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. INTRODUCTION

he notion of homeomorphism plays a very important role in topology. Many researchers have generalized the notions of

homeomorphism in topological spaces. Maki et al.[5] have introduced and investigated g-homeomorphism and gc -
homeomorphism in topological spaces. Lellis Thivagar [4] introduced Nano homeomorphisms in Nano Topological Spaces.
Bhuvaneswari et al. [2] introduced and studied some properties of Nano generalized homeomorphisms in Nano topological spaces. In
this paper, a new class of homeomorphism called Nano generalized pre homeomorphism is introduced and some of its properties are
discussed.

Il. PRELIMINARIES

Definition 2.1. A bijective function fi(X,7) > (Y,0)

is both g - continuous and g - open.

is called a generalized homeomorphism (g-homeomorphism) [5] if f

f(X,7) > (Y,0)

Definition 2.2. A bijective function is called a gc - homeomorphism [5] if both f and f ™ are gc -

irresolute functions.

Definition 2.3. [6]
Let U be a non-empty finite set of objects called the universe and R be an equivalence relation on U named as the indiscernibility

(U.R)

relation. Elements belonging to the same equivalence class are said to be indiscernible with one another. The pair is said to be

the approximation space. Let XcU .

(i) The lower approximation of X with respect to R is the set of all objects, which can be for certain classified as X with respect to R

and its is denoted by Le (X ).
Le (X) = Y{R() :R(X) € X}

That is, Xeu where R(x) denotes equivalence class determined by x.

(if) The upper approximation of X with respect to R is the set of all objects, which can be possibly classified as X with respect to R

U (x Ue(X) = Y{R(X):R(X) N X = ¢}
and it is denoted by R (X) .That is, Xeu
(iif) The boundary region of X with respect to R is the set of all objects, which can be classified neither as X nor as not-X with respect

to R and it is denoted by B2 (X) That is, Br (X) =Ur(X) - Le(X)
Property 2.4. [6]

If U,R) is an approximation space and X, Y < U, then
(i) L (X) = X cU(X)

i) L@ =Us@)=¢ 4 LU)=U.U)=U
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Ug (X 0Y)=U,(X)uUc(Y)

(iii)

i Us(X0Y) U () nUL(Y)

W (XU DL ()UL)

vy LX) =L ()AL (Y)

(vii) Le (X) < La(Y) and Ur(X) cUg(Y) whenever X &Y

i) Yr(X) =L (X)1° 4pg Le(X ) =[U(X)I°
i~ UrUr(X)=LUg(X)=U(X)
0 Lele OO0 =Ugla(X) = Ly(X)

Definition 25. [3] Let U be the Universe, R be an equivalence relation on U and
Tr(X)={U, ¢, Lg (X),Ur (X), B (X)} where XcU . Then by property 2.4., Tr(X) satisfies the following axioms:

To(X) To(X)

(i) The union of the elements of any sub — collection of is in

(iii) The intersection of the elements of any finite sub — collection of T (X) is
in TR (x ) .

That is, Tr (X)

is a topology on U called the Nano topology on U with respect to X.
We call U, 7:(X)) as the Nano topological space. The elements of T (X) are called as Nano-open sets. The elements of the

complement of Tr(X) are called as Nano-closed sets.

Definition 2.6. [4] A map F:U,7:(X)) =V, 7= (Y)) is said to be Nano closed map (resp. Nano open map ) if the image
of every Nano closed set (resp. Nano open set) in U, 7: (X)) is Nano closed (resp. Nano open) in vV, 7= (Y))

Definition 2.7. [4] A function F:U, 7 (X)) =V, 7o (V) is said to be Nano homeomorphism if , f is 1-1 and onto, f

f

is Nano continuous and is Nano open.

Definition 2.8. [2] A bijection P, 7 (X)) = V. 7 (Y)) is called Nano generalized homeomorphism (shortly, Ng-

homeomorphism) if f is both Ng-continuous and Ng-open.

I1l. PROPERTIES OF NANO GENERALIZED PRE HOMEOMORPHISM IN NANO TOPOLOGICAL SPACE

Definition 3.1. A map F:U,7:(X)) > (V, 7r (Y)) is said to be Nano generalized pre-closed map (shortly- Ngp-closed
map) if the image of every Nano closed set in U, 7: (X)) is Ngp-closed in vV, 7r (Y)) :

Definition 3.2. A map F:U,7:(X)) >V, 7o (Y)) is said to be Ngp*-closed map if the image F(A) is Ngp-closed in
V7w (Y)) for every Ngp-closed set A in U, 7:(X)) .

Definition 3.3. A bijection F:U, 7 (X)) =V, 7o (Y)) is called Nano generalized pre homeomorphism (shortly, Ngp-

f

homeomorphism) if ° is both Ngp-continuous and Ngp-open.
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Example 3.4. Let U - {a, b, ¢, d} with U /R ={{a}, {c}, {b, d}} and X = {a, b}. Then TR (X)= { o, {a}, {a, b, d}, {b, d},
U 3Then T/ (V)2 ¢ o fa b d} fa b3dah v 3 with V/R'= {di{cifa b} and Y = {a d}. Define
F:U,7:(X)) > (V, 7o (V) as (@)= b, f(b)=a , fc)= ¢ FA)=d tpen T bijective, Ngp-continuous and

Ngp-open. Therefore f is an Ngp-homeomorphism.

f

Theorem 3.5. Let FrU,7:(X)) >V, 7o (Y)) be a one to one onto mapping. Then is an Ngp-homeomorphism if

and only if f is Ngp-closed and Ngp-continuous.
Proof . Let f be an Ngp-homeomorphism. Then f is Ngp-continuous. Let B be an arbitrary Nano closed set in
U, 7:(X)) . Then B is Ngp-closed set in U, 7: (X)) .Then U =B js Ngp-open .Since f is Ngp-open, f(U-B) is Ngp-

open in V., 7w (Y)) . That is V- 1(B) is Ngp-open in V., 7w (Y)) . Therefore f(B) is Ngp-closed in V., 7w (Y)) .Thus the

image of every Nano closed set in U, 7: (X)) is Ngp-closed in vV, 7= ()

f be Ngp-closed and Ngp-continuous. Let B be a Nano open set in u ’TR(X)). Then U —Biis Nano

Conversely, let
closed in (U’TR(X)). Since f is Ngp-closed, fU-B)=V-1(B) is Ngp-closed in V. Therefore f(B) is Ngp-open in

V., 7w (Y)) . Thus f is Ngp-open and hence f is an Ngp- homeomorphism.

Theorem 3.6. Let F:U,7:(X)) > (V, 7r (Y)) be a bijective Ngp-continuous map. Then the following are equivalent.
N f
(i)
iy !
(iii) f is an Ngp-closed map.

is an Ngp-open map,

is an Ngp-homeomorphism,

Proof . (i) = (ii) By the given hypothesis, the map F:U,7:(X)) = (V, 7o (Y)) is bijective, Ngp-continuous and
Ngp-open. Hence F:U, 7 (X)) =V, 7o (Y)) is Ngp-homeomorphism.

(i) = (iii) Let A be the Nano closed set in U, 72(X))  Then A® is Nano open in U, 7: (X)) . By
c c c
assumption, F(A™) is Ngp-open in vV, 7= (Y)) e, F(A™) =(T(A) is Ngp-open in v, 7r (Y)) and hence f(A) is

Ngp-closed in V. 7= (Y)) for every Nano closed set A in U, 7= (X)) . Hence the
function F:U,7:(X)) = (V, 7o (Y)) is Ngp-closed map.

(iii) = (i) Let F be a Nano open set in U, 7: (X)) . Then Fe is Nano closed set in (U'TR(X)). By the

c c c
given hypothesis, F(F~) is Ngp-closed in V,7r(Y)) . But, F(F™)=(T(F) is Ngp-closed , i.e., F(F) is Ngp-open
in V., 7w (Y)) for every Nano open set F in U, 7:(X)) . Hence P, 7 (X)) = V. 7 (Y)) is Ngp-open map.

Theorem 3.7. Every Nano homeomorphism is Ngp-homeomorphism but not conversely.

Proof : If]c U, 7r(X)) > (Vi 7o (Y)) is Nano homeomorphism, by definition, f is bijective, Nano continuous and
Nano open. Then P, 7:(X)) >V, 7r (Y)) is Ngp-continuous and Ngp-open respectively. Hence the function
P, 7 (X)) = V. 7 (Y)) is an Ngp-homeomorphism. Therefore, every Nano homeomorphism is Ngp-homeomorphism.

Www.ijsrp.org


http://ijsrp.org/

International Journal of Scientific and Research Publications, Volume 6, Issue 7, July 2016 529
ISSN 2250-3153

The map f

Nano open map.

in Example 3.4 is an Ngp-homeomorphism but not a Nano homeomorphism because it is not Nano continuous and

Theorem 3.8. Every Ng- homeomorphism is Ngp-homeomorphism but not conversely.

Proof : Since every Ng-continuous map is Ngp-continuous and every Ng-open map is Ngp-open, the theorem follows.

Example 3.9. Let TR(X) = 1@, fa3, 1o, c3, U3 with Y/R = (ga3.00 .33 and X =(a, ¢ 377 (V) = {00, fa. &3, V3 with
VIR {{a, c}, {b}} and Y = {a, c}. Define FrU,7(X) = (V. 7o (V) 5 f(R)=C , f0) =2 4,4 F(©) =D \pichis an

Ngp-homeomorphism. But this is not Ng-homeomorphism because for the Nano open set {b, c} in U, 7= (X)) , f(b,c) ={a, b}is
not Ng-open in V., 7w (Y)) .

Remark 3.10. The composition of two Ngp-homeomorphisms need not be an Ngp-homeomorphism as seen from the following
example.

Example 3.11. Let U = {a, b, ¢} = v =W. Then Zr(X) = 1o 13, fa ¢, Ur with Y/R = (463, {a, ¢33 and X = {b, c. Let

7w (Y) = ga. 4. 3 V3 with V/R = (423, b, 3y and ¥ = 4, 3. Let 7% D= o ga e, wy with W/R” = 118, 1. ¢}y
and Z = {a} Define f:U,7:(X)) _)(VyTR’(Y))aS f(a)= a, f(b)= Cand f(c)=b  Define Y V.7t (Y)) >
W, 7o (2)) 5 9(@)= c gb)=a ;pg 90)=b 1pen T and 9 are Ngp-homeomorphisms, but their composition
(gof):(U,7r(X)) =V, 7r (Y)) is not an Ngp- homeomorphisms because for the Nano open set {b} in u 'TR(X)),
(gof) ({b}) = {b} which is not Ngp-open set in W, 7x(2)) .Therefore (gof) is not an Ngp-open map and (gof) is not an

Ngp-homeomorphism.

We next introduce a new class of maps called Ngp*-homeomorphisms which forms a subclass of Ngp-homeomorphisms. This
class of maps is closed under composition of maps.

f

. -1
Definition 3.12. A bijection F:U,7:(X)) > (V, 7r (Y)) is said to be Ngp*-homeomorphism if both * and f are

Ngp-irresolute.

We denote the family of all Ngp-homeomorphism (resp. Ngp*-homeomorphism) of a Nano topological space U, 7:(X)) onto
itself by ng - h(U TR (X)) (resp_ ng *_h(U TR (X ))

Theorem 3.13. Every Ngp*-homeomorphism is Ngp-homeomorphism.
ile_, For any space (U ’TR (X )) , ng *_h(U ’ TR (x )) < ng - h(U ’TR (X)) .

Proof . Since every Ngp-irresolute function is Ngp-continuous and every Ngp*-open map is Ngp-open, the theorem follows.
Remark 3.14. The converse of the above theorem is not true as shown from the following example.

Example 3.15. Let U ={a, b, c} =V =W. Then 7R (X) = t@, b3, {a, 3. U with Y7/R = (g, fa. ¢33 and X = {b, c}. Let
Te () = (o, a}, {b, c}, V} with VIR, {{a}. {b. c}}and Y = {a, c}. Let TR’ (2) {@, {a, c}, W} with W/R" {{a}, {b, c}}
and Z = {a} Define 9- Vize (V) > W, 7 (2)) 5 9(a)= c gb)=a ;g 9(€)=b qpe, g is an Ngp-

V.ze(Y) (9 (abh_

homeomorphism but not Ngp*-homeomorphism since for the Ngp-closed set {a, b} in

-1
g("’l’b):{"’l’c}is not Ngp-closed in W, 7e (2)) Therefore 9 is not Ngp-irresolute and therefore 9is not Ngp*-
homeomorphism.
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Example 3.16. Ngp*-homeomorphism ﬁL’ Nano homeomorphism

LetU={a,b,c} =V=W. Then 7r(X) ={®, {b}, {a, c}, U} with U /R = {{b}, {a, c}} and X = {b, c}. Let 7w (Y) = {®,

@3 b 3 V3 with V/R = g o, 3 and v = o b Let T D=t ta 3w with W/R = (a3, b, 33 and 7 = {a).
Define | - U Tr(X)) =V, 7 (Y)) ;s f(a) = a f0)=Cang F(O)=D ppen Tis Ngp*-homeomorphism but not Nano
homeomorphism because it is not Nano continuous.

Example 3.17. Ng-homeomorphism —F Ngp*-homeomorphism
et 7R (o fa o o ur and TROD) - fo, oy vr pefine [ Ui TR(X) = (VTR (V) 4
f(a)= b, F0)=a,4q T(C)=C 1hen Tis Ng -homeomorphism. Then for any Ngp-closed set {b} in (U’TR(X)),
f

1,1 -1
(t7) (b)) - f(b)=2a is not Ngp-closed in vV, 7= (Y)) . Therefore f is not Ngp-irresolute and therefore
homeomorphism.

is not Ngp*-

Remark 3.18. We obtain the following implications from the above discussions.

AN

_> —>
Nano homeomorphisms 4—/— Ngp-homeomorphism «—r Ng-homeomorphism

Figure 3.19. Ngc-homeomorphisms

Ngp*-homeomorphism

Figure 3.19 Implications of the Results
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