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Abstract- The mixture of distributions can serve as a model to some realities where the population consists of heterogeneous
components. In this paper we present some of the important summaries of the mixtures of two logarithmic distributions such as the
moment generating function, mean and variance. Moreover, various graphs of the mixture with different values of mixing parameters
are presented.

Index Terms- Probability Distributions, Logarithmic Distribution, Mixture of Distributions, Moment Generating Functions, Mean and
Variance.

l. INTRODUCTION

The logarithmic series distribution was introduced by Fisher, Corbett and Williams (1943) to investigate the distribution of
butterflies in the Malayan Peninsula. 1t has been used in the sampling of quadrants for plant species, the distribution of animal species,
population growth and in economic applications. Chatfield et al (1966) used the logarithmic series distribution to represent the
distribution of numbers of items of a product purchased by a buyer in a specified time period. They point out that the logarithmic
series has the advantage of dependency on only one parameter 6 [13].

In probability and statistics, the logarithmic distribution also known as the logarithmic series distribution or the log-series
distribution is a discrete probability distribution derived from the Maclaurin series expansion,
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This leads directly to the probability mass function of a Log(p)-distributed random variable:
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for x > 1 an integer and where 0 < p < 1. Because of the identity above, the distribution is properly normalized.
The cumulative distribution function is
B(p;x +1,0)
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where B is the incomplete beta function.

The formula for the mixture of two logarithmic distributions is defined as
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where x € N such that p; + ¢, = 1.
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This paper presents some important properties of the mixture of two logarithmic distributions, such as the moment generating
function, mean and variance. Moreover, various graphs of some mixtures are presented.

Il. IMPORTANT SUMMARIES

In this section, we present some important properties such as the moment generating function, the mean and the variance.

Theorem 1. The moment generating function of the mixture of two logarithmic distributions is,
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Proof:

The moment generating function of a probability distribution is given by,
M@ =) e Px)

where P(x) is the probability mass function of the mixture of two logarithmic distributions in equation (5). We have
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Theorem 2. The mean of the mixture of two logarithmic distributions is,

EG) = [— ln(ll— Ih)] [(1 flpﬂ] T2 [— ln(ll_ pz)] [(1 fzpz)].

Proof: The mean is defined as
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where P(x) is the probability density function of the mixture of two logarithmic distributions in equation (5).

Then,
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Lemma 1. Given the mixture of two logarithmic distributions in (5) and for x > 1,x € N.
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Proof:
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Theorem 3. The Variance of the Mixture of two Logarithmic Distributions is

Var(X) =
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Proof: The variance is defined as
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Var(X) = E(x?) — [E(x)]?.

By Lemma land Theorem 2, we have
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1.  GRAPHS OF THE MIXTURE

The following are some of the graphs of the mixture of two logarithmic distributions with different values of their parameters.
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Figure 1.The Two Logarithmic Distributions and its Mixture (¢, = 0.5, ¢, = 0.5)
Figure 1 represents the graph of probability distributions of f;, f, and the mixture ¢, f; + ¢, f, where f; is the graph of the

logarithmic distributions where p, = 0.25, £, is the graph of logarithmic distribution where p, = 0.75. ¢, f; + @, f; is the graph of
the mixture of two logarithmic distributions. The mixture has the average of the graphs of f; and f, since ¢, = ¢, = 0.5.
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Figure 2. The Two Logarithmic Distributions and its Mixture (¢, = 0.25, ¢, = 0.75)

Figure 2 represents the graph of probability distributions of f;, f, and the mixture ¢, f; + @, f, where f; is the graph of the
logarithmic distributions where p, = 0.25. £, is the graph of logarithmic distribution where p, = 0.75. ¢, f; + @, f; is the graph of
the mixture of two logarithmic distributions. The mixture has a graph that tends to f, since ¢, > ¢,, ¢, = 0.75 while ¢, = 0.25.
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Figure 3. The Two Logarithmic Distributions and its Mixture (¢, = 0.75, ¢, = 0.25)
Figure 3 represents the graph of probability distributions of f;, f, and the mixture ¢, f; + @, f, where f, is the graph of the

logarithmic distributions where p, = 0.25. £, is the graph of logarithmic distribution where p, = 0.75. ¢, f; + @, f; is the graph of
the mixture of two logarithmic distributions. The mixture has a graph that tends to f; since ¢, > ¢,, ¢; = 0.75 while ¢, = 0.25.
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IV. CONCLUDING REMARKS

Based on the graphs, this paper shows that if ¢, = ¢,, the graph of the mixture of two logarithmic distributions is the average

of f;and f,. If ¢, > ¢, ,the graph of the mixture of two logarithmic distributions tends to f,. And if ¢, > ¢,, the graph of the
mixture of two logarithmic distributions tends to f;. The graph of the mixture of two logarithmic distributions tends to the graph of the
logarithmic distribution that has a greater value of weight ¢.

We recommend the following for further studies: 1. On the mixture of more than two logarithmic distributions, and 2. On the

estimation of parameters of the mixture of two logarithmic distributions.
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