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Abstract

This research examines the dynamic nature of the transmission of COVID-19 utilizing an au-
tonomous and a non-autonomous model. To begin with, we investigated various qualities of
the model, such as the solutions’ boundedness, the existence of disease-free and endemic equi-
libria, and the local and global stability of these equilibria. Furthermore, we calculated R0. We
measured its susceptibility using the forward sensitivity index and Latin Hypercube Sampling-
Partial Rank Correlation Coefficient (LHS-PRCC) to pinpoint the most significant impact pa-
rameter. The stability of the disease-free and endemic equilibrium points was proved using the
Routh-Hurwitz criteria and the Jacobian matrix. Besides, we proved the global stability of the
equilibria by formulating a Lyapunov function, which was shown to be harmful. Simulation
findings demonstrate that managing COVID-19’s spread is feasible by decreasing the contact
between susceptible and asymptomatic individuals and between susceptible and symptomatic
individuals and improving their recovery rates. We formulated a non-autonomous control
model integrating three time-dependent control schemes: u1-vaccination, u2-personal protec-
tive actions, and u3-treating infected individuals. We conducted a thorough cost-effectiveness
analysis of seven optimal control interventions through numerical simulations. We found that
Strategy B, centring on personal protective measures, is the best cost-efficient and effective
strategy.
Keywords: Cost-effectiveness analysis; Optimal control; Local-global stability; Sensitivity analysis; SARS-CoV-2;
Basic reproduction number.

1 Introduction
In 2019, the world experienced a Pandemic, coronavirus disease 2019 (COVID-19), which initially was noticed in
Wuhan, China and spread to other countries as people migrated. This upsurge of the disease caused a significant
mortality rate across all continents. The dynamics in the spread of COVID-19 were so diverse that policymakers
and health authorities, such as WHO, had to step in with measures like wearing nose masks and social distancing
to mitigate its impact. The disease spreads rapidly among people through interactions, leading to a high trans-
mission rate. Consequently, a significant number of individuals become infected within a short period [1]. It is
still uncertain when the COVID-19 infection will be eradicated from the community, despite the implementation of
various preventive measures like the provision of vaccines and control strategies aimed at curbing the infection of
the disease. People are advised to maintain social distancing from infected persons.

Public health institutions embraced hand hygiene, mask-wearing, keeping social distance, and restrictions on
public gatherings. Lockdown measures and instructions to stay at home were enforced as appropriate measures to
mitigate the upsurge and control the spread of the disease [2]. In 2020, many affected countries implemented the
closing of schools and businesses to reduce the infection rate. In March 2020, institutions such as schools were closed
down, and a reduction of business hours was first declared in Bhutan [3]. This was not nationwide until, in August,
the state declared a nationwide lockdown for every institution [4]. Schools then introduced digital learning because
face-to-face learning was not possible. To continue teaching and learning, COVID-19 provided the opportunity for
online school [5]. By July 2020, the United Nations stated that the global impact of COVID-19 had contrived 98.6%
of students, amounting to 1.725 billion minors and adolescents across 200 countries [6]. This changed the dynamics
of teaching and learning, making homeschooling the order of the day in some countries. Pokhrel et al. [7], in the
conclusion of their article, mentioned some lessons teachers and students can take from the COVID-19 pandemic.
One of these is using different online tools for teaching and learning.
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The United States felt the effect of COVID-19 by March, which included closings of small �rms. The govern-
ment began implementing preventive measures such as lockdowns and travel bans in many countries [8]. Indeed,
this affected many businesses worldwide, which the United States was not exempt from. The COVID-19 crisis
caused the most rapid and severe economic blow the United States has ever encountered in recent history, with
GDP declining at a 5% rate annually in the �rst half of the year and an overwhelming 32% in the latter half of the
year [9]. In [10], Ramelli et al. demonstrated the consequence of COVID-19 on �rms' stock prices for relying more
on international trade, global supply chains, and �nancial markets, and these effects became more evident by the
middle of March.

Mathematical models have been employed to portray the dynamics of infectious diseases and forecast their
possible effects on population health. The models also help in getting an understanding of the dynamics and the
effectiveness of the control measures. Mathematical modelling applying differential equations allows for a holistic
approach to comprehension of disease dynamics and evaluating the effectiveness of control strategies in reducing
the prevalence of the disease. Various researchers have used real-world data from affected countries to examine
different dimensions of outbreaks and study the detriment of control schemes, like lockdown interventions, geared
towards containing the spread of the disease [11]. In [12], Tripathi et al. highlighted the signi�cant role and ef-
fectiveness of lockdown and quarantine of asymptomatic infections as measures in controlling the dynamics of
COVID-19 because the disease spreads mainly through interactions. In [13], the researchers presented and stud-
ied an alteration of the SEIR model that includes infected individuals experiencing no symptoms and hospitalized
compartments. Furthermore, they extensively analysed the model using actual data from Ethiopia. They argued
that hospitalised individuals' health awareness, preventive measures, and medication collectively contribute to a
substantial decline in disease transmission. In [14], the authors considered a mathematical model for COVID-19,
integrating diverse transmission pathways such as contact between individuals and human contact with environ-
mental routes of disease transmission. Also, in [15], they explored how non-pharmaceutical measures impact the
dynamism of COVID-19 through mathematical models. Their technique utilised a mixing standard incidence rate
based on the law of mass action, with parameter values calibrated through COVID-19-reported case data from India.
In the work presented [16], an investigation of the implications of vaccination and non-pharmaceutical interven-
tions on the transmission of COVID-19 was considered. They suggested that including the therapeutic bene�ts of
COVID-19 vaccination in the model can lead to a notable removal of the pandemic. In [17], the authors introduced a
mathematical model for COVID-19 and examined it. They categorized the ways of transmission into symptomatic
infectious, asymptomatic infectious, and hospitalized individuals. To determine the model parameters, they used
cumulative case reports from Nigeria. Furthermore, they extended the initial model to consider control schemes to
reduce the number of infectious individuals within the community. In [18], they investigated the cost estimation
of caring for meningitis infections in low and medium-income countries, utilizing multiple regression analysis to
predict costs based on hospital centre expenses and associated determinants, particularly in regions lacking com-
prehensive data.

Optimal controls are extensively used in dynamical systems, speci�cally those related to nonlinear ordinary dif-
ferential equations, and perceived as an intervention technique within control theory [19, 20, 21, 22]. Mathematical
models that involve optimal control analysis are essential for a deeper comprehension of the dynamism of disease
spread and play a vital role in the policy-making process concerning disease control. Optimal control analysis has
been utilized in the modelling of COVID-19, as investigated in [23]. Applying optimal control modelling exclu-
sively for COVID-19 cases in South Africa was discussed in [24]. In contrast, the rami�cations of control strategies
on COVID-19 modelling in Malaysia were studied in [25]. A non-autonomous mathematical model integrating a
control scheme for the COVID-19 outbreak was investigated in the study referenced as [26]. In a survey by [27], a
nonlinear dynamical system, both autonomous and non-autonomous, was employed to investigate the COVID-19
widespread in Ghana. The authors in [28] suggested and examined a deterministic COVID-19 model to analyze
its transmission and possible control strategies. Several essential works exist on COVID-19 infection, its dynamics,
and control measures. For further details on this matter, the reader is motivated to confer the mentioned articles
and additional references in [29, 30, 31, 32, 33, 34, 35].

This paper introduces an autonomous and a non-autonomous model for COVID-19 and analyzes both the
qualitative and quantitative attributes of the model. The core objective is to determine the local and global stability
of disease-free and endemic equilibria and investigate how the model's parameters affect R 0 and the comprehensive
effects of these relationships. Furthermore, the autonomous model is converted into a non-autonomous control
model, comprising three continuous controls: personal protective measures, vaccination, and remedy of infected
individuals. Lastly, the research advocates the best cost-effective control intervention based on the investigation.

The arrangement of this article is structured in this way: Section 2 introduces the deterministic compartmental
model for COVID-19. Section 3 digs into the qualitative attributes of the model, like positivity, solutions' bound-
edness, basic reproduction numbers, and the existence along with the local and global stability of disease-free and
endemic equilibria. Section 4 centres on examining the sensitivity of the model's parameters on R 0 using the nor-
malized forward sensitivity index and the Latin Hypercube Sampling-Partial Rank Correlation Coef�cient (LHS-
PRCC), as well as numerical simulations to analyze the essentiality of parameter variations on R 0 using surface
and contour plots. Section 5 extends the COVID-19 model into a non-autonomous control model. Section 6 tackles
computational investigations of the optimal control model based on the three control strategies. Section 7 assesses
the cost-effectiveness of the applied control strategies. Finally, conclusions and discussion are provided in Section
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2 Mathematical model
The autonomous model is structured into �ve classes constituting individual phases of the human reaction to a
disease. These are: susceptible individualsS(t), persons who were exposed to the diseaseE(t), infected individuals
I (t), persons who have recovered R(t), and deaths attributable to the disease D(t). At a given time, the total
population is computed as the sum of these compartments: N (t) = S(t) + E(t) + I (t) + R(t) + D(t). It is postulated
that the exposed E(t) and infected I (t) individuals can transfer the virus to the susceptible individuals at rates
bE and b I correspondingly. To construct a practical model for our investigation, we proceed with the following
conjectures, as mentioned in [36, 37, 38]:

• We incorporate deaths due to disease and natural causes;

• We constitute recent births in the population;

• We suggest that few exposed people will not exhibit symptoms (asymptomatic) and will transfer immedi-
ately from exposed to recovered status;

• We believe that both individuals exhibiting symptoms (in the infected group) and those without symptoms
(in the exposed group) can disseminate the disease;

• We believe that there is a waiting period amidst exposure to the disease and symptom onset;

• We predict that disease spread is affected by population density, with more spread in populous areas;

• We presume that there is no movement or change in the group of deceased individuals.

Figure 1: The schematic diagram illustrating the spread of COVID-19 between the population
in model 2.1.

Under these assumptions, we have the temporal-only model (2.1) as:
8
>>>>>>>>>>><

>>>>>>>>>>>:

dS
dt

= b � bi SI � beSE� mS,
dE
dt

= bi SI + beSE� (a + ge + m)E,
dI
dt

= aE � (d+ g i + m) I ,
dR
dt

= geE + g i I � mR,
dD
dt

= dI ,

(2.1)

with the initial:
S(0) � 0, E(0) � 0, I (0) � 0, R(0) � 0, D(0) � 0. (2.2)
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Figure 1 represents the compartment model of the COVID-19 dynamics 2.1. The birth is expressed asb in the model,
while millustrates the natural mortality rate. The expressions bi and be describe the contact rates among symp-
tomatic and susceptible individuals and asymptomatic and susceptible individuals, respectively, measured days � 1.
The parameter a is represents the incubation rate (also in days� 1), ge is used for the recovery rate of asymptomatic
individuals (days � 1), and g i is used for the recovery rate of symptomatic individuals (days � 1). The death rate
from the disease is denoted by d (units days � 1). Furthermore, the constants ns, ne, ni , and nr denote the diffusion
coef�cients for the susceptible, exposed, infected, and recovered population classes, respectively, measured in units
of km 2 persons� 1 days� 1.

Table 1: Parameter values for the model

Parameter Value Parameter Value
b 0.0001 a 0.2
m 0.0001 ge 0.2
bi 0.3 g i 0.1
be 0.00001 d 0.01

3 Theoretical analysis of the temporal-only model

3.1 Fundamental characteristics
To ascertain that model (2.1) and its corresponding initial conditions (2.2) are ecologically and epidemiologically
realistic, it's essential to substantiate that all results of the model (2.1), given the initial data (2.2), maintain both
positivity and boundedness.

3.1.1 Positivity of solution

Theorem 3.1. For the model(2.1)with the corresponding initial data(2.2), then all the results, namely S(t), E(t), I(t), R(t),
and D(t), stay positive within a given �nite and bounded area8t � 0.

Proof. Applying the �rst equation from model (2.1), which yields;

dS
dt

= b � bi SI � beSE� mS,

which is rewritten as:
dS
dt

� � (bi I + beE + m) S. (3.1)

Then, we integrate (3.1) which yields:

S(t) � S(0) exp
�

�
�

bi

Z t

0
I (t )dt + be

Z t

0
E(t )dt + m

�
t
�

. (3.2)

Then, in a similar faction, we have the following;

E(t) � E(0)e� (a+ ge+ m)t ,

I (t) � I (0)e� (g i + d+ m)t ,

R(t) � R(0)e� mt , (3.3)

D(t) � 0.

Therefore, we can see from (3.2) and (3.3) thatS(t) � 0, E(t) � 0, I (t) � 0, R(t) � 0, D(t) � 0, 8t � 0 and thus,
the results to the model described by equation (2.1) is always positive.

3.1.2 Boundedness and invariant region

Theorem 3.2. All the results of model(2.1), S(t), E(t), I(t), R(t), and D(t), with given initial data described by(2.2),
remains bounded and constrained within a �nite area de�ned by the setW, where

W =
�

S(t), E(t), I (t), R(t), D(t) 2 R5
+ : 0 � N (t) �

b
m

�
. (3.4)

4



Proof. To show the solutions' boundedness, we sum the compartments of model (2.1), yielding;

dN
dt

= b � m(S(t) + E(t) + IA (t) + IS(t) + R(t)) .

Then, assuming that no one dies from the infection, we get that;

dN(t)
dt

� b � mN (t). (3.5)

We then integrate (3.5) to obtain;

ln b � mN (t) � � m(t + C)

b � mN (t) � Ce� mt (3.6)

We apply the initial condition, N (0) = N0, we (3.6) to obtain the results;

N (t) � N0e� mt +
b
m

�
1 � e� mt � . (3.7)

As t ! ¥ in (3.7), we have that the population tends to;

lim sup
t! ¥

N (t) �
b
m

. (3.8)

Every results of model (2.1) with a initial data in R5
+ will stay in the set 8t > 0, whenever N (t) �

b
m

. Hence, the set

W is invariant and bounded.

3.2 Basic reproduction number
The basic reproduction number, R 0, is a principal criterion employed to measure and control disease transmission
within a community, particularly during an outbreak. It depicts the mean number of new cases produced by a sole
infected individual within a community that has not been previously exposed to the disease. We can determine
the value of R 0 through the following generation matrix method, as outlined in [39]. This computation entails
studying two matrices: F , associated with the rate of new infections, and V, which can be described as the rate
at which individuals move out of their current disease state. The Jacobian matrices computed at the disease-free
equilibrium point (3.12) is:

J F =

2

4
bbe

m
bbi

m
0 0

3

5 and J V =
�

CE 0
� a CI

�
, (3.9)

where
CE = a + ge + mand CI = d+ g i + m. (3.10)

Hence, R 0 is given as the spectral radius of J F � J V written as

R 0 =
b

mCE

�
be +

abi

CI

�
. (3.11)

Based on the parameters used in our simulations, as seen in Table 1,R 0 = 1.3621. This indicates that there will be
epidemic outbreaks if effective management is not implemented.

3.3 Existence of Disease-free equilibrium (DFE) point
The disease-free equilibrium point represents the state where no disease exists in the population. In this situation,
no infected individuals exist, that is, lack of infection in the population and no new infected immigrants to spread
the disease. Then, from model (2.1),E(t) = I (t) = R(t) = 0 gives the disease-free equilibrium E0 as:

E0 =
�

b
m

, 0, 0, 0
�

. (3.12)

3.4 Stability of the disease-free equilibrium point
Here, examining the dynamic nature of the equilibrium when the disease is absent is especially signi�cant.

Theorem 3.3. If R 0 < 1, then the disease-free equilibrium point,E0 =
�

b
m

, 0, 0, 0
�

of model(2.1), is locally asymptotically

stable. Conversely, whenR 0 > 1, then the disease-free equilibrium point(3.12)becomes unstable.
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Proof. Using the state variables in model (2.1), speci�cally, the variables S, E, I , and R, we can ascertain the sta-
bility of model (2.1). With these variables, we can gain the Jacobian matrix associated with (2.1) at the disease-free
equilibrium point as:

J E0
=

2

6
6
6
6
6
6
4

� m �
bbe

m
�

bbi

m
0

0
bbe

m
� CE

bbi

m
0

0 a � CI 0
0 ge g i � m

3

7
7
7
7
7
7
5

, (3.13)

where CE and CI are de�ned in (3.10). Clearly, l 1 = � m< 0 and l 4 = � m< 0. Then, we �nd the other eigenvalues
using the remaining block matrix of (3.13) as;

J Ê0
=

2

4
bbe

m
� CE

bbi

m
a � CI

3

5 . (3.14)

The eigenvalues of the matrix, J M̂ are the roots of the characteristic polynomial given by

p( l ) = a0l 2 + a1l + a2, (3.15)

where

a0 = 1,

a1 = CE + CI �
bbe

m
,

a2 = CECI �
CI bbe

m
�

abbi

m
.

Then, the coef�cients a1, and a2 are rewritten in respect of the basic reproduction number (3.11);

a1 = CI + CE(1 � R 0) +
abbi

mCI
,

a2 = CECI (1 � R 0).

Then, employing the Routh-Hurwitz criterion [40], the characteristic polynomial will obtain negative real parts
provided a2a1 > 0 and a2

1a2 > 0. As a result, when R 0 < 1 the disease-free equilibrium point, E0 of model (2.1) is
locally asymptotically stable and unstable whenever R 0 > 1. In conclusion, the Theorem 3.3 has been successfully
shown.

Theorem 3.4. The disease-free equilibrium state,E0 =
n

b
m, 0, 0, 0

o
of model(2.1), is globally asymptotically stable inR4

+ ,

wheneverR 0 < 1.

Proof. To demonstrate that the disease-free equilibrium point, E0 =
n

b
m, 0, 0, 0

o
, is globally asymptotically stable.

We formulate a Lyapunov function: L(S, E, I , R) : R4
+ ! R+ , for the disease-free equilibrium point de�ne as;

L =
�

CI be + abi

CECI

�
E +

�
CI be + abi

aCI

�
I + ( S � S0), (3.16)

where CE and CI are de�ned in (3.10). Computing the derivative of L gives;

dL
dt

=
�

CI be + abi

CECI

�
dE
dt

+
�

CI be + abi

aCI

�
dI
dt

+
dS
dt

. (3.17)

Then, substituting the equations for dS
dt , dE

dt and dI
dt in model (2.1) into (3.17) and since S0 = b

m at the disease-free
equilibrium point, yields;

dL
dt

= (R 0 � 1) ( bi SI + beSE) �
�

CI be + abi

a

�
I . (3.18)

Now, for dL
dt � 0, we have that R 0 � 1. Again, it can be observed that, dL

dt = 0 as long asE = 0 and I = 0. Thus,

the biggest compact invariant set
n

(S0, E0, I0, R0) 2 R4
+ j dL

dt = 0
o

is a singleton. Consequently, by the LaSalle's

Invariance Principle [41, 42], the disease-free equilibrium point, E0 is globally asymptotically stable whenever R 0 <
1 and globally unstable whenever R 0 > 1, therefore Theorem 3.4 has been successfully shown.
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3.5 Existence of an endemic equilibrium point (EEP)
At the endemic equilibrium point, the rates of change for each compartment are zero, which means the disease
is persistent in the community. Still, the number of individuals in each compartment remains constant over time.
However, the last equation dD

dt = dI = 0 suggests that for an endemic equilibrium (where I 6= 0), the death
compartment will keep increasing unless d = 0. For this reason, we omit D in our analysis. This provides the
endemic equilibrium point as:

E� = f S� , E� , I � , R� g , (3.19)

where

S� =
b

l + m
,

E� =
l b

( l + m)CE
,

I � =
al b

( l + m)CECI
,

R� =
l b(geCI + agi )
m( l + m)CECI

,

where l = bi I � + beE� is the force of infection. Substituting E� , and I � in (3.19) into the force of infection, we have

CECI l
2 + (mCECI � bi ab � bebCI ) l = 0.

This has roots

l � = 0, l � =
bi ab+ bebCI � mCECI

CECI
.

The root l � = 0 is the disease-free equilibrium state. When l � 6= 0, we have that l � = R 0 � 1. This tells us that the
endemic equilibrium is stable whenever R 0 > 1 and unstable whenever R 0 < 1.

3.6 Stability of the endemic equilibrium point
Theorem 3.5. The endemic equilibrium point,E� = f S� , E� , I � , R� g of model(2.1), is locally asymptotically stable when-
everR 0 > 1 and unstable wheneverR 0 < 1.

Proof. We obtain the Jacobian matrix J E� evaluated at E� results in;

J E� =

2

6
6
6
4

� m� Bbe
KCECI

� Babi
KCECI

� CECI be
K � CECI bi

K 0
Bbe
KCE

+ Babi
KCECI

CECI be
K � CE

CECI bi
K 0

0 a � CI 0
0 ge g i � m

3

7
7
7
5

, (3.20)

where

B = CI bbe + abbi � CI am� m2CE � dgem� g i m(ge + m), (3.21)

K = CI be + abi .

Clearly, l 4 = � m< 0. Then, we �nd the other eigenvalues using the remaining block matrix of (3.20) as;

J Ê� =

2

6
4

� m� Bbe
KCECI

� Babi
KCECI

� CECI be
K � CECI bi

K
Bbe
KCE

+ Babi
KCECI

CECI be
K � CE

CECI bi
K

0 a � CI

3

7
5 . (3.22)

Now, the eigenvalues associated with the matrix J Ê� are the roots of the subsequent characteristic polynomial;

p( l ) = a0l 3 + a1l 2 + a2l + a3, (3.23)

where

a0 = 1,

a1 = CE + CI + m+
Babi

KCECI
+

Bbe

KCECI
�

CECI be

K
,

a2 = CECI + CEm+ CI m+
Babi

KCE
+

Babi

KCI
+

Bbe

KCE
+

Bbe

KCI
�

CEC2
I be

K
�

CECI abi

K
�

CECI bem
K

,

a3 = CECI m+
Babi

K
�

CEC2
I bem

K
�

CECI abi m
K

+
Bbe

K
.
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Then, the coef�cients a1, a2, and a3 are rewritten in terms of R 0 > 1 (3.11);

a1 = CE + CI + m(1 � R 0) +
bK
CE

+
1

CECI

�
Babi

K
+ abi b+ Bbe

�
,

a2 = CI m+ CE(CI + m)(1 � R 0) +
b
m

�
mabi
CI

+ abi + be(CI + m)
�

+
B
K

�
abi

CE
+

abi

CI
+

be

CE
+

be

CI

�
,

a3 = CECI m(1 � R 0) +
abi (B + K)

K
+

be(B + CI )
K

.

Then, applying the Routh-Hurwitz criterion [40], there will be negative real parts for the characteristic polynomial
given that a2a1 > a3 > 0 and a2

1a2 > a1a3 > 0. For the the endemic equilibrium point, R 0 > 1, the value of E� from
model (2.1) is locally asymptotically stable and E� unstable whenever R 0 < 1. In conclusion, the Theorem 3.5 has
been successfully shown.

Theorem 3.6. The endemic equilibrium point,E� of model(2.1), is globally asymptotically stable wheneverR 0 > 1 and
unstable wheneverR 0 < 1.

Proof. To demonstrate that the endemic equilibrium point E� is globally asymptotically stable, we construct a Lya-
punov function L(S� , E� , I � , R� ) :

�
(S� , E� , I � , R� ) 2 R4

+
	

! R de�ned as;

L =
�

S � S� � S� ln
�

S
S�

��
+

�
E � E� � E� ln

�
E
E�

��
+

�
I � I � � I � ln

�
I
I �

��
+

�
R � R� � R� ln

�
R
R�

��
.

(3.24)
The derivative of L is;

dL
dt

=
�

S � S�

S

�
dS
dt

+
�

E � E�

E

�
dE
dt

+
�

I � I �

I

�
dI
dt

+
�

R � R�

R

�
dR
dt

. (3.25)

Substituting the equations for dS
dt , dE

dt , dI
dt and dR

dt in model (2.1) into (3.25) and then, collecting the positive and
negative terms together from (3.25) gives;

dL
dt

= P � N, (3.26)

where

P = b+ bi (S � S� )
(E � E� )

E
( I � I � ) + be(S � S� )

(E � E� )2

E
+ a(E � E� )

( I � I � )
I

+ ge(E � E� )
(R � R� )

R
+ g i ( I � I � )

(R � R� )
R

(3.27)

and

N = b
S�

S
+ bi

(S � S� )2

S
( I � I � ) + be

(S � S� )2

S
(E � E� ) + m

(S � S� )
S

+ CE
(E � E� )2

E

+ CI
( I � I � )2

I
+ m

(R � R� )
R

, (3.28)

with CE and CI are de�ned in (3.10). Now, it can be observed that, if P < N, then dL
dt � 0 and when S = S� , E = E� ,

I = I � and R = R� , then dL
dt = 0. Consequently, the biggest compact invariant set

n
(S� , E� , I � , R� ) 2 R4

+ j dL
dt = 0

o

is a singleton. Thus, by LaSalle's Invariance Principle [41, 42], the endemic equilibrium point is globally asymp-
totically stable whenever R 0 > 1 and globally unstable whenever R 0 < 1, consequently Theorem 3.6 has been
proved.

4 Sensitivity analysis of R 0

We look at the sensitivity of model parameters regarding R 0. A sensitivity analysis evaluates how changes in an
independent variable impact a particular dependent variable within the setting of certain prede�ned assumptions
[43, 44]. When using the value of R 0 to analyse the unpredictability of the model parameters, we employ the
normalized forward sensitivity index and the Latin Hypercube Sampling-Partial Rank Correlation Coef�cient (LHS-
PRCC) to determine the most in�uential parameters on R 0.

4.1 Local sensitivity analysis
Here, we employed the normalized forward sensitivity index to explore the signi�cance of each parameter in the
transmission of COVID-19. The normalized forward sensitivity index of a variable relative to a parameter is the
proportion of the variable's relative change to the parameter's relative change. This sensitivity index can also be
described through partial derivatives when the variable is a differentiable function with respect to the parameter.
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De�nition 4.1. Mathematically, the normalized forward sensitivity index of R 0 of a given parameter l , using the
approach in [45], is given as:

xR 0
l =

¶R 0

¶l
�

l
R 0

.

BecauseR 0 helps in the prediction of the disease's progression, we employ de�nition 4.1 to ascertain which
parameters within the model exert a more signi�cant impact on the value of R 0. Parameters with positive sensi-
tivity indices imply that an increase in their values will increase the rate at which the disease spreads. In contrast,
parameters with negative sensitivity indices indicate that an increase in their values will signi�cantly reduce the
rate at which the disease spreads. The sensitivity indices calculated at the baseline parameter values, presented in
Table 1, are documented in Table 2.

Table 2: Sensitivity indices of R 0 in relation to the model parameters in Table 1.

Parameter Sensitivity index Parameter Sensitivity index
b +1.0000 a +0.5001
m -1.0011 ge -0.4999
bi +0.9999 g i -0.9082
be +0.0001 d -0.0908

From Table 2, b, m, bi , a, ge, and g i are the parameters which are most sensitive on R 0. This is because any
increment in the parameter values of b, bi , and a will lead to a 100%, 99.99%, and 50.01% increase inR 0. Also,
an increase in the m, ge, and g i will decrease R 0 by 100.11%, 49.99%, and 90.82% respectively. Therefore, effective
measures must be implemented to decreaseb, bi , and a and to increase m, ge, and g i . Although intervention
measures are geared towards increasing and/or increasing the most signi�cant parameters, it is paramount that the
control of the other parameters not be completely ignored.

4.2 Global sensitivity analysis
In this analysis, the Latin Hypercube Sampling-Partial Rank Correlation Coef�cient (LHS-PRCC) is used to analyse
the variabilities in R 0. The LHS-PRCC technique presents a way to explore the whole parameter space in model
(2.1) through computer simulations. The Latin Hypercube Sampling (LHS) is an essential sensitivity analysis ap-
proach, mainly used with the Partial Rank Correlation Coef�cient (PRCC). This combination is implemented to
ascertain the correlation between R 0 parameters. These techniques are crucial in estimating how parameter varia-
tions signi�cantly in�uence the variability of R 0.

The Monte Carlo simulation technique was employed to measure the effect of the parameters, sampled via Latin
Hypercube Sampling (LHS), on R 0. A thousand LHS samples based on R 0 from equation (3.11) were generated,
and the consequent histograms are illustrated in Figure 3. This histogram demonstrates the unpredictability in R 0
with the 95% con�dence intervals marked by dashed blue lines. The spread of R 0. values are described, with the
mean, 5th, and 95th percentiles at 1.6257, 0.4540, and 3.8544, respectively. As stated in Table 1, the estimate ofR 0
is 1.3621 when we utilize the parameter values from the table. The distribution of R 0 is wide, signifying important
uncertainty, which accrues from the estimations of the model parameters despite this uncertainty being less obvious
for most parameters.

Figure 2 measures how well each parameter of model (2.1) in�uences R 0. The Partial Rank Correlation Coef�-
cient (PRCC) values vary from +1 to -1 for R 0's parameters. In the graph shown in Figure 2, the higher the bar, the
greater the effect on R 0's estimation. The sign of the bars also indicates the direction of the correspondence between
input and output parameters: positive PRCC values imply that an increase in the input parameter will increase the
model's output. In contrast, negative values indicate that the model's production will decrease. A PRCC value of
zero suggests no relationship between input and output.

When the r - value is less than 0.05 and the magnitude of the PRCC value is approximately equal to 1, that is
0.5 � j PRCCj � 1, the signi�cant parameters are recognized. From Figure 2, we can see that R 0 increases with
increases in b, bi , and a, and decreases with increases inm, ge, and g i . Thus, it is essential to enforce policies that
reduce b, bi , and a and improve m, ge, and g i for controlling the disease ef�ciently. Although action and measures
should concentrate on adjusting these signi�cant parameters, it is also essential not to disregard the management
of other parameters.

4.3 Variability of the model parameters on R 0

In this section, we illustrate how R 0 is affected by the variation of the model parameters. We consider the parame-
ters bi , be, g i , ge, and a and study the trajectories of the solution of the exposed, infected, and recovered individuals
in Figures 4-7. Also, we make contour and surface plots in Figures 8-9 to illustrate the relationship between the pair
parameters (be, a), (be, ge), (bi , a), (bi , be), and R 0.
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Figure 2: PRCC index showing the Relationship between the Sensitivity of R 0 and the param-
eters.

Figure 3: Uncertainty analysis of R 0 with 95% con�dence interval

(a) Trajectories of exposed individuals for varying
levels of bi .

(b) Trajectories of infected individuals for varying
levels of bi .

Figure 4: Effects of bi on the exposed and infected individuals.
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(a) Trajectories of exposed individuals for varying
levels of a.

(b) Trajectories of infected individuals for varying
levels of a.

Figure 5: Effects of incubation rate a on the exposed and infected individuals.

(a) Trajectories of infected individuals for varying
levels of g i .

(b) Trajectories of recovered individuals for varying
levels of g i .

Figure 6: Effects of recovery rate g i of symptomatic individuals on the infected and recovered
individuals.

(a) Trajectories of exposed individuals for varying
levels of ge.

(b) Trajectories of infected individuals for varying
levels of ge.

(c) Trajectories of recovered individuals for varying
levels of ge.

Figure 7: Effects of recovery rate ge of asymptomatic individuals on the exposed, infected and
recovered individuals.
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In Figure 4, we consider the effects of the contact rate bi on R 0 and the population. The exposed and infected
individuals decreases in number as bi decreases, this is because there is less contact between susceptible individ-
uals and symptomatic individuals. On the other hand, when bi increases, there will be more contact between the
susceptible and the symptomatic individuals, leading to the generation of more exposed and infected individuals.
We also observe that when bi increases,R 0 increases, leading to the reproduction of more infected individuals, but
when bi decreases,R 0 decreases, which will lead to the curbing of the COVID-19.

In Figure 5, As the incubation rate a increases, we notice a corresponding increase in infected individuals.
This is because the time from exposure to becoming an infectious individual is short, and the exposed individuals
will develop symptoms immediately after exposure to COVID-19, leading to the generation of more infected in-
dividuals. However, an increase in the incubation rate decreases the number of infected individuals because the
development of symptoms upon exposure to the virus is not sudden, leading to a decrease in infected individuals.
Also, we see that R 0 increases whena increases andR 0 decreases whena decreases.

In Figure 6, we see that an increase in the recovery rateg i of symptomatic individuals decreases the number
of infected individuals and increases the number of recovered individuals. On the other hand, a decrease in the
recovery rate g i increases the number of infected individuals, and the number of recovered individuals decreases.
Furthermore, we also observe that the basic reproduction number, R 0 decreases, but when there is an increase in
the recovery rate g i , the basic reproduction number, R 0 increases.

From Figure 7, as the recovery rate ge of the asymptomatic individual decreases, the number of exposed and
infected individuals increases, but the number of recovered individuals decreases. Also, when the recovery rate
ge of the asymptomatic individual increases, the number of exposed and infected individuals decreases, but the
number of recovered individuals increases. Furthermore, we also observe that, with an increase in ge, the basic
reproduction number, R 0 decreases when there is an increase in the recovery rateg i but when the recovery rate g i
decreases, we have that the basic reproduction number,R 0 increases.

Therefore, to limit the spread of COVID-19, more effort should be directed towards regulating the contact rate
bi , the incubation rate a, the recovery rates g i and ge.

(a) Contour map of R 0 as a function of be and a. (b) The surface of R 0 plotted against be and a.

(c) Contour map of R 0 as a function of be and ge. (d) The surface of R 0 plotted against be and ge.

Figure 8: Contour and surface plots illustrating R 0 calculated based on the parameters(be, a),
and (be, ge).

To study the variability of the model's parameter on R 0, we make surface and contour plots of R 0 and pairs of
the model's parameters such as(be, a), (be, ge), (bi , a), and (bi , be) in Figures 8-9.

Now, in Figure 8a and Figure 8b, we observe that when both the contact rate be between the susceptible and
the asymptomatic individuals and the incubation rate a increases, the basic reproduction number, R 0 increases and
gets above one. On the contrary, in Figure 8c and Figure 8d, when both the contact rate between the susceptible
individuals and the asymptomatic individuals and the recovery rate ge of the asymptomatic individuals increases,
the basic reproduction number, R 0 decreases. Therefore, increasing the recovery ratege of the asymptomatic indi-
viduals will reduce the basic reproduction number.

In Figure 9a and Figure 9b, there is an increase in both the contact rate bi between the susceptible individuals
and the symptomatic individuals and the incubation rate a, the basic reproduction number, R 0 increases above
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