
International Journal of Scientific and Research Publications, Volume 5, Issue 6, June 2015      1 
ISSN 2250-3153   

www.ijsrp.org 

Inventory Models with Weibull Deterioration and Time-
Varying Holding Cost 

Ritu Raj*, Naresh Kumar Kaliraman*, Dr Shalini Chandra**, Dr Harish Chaudhary*** 
 

* Research Scholar, Centre for Mathematical Sciences, Banasthali University, P.O. Banasthali Vidyapith, Banasthali – 304022, Rajasthan, India 
**Associate Professor, Centre for Mathematical Sciences, Banasthali University, P.O. Banasthali Vidyapith, Banasthali – 304022, Rajasthan,India 

*** Assistant Professor, Department of Management Studies, Indian Institute of Technology, Delhi, New Delhi-110016, India 
 
Abstract- This paper develops inventory models for deteriorating 
item; the rate of deterioration is Weibull distribution 
deterioration with two parameters. It considers ramp-type 
demand. Shortage is allowed and it is completely backlogged. In 
these models, we consider time dependent holding cost. These 
models are developed under two different replenishment policies; 
(i) without shortage (ii) with shortage. The aim of these models is 
to find the optimal solution for minimizing the total inventory 
costs for both the above mentioned policies. To optimize the 
models numerical illustrations have been carried out and 
sensitivity analysis occurred to evaluate the result of parameters 
on assessment variables and the entire cost of these models.  
 
Index Terms- Holding Cost, Ramp-Type Demand, Shortage, 
Weibull Deterioration. 
 

I. INTRODUCTION 
nventory is a fundamental part of manufacturing, distribution, 
retail infrastructure and demand plays an important role in 

choosing the beneficial inventory strategy. Researchers were 
developed the inventory models assuming the demand of the 
objects to be constant, stock dependent, linearly increasing, 
linearly decreasing, exponentially increasing and exponentially 
decreasing with time etc. after that , it has been noticed that the 
above mentioned demand policies do not accurately describe the 
demand of assured objects such as newly launched cosmetics, 
garments, fashion items, electronics etc., for which the demand 
increases with time as they are launched into the market and after 
some time it becomes stable. Ramp-type demand pattern is 
introduced to consider the demand of such types of materials. 
Mostly the ramp- type demand rate is increasing for some time 
when new variety of consumer goods comes to the marketplace. 
In case of ramp-type demand pattern, the demand increases 
linearly at the beginning and when the market comes into a 
steady state, the demand becomes stable until the end of the 
inventory cycle. For example, the demand of festival greetings 
likes sweets, gods and goddess’s pictures, phatakhes, paintings 
etc., follows ramp-type demand rate.  At the beginning demands 
of these items increases linearly from starting of October to the 
end of November month, after that demands of these items 
becomes constant. 
       The inventory of deteriorating items is a big problem for any 
organization in the supply chain system. The finished goods are 
deteriorating with time in inventory. Some items used in daily 
life like fruits, vegetables, milk products, meat etc., are 

deteriorating at higher rate instead of other items. It is necessary 
that consume these items within time limit to avoid deterioration. 
The inventory model with ramp-type demand rate was projected 
by Mandal and Pal [9]. Wu and Ouyang [2] developed a 
replenishment inventory model for deteriorating items with 
ramp-type demand rate. Wu [3] developed an economic order 
quantity inventory model for deteriorating items. He considered 
weibull distribution deterioration, partial backlogging and ramp-
type demand. The inventory model with Weibull deterioration 
and related issues have been studied by many researchers. Silver 
[6] presented a heuristic for deteriorating items inventory model 
with time dependent linear demand. Goyal and Giri [5] extended 
review on deterioration inventory model. Covert and Philip [1] 
presented an inventory model where the time to deterioration is 
described with two parameters Weibull distribution deterioration. 
Ghosh and Chaudhuri [7] developed an inventory model for 
deteriorating items with two parameters Weibull distribution 
deterioration, shortages and quadratic demand rate. Sanni [8] 
developed an inventory model for three parameters Weibull 
deteriorating items, quadratic demand rate and shortages are 
allowed. Shortages are permitted and customers will wait till the 
next order arrives i.e. called a backorder model. All demands are 
fulfilled instantly. Ghare and Schrader [4] developed an 
exponentially deteriorating inventory model. In this paper, they 
considered stable rate of deterioration with no shortage. There 
after a lot of research work has been done. Holding cost is 
considered as known and constant in most of the models. Now, 
holding cost may not be considered as constant, it is varying with 
regular change in time value of money and change in price index. 
There is lot of competitions in globalization, so holding cost may 
not remain constant over time. Naddor[10], Van Deer Veen [13], 
Weiss [14] assumed holding cost as a non-linear function over 
time for which the items are held in inventory and the amount of 
the on-hand inventory. Roy [11] proposed an EOQ model for 
deteriorating items in which deterioration rate and holding cost 
are considered as linearly increasing function of time, selling 
price is dependent on demand rate and shortage is allowed and 
completely backlogged. Tripathi [12] presented an inventory 
model for non-deteriorating items under permissible delay in 
payments where holding cost is a function of time.  
       The aim of this paper is developing inventory models where 
rate of deterioration is two parameters weibull distribution 
deterioration. Holding cost as a linearly increasing function of 
time. These models have been studied under two different 
inventory policies such as without shortage and with shortage. 
The main purpose of this paper is to show that there exist a 
unique optimal cycle time to minimize the total inventory cost 

I 
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per unit time. To optimize these models numerical illustrations 
have been carried out and sensitivity analysis occurred to study 

the result of parameters on assessment variables and the entire 
cost of these models. 
 

II. ASSUMPTIONS 
We consider the following assumptions for developing mathematical model: 
1. The inventory system consider single item.  
2. T is the fixed unit of time for each ordering cycle. 
3. The replenishment rate is infinite. 

4. The demand rate ( )F t
 is a ramp type function: 

 

( ) , ,
, ,

Dt t
F t

D t
µ

µ µ
<

=  ≥    

       Dt  is positive and continuous for [ ]0,t T∈
. 

 
5. The lead time is zero. 
6. Shortage is allowed and completely backlogged.  

7. Holding cost cH   per unit is time dependent:    

        ( )cH t a bt= +
, where 0 0a and b> > . 

8. The rate of deterioration is two parameters weibull deterioration denoted by  

   
1t βθ αβ −= , where 0, 0α β> > and 10 t t≤ ≤ . 

9. Q is the ordering quantity.  
 

III. NOTATIONS 
We consider the following notations for developing mathematical model: 

1. cD  is the deterioration cost per unit per item. 
2. µ  is the parameter of the ramp type demand function.  

3. 1t  is the time when inventory level reaches zero. 

4. 1t
∗

 is the optimal point  for the replenishment policy. 

5. cS  is the shortage cost per unit per item. 

6. ( )I t
 is the on hand inventory level at time t over the ordering cycle [ ]0,T

. 
7. T is considered annually. 
 

IV. MATHEMATICAL MODEL 
       These models are developed for the following two different replenishment policies:  
(i) Without Shortage.  
(ii) With Shortage. 
 

V. MODELS WITHOUT SHORTAGE 
       The inventory model is starting with no shortage. At this stage, the inventory level reaches its maximum level and then production 

is stopped. The inventory depletes to zero due to demand and deterioration during the time interval[ ]10, t
 and falls zero at 1t t= .Thus, 
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shortage occurs during[ ]1,t T
, which is completely backlogged. Therefore, the inventory is described by the system of differential 

equations: 
 

( ) ( ) ( ) 1,0a
a

dI t
I t F t t t

dt
θ= − − ≤ ≤

 with boundary condition ( ) ( )1 0 ... 1aI t =
 

 
( ) ( ) 1,bdI t

F t t t T
dt

= − ≤ ≤
with boundary condition ( ) ( )1 0 ... 2bI t =

 
 

We considered two cases, ( )i t µ<
and ( )ii t µ≥

 for solving these differential equations: 
 

5.1Case (i): t µ<  
 
From equation (1), we get                       
  

( ) ( ) ( ) ( )2 2 2 2
1 1

1 ... 3
2 2

t
aI t De t t t t

βα β βα
β

− + + 
= − + − +   

 
Equation (2), solve by the following two ways: 

( ) ( )

( ) ( ) ( ) ( )

1, ...

, , I I ...

b

b

dI t
Dt t t i

dt
dI t

D t T ii
dt

µ

µ µ µ µ− +

= − ≤ ≤

= − ≤ ≤ =
      

                       
We have 

( ) ( ) ( )2 2
1 ... 4

2b
DI t t t= − −

 
 

and
( ) ( )

2
2

1 ... 5
2 2b

D DI t D t tµ µ= − +
 

 

Total deterioration amount during [ ]10, t
 

 

( )
1 1

2
1

0 0

... 6
2

t t
t

c
DD Dte dt Dtdt t

βα βα
β

+= − =
+∫ ∫

 
 

Total holding cost during [ ]10, t
is  

 

( ) ( ) ( ) ( ) ( )
1 1

2 2 2 2
1 1

0 0

1
2 2

t t
t

c aHC H t I t dt a bt De t t t t dt
βα β βα

β
− + + 

= = + − + − + 
∫ ∫

  

( )
3

2 4 2 3 4 3 4 1
1 1 1 1 1 ... 7

8 3
tbHC D Pt Qt Rt St tβ β β β+ + + + 

= + + + + + 
   
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See Appendix-A 

Lost sale amount during [ ]1,t T
is 

 

( ) ( ) ( ) ( )
1 1 1

2
2 2 2

1 12 2 2

T T T

c b b b
t t t

D D DS I t dt I t dt I t dt t t dt D t t dt
µ µ

µ µ

µµ
 

= − = − + − = − + − − 
 

∫ ∫ ∫ ∫ ∫
 

 

( ) ( )2 3
1 1 13 2 ... 8

6c A Tt tDS − +=
 

 
                                                                                                                                         See Appendix-A 
Order quantity is 

( )
1 1

1 10 0

1
t tT T

t

t t

OQ e Dtdt D tdt D dt D t tdt D tdt D dt
β

µ µ
α β

µ µ

µ α µ= − − − = + + +∫ ∫ ∫ ∫ ∫ ∫
  

( )
2

2 21
1 1 2

1 ... 9
2 2 2
tOQ D t t Aβα

β
+ 

= + − + +   
 
                                                                                                                                           See Appendix-A 
 

Total cost during [ ]0,T
= holding cost + lost sale amount + deterioration cost ( )1 1 c cTC t HC S D= + +

 

( ) ( )2 4 2 3 4 3 2 4 3
1 1 1 1 1

2 1
1 1 1 11

2 ... 10
2 68 3 2

b TTC t D Pt Qt Rt St Att t tβ β β β βα
β

+ + + + + 
= + + + + + + − + +   

 
5.1.1 Solution: 
 

( ) ( ) ( ) ( )
( )

2 3 2 2 3 2
1 1 1 1

1
1

1
3 2

1 1 1 1

2 4 2 3 4 3
... 11

2
2

P t Q t R t S t
TC D b t tt t Tt

β β β β

β

β β β β

α

+ + + +

+

 + + + + + + +
∂  =  ∂ + + 

−+
  

 

( )( ) ( )( ) ( )

( ) ( )( ) ( )
( )

2 2 2 1
2 1 1

1
2 2 1 2

1 1 1 1 1 1

2 4 2 3 2 3 2 2 4
... 1233 3 2 1 4

2

P t Q t R
TC D bt t S t t t t T

β β

β β β

β β β β β

β β β α β

+ +

+ +

 + + + + + + +
∂  =  ∂ + + + + + + + + −    

 
       Main objective to minimize the total relevant cost for the model starting without shortage, the necessary condition to minimize the 
total relevant cost is 
 

1

1

0TC
t

∂
=

∂ , We get 
( ) ( ) ( ) ( )

( )

2 3 2 2 3 2
1 1 1 1

1 3 2
1 11 1 0 .

2 4 2 3 4

..

3

2
132

DP t DQ t DR t DS t
DbD t t D Ttt D

β β β β

β

β β β β

α

+ + + +

+

+ + + + + + +

− =+ + +
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t1

TC1

1

6.1

12.3

18.4

24.6

30.7

36.9

43.0

Inventory Cost  

Time

( )0.46,12.81

       Using the software Mathematica, we can calculate the optimal value of 1t by equation (13) and the optimal value ( )1 1TC t
of the 

total relevant cost is determined by equation (10). The optimal value of 1t  satisfy the sufficient condition for minimizing total relevant 

cost ( )1 1TC t
is 

( )
2

1
2

1

0 ... 14TC
t

∂
>

∂  
 
The sufficient condition is satisfied. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
Figure 1: Graphical representation of total relevant cost without shortage. 

 
5.1.2 Numerical Example:  
Let us consider 

1 2

$1/ , $0.5 / , $1/ / , $5 / , 0.

0.00000625, 0.00002, 0.0004, 0.003, 0

02, 2, 1 ,
100, 0.8 .

1. 9, 69

c ca unit b unit S unit year d unit T year
D year
P Q R S AA

α β
µ

= = = = = = =
= =
= =− − == = =  

 

Thus, the optimal value of 1t  is 1 0.46t µ∗ → < . The optimal ordering quantity is 16.02OQ = .The minimum relevant cost is 

1 12.81TC =  
 
5.1.3 Sensitivity Analysis: 
       To know, how the optimal solution is affected by the values of parameters, we derive the sensitivity analysis for some parameters. 

The particular values of some parameters are increased or decreased by 25%+ , 25%− and  50%+ , 50%−  . After that, we derive 

the value of 1t  and 1TC  with the help of increased or decreased values of cS  and cd . The result of the minimum relevant cost is 
existing in the following table 1.  
 

Table: 1 
 

Parameters Actual  
Values 

50%   
Increased 

50% Decreased 25% Increased  25%   
Decreased  

cS  
1 1.5  0.5  1.25  0.75  

cd  5  7.5  2.5  6.25  3.75   

http://ijsrp.org/


International Journal of Scientific and Research Publications, Volume 5, Issue 6, June 2015      6 
ISSN 2250-3153   

www.ijsrp.org 

1t
∗

 
0.46  0.55  0.31  0.51  0.4  

1TC  12.81 13.28  7.4  14.96  10.32  
OQ  16.02  16.045  16.005  16.034  16.013  

 
       From the result of above table, we observe that total relevant cost and ordering quantity is much affected by deterioration cost and 
shortage cost, other parameters are less sensitive. 
 
 

5.2 Case II:  t µ≥  
Equation (1), solve by the following two ways:  

( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( )1 1

, 0 , I I ...

, , I 0 ...

a
a

a
a

dI t
I t Dt t i

dt
dI t

I t D t t t ii
dt

θ µ µ µ

θ µ µ

− ++ = − ≤ ≤ =

+ = − ≤ ≤ =
 

 
We have 

( ) ( ) ( ) ( )1 , 0 , I Ia
a

dI t
t I t Dt t

dt
βαβ µ µ µ−

− ++ = − ≤ ≤ =
 

( ) ( ) ( ) ( ) ( ) ( )2 2 2 2 1 1
1 1

1 ... 15
2 2 1

t
aI t De t t t t

βα β β β βα αµ µ µ µ µ
β β

− + + + +  
= − + − + − + −  + +   and 

 

( ) ( ) ( ) ( )1 1
1 1 1, ... 16

1
t

aI t e D t t t t t t
βα β βαµ µ

β
− + + 

= − + − ≤ ≤ +   
 
From equation (2), we get 
 

 

( ) ( )1bI t D t tµ= − −
 

Total deterioration amount during [ ]10, t
 

 

( )
1 1

1
1

0

... 18
1

t t
t t

cD D te dt D e dt D dt D S t
β β

µ
α α β

µ µ

αµ µ µ
β

+ 
= + − = + + 
∫ ∫ ∫

           
                                                                                                                                  See Appendix-B 

Total holding cost during [ ]10, t
is  

( ) ( ) ( ) ( ) ( ) ( )
1 1

1
0 0

t t

a a aHC H t I t dt a bt I t dt a bt I t dt
µ

µ

= = + + +∫ ∫ ∫
( ) ( )1 1 2 2 1 2 2

1 1 1 1 1 1 1 1

1 3 3 1 2 3
1 1 1 1 1 1 1

1
1 2

1 6

HC aD t t t t t t t

bD t t t t t t t

β β β β β

β β β β

αδ γ µ µ ε µ γ ψ η κ
β

α µπ ρ ρ ξ τ ϑ
β

+ + + + +

+ + + +

    = + − + − + + − + + +    +    
    + + + + − + + + + Ω   +      

                                                                                                                                            See Appendix-B 

( ) ( )1 1, , 0b
b

dI t
D t t T I t

dt
µ= − ≤ ≤ =
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1
2 1 2 2 2

1 1 1 1 1

3 1 2 3 3
1 1 1 1

1
1 2 1

1 6

HC aD t t t t

bD t t t t

β
β β β

β β β

αµ γ αγδ γµ ε µ η ψ κ
β β

αρ µπ ξ τ ϑ
β

+
+ + +

+ + +

    
= − − + + + + + + +    + +   

  
+ + + + + Ω+  +    

 

( )2 2 2 2 1 3 2 3 3 1
1 1 1 1 1 1 1 1

1 ... 19
2 6

HC aD t t t t bD t t t tβ β β β β βµµ κ ψ τ+ + + + + +   = + + + Π +ℜ + + Ω+ + ϒ +Ψ                
                                                                                                                                  See Appendix-B 

Lost sale amount during [ ]1,t T
is 

( ) ( ) ( ) ( ) ( )
1 1

22
2 2 1

1 1 1 1 1
1 ... 20
2 2 2

T T

c b
t t

tTS I t dt D t t dt D T t t T t D t Tµ µ µ
  = − = − = − − − = + −     

∫ ∫
 

 
Order quantity is 

( ) ( )
1

1

2
1 1 1 1 12

0

1 ... 21
2

t T
t

t

OQ Dte dt D dt D t t dt D t t t T Z
β

µ
α

µ

µ µ µ µ µ = + + − = + − + 
 ∫ ∫ ∫

  

Total cost during [ ]0,T
= holding cost + lost sale amount + deterioration cost   

( )2 1 c cTC t HC S D= + +

( ) ( )

22
2 2 2 2 1 1

1 1 1 1 1

2 1
3 2 3 3 1 1

1 1 1 1 1

1
2 2 2

... 22

6 1

tTa t t t t t T
TC t D

b t t t t S t

β β β

β β β β

µ κ ψ µ

µ αµτ
β

+ + +

+ + + +

   + + + Π +ℜ + + −   
    =

   + + Ω+ + ϒ +Ψ + +  +     
 
 
5.2.1 Solution:  

( ) ( ) ( )

( ) ( ) ( )

( )

( )

1 2 1
1 1 1 1

2 2 2 22
1 1 1 1

1

1 1

1 2 2 2

3 1 2 3 ... 23
2

a t a t a t a t
TC bD b t b t b t t

t
t t T

β β β

β β β

β

µ β β ψ β κ

µβ τ β β

αµ µ

+ +

+ +

 + + Π + + + +
 

∂  = + + + + ϒ + + Ω+ ∂
 
+ + −    

 
( ) ( )( ) ( )( )

( )( ) ( ) ( )( ) ( )

1 2
1 1 1

2
1 2 12

1 1 1 12
1 1

1

1 2 2 2 2 2 1

3 2 1 2 3 2 2 ... 24

a a t a t a t
TC D b t b t b t b t
t

t

β β β

β β β

β

µ β β β β ψ β β κ

β β τ β β β β µ

αµβ µ

−

+ +

−

 + + Π + + + + + +
 ∂

= + + + + + ϒ + + + Ω+ + 
∂  

+ +    
 
       Main objective to minimize the total relevant cost for the model starting without shortage, the necessary condition to minimize the 
total relevant cost is 

 

2

1

0TC
t

∂
=

∂ , we get 

( ) ( ) ( )

( ) ( )( )( ) ( ) ( )

2 2 2 1 2 2
1 1 1 1

1
1 1 1

2 3 2 2 3
2

2 1 1 0 ... 25

bDbD t aD t bD t t

aD t D a b t D a t D T

β β β

β β

µβ κ β τ β

ψ β β αµ µ µ

+ + +

+

Ω + + + + + +

+ + + Π + ϒ + + + + − =
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       Using the software Mathematica, we can calculate the optimal value of 1t by equation (25) and the optimal value ( )2 1TC t
of the 

total relevant cost is determined by equation (22). The optimal value of 1t  satisfy the sufficient condition for minimizing total relevant 

cost ( )2 1TC t
is 

( )
2

2
2

1

0 ... 26TC
t

∂
>

∂  
 
The sufficient condition is satisfied. 
 
5.2.2 Numerical Example:  
Let us consider 

1 0.17, 0.637, 0.25,

$1/ , $0.5 /

0.0013, 0.0042, 0.000018, 0.153,
0.136, 0.25, 0.0016, 0.0034, 0.0000

, $1/ / , $5 / , 0.02, 2, 1 ,
10

11, 0

, 0 .

.

0 .8
c ca unit b unit S unit year d unit T year

D year
α β

µ
δ γ φ ε ψ η κ π
ξ ρ τ ϑ

= = = = = = =
= =
= = = = = = = =
= = =

− −
= Ω = ℜ− =

−
− −

12

092
0.000047, 0.0017, 0.017, 0.32, 0.082 .32

,
, 0S Z SΠ = ϒ = Ψ = = =− − =  

 

       Thus, the optimal value of 1t  is 1 0.92t µ∗ → > . The optimal ordering quantity is .0642OQ = .The minimum relevant cost is 

2 191.92TC =   
 

VI. MODELS WITH SHORTAGE 

       Now, inventory model starting with shortage during the period[ ]10, t
and is completely backlogged. Replenishment brings the 

inventory level up to Q after time 1t . The inventory level depletes and falls to zero at t T= because of demand and deterioration 

during[ ]1,t T
. Two cases occur 

(i) 1t µ<  

(ii) 1t µ≥   
 

6.1 Case (i) 1t µ<  

       Therefore, the inventory ( )I t
is described by the system of differential equations during[ ]0,T

: 
( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

1
1

2
2 1

3
3

, 0 , 0 0 ... 27

, ... 28

, 0 ... 29

dq t
D t t t q

dt
dq t

q t Dt t t q q
dt

dq t
q t D t T q T

dt

θ µ µ µ

θ µ µ

− +

= − ≤ ≤ =

+ = − ≤ ≤ =

+ = − ≤ ≤ =
 

From equation (27), we have 

( ) ( )2
1 1

0

, 0 ... 30
2

t Dq t D tdt t t t= − = − ≤ ≤∫
 

From equation (28), we have 
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( ) ( )2 2
2 13 1

1 , ... 31
2 2

T
t t t t

t

q t e D te dt e dt e D Z t t t t
β β β β

µ
α α α α β

µ

αµ µ
β

− − +
  = + = − − ≤ ≤  + 

 
 
  

∫ ∫
 

                                                                                                                                          See Appendix-C 
From equation (29), we have 

( ) ( )1
3 14 , ... 32

1

T
t t t

t

q t e D e dt e D Z t t t T
β β βα α α βαµ µ µ

β
− − + 

= = − − ≤ ≤ + 
∫

        
                                                                                                                                   See Appendix-C 

Total deterioration amount during [ ]1,t T
 

( ) ( )1

1

2
21

1 1 23 1 ... 33
2 2

T
t t t

c
t

tD e Dte dt D e dt D t t C
β β β

µ
α α α β β

µ

αµ α
β

− +
     = + = − + +    +     
∫ ∫

 
 
                                                                                                                                        See Appendix-C 

Total holding cost during [ ]1,t T
is  

( ) ( )
1

T

t

HC a bt q t dt= +∫

( )( ) ( )

( )( ) ( ) ( )

( )( ) ( )( )

2 3 4 4
1 2 13 1 13 1 1 1 1

3 2 113 13
1 1 1

2 2
2 4 2 3

1 1

1
2 6 8 2 4 2 4

2 3 2 3 2 1

2 2 4 2 2 3

a b b bN N aZ t bZ t t t t

bZ a Za aD t t t

b at t

β

β β β

β β

α αµ
β β β

α αα α
β β β β β

α α
β β β β

+

+ + +

+ +

  
+ − − + + + −   + + +  

 
  = + − + +   + + + + +  

 
− − 

+ + + +     
 
 
                                                                                                                                       See Appendix-C 

( )
( )

2 3 4 4 3
1 2 13 1 13 1 1 1 3 1 4 1

2 1 2 4 2 313 13
1 1 5 1 6 1

1
2 6 8

... 34

2 1

a bN N aZ t bZ t t t N t N t
HC D bZ a Zt t N t N t

β β

β β β β

µ

α α
β β

+ +

+ + + +

 + − − + + + + 
 =
 + + − − + +   

 

Lost sale amount during [ ]10, t
is 

( ) ( )
1

3 3 3
1 1 1 1

0

1 1 ... 35
2 3 6

t

c
DS D t t tdt D t t t = − = − = 

 ∫
 

 
Order quantity is 

( ) ( )
1

10

1 1
t T

t

t

OQ D tdt e Dt t dt D t dt
β

µ
α β β

µ

α µ α−
  = + + + + 
  

∫ ∫ ∫
 

( )
( ) ( )

( ) ( )
( )

2 2 2 2
1 1

2
1

1 1

1
2 21 1 ... 36

2
1

t t
OQ D t t

T T

β β

β

β β

αµ µ
β

α
αµµ µ µ
β

+ +

+ +

  − + −  +  = + −
  + − + −  +    
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Total cost during [ ]0,T
=holding cost + lost sales amount + deterioration cost 

( )1 1' c cTC t HC S D= + +
  

( )
( )

1

2 3 4 4 3 213
1 2 13 1 13 1 1 1 3 1 4 1 1

1 2
1 2 4 2 3 3 213 1

1 5 1 6 1 1 1 2

1
2 6 8 2

' D ... 37
1

1 6 2 2
t

bZa bN N aZ t bZ t t t N t N t t

TC
a Z tt N t N t t e t C

β

β β β

αβ β β β

αµ
β

α α
β β

+ + +

−+ + + +

 + − − + + + + + + =   
+ − − + + + +  + +     

 
 
 
6.1.1 Solution:  

( ) ( )

( ) ( )

( )( )

( )

2 3 3 2
13 13 1 1 1 3 1 4 1

1 2 3 2 21
13 1 13 1 5 1 6 1

1 2
2 1 1 21

1 1 1 1 1 1 2

4 3
2 4

' 2 4 2 3 ... 38

1 1
2 2 2

a baZ bZ t t t N t N t
TC D bZ t a Z t N t N t

t
tt t t t t t C

β β

β β β β

β β β β

β β

α α β β

αα α αβ
β

+ +

+ + +

+ − +

 
 − − + + + + + +
 

∂  = + + − + − + ∂
  
+ + − + − + +  +     

 

( )( ) ( )( )

( ) ( )( )
( )( ) ( ) ( )( )

( ) ( )

( )

2 2 1
1 3 1 4 1

1 2 2
13 1 13 1 5 1

2
2 11

6 1 1 12
1

1 1 1 1
1 1 1 1 1 1 13 1

2
21

1 1 2 1

3 4 3 3 2
4

1 2 4 2 3
' 2 3 2 2 1 1 1

1
2 2

b t N t N t

bZ t a Z t N t
TC D N t t t
t

t t t t t t bZ at

tt t C t

β β

β β β

β β β

β β β β

β β

β β β β

α β α β β β

β β α α β

αβ α αβ α

ααβ β
β

+ +

− +

+

− + − +

+


+ + + + + +

+ + + − + +
∂

= − + + + − + +
∂

− + − + − +

 
− − + + + + 

( )... 39


 
 
 
 
 
 
 
 
 
 
   

 
       Main objective to minimize the total relevant cost for the model starting with shortage, the necessary condition to minimize the 
total relevant cost is 

1

1

' 0TC
t

∂
=

∂ , we get 

 

( ) ( )

( ) ( )

( )( )

( )

2 3 3 2
13 13 1 1 1 3 1 4 1

1 2 3 2 2
13 1 13 1 5 1 6 1

2
2 1 1 21

1 1 1 1 1 1 2

4 3
2 4

2 4 2 3 0 ... 40

1 1
2 2 2

a baZ bZ t t t N t N t

D bZ t a Z t N t N t

tt t t t t t C

β β

β β β β

β β β β

β β

α α β β

αα α αβ
β

+ +

+ + +

+ − +

 
 − − + + + + + +
 
 + + − + − + = 
  
+ + − + − + +  +     

 

       Using the software Mathematica, we can calculate the optimal value of 1t by equation (40) and the optimal value ( )1 1'TC t
of the 

total relevant cost is determined by equation (37). The optimal value of 1t  satisfy the sufficient condition for minimizing total relevant 

cost ( )1 1'TC t
is 

( )
2

1
2

1

' 0 ... 41TC
t

∂
>

∂  
The sufficient condition is satisfied. 
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6.1.2 Numerical Example:  
Let us consider 

13 14 2 1 2 3 4

5 6

0.48, 1.006, 0.162, 0.35, 0.083, 0.00042,

$1/ , $0.5 / , $1/ , $5 /

0.001,
0.00000625, 0.

, 0.02 2,
1 , 100, 1, 0.

00001

8 .

4

c ca unit b unit S unit d unit
T year D year
Z Z C N N N N
N N

α β
δ µ

= = = = = =
= = = =
= = = = = −= =−
= =  

 

Thus, the optimal value of 1t  is
'

1 0.099t µ→ < . The optimal ordering quantity is 48.5OQ = .The minimum relevant cost is 

1 1 .' 18 4TC =  

6.2 Case (ii) 1t µ≥  

Therefore, the inventory ( )I t
is described by the system of differential equations during[ ]0,T

:  
( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( )

1

2
1

, 0 , 0 0 ... 42

, , ... 43

dq t
D t t q

dt
dq t

D t t q q
dt

µ

µ µ µ µ− +

= − ≤ ≤ =

= − ≤ ≤ =
 

( ) ( ) ( ) ( )3
1, , 0 ... 44

dq t
q t D t t T q T

dt
θ µ+ = − ≤ ≤ =

 
From equation (42), we have 

( ) ( )2
1

0

, 0 ... 45
2

t Dq t D tdt t t µ= − = − ≤ ≤∫
 

From equation (43), we have 

( ) ( )2
2 1

0

1 , ... 46
2

t

q t D tdt D dt D t t t
µ

µ

µ µ µ µ = − − = − − ≤ ≤ 
 ∫ ∫

 
From equation (44), we have 

( ) ( )1
3 1 1, ... 47

1

T
t t t

t

q t e D e dt e D M t t t t T
β β βα α α βαµ µ

β
− − + 

= = − − ≤ ≤ + 
∫

 
                                                                                                                                           See Appendix-D 

Total deterioration amount during [ ]1,t T
 

 

( ) ( ) ( ) ( )1

1

1
1 1 1 1 1 11 ... 48

1

T
t t

c
t

D e D e dt T t dt D t M t t T t
β βα α β βαµ µ α

β
− +  

= − − = − − − − −  +  
∫

 

Total holding cost during [ ]1,t T
is 

( ) ( ) ( ) ( )
1 1 1

3 3 3

T T T

t t t

HC a bt q t dt a q t dt b tq t dt
   

= + = +   
      

∫ ∫ ∫

( )

( )

( )

2 2 1 2 21
1 1 1 1 2 1 1 3 1

2 3 3 2 2 31 1
1 1 4 1 1 5 1

1
2 1

... 49
1

2 3 2

MD a M t t D t t D t

HC D
M Mb t t D t t D t

β β β

β β β

α
β

µ
α
β

+ + +

+ + +

  
+ − + + + −   +  =  
  + − + + + −   +    
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Lost sale amount during [ ]10, t
is 

( ) ( ) ( )
1

3 2 2
1 2 1 1

0

1 1 1 ... 50
6 2 2

t

cS q t dt q t dt D t t
µ

µ

µ µ µ = + = + −  ∫ ∫
    

 
Ordered quantity is 

1

1

10

t T
t t

t

OQ D tdt D dt e D e dt
β β

µ
α α

µ

µ µ−= + +∫ ∫ ∫

( ) ( ) ( )12 1 1
1 1 1

1 ... 51
2 1

tOQ D t e T t T t
βα β βαµ µ µ

β
− + +  

= − + + − + −  +    
 

Total cost during [ ]0,T
= holding cost + lost sale amount + deterioration cost 

( )2 1' c cTC t HC S D= + +
 

( ) ( ) ( )

( )

2
3 2 3 3 2 2 2 1

1 5 1 4 1 3 1 1

2 11 1
2 1 1

2 1

2
1 1 1 1 1 1

2
1 1

3 1

1 1
2 1 1

' ...

1
2 2

1
6

b t b D t b D t a D t t

bM aMaD t t
TC t D

M t a bM t aM t

T D M

β β β β

β β

β

µ α µµ µ µ
β

αµ αµ
β β β

µ µαµ µ

µ µ

+ + + +

+ +

 
− + − + + 

    
 + + + − +      + + +    =  

  − + + − − +   
 

  + − + +    

( )52

 
 
6.2.1 Solution: 

( ) ( ) ( )
( ) ( ) ( )

( ) ( ) ( )
( )

2 2 2 2
1 5 1 4 1 3

2
2 1 2 11

1 1 2 1

2

1 111 1 1 1 1 1

1

2 3 3 2 2

2 1
2

1 2
' ... 5311 1 1

1 1

2

b t b D t b D t a D

bMt t aD t

TC D aMt t M t a bM t

aM

β β

β β β

β β

µ µ β µ β µ β

α µ β αµ β αµ
β β

β αµβ µ
β β

µµ

+ +

+ +

−

 − + + + − +
 

 + 
+ + + + +   + +  ∂  =  ∂  + − + − + + −   + +  

  − +       
 

( )( ) ( )( )

( )( ) ( ) ( )( )

( ) ( ) ( )
( )

2 1 1
1 5 1 4 1

2
2 2 1

3 1 12
2

2
1 11 1

2 1 1

2
1 1 1

2 2 2 2 3 2 3

2 2 1
2 1 2 2 1 2

1' ... 5
11 1

2 1 1

1 1

b t b D t b D t

a D t t
TC D
t bM aMaD t t

M t a bM

β β

β β

β β

β

µ µ β β µ β β

α µβ β
µ β β µ β β

β

α αµβ β
β β β

αµββ µ

+ +

−

−

−

 − + + + + +
 

+ 
− + + + + + + +∂  =     ∂

+ + + − +       + + +    
 
− − + + −  

( )4

  
 
       Main objective to minimize the total relevant cost for the model starting with shortage, the necessary condition to minimize the 
total relevant cost is 
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t1

TC2'

1

6.1

12.3

18.4

24.6

30.7

36.9

43.0

Inventory Cost  

T

( )0.8,28.5

2

1

' 0TC
t

∂
=

∂ , we get 

 

( ) ( ) ( )
( ) ( ) ( )

( ) ( ) ( )
( )

2 2 2 2 2 1
1 5 1 4 1 3 1

2
2 11

1 2 1

1 11
1 1 1 1 1

1

2 3 3 2 2

2 1
2

1 2
0 ... 5511 1 1

1 1

2

b t b D t b D t a D t

bMt aD t

D aM t M t a bM t

aM

β β β

β β

β β

µ µ β µ β µ β

α µ β αµ β
β β

αµ β αµβ µ
β β

µµ

+ + +

+

−

 − + + + − +
 

 + 
+ + + +   + +  
  =  + + − + − + + −   + +  
  − +      

 

       Using the software Mathematica, we can calculate the optimal value of 1t by equation (55) and the optimal value ( )2 1'TC t
of the 

total relevant cost is determined by equation (52). The optimal value of 1t  satisfy the sufficient condition for minimizing total relevant 

cost ( )2 1'TC t
is 

( )
2

2
2

1

' 0 ... 56TC
t

∂
>

∂  
 
The sufficient condition is satisfied. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
  

Figure 2: Graphical representation of total relevant cost with shortage. 
 

6.2.2 Numerical Example:  
Let us consider 

1 1 2 3 4 51.007, 0.587, 0.003, 0.00002, 0.0026, 0.

$1/ , $0.5 / , $1/ , $5 / , 0.02 2
1 , 100, 1, 0.8

000 19
.

0

c ca unit b unit S unit d unit
T year D year
M D D D D D

α β
δ µ

= = = = = =
= = = =
= = = = = =− −   
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We find 1 0.62t → , which does not satisfy 1t µ≥  , so the maximum point is max{ }1,t µ µ=
. Thus, the optimal value of 1t  

is
'

1 0.8t µ→ = . The optimal ordering quantity is 4 0' 8. 5OQ = .The minimum relevant cost is 2 .5' 28TC =   
 
6.2.3 Sensitivity Analysis: 
       To know, how the optimal solution is affected by the values of parameters, we derive the sensitivity analysis for some parameters. 

The particular values of some parameters are increased or decreased by 25%+ , 25%− and  50%+ , 50%−  . After that, we derive 

the value of 1t  and 1TC  with the help of increased or decreased values of cS  and cd . The result of the minimum relevant cost is 
existing in the following table 2.  
 

Table: 2 
 

Parameters Actual  
Values 

+50% 
Increased 

-50% 
Decreased 

+25% 
Increased 

-25% 
Decreased  

cS  
1 1.5 0.5 1.25 0.75 

cd  
5 7.5 2.5 6.25 3.75 

1t
∗

 
0.8 0.8 0.8 0.8 0.8 

1TC ∗

 
28.5   41.5  15.5  35.0 22.0  

OQ∗
 48.05   48.05  48.05  48.05  48.05  

 
       From the result of above table, we observe that total relevant cost and ordering quantity is much affected by deterioration cost and 
shortage cost, other parameters are less sensitive.  
 

VII. CONCLUSION 
       We developed order level inventory models with time varying holding cost for weibull deteriorating items. We considered ramp-
type demand rate and holding cost is not constant varying over time. The deteriorating item is deteriorated with two parameters 
weibull distribution deterioration. The models are developed under two different policies (i) without shortage and (ii) with shortage, 
which is completely backlogged. The total relevant cost with constant holding cost is less than the total relevant cost with time varying 
holding cost. The total inventory cost with constant holding cost is more realistic than the total inventory cost with time varying 
holding cost. Advance research in this way can be carried out such as stochastic demand and finite replenishment rate, quantity 
discounts and permissible delay in payments. 
Appendix-A: 

Where,

( ) ( ) ( )( ) ( ) ( )

( )( ) ( )( ) ( )( ) ( ) ( )

2

2

2 2

,
2 2 2 4 2 2 2 42 2

,
2 2 3 1 2 2 2 3 2 1 2 3

b b b b bP R

a a a a a aQ S

α α α α α
β β β β ββ

α α α α α α
β β β β β β β β β

= − = − − +
+ + + + ++

= − = − − +
+ + + + + + + + +   

 

( )2 2
1 3 3A T Tµ µ µ= − +

, 
( )2

2 2
DA D Tµ µ µ= + −

 
Appendix-B: 

Where, 

2 2
2

2 2 1
S

β
βµ α αµµ

β β

+
+= + −

+ +   
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( )
( )( )

( )
( )( ) ( )

( )( ) ( )( ) ( )

( )( ) ( ) ( )( ) ( ) ( )

3 2 2 33 2 3 2
2

1

3 2 2 2

2

2 2 4 4 2 2 4 3 3

2 2

2 2
, ,

3 1 3 1 2 3 1 2 1

2, , ,
1 2 2 1 2 1 11

1 2 2 8 2 2 4 2 21 2 2

β β β

β β

β β β

α β µ β α µµ αµ µ αµδ γ µ ε
β β β β β β

αµ αµ αµ αµ α µ αµψ η
β β β β β β ββ

α µ α µ µ αβµ α µ µ αµκ π
β β β β ββ β

αµµ

+ + +

+ +

+ + +

+ +
= + − = − = −

+ + + + + +

+ = − − = −
+ + + + + + ++

 
= − = + − − −  + + + + ++ +  

+
( )( ) ( ) ( ) ( )( )

( )( ) ( )

( )( ) ( )( )

1 2 3 3 3 3 4 4

4 2 2 4

2 2

, ,
1 1 2 1 2 2 3 1 3

1 1 ,
3 1 2 3 1 2 2 3

1 2 3 1 2

β β β β

β β

α µ αµ µ αµ µ αµϑ ρ ξ
β β β β β β β

αµ α µ αµ α ατ
β β β β β β

α µ α µ
β β β β

+ + + +

+ +

 
= − = − = + + + + + + + + 

 −
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Appendix-C: 
Where 
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See Appendix-D: 

Where, 
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