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Abstract- In this paper, we introduce and investigate the general solution of a new AQ-functional equation
20| f (X+yj+ f (X_yj = @+a)[ f(x+y)+ f(x—y)]
a a
+(@1-a)[ f(—x+y)+ f(—x—y)]

where a # 0,1 and discuss its Hyers-Ulam stability in paranormed spaces.
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. INTRODUCTION

Functional equations of various forms were dealt in the last three decades regressively by many authors [2, 5, 8, 9]. Ulam [13]
raised a question concerning the stability of group homomorphism as follows :

Let Gl be a group and let GZ be a metric group with the metric d(.,.). Given & >0, does there exist a 6 >0 such that if a
. d(h(xy),h(x)h <o
function h'Gl _>GZ satisfies the inequality ( ( y) ( ) (y)) for all X,y €G,
H:G -G, . d(h(¥).H(x)<e  xeq,

, then there exist a homomorphism

for al

When Gl and GZ are Banach spaces, D.H. Hyers [7]solved the above question for the case of approximately additive
functions. Later Th.M.Rassias [10] given a generalized version of the theorem of Hyers for approximately linear mappings. Then
many mathematicians like Z.Gajda [3] , R.Ger [2], P.Gavruta [4], S. Czerwik [1] and J.M.Rassias [8] contributed a lot for the
development of stability theory for wvarious forms of functional equations . the functional equation

f(x+y)+f(x—y)=2f(x)+2f(y)
is called quadratic functional equation because every solution of the quadratic functional equation is said to be a quadratic mapping. In
the same way

f(2x+y)+ f(2x—y)=2f (x+y)+2f(x—y)+12f(x) (1.1)
and
f(2x+y)+ f(2x—y)=4f (x+y)+4f (x—y)+24f(x)—-6f(y) (1.2)

3 4
are called cubic and quartic functional equations because (X) =X and f (X) =X respectively satisfies the equations (1.1)
and (1.2) . Recently J. M. Rassias and H.M.Kim [9] investigated Generalized Hyers-Ulam stability for general additive functional
equations in quasi- p-normed spaces , M.E. Gordji and M.B. Savad kouhi [ 6 ] studied the stability properties of a mixed type
additive, quadratic and cubic functional equation
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f(x+3y)+ f(x=3y)=9f (x+y)+9f(x—y)-16f(x) (1.3)

in random normed spaces. Very recently , C.Park and J.R.Lee [11] proved some results on the Hyers-Ulam stability of an additive-
quadratic-cubic-quatraic functional equation

f(x+2y)+ f(x—2y)=4f(x+y)+4f(x—y)-6f(x)+ f(2y)
+f(-2y)-4f(y)-4f(-y) (1.4)

in paranormed spaces.

In this paper, authors are interested in finding the solutions and some results on Hyers-Ulam stability of a new Additive-
Quadratic functional equation

Za{f (ﬂj+ f (X%ayﬂz(l+a)[f(x+ y)+ F(x=y)]+@-a)[ f(-x+Yy)+ f (~x—y)]

a

where a # 0, 1 , in paranormed spaces. We consider some basic concepts concerning Frechet spaces and paranormed spaces.

Definition 1.1 [13]

Let X be a vector space. A Paranorm P:X— [0’ OO) is a function on X such that
. P(0)=0
(|) ( )
i P(—x)=P(x)

(iii) P(X + y) < P(X) + P(y) (Triangle inequality)

t, >ty {tn}CX

(iv) If {t” } is a sequence of scalars with ™ with

P(x, —x)—>0't P(t,x, —tx) >0

hen (continuity of multiplication).

X,P

The pair ( ' ) is called a Paranormed space if P is a paranorm on X. The paranorm is called total if, in addition, we have
P(x)=0=x=0

(V) ( )

A Frechet space is a total and complete paranormed space.
In this paper, we first discuss the solution of a new additive and quadratic functional equation :

Za{f(ﬂ}f f(%yﬂ:(ua)[f(myh f(x—y)]

a
+(@-a)[ f(—x+y)+ f(-x-y)]

(1.5)
with a # 0,+1 , then we investigated the Hyers-Ulam Stability of (1.5) in paranormed spaces

Il. SOLUTION OF THE EQUATION (1.5)

. . E E : : L
In this Section, let ! and —2 denote real vectors spaces, we will prove the following two Lemmas, which will be useful to
prove our main theorems.
Lemma 2.1

g TE—DE f

2 is an even function, satisfies equation (1.5) for all Xye E1 . Then is quadratic .
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Proof
Replacing (X’ y) by (O’O) in (1.5), we obtain

f(0)=0,  WwxeE, -

The function f is even and therefore f (_X) = f (X) for all Xe El .
Equation (1.5) becomes ,

a{f(x%ay}f(%yﬂzf(x+y)+f(x—y), VX, yeE, (2.2)

Replacing (X’ Y) by (Z’Z) in (2.2), we arrive that

217
azf(—j:f(Zz), VzekE,
a (2.3
y
Replacing Z by 2 in (2.3), we arrive that

y

2 f (g} f(y),  VyeE, (24)

Again, replacing y by X in (2.4), we obtain

f(ax)=a*f(x), VxeE (2.5)
Therefore L El - E2 is quadratic .
Lemma 2.2
If L E1 - E2 be an odd function, satisfies equation (1.5) for all Xye E1 . Then f is additive.
Proof

f

f(—x)=—"1(x
The function is odd and therefore ( ) ( ) for aIIX’ye El,Equation (1.5) becomes,

a{f(x%ayj+f(x%ayﬂ=f(x+y)+f(x—y), VX yeE (2.6)

Replacing (X’ y) by (Z’ Z) in (2.6), using equation (2.1) we arrive that

af(%zj: f(22),  VvieE (27)
y

Replacing Z by 2 in (2.7), we arrive that
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af(Xj:f(y), vyek, (28)
a
Again, replacing yby aX jn (2.8), we obtain
f(ax)=af(x), VxekE, (2.9)
Therefore L E1 - E2 is additive .
Theorem 2.3
A function L E1 - E2 satisfies equation (1.5) for all Xye E1 if and only if there exists a symmetric bi-additive
function B: E1 X E1 — E2 and an additive function A E1 - EZ such that
f(x)=B(x,x)+A(x), VX € E
Proof . Suppose there exists a symmetric bi-additive function B: E1 X El - E2 and an additive function A: E1 - E2

such that
f(x)=B(x,x)+A(x), vx € E
then using (2.10), we obtain

f (ﬂ} B(ﬂ,ﬂj +A(ﬂ,ﬂj (2.12)

a a a a a

f(ﬂj: B(ﬂ,ﬂj +A(H,LJ (2.12)

a a a a a

(2.10)

for all Xye E1 .From (2.11) and (2.12), we obtain

AP

H_V_VM_V_YH (2.13)

d d a a

for all Xye E1 . Using properties of symmetric bi-additive function in (2.13), we arrive

Za{T (ﬂ}, f (X%ayﬂ:(ua)[f(m y)+ f(x—y)]

a
+@-a)[f(—x+y)+ f(-x=y)], VxyekE.

Hence the function satisfies (1.5).
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£ (x) = f(x)+ f(-x)

f

Conversely, we decompose
f(x)-f(-x
(= =1

2

into even part and the odd part by letting

X e El. Replacing x by -x ,y by -y in (1.5 ) and adding, subtracting the resultant

equation with (1.5 ), we find that fe (X) ' f° (X) Xyek satisfies

and

f (X f (x
(1.5). Hence by Lemma 2.1 and Lemma 2.2, we obtain that the functions e( ) and °( ) are quadratic and additive

fe (X) = B(X’ X)
respectively. It shows that there exists a symmetric bi-additive function B: El X El - E2 such that

additive function AR >, such that A(X) =T, (X) and f (X) = B(X1 X)"‘ A(X)1 VX e El.

I1l. HYERS —-ULAM STABILITY OF THE FUNCTIONAL EQUATION (1.5) AN ODD MAPPING CASE
f

, we define
D f (x,y):Za{f (X%ay} f (X%ayﬂ—(ua)[f(m y)+ f(x=y)]

—(@-a)[f(-x+y)+ f(-x-y)]

For a given mapping

E, |
In this Section and section (4), we assume that (El’ P) is a Frechet space and ( 2 ” ” ) is a Banach space.

Theorem 3.1
Let I' and 0 be positive real numbers with ' > 1, and let L E2 - E1 be an odd mapping such that
PO (xy)]<o (X" +I¥) (33)
for all XY e EZ. Then there exists a unique additive mapping A: E2 - E1 such that
0 arfl
P[f(x)-A(X) gz—{ar _{J”x”r vxeE, (3.2)

Proof . Using oddness of f in (3.1), we obtain

{Za2 ( f (X%ay}r f (%D—Za( f(x+y)+f(x- y))} < 19(||x||r +||y||r) (3.3)

forall XY € EZ. Replace (X’ y) by (Z’Z) in (3.3), we obtain
P [Zazf(%zj—zaf (22)}302||z||r VzeE, (3.4)

X

Replace Z by 2 in (3.4) , we obtain

and an
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a

P {f (x)—af (iﬂs azr X VxeE, (3.5)

Hence

v-1 -1
P {a“ f (iuj—avf (LVHSZZ?ZV x|, vxeE, (3.6)

a =

k
For all non negative integers U and V with V> U and all Xe 2 It follows from (3.6 ) that the sequence a
X

k
is a Cauchy sequence for all XEE, , since 1 is complete, the sequence a converges for all XEE, . Now we

define the mapping AR, > E by
A(x):ll(im a"f(ikj, VX eE,.
a

—>0

by (3.1) , we get

PLoAw ]t P ot

a a
<lim_? ' "1=0 \ E
- klipo a‘k(r+1) (”X” +||y|| )_ ! X, y € 2."
S0 DA(xY)=0 Csince T BB oag, A By o4 so the mapping AT B2 ™ Br i aaditive,
Moreover, letting U = 0 and passing the limit V—® in (3.6), we arrive (3.2).So there exists an additive mapping A'E, >

satisfing (3.2).Now, let A E2 El be another additive mapping satisfing (3.2). Then we have
. X (X
P| A(x)—A =P|a’A| — |-a’A| —
[ A8 (0] P A 2 )-wa[ 2]
a a a a

ar—l 9 )
S(Zr1(af_a)J[as(r1)j"X” -0 as s—»w»

A(x)=A(x), VxeE

for all Xe E2 . So we can conclude that ( ) ( )’ 2 . This proves the uniqueness of A . Thus the mapping
A E2 - El is a unique additive mapping satisfying (3.2).

Corollary 3.2

Let I' and 6 be positive real numbers with I 2 1, and let f: EZ - E1 be an odd mapping such that
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(N
OIxI” -+ Iy -+ Iyl ).

2 Then there exists a unique additive mappings A: E2 - E1 satisfying

e ael 2

P[Df(x,y)]g

X, yek

for all

Haerl
ﬂl - 2r+1 2r
2 ( a

a —_
where ) , for all Xe E2 )

Theorem 3.3

Let I' be positive real numbers with I <1, and let L El - E2 be an odd mapping such that
| Df (x,y)|<P(x)" +P(y) ¥x,yeE,. (3.7)

Then there exists a unique additive mapping A: E1 - E2 such that

I (0-Aml< @ P(x), VxeE, . (38)

Proof . Using oddness of f in (3.7), we obtain

T o

a a
<P(x) +P(y), vx,yeE (3.9)
Replace (X’ y) by (Z’ Z) in (3.9), we obtain
2a2f(%zj—2af(2z) <2P(z)', VzeE, (3.10)
y
Replace Z by 2 in (3.10) , we obtain
X _ 1 r
af(aj ()| <P . VyeE, (3.11)
Again, replacing yby X jn (3.11), we obtain
F)-1f(ax) [<2LpP(x)  vxeE (3.12)
a a’2 Hence
1wy 1o gat? o
Ha_”f(a x)—;f(a x) < ,-_UW”X” , VxeE, (3.13)
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For all non negative integers U and V with V>U and all X& El. It follows from (3.12 ) that the sequence
1 1
{akf( ) . xeg _ _E,. a_f< )
is a Cauchy sequence for all , since 2 is complete, the sequence converges for all
Xe E1 . Now we define the mapping A E1 - E2 b
.1
A(x)zllm—kf(a"x), vxeE,.
k—o a
by (3.7) , we get
- l k k
[D A y)] =tim |- D f (", a"y)

1 r r
_Ima(l 5 (P(x) +P(y) )=O, vx,yekE.

So DA(X’ y):0 . Since fiE —>FE is odd , ATBL By s odd . so the mapping AE 2 B aditive
V—00

Moreover, letting U =0 and passing the limit in (3.12), we arrive (3.8).So there exists an additive mapping
A:E —E AE —E

2 satisfing (3.8). Now, let 2 e another additive mapping satisfing ( 3.8 ). Then we have

A(#x)- - A (a%)
a—lS(A(asx)—g(asx))

A=A ()] =}

< +

a—ls(A'(asx)—g(asx))

< P(x) >0 as s—o

2 (as(“)’r (a-a' ))

A(x)=A(x), VxeE

for all Xe E1 . So we can conclude that

AE —>E

. This proves the uniqueness of A . Thus the mapping

2 s a unique additive mapping satisfying (3.8).

Corollary 3.4

1
r<=

Let I' be positive real numbers with 2 , and let
P(x) P(y)
P(x)" +P(y)" +P(x) P(y)",
forall %Y € BL Then there exists a unique additive mappings - £t > E2 satistying
2
RS

f:E »>E

2 be an odd mapping such that

[Df(xy)|<
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IV. HYERS-ULAM STABILITY OF THE FUNCTIONAL EQUATION (1.5) AN EVEN MAPPING CASE
In this Section, we prove Hyers-Ulam Stability of the functional equation

Df (x,y)=0

in paranormed spaces : an even mapping

Theorem 4.1
Let I' and 6 be positive real numbers with I > 2, and let L E2 - E1 be an even mapping satisfying (3.1). Then there

exists a unique Quadratic mapping Q: E2 - E1 such that
0 a' r
P1(0-Q)] < 7| 55 B <k,
Proof . Using evenness of f in (3.1), we obtain

p {Zaz(f (Mj+ f (ﬂn_z( f(x+y)+t (x—y))} <o +IvI)  (41)

a a

forall XY € EZ. Replace (X’ y) by (Z’ Z) in (4.1), we obtain

P {Zazf (%j—zf (22)} <02||z|', vzeE, (4.2)
X

Replace Z by 2 in (4.2) , we obtain
X 0
Pl f(x)-a’f|=||<=|x| . VxeE,
a 2
The rest of the proof is similar to the proof of theorem 3.1

Corollary 4.2
Let I' and 6 be positive real numbers with I >1, and let L E2 - E1 be an even mapping such that

o(I 1y1").
PI:Df(X,y):IS 2r )2r r r
(I + v+ 11"
Xye E2 . Then there exists a unique quadratic mappings Q : E2 - E1 satisfying

o[100-a00)< 7

9a2l’
13 - 22r+1(a2r _az) E
, for all Xe b, )

for all

where

Theorem 4.3
f:E »>E

Let I' be positive real numbers with I' < 2, and let 2 be an even mapping satisfying (3.7) Then there exists a

unique quadratic mapping Q E1 - E2 such that
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It () -Q(x)] < - r(ﬂjrp(x)f, ek,

a—a \2

Proof . Using evenness of f in (3.7), we obtain

Za{f (X%ay} f (X%ayjj—z(f(xw% f (X—Y))H

<P(x) +P(y), vx,yeE (4.3)
Replace (xy) by (2.2) in (4.3), we obtain
2a2f(%zj—2f (22) | <2P(2) vzeE, (4.4)
y
Replace Z by 2 in (4.4), we obtain
angj_ f(y) ‘ <Lp(y)  vyeE (45)

Again, replacing yby aX jn (4.5), we obtain

f(x)—a—lzf(ax) -

SaZ—rZr P(X)r VXEEl

The rest of the proof is similar to the proof of theorem 3.2

Corollary 4.4

Let I' be positive real numbers with I <1, and let L E1 - E2 be an even mapping such that

P(x) P(y)',
Df(xy)=<
H ( y)” {P(X)Zr 4 P(y)zr + P(x)r P(Y)r '}

Xye E1 . Then there exists a unique quadratic mappings Q E1 - E2 satisfying

\\f(x)@(x)\\s{“‘”x) }

32,P(x)",

for all

ﬂd B a2r
4 H2ril (A2 2r
2 (a a ),foraIIXEEl.

where

Theorem 4.5

Let I' be positive real numbers with I > 2, and let L E2 - El be a mapping satisfying (3.1). Then there exists a unique
additive mapping A E2 - Eland quadratic mapping Q E2 - El such that

[ f (x)A(X)Q(x)]gﬁ(gjr[a<arll)+ . fa2]||x||' VX <E,.
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Theorem 4.6
Let be positive real numbers with ' <1 and let 2 be a mapping satisfying (3.7) Then there exists a unique
" - AE > E, , - Q:E —>E
additive mapping and quadratic mapping 2 such that
r
a

[t (0-A)-Q)| == 5] P(xr. vxeE,
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