = 0 and

- (azo)(i)Gi‘l | A— (azz)(i)Gi
[(@20)®+(az0)P(13)] [(@22)®+(az2)P(T31)]

TE — (bzo)fra)Tz*l TE = (bzz)f?)Tzﬁ

207 [030®-0030)P G230 T 22T [P —(03)P (6237

Obviously, these values represent an equilibrium solution
Finally we obtain the unique solution

G;s given by ¢(Gy7) = 0, Ty given by f(Tys) = 0 and

Gt = (a20)®W635 G = (a26)® G35
27 ()@ +@az)®(T55)] 7 20 T [(ae) P H(age) ) (155)]
T = (b24) 755 T o= (b26) T35
2 T )P =y)B(G)N] T T2 T [(hpe) P =(bre) P ((G27))]

Obviously, these values represent an equilibrium solution
Finally we obtain the unique solution

G39 given by ¢((G31)") = 0, Ty given by f(T5y) = 0 and

Gr. = (a28)®639 G = (a30)™639
28 7 [(ag)®+(azg) P (T59)] 7 30 T [(a30)®+(az) P (T5)]
T — (b28) T3 TE — (b30)®)T39
28 7 )= (G001 30 T [30)®-b30)®(G31)7)]

Obviously, these values represent an equilibrium solution
Finally we obtain the unique solution

G33 given by ¢((G3s)") = 0, T33 given by f(T53) = 0 and

583
584

585

586

587

588

589

590

591

592

593
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G (a3)®633 G (a34)©633
32 = [(a3)®+(a3)O(153)] 34 = [(234)®+(a34)©(733)]
T, (b32)©13; T, = (b34)©T5;

~ [0 ® (b5 © ((G35))] (b3 © (b3 ((G35))]
Obviously, these values represent an equilibrium solution

ASYMPTOTIC STABILITY ANALYSIS

Theorem 4: If the conditions of the previous theorem are satisfied and if the functions

594

595

(a; )@ and (b; )® Belong to C( R,) then the above equilibrium point is asymptotically stable.

Proof: Denote
Definition of G;, T; :-
Gl=GL*+(Gl VTi=Ti*+Ti

0(b )

ad
(‘”4) (Tis) = (q14)® (6 ) =sy

Then taking into account equations (global) and neglecting the terms of power 2, we obtain

d(:cla = —((@3)® + @13)P)Gy3 + (@13) PGy — (q13) V63T,
d(:cH = —((@)® + @1)P) Gy + (@) PV Gyz — (q14) P61, Ty
df% = —((@15)™ + 015)P)Gys + (@15) PGy — (q15) P65 Ty
d% = —((b13)V = (13) V) Tuz + (b13) DTy + Ei21s(sa3)) i3 G )
dz—tm = _((bﬁ)(l) - (r14)(1))'11‘14 + (b)) VT3 + 2}313(5(14)U)T1*4(Gj)
dz—tls = —((h15)® = (1) D) T15 + (b15) VTis + 212 15(505)() T15 G )

If the conditions of the previous theorem are satisfied and if the functions (a; )® and (b, )®

Belong to C®( R,) then the above equilibrium point is asymptotically stable
Denote

Definition of G;, T; :-

G, =G/ + G T, =T+ T,

0(b )( )

““”) (Tiy) = (q17)@ ((G1o)") = sy

taking into account equations (global)and neglecting the terms of power 2, we obtain

G r *
d—tm = —((@16)@ + (016) @) G + (a16) P G17 — (q16) PGy,
4G / *
—=~((@)? + @) ?)Gy7 + (@17) PGy — (1) D617 Ty
G / *

dtls = —((a18)? + (P18) @) Gyg + (a18) PGy — (q18) PG Ty7

596

597

598
599
600

601

602

603

604

605

606

607

608

609

610

611
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dT ) .

228 = —((b16)® = (116) @) Ty + (bys) DTy, + 2}216(5(16)(/)T16Gj)
dt

T ) .

= —((017)® = (7)) P)Tyy + (by7) DTy + 2}216(5(17)(])T17Gj)
dt

daT ) .

718 = —((bm)m - (Tls)(Z))Tw + (b18)(2)T17 + 2}316(5(18)0)T18¢3j)

If the conditions of the previous theorem are satisfied and if the functions (a; )® and (b, )®
Belong to ¢®( R,) then the above equilibrium point is asymptotically stabl

Denote
Definition of G;, T; :-
Gl:G;+(GIl lTiZTi*+Ti

3azD)® . b H® .
%(7}1) = (q2)® | 0—(;]-((023) ) =5

Then taking into account equations (global) and neglecting the terms of power 2, we obtain

dG ' *
dtzo = _((azo)(3) + (on)(3))G20 + (a20) Gy — (qZO)(S)GZOTZI
dG ' *
721 = —((a21)(3) + (p21)(3))((}21 + (a21) PGy — (q21) P63, Ty
dG , *
TZZ = _((azz)(3) + (pzz)(3))Gzz + (a22) PGy — (q22) P63, T
dT , *
720 = _((bzo)(3) - (7‘20)(3))Tzo + (by0)PTyy + Zfizo(s(ZO)U)TZOGj)
dT , *
=B = —((020)® = () P)Ta1 + (b21) P T + Z220(s21)() T21G)
dT , *
—2 = —((bzz)(g) - (Tzz)m)Tzz + (bzz)(3)T21 + 2}120(5(22)0)7122@1’)
dt

If the conditions of the previous theorem are satisfied and if the functions (a; )® and (b; )®
Belong to C™( R,) then the above equilibrium point is asymptotically stabl

Denote
Definition of G;, T; :-
Gl:Gl*—l—(Gl lT'i:Ti*—}_Ti

Ay ® @ 00 H®
any,  (125) = (@25)™ %,

((G)" ) = Sij

Then taking into account equations (global) and neglecting the terms of power 2, we obtain

dG ! 4 4 G + (a 4 Goye — q G, I[25

—1:24 = —((a24)( ) (p24)( )) 24 ( 24)( ) 25 ( 24)( ) 24

dG ! 4 G d — > 2
d!:25 ((aZS)(4) 4 (pZS)( )) 25 + (a25)( )G24 (‘hs)( )GZST 5

612
613
614

615

616

617

618
619
6120
621
622
623

624

625

626

627

628
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dG , .
d:a = —((az26)® + (26) ™) G + (A26) P G5 — (q26) P G36T2s
dr ' .
—Z = —((b2)® = (1)) Tas + (b2) P Tos + T 224 (5 () T4 Gy )
dr ' .
—dtzs = —((by5)™® — (125)®) a5 + (bys) DTy + 2,2224(5(25)0)7'25@;‘)
dr ' .
—dfﬁ = —((bza)m - (Tze)(4))T26 + (bzs)(4)T25 + 2]2224(5(26)(]’)T26Gj)

If the conditions of the previous theorem are satisfied and if the functions (a; ) and (b; )
Belong to C®( R,,) then the above equilibrium point is asymptotically stable

Denote

Definition of G;, T; :-

GiZGi*+Gi ’7-'i=Ti*+Ti
3az0)® . A H® .
%(Tw) = (QZg)(S) ) a—(;j( (G31)") = Sij

Then taking into account equations (global) and neglecting the terms of power 2, we obtain

d% = —((a28)® + (028)®) Gzg + (a28) ) Gpo — (q28) VG35 T19
df% = _((aé9)(5) + (p29)(5))(G'29 + (a29)(5)(G'28 - (ng)(S)GE‘)TZ‘)
d(;;% = —((a30)® + (P30)®) G0 + (a30) G20 — (430) P63 T29
T2 = —(b3)® = (129) ) Tg + (b2) P T2 + £3%00(520)) T3 G;)
T2 = —((b39)® = (129) @) Tag + (b20)PTag + T55(s 200y T59G;)
dz% = —((b30)® — (130) ) T30 + (b30)®To9 + ¥22,8(5G0)H T30 Gy )

If the conditions of the previous theorem are satisfied and if the functions (a; )® and (b; )©®
Belong to C®( R,) then the above equilibrium point is asymptotically stable

Denote
Definition of G;, T; :-
GiZGi*‘l‘Gi ’T'i:Ti*+Ti

3 (az3)® a(b; )©

W(Té'%) = (q33)©® , a_G,-( (G35)") = s

Then taking into account equations(global) and neglecting the terms of power 2, we obtain

dG3y _

Fr _((aéz)(@ + (P32)(6))G32 + (a32) @ G33 — (q32) @63, T3

629
630
631
632

633

634

635

636
637
638
639
640
641

642

643

644

645
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dG ) .
—d:3 = —((a33)@ + (p33) @) G33 + (a33) @ Gs3y — (33) @G35 T33

dG . .

—r= ~((a30)©@ + (3) @) Gy + (234) @ G33 — (434) G54 T3

T ) .
—dfz = —((b32)® — (132)©) T3, + (b32) T35 + 2,34:32(5(32)(/)T32Gj)
T ) .
—dfg = —((b33)® — (133)©) T3 + (b33) T3, + 2,34:32(5(33)(/)T33Gj)
T ) .
—dt34 = —((b34)® — (134)©) T34 + (h34) T35 + 2,34:32(5(34)(1)T34Gj)

Obviously, these values represent an equilibrium solution of 79,20,36,22,23,

If the conditions of the previous theorem are satisfied and if the functions (a; ) and (b; )"
Belong to C( R,,) then the above equilibrium point is asymptotically stable.

Proof: Denote

Definition of G;, T; :-

Gl:Gl*-i—Gl ,Ti:ﬂ*‘i"]ri
23N i N _ 7 )7 N
#(757) = (CI37)( ) ) T( (G39) ) = Sij

646

647

648

649

650

651

652

653

Then taking into account equations(SOLUTIONAL) and neglecting the terms of power 2, we obtain 654

dG ! 7 + 7 —\q G36T
_t36 = —((a36)( ) + (p36)(7))G36 (a36)( )G37 ( 36)( ) 36 437
dG ! 7 + - q G* ]I
it37 = ((a37)( ) + (p37)(7))G37 (a37)( )G36 ( 37)( ) 37 %37
dG ! 7 + - 3
t38 — ((a3 )( ) + (p38)(7))(G38 (a38)( )(GI37 (q38)( )638 ]I37
dT36

el —((b3e)" — (r36)(7))T36 + (b3e) T3y + 213236(5(36)0)T§6Gj)

655
656

657

658

659
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T
J = —((b37)? = (r37) D) T3 + (b37) VT3 + Z, 86(san(nT37G;)
T

238 = —((b3g) P = (r36) ) Tsg + (b3g) T3y + Z, 36(5(38)(1)T38G )
2.

The characteristic equation of this system is

(W9 +6,9" = GO (WD + @)™ + () ")
(@ + @0+ 0:)") (02) 765+ @000, 3 )|
<((’U(1) + (b))~ () )) sananTis +(b1)" )5(13),(14)?{4)

+ (WD + @) + @) D) @)D 61 + (@13)D (1) D614 )
(G@@+a)) —m&m)%gmﬁa+®mwkmxmﬁJ

(( )(1))2 + ((a;3)(1) + (a;4)(1) + (pB)(l) + (pM)(l)) (,1)(1))
(@) + (0™ + @) - ()P + D) W)
(DD + (@)D + (@)@ + @)D + P)D) DD) (@15)V6irs

+((A)(1) + (a3)® + (P13)(1)) ((als)(l)(CIM)(l)Gﬁ + (a14)(1)(a15)(1)(q13)(1)6f3)

<((/1)(1) + (b;g)(l) - (T13)(1)) S(14),15) T1a +(b14)(1)5(13),(15)T§3>} =0
+
(DD + 10 - @) (DD + (@ + (p,,)?)

[«m@+mQ@+@Q@M%ij+@m@@@®qQ]

! (2) * *
(((/1)(2) + () - (T16)(2)) san,anTi7 +(b17)(2)5(16),(17)T17>
+ (((/1)(2) + (@7)@ + (017)P)(q16) P61 + (alé)(z)(Q17)(2)Gf7>

! (2) * *
( (/1)(2) + () - (7‘16)(2)) san,ae)T17 + (b17)(2)s(16),(16)T16>

(((’1)(2)) + ((am) + (a17) '+ (p16)( "y (v 17)(2)) (’1)(2))
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661

662
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(DD + (1)@ + GiN® - (1)@ + (:)P) WD)
+ (((,1)(2))2 + ((a10)@ + (@)@ + (p16)@ + (p17)@) (/1)(2)) (G16)@G1g

+((/1)(2) + (a16)@ + (p16)(2)) ((als)(Z)(Q17)(2)Gf7 + (a17)@ (als)(z)(%e)(z)ci%)

<((/1)(2) + (b’m)m - (7"16)(2)) 5(17),(18)TI7 +(b17)(2)s(16),(18)T;6>} =0
+
(DD + )" = @) (DD + (@) + (0,,))

[(((A)“) (@ + (pzo)(3)) () V631 + (a)® (qzo)(”a;o)]

<((1)(3) +(b)” = G20)@) sy T +(b21)(3>s(20),(21)T§1)
+ (((/1)(3) + (a2)® + ©21)®) (q20) PG50 + (azo)(g)(CIz1)(1)G§1)
<((A)(3) + (b’zo)@) - (Tzo)(3)) 5(21),(20)T§1 + (b21)(3)5(20),(20)T50>
(D) + (@™ + @7 + ()7 + (0,,)7) D)
(@) + (@ + @07 = )@ + 2)®) WD)

+(WD) + (@) + @) + @200 + P2)®) WD) (422)P 622

+((A)(3) + (az0)® + (on)(3)) ((azz)(3)(CI21)(3)G§1 + (az1)® (ag)® (QZO)(B)G%)

NG . .
<((/1)(3) + (bzo) - (7”20)(3)) Se21),22)T21 +(b21)(3)5(20),(22)T20>} =0

+

(DD + @™ = (20P) (DD + @)™ + (p,) )
[((u)@ + @)+ (0,) ) (4) 7 635 + (az)® (q24)(4)034>]

NG « "
(((/1)(4) + (b24) - (T24)(4)) S(25),(25) T 25 +(b25)(4)5(24),(25)T25>

+ (((/1)(4) + (az25)™ + 025) @) (q20) PG54 + (az) @ (QZS)M)GES)
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@ . .
<((/1)(4) + (b24) - (7"24)(4)) S(28),24)T25 + (bzs)(4)5(24),(24)T24>

(@) + (@™ + @™ + ()" + (0,5)”) D)
(D) + (2@ + ()@ = () + (125)®) WD)
+ (((/1)(4))2 + ( (0’24)(4) + (alzs)m + (P24)(4) + (pzs)(4)) (/1)(4)) (QZG)(4)526

F(D® + (a20)® + (020)®) ((226) P (q25) VG55 + (a25)® (az6) P (q24) P G3,)

NG . .
<((/1)(4) + (b24) - (T24)(4)) S(zs),(ze)Tzs +(b25)(4)5(z4),(26)T24)} =0
+

NG v (5) (5)
((A)(S) + (bgo) - (rSO)(S)) {((A)(S) + (a30) + (p30) )
NG ) ® .. ® ..
[(((A)(S) t(a,) + (pzs) ) (qz9) Gao + (az9)® (qzs) G28>]
G 4y V@ ®) . ) s
D™+ (b,g) " — (rz) $(29),(29) 29 +(P29) "5 (28),(20) T29
+ (((/1)(5) + (a30)® + (020)®)(q28) P G35 + (aze)® (CI29)(5)62*9)
G 4y V@ ®) . ®) .
((/1) + (b))  — (rzs) )5(29),(28)T29 + (by) S(28),28)T 28

(@) + (@ + @) + ()7 + (20)7) D)
((W®) + (B3 + (b30)® = (126)® + (1)) WD)
+ (((/1)(5))2 + ( (a28)® + (a29)® + (p2)® + (Pzg)(S)) (A)(S)) (930)® G50

F((DD + (a26)® + @028)) ((@30) (q20) PG50 + (a20) (a30) ™ (q28) P G35)

! (5) * *
<((/1)(5) + (bzg) - (7”28)(5)) 5(29),30)T29 +(b29)(5)5(28),(30)T28>} =0
+

(D@ + 1,0 = 0@ (D@ + @, + (p))
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[(((A)@ @)+ (02,)®) (45) 7 633 + (03)® (q32)(6)6’§z>]

’ (6) * *
<((/1)(6) + (b32) - (T32)(6)) S(33),33) 33 +(b33)(6)5(32),(33)T33)

+ (((/1)(6) + (a33)® + (933)©)(q32) 63, + (a32)(6)(Q33)(6)G§3)

N———

NGO . .
<((l)(6) + (b32) - (T32)(6)) S(33),32)T33 + (b33)(6)5(32),(32)T32

(@) + (@ + @ + (b)) 7 + (02) ) D©)
(WO + (03)©@ + (3)® = (5)® + (15)@) W©)
+ (@) + (@)@ + (@)@ + P3)©@ + 033)@) (D) (434) @Gz

+((A)(6) + (az)@ + (p32)(6)) ((a34)(6) (433) G35 + (as3)©(az)® (CI32)(6)G§2)

+_(6) " *
<((/1)(6) + (b32) - (7”32)(6)) S(33),39) T'33 +(b33)(6)5(32),(34)T32>} =0

+

(@D + i) = E) (DD + ([@3)? + (p3)7)
(WP + (@:6)? + 36)7) (@37) V67 + (a3) P (036) 7635 )|
(WD + (b30)? = (36) )5 37,57 T7 +b37) V536,61, T )
+ (DD + @)D + B37)7) (@36) V636 + (a36) 7 (437) G35 )

(DD + 157 = (30 ?)sn,0T57 + B37) V56,36 Ts)
(WD) + ((@)® + @) + 036)? + (p3)7) (DP)

(WD) + (B3P + (bi)? = (30)7 + (3)P) W)
+ (@) + ((@)? + (@) + 36)7 + @3)7) DD (g39)V63g
HDP + (a30)” + 36)7) ((a36) 7 (437) 7 G37 + (a37) 7 (a36) (a36) 7 G36)

(((7\)(7) + (b3e)? — (r36)(7))5(37),(3a)T§7 +(b37)(7)5(36),(38)T§6)} =0

REFERENCES

wWww. ijsrp.org

86



International Journal of Scientific and Research Publications, Volume 2, Issue 8, August 2012 87
ISSN 2250-3153

(1) A HAIMOVICI: “On the growth of a two species ecological system divided on age
groups”. Tensor, Vol 37 (1982),Commemoration volume dedicated to Professor
Akitsugu Kawaguchi on his 80" birthday

(2)FRTJOF CAPRA: “The web of life” Flamingo, Harper Collins See "Dissipative
structures” pages 172-188

(3)HEYLIGHEN F. (2001): "The Science of Self-organization and Adaptivity", in L. D. Kiel, (ed)
. Knowledge = Management, Organizational Intelligence and Learning, and Complexity, in: The
Encyclopedia of Life  Support Systems ((EOLSS), (Eolss Publishers, Oxford)
[http://www.eolss.net

(4)MATSUI, T, H. Masunaga, S. M. Kreidenweis, R. A. Pielke Sr., W.-K. Tao, M. Chin, and
Y.J Kaufman (2006), “Satellite-based assessment of marine low cloud variability
associated with  aerosol, atmospheric stability, and the diurnal cycle”, J. Geophys.

Res., 111, D17204,  doi:10.1029/2005JD006097

(5)STEVENS, B, G. Feingold, W.R. Cotton and R.L. Walko, “Elements of the microphysical
structure of numerically simulated nonprecipitating stratocumulus” J. Atmos. Sci., 53, 980-
1006

(6)FEINGOLD, G, Koren, I; Wang, HL; Xue, HW; Brewer, WA (2010), “Precipitation-
generated oscillations in open cellular cloud fields” Nature, 466 (7308) 849-852, doi:
10.1038/nature09314, Published 12-Aug 2010

("YHEYLIGHEN F. (2001): "The Science of Self-organization and Adaptivity", in L. D. Kiel,
(ed) . Knowledge  Management, Organizational Intelligence and Learning, and Complexity,
in: The Encyclopedia of Life  Support Systems ((EOLSS), (Eolss Publishers, Oxford)
[http://www.eolss.net

(8)MATSUI, T, H. Masunaga, S. M. Kreidenweis, R. A. Pielke Sr., W.-K. Tao, M. Chin, and Y.
J  Kaufman (2006), “Satellite-based assessment of marine low cloud variability associated
with  aerosol, atmospheric stability, and the diurnal cycle”, J. Geophys. Res., 111, D17204,
d0i:10.1029/2005JD006097

(8A)STEVENS, B, G. Feingold, W.R. Cotton and R.L. Walko, “Elements of the microphysical
structure of numerically simulated nonprecipitating stratocumulus” J. Atmos. Sci., 53, 980-1006

(8B)FEINGOLD, G, Koren, I; Wang, HL; Xue, HW; Brewer, WA (2010), “Precipitation-
generated oscillations in open cellular cloud fields” Nature, 466 (7308) 849-852, doi:
10.1038/nature09314, Published 12-Aug 2010

wWww. ijsrp.org


http://pcp.lanl.gov/papers/EOLSS-Self-Organiz.pdf
http://dx.doi.org/10.1038/nature09314
http://dx.doi.org/10.1038/nature09314
http://dx.doi.org/10.1038/nature09314
http://pcp.lanl.gov/papers/EOLSS-Self-Organiz.pdf
http://dx.doi.org/10.1038/nature09314
http://dx.doi.org/10.1038/nature09314
http://dx.doi.org/10.1038/nature09314

International Journal of Scientific and Research Publications, Volume 2, Issue 8, August 2012
ISSN 2250-3153

(9" P ¢ Einstein, A. (1905), "Ist die Tragheit eines Kérpers von seinem Energieinhalt
abhangig?", Annalen der Physik 18:
639 Bibcode 1905AnP...323..639E,DOI:10.1002/andp.19053231314. See also the English translation.

(10)~2° paul Allen Tipler, Ralph A. Llewellyn (2003-01), Modern Physics, W. H. Freeman and
Company, pp. 87-88, ISBN 0-7167-4345-0

(11)~ 2* Rainville, S. et al. World Year of Physics: A direct test of E=mc2. Nature 438, 1096-1097
(22 December 2005) | doi: 10.1038/4381096a; Published online 21 December 2005.

(12)~ In F. Fernflores. The Equivalence of Mass and Energy. Stanford Encyclopedia of Philosophy

(13)~ Note that the relativistic mass, in contrast to the rest mass my, is not a relativistic invariant, and
that the velocity is not a Minkowski four-vector, in contrast to the quantity , where is the differential
of the proper time. However, the energy-momentum four-vector is a genuine Minkowski four-vector,
and the intrinsic origin of the square-root in the definition of the relativistic mass is the distinction

between dt and dt.
(14)" Relativity DeMystified, D. McMahon, Mc Graw Hill (USA), 2006, ISBN 0-07-145545-0
(15)" Dynamics and Relativity, J.R. Forshaw, A.G. Smith, Wiley, 2009, ISBN 978-0-470-01460-8

(16)~ Hans, H. S.; Puri, S. P. (2003). Mechanics (2 ed.). Tata McGraw-Hill. p. 433. ISBN 0-07-
047360-9., Chapter 12 page 433

(17)~ E. F. Taylor and J. A. Wheeler, Spacetime Physics, W.H. Freeman and Co., NY. 1992.ISBN
0-7167-2327-1, see pp. 248-9 for discussion of mass remaining constant after detonation of nuclear

bombs, until heat is allowed to escape.

(18)~ Mould, Richard A. (2002). Basic relativity (2 ed.). Springer. p. 126. ISBN 0-387-95210-
1., Chapter 5 page 126

(19)~ Chow, Tail L. (2006). Introduction to electromagnetic theory: a modern perspective. Jones &

Bartlett Learning. p. 392. ISBN 0-7637-3827-1., Chapter 10 page 392
(20)" [2] Cockcroft-Walton experiment

(21)~ 2" ¢ Conversions used: 1956 International (Steam) Table (IT) values where one calorie

=4.1868 J and one BTU = 1055.05585262 J. Weapons designers' conversion value of one gram TNT

wWww. ijsrp.org

88


http://en.wikipedia.org/wiki/Conservation_of_mass-energy#cite_ref-inertia_0-2
http://en.wikipedia.org/wiki/Conservation_of_mass-energy#cite_ref-rainville_2-0
http://en.wikipedia.org/wiki/Conservation_of_mass-energy#cite_ref-rainville_2-1
http://en.wikipedia.org/wiki/Conservation_of_mass-energy#cite_ref-3
http://en.wikipedia.org/wiki/Conservation_of_mass-energy#cite_ref-4
http://en.wikipedia.org/wiki/Conservation_of_mass-energy#cite_ref-5
http://en.wikipedia.org/wiki/Conservation_of_mass-energy#cite_ref-6
http://en.wikipedia.org/wiki/Conservation_of_mass-energy#cite_ref-7
http://en.wikipedia.org/wiki/Conservation_of_mass-energy#cite_ref-10

International Journal of Scientific and Research Publications, Volume 2, Issue 8, August 2012
ISSN 2250-3153

= 1000 calories used.
(22)™ Assuming the dam is generating at its peak capacity of 6,809 MW.

(23)™ Assuming a 90/10 alloy of Pt/Ir by weight, a C, of 25.9 for Pt and 25.1 for Ir, a Pt-dominated
average C, of 25.8, 5.134 moles of metal, and 132 J.K™* for the prototype. A variation of
+1.5 picograms is of course, much smaller than the actual uncertainty in the mass of the international

prototype, which are £2 micrograms.
(24)™ [3] Article on Earth rotation energy. Divided by ¢/2.

(25)" 2" Earth's gravitational self-energy is 4.6 x 10™° that of Earth's total mass, or 2.7 trillion metric
tons. Citation: The Apache Point Observatory Lunar Laser-Ranging Operation (APOLLO), T. W.
Murphy, Jr. et al. University of Washington, Dept. of Physics (132 kB PDF, here.).

(26)™ There is usually more than one possible way to define a field energy, because any field can be
made to couple to gravity in many different ways. By general scaling arguments, the correct answer
at everyday distances, which are long compared to the quantum gravity scale, should be minimal
coupling, which means that no powers of the curvature tensor appear. Any non-minimal couplings,
along with other higher order terms, are presumably only determined by a theory of quantum gravity,

and within string theory, they only start to contribute to experiments at the string scale.

(27" G. 't Hooft, "Computation of the quantum effects due to a four-dimensional pseudoparticle”,
Physical Review D14:3432-3450 (1976).

(28)™ A. Belavin, A. M. Polyakov, A. Schwarz, Yu. Tyupkin, "Pseudoparticle Solutions to Yang
Mills Equations", Physics Letters 59B:85 (1975).

(29 F. Klinkhammer, N. Manton, "A Saddle Point Solution in the Weinberg Salam Theory",
Physical Review D 30:2212.

(30)™ Rubakov V. A. "Monopole Catalysis of Proton Decay", Reports on Progress in Physics
51:189-241 (1988).

(31)"™ S.W. Hawking "Black Holes Explosions?" Nature 248:30 (1974).

(32)"™ Einstein, A. (1905), "Zur Elektrodynamik bewegter Kérper." (PDF), Annalen der Physik 17:
891-921, Bibcode 1905AnP...322...891E,DOI:10.1002/andp.19053221004. English translation.

wWww. ijsrp.org

89


http://en.wikipedia.org/wiki/Conservation_of_mass-energy#cite_ref-14
http://en.wikipedia.org/wiki/Conservation_of_mass-energy#cite_ref-15
http://en.wikipedia.org/wiki/Conservation_of_mass-energy#cite_ref-16
http://infranetlab.org/blog/2008/12/harnessing-the-energy-from-the-earth%E2%80%99s-rotation/
http://en.wikipedia.org/wiki/Conservation_of_mass-energy#cite_ref-18
http://en.wikipedia.org/wiki/Conservation_of_mass-energy#cite_ref-19
http://en.wikipedia.org/wiki/Conservation_of_mass-energy#cite_ref-20
http://en.wikipedia.org/wiki/Conservation_of_mass-energy#cite_ref-21
http://en.wikipedia.org/wiki/Conservation_of_mass-energy#cite_ref-22
http://en.wikipedia.org/wiki/Conservation_of_mass-energy#cite_ref-23

International Journal of Scientific and Research Publications, Volume 2, Issue 8, August 2012
ISSN 2250-3153

(33)™ See e.g. Lev B.Okun, The concept of Mass, Physics Today 42 (6), June 1969, p. 31—
36, http://www.physicstoday.org/vol-42/iss-6/vol42no6p31_36.pdf

(34)™ Max Jammer (1999), Concepts of mass in contemporary physics and philosophy, Princeton
University Press, p. 51, ISBN 0-691-01017-X

(35)" Eriksen, Erik; Vayenli, Kjell (1976), "The classical and relativistic concepts of
mass",Foundations of Physics (Springer) 6: 115—
124, Bibcode 1976FoPh....6..115E,DOI:10.1007/BF00708670

(36)" 2* Jannsen, M., Mecklenburg, M. (2007), From classical to relativistic mechanics:
Electromagnetic models of the electron., in V. F. Hendricks, et al., , Interactions: Mathematics,
Physics and Philosophy (Dordrecht: Springer): 65-134

(37)~ 2 Whittaker, E.T. (1951-1953), 2. Edition: A History of the theories of aether and electricity,

vol. 1: The classical theories / vol. 2: The modern theories 1900-1926, London: Nelson

(38)™ Miller, Arthur 1. (1981), Albert Einstein's special theory of relativity. Emergence (1905) and
early interpretation (1905-1911), Reading: Addison—Wesley, ISBN 0-201-04679-2

(39)* 2 ° Darrigol, O. (2005), "The Genesis of the theory of relativity." (PDF), Séminaire Poincaré 1:
1-22

(40)™ Philip Ball (Aug 23, 2011). "Did Einstein discover E = mc2?” Physics World.

(40" Ives, Herbert E. (1952), "Derivation of the mass-energy relation”, Journal of the Optical
Society of America 42 (8): 540-543, DOI:10.1364/JOSA.42.000540

(42)™ Jammer, Max (1961/1997). Concepts of Mass in Classical and Modern Physics. New York:
Dover. ISBN 0-486-29998-8.

(43)” Stachel, John; Torretti, Roberto (1982), "Einstein's first derivation of mass-energy
equivalence”, American Journal of Physics 50 (8): 760—
763, Bibcode1982AmJPh..50..760S, DOI:10.1119/1.12764

(44)~ Ohanian, Hans (2008), "Did Einstein prove E=mc2?", Studies In History and Philosophy of
Science Part B 40 (2): 167-173, arXiv:0805.1400,D01:10.1016/j.shpsb.2009.03.002

(45)™ Hecht, Eugene (2011), "How Einstein confirmed EO=mc2", American Journal of
Physics 79 (6): 591-600, Bibcode 2011AmJPh..79..591H, DOI:10.1119/1.3549223

wWww. ijsrp.org

90


http://en.wikipedia.org/wiki/Conservation_of_mass-energy#cite_ref-26
http://en.wikipedia.org/wiki/Conservation_of_mass-energy#cite_ref-V.C3.B8yenli_28-0
http://en.wikipedia.org/wiki/Conservation_of_mass-energy#cite_ref-whit_30-0
http://en.wikipedia.org/wiki/Conservation_of_mass-energy#cite_ref-whit_30-1
http://en.wikipedia.org/wiki/Conservation_of_mass-energy#cite_ref-darr_32-0
http://en.wikipedia.org/wiki/Conservation_of_mass-energy#cite_ref-darr_32-1
http://en.wikipedia.org/wiki/Conservation_of_mass-energy#cite_ref-33
http://en.wikipedia.org/wiki/Conservation_of_mass-energy#cite_ref-34
http://en.wikipedia.org/wiki/Conservation_of_mass-energy#cite_ref-37

International Journal of Scientific and Research Publications, Volume 2, Issue 8, August 2012 91
ISSN 2250-3153

(46)™ Rohrlich, Fritz (1990), "An elementary derivation of E=mc2", American Journal of
Physics 58 (4): 348-349, Bibcode 1990AmJPh..58..348R, DOI:10.1119/1.16168

(47) (1996). Lise Meitner: A Life in Physics. California Studies in the History of Science. 13.
Berkeley: University of California Press. pp. 236-237. ISBN 0-520-20860-

(48)™ UIBK.ac.at

(49)™ J. J. L. Morton; et al. (2008). "Solid-state quantum memory using the *'P nuclear
spin™. Nature 455 (7216): 1085-1088. Bibcode 2008Natur.455.1085M.DOI:10.1038/nature07295.

(50)™ S. Weisner (1983). "Conjugate coding"”. Association of Computing Machinery, Special Interest
Group in Algorithms and Computation Theory 15: 78-88.

(51)™ A. Zelinger, Dance of the Photons: From Einstein to Quantum Teleportation, Farrar, Straus &
Giroux, New York, 2010, pp. 189, 192, ISBN 0374239665

(52)™ B. Schumacher (1995). "Quantum coding™. Physical Review A 51 (4): 2738-
2747. Bibcode 1995PhRVA..51.2738S. DOI:10.1103/PhysRevA.51.2738.

(53)Delamotte, Bertrand; A hint of renormalization, American Journal of Physics 72 (2004) pp. 170—
184. Beautiful elementary introduction to the ideas, no prior knowledge of field theory being

necessary. Full text available at: hep-th/0212049
(54)Baez, John; Renormalization Made Easy, (2005). A qualitative introduction to the subject.

(55)Blechman, Andrew E. ; Renormalization: Our Greatly Misunderstood Friend, (2002). Summary

of a lecture; has more information about specific regularization and divergence-subtraction schemes.

(56)Cao, Tian Yu & Schweber, Silvian S. ; The Conceptual Foundations and the Philosophical
Aspects of Renormalization Theory, Synthese, 97(1) (1993), 33-108.

(57)Shirkov, Dmitry; Fifty Years of the Renormalization Group, C.E.R.N. Courrier 41(7) (2001). Full

text available at: 1.0.P Magazines.

(58)E. Elizalde; Zeta regularization techniques with Applications.

wWww. ijsrp.org



International Journal of Scientific and Research Publications, Volume 2, Issue 8, August 2012
ISSN 2250-3153

(59)N. N. Bogoliubov, D. V. Shirkov (1959): The Theory of Quantized Fields. New York,

Interscience. The first text-book on the renormalization group theory.

(60)Ryder, Lewis H. ; Quantum Field Theory (Cambridge University Press, 1985), ISBN 0-521-
33859-X Highly readable textbook, certainly the best introduction to relativistic Q.F.T. for particle
physics.

(61)Zee, Anthony; Quantum Field Theory in a Nutshell, Princeton University Press (2003) ISBN 0-
691-01019-6. Another excellent textbook on Q.F.T.

(62)Weinberg, Steven; The Quantum Theory of Fields (3 volumes) Cambridge University Press
(1995). A monumental treatise on Q.F.T. written by a leading expert, Nobel laureate 1979.

(63)Pokorski, Stefan; Gauge Field Theories, Cambridge University Press (1987) ISBN 0-521-47816-
2.

(64)'t Hooft, Gerard; The Glorious Days of Physics — Renormalization of Gauge theories, lecture
given at Erice (August/September 1998) by the Nobel laureate 1999 . Full text available at: hep-
th/9812203.

(65)Rivasseau, Vincent; An introduction to renormalization, Poincaré Seminar (Paris, Oct. 12, 2002),
published in: Duplantier, Bertrand; Rivasseau, Vincent (Eds.) ; Poincaré Seminar 2002, Progress in
Mathematical Physics 30, Birkhduser (2003) ISBN 3-7643-0579-7. Full text available in PostScript.

(66) Rivasseau, Vincent; From perturbative to constructive renormalization, Princeton University
Press (1991) ISBN 0-691-08530-7. Full text available in PostScript.

(67) lagolnitzer, Daniel & Magnen, J. ; Renormalization group analysis, Encyclopaedia of

Mathematics, Kluwer Academic Publisher (1996). Full text available in PostScript and pdfhere.

(68) Scharf, Gunter; Finite quantum electrodynamics: The casual approach, Springer Verlag Berlin
Heidelberg New York (1995) ISBN 3-540-60142-2.

(69)A. S. Svarc (Albert Schwarz), MatemaTudeckue OCHOBBI KBaHTOBO#H Teopuu nois, (Mathematical

aspects of quantum field theory), Atomizdat, Moscow, 1975. 368 pp.

(70) A. N. Vasil'ev The Field Theoretic Renormalization Group in Critical Behavior Theory and
Stochastic Dynamics (Routledge Chapman & Hall 2004); ISBN 978-0-415-31002-4

(71) Nigel Goldenfeld ; Lectures on Phase Transitions and the Renormalization Group, Frontiers in

wWww. ijsrp.org

92



International Journal of Scientific and Research Publications, Volume 2, Issue 8, August 2012
ISSN 2250-3153

Physics 85, West view Press (June, 1992) ISBN 0-201-55409-7. Covering the elementary aspects of
the physics of phase’s transitions and the renormalization group, this popular book emphasizes

understanding and clarity rather than technical manipulations.

(72) Zinn-Justin, Jean; Quantum Field Theory and Critical Phenomena, Oxford University Press (4th
edition — 2002) ISBN 0-19-850923-5. A masterpiece on applications of renormalization methods to
the calculation of critical exponents in statistical mechanics, following Wilson's ideas (Kenneth

Wilson was Nobel laureate 1982).

(73)Zinn-Justin, Jean; Phase Transitions & Renormalization Group: from Theory to Numbers,
Poincaré Seminar (Paris, Oct. 12, 2002), published in: Duplantier, Bertrand; Rivasseau, Vincent
(Eds.); Poincaré Seminar 2002, Progress in Mathematical Physics 30, Birkhauser (2003) ISBN 3-
7643-0579-7. Full text available in PostScript.

(74 )YDomb, Cyril; The Critical Point: A Historical Introduction to the Modern Theory of Critical
Phenomena, CRC Press (March, 1996) ISBN 0-7484-0435-X.

(75)Brown, Laurie M. (Ed.) ; Renormalization: From Lorentz to Landau (and Beyond), Springer-
Verlag (New York-1993) ISBN 0-387-97933-6.

(76) Cardy, John; Scaling and Renormalization in Statistical Physics, Cambridge University Press
(1996) ISBN 0-521-49959-3.

(77)Shirkov, Dmitry; The Bogoliubov Renormalization Group, JINR Communication E2-96-15
(1996). Full text available at: hep-th/9602024

(78)Zinn Justin, Jean; Renormalization and renormalization group: From the discovery of UV
divergences to the concept of effective field theories, in: de Witt-Morette C., Zuber J.-B. (eds),
Proceedings of the NATO ASI on Quantum Field Theory: Perspective and Prospective, June 15-26,
1998, Les Houches, France, Kluwer Academic Publishers, NATO ASI Series C 530, 375-388 (1999).

Full text available in PostScript.

(79) Connes, Alain; Symmetries Galoisiennes & Renormalisation, Poincaré Seminar (Paris, Oct. 12,
2002), published in: Duplantier, Bertrand; Rivasseau, Vincent (Eds.) ; Poincaré Seminar 2002,
Progress in Mathematical Physics 30, Birkh&user (2003) ISBN 3-7643-0579-7. French
mathematician Alain Connes (Fields medallist 1982) describes the mathematical underlying structure
(the Hopf algebra) of renormalization, and its link to the Riemann-Hilbert problem. Full text (in

French) available at math/0211199v1.

wWww. ijsrp.org

93



International Journal of Scientific and Research Publications, Volume 2, Issue 8, August 2012
ISSN 2250-3153

(80)~ http://www.ingentaconnect.com/con/klu/math/1996/00000037/00000004/00091778

(81) F. J. Dyson, Phys. Rev. 85 (1952) 631.

(82)™ A. W. Stern, Science 116 (1952) 493.

(83)™ P.A.M. Dirac, "The Evolution of the Physicist's Picture of Nature," in Scientific American,

May 1963, p. 53.

(84) ™ Kragh, Helge ; Dirac: A scientific biography, CUP 1990, p. 184

(85) ™ Feynman, Richard P. ; QED, The Strange Theory of Light and Matter, Penguin 1990, p. 128

(86)~ C.J.Isham, A.Salam and J.Strathdee, "Infinity Suppression Gravity Modified Quantum
Electrodynamics,' Phys. Rev. D5, 2548 (1972)

(87)™ Ryder, Lewis. Quantum Field Theory, page 390 (Cambridge University Press 1996).

Acknowledgments:

The introduction is a collection of information from various articles, Books, News Paper
reports, Home Pages Of authors, Journal Reviews, Nature ‘s L:etters,Article Abstracts,
Research papers, Abstracts Of Research Papers, Stanford Encyclopedia, Web Pages, Ask a
Physicist Column, Deliberations with Professors, the internet including Wikipedia. We
acknowledge all authors who have contributed to the same. In the eventuality of the fact that
there has been any act of omission on the part of the authors, we regret with great deal of
compunction, contrition, regret, trepidation and remorse. As Newton said, it is only because
erudite and eminent people allowed one to piggy ride on their backs; probably an attempt has
been made to look slightly further. Once again, it is stated that the references are only
illustrative and not comprehensive

wWww. ijsrp.org



International Journal of Scientific and Research Publications, Volume 2, Issue 8, August 2012
ISSN 2250-3153

First Author: 'Mr. K. N.Prasanna Kumar has three doctorates one each in Mathematics, Economics,
Political Science. Thesis was based on Mathematical Modeling. He was recently awarded D.litt. for his work on
‘Mathematical Models in Political Science’--- Department of studies in Mathematics, Kuvempu University,
Shimoga, Karnataka, India Corresponding Author:drknpkumar@gmail.com

Second Author: ?Prof. B.S Kiranagi is the Former Chairman of the Department of Studies in Mathematics,
Manasa Gangotri and present Professor Emeritus of UGC in the Department. Professor Kiranagi has guided
over 25 students and he has received many encomiums and laurels for his contribution to Co homology Groups
and Mathematical Sciences. Known for his prolific writing, and one of the senior most Professors of the
country, he has over 150 publications to his credit. A prolific writer and a prodigious thinker, he has to his credit
several books on Lie Groups, Co Homology Groups, and other mathematical application topics, and excellent
publication history.-- UGC Emeritus Professor (Department of studies in Mathematics), Manasagangotri,
University of Mysore, Karnataka, India

Third Author: Prof. C.S. Bagewadi is the present Chairman of Department of Mathematics and Department
of Studies in Computer Science and has guided over 25 students. He has published articles in both national and
international journals. Professor Bagewadi specializes in Differential Geometry and its wide-ranging
ramifications. He has to his credit more than 159 research papers. Several Books on Differential Geometry,
Differential Equations are coauthored by him--- Chairman, Department of studies in Mathematics and Computer
science, Jnanasahyadri Kuvempu University, Shankarghatta, Shimoga district, Karnataka, India

wWww. ijsrp.org

95



