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THE THEORY OF COLLISIONAL GATE ARRAY,
ENTANGLEMENT OSCILLATIONS IN MULTI PARTICLE
SYSTEMS, KONDO RESONANCES, INTERDOT OFF SITE

CORELATION, COLUMB INTERACTIONS, QUANTUM

DOT SYSTEMS, APPLIED BIAS BETWEEN DOTS,

LATERAL CORELATION AND LATERAL CONFINEMENT

DR K N PRASANNA KUMAR, PROF B S KIRANAGI AND *PROF C S BAGEWADI

ABSTRACT: Collisional Gate array and entanglement oscillations form the principal frontier and diurnal
dynamics of many multi particles systems. We analyze the system with respect to Kondo resonances and
Coulomb interactions and obtain results in so far as the essential predications, interfacial interference,
disembodied resemblances of the system with respect to Quantum dots. Systemic properties are analysed in
detail.

1. INTRODUCTION:
The outlay of the paper is as follows:

. Introduction

1. Formulation of the Problem

1. Statement of Governing Equations

(AVA Obtention of the solution (Body fabric of the paper)

V. Conclusions
VI. ACKNOLEDGEMENTS
VII. REFERENCES

MOLECULAR ISOTRPHY AND ARCHETYPAL Rossby wave motion calls for the anticipatory
correlation and concomitant causal association with the localized to individual lattice sites. With that, there
will be deployed conceptual significance and differential determination of the cogito with the coherent
microwave pulse generating a superposition of two internal states which are moved into opposite direction.
That happens without the solipsist nature of the bellicose and blustering particles. When they reach their next
neighbor they can interact with these atoms via controlled collsions. With the finalization of the sequence,
the atoms are brought back to their original location. In fact this realizes a massively parallel operating
quantum gate array in the multi-particle system. We take in to consideration the concomitant parametric
representationalitiesof, conformal mappings, ionic charge substitution of such classifications as Kondo
resonances, Interdot off site collision and correlation Coulomb interactions Interdot Tunneling, Lateral
confinement, Coulomb correlation, Applied bias between dots, Lateral correlation and Lateral confinement
and build a model by the consummations of all the structural compatibilities and corresponding compositions
symmetries involved. Sytemal properties are deliberated in detail.
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1L FORMULATION OF THE PROBLEM

THE ACTION OF THE COLLISIONAL GATE ARRAY AND ENTANGLEMENT
OSCILLATIONS IN MULTI PARTICLE SYSTEMS: MODULE NUMBERED ONE

NOTATION :

Gi3 : CATEGORY ONE OF THE ACTIONS OF THE COLLISIONAL GATE ARRAY
G4 : CATEGORY TWO OF THE ACTIONS OF THE COLLISIONAL GATE ARRAY
G5 : CATEGORY THREE OF THE ACTIONS OF THE COLLISIONAL GATE ARRAY

T,3 : CATEGORY ONE OF THE ENTANGLEMENT OSCILLATIONS IN THE MULTIPARTICLE
SYSTEMS

T,4 : CATEGORY TWO OF THE ENTANGLEMENT OSCILLATIONS IN THE MULTI PARTICLE
SYSTEMS

T,;5 :CATEGORY THREE OF THE ENTAGLEMENT OSCILLATIONS IN THE MULTI PARTICLE
SYSTEMS

INTERDOT OFF SITE ELECTRON CORRELATION IN DOUBLE QUANTUM DOTS AND
KNONDO RESONANCESS IN THE LOCAL DENSITY OF STATES WITHOUT ELECTRON
DEGREE OF FREEDOM

G16 : CATEGORY ONE OF INTERDOT OFF SITE ELECTRON CORRELATIONS IN DOUBLE
QUANTUM DOT SYSTEMS

G,; : CATEGORY TWO OF INTERDOT OFF SITE ELECTRON CORRELATIONS IN DOUBLE
QUANTUM DOT SYSTEMS

G1g : CATEGORY THREE OF INTERDOT OFFSITE ELECTRON CORELATIONS IN DOUBLE
QUANTUM DOT SYSTEMS

T, :CATEGORY ONE OF KONDO RESONANCES IN THE LOCAL DENSITY OF STATES WITH
OUT DEGREE OF FREEDOM

T;; : CATEGORY TWO OF KONDO RESONANCES IN THE LOCAL DENSITY OF STATES
WITHOUT ELECTRON DEGREE OF FREEDOM

T,s : CATEGORY THREE OF KNONDO RESONANCES IN THE LOCAL DENSITY OF STATES
WITHOUT ELECTRON DEGREE OF FREEDOM

PRODUCTION OF PEAKS IN ELECTRON TUNNELING BETWEEN DISCRETE ORBITAL
STATES (IN PAIRS OF SPATIALLY SEPARATED QUANTUM DOTS) AND COULOMB
INTERACTIONS BETWEEN THE PHOTOGENERATED CHARGED CARRIERS: MODULE
NUMBERED THREE:
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G,o : CATEGORY ONE OF COULOMB INTERACTIONS BETWEEN THE PHOTOGENERATED
CHARGED CARRIERS

G,; :CATEGORY TWO OF COULOMB INTERACTIONS BETWEEN THE PHOTO GENERATED
CHARGED CARRIERS

G, : CATEGORY THREE OF COULOMB INTERACTIONS BETWEEN THE PHOTO GENERATED
CHARGED CARRIERS

T,, : PRODUCTION OF PEAKS IN A ELECTRON TUNNELING BETWEEN DISCRETE ORBITAL
STATES IN PAIRS OF SPATIALLY SEPARATED QUANTUM DOTS

T,, :PRODUCTION OF PEAKS IN A ELECTRON TUNNELING BETWEEN DISCRETE ORBITAL
STATES IN PAIRS OF SPATIALLY SEPARATED QUATUM DOTS

T,, : CATEGORY THREE OF PRODUCTION OF PEAKS IN A ELECTRON TUNNELING BETWEEN
DISCRETE ORBITAL STATES IN PAIRS OF SPATIALLY SEPARATED QUANTUM DOTS

INTERDOT TUNNELING ,LATERAL CONFINEMENT AND COULOMB CORRELATIONS AND
TRANSFERRENCE OF CHARGES WHEN BIAS IS APPLIED BETWEEN THE DOTS IN
COUPLED QUANTUM DOT SYSTEMS: MODULE NUMBERED FOUR:

G,4 : CATEGORY ONE OF INTERDOT TUNNELING ,LATERAL CONFINEMENT AND COULOMB
CORRELATION

G,5 : CATEGORY TWO OF INTERDOT TUNNELING ,LATERAL CONFINEMENT AND COULOMB
CORRELATIONS

Gy : CATEGORY THREE OF INTERDOT TUNNELING,LATERAL CONFINEMENT,AND
COULOMB CORRELATIONS

T,4 :CATEGORY ONE OF TRANSFERRENCE OF CHARGE WHEN BIAS IS APPLIED BETWEEN
THE DOTS IN COUPLED QUANTUM DOT SYSTEMS

T,s :CATEGORY TWO OF TRANSFERRENCE OF CHARGE WHEN BIAS IS APPLIED BETWEEN
THE DOTS IN COUPLED QUANTUM DOT SYSTEMS

T,6 : CATEGORY THREE OF TRANSFERRENCE OF CHARGE WHEN BIAS IS APPLIED BETWEEN
THE DOTS IN COUPLED QUANTUM DOT SYSTEMS

APPLIED BIAS BETWEEN DOTS AND ENERGY SPECTRA CHARGE DENSITIES
CORRELATION FUNCTIONS FOR TWO ELECTRON SYSTEMS IN COUPLED
DOTS:MODULE NUMBERED FIVE:

G,g : CATEGORY ONE OF APLLIED BIAS BETWEEN QUANTUM DOTS
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G,9 : CATEGORY TWO OF APPLIED BIAS BETWEEN QUANTUM DOTS
G3o :CATEGORY THREE OF APPLIED BIAS BETWEEN QUANTUM DOTS

T, :CATEGORY ONE OF ENERGY SPECTRA ,CHARGE DENSITIES,CORRELATION
FUNCTIONS,FOR TWO ELECTRON SYSTEMS IN COUPLED DOTS

T,9 :CATEGORY TWO OF ENERGY SPECTRA ,CHARGE DENSITIES,CORRELATION
FUNCTIONS,FOR TWO ELECTRON SYSTEMS IN COUPLED DOTS

T30 :CATEGORY THREE OF ENERGY SPECTRA,CHARGE DENSITIES,CORRELATION
FUNCTIONS FOR TWO ELCTRON SYSTEMS IN COUPLED DOTS

LATERAL CORRELATION AND STRONG LATERAL CONFINEMENT :MODULE NUMBERED
SIX:

Gz, : CATEGORY ONE OF STRONG LATERAL CONFINEMENT
G33 : CATEGORY TWO OF STRONG LATERAL CONFINEMENT
G34 : CATEGORY THREE OF STRONG LATERAL CONFINEMENT
T3, : CATEGORY ONE OF LATERAL CORRELATION

T33 : CATEGORY TWO OF LATERAL CORRELATION

T34 : CATEGORY THREE OF LATERAL CORRELATION

(a13)(1), (a14)(1), (‘115)(1): (b13)(1): (b14)(1); (bls)(l) (a16)(2): (a17)(2), (a18)(2) (b16)(2): (b17)(2); (b18)(2)3
(azo)(3), (a21)(3), (azz)(3) , (bzo)@); (b21)(3): (bzz)(B)

(‘124)(4), (azs)@), (‘126)(4): (b24)(4); (bzs)(4): (b26)(4): (bzs)(s), (bzg)(s); (b30)(5)1(a28)(5): (029)(5); (‘130)(5),
(aaz)(m, (6133)(6)' (a34)(6); (b32)(6), (b33)(6); (b34)(6)

are Accentuation coefficients

(a13)®, (@19) D, (@15) D, (b13) D, (b1) D, (b1s)®, (@16)@, (a17)P, (a15) P, (b16)@, (b17) P, (b1g)®
 (a20)®, (a31)®, (a22)®, (b20)®, (b1)®, (by)®
(a'24)(4), (aés)(4). (alza)(4). (bé4)(4), (bés)m; (bé6)(4), (blza)(s), (bé‘))(s); (béo)(s) (alza)(s)' (alz9)(5)' (a'30)(5) ,
(a’32)(6), (aé3)(6). (a’34)(6). (béz)(@, (bé3)(6); (b§4)(6)

are Dissipation coefficients

11. STATEMENT OF THE GOVERNING EQUATIONS:

GOVERNING EQUATIONS: THE ACTION OF COLLISIONAL QUANTUM GATE ARRAYS AND
ENTANGLEMENT OSCILLATIONS IN MULTI PARTICLE SYSTEMS: MODULE NUMBERED ONE
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The differential system of this model is now

G . "
=L = (a13) V614 — [(@1)® + (a3) P (Tyy, 0] 613
dG ’ "
= = (a1)VGy3 — [(a14)(1) + (1) (T, t)]614
dGls

= (a15) MGy — [(ais)(l) + (a15) M (T, t)]Gls

d
T = (b)) DTy — [(b12)® = (b13) (G, )]Tis

dT14

= (b)) PTy3 = [(b1)® = (b1) P (G, O)]T14

daT ’ "
2B = (by5)PTyy — [(b15) P = (b15)P (G, )] Tis
+(aj3) P (T4, t) = First augmentation factor

—(by3)W(G,t) = First detritions factor

GOVERNING EQUATIONS:OF INTERDOT OFF SITE ELECTRON CORRELATIONIN
DOUBLE QUANTUM DOTS SYSTEMS AND KONDO RESONANCES IN THE LOCAL DENSITY
OF STATES WITHOUT ELECTRON DEGREES OF FREEDOM: MODULE NUMBERED TWO

The differential system of this model is now

46 . "
=L = (a16)PGy7 — [(a16)® + (a16) P (T17,)]Gae

46 . "

l = (a17)P Gy — [(a17)® + (a17) P (Ty7, )]Gy

dGls

= (a15)?G17 — [(@19)@ + (a19) P (T17,1)|G1g

T80 = (1) DTy — [(b16)® — (b16) P ((G19), £)]Tis
LI = (b)) DTy — [(b17)@ = (bi)P((619), £)]Ty7
LI = (b1g) DTy — [(b1e)® — (b13)P((619), £)]Tig

+(aje)®(T;;,t) = First augmentation factor

—(b1)@((G19),t) = First detritions factor

GOVERNING EQUATIONS:PRODUCTION OF PEAKS IN A ELECTRON TUNNELING

BETWEEN DISCRETE ORBITAL STATES IN SYSTEMS OF SPATIALLY SEPARATED

QUANTUM DOTS AND COULOMB INTERACTIONS BETWEEN PHOTO GENERATED
CHARGED CARRIERS:MODULE NUMBERED THREE:

The differential system of this model is now

a6 ) p
i = (a20)® Gy — [(a20)® + (aze) @ (Tz1, )]Gy
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e . "
=2 = (a21)®6y0 — [(@21)® + (a31) P (T2, 0)]Gas
G . "
l = (az2)® Gy — [(az2)® + (az2) B (Ty1, )] 6oy
dT.

=2 = (by) Ty — [(bzo)(3) — (b30)®(Gy3, t)]Tzo
dT. . "
= (b21) Ty = [(b21)® = (531)® (Ga3, D] Ty
dT.

=2 = (b)®Ty — [(bzz)(3) — (b3)®(Gy3, t)]Tzz
+(a'2'0)(3)(T21, t) = First augmentation factor

—(byo)®(G,3,t) = First detritions factor

GOVERNING EQUATIONS:OF THE SYSTEM TRANSFERRENCE OF CHARGE WHEN BIAS IS

APPLIED BETWEEN THE DOTS IN COUPLED QUANTUM DOT SYSTEMS AND INTERDOT

TUNNELING,LATERAL CONFINEMENT AND COULOMB INTERACTION: MODULE

NUMBEREDFOUR:

The differential system of this model is now

dG I "

i = (az4)®Gy5 — [(a24)® + (az4) @ (Tys, )] Gos
G . p

j = (az5) WG,y — [(azs)™® + (azs) @ (Tys, t)]Gos
dGZ

=2 = (ay6) W Gy5 — [(alze)m + (az6) W (Tys, t)]st
de4 = (b24)PTys — [(b20)® = (b3) P ((G27), )] Ts
des = (bys) W Ty — [(b25)® — (b35) P ((G27), t)] s

ar.
2 = (bye) D Tys — [(bze)(4) - (b26)(4)((G27) t)|T26
+(ay)®(Tys, t) = First augmentation factor

—(b3)®((G7),t) = First detritions factor

GOVERNING EQUATIONS:OF THE SYSTEM ENERGY SPECTRA .CHARGE

DENSITIES,CORRELATION FUNCTIONS FOR TWO ELECTRON SYSTEMS IN COUPLED

QUANTUM DOTS AND APPLIED BIAS BETWEEN THE QUANTUM DOTS :MODULE

NUMBEREDFIVE

The differential system of this model is now

a6 . p
=2 = (a8) P69 — [(a28) + (a26) ™ (Tog, )] Gog

a6 . p
=2 = (a9)®Gag — [(a29)® + (a39) O (T9, )] G
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dG3p

P (a30)® G — [(a30)® + (a30)® (Tao, )] G30

d r "
% = (byg) PTye — [(b26)™ — (b35) P ((G31), t)]Tag

d ! "
T8 = (by) DT — [(b39)® = (b39)® ((G31), £) T

dr, , "
= (b30) P Tag — [(b30)® = (b30)® ((G31), )] T

+(a55)®(Ty, t) = First augmentation factor

—(b3)®((G31),t) = First detritions factor

GOVERNING EQUATIONS:OF THE SYSTEM LATERAL CORRELATION AND STRONG
LATERAL CONFINEMENT :MODULE NUMBERED SIX:

The differential system of this model is now

dGzy

pr (az)©Gs3 — [(a’32)(6) + (a3,)® (Tys, 5)1632

dGz3

pr (as3)©Gsy — [(a’33)(6) + (a33)® (Tys, 5)1633

dG3s

i (a34) @Gs35 — [(@54)©@ + (a34)© (T33, )]G4

T2 = (by)OTss — [(532)® — (b52) @ ((G35), )] Tz
CB = (b3y) Ty — [(b3)® = (b3)® ((G3s), )] T
d;% = (b34)(6)T33 - [(bé4)(6) - (bg4)(6)((G35)' t)]T34
+(as,)® (T35, t) = First augmentation factor
—(b3,)®((G3s),t) = First detritions factor

V. THE SOLUTION TO THE SYSTEM IN QUESTION-THE BODY FABRIC OF THE PAPER

HOLISTIC CONCATENATED SYTEMAL EQUATIONS HENCEFORTH REFERRED TO AS
“GLOBAL EQUATIONS”

GOVERNING EQUATIONS:THE ACTION OF COLLISIONAL QUANTUM GATE ARRAYS AND
ENTANGLEMENT OSCILLATIONS IN MULTI PARTICLE SYSTEMS: MODULE NUMBERED ONE

GOVERNING EQUATIONS:OF INTERDOT OFF SITE ELECTRON CORRELATIONIN
DOUBLE QUANTUM DOTS SYSTEMS AND KONDO RESONANCES IN THE LOCAL DENSITY
OF STATES WITHOUT ELECTRON DEGREES OF FREEDOM: MODULE NUMBERED TWO

GOVERNING EQUATIONS:PRODUCTION OF PEAKS IN A ELECTRON TUNNELING

BETWEEN DISCRETE ORBITAL STATES IN SYSTEMS OF SPATIALLY SEPARATED

QUANTUM DOTS AND COULOMB INTERACTIONS BETWEEN PHOTO GENERATED
CHARGED CARRIERS:MODULE NUMBERED THREE
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GOVERNING EQUATIONS:OF THE SYSTEM TRANSFERRENCE OF CHARGE WHEN BIAS 1S
APPLIED BETWEEN THE DOTS IN COUPLED QUANTUM DOT SYSTEMS AND INTERDOT
TUNNELING,LATERAL CONFINEMENT AND COULOMB INTERACTION: MODULE
NUMBEREDFOUR

GOVERNING EQUATIONS:OF THE SYSTEM ENERGY SPECTRA .CHARGE
DENSITIES,CORRELATION FUNCTIONS FOR TWO ELECTRON SYSTEMS IN COUPLED
QUANTUM DOTS AND APPLIED BIAS BETWEEN THE QUANTUM DOTS :MODULE
NUMBEREDFIVE

GOVERNING EQUATIONS:OF THE SYSTEM LATERAL CORRELATION AND STRONG
LATERAL CONFINEMENT :MODULE NUMBERED SIX

s o (a13) [+ (a15) D (114, 8) || +(a10) ) (T17, 8) || +(a50) 32 (T3, 0)|
d—t=(a13) Gy — "N (4,4,4,4) " N(5,5,5,5,) " v(6,6,6,6,) Gis
| [+ (@) #444) (Tys, ) || +(age) 555 (T, 1) || +(az) 05 (T3, 1) | |
614 o (@) D[+ (ar) D (114, 0| | +@i) 22 (T17, ) || +(a51) O (51, 0)|
T~ (@) 6 - T (4444 7~ (5555, "~ (6,6,6,6,) G1a
_|+(a25) e (Tzs.t)| +(azq) " (ng,t)||+(a33) o (T33,t)|_
s _ (o g (a15) P+ (a15) D (114, 6) || +(a1) 2 (T17, 8) || +(a5) O3 (T30, 1)
= a5 14— 15
d " " "
: | [+(a20) #444) (Tys, )| +(a0) 355 (T, )| +(a24) 550 (T35, ) |

Where ‘ (aj3) P (T4, t) || (a)) P (Ty4, ) | , | (a1s) D (Tyq, t) ‘ are first augmentation coefficients for category
1,2and 3

‘+(a'1'6)(2'2') Ty, t)| , | +(aj;)#¥) (T, t)| , |+(a'1'8)(2'2') (Ty7,t) ‘ are second augmentation coefficient for
category 1, 2 and 3

‘+(a'2'0)(3'3')(T21,t)|,|+(a'2'1)(3'3')(T21,t) +(a'2'2)(3'3’)(T21,t)|are third augmentation coefficient for

category 1, 2 and 3

’

|+(a§4)(4'4'4'4')(T25, t)| , |+(a'2'5)(4'4'4'4')(T25, t)| , | +(aze) @44 (Tys, t) | are fourth augmentation coefficient
for category 1, 2 and 3

|+(a'2'8)(5'5'5'5')(T29,t) | ,|+(a'3'0)(5'5'5'5')(T29, t)| are fifth augmentation coefficient

for category 1, 2 and 3

+(az9) 55 (T, t)

|+(a§2)(6'6'6'6')(T33, t) | ‘+(a§3)(6'6'6'6') (Ts3, t)‘ , ’+(a'3'4)(6'6'6'6') (Ts3, t)‘ are sixth augmentation coefficient
for category 1, 2 and 3

s " (512 =b1) DG, O] [=(b1) #* (619, D)]|- (b20) 4 (63, D)

—_— = b T - " " " T
dt (bra) s |—(b24)(4'4'4'4')(G27,t)H—(bze)(s‘s‘s‘s‘)(Gm,t)”—(b32)(6‘6‘6‘6‘)(635,t)’ v
M _ g 3o GG PG 0] [~ G 0] GV G0 |
= 14 13 — m m m 14
« | [ (b25) 444 (7, 1) || —(b0) ®55%) (G0, ) ||~ (b33) @559 (G35, 1) ||
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(b15) V= (1) D (G, D] [~ (b19)# (G1o, )] |- (B32) 33 (G5, D)
[Z(03) ™) (G,y, 0|~ (035555 (631, O]~ (b3) @59 (6o, 0] |

dT
Tls = (b15)(1)T14 -

Where|—(b13) (G, 1)),
and 3

—(b1) P (G, t) | ) | —(b1s) P (G, t) | are first detrition coefficients for category 1, 2

|—(bf6)(2'2')(619, t) | —(b17) %) (Gyo, t) |,|—(bf8)(2'2') (Gro, t)l are second detrition coefficients for

category 1, 2 and 3

|—(b§0)(3'3')(623, t) |,|—(b§1)(3'3')(623, t) |,|—(b§2)(3'3')(623, t) | are third detrition coefficients for category
1,2and 3

|—(b§4)(4'4'4'4')(G27, t) |,|—(b§5)(4'4'4'4')(627, t) ‘ —(byg) 4444 (Gyy, t) ‘ are fourth detrition coefficients for

category 1, 2 and 3

|—(b§8)(5'5'5'5')(G31, t)‘ , | —(byo)B>5%) (G, t)| , | —(b3g) %) (G5, 1) | are fifth detrition coefficients for
category 1, 2 and 3

| =(b3) 558 (Gag, 1), | = (b33) ©55%) (G5, D) |, | = (b34) ©**) (Gys, £) | are sixth detrition coefficients for
category 1, 2 and 3

2 = (1) PG (@16) @[ +(a16) @ (T17, ) || +(@i3) M1 (114, 6) || +(a3) (T, )|

— = Qg6 17 — - - u 16
a | +@a5) @+ (Tys, O |[+(a35) ©5559) (Tho, ) || +(az) @568 (T3, )|

tor _ (o g (@) P+ @) P (M7, ][ +(a1) W (T, O] [+(a5) 39 (T4, 0)]

—— = \a4y7 16 — i m 7 17
at | +(a55) D (Tys, 0)|[+(a59) E5555) (Tao, ) || +(az3) @568 (Ty, )|

o _ oy (@1) @] (@10) @ (P17, )| [ +(@1) D (T O] +@2) 0T, )] |

= (ag 17 — — — — 18

a |+(a26)(4’4’4’4’4)(T25» t) | +(az) ) (T, ) ||+(a34)(6’6’6'6'6) (Ts3, 1) |

Where ‘ +(ajg) P (Ty7,t) | , | +(a;;) P (T, t) |,|+(a'1'8)(2)(T17, t) ‘ are first augmentation coefficients for
category 1, 2 and 3

|+(a'1'3)(1'1') (Tya, t)l , ‘+(a'1'4)(1'1') (Tya, t)| , ‘+(a'1'5)(1'1') (Tya, t)| are second augmentation coefficient for
category 1, 2 and 3

|+(a'2'0)(3'3'3)(T21,t)|, +(ay;) 33D (Tyy, 1) ,|+(a'2'2)(3'3'3)(T21,t)|are third augmentation coefficient for

category 1, 2 and 3

|+(a'2'4)(4'4'4'4'4)(T25, t) |,|+(a'2'5)(4'4'4'4'4)(T25, t) |,|+(a'2'6)(4'4'4'4'4)(T25, t)| are fourth augmentation
coefficient for category 1, 2 and 3

|+(a55) 5559 (Tyg, )| [+(a30) S5559) (Ty, )|, | +(a3) ©5559) Ty, )| are fifth augmentation
coefficient for category 1, 2 and 3

|+(a3,)©0559) (Tyg, )| [+(azs) ©4000) (Taz, £)] | +(a34) @455 (T4, )| are sixth augmentation
coefficient for category 1, 2 and 3
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s _ g, o b1 P[P G10,0)] |-GV G,0|- i) G 0)] |

T4t 16 17— 0 0 0 16
“ I —(bya) 4 (G, 1) H —(bg) ®>>9) (G, 1) || —(b3) 050 (G5, 1) ‘

s _ gy o B[~ BD® G0, 0] [~ V6,0 - )P G0 |

a7 16 — 7 T 7 17
a ‘ —(bys) 44 (G, 1) H —(bye) ®>*) (G4, 1) H —(b33) 050 (G5, 1) ‘

s _ o, o b1 @[ =Gl ® G10,0)] |-V G,0||- 0 G 0)] |

T4t 18 17— 7 0 0 18
“ ‘ —(bye) 4 (G, 1) H —(b30) 9 (G, 1) || —(b3s) 050 (G5, 1) ‘

where| —(b7) @ (Gyo, )| | =(01,)? Gy, )| |~ (b15) @ (Gyo, 1)| are first detrition coefficients for
category 1, 2 and 3

|—(bf3)(1'1')(6, t) ‘ ,|—(bf4)(1'1')(6, t)l , | —(bys) (G, t)| are second detrition coefficients for category 1,2
and 3

| = (530)B33 (Ga3, )], | = (7)) (G, D) |, | = (b52) B33 (6,3, 0) | are third detrition coefficients for
category 1,2 and 3

|—(b§4)(4'4'4'4'4)(G27,t) H—(b;'s)(4'4'4'4'4)(627, t) |,|—(b;'6)(4'4'4'4'4)(627,t)‘ are fourth detrition coefficients
for category 1,2 and 3

| = (53) 55559 (Gay, D), [ = (b39) ©5559) Gy, )|, | = (b30) ®5555) (Gay, ) | are fifth detrition coefficients
for category 1,2 and 3

|—(b§2)(6'6'6'6'6)(635,t) H—(b;'3)(6'6'6'6'6)(635, t)| ,‘—(b§4)(6'6'6'6'6)(635, t)| are sixth detrition coefficients
for category 1,2 and 3

o “ (a20) @] +(a30) @ (Ta1, )| +(a1) **2 (P17, )| +(a1) M (T, )|
4620 _ (4,0) PGy — - - - G
dt 20 2 ‘ +(aq) WD (Tys, £) || +(a29) 235 (T, ) H+(a32)(6’6’6’6’6’6) (Ts3, 1) | 20
101 _ 0 G (@) V() T2, O|[+@) O30T, O | @) DT, 0)] |
= az 20 © 0 " " 2
a ‘ +(aps) D (Tys, 1) H +(az9) 22559 (T, t) | | +(ag3) @008 (T35, t) ‘
do2 _ (o 006 (a22) V] @22) O M1, O] |+ (@10) 22Ty, O || @) M0 T 0]
e \dz2 21~ ,, 0 " 22
a ‘ +(az6) Y (Ts, 1) ‘ | +(az) %) (Tyo, t) H +(az)©00068) (T35, 1) ’

|+(a'2'0)(3)(T21,t) |,‘+(a'2'1)(3)(T21, t) |,|+(a'2'2)(3)(T21, t)‘ are first augmentation coefficients for category
1,2and3

| +(a16) 2D (Ty7, 1)
category 1, 2 and 3

+(ay;)#*2(Ty,, t)| : |+(a'1'8)(2'2'2)(T17, t) ‘ are second augmentation coefficients for

’
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[+ (a13) 1) (T, £)
category 1, 2 and 3

| +(ay ) B (Tyy, t) |,|+(a'1'5)(1'1'1') (Tya, t)‘ are third augmentation coefficients for

| +(a5) @449 (Tys, 0|, [+(a55) 4449 (Tys, 0|, |+ (a56) #4449 (Tys, 1) | are fourth augmentation

coefficients for category 1, 2 and 3

|+(a5s) B335 (Tyg, ) || +(a30) S55559) (Tyy, )|, |+ (a39) ©3355) (T, 1) | are fifth augmentation
coefficients for category 1, 2 and 3

| +(a3,) @000 (Tyy, )|, [+(a33)©00000) (Tas, 0) || +(az,) ©6666 (T4, ) | are sixth augmentation
coefficients for category 1, 2 and 3

i _ O (b20) [ =(b30)® (3, D] |- (b16) 2*? (610, 0| |- (b13) (G, )| .
o W20 21~ z z R 20
a | = (B5) 44449 (Gag, D) || = (B25) ©55559) (Gay, ) || = (b3,) ©05559) (G35, 1) |
i _ ) O (03P = (030 ® (63, D |- (b1) 2 (Gr, O)|[- (1) " (6, 1) .
= 21 20 — m m m 21
a | = (b)) 4444 Gy, 1) || = (o) B55555) (Gay, 1) || = (b33) ©O5559) (G5, 1) |
it _ o (b3) [ =(05)® (63, || (1) 2*? (610, )| |- (b1) (G, )| .
- 022 21~ z z R 2
a | = (be) #4449 (Gaz, D) || = (b30) ©55559) (Gay, 1) || = (b34) ©O5559) (G35, 1) |

|=(530)® (Ga3, )], [ = (13)P (Ga3, )| ,| = (B52)®(Gas, )| are first detrition coefficients for category 1, 2

and 3

|—(bi’6)(2'2'2)(619, t) | , |—(bf7)(2'2'2)(619, t)| , ‘—(bfg)(z'z'z)(Glg, t)‘ are second detrition coefficients for
category 1,2 and 3

|—(b{'3)(1'1'1')(G, t) | ,|—(bf4)(1'1'1')(6, t)‘ , ‘—(bfs)(l'l'l’) (@, t)| are third detrition coefficients for category
1,2and 3

—(p) 444444) _(p 444444 —(p) ) 444444) iti

2 ) b ’ )
|—(b30) (G7, )} —(B35) (Go7, )| = (B3e) (Gy7,t)| are fourth  detrition
coefficients for category 1, 2 and 3

| () 555559 (Gay, O] | = (bpe) 55559 (Gay, 0)], [~ (b50) ©55559(Gyy,0)| are  fifth  detrition
coefficients for category 1, 2 and 3

| —(b3) 56668 (Gag, )] | = (b33) ©66668) (Gag, £)] | —(b3,) 66668 (Gag, )| are sixth detrition coefficients

for category 1, 2 and 3

Ao _ (0 g (@)@ +(a30) P (Tys, D] [+(a30) &%) (Tyo, 1) || +(a3) @ (T3, 1)
= \d24 25 — - m m 24
de | |+(a13)(1'1'1'1)(T14, t) ‘ +(a16) @3 (Ty7, 1) H+(a20)(3'3'3'3)(T21, t) ‘
Q6o _ o g, _ | @)@ s, O +@20) ) (T ]| 43000 T2, 1)
= \lzs 24~ z z " 2
dt | | +(ay) VD (T, 1) ||+(a17)(2'2'2'2)(T17, t) ||+(a21)(3'3'3'3)(T21, t)|
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(a,26)(4)| +(az6)™ (Tys, 1) H +(az0) > (Tyo, ) H +(a34) ) (Tz3, t) ‘
7T " T 26
[ (a19) WD (T, 0| +a1p) @222 Ty, )| +(a5) G2 (T, )|

ar (a26) PG5 —

Where |(a'2’4)(4) (Tys, t) l, (a35)® (Tys, t) |,| (a36)® (Ts, t)‘ are first augmentation coef ficients for ca

|+(a;8)(5'5') (Tyo,t) |,|+(a;9)(5'5') (Tyo,t) |,|+(a§0)(5'5')(T29, t) l are second augmentation coef ficient fo

|+(ag2)(6'6') (T3, t) l ,I +(az3)®®) (Ts3, 1) |,|+(a;4)(6'6') (Ts3, t) l are third augmentation coef ficient for

|+(a'1'3)(1'1'1'1)(T14, t)|,|+(a'1'4)(1'1'1'1) (Ty4,t) | +(ays) DT, t)‘ are fourth augmentation coefficients

for category 1, 2,and 3

|+(a'1'6)(2'2'2'2)(T17, t) | | +(ay,)#*2D(Ty,, t) |,|+(a'1'8)(2'2'2'2)(T17, t)| are fifth augmentation coefficients for
category 1, 2,and 3

|+(a'2'0)(3'3'3'3)(T21, t) | |+(a'2'1)(3'3'3'3)(T21, t) | ‘+(a;2)(3'3'3'3) (Tpq, t) ‘ are sixth augmentation coefficients
for category 1, 2,and 3

Ty | BP0 P (G, O] [~(03) 5 (a1, D)]| - (032) 2 (G5, 0)|
dt = (b24) ™5 = TSALL) TN2222) "N(333) Tas
| =)D G, )| =) @2 (Gro, O] - (b20) 239 (G5, D) |
AT _ o sy, _ |2 20 DG, O] |- 02) G || i) G ) |
— = W5 24 7 " " 2
dt | =GPV, 0] | = (b)) ##2P (Gro, )| - (b3) 23D (G, 1) |
o5 _ v (52) ¥ =(b30) @ (a7, D] [~ (B3) &%) (1, D] - (B5) ) (G5, D)
- 26 25 7 T I m 26
dt | =B DG, 0] [~ (i) P2 (Gro, D) || - () O3 (Gaa, D)

Where |—(b§4)(4)(627, t) |,|—(b;5)(4)(G27, t) ‘, —(bys) @ (Gyy, t) ‘ are first detrition coef ficients for ca

’

|—(b£8)(5'5')(631, t) |,|—(b;9)(5'5') (Gs31,8)|,| = (b30) 5 (G4, t)‘ are second detrition coef ficients for ca

|—(b§2)(6'6')(635, t) |,|—(b§3)(6'6')(635, t) |, —(b34)®® (G35, 1) ‘ are third detrition coef ficients for cate,

= (1) 16, O [= (1) D6, D) [ = () D6, )|
are fourth detrition coef ficients for category 1,2 and 3

[= (1) #*2D (Gro, O] [~ (B D P22D (G1o, D)} [~ (b1) #**2 (G0, 0|
are fifth detrition coef ficients for category 1,2 and 3

b

|— (bgo)(3'3'3'3)(023, t) I, - (bg1)(3'3'3'3)(623; |- (bgz)(3'3'3'3) (Gg3,1) |
are sixth detrition coef ficients for category 1,2 and 3
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(@26) )| +(a56) P (To, O |[+(a) #*) (Tys, )] | +(a5) @09 (T3, )|
" T T, 28
[ +(a13) 12D (T, ][ +(a16) #2222(Ty7, ) || +(a50) 33333 (Tyy, 1) |

dG
—dtzg = (azs)(S)ng -

4Gz (a29)®6 (a,29)(5)| +(a29)® (To, 1) l | +(az5) ) (Tys, ©) l | +(az3) 00 (T35, 1) | G
= ly9 28~ z z " 29
dt _ | +(al )LD (T, D) || +(aj,) 2222 (T, ) H +(ay;) 33333 (T,,, t) | _
G . (a30) | +(a30) D (Ta9, 0) || +(az36) ) (T35, 0) || +(a30) > (T3, 1) |
= (a Gyg — 0 7 0 G
at (a30)™Gag |+(a15)(1'1'1'1'1)(T14,t)||+(a18)(2'2'2'2'2)(T17,t)||+(a22)(3'3'3'3'3)(T21,t)| 30

Where |+(a£8)(5)(T29, t) |,|+(a;9)(5)(T29, t) |,|+(a;0)(5)(T29, t) ‘ are first augmentation coef ficients fi

And |+(a5,)#*) (Tys, t)

+(ays) 44 (Tys, t) |,|+(a;6)(4'4') (Tys, t)‘ are second augmentation coef ficier

’

|+(a§2)(6'6'6)(T33, t) | ,l +(a33) 00 (Tas, t) |,|+(a§4)(6'6'6)(T33, t) | are third augmentation coef ficient f.

| +(a13) DT, O] [+ (@) P (Tyy, O ) [+(a)) WD (T, )| are fourth augmentation
coefficients for category 1,2, and 3

"

| +(a16) ®%%22 (Ty7, O] | +(a17) ##22D(Ty7, ) || +(a)s) #2222 (T, t) | are fifth augmentation coefficients
for category 1,2,and 3

| +(a50) 33333 (T, O} [ +(a) 33333 (Tyy, )] | +(a5,) B3333(Ty, )| are sixth augmentation
coefficients for category 1,2, 3

T _ g oy, _ | E) =GOy O] [703) " Gy, O] GG D) |,

— = (D2 29 m m m 28
dt | =) DG, )] [ = (1) #2#2P (Gro, D] [ () P339 (Gys, )|

Ty oy g, | E) 20O Car, O] [~ C3s) DGy, O] i) O Gas )] |

- 29 28 7 m m m 29

d | =) DG, 0] | = (b)) #2222 (Gio, 0)||- ()O3 (G, 1) |

LETR (b30)®[ = (b30)® (Ga1, )| | = (b36) “*) (627, D) || - (B50) 0D (G35, 1)

P 30 29 — T m T 30
dt | =013 G, )| [~ (1) 222D (Gro, B) || - () O3 (Ga O]

where |— (byg)®(G31, t)| = (b39) P (G54, t)| ,|—(b§0)(5)(631,t)‘ are first detrition coef ficients

for category 1,2 and 3

|—(bg4)(4'4')(627, t) |,|—(b;5)(4'4') (Gy7, 1) |,’—(b;6)(4'4') (Gy7, t)‘ are second detrition coef ficients for ca

|—(b§2)(6'6'6)(G35, t)|,|—(b§3)(6'6'6)(635, t)|,|—(b§4)(6'6'6)(635, t)| are third detrition coefficients for

|—(bf3)(1'1'1'1'1)(6, t) |,|—(b;'4)(1'1'1'1'1)(6, t)‘ ,|—(bf5)(1'1'1'1'1')(G, t)| are fourth detrition coefficients for
category 1,2, and 3

| = (b16) 222D (Gyq, ) || = (b17) @222 (Gyo, 1)}, | = (b1s) 222D (G4, t) | are fifth detrition coefficients for
category 1,2, and 3
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|— (byo) 33333 (G5, 1) | ‘— (b31)B3333) (G, t) |,|— (byy)B3333) (G, t) | are sixth detrition coefficients for
category 1,2, and 3

%5 — (@)@ (a32) ]+ (a52) O (T3, 0| | @) 59 (T, )| [ + (@) 49 (T, 0] |
= \asz; 33~ 0 " " 32
dt I +(ag3) VD Ty, t) I | +(a16) #*+22) (Tyy, t) || +(az0) 333333 (Tyy, 1) |
4055 _ (o (a5) ] (035) ) (T3, O +(a29) 5T, O] | H(a2) 40 (T 0] |
= 33 32~ 0 z " 3
dt |+ (@) VAT, 0) || +(aiy) G222 (T, 6) || +(a5)) B32333) (T, 1)
465 _ (o (a39) |5 (T3, 0| | +a30) 5 (T, )| [ + (@) 49 (T, 0] |
= a3q 33— - - - 34
dt |+ (@) PAID (T, 0) || +(a1e) #2222 (T, 6) || +(a5) 23339 (T, )|

|+(a§2)(6)(T33,t) |,|+(a;3)(6)(T33, t)|,|+(a§4)(6)(T33,t)‘ are first augmentation coef ficients for cate

|+(a'2'8)(5'5'5)(T29, t) | ,l +(a59) %) (Tyo, t) | +(az9) G55 (Tyo, t) | are second augmentation coef ficients

|+(a£4)(4'4'4')(T25, t) | ,l +(ays) @44 (Tys, t) |,|+(a;6)(4'4'4')(T25, t)| are third augmentation coef ficient:

| +(a13) D (1, O] [+ (ag) WD (Tyy, O ) [+(a)5) PP (T, )| - are fourth augmentation
coefficients

| +(a15)®22222(Ty7, O] [+ (a17) #2222 (Ty7, )| [+ (a15) 222222 (Ty;, )| - fifth augmentation
coefficients

b

|+ (a30)@33333) (Tyy, )| | +(a51) B33339 (T, )} | +(az) 33333 (T, £)| sixth augmentation

coefficients
T o o (b52) | =(52) O (G O () 9 (651, 0] |- bs) G 0] |
- 32 33 — m m m 32
dt | = (b ) WL (G, 0)| [ = (b1g) B2222D) (Gyo, £) | |- (B39) B33 (63, 1)
ATy o oy, _ | ) ) OGas O )5 G || o) M0G0 |
—; — (D33 32— - — — 33
dt | = (b)) OV (G, 0)| |~ (b1,) 22222 (Gyo, £) |- () B3333D Gy, 1) |
AT _ o o (b34)©| = (b3) @ (Gas, O) || = (b50) ®> (631, )| |- (b26)“** (Ga, )| .
- 34 33 — m m m 34
dt | = (b1 ) WD (G, £)] [ = (bys) B2222D) (6o, £)] |- (b52) 333333 (Gys, 0)

|—(b§2)(6)(635,t)|,‘—(b;3)(6)(G35,t)‘ ,|—(b§4)(6)(635,t)| are first detrition coef ficients for categor

|—(b§8)(5'5'5)(631, t) |,|—(b;’9)<5'5'5) (G31,t) | ,| —(b30) > (G3y, t)| are second detrition coef ficients for

|—(bg4)(4'4'4')(627, t) |,|—(b;5)(4'4'4')(627, t) |,|—(bg6)(4'4'4')(627, t)| are third detrition coef ficients for

|—(bf3)(1'1'1'1'1'1)(G, t)|,|—(bf4)(1'1'1'1'1'1)(G, t)|,|—(b;'s)(l'l'l'l'l'l)(G, t)| are fourth detrition coefficients
for category 1, 2, and 3
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|_(bi’6)(2,2,2,2,2,2)(619’ t) |, |—(bi’7)(2’2’2’2’2’2)(619, t) I,
coefficients for category 1, 2, and 3

—(by) @22222) (G, ¢) | are fifth detrition

= (byg)B33333) (G, )| |- (by)B33333)(Gyg, £) || - (byy ) B33333) (G5, t) | are sixth detrition
20 21 22
coefficients for category 1, 2, and 3

Where we suppose
@) (@), (@)®, @)®, eV, )P, (M > o,
i,j =13,14,15
(B) The functions (a; ), (b; )® are positive continuous increasing and bounded.
Definition of (p)®, (;)®:
(@)1, ) < O™ < (A13)®
(BHVEG O < (D = B)D < (Biz)®
©  limyon(a)® (T, 0) = @)
limg e (b ) (G,0) = ()@
Definition of (A3 )@, (By3)® :
Where|(4;15)®, (B13)D, ()™, (1,)™|are positive constants and

They satisfy Lipschitz condition:

1(a; YO (T14, ) = (] YO (Tyg, )] < (oyz ) DTy — Tyyle= (M)
16 YD(G,6) = (B YV(G, )] < (ki3 )D|IG — G'||e~(F13) Pt

With the Lipschitz condition, we place a restriction on the behavior of functions
(a; YD (Ty,,t) and(a; )P (Tyy,t) . (Tys, t) and (T4, t) are points belonging to the interval
[(Ry3)D, (M5 )] . 1t is to be noted that (a; )™ (Ty4, t) is uniformly continuous. In the eventuality of the

fact, that if ( M3 )@ = 1 then the function (a; )V (T4, t) , the first augmentation coefficient WOULD be
absolutely continuous.

Definition of ( M3 )@, (ky3)M :
(D) (My3)D, (ky3)D, are positive constants

@® @
(M13)® 7 (M33)D

Definition of ( P;3 )™, (0y3)® :

(E) There exists two constants ( P;3 ) and ( Q3 ) which together
with (M;3)D, (ky3)D, (A;3)® and (B3 )™ and the constants
(@)@, @)@, )@, B)®, @)™, (), i = 13,1415,

satisfy the inequalities

WWwWWw.ijsrp.org
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1 , X . X
el (@)® + (@)® + ()P + (P3)D (ky3)P] < 1

m[ B)D + BV + (B3)D + (013)D (k3)P] <1
Where we suppose
(F) @)@, (@)D, (@)D, )P, BYD, )P >0, i,j=1617,18
(G)  The functions (a; )@, (b; )@ are positive continuous increasing and bounded.

Definition of (p))®, (r;)®:
(@)D (Ty7,0) < ()@ < (A6 )(2)
(b )P (Gro,t) < ()P < ()P < (Bys)®
(H)  limp,oe(a)@ (717, 0) = (p)@
limg e, (b; )® ((Gro),t) = (1)@
Definition of (A16 )(2)' ( By )(2) .

Where|(‘¢i16 )@, (Bis)?, (p)P®, ()@ lare positive constants and [i = 16,17,18

They satisfy Lipschitz condition:

1(a; YD (17, 8) = (] )P (Ty7, )] < (ki )P|Ty; — Tiple~(Me) @

16 )P ((G19), ) = (b YP((G19), £)] < (K16 )P1(Gro) — (Gyo)' |16 Pt

With the Lipschitz condition, we place a restriction on the behavior of functions (a; ) (T, t)
and(a; )@ (Ty7,t) . (Ty7,t) and (Ty7, t) are points belonging to the interval [( ki )@, (M6 )P] . Itisto
be noted that (a; )@ (T;5, t) is uniformly continuous. In the eventuality of the fact, that if ( ;5 )@ =1
then the function (a;' YA (Ty,,t) , the SECOND augmentation coefficient would be absolutely continuous.

Definition of (M4 )@, (k)@ :
) (M) P, (k16 )@, are positive constants

@® )@
(M16)® 7 (M16)P

Definition of ( P;3 )@, (03)@ :

There exists two constants ( B¢ )@ and ( 0,4 )@ which together
with (M6 )@, (k16 )@, (A16)Pand (B )P and the constants
(@)@, (@)@, 1)@, )P, )P, (1)®,i=16,17,18,

satisfy the inequalities

1

(M16)® [@)P +@)P + (Ais)P+ (Ps)® (kis)P] < 1

! ! D A ~
Gl @@+ B)P + (Bi)® + (Q16)® (kie)PI <1

Where we suppose

) @)®,(@)®, (@)®, (B, b)), (b H® >0, i,j=202122
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The functions (a; )®, (b, )® are positive continuous increasing and bounded.
Definition of (p)®, (;))®:
(@)P (M0, 6) < PP < (Ay0)®
(B)P (G2, ) < (1D < (B)P < (Bz)®
limy, o (a; ) (Ty1, ) = (p)®
limg o (b )P (G23,8) = ()P
Definition of ( Az )®, (B )™ :
Where I(AZO )3, (Byo )P, ()P, (r)® | are positive constants and

They satisfy Lipschitz condition:

1(a; Y® (T30, 0) = (@] )P (Ty1, ] < (kgo )P|Tyy — Ty le™ (200
16 ) (Ga3 1) = (b )P (Ga3, )] < (fego )P|Gas — Gog' [|le= (20Dt

With the Lipschitz condition, we place a restriction on the behavior of functions (a;' YO (Tyy,t)

and(a; )®(Ty,t) . (Tyy, £) And (T,y, t) are points belonging to the interval [( ko )®, ( My )®] . Itis to
be noted that (a; )® (T, t) is uniformly continuous. In the eventuality of the fact, that if ( M,, )® = 1
then the function (a; )®(T,,t) , the THIRD augmentation coefficient, would be absolutely continuous.

Definition of ( Mo )®, (ko ) :
(K) (M )P, (kyo )P, are positive constants

@)® 6P
(M30)®) 7 (M20)®

There exists two constants There exists two constants ( P, ) and ( 05, ) which together with
(M), ()P, (Ay0)Pand ( By, )@ and the constants

(@)®,(@)®, ), 1)@, @)D, )D,i=20,21,22,

satisfy the inequalities

1

(Fg0)® [(a)® + (a;)(S) + (A0)® + (Py)® (hpo )P < 1

1

(M30)® [ )P+ B)® + (By)® + (020)® (k)P <1

Where we suppose
@)™, (@)@, @)®, )™, G)®, )P >0, i,j = 242526
(M) The functions (a; ), (b, )™ are positive continuous increasing and bounded.
Definition of (p)®, (r,)®:
(@)W (T, t) < P < (Ap4)®

(b )P ((G7) 1) < ()W < (B)W < (B )®
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(N) limg, e (a; )® (Tys, 1) = (p)®
limg e, (b; )™® (G, t) = ()W

Definition of ( Ay, )™, (Byy )® :

Where | (A )®, (B )P, ()@, ()W | are positive constants and [i = 24,25,26

They satisfy Lipschitz condition:

1(a; )P (Tys, ) — (a; )P (Tys, 0] < (kpg )P|Tys — Tpsle™ (M)

15 B ((G27) ) = (B YP((G22), £)] < (ko YPI(Gp) — (Go7) [Je™ (24Pt

With the Lipschitz condition, we place a restriction on the behavior of functions (a;' YB(Tys, t)
and(a; )® (Tys,t) . (Tys, t) and (Tys, t) are points belonging to the interval [(ka4 )®, (M2, )®] . Itis to
be noted that (a; )™® (T,s, t) is uniformly continuous. In the eventuality of the fact, that if ( My, )® = 4
then the function (a;' Y#(Tys,t) , the FOURTH augmentation coefficient WOULD be absolutely
continuous.

Definition of ( My, )™, (k24 ) :
(My )P, (ks )@, are positive constants

@® _pp®
(M24)® 7 (M4 )H

Definition of ( By, )™, ( 04 )@ :

Q) There exists two constants ( P,, )™ and ( 0,4 )™ which together with
( My, )(4),,( k)@, (A24)(4)and ( By, )™ and the constants
(ai)(4)' (ai)(4)' (bi)(4)l (bi)(4)' (pi)(4)' (Ti)(4), i= 24,25,26,
satisfy the inequalities

1

W[(ai)% @)D+ (Ay)® + (Pyy)® (Rpy )] < 1

1 ’ -~ ~ ~
@ L b + ()P + (B )P+ (Q2a)® (kza)®] <1
Where we suppose
(ai)(S)' (a;)(S)’ (a;' )(5)’ (bi)(S)l (b;)(S)’ (bl” )(5) > Or lr] = 28)29)30
(S) The functions (a; )®, (b, )*® are positive continuous increasing and bounded.
Definition of (p,)®, (;))®:
(a; )® (T, 0) < () < (Apg)®

(B )P (G, t) < ()D < (B3P < (Byg)®

(T) limTz—»oo (a;, )(5) (T29' t) = (pi)(S)
limg e (b; )® (G31,t) = (1)

Definition of (A,g )®, ( By )™ :
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Where | (Ay5)®, (Byg )™, 0)®, (1)® | are positive constants and [i = 28,29,30

They satisfy Lipschitz condition:

1(a; YO (Tyo, 1) — (a; YO (Tyo, )] < (Kgg )®|Tpg — Tpole (M)t

(5 )®((G31)', ) = (B YO ((G31),£)] < (g YD I(Gay) — (Gay) [Je ™28

With the Lipschitz condition, we place a restriction on the behavior of functions (a;' YO (Tyg, t)

and(a; )® (Tyo,t) . (Tyo, t) and (Ty, t) are points belonging to the interval [( ky5)®, (M5 )] . Itisto
be noted that (a; ) (T, t) is uniformly continuous. In the eventuality of the fact, that if ( Mg )® =5
then the function (a; )™ (Ty9,t) , theFIFTH augmentation coefficient attributable would be absolutely
continuous.

Definition of ( Mg ), (kg )® :

(M5 ), (kyg ), are positive constants

@® _0p®
(M28)B) 7 (Mpg)®

Definition of ( Pyg )™, (0,5 )™ :

There exists two constants ( P,g ) and ( 0,5 )® which together with

(M), (kg)®, (A,8)Pand (Byg )® and the constants

(@)®, (@)®, (), (b)), (p)®, (r)®),i =28,29,30, satisfy the inequalities

1 ’ ~ ~ ~

(1 )® [(@)® + (@)@ + (Ag)® + (Pyg)® (kg )P < 1

_r
(M25)®

[ )P+ 1) + (Bg)® + (Q28)® (kpg)®] <1

Where we suppose

(@)@, (@)@, (@), (), (b)), (b)® >0, i,j=323334

(W)  The functions (a; ), (b; )©® are positive continuous increasing and bounded.
Definition of (p,))©, (;)®:

(@) O (T33,8) < p)© < (A3,)®

(b )@ ((G5),8) < (1)@ < (B)© < (B3 )®

X)  limpyoe(@)© (Ts,t) = (p)©®
lirnG—)oo (blu )(6) ((G35), t) = (Ti)(e)

Definition of ( A3, )©, (B3, )® :

Where ‘ (A3,)®, (B3,)®, (p)®, 1)@ ‘ are positive constants and [i = 32,33,34

They satisfy Lipschitz condition:

1(a; ) O (T35, 1) — (a; )© (Ts3, )] < (kzp )O|Tg3 — Tagle™ (M)
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(5 YO ((Gss)', ) — (b YO ((G35), £)] < (a2 YOI(Ga5) — (Gas) [Je™ M52

With the Lipschitz condition, we place a restriction on the behavior of functions (a;' YO (T4, 1)

and(a; )©(Ts3,t) . (Tss,t) and (Ts3, t) are points belonging to the interval [(ks; )©, (M3, )@] . Itisto
be noted that (a; )® (T3, t) is uniformly continuous. In the eventuality of the fact, that if ( M3, ) = 6
then the function (a; ) (Ts3,t) , the SIXTH augmentation coefficient would be absolutely continuous.

Definition of ( M3, ), (k3, )© :

(M3, )®, (K3, )©®, are positive constants
@)® _wp®©
(M32)® 7’ (M3,)(®)

Definition of ( P;; )®, (03, )@ :

There exists two constants ( P;, )©® and ( 03, )® which together with
(M35 )®, (k35 )®, (A3,)@and (B;, )® and the constants

(@)@, (@)@, 1)@, )@, @)@, (1), i =323334,

satisfy the inequalities

1

(M32)© [ (ai)(é) + (a;)(@ + (A3)O + (Py)® (k)@ <1

! ! 5] A -~
Gl B+ DO+ (B) @+ (02)© (k)1 <1

Theorem 1: if the conditions IN THE FOREGOING above are fulfilled, there exists a solution satisfying
the conditions

Definition of G;(0),T;(0) :

Gl(t) < (Plg )(1)6(M13 )(1)15 1 | Gl(O) = GLO > O‘

T,(0) < (Qu)Pe ™) 1,0 =77 >0

Definition of G;(0),T;(0)
Gi(t) < (Prg)@eMe)Pt - G(0) =60 >0

T,(t) < (046 )PP T,(0) =T >0

Gi(t) < (Pyy )PPt G(0) =62 >0
Ti(6) < (Qg0)®e™0)®t T(0) =T >0

Definition of G;(0),T;(0):
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G(t) < (Py )(4)em24)(4)t | G0 =62 >0

A “4)
Ti(t) < (Qgq )PPt IT(0) =T > 0

Definition of G;(0),T;(0) :

() < (Pyg )PPt T7G,0) = 6 > 0]

A )
Ti(t) < (Qp)Pe™e)™r  |T(0) =T >0

Definition of G;(0),T;(0) :

G:(O) < (P ) e 7G,0) = 60 > 0]

Ti(t) < (03) @) I1(0) =T > 0

Proof: Consider operator A defined on the space of sextuples of continuous functions G;, T;: R, — R,
which satisfy

G:(0) =G, T,(0) =T, G¥ < (P3 ), T < (013)D,

0 < Gi(t) — G < (Pr3)DelMs YD

0<Ti(t) —TY < (Qy3)DeMs YD

By

Gis(®) =G + [, [(a13)(1)014(s(13)) - ((a'13)(1> +a13) (T (sam), 5(13))) Gis (5(13))] dss)

Gra(t) = 6% + J; [ (@) D613 (503)) — (@)D + (@) V(T (s03)) San)) ) Gua(san)] dsas)

Gis() = G + [ [(a15)(1)014(s(13)) - ((a’ls)(l) + (ais) D (Tus (sa3)), 5(13))) Gis (5(13))] dsas)

Tis@® =T + [ [0 VT (5015) = (1) = i) (6 (531, 503)) Tra(s0)] dsas)
(@B10D = BID(6(sa5))r509)) Tua (s09)] dsas)

Tia(t) = T + fot [(b14)(1)T13 (sas) —

Tis(t) = TS + fot [(bls)(l)TM(S(B)) - ((bis)(l) - (bils)(l)(G(s(B))' 5(13))) Tis (5(13))] ds3)

Where s(q3y is the integrand that is integrated over an interval (0, t)

Proof:

Consider operator A defined on the space of sextuples of continuous functions G;, T;: R, — R, which
satisfy

Gi(0)=G), T,(0) =T, G) < (P )P, T < (Q16)?,
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0 < Gi(t) = G) < (Pys )Pe(Me) Pt
0<Ty(t) = TP < (Q5 )Pel Mo e

By

Gio(6) = G + [(a16)(2)617(5(16)) - ((aie)(z) + aylle)(z)(Tn(S(w)),5(16))) Gie (5(16))] dsqe)
Gir () = G + [ [(a17)(2)G16(S(16)) - ((ai7)(2) + (a17) P (T17 (sae)), 5(17))) 017(5(16))] ds(16)
Gi(®) = G + [y [(@10) P61 (sa6) = (@)@ + (@) P (Ti7 (sa6)), S06))) Gra(Sae))| dsaey

Tl6 ® = T106 + fot [(b16)(2)T17 (5(16)) - (bia)(z) - (bi,6)(2)(G(S(16)); S(16)) Tl6(5(16))] ds(1e)

Ty, (6) = TS + fot [(b17)(2)T16 (5(16)) - ((bﬁ)(z) - (bi,7)(2)(6(5(16))15(16))) Ti7 (5(16))] ds(16)

Tls ® = T108 + fot [(b18)(2)T17 (5(16)) - ((bis)(z) - (bfg)(z)(G(s(l(,)), S(16)) Tig (5(16))] ds(1e)

Where s(46) is the integrand that is integrated over an interval (0, t)

Proof:

Consider operator A® defined on the space of sextuples of continuous functions G;, T;: R, — R, which
satisfy

G:(0) =G, T;(0) =T, G) < (Py)®, T < (Q2)?,

0 < G,(t) — GP < ( By )Pe(M20)Pt

0<T(t) = TP < (Qy )PeM20)t

By

Goo(®) = G + [ [(@20)P 621 (5¢0)) = ((@20)® + a30)® (Ta1 (50))s Se0y) ) Gzo (520 | dscaoy
Gy () = G + fot [(a21)(3)520 (s@oy) — ((a’21)8) + (agl)(3)(7‘21(5(20)),5(20))) 621(5(20))] ds (0
G () = G + [(azz)(zmm(s@o)) -~ ((a'zz)@) + (ay2)® (To1 (s209)s 5(20))) (;22(5(20))] ds o)

Tyo(t) = Ty + fot [(bZO)(g)Tﬂ(S(ZO)) - (béo)(S) - (bgo)(3)(G(5(20))' 5(20))) Tzo(s(zo))] ds20)

T (@) =T + fot [(b21)(3)T20 (s@0y) = ((bél)(” - (bgl)m(G(S(zo)),5(20))) T21(5(20))] ds 20

j— t ’ "
T () = T3, + fo [(bzz)(3)T21(5(20)) - ((bzz)(3) — (b22)®(6(s@0)), 5(20))) Tz, (5(20))] ds 20y
Where s,y is the integrand that is integrated over an interval (0, t)

Consider operator A™ defined on the space of sextuples of continuous functions G;, T;: R, — R, which
satisfy

Gi(0)=G), T,(0) =T, G) < (P )®,T? < (Q24)®,
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0 < Gi(t) — G < (Pyy )De M) P
0< T, () =T < (0gq )PDe(M2a) Pt
By

G2a(t) = G34 + fot [(024)(4)025(5(24)) - ((0,24)(4) +a2) P (Tas (524)), 5(24))) 524(5(24))] ds(z4)

G5 (t) = Ggs + fot [(‘125)(4)024 (5(24)) - ((aés)(4) + (azs)™ (Tzs (5(24))‘ 5(24))) Gas (5(24))] ds(a4)
Goo(t) = G + fgt [(aze)(4)625(5(24)) - ((alze)m + (a;s)(‘*) (Tzs (5(24))' 5(24))) Ge (5(24))] ds(a)

Toa () = T + [{ [ (2 P Tos (s20) — (B30 = B30 @ (6 (50200, 50) ) Tos (s200)]| dsiaa

Tps(t) = Tys + fot [(bzs)(4)T24 (sew) — ((bés)(@ — (bys)™(G (5(24))15(24))) Tys (5(24))] ds(z4)

—_— t ’ "
Ty (D) = T3 + [(b26)(4)T25(5(24)) - ((bze)(4) - (bze)(4)(6(5(z4)),5(24))) T26(5(24))] ds(z4)
Where s(,4y is the integrand that is integrated over an interval (0, t)

Consider operator A defined on the space of sextuples of continuous functions G;, T;: R, — R, which
satisfy

Gi(0) =G, T,(0) = T2, G? < (P )®, T < (Q)®,
0 < Gi(£) = G < (Pog )P (M)t
0<Ti(t) = TY < ( Qg )Se(M2s IS

By
Gos(t) = G35 + Jy [(@26)PGao(5207) = ((@20)® + a3)® (Too (0289, Sy ) Gs (S2)) | dsisy
Goo(8) = Gy + [y [(@29) P Ga (528) = ((@29)® + (@30) P (Tas (528 528)) ) G0 (s628))] dsias)
Gso (1) = G + J; [(@30)®Gas(528)) = ((@30)® + (@50)® (Tas (528, 528)) ) G0 (Sz0) | dscas)
Tos () = T + fi [(b26) O Tao (s2)) = ((526)® = B3)® (G (5028)):523))) Tos (520) | dsias)

Too(t) =T + [(bzg)(S)Tzs (ses)) - ((bée)(s) — (b)) (G(sm). Ses) ) T29(5(28))] ds(2g)

Tso(t) = Tfp + fot [(bBO)(S)TZ'B(S(ZS)) - ((béo)(s) — (b30) (G (s528)), 5(28))) T3 (5(28))] ds(s)

Where s(,g) is the integrand that is integrated over an interval (0, t)

Consider operator A® defined on the space of sextuples of continuous functions G;, T;: R, — R, which
satisfy
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G;(0) =G, T,(0) =T, GP < (P,)®,T? < (03,)®,
0 < Gy(t) — GP < (Pyy )@ (M)t
0 < T,() = TP < (Qsp ) e M)

By
G2 (t) = G + fgt [(a32)(6)G33 (s@2) — ((aéz)(@ + a3,) @ (Ts (5(32))'5(32))) Gz, (5(32))] ds(sz)

G33(t) = Gf5 + fot [(a33)(6)G32 (sG2)) = ((a§3)(6) + (a33) @ (T35 (sa2))s 5(32))) Gs3 (5(32))] ds(3z)
G4 (t) = G3y + fot [(‘134)(6)633 (sa) — ((a’34)(6) + (a30)© (T35 (s2)), 5(32))) 534(5(32))] ds(sz)

Ts(t) = T3, + fot [(b32)(6)T33 (5(32)) - (béz)(é) - (bgz)(6)(5(5(32))x5(32))) T3, (5(32))] ds(sz)

Ty5(t) = T3s + fot [(b33)(6)T32 (5(32)) - ((bé3)(6) - (b;3)(6)(5(5(32))x5(32))) T33 (5(32))] ds(sz)

Tsq () = T3, + fot [(b34)(6)T33 (sG)) = ((bé4)(6) - (bé’4)(6)(5(5(32))'5(32))) T34(5(32))] ds(32)

Where 53,y is the integrand that is integrated over an interval (0, t)

(@) The operator A™ maps the space of functions satisfying GLOBAL EQUATIONS into itself .Indeed it
is obvious that

t ~ @
G3(t) < G5 + [ [(a13)(1) (694"‘([’13 )De ) 5(13))] dsus) =

1 0, @)WV gD
(1+ (a13)Pt)Gr, +W(e( - 1)

From which it follows that

_(P13)M+6Y,

- (€) @ 5 0 5
(Gy3(t) — GPy)e~ (M)t < (@13) [(( Pi3)® + 0104)9( Gia ) + (Pi3 )(1)l

— (M13)D

(G?) is as defined in the statement of theorem 1
Analogous inequalities hold also for Gq4, G5, Ti3, Tia, Tis

(b) The operator A maps the space of functions satisfying GLOBAL EQUATIONS into itself .Indeed it
is obvious that

t 5 (2)
Gi6(t) < Gl + [(a16)(2) (G%"‘(Ple )©e M) 3(16))] ds(ie) =

D0 o @)D (@
(1+ (116)P1)GYy +W(e( 16— 1)

From which it follows that

_(P16)@+6Y,

_ @ @ 5 T 5
(G16(8) = Gy )e (Mo )P < L1 [(<Ple><”+6i’7)e( >+(P16)(2)l

(M16)P

Analogous inequalities hold also for Gy;, Gig, Ti6, T17, Tig
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(@) The operator A maps the space of functions satisfying GLOBAL EQUATIONS into itself .Indeed it
is obvious that

t 5 (3)
Gy (t) < G + Jo [(azo)(3) (G& +( Pyy )Pe M) 5(20))] dso) =

3 0 (a20)® (P20 )® M0 )®
(1 + (aZO)( )t)Gzl +W(e( 20 )t _ 1)

From which it follows that

_(P20)®)+6Y,

(M9 )® ® 5 < —0—> 5
(Gao(t) = Ggp)e™ (M0t < (¢20) ((P)® + 63, )e fi + (Py)®

T (M0)®

Analogous inequalities hold also for G,1 , Gy3, Tog, To1, To

(b) The operator <A™ maps the space of functions satisfying GLOBAL EQUATIONS into itself .Indeed it
is obvious that

t 5 4)
G (t) < G4 + [ [(a24)(4) (Ggs +(Pyy ) We M2t 5(24))] dsca) =

4 0 (a20)® (Ppg )B Mg YD
(1+ (a20)®t)G3s +W(e( 20— 1)

From which it follows that

_(P2a)M+655

- @ Wls ( —o—> 5
(Gpa () — GYy)e~ (M)Wt < Q2 |(p, (&) 4 GI)e 5 )4 (Py)®

T (M4)®

(G?) is as defined in the statement of theorem 1

(c) The operator A maps the space of functions satisfying GLOBAL EQUATIONS into itself .Indeed it
is obvious that

t 5 ®)
Gog(t) < Ggg + [(azs)(s) (G§9+( Py YD M2s) 3(28))] dss) =

510 4 @28)P(P2)® [ (7,01
(1 + (az8)®t)G3 +W(e( )T — 1)

From which it follows that

_(P28)®+6Y

- ®) &5 ( —o—> 5
(Gg(£) — Gl)e~ M) Pt < L1282 ((p &) 1 G Ye\ B /4 (Pyy)®

T (M)

(G?) is as defined in the statement of theorem 1

(d) The operator A® maps the space of functions satisfying GLOBAL EQUATIONS into itself .Indeed it
is obvious that

t 5 2, )(©)
G2 (t) < G, + [(a32)(6) (G§)3+( Py, Y®e 52 3(32))] dseaz) =
(6) ©6)
(14 () 1)68, + S22 (o0 )

(M32)(®)

From which it follows that

WWwWWw.ijsrp.org

25



International Journal of Scientific and Research Publications, Volume 2, Issue 8, August 2012
ISSN 2250-3153

_(P3)®)+6Y3

((P32)® + 6:5)3)‘3( 633 ) + (P )(6)l

— (9 Ye-(f13)Or . (a32)®
(G32(t) — Gxp)e 732 S(M32)(6)

(GY) is as defined in the statement of theorem 6

Analogous inequalities hold also for G5 , Gog, Tos, Tos, Tog

@® ™

(F13)®D (3D < 1 and to choose

It is now sufficient to take

(P35 )® and (Qq3 )@® large to have

[ (P13 )(1)%?
@)® | 5 5 T A
W15)D (Pi)® + ((P3)D +GP)e J < (P )W
[ (Q13)W+1)
(b)® A ‘( 0 ) A ~
(M13)D ((Quz)V + 7}‘0)3 g +(013)P[ < (013)®

In order that the operator <A™ transforms the space of sextuples of functions G, , T; satisfying GLOBAL
EQUATIONS into itself

The operator A™ is a contraction with respect to the metric
d ((G(n, T®), (6@, T(Z))) =

sup{max |Gi(1)(t) - Gi(z)(t)|e_m13)(1)t,max |Ti(1)(t) - ﬂ(z)(t)|e_(ﬁl3)(1)t}
. teRy teRy

Indeed if we denote
Definition of G, T :
(G,T)=ADG,T)
It results
62 - 2| < (@)@ 6L — 6P|~ Vs e M) Vsan gy ) +

168 — G = 4

(aI3)(1)(T1(j), 5(13))|G1(31) - Gl(é)|e—(ﬂ13)(1)S(l3)e(%3)(1)5(13) +

2 " 1 ” 2 —(M42)D Mq2)D
G1(3)|(a13)(1)(T1(4),5(13)) _ (a13)(1)(T1€l),s(13))| e~ (M13)*/5(13) o (M13) 3(13)}ds(13)
Where s(;3y represents integrand that is integrated over the interval [0, t]

From the hypotheses it follows

|6 — @]~ (P e <
1 ' —~ -~ —~
W((am)(l) + (a13)® + (A1) + (Pia) P (ki3)V)d ((G(l),T(l); G(Z),T(Z)))
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And analogous inequalities for G; and T;. Taking into account the hypothesis the result follows

Remark 1: The fact that we supposed (a;3)™® and (b;3)® depending also on t can be considered as not
conformal with the reality, however we have put this hypothesis ,in order that we can postulate condition

necessary to prove the uniqueness of the solution bounded by (Py3)®Pe™1)Yt gnd () We M)Vt
respectively of R,.

If instead of proving the existence of the solution on R, we have to prove it only on a compact then it
suffices to consider that (a; )™ and (b, ),i = 13,14,15 depend only on T,, and respectively on
G (and not on t) and hypothesis can replaced by a usual Lipschitz condition.

Remark 2: There does not existany t where G; (t) =0and T; (t) =0

From 19 to 24 it results

G, (t) > Gl_()e[—fot{(a;)(l)—(a;’ YD(T14(s13))sa3)}ds ) >0

T (t) = Tioe(‘(blf)(l)t) >0 fort>0
Definition of ((M;3)®),, (M13)®), and ((My5)®), :
Remark 3: if G135 is bounded, the same property have also Gq4 and G5 . indeed if

Gi3 < (My3)@ it follows d(% < ((My3)®), = (a14)V Gy4 and by integrating

Gy < ((7‘7113)(1))2 =GPy + 2(‘114)(1)((’M13)(1))1/(‘1’14)(1)

In the same way , one can obtain

Gis < ((ﬂ13)(1))3 = G5 + 2(a15)(1)((/1\7113)(1))2/(a'15)(1)

If Gi4 or G5 is bounded, the same property follows for G5, Gi5 and Gy3, G4 respectively.

Remark 4: If G5 is bounded, from below, the same property holds for G,, and G;5 . The proof is
analogous with the preceding one. An analogous property is true if G4 is bounded from below.

Remark 5: If T;; is bounded from below and lim,_., ((b; )V’ (G(t),t)) = (b1s)® then Ty, — oo.
Definition of (m)™® and ¢, :

Indeed let t; be so that fort > t;

(b1)® = (b HD(G(), 1) < &, T3 (1) > (M)W

Then d:% > (a;4) P (M) — g Ty, which leads to

(a1)P D
€1

Ty = ( )(1 —e~e1t) + T e 1t If we take t such that e =51t = % it results

(a1) D)™
Ti4 >( - 2 )

The same property holds for T;5 if lim,_,. (b15)® (G(t),t) = (bys) ™

, t= log; By taking now ¢&; sufficiently small one sees that Ty, is unbounded.
1

We now state a more precise theorem about the behaviors at infinity of the solutions

~(2) 5(2)
(@) B <1 and to choose

It is now sufficient to take 11500 " (1)@
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(P )@ and (0,4 )@ large to have

((ﬁls >(2>+G§’>
@® | 3 5 LG 5
m (Pie)@ + ((P1s )@ + G)e g < (Pg)®

(Q16)D+1)

() ~ B A 0
(1571)112)2(2‘) l(( Q16)? + 7}0)3 ( —T10—> +(016)P[ < (016)?®

In order that the operator A transforms the space of sextuples of functions G; , T; satisfying

The operator A is a contraction with respect to the metric
d (619D, (T19)®), ((G19) @, (T15) D)) =

1 2 - @ 1 2 — )
Sup{rtré%f |Gi( )(t) _ Gi( )(t)|e (M16) tﬂ’;gf |Tz( )(t) _ Ti( )(t)|e (M16) 3!

Indeed if we denote
Definition of Gyo, Tro : ((Gro, Tro ) = AP (619, Tro)

It results

~(1 ~(2 t 1 2 —(Mq)@) M@

|Gl(6) - Gi( )| S fo (a16)® |Gl(7) - 61(7)|e (M16)"5016) ¢ (M16)5t16) ds(ie) +
[@) @160 = 6Dl P06 05 4

" @) (D) W _ ~@],~(M16)Ps16) , (F16)Ps
(as6) (T17 '5(16))|616 — Gy |e (6)e ae) +

Gfé)l(ayll6)(2)(T1(71)'5(16)) - (alllﬁ)(z)(Tl(;):S(w))l e_(ﬂls)ms(“’)e(%6)(2)5(16)}615(16)

Where s (16 represents integrand that is integrated over the interval [0, t]

From the hypotheses it follows

|(G1)® — (G19)(2)|‘3_(M16)(2)t =

o (@)@ + @)@ + (Ai)® + (P @ (ki) @)d ((G19) ) (Ti0) Vs (619)?, (Ti9)®))

And analogous inequalities for G; and T;. Taking into account the hypothesis the result follows

Remark 1: The fact that we supposed (ajs)® and (b;s)® depending also on t can be considered as not
conformal with the reality, however we have put this hypothesis ,in order that we can postulate condition

necessary to prove the uniqueness of the solution bounded by (P, )@e(™M1®t and (Q¢)Pe(M1e)®:
respectively of R,.

If instead of proving the existence of the solution on R,, we have to prove it only on a compact then it
suffices to consider that (a; )® and (b; )®,i = 16,17,18 depend only on Ty, and respectively on
(G19)(and not on t) and hypothesis can replaced by a usual Lipschitz condition.

Remark 2: There does not existany t where G; (t) = 0and T; (t) =0

From 19 to 24 it results
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G (©) = G?e[—fg{(a;)(z)—(a;’ YO(T17(s16))516))}d516)| >0

T, () = T2e-COP) > 0 fort>0

Definition of ((/Mlé)(z))l; ((/M16)(2))2 and ((/Mls)(z))g :

Remark 3: if Gy is bounded, the same property have also Gy, and G;g . indeed if

dG
d

Gy < (M)@ it follows < ((My6)®), = (a17)PGy7 and by integrating

Gi7 < ((My6)@), = Gy + 2(a17) P ((M16)?), /(a17)®

In the same way , one can obtain

Gig < ((m16)(2))3 = Gjg + 2(a18)(2)((/M16)(2))2/(a,18)(2)

If Gy; or G5 is bounded, the same property follows for G;4, G5 and Gy, G5 respectively.

Remark 4: If Gy isbounded, from below, the same property holds for G;; and G;5. The proof is
analogous with the preceding one. An analogous property is true if G is bounded from below.

Remark 5: If T, is bounded from below and lim,_,., ((b; )® ((G19) (1), 1)) = (by7)® then Ty, — oo.
Definition of (m)® and ¢, :
Indeed let t, be so that fort > t,

(b17)® — (b )P ((G15) (D), 1) < &2, Ty (£) > (M)@

Then dzf > (a;7)P(m)® — ¢,T,, which leads to
(a17)P )@ —gqt 0 ,—ext —gpt 1.
Ti; = (E—) (1 —e 2% + Trye %2t If we take t such that e722¢ = S it results
2
(a17) B )@ 2 . . .
Ty, 2 (f) t= IOgs_ By taking now &, sufficiently small one sees that T;, is unbounded. The
2

same property holds for Tyg if lim, e, (byg) @ ((G19) (D), t) = (byg) @
We now state a more precise theorem about the behaviors at infinity of the solutions
@)® _ 6)®

It is now sufficient to take — ,— < 1 and to choose
(M20)B) 7 (M0)P)

(Pyo )® and (Q, )@ large to have

[ <(f’20 )(3)+G?>
@® | 5 T 5
(1;20)(3) (P0)® + ((P)® + G)e g < (Pyy)®
[ (020)3)+1)
(b)® A ‘( —°—> A A
(M0)3) ((Q20)® + 7}‘0)3 g +(020)®[ < (020)®

In order that the operator A transforms the space of sextuples of functions G, , T; into itself
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The operator A® is a contraction with respect to the metric
d (((623)(1)' (Tr3)®), ((G23)?, (T23)(2))) =

1 2 — 3) 1 2 — 3)
Sup{r[ég'f |Gi( )(t) _ Gi( )(t)|e (M0) t'rfém‘}f |Tz( )(t) _ Ti( )(t)|e (M20) £

Indeed if we denote
Definition of G,3, Tp3 :( (G23), (Ty3) ) = AP ((G3), (T23))
It results
1655 = 6] < [ (@)@ |65 = 67 oMo 5w (Fa0) 50 gy +
@) P16 = G e P00 s
(@30) (T, 5020)) |6 = 62|~ Pa0)Ps(20) ¢ 200 Psc20) 4

Gz(é)|(a'2'0)(3)(T2(11),5(20)) - (ago)(3)(T2(12),s(20))| e_(ﬂm)(g}s(zo)e(ﬂm)ms(zo)}ds(zo)

Where s,y represents integrand that is integrated over the interval [0, t]

From the hypotheses it follows

|6D — ¢@|e~(M20Pt <

A (@)@ + (@20)® + (A)® + (Po)® (Ra) @)l (((625) D, (1) Vs (6:9)P, (1)) )
And analogous inequalities for G; and T;. Taking into account the hypothesis the result follows

Remark 1: The fact that we supposed (a5,)® and (by,)® depending also on t can be considered as not
conformal with the reality, however we have put this hypothesis ,in order that we can postulate condition

necessary to prove the uniqueness of the solution bounded by (P,0)®e ™20t gnd (D)@ eM200Pt
respectively of R,.

If instead of proving the existence of the solution on R,, we have to prove it only on a compact then it
suffices to consider that (a; )® and (b; )®,i = 20,21,22 depend only on T,; and respectively on
(G,3)(and not on t) and hypothesis can replaced by a usual Lipschitz condition.

Remark 2: There does not existany t where G; (t) = 0and T; (t) =0

From 19 to 24 it results

G, (t) > Gioe[—fot{(a;)(”—(a;’ YO (T21(s20)) szo)lseo] > g

T, (¢) = T2e-00P) > 0 fort> 0

Definition of ((M0)®),, ((M29)®), and ((M)®), :

Remark 3: if G,, is bounded, the same property have also G,; and G, . indeed if
Gyo < (My)® it follows df% < (My)®), = (a21)® G,y and by integrating
Gy < ((7\7120)(3))2 =G + 2(a21)(3)((7\7120)(3))1/(a'21)(3)

In the same way , one can obtain

WWwWWw.ijsrp.org

30



International Journal of Scientific and Research Publications, Volume 2, Issue 8, August 2012
ISSN 2250-3153

Gaz < (M30)®), = 633 + 2(az)®((M)®), /(a22)®
If G,1 or G, is bounded, the same property follows for G, , G,, and G, , G,q respectively.

Remark 4: If G,, is bounded, from below, the same property holds for G,; and G, . The proof is
analogous with the preceding one. An analogous property is true if G,; is bounded from below.

Remark 5: If Ty, is bounded from below and lim,_, ((b; )® ((G3)(),t)) = (b31)® then Ty; — oo.
Definition of (m)® and &; :

Indeed let t; be so that for t > t;

(b21)® = (b )P ((G23) (D), ) < &3, T (£) > (M)

Then Z2- > (a;,)® (m)® — &;T,; which leads to

(a2)Pm)®

. ) (1—e~53t) + T e 3¢ If we take t such that e3¢ = % it results
3

Ty = (

(a2)®)®
T 2( = 2 )

The same property holds for Ty, if lim; e, (b2)® ((G23)(t), t) = (b32)®

, t= log; By taking now &5 sufficiently small one sees that T,; is unbounded.
3

We now state a more precise theorem about the behaviors at infinity of the solutions

It i fficient to take -2 @0 4 Jndtoch
IS NOw sutTicient 1o (a E(M24)(4) '(M24)(4) anda to choose

(Poy )™ and (Qy4 )™ large to have

(P24)D+6)
@)W | 5 ~ | — R
(Maz4)(4) (Po)® + (P2 )® +GP)e K < (Pyy)®
[ (@24)(4)+T})
b® A | . -
@ |[((Q)® +T0e L T 4 (Q2)P | = ()™

In order that the operator A transforms the space of sextuples of functions G; , T; satisfying IN to itself

The operator A is a contraction with respect to the metric
d (((G27)(1)' (T27)(1))1 ((G27)(2)1 (T27)(2))) =

sup{max |Gi(1)(t) - Gi(z)(t)|e‘("7’24)(4)t,max |Ti(1)(t) - Ti(z) (t)|e_(1‘7’24)(4)t}
i teERy teER4

Indeed if we denote
Definition of (G,7), (Ty7) :  ((G7), (T27) ) = AD((Go7), (Ty7))
It results

|G“2(i) _ 5i(2)| < fot(az4)(4) |Gz(é) _ Gz(é)|e—(ﬁz4)(4)5(24)e(m24)(4)5(24) dseq) +
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' _ 4) _ 4)
fot{(a24)(4)|62(i) _ Gz(i)|e (M24)™524) o =(M24)*"524) +
(a;4)(4)(T2(51), 5(24))|Gz(i) _ Gz(i)|e—(ﬂz4)(4)5(24)e(ﬂz4)(4)5(24) +

2y, 1 " 2 —(Tloy)® Tra)@®
62(4)|(a24)(4)(T2(5),S(24)) _ (a24)(4)(T2(5),s(24))| e~ (M24)"s(24) o (M24) S@D}ds (4
Where s,4) represents integrand that is integrated over the interval [0, t]

From the hypotheses it follows

(G @ — (627)(2)|e—(ﬂ24)<4>t <

1 ’ —~ —~ -~
W((am)(‘” + (a20)® + (A20)™ + (P)W( k24)(4))d (((027)(1), (Ty7)D; (G27)@, (Tz7)(2)))
And analogous inequalities for G; and T;. Taking into account the hypothesis the result follows

Remark 1: The fact that we supposed (a,)™ and (b,4)™® depending also on t can be considered as not
conformal with the reality, however we have put this hypothesis ,in order that we can postulate condition

necessary to prove the uniqueness of the solution bounded by (P,q)®e™20™t gnd (Q,,)@e M)t
respectively of R,.

If instead of proving the existence of the solution on R,, we have to prove it only on a compact then it
suffices to consider that (a; )™ and (b; )™, i = 24,25,26 depend only on T,s and respectively on
(G,7)(and not on t) and hypothesis can replaced by a usual Lipschitz condition.

Remark 2: There does not existany t where G; (t) = 0and T; (t) =0

From 19 to 24 it results

G (t) = G?e[—fé{(aé)“)—(a! YO (T25(sza) sem)lsen] > g

T, (¢) = T2t > 0 fort> 0

Definition of ((M,4)®),, (M24)), and ((WZL,)@))3 :

Remark 3: if G,, is bounded, the same property have also G,s and G, . indeed if

Gyy < (Mpy)™@ it follows dg_:s < (Mp4)®), = (a25)® G5 and by integrating

Gos < ((7‘7124)(4))2 = G35 + 2(a25)(4)((W24)(4))1/(a;5)(4)

In the same way , one can obtain

Gy < ((/M24)(4))3 = G + 2(a26)(4)((7\7[24)(4))2/(‘1,26)(4)

If G,5 or G, is bounded, the same property follows for G,, , G, and G,4 , G,5 respectively.

Remark 4: If G,, isbounded, from below, the same property holds for G,5s and G,,. The proof is
analogous with the preceding one. An analogous property is true if G,5 is bounded from below.

Remark 5: If T,, is bounded from below and lim,_,., ((b; )® ((Go7)(£), 1)) = (bys)® then 7,5 — oo.

Definition of (m)™® and ¢, :
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Indeed let t, be so that fort > t,
(b25)® — (B )P ((G2) (D), ) < &4, Ty (£) > (M)

Then “2 > (az5)® (m)® — &,Ty5 which leads to

@) ()@ .
Tys = (M) (1 —e~54t) + T e 54t If we take t such that e~54¢ = % it results
4
(a25)® ()@ 2 . . . i
Tys = (f) t= logg— By taking now ¢, sufficiently small one sees that T,5 is unbounded.
4

The same property holds for Tye if lim; e, (b26)® ((G27)(£), t) = (bze)®

We now state a more precise theorem about the behaviors at infinity of the solutions ANALOGOUS
inequalities hold also for G,q , G3g, Tog, Tag, T3

@)® _vp®
(M2g)®) 7 (Mg )

It is now sufficient to take < 1 and to choose

(P )® and (Q,g )® large to have

- (P28 )(5)%?
@® | 4 p g 2
i | (Pae)® + ((Pg ) + G)e ! < (P)®
- (228))+1)
(b.)(5) ~ _( —0—> A A
(les)(s) ((Q)® + 7}'0)9 g + (028)®[ < (02)®

In order that the operator A®) transforms the space of sextuples of functions G, , T; into itself

The operator A®) is a contraction with respect to the metric
d (((6:)D, (T3)D), ((6:)P, (13)@)) =

1 2 — (5) 1 2 — ()
Sup{rt’éﬂ%x |Gi( )(t) _ Gi( )(t)|e (M3g) t’rtré%x |Tz( )(t) _ Ti( )(t)|€ (M2g) t}
i + +

Indeed if we denote

Definition of (G1), (T51) :  ((G31), (T31) ) = A ((G31), (T31))

It results

60 = 62| < [} (@)@ 6L — 62 |e= M) Vsemre M) Vsen) s g +
(@ Pl6SY) = 6Pl P Vsew (Vs

(@50) S (139, 520 |GS3 — G5 |e™Paw) sz (Faw) Py
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2 " 1 ” 2 —(M (5) M 5)
Gz(s)|(a28)(5)(Tz(9)'5(28)) _ (aZB)(S)(Tz(g)'S(ZS))l e~ (M28)75(28) o (M28) S8 }ds (g
Where s(,g) represents integrand that is integrated over the interval [0, t]

From the hypotheses it follows

|(G3)® ~ (631)(2)|6_(ﬁ28)(5)t S

mzlw((azs)(s) + (az8)® + (A)® + (Pre)® (pg)®)d (((631)(1)‘ (T30)D; (63)@, (T31)(2)))
And analogous inequalities for G; and T;. Taking into account the hypothesis (35,35,36) the result follows
Remark 1: The fact that we supposed (a,5)® and (b,5) depending also on t can be considered as not

conformal with the reality, however we have put this hypothesis ,in order that we can postulate condition

necessary to prove the uniqueness of the solution bounded by (P,5)®e™28)®t gnd (Dpe)®eM26)®t

respectively of R,.

If instead of proving the existence of the solution on R,, we have to prove it only on a compact then it
suffices to consider that (a; )® and (b, )®,i = 28,29,30 depend only on T,, and respectively on
(G31)(and not on t) and hypothesis can replaced by a usual Lipschitz condition.

Remark 2: There does not existany t where G; (t) = 0and T; (t) =0

From GLOBAL EQUATIONS it results

G, (£) = GPelh{@P-@HOTalsan)senlisen] 5 o

T, () = T2~ > 0 fort> 0

Definition of ((M5)®),, ((M25)®), and ((My5)®), :

Remark 3: if G,g is bounded, the same property have also G,q and Gs, . indeed if

Gpg < (Myg)® it follows d;;% < (Ma)®), — (a29)® Gy and by integrating

Gy < ((Wzs)(s))z = Gjo + 2(a29)(5)((’]\7[28)(5))1/(51'29)(5)

In the same way , one can obtain

Gzo < ((7‘7128)(5))3 =G3 + 2(a30)(5)((7\\428)(5))2/(61130)(5)

If G,9 or G5, is bounded, the same property follows for G, , G3o and G,g, G,g respectively.

Remark 4: If G, isbounded, from below, the same property holds for G,q and Gs,. The proof is
analogous with the preceding one. An analogous property is true if G,q is bounded from below.
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Remark 5: If T,g is bounded from below and lim,_,., ((b; )® ((G31)(t),t)) = (by)® then Tpg — o.
Definition of (m)® and ¢x :

Indeed let 5 be so that for t > ts

(b20)® = (b YO ((G3) (D), 1) < &5, Tog (t) > (M)
Then d;% > (ay9)® (M) — £5T,y which leads to

(az9)®(m)®

- ) (1 —e™®%) + The *st If we take t such that e=#5¢ = % it results
5

Ty = (

Ty =

QTG

(w) t= log; By taking now &5 sufficiently small one sees that T,q is unbounded.
5

The same property holds for Tsg if lim, e, (b30)® ((G31)(¢), t) = (b3o)®

We now state a more precise theorem about the behaviors at infinity of the solutions

Analogous inequalities hold also for Gss , G34, T35, Ta3, Tas

@® _®p®
(M32)®) 7 (M52 )(®

It is now sufficient to take < 1 and to choose

(P3,)® and (Qs, )© large to have

- (P32 )(6)+G?
@@ |, p g P
(Mslz)(s) (P3)® + ((P3)® + Gjo)e / < (P3)®@
- (232)©)+71)
(b.)(ﬁ) ~ _( —0—> A A
(Mslz)(s) ((Q:2)® +T)e g +(032)®] < (Q32)®

In order that the operator A transforms the space of sextuples of functions G, , T; into itself

The operator A® is a contraction with respect to the metric
d (((65), (T35)D), ((635), (T35)@) ) =

1 2 — (6) 1 2 — (6)
Sup{rt’éﬂ%x |Gi( )(t) _ Gi( )(t)|e (M32) t’rtré%x |Tz( )(t) _ Ti( )(t)|€ (M32) t}
i + +

Indeed if we denote

Definition of (Gs5), (Tss) ( (Gss), (Tss) ) = A®((Gss), (T35))

It results

A _ #@2) t & @), ~(M32)® e
|G32” — G| < [y (a3) @ |Gay) — Gs3'|e™(M32) o621 (M52 862 dis 55 +
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L6264

(@3) (15, 562)) |65 — 65 |e™Ms2) Vs (Fa) V) 4

2, n 1 " 2 —(T27)® T2,)(6)
G3(2)|(a32)(6)(T3(3),5(32))—(a32)(6)(T3(3),s(32))| e~ (M32)"s(32) o (M32) S62)}d s (39
Where s3,) represents integrand that is integrated over the interval [0, t]

From the hypotheses it follows

|(G35)® — (635)(2)|e—(ﬂ32)<6>t <

1 ’ —~ —~ -~
W((%z)(é) + (az)©@ + (A32)® + (P3) @ (k3)®)d (((635)(1), (T35)Y; (G35)@, (T35)(2)))
And analogous inequalities for G; and T;. Taking into account the hypothesis the result follows

Remark 1: The fact that we supposed (az,)® and (b3,)® depending also on t can be considered as not
conformal with the reality, however we have put this hypothesis ,in order that we can postulate condition

necessary to prove the uniqueness of the solution bounded by (Ps,)©e™s2®t gnd (Qsy)©eMs2) @t
respectively of R,.

If instead of proving the existence of the solution on R,, we have to prove it only on a compact then it
suffices to consider that (a; )® and (b; )©,i = 32,33,34 depend only on T;; and respectively on
(G35)(and not on t) and hypothesis can replaced by a usual Lipschitz condition.

Remark 2: There does not existany t where G; (t) = 0and T; (t) =0

From 69 to 32 it results

6,(©) 2 el B O ateom)omesoal 5 o

T, (¢) = TP~ > 0 fort> 0

Definition of ((M5,)®),, ((M32)®), and ((Ms2)®), :

Remark 3: if Gs, is bounded, the same property have also Gs; and Gs, . indeed if

G3p < (M3,)® it follows dg% < ((M3)®), = (as3)© G35 and by integrating

Gy3 < ((7‘7132)(6))2 = G35 + 2(a33)(6)((7‘7132)(6))1/(61’33)(6)

In the same way , one can obtain

Gy < ((/M32)(6))3 =Gy + 2(a34)(6)((7‘7132)(6))2/(‘1,34)(6)

If G35 or Gs, is bounded, the same property follows for G5, , G4 and G, , G35 respectively.

Remark 4: If Gz, isbounded, from below, the same property holds for Gz and Gs,. The proof is
analogous with the preceding one. An analogous property is true if G35 is bounded from below.

Remark 5: If Ts, is bounded from below and lim,_,., ((b; )® ((G35)(),t)) = (b33)© then T35 — co.

Definition of (m)® and & :
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Indeed let t, be so that for t > t,

(b33)®@ — (b )@ ((G35)(t), t) < &6, T3 (£) > (M)®

Then “2 > (a3;)® (m)© — Ts; which leads to

(6) (1) (®) .
Ty3 = (M) (1 —e~6t) + T4 e %6t If we take t such that e 56t = % it results
6
(a33)© (m)©® 2 . . . i
T3z = (f) t= logg— By taking now &, sufficiently small one sees that T;; is unbounded.
6

The same property holds for Tsy if lim, e, (b34) @ ((Gs5)(¢), t(£),t) = (b3s)©®

We now state a more precise theorem about the behaviors at infinity of the solutions

Behavior of the solutions

_If we denote and define

Definition of (0,)®, (6,)®, (t))®, (1,)D :

@) )P, (0)P, (1D, (1,)® four constants satisfying

—(0)® < —(a13)™ + (a1)® = (a13) P (T14, 1) + (a1) P (T4, 1) < = ()@
— (@)™ < =(b13)P + (1) = (1) (G, 1) = (1) P (G, ) < —(z)W
Definition of (v)®, (v,)®, ()@, (U)W, v, u®:

(b) By (v)® >0, v,)® < 0and respectively (u;)® > 0, (uy)® < 0 the roots of  the equations
2 2
(@) P (VD) + (@) PvD = (a13)® = 0and (b)) P (u®)" + (1) Pu® — (b)) =0

Definition of (¥,)®,, (¥,)®, (@)W, (i) :

By )™ >0, (7)™ < 0and respectively (i1;)® >0, (,)® < 0 the roots of the equations
(@D EO) + @)D — (@) = 0 and (b)) P(u®)” + @) Du® — (b)) P = 0

Definition of (m)®, (mz)™, (u)®, (u2)®, (ve)™ :-
(c) If we define (ml)(l) ) (mz)(l) ) (#1)(1)' (#2)(1) by
(m)® = W) D, (m)D = (D, if ()P < (v)®

(m)® = @D, ()™ = YD, if @D < D < @D,

0
and [(vy)® = %
14

(mp)® = ()P, (D = W)@, if TP < (ve)®
and analogously
(ﬂz)(l) = (uo)(l)'(lh)m = (u1)(1): if (uo)(l) < (u1)(1)

u2)® = w)D, (u)® = @Y, if w)® < we)® < @)@,
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0
and [ (up)® = ;1—03
1

-~

(12)® = @)D, @)D = W)™, if @)™ < (ue)® where (u)®, @)™
are defined respectively

Then the solution satisfies the inequalities

6o e(EDV-@1M) < G (1) < 6P eVt

where (p,)™ is defined

L 60DV M) < 6 (1) <« — 60, eEDDt

(mp@D (ma)D
(a15) V65 SDO=@i M) _ ,—(s) Dt 0 ,—(S) Mt
DG ) D) @O0 — gm0 | g e= 0 < G5 (1) <
(a15) V65

D —(q. D (@)
m2)D ()M —(a15)D) (B0 = e+ Gise 9T

T103e(R1)(1)f < Ti3(t) < T103e((R1)(1)+(713)(1))f l

1 T1038(R1)(1)t <Tz() < ( T103e((R1)(1)+(T13)(1))t

1
(u)D uz)@®

(b15) DT
DD (RYD=(b15)D)

[e(Rl)(l)t - e—(bis)(l)t] + T1056—(bi5)(1)f STis(t) <

(a15)V1fy [ (R +(r13) D)t _ —(Rz)(l)t] 0 ,—(R2)We
D@D+ D+ (R D) 1 ¢ +Tise

Definition of ()@, (S)®, (R)™, (R)™:-
Where (S)® = (a13)® (my)® — (a;3)®
(S = (a15)® = (p15) ™
(R)W = (b13)® () = (b13)®
(R)® = (bys)® — (115)™

Behavior of the solutions

_If we denote and define

Definition of (6,)@, (6,)@, (1)@, (1)@ :

d) 6P ,(0,)?,(t)?, (1,)@® four constants satisfying

—(02)@ < —(a16)® + (a17)® = (1)@ (Ty7 , 1) + (1) P (Ty7, 1) < —(0)@
—(12)® < =(b1g)® + (b17)P = (b16) P ((G1o), t) = (b17)P((G1o), t) < (1)@
Definition of (v;)®, (v;)@®, ()@, (u)@® :

By (v1)® >0, (v,)® < 0 and respectively (u;)® > 0, (u;)® < 0 the roots

(e) of the equations (6117)(2)(1/(2))2 + (0)Pv® — (a;6)@ =0
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and (b1)@ @)’ + (1)@u® — (by)® = 0 and
Definition of (7)®,, (1)@, (@)@, ()@ :
By (v))® >0, (v,)® < 0and respectively (7i;)® >0, (i1,)® < 0 the
roots of the equations (:117)(2)(1/(2))2 + (0)Pv® — (a;6)@® =0
and (b17)@(u®)’ + (1)Pu® — (b1)® = 0
Definition of (m;)® , (m)®, (1)@, (ux)?® -
(f) If we define (m)@, (my)®, ()@, (u)® by
(m)@ = ()@, (Mm@ = ()P, if ()@ < (v))®

(Mm@ = (v)®, (Mm@ = @7)P,if v)P < (v? < (@)P,

and |(v)® = @

(mp)® = ()P, ()P = V)P, if )P < (v)?
and analogously
(Hz)(z) = (uo)(z)'(#l)(z) = (ul)(z)r if (Uo)(z) < (ul)(z)

W)@ = W)@, (1)@ = @)? ,if W)@ < (w)® < @),

and | (u)® =

(lvlz)(z) = (u1)(2)' (#1)(2) = (uo)(z), if (171)(2) < (uo)(z)

Then the solution satisfies the inequalities
G?ee((sl)m_(plﬁ)m)t < Gie(t) < Gg)ﬁe(sl)(z)t

(p)® is defined

1 RINC TN G) ING)
5 G0N < Gig (6) < s G0

(a18)P6Y @) _(p; @ —(5@ 532
((ml)(z)((51)(?)3_@161)6(2)_(52)(2)) e((51) (P16) )t —-e (52) t] + G?Se (S2) = GIB(t) <

(a18) D SO@t —(ah)@ 0 —(d )@
P (S0P D) | R A

T1069(R1)(2)t STe(t) < T106e((R1)(2)+(r16)(2))t ‘

@ @ @
m )(2) T16 eRD¥™E < T 16 (D) < )(2) 0 ((Rl) +(r16) )t
(b1g) D19 ®RDOPe _ o=b1) Pt 0 o—(b1g) Dt
(M1)(2)((R1)(2)_(b'18)(2)) [e —¢ 8 ] + TlBe 8 < T (t) =<

(a19) D19 [ (R)P+(r16) D)t _ —(Rz)(z)t] 0 A—(Ry)@t¢
@D (R)P+10)D+R)D) € +Tige

Definition of (5,)®, (5,)®, (R)®, (Ry)@:-
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Where (S))® = (a16)®(my)® — (a;6)®
(Sz)(z) = (a18)(2) - (p18)(2)
(R1)(2) = (ble)(z)(.uz)(l) - (bis)(z)

(R)P = (b1g)® — (1y5)®

Behavior of the solutions

_If we denote and define
Definition of (0,)®,(6,)®, (1))@, (1)@ :

@ ), (0)®, (1P, (1)@ four constants satisfying

—(02)® < —(a20)® + (a31)® = (@30) (T2, ) + (a31) P (T2, £) < ()@

—(12)® < =(b30)® + (b21)® = (b)) P (G, 1) = (021)P((G23), t) < = ()@

Definition of (v))®, (v))®, (u))®, (uy)® :

(b) By (v;)® >0,(v,)® < 0and respectively (u)® > 0, (u,)® < 0 the roots of the equations

2
(a2)P(V®)" + (0)OPVD — (a)® =0

and (b,1)® (u®)” + (1)@u® = (byy)® = 0 and

By (v)® >0, (#,)® < 0and respectively (7i;)® >0, (i1,)® < 0 the

roots of the equations (a21)(3)(v(3))2 + (0)v® = (a,0)® =0
and ()@ ()" + @)U = ()@ = 0

Definition of (m;)®, (my)®, (u)®, (u)® :-

(c) Ifwe define (m;)®,(my)®, (u)®, (u)® by
(m)® = (1)@, ()@ = V)P, if (W)@ < (v)@

(m)® = ()@, (m)N® = GNP, if )@ < VP < T,

0
and [(vg)® = g%
2

-

(m)® = ()@, (M) = W)@, if )P < ()@

and analogously

(12)® = )@, (u)® = W)@, if we)® < (u)®

(12)® = )@, ()® = @), if w)® < (w)® < @)™, and

(#2)(3) = (ul)(3)' (#1)(3) = (uo)(”' if (ﬁ1)(3) < (uo)(3)

Then the solution satisfies the inequalities

(u)® =

T;

~
NS
Nolge
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Ggoe((sl)(3)_(p2°)(3))t < Gpo(t) < Ggoe(sl)e)t

(p)® is defined

1 0 (s )(3)_( )(3) ¢ 1 0 (S )(3)t
—o® 6oe(EDP-w200?) < G (¢) < e G20
(a22)®69, SD® =200t _ ,—(5)®t 0 (5@t
((m1)<3>((51)<3>—(pzo><3>—(52)<3>) [e( ' Pt - g2 ] +Gppe? S Gp() =
(a22)®69,

[Pt — o=(2)Pt] 4 GO o~(a2)Pty

m2) B ()P =(a5,)®)

The®Pt < Ty (£) < TS e(RDD+r20)P)

1

0 ,((R)P+(ry0) @t
wD® T3y e (R0 +200)

The® ™ < T (1) <

(u2)®

(b22)P 1

RD®¢ _ —(b'zz)(”t] 0 ,—(b3)®t < <
@D (R -(b3)®) 1 ¢ +T22¢ ST (®) <

(a22)P1y (R +(20)®)t _ —(Rz)(3)t] 0 —(R)®t
EDO(ROP+(r20)P+R)®) 1 ¢ +Txe

Definition of (5))®, (5)®, (R)®, (R,)®:-
Where ($))® = (az0)® (m)® — (a0)®
($2)® = (a22)® = P22)®
(R)® = (b20)® (u2)® — (b30)®

(R)® = ()@ — (1)@

Behavior of the solutions
If we denote and define

Definition of (6)®, (5,)® , (1))@, (1,)® :

d) ()@, (6)®, (1P, (1,)® four constants satisfying

—(02)™® < —(a0)™® + (az5)® — (a29) P (T5,8) + (a5) P (T, 1) < —(0)@®
—(@)® < =(b2)® + (by5)® = (b3) P ((Ga7),t) = (b25) P ((G27), 1) < —(7)®
Definition of (v;)®, (v,)®, (u)®, (uy)®,v®,u® :

(e) By (v)® >0,(v,)® < 0and respectively (u))® > 0, (u,)® < 0 the roots of the equations
(@)D (V@) + @)V — (@)@ =0
and (by5)® (u®)” + () @u® — (b,,)® = 0 and

Definition of (¥,)™®,, (%)@, (@)@, ()@ :

By ()™ > 0, (#,)® < 0and respectively (7i;)® >0, (i1,)® < 0 the
roots of the equations (as)™® (v(“))2 + (0)Pv® — (a)® =0
and (by5)®(u®)” + (2)Pu® — (b)® = 0
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Definition of (m)®, (m)®, (u)™®, (u2)®, (vo)™® :-

(f) 1f we define ()™, (m)®, (u)®, () by
(M)W = ()™, ()@ = ()@, if W)® < ()@
(mp)® = (V1)(4) (m)® = @)@, if )@ < ()@ < )@,

and |(vg)® = z

(m)® = W)@, (m)® = W)@, if @)® < (v)®
and analogously
(1)@ = e)™®, (1)@ = W)@, if (we)® < (u)®
()™ = @)@, ()@ = @)W, if w)® < @)™ < @)®,

T
and | (up)™® = o
25

(12)™ = @)@, (u)® = W)@, if @)™ < (ug)® where (u)®, (@)@
are defined by 59 and 64 respectively

Then the solution satisfies the inequalities
G04€((51)(4)_(p24)(4))t < Gu() < 6946(51)(4)t
where (p,)™ is defined

! ,e(ED®-020®) < 6 (1) =

0 . (SH@W
W Gl et

)(4)

(a26)63, SO, (s, ®¢ 0 (5@

((m1)(4)((51)(4)_@24)(4)_(52)(4)) [e(( D=2 W)t _ o=(52) ] +Ghe (DMt < G, (D) <
(a26)63, SO (b ®¢ 0 —(ah )@t

@ (51 D —(a)®) [e( 17t g=(az) ]+ GY%e (az6)

|T2°49(R1)(4)t < Ty (£) < TS, e (R +02)®)e |

T24e(R1)( e < Ty (t) < T e ((Rl)(4)+(rz4)(4))t

(11 )<4> <4>
(b26) TS, [e(Rl)(‘*)t _ e_(b'zﬁ)(4)t] 70 e_(b'26)(4)t < Ty (t) <
WP (RDB (b)) 26 =268 =
(‘126)(4)TZO4 RDW +(r24) M)t —(R) Wt 0 ,—(Ry)Wt
W)W (RO® +(rza) D +(R) ™) [e( D — g ]+ Toge

Definition of ()@, (5,)®, (RDW, (R,)®:-
Where (51)(4) = (‘124)(4) (mz)(4) - (a’24)(4)
(52)(4) = (aza)(4) - (P26)(4)
(R1)(4) = (b24)(4) (Mz)(4) - (bé4)(4)

(R)® = (by)® = (126)”
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Behavior of the solutions
If we denote and define

Definition of (a,)®, (0,)®, (1), (1) :

@) (@), (0)®, (@), (x,)® four constants satisfying

—(02)® < —(az5)® + (a29)® = (a2) P (Tz9, 1) + (a29) P (T39, 1) < = (1)
—(1)® < =(b2g)® + (b20)® — (b)) ((G31), t) — (b39) P ((G31),t) < —=(1)®
Definition of (v;)®, (v,)®, (u))®, (uy)®,v®,u® :

(h)y By (v)® >0, ,)® < 0and respectively (u;)® > 0, (uy)® < 0 the roots of the equations
(@) (@) + (0D — (a0)® = 0
and (by0)® (u®)” + (1,)Ou® — (byg)® = 0 and

Definition of (#,)®,, (#,)®, (@), (&,)® :

By (v)® >0, (#,)® < 0and respectively (7i;)® >0, (i1,)® < 0 the
roots of the equations (aze)® (1/(5))2 + (0,) OV — (ay5)® =0
and (bzg)(S)(u(S))z n (TZ)(S)u(S) _ (bzg)(s) -0
Definition of (m,)® ,(mM,)®, (1)®, (), () :-

(i) If we define (m)®, (), (1)®, (u)® by
(mz)(s) = (Vo)(s), (m1)(5) = (V1)(5)' if (Vo)(s) < (V1)(5)
(M) = ¥)®, (m)® = @), if v)® < (V) < @),

0
and |(vg)® = g%
29

(m)® = (), (m)N® = W@, if TS < (v))®
and analogously
1) = We)®, (u)® = W)®, if we)® < (u)®

W) = W)®, (1) = @S, if W)™ < W)™ < @),

0
and [ (uy)® = ;2—08
29

(1) = @)®, ()P = W)@, if @)® < (ue)® where (u)®, (@)™
are defined respectively

Then the solution satisfies the inequalities
G3e (V-0 < Go (1) < G0

where (p;)® is defined

1 B)_ 5) 1 5)
ngge((sl) v28) )tSng(t)S(mz)(S)Ggge(sl) t

(a30) 6y [e(@0P =@t _ =2t ] 4 6,0~
((ml)(s)((51)(5)_(p28)(5)_(52)(5)) e e + G308 < G3O(t) <
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(a30)63g [ H®e _ —(aéo)(s)t] 0 _(ago)@t)
MmO (5P —(az ) | ¢ * Gaoe

TZOBe(Rl)(S)f < Tog(t) < Tzose((Rl)(5)+(rzs)(5))f |

- ® 1 ) )
@nD® Tape ™™t < Tyg(t) < w)® Tipe (RO +(2e) ™)t

(b30) TSy
wD® (RN -(b30)®)

[e(Rl)(S)f - e‘(béo)(S)t] + Tgooe_(bé(’)(S)t STa() <

(a30) P13y [ (RS +(r28) )t _ —(Rz)(s)t] 0 —(R) St
EDO(RDP+rap) D+ R ®) 1€ ¢ *+ Tsoe

Definition of (5))®, (5,)®, (R)®, (R,)®:-
Where (5))® = (az5)® (m2)® — (a6)®
(52)® = (a30)® — (p30)®
(RS = (bz)® (42)® — (byg)®
(R)® = (b30)® — (130)®

Behavior of the solutions
_If we denote and define

Definition of (,)©, (6,)®, (1,)©, (7,)© :

Q) ()@, (0)@, (1)@, (1)@ four constants satisfying

—(0)® < —(a3)® + (a33)©@ — (a32) O (T3, 8) + (a33) O (T3, 1) < —(07)©®
—(12)® < =(b3)© + (b33)® = (b32) @ ((G35), ) — (b33) @ ((G35),t) < —(7)©®
Definition of (v;)©, (1), (uy)©, (uy)©®,v©®,u®

(k) By (v{)® >0,(v,)® < 0and respectively (u)® > 0, (u,)® < 0 the roots of the equations
(@)@ (V@) + @)V — (az)® = 0
and (b33)© (u®)” + (1,)©u® — (b3,)© = 0 and

Definition of (,)®,, (%), (@,)®, (1,)©® :

By ()©® > 0, (#,)® < 0 and respectively (@;)® >0, (i1,)® < 0 the
roots of the equations (as3)® (v(6))2 + (0,)Ov® — (a3,)® =0
and (b33)(6)(u(6))2 n (TZ)(6)u(6) _ (b32)(6) —0
Definition of (m;)®, (my)®, (1)@, (1)@, (ve)® :-

(1) If we define (my)®, (m)®@, (u)®, (ux)® by

()@ = )@, (m)® = ()@, if (v)® < (v))®

(my)® = ()@, (Mm@ = @)@, if vD® < ()@ < T)®,
%

and [(vy)©® = o

(mz)(G) = (V1)(6): (m1)(6) = (Vo)(6): if (171)(6) < (Vo)(@
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and analogously
(#2)(6) = (uo)(@' (#1)(6) = (u1)(6)' if (uo)(G) < (ul)(6)
(1)@ = @)@, ()® = @)@, if w)® < W)@ < @)®,

T:
and | (ug)©® = -
33

(12)® = @)@, (1)@ = ()@, if @) < (ue)® where (u)®, (@,)®
are defined respectively

Then the solution satisfies the inequalities
GLeE =)t < G, (1) < 6,eD

where (p;)© is defined

1 ©)—(p3,)©® ®
D ® (;32 e (D =32))t < Gs3(t) < )(6) 6326(51) t
(a3)©6, 51)O—(p32)© —(59)©® 0 ,—(52)®
((m1)(6)((51)(6)—(1732)(6)—(52)(6)) (D — om0V | 4 9,760 < Gy (0) <
(a34)©63 (51)®¢ —(a3)®t 0 ,—(azs)©®t
@ (51O (s @) [e DYt _ p—(aszs ] + GYe™(@34
(18,e®0t < T, (£) < T e (@400 ) |
RH® R1)(6)4(r35)©®
(ul)(ﬁ) THe®RD™t < Ty (0) S Ga)® )(e.)  e((RP+s2) )
(b34) 73} ROt _ o=030@t] 4 79,0030 < T, (8) <
DO (RDO—(bap©®) L€ -¢€ +Ize STu@®) <
(a39)©15, (R1)©+(r32) )t —(R2)®)t 0 ,—(Ry)®¢
W O(RD©+r32) O+ (R)®) e — ] 4 e

Definition of (5,)©, (5,)®, (R)®, (R,)©®:-
Where (5)© = (a33)® (my)® — (az)®
($)® = (a3)© — (P3)©®
(R)® = (b3)© (1)@ — (b32)®

(Rz)(é) = (b§4)(6) - (7’34)(6)

Proof : From GLOBAL EQUATIONS we obtain

dv@®
—— = (a13)W ~ ((a13)(1) — (a12)™® + (a13) M (T, t)) — (a1) P (T, OVD — (ag) Py ®
Deflnltlon of v - y@ = &3
G14
It follows

dv(l)

~ (@O D) + @)V - (@) ®) < <~ (@O O) + @)OVD - (@) ™)
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From which one obtains

Definition of (¥,)@, (vy)™® :-

G _
(@) For0<|(v)® = ﬁ < ()® < @)@
V(l)(t) > (vl)(1)+(C)(1)(y2)(1)e[_(a14)(1)((1/1)(1)—(1/0)(1)) t] (C)(l) _ )P =)@
T W[ ®(enW-00®)] ' @) D-(2)®

it follows (vo)™® < v (¢t) < (v)®

In the same manner , we get

(Vl)(l)ﬂc—)u)ﬁz)(ne[—(a14)(1)(@1)(1)—@2)(1)) ]

_ 0W-p®
1+(C-)(1)e[—(a14)(1)((V1)(1)—(V2)(1)) t]

— wW-p®

v (1) < @

From which we deduce (v)® < v (t) < (7,)D

0
(b) If 0< ()P < (v = % < (1)@ we find like in the previous case,
14

DD+ Dy De [~a10® (DW= W)
1+(0)Me [-e1)D (DD -2)D)¢]

)@ < < V() <
(gl)(1)+(®(1)(72)(1)e[—(a14)(1)(@1)(1)—(72)(1)) t]

< (v,)D
14O el @D (EDD-W) ] =)

0
(© If 0< @)D < @)D <|(v)® =22, we obtain
14

@O +OD @y Wel~ @D (V-2 M) ]

D <« @ <
(V)™ = Vi) = 1O W@ D(EDD- D) ]

< (v)®

And so with the notation of the first part of condition (c) , we have

Definition of vV (¢) :-

(mz)(l) < v(l)(t) < (ml)(l)’ v(l)(t) _ G613
G14(t)

In a completely analogous way, we obtain

Definition of u®(t) :-

W)@ < ud(t) < (@)@, |u® () =29
T14(t)

Now, using this result and replacing it in GLOBAL EQUATIONS we get easily the result stated in the
theorem.

Particular case :

If (a}3)® = (ay) D, then (6))® = (6,)® and in this case (v;)® = (¥,)® if in addition (vy)® =
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(v)® then v (£) = (vy)™® and as a consequence Gy3(t) = (vo) M G4 (t) this also defines (vy)™® for the
special case

Analogously if (b;3)® = (b1)D, then (t,)® = (1,)® and then

(u)® = (@) Pif in addition (ug)® = (u;)® then Ty5(t) = (ug) VT4 (¢) This is an important
consequence of the relation between (v;)™® and (v;)*, and definition of (u,)®.

we obtain
dv® ' ' " Y
pra (a16)® — ((am)(z) — (a17)? + (a16)(2)(T17,t)) — (a17) P (Ty7, v P — (a;,)Pv@®
Definition of v@® :- y@ = S16
G17

It follows

dv®

~(@N@E@) + @)V — (@)?) < %= < = (@@ @) + @V - (@e)@)

From which one obtains

Definition of (7)), (v)® :-

9 _
(d) For0 < (v)® = ﬁ < ()@ < @)@

V() > DD+ )@~ @D (vP-00)D) ] ©@ = P-00®
= 1+(C)(2)e[—(a17)(2)((1/1)(2)_(1;0)(2)) t] ' (VO)(Z)_(VZ)(Z)
it follows (vy)® < v@(t) < (v;)@
In the same manner , we get
vO(t) < TP+ @D @e @O (EDD-2D) ] ©® = WP
B 14+ @@ (DD -2) @) ] ’ )P -)@

From which we deduce (vo)® <v®(t) < ()P

0
() If 0< (v)® < (v)?® = 2% < ()@ we find like in the previous case,
1

(Vl)(2)+(c)(2)(1/2)(2)e [—(a17)(2)((1/1)(2)—(1/2)(2)) t]
1+(0)@De [—(a 17)(2)((1/1)(2)—(1/2)(2)) t]

)@ < < v@@©) <

TP +©D @, @el @D P(TDP-2P) ]

< (#,)®
1+(C)(2)e[‘(a17)(2)((71)(2)_(72)(2))t] < (V1)

0
(M 1 0<@)® < @)P < (v)® =3¢, we obtain
17

TP+ D @)@l @A (TP-2P) ]
1+(§)(2)e[—(a 17)(2)((71)(2)—@2)(2)) t]

)@ < v < < (v)®

And so with the notation of the first part of condition (c) , we have

Definition of v®(¢t) :-
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(m)® < vO@) < m)®, [vO() = 225
17

In a completely analogous way, we obtain

Definition of u®(¢) :-

1) < u®@ < )P, |u®(@) =745
T17(8)

Particular case :

If (as)® = (a1;,)@, then (6,)® = (6,)@ and in this case (v;)® = (¥,)® if in addition (v,)® =
(v)@ then v (t) = (vy)@ and as a consequence G4 (t) = (vo) PGy, (t)

Analogously if (b;)® = (b;;)@, then (11)® = (t,)@ and then

(u)@ = (@) @if in addition (ug)@® = (u;)® then Ty4(t) = (ug) @ Ty, (¢) This is an important
consequence of the relation between (v;)@® and (v,)®

From GLOBAL EQUATIONS we obtain

dv® , , . .
= @0 = (@0 = (@0 + (630 (T51,) = (@)D Ty, OV = (@) PV
Definition of v® :- y® = G20

G21
It follows

2 dv® 2
~(@D)P VD) + (@) = (4;0)?) = L= < = (@)D D) + (@)D = (a;0)®)

From which one obtains

G _
(@) For0 < (v))® = ﬁ < )® < ()@

V(3)(t) > (V1)(3)+(C)(3)(V2)(3)e[_(a21)(3)((V1)(3)—(V0)(3))f] (C)(3) )@@
- 14+(0) @l @2 (-0 @) ] ’ " 00)®-)®

it follows (v)® < v®(¢) < (v))®

In the same manner , we get

V(3)(t) < (Vl)(3)+(c')(3)(vz)(3)e[—(a21)(3)((171)(3)—(72)(3))t] (6)(3) _ 1)@ )@
T @[ (En®-e®) ] ’ v ®-)®

Definition of (7;)® :-

From which we deduce (vy)® < v®(t) < (#,)®

0
(b) If 0< (v)® < (v)® = % < (7)® we find like in the previous case,
21
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DD+ (gD @2P(EDP-02)®) ]
1+(0)®el @D (EDO-02®) ]

v)® < < v <

TDO OO @y P2 P (DD~ ) ]

< (v.)®
1+(O@el 2P (ED®-2®) ] = (1)

0
(© If 0<@)® < @E)® < v)® =2, we obtain
21

TP +OO @y Pel~@2 P (TDP-2P) ]

3 < B3 <
(v)® < v¥(D) < O @[T ]

< (v))®

And so with the notation of the first part of condition (c) , we have

Definition of v®(¢t) :-

(mz)(3) < v(3)(t) < (m1)(3), V(3)(t) _ Gao®
Ga1 (1)

In a completely analogous way, we obtain

Definition of u®(¢) :-

W) < w0 < @)@, | @@ =23
721 (1)

Now, using this result and replacing it in GLOBAL EQUATIONS we get easily the result stated in the
theorem.

Particular case :

If (a30)® = (a31)®, then (6,)® = (0,)® and in this case (v;)® = (¥,)® if in addition (v,)® =
(v)® then v® (1) = (v4)® and as a consequence G,o(t) = (V)@ Gy (t)

Analogously if (by)® = (by)®, then (1)@ = (1,)® and then

(u)® = (@) ®if in addition (ug)® = (uy)® then Tyo(t) = (ug)® Ty, (t) This is an important
consequence of the relation between (v;)® and (v,)®

: From GLOBAL EQUATIONS we obtain

dv® / ' " "
= @)@ = (@)@ = (@)@ + (@) (Ty5,0)) = (@3) (T, WD = (a5) v

Definition of v® :- y@® = G2
Gos

It follows

2
~(@)@(ED) + (@) v - (a)®) <
From which one obtains

dv@®

<~ (@)@ (E®) + @)DV ® — (a,)®)

Definition of ()™, (v)® :-

GI _
(@ For0 <|(v)® = ZH < v)® < (1)@
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(v1)(4)+(C)(4)(v2)(4)e[7(‘125)(4)(("1)(4)7(”0)(4)) t]
440 Wel~@22)P(EDD-00®) ]

©® = vD)W-@e)®

4) > =
vim = o)W -a)®

it follows (v))® < v®(t) < (v)@

In the same manner , we get

TOD O @y @[T P(EDD-®) ]
4+(C)(4)e[—(“25)(4)((71)(4)_@2)(4)) ]

_ @W-w®

@ _ T®-00)®
Vi) < 0 P-G®

| O®W

From which we deduce (vo)® <v®(t) < (7)™
0
() If 0< (v)® < (vy)W = % < (7,)™® we find like in the previous case,

(vl)(4)+(C)(4) (1/2)(4)6 [—(a25)(4) ((v 1)(4) _(1/2)(4)) t]
1+(0)Be [z ® (0B -0®)¢]

)™ < < v <

(71)(4)+(C_)(4) (72)(4)9 [—(azs)(4)((vl)(4) —(72)(4)) t]
1+(0)@e [~(a25)®(@D® -T2)®) t]

< @)W

0
(M 1 0< @)@ < @)@ <|(v)® =2, we obtain
25

T +O® @y @@ P (@D B-2®) ]

“ <« @ <
()™ = v < 14O @e @29 (EDW-T®) ]

< (v)®

And so with the notation of the first part of condition (c) , we have
Definition of v¥(¢) :-

(m)® < v () < (m)@, | v () = 2L
G2s(t)

In a completely analogous way, we obtain
Definition of u®(¢) :-

1) < @@ < @)@, | u®@) =25
T5(£)

Now, using this result and replacing it in GLOBAL EQUATIONS we get easily the result stated in the
theorem.

Particular case :

If (az)® = (ay5) @, then (6,)® = (0,)® and in this case (v))® = (#,)@ if in addition (v))® =
(v))™W then v () = (vy)™ and as a consequence G,4(t) = (vo) ™G, (t) this also defines (vy)® for
the special case .

Analogously if (by,)® = (bys)®, then (1)@ = (,)® and then
(u)® = () @if in addition (ug)® = (u)® then Ty, (t) = (ug) ™ Tys (t) This is an important
consequence of the relation between (v;)® and ()™, and definition of (u,)®.

From GLOBAL EQUATIONS we obtain

dv® ' ’ " "
th = (a)® — ((‘128)(5) — (a20)® + (a38) (T, t)) — (a29)®(Tp9, VS — (age) v ®
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Definition of v® :- & = 928
G29

It follows

2 dv(®
~(@)PEO) + (@O ~ (a)®) <%

< (@)OF®) + (VS - (@)®)

From which one obtains

Definition of (,)®, (v))® :-

63 _
(@) For0<|(w)® = ﬁ < ()® < @)®

) O+ v) e [*(azg)(5)((1/1)(5)7(1;0)(5)) t] ) —we)®

G)4) > (6) — Y1) ~Wo) ~
VPO 2 Fe oo (O = e®
it follows (v)® < v®(¢) < (v)®
In the same manner , we get
V(S)(t) < (Vl)(5)+(c')(5)(;2)(5)g[—(a29)(5)((?1)(5)—@2)(5)):] (6)(5) _ T —w)®
T s 0®el @D (-2 ’ v ®-)®

From which we deduce (vy)® < v®(t) < (75)®
0
() If 0< (v)® < (v))® = % < (1,)® we find like in the previous case,
29

W)+ () ®el~ @2 (D=2 ®) ]

) <«
e e CR ST

< vO() <

T+ @y)®el~@2 P (TDE-2) ]

< (1,)®
L O® @O -] ] < @)

0
(i) If 0<)® < @) <|(w)® =2 , we obtain
2!

©

T+ @y ®el~ @2 (T -2 ]

® < O ) <
()™ < v < 1+(C_)(5)e[_(a29)(5)(@1)(5)_@2)(5))t]

< (v)®

And so with the notation of the first part of condition (c) , we have
Definition of v®(¢) :-

(mz)(s) < v(S)(t) < (ml)(S)’ v(s)(t) _ Gs®
G29(t)

In a completely analogous way, we obtain
Definition of u®)(t) :-

W)® < u® () < @)®, |u® (@) =22
T29(t)

Now, using this result and replacing it in GLOBAL EQUATIONS we get easily the result stated in the
theorem.

Particular case :
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If (a35)® = (az9)®, then (61)® = (6,)® and in this case (v;)® = (#,)® if in addition (v))® =
(vs)® then v (1) = (v4)® and as a consequence G,g(t) = (vo)®) G,o(t) this also defines (vy)® for
the special case .

Analogously if (byg)® = (bye)®, then (1) = (1,)® and then
w)® = (1) ®if in addition (ug)® = (u;)® then T,g(t) = (uy) > Ty (t) This is an important
consequence of the relation between (v;)® and (v,)®, and definition of (u,)®.

we obtain
dv(© , , . .
Zt = (az)® — ((a32)(6) — (a33)® + (a3,)© (T3, t)) — (a33)® (T35, )v® — (az3)Ov©®
Definition of v(©® :- p® = 632
G33

It follows
2 dv(® 2
— (@)@ (V@) + (0)Ov® = (2:)@) < L= < = (@) O (V@) + (@) v ® = (a;)®)

From which one obtains

Definition of (#,)®, (v))® :-

. G _
() For 0 <|()® =2 < v)® < (7)®

V(G)(t) > (Vl)(6)+(C)(5)(V2)(6)g[_(a33)(6)((1’1)(6)—(1/0)(6)) t] (C)(ﬁ) _ 1) O —(v)®
- 14(0) el @33 O (0D O-0) )] ’ v0)©-()®
it follows (vy)® < v©®(t) < (v;)©
In the same manner , we get
v®(e) < ED @+ @ (T O -2 @) ] (©)© = =00
- 14+(0) @l ~@3O(TDO-T2) @) ] ’ v0)©-3)®

From which we deduce (v4)® <v©® (1) < (7,)©

0
K) If 0< (v)® < (v)® = % < (v)® we find like in the previous case,
DO+ O ()@l @33 (DO~ @) ]

< v®(@) <
1+(C)(6)e[—(a33)(6)((V1)(6)‘("2)(6))t] - ® =

(v)® <

@O+ O @) ©e |~ @3 (TDO -2 ]

< (v,)®
1+(C)(6)g[_(a33)(6)((71)(6)_(72)(6))t] < (vy)

0
(1) 1f 0< (w)® < @)@ <|(w)® =22 , we obtain
33

@O+ O @) © |~ @33 O (TDO-2)) ]

< (6)
1+(O)©@l~@O(EO-e)@)e] = (vo)

v)® < vO® <
And so with the notation of the first part of condition (c) , we have
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Definition of v (t) :-

(mz)(6) < y® t) < (ml)(6): (6 ®) = G32(¢)
G33(t)

In a completely analogous way, we obtain
Definition of u®(t) :-

1)@ < u®® < @)@, |u®@) =25
T33(t)

Now, using this result and replacing it in GLOBAL EQUATIONS we get easily the result stated in the
theorem.

Particular case :

If (a32)© = (a33)®, then (01)® = (0,)® and in this case (v,)©® = (¥,)® if in addition (vy)©® =
(v1)® then v©(t) = (v,)® and as a consequence Gs, (t) = (vo)© G353 (t) this also defines (v,)® for
the special case .

Analogously if (b3,)® = (b33)©, then (1,)© = (7,)© and then

(u)® = () @if in addition (u)® = (u;)® then Ts,(t) = (uy)®Ts3(t) This is an important
consequence of the relation between (v;)® and (v;)®, and definition of (u,)®.

We can prove the following
Theorem 3: If (a; )P and (b, )V are independent on ¢ , and the conditions

a, a, —a a <

( 13)(1)( 14)(1) ( 13)(1)( 14-)(1) 0

(‘1113)(1)(‘1’14)(1) - (1113)(1)(‘114)(1) + (‘113)(1)(1713)(1) + (a’14)(1)(p14)(1) + (P13)(1)(P14)(1) >0
(b13) P (b1) D — (b13) P (b)) >0,

(bia)(l)(bﬁ)(l) - (b13)(1)(b14)(1) - (bi3)(1)(7’14)(1) - (bi4)(1)(7’14)(1) + (7’13)(1)(7’14)(1) <0
with (p13)®, (114) D as defined, then the system

If (a; )Pand (b; )® are independent on t, and the conditions

a, a, —a a <

(a16) @ (a17)@ — (a16)P(a;7)?® < 0

(a16)@(a17)@ = (a16) @ (a17)@ + (a16) P (016)® + (@17) P @17) P + P16) P (p17)P > 0
(b16) @ (by7)® = (b1) @ (b17)® >0,

(b16) @ (b17)® = (b16) @ (b17)® — (b16) P (r17)® = (b17) P (r17)@ + (1) P ()@ < 0
with (p1g)®@, (117)® as defined are satisfied , then the system

If (a; )®and (b; )® are independent on ¢ , and the conditions

(a20)®(a21)® = (a20)® (a1)® < 0

(alzo)(3)(a’21)(3) — (a20)® (a21)® + (a20)® (p20)® + (a'21)(3) @21)® + 020)® (1)@ > 0
(b20)® (b21)® = (b20)® (b)) >0,

(béo)(3)(bé1)(3) - (bzo)(3)(b21)(3) - (béo)(g)(ru)(” - (b,21)(3) (T21)(3) + (Tzo)(3) (T21)(3) <0
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with (py)®, (,;)® as defined are satisfied , then the system
If (a; )P and (b; )™® are independent on ¢ , and the conditions
(a24)®(a35)® = (@24) P (az5)® < 0
(a'24)(4)(a'25)(4) — (@24) ™ (az5)™® + (az)® (020) ™ + (alzs)m P25)® + (02) P (p25)® > 0
(b2a) ™ (b5)® = (b34) @ (by5)® >0,
(b24)® (b25)® = (b3)™ (b35)® = (b24)® (125)® = (by5) W (r25)® + (124) P (125)® < 0
with (pp)®, (r,5)® as defined are satisfied , then the system
If (a; )®and (b; ) are independent on ¢ , and the conditions

L L p
(a28)®™ (a29)® — (az8)® (az0)® < 0
(a28)®(a39)® = (a26)®(@20)® + (@28)® P28)® + (@29)® P29)® + (P28)® (p20)® > 0
(béa)(s)(béta)(s) - (bzs)(s)(bzfa)(s) >0,
(béa)(s)(béta)(s) - (bzs)(s)(bm)(s) - (bés)(s)(rm)(s) - (bé9)(5)(7”29)(5) + (7”28)(5) (7”29)(5) <0
with (pyg)®, (1,9)® as defined satisfied , then the system
If (a; )© and (b; )© are independent on t , and the conditions

L A
(as52)® (a33)® — (a32)®@(as3)® < 0
(a32) @ (a33)®@ = (a32)© (a33)® + (a32) @ (032)® + (a33) @ (P33)© + (P32)© (p33)© > 0
(béz)(@(bés)(@ - (b32)(6)(b33)(6) >0,
(béz)(@(bés)(@ - (b32)(6)(b33)(6) - (béz)(ﬁ) (7”33)(6) - (bé3)(6) (7”33)(6) + (7”32)(6) (7”33)(6) <0
with (p3p)®, (133)® as defined are satisfied , then the system

0

(a13) V614 — [(a13) D + (a13) P (T14)]Gi3

(a1) V613 — [(a1) P + (a1) P (T14)]Gra = 0

(a15) V614 — [(a15) P + (a15) P (T14)]Gis = 0

(b13) DTy — [(b13)® = (b13)P(6) ITy3 = 0
(b1) VT3 = [(b14)® — (b)) P (6) Ty = 0
(b15) DTy — [(b15)® = (by5)P(6) ITys = 0

has a unique positive solution , which is an equilibrium solution for the system

0

(a16) P67 — [(‘1116)(2) + (allle)(z)(Tn)]Gla

|
o

(@17) P61 — [(a17)P + (a17) P (T17)]Gy7 =

(a18)@Gy7 — [(a’m)m + (aIB)(Z)(TN)]GlS =0
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|
o

(b16)DTi7 — [(b16)® — (b16) P (Gro) ITi6 =

|
o

(b17)PTis — [(h17) P = (b17) P (Gyo) ITy7 =
(b1g)PTy7 — [(b1g)® — (b1g) P (G19) ITig = 0O

has a unique positive solution , which is an equilibrium solution for

(a20)®Ga1 = [(a20)® + (a20) P (121)] G20 = 0
(a21)® Gz — [(@21)® + (a31) P (T21)]Gy1 = 0
(a22)® Gy — [(a22)® + (a3) P (T21)]Gy2 = 0
(b20)PTo1 = [(020)® = (b20)®(G23) 1Tz = 0
(b21)PTo0 = [(21)® = (b31)®P(G23) Ty = 0

(b22)PToy = [(b22)® = (b22)® (G23) 1Tz = 0

has a unique positive solution , which is an equilibrium solution

(a24) G5 — [(a20)® + (a24)® (T25)]Gos = 0
(azs)®Gay — [(alzs)m + (ags)(4)(T25)]st =0
(az6) PG5 — [(alze)(4) + (aga)(4)(T25)]Gze =0

(b24)PTos = [(B2a)™ = (b22) W ((G27)) 1T24 = 0O

(b25)“Tz4 = [(b35)™® = (b25)((G27)) 1Tos = 0

(b26) P Tos — [(b26)™ — (b26) ™ ((G27)) 1T26 = 0

has a unique positive solution , which is an equilibrium solution for the system
(a28) ™G9 — [(aze)® + (a35)® (T29)]G2g = 0

(a20)®Gag — [(a20)® + (a20)® (T29)] G2 = 0

(a30)®Ga9 — [(a30)® + (a30)®(T29)]G30 = 0

(by6) Ty — [(b2g)® — (b)) (G31) ITog = 0

|
o

(b39) P Tyg — [(b29)® — (b29) ™ (G31) 19 =
(b30) P Tg — [(b30)® — (b30) P (G31) ] T30 = 0

has a unique positive solution , which is an equilibrium solution for the system

(a32)®Gs3 — [(a32)©@ + (a32)® (T33)]Gs, = 0
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|
o

(a33)©Gsy — [(a33)@ + (a33)© (T33)]Ga3 =

|
o

(a34)® G35 — [(a34)©@ + (a34)® (T33)]G34 =
(b32)©Ts3 — [(b35) @ — (b3)® (G35) 1Tz, = 0

(b33)(6)T32 - [(bé3)(6) - (b§3)(6)(635) IT33 =0

|
o

(b34)(6)T33 - [(bé4)(6) - (b§4)(6)(635) T34 =

has a unique positive solution , which is an equilibrium solution for the system

(a) Indeed the first two equations have a nontrivial solution Gy3, Gy4 if

F(T) = (a’13)(1)”(a’14)(1) — (a13) P (@1)P + (a13) P (@1) P (T10) + (@12) P (a)3) P (T1y) +
(a13) P (T14) (a1) P (T1y) = 0

(@) Indeed the first two equations have a nontrivial solution G4, G;; if

F(Ti9) = (a16)®(a17)® = (a16)@(a17)® + (a16) @ (a17) P (T17) + (a17) P (a16) @ (T17) +
(a16) P (T17)(a17) P (Ty7) = 0

(a) Indeed the first two equations have a nontrivial solution Gy, G,; if

F(Ty3) = (a20)®(a31)® — (a20)®(a21)® + (a20)® (a31) P (To1) + (a21)® (a30) P (Ty) +
(a20)® (T21)(a31)®(T51) = 0

(a) Indeed the first two equations have a nontrivial solution G4, G,5 if

F(Ty7) = (a24)® (a25)™® — (@24)®(a25)™ + (a24)® (a35) P (T5) + (a35) @ (a24) P (T5) +
(a24)® (Ty5) (a5) @ (T25) = 0

(a) Indeed the first two equations have a nontrivial solution G,g, G,q if

F(T31) = (az8)®™ (a20)® — (az8)® (az9)® + (a28)® (a29)®(T20) + (@29)® (a6)® (To0) +
(az8)®(T29) (a9)® (Ty9) = 0

(@) Indeed the first two equations have a nontrivial solution G5,, G5 if

F(Tss) = (a32)® (a33)® — (as2)©@(a33)©@ + (a3,)® (a33) @ (T33) + (a33) @ (a3)© (T33) +
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(a32) @ (T33)(a33)©(T33) = 0

Definition_and uniqueness of Ty, :-

After hypothesis f(0) < 0, f(e) > 0 and the functions (a; ) (T4) being increasing, it follows that there
exists a unique Tyy for which f(T7,) = 0. With this value , we obtain from the three first equations

(a15) V614

(a13) 614 —
[(a15) D +(a15)D(17y)]

Gi3 = — -
13 [(@13)D+(a;3)D(11,)]

v Gys

Definition _and unigqueness of Ty, :-

After hypothesis f(0) < 0, f(c0) > 0 and the functions (a; ) (T;,) being increasing, it follows that there
exists a unique Ty; for which f(Ty;) = 0. With this value , we obtain from the three first equations

(a18)PG17

(a16)¥G17 -
[(a18)@+(a1g)D(Ti7)]

G = 7 7 f
16 [(a16)P+(a16)D(Ti7)]

GlB

Definition_and uniqueness of T,; :-

After hypothesis £(0) < 0, f(e) > 0 and the functions (a; )™ (T,;) being increasing, it follows that there
exists a unique T,; for which f(T5;) = 0. With this value , we obtain from the three first equations

(a22)®621

(a200®621 —
[(a22)®+(az)®(131)]

= @0 ®+@®m)]

GZO GZZ

Definition _and uniqueness of T)5 :-

After hypothesis f(0) < 0, f(e0) > 0 and the functions (a;' Y®(T,s) being increasing, it follows that there
exists a unique T,5 for which f(T;5) = 0. With this value , we obtain from the three first equations

(a26) P25
[(a26)®+(az6) P (155)]

(a20) P65
[(a24)®+(az) P (155)] '

624 = 626 =

Definition _and unigueness of T, :-

After hypothesis £(0) < 0, f(e0) > 0 and the functions (a; )® (T,) being increasing, it follows that there
exists a unique T,y for which f(T;5) = 0. With this value , we obtain from the three first equations

(a30)™ 629

(az8) 639 —
[(@30)®+(az0) > (155)]

G = 7 7 f
28 [(a28)®)+(az0)®) (T59)]

GBO

Definition and uniqueness of Ts5 :-

After hypothesis f(0) < 0, f(e) > 0 and the functions (a; )® (T33) being increasing, it follows that there
exists a unique Ts3 for which f(T55) = 0. With this value , we obtain from the three first equations

G = (a32)®633 Gos = (a34) 633
32 [(a32)®+(a3)®(T53)] ' 34 [(a34)©+(azy)®(733)]

(e) By the same argument, the equations 92,93 admit solutions G;3, G4 if
9(G) = (b13) P (b1)® = (b13) P (1) —
[(b13)P (1) P (G) + (b1) P (b13) P ()] +(b13) P (6) (b)) (G) = 0

Where in G (G35, G14, Gy5), G13, G15 must be replaced by their values from 96. It is easy to see that @ is a
decreasing function in G, taking into account the hypothesis ¢@(0) > 0, ¢(c) < 0 it follows that there
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exists a unique Gy, such that ¢(G*) =0

(f) By the same argument, the equations 92,93 admit solutions G, G;7 if
@(Gi9) = (b16) P (b17)® = (b1) @ (by7)@ —

[(B16)® (1)@ (G19) + (b17)P (b16) P (G19)]+(b16) P (G19) (b17) P (Grg) = 0

Where in (G19) (G, G17, G13), G16, G1g Must be replaced by their values from 96. It is easy to see that ¢ is a
decreasing function in Gy, taking into account the hypothesis @(0) > 0, @ () < 0 it follows that there
exists a unique Gj, such that @((G19)*) =0

(g) By the same argument, the concatenated equations admit solutions G, G, if
9(Ga3) = (b20)® (21)® = (b20) P (b1)® —
[(020)® (21)®(G23) + (b21)® (b20)® (G23) ]+ (b20)® (G23) (b31) P (G3) = 0

Where in Gy3 (G, G21, G22), Gog, Goo Must be replaced by their values from 96. It is easy to see that ¢ isa
decreasing function in G,; taking into account the hypothesis ¢(0) > 0, (o) < 0 it follows that there
exists a unique G;; such that ¢((G,3)*) =0

(h) By the same argument, the equations of modules admit solutions G,,, G,s if
@(Ga7) = (b2)® (b5)™® = (b2) W (bys)® —
[(bé4)(4) (b35) P (G27) + (bés)(4)(b;4)(4)(027)]+(b;4)(4)(627)(bg5)(4) (G7) =0

Where in (G37)(G24, G2s, G26), Go4, G2 Must be replaced by their values from 96. It is easy to see that ¢ is a
decreasing function in G,5 taking into account the hypothesis @(0) > 0, ¢ () < 0 it follows that there
exists a unique Gy such that ¢ ((G,7)*) =0

(i) By the same argument, the equations (modules) admit solutions G,g, Gq if

0(Gsy) = (bég)(s)(bé9)(5) - (bza)(s) (b29)(5) -
[(b26)® (b39) P (G31) + (b29)® (b2g) P (G31) ]+ (b35) ) (G31) (b39) P (G31) = 0

Where in (G31)(Gag, Go9, G3g), G2g, Gz Must be replaced by their values from 96. It is easy to see that ¢ is a
decreasing function in G,q taking into account the hypothesis ¢(0) > 0, ¢(c0) < 0 it follows that there
exists a unique G4 such that ¢((G31)*) =0

(j) By the same argument, the equations (modules) admit solutions Gs,, G35 if

@(Gss) = (b32)® (b33)© — (b3,) @ (b33)® —
[(32)© (b33)©(G35) + (b33) @ (b32) @ (G35) |+ (b32) @ (G35) (b33)® (G35) = 0

Where in (G35)(Gs,, G33, G34), G35, Gz4 must be replaced by their values It is easy to see that ¢ is a
decreasing function in G55 taking into account the hypothesis ¢ (0) > 0, () < 0 it follows that there
exists a unique Gsz3 such that ¢ (G*) =0

Finally we obtain the unique solution of 89 to 94
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Gi4 given by ¢(G*) = 0, Ty given by f(T;,) = 0 and

G = (a13)M6i, G = (a15)163,

B 7 @)D+ O)] 7 7 T [P+l D(15,)]
T* _ (bl?z)(l)Tl*ét T* _ (bls)(l)Tl*4

BT [e)0-01p®@0] T T [015)D-015D (6]

Obviously, these values represent an equilibrium solution

Finally we obtain the unique solution

Gi7 given by @((G19)*) = 0, Ty givenby f(T;;) = 0 and

G = (a16)?G3, Gr. = (a18) 63,
167 [@19)@P+@1)@(Ti7)] ' 1B 7 [@19)@+@lg)@(T]y)]
bq)@T* b1a)@)T*
i (b16)**' Ty Ty = (b1g)'“'T17

T [0 @-070)@ (G19)7)] [(b16)P—-(15) D (G19))]
Obviously, these values represent an equilibrium solution
Finally we obtain the unique solution

G31 given by ((Gy3)*) = 0, T3, given by £(T5,) = 0 and

Gi = (a20®63, G = (a22)®63;
207 [(a0)®+@az)®(157)] 7 T2 T [(ag)P+az) B (T5)]
. _ (b20) DT . _ (b22) T3

T20 ’ TZZ

 [(b20)®)~(b20) (623 ")] T [02)® -3 6237
Obviously, these values represent an equilibrium solution
Finally we obtain the unique solution

G35 given by ¢(Gy7) = 0, Tzs given by f(T55) = 0 and

Gt = (a20)¥635 Gr = (a26)M635
2 7 (@) @+ ®(135)] 7 720 T [(aze) P +(age) D (T35)]
. _ (b20) D135 . _ (b26) T35
T4 v Tz

022 P ((G27)")] T [026)P=(b26) P ((627)")]
Obviously, these values represent an equilibrium solution
Finally we obtain the unique solution

G39 given by ¢((G31)") = 0, T3 given by f(T35) = 0 and

G = (a28)®6G39 Gi = (a30)®639

28 7 [(az0) D +(@z)®(139)] 7 30 T [(a30)®+(az0)(T3)]
b2g) BT, b30) )T,

Ty = (b2g)*’Tyg L T = (b30)™’T79

T [(h26)P—(b28) P ((G31)M)] T [(30) P —(b30)P((631)M)]
Obviously, these values represent an equilibrium solution

Finally we obtain the unique solution
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G33 given by ¢ ((G35)") = 0, T33 given by f(T53) = 0 and

Gi = (a3)®633 G (a34)©633

32 7 [(a3)©+(az)®(153)] 34 = [(234)®+(a34)©(733)]
b2r ) OTE bag) O

T, (b32)*™T33 T = (b34)'\%'T33

~ [0 ® (b3 © ((G35))] (b5 © (b3 ((G35))]
Obviously, these values represent an equilibrium solution

ASYMPTOTIC STABILITY ANALYSIS

Theorem 4: If the conditions of the previous theorem are satisfied and if the functions (a; )* and (b, )¥

Belong to ¢V ( R,) then the above equilibrium point is asymptotically stable.

Proof:_Denote
Definition of G;, T; :-
Gl:Gl*+Gl lTiZTi*+Ti

a(b )

ad
(‘”4) (Tis) = (q14)® (6 ) =sy

Then taking into account equations (global) and neglecting the terms of power 2, we obtain

dG ! + — G3T
d:13 = ((a13)(1) + (P13)(1))Gl3 (013)(1)@114 (%3)(1) 13 %14
dG ! + - Gi, T
dt14 = (((114)(1) + (p14)(1))(G'14 (a14)(1)G13 (CI14)(1) 14 %14
dG ! - 1
dtls — ((als)(l) + (p15)(1))‘G'15 + (als)(l)Gm (qls)(l)Gls T1q
dT ' T2 + + T13G
—d:3 = —((b13)(1) - (T13)(1)) 13 (b13)(1)T14 2}213(5(13)(1') 13 1')
dT ' T, + T3 + TG
dtl4 = _((b14)(1) - (T14)(1)) 14 (b14)(1) 13 2}213(5(14)0) 4 j)
dT ' T, + T4 + Ti5G
dtls = _((b15)(1) - (ﬁs)m) 15 (b15)(1) 14 2}213(5(15)0) 15 j)

If the conditions of the previous theorem are satisfied and if the functions (a; ) and (b; )® Belong to

C@(R,) then the above equilibrium point is asymptotically stable
Denote

Definition of G;, T; :-

G; = G + G; T, =T + T,

a(b )

““”) (T5) = (@)? , 2202 ((G,9)) =,

taking into account equations (global)and neglecting the terms of power 2, we obtain

dG ! 2 1; + = 6 1
dtl6 ((61'16)( ) (p16)(2)) 16 (a16)( )G17 (ql )( )G 6 ]I17
%_— _((‘11 )(2) (pl )(2)) ( 1 )(Z)G ( )( )Gl r 1
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dGqg

T —((a18) @ + (P18)?)Gyg + (@18) P Gy7 — (q18) P Gig Ty

dT X
—f = ((bm)m (r16)(2))T16 + (b16)(2)T17 + 2}216(5(16)0)T16Gj)

dTq7

e —((bi7)(2) - (T17)(2))T17 + (b)) DTy + 2}216(5(17)0)Tf7Gj)

dT X
—2 = ((bIB)(Z) (rls)(z))Tls + (b18)(2)T17 + 2}216(5(18)0)T18Gj)

If the conditions of the previous theorem are satisfied and if the functions (a; )® and (b; )® Belong to
C®(R,) then the above equilibrium point is asymptotically stabl

_Denote
Definition of G;, T; :-
Gl=GL*+(Gl VTi=Ti*+Ti

a(a21)< ) a(b )( )

(T3) = (qZI)(3) ((G3)") =

Then taking into account equations (global) and neglecting the terms of power 2, we obtain

df% = _((aéo)(S) + (on)(S))Gzo + (a20)® Gy — (q20)P 63Ty
df% = _((aél)(3) + (P21)(3))G21 + (a21)®Gyp — (421)®63, T
dfczz = —((a22)® + (022)®) Gy + (a22) PGy — (q22) P63, Ty
dz% = _((béo)(” - (Tzo)(3))']r20 + (by)®Ty; + 212120(5(20)(1')7150@]’)
T2 = ()P = (2)D)Ta1 + b21)PTog + Z250(se1yn TGy )

dT ' .
?22 = —((b22)® = (r2)®) Ty + (b22) DTy + Y720 (s 122G )

If the conditions of the previous theorem are satisfied and if the functions (a; )™ and (b; ) Belong to
C™(R,) then the above equilibrium point is asymptotically stabl

_Denote
Definition of G;, T; :-
Gl:Gl*—l—(Gl lT'i:Ti*—}_Ti

a(b )

‘”“25) L(155) = (a29)® 220 ()7 ) = s,

Then taking into account equations (global) and neglecting the terms of power 2, we obtain

dG ' G G — G, T
dt“ = _((‘124)(4) + (P24)(4)) 24 T (a24)(4) 25 (Q24)(4) 24 125
dG ' + - GsT
dtzs - '((azs)(4) +(P25)(4))st (a25) PG4 — (G25) P G35Tos
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dG , .
d:a = —((az26)® + (26) ™) G + (A26) P G5 — (q26) P G36T2s
dr ' .
—Z = —((b2)® = (1)) Tas + (b2) P Tos + T 224 (5 () T4 Gy )
dr ' .
—dtzs = —((by5)™® — (125)®) a5 + (bys) DTy + 2,2224(5(25)0)7'25@;‘)
dr ' .
—dfﬁ = —((bza)m - (Tze)(4))T26 + (bzs)(4)T25 + 2]2224(5(26)(]’)T26Gj)

If the conditions of the previous theorem are satisfied and if the functions (a; )® and (b, )® Belong to
C®(R,) then the above equilibrium point is asymptotically stable

Denote

Definition of G;, T; :-

GiZGi*+Gi ’7-'i=Ti*+Ti
3az0)® . A H® .
%(Tw) = (QZg)(S) ) a—(;j( (G31)") = Sij

Then taking into account equations (global) and neglecting the terms of power 2, we obtain

d% = —((a28)® + (028)®) Gzg + (a28) ) Gpo — (q28) VG35 T19
df% = _((aé9)(5) + (p29)(5))(G'29 + (a29)(5)(G'28 - (ng)(S)GE‘)TZ‘)
d(;;% = —((a30)® + (P30)®) G0 + (a30) G20 — (430) P63 T29
T2 = —(b3)® = (129) ) Tg + (b2) P T2 + £3%00(520)) T3 G;)
T2 = —((b39)® = (129) @) Tag + (b20)PTag + T55(s 200y T59G;)
dz% = —((b30)® — (130) ) T30 + (b30)®To9 + ¥22,8(5G0)H T30 Gy )

If the conditions of the previous theorem are satisfied and if the functions (a; ) and (b; )@ Belong to
C®(R,) then the above equilibrium point is asymptotically stable

Denote
Definition of G;, T; :-
GiZGi*‘l‘Gi ’T'i:Ti*+Ti

a(blf’ )(6)
"G

9 (az3)®

oty (T33) = (CI33)(6)

((G35)") = Sij
Then taking into account equations(global) and neglecting the terms of power 2, we obtain

dG3y _

Fr _((aéz)(@ + (P32)(6))G32 + (a32) @ G33 — (q32) @63, T3
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dG ) .
—d:3 = —((a33)@ + (p33) @) G33 + (a33) @ Gs3y — (33) @G35 T33

dG . .

—r= ~((a30)©@ + (3) @) Gy + (234) @ G33 — (434) G54 T3

T ) .
—dfz = —((b32)® — (132)©) T3, + (b32) T35 + 2,34:32(5(32)(/)T32Gj)
T ) .
—dfs = —((b33)® — (133)©) T3 + (b33) T3, + 2,34:32(5(33)(/)T33Gj)
T ) .
—dt34 = —((b34)® — (134)©) T34 + (h34) T35 + 2,34:32(5(34)(1)T34Gj)

The characteristic equation of this system is

(DD + b15)W = (i) (DD + (@)™ + (1) D)
(WD + @)D + 1) V) @) D61 + (@) V(@) V65 )|
(((A)(l) + (b13)® — (r13)(1))5(14),(14)T1*4 +(b14)(1)5(13),(14)T1*4)

+ (((/1)(1) + (1) + (1)) (013) VG5 + (a13)(1)(q14—)(1)61*4-)
(((A)(l) + (b13)® — (r13)(1))5(14),(13)T1*4 + (b14)(1)5(13),(13)T1*3)
(D) + (@)D + @) + PP + Pu) ) DD)

(WD) + (Bi)D + Br)® = (30D + (1) D) DHD)

F((OD) + (@)D + (@)@ + @)D + Pr)D) DD) (@15) V65

+((/1)(1) + (a;3)® + (P13)(1)) ((als)(l)(ﬁhzt)(l)Gﬁ + (a14)(1)(a15)(1)(q13)(1)6f3)

(DD + Bi)® = (r13) V) s, 05 Tie +(b1) sz asTi )} = 0
+

(D@ + (b1)® = ) H(DP + (01)P + (1))
(WP + @)@ + P @) @)D + (@) (416) DG )]
(DD + Bi)P = (1)@ )sananTiy +Gi)Psae,anTiy )

+ (((/1)(2) + (a17)® + (017)P)(q16) PGl + (alé)(z)(%ﬂ(z)(}%)
(DD + Bie)@ = (16)P)san,a0Tir + Bi)Psae,a60)Tis)
(D) + (@2 + @)@ + )P + @:)P) D)D)

(WD) + (1)@ + GNP = (116)D + (17)D) D)
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+ (@) + (@)@ + (@)? + 1)@ + E:)?) DP) (@16)P g
DD + @)@ + P16)®) (@) 2 @) P6i; + (@17)® (18)® (@16) PG
(WP + B1e)® = (16)P)san,amTir +b17)Psae)a0)Tis )} = 0

.

(DD + B2 = (2)D) (DD + (@)D + P22))

(WP + (@20)P + P20)®) (@261 + (@209 (020)D630 )|

(DD + B2)® = () P)seanenTsr +b2)PsoyenT5n)

+ (DD + (@) + @21)®)(@20) PG50 + (020)P (421) V631 )

(DD + B2)® = (20)P)sn,e0 T + B2)Psa0,eoTh)

((W®) + (@)@ + (@) + @0)P + B21)P) D)

(WD) + (B)D + (03P = (20 + (2)P) WD)

+ (W) + (@)@ + (@)D + @009 + P21)P) WD) (@:2)P 62
(DD + @20)® + P200P) (@)D (020 D651 + (@200 (a22) P (0200630

(((A)B) + (b20)® = (120)®)s21),22) T +(b21)(3)5(20),(22)T§0)} =0
+

(D@ + Br)® = (26) D) (DD + (@36)® + P26)®)

(D@ + (@)@ + B2)®) (425) P G35 + (225)“ (026) 63|
(W@ + (B2)® = (2)®)525),25)Tss +(b25) D524, 25)T5s )
+ (D@ + (@)@ + B25)®) (@20) D634 + (02)® (025) VG35 )
((® + B2)@ = 120®)s sy @0Tss + b2s) V5,00 T )
(W) + (@)@ + (@)@ + @)@ + (25)P) D)

(WD) + (B2)® + (h35)® = (2@ + (125)P) WD)
+((W®) + (@)@ + (@)@ + @20® + 25)®) DP) (426)® G2

+((/1)(4) + (az)™® + (P24)(4)) ((a26)(4)((I25)(4)G55 + (azs)(4)(026)(4)((124)(4)654)
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(((/1)(4) + (by)® — (Tz4)(4))5(25),(26)T55 +(b25)(4)5(24),(26)T2*4)} =0

.
(D + B30)® = (3) D) (DD + (@) + (30))
(DS + (@26)® + 26)®) (@29)F 630 + (229) (425) D635 )|
(DD + B2)® = 2)D)5(20) 25950 +(b20) V528,20 T5 )
+ (D + @) + 26)®) (426) G35 + (26)® (420) VG35 )

(D + 1)@ = 2)D)s(20) 89 T0 + (29) 528,267
(D) + (@) + (@) + @26)® + 029)®) D)

((W®) + (B3)D + (b30)® = (126)® + (1)) WD)
+((W®) + (@)@ + (@) + ©26)® + B20)P) DD (030) 630
HD® + (@) + 26)®) ((230)® (@29) 63y + (a29) P (230)® (426) ) G35)

(DD + B:6)® = 16))5020), 6300 Foo +(b29) 528, 30)T5s )} = 0
.
(DO + (b3)@ — () W (D + (a3)©@ + (3)®)
(W + (@)@ + P2)) (@3) @653 + (@) ()63, )|
((W© + (b32)© = (132)@)s33),33) T3 +(b33) @532 53)T5: )
+ (D + (@3)@ + (33)©) (@32) @652 + (a3) @ (433) €635 )
(D@ + B3 = (32)@)s(a3),60)Tss + (b33) V532,300 T2 )
((W©) + (@)@ + (@)@ + P:2)® + (P3) @) (D)

(D) + (B3 + (i) ® = (3@ + (r3)@) W©)
+((@®) + (@)@ + (@)@ + P3)@ + 3)©) D) (43) 64
HD® + (az2)®@ + @32)®@) ((a30)@ (@33) @633 + (a33) @ (@30 @ (432)©65,)

(((/1)(6) + (béz)(é) - (r32)(6))5(33),(34)T§3 +(b33)(6)5(32),(34)T§2>} =0

And as one sees, all the coefficients are positive. It follows that all the roots have negative real part, and this
proves the theorem.
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V. CONCLUSIONS:

We HAVE Obtained Solutional stability, Solutional behaviour of the equations and systemic
asymptotic stability in the above paper.
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the part of the authors, we regret with great deal of compunction, contrition, regret, trepidiation and
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