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We derive a universal thermodynamic bound constraining directional transport in both discrete
and continuous nonequilibrium systems. For continuous-time Markov jump processes and over-

damped diffusions governed by Fokker-Planck equations, we prove the inequality % < ép(t),
linking the squared net velocity V (¢), entropy production rate é,(t), and dynamical activity A(¢).
This relation captures a fundamental trade-off between transport, dissipation, and fluctuation in-
tensity, valid far from equilibrium and without detailed balance. In addition, we introduce di-
mensionless thermodynamic ratios that quantify dissipation asymmetry, entropy extraction, and
relaxation. These scaling laws unify discrete and continuous stochastic thermodynamics and pro-
vide experimentally accessible constraints on transport efficiency in nanoscale machines and active
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Activity,

systems.

PACS numbers: Valid PACS appear here

Introduction.— Thermodynamic uncertainty relations
(TURs) have become fundamental results in nonequilib-
rium statistical physics, revealing a universal trade-off
between the precision of physical currents and_the ther-
modynamic cost required to sustain them [I-8]. These
inequalities impose lower bounds on entropy production
based on the fluctuations of measurable quantities, such
as particle flow, heat, or work. By relating irreversibility
to observable noise, TURs provide general constraints on
the performance of small-scale systems that operate far
from equilibrium [[|, 2]. Initially formulated for steady-
state stochastic processes [l], TURs have been gener-
alized to a wide variety of settings that include time-
dependent driving, periodically modulated systems, and
complex energy landscapes [4-8]. As a result, they now
serve as important tools for probing nonequilibrium be-
havior across physical, chemical, and biological systems.

Brownian motors as well as microscopic devices that
harness thermal fluctuations to perform directed motion
often offer a particularly rich setting in which to explore
the implications of TURs. These systems operate by
breaking the detailed balance through spatial asymme-
try or by coupling to nonequilibrium reservoirs [0, [10].
Early ratchet models showed that particles in asymmet-
ric potentials under thermal gradients can produce net
transport [[L1, 12]. These pioneering works opened a path
for extensive studies of systems with spatial variations
in temperature, friction, and transition dynamics [13-
17] which in turn advances our understanding of how
nonequilibrium driving and structural asymmetry enable
efficient transport at the microscale.

Despite extensive modeling efforts, a complete under-
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standing of how transport properties, such as velocity,
dissipation, and efficiency, scale with system parameters
remains incomplete. Key questions persist: How do en-
ergy barriers, thermal asymmetry, and transition rate
imbalances shape the trade-off between transport and
thermodynamic costs? Can general performance bounds
be established independently of specific model details?

In this work, we establish a universal thermodynamic
bound on directional transport that applies to both
discrete-state and continuous nonequilibrium systems.
The inequality

relates the squared current V' (t), dynamical activity A(t),
and entropy production rate é,(t) and holds far from
equilibrium without assuming a detailed balance. Unlike
traditional thermodynamic uncertainty relations, this
bound constrains instantaneous transport rather than
fluctuations. We verify its sharpness using a solvable
three-state Brownian motor, revealing distinct transport
regimes and efficiency scaling with barrier height, tem-
perature asymmetry, and transition bias. Our results
provide a model-independent framework for quantifying
transport—dissipation trade-offs in mesoscopic systems.
Thermodynamic uncertainty—like scaling in discrete
Brownian ratchets .— Consider a continuous-time
Markov process on a finite state space {i}, with tran-
sition rates P;;(t) and time-dependent state probabilities
p;(t). Define the instantaneous flux and current as

Jij(t) == qi;(t) — qs(t). (1)

We adopt antisymmetric summation ), j throughout
the paper.

i (t) = pi(t) P (t),

wWww.ijsrp.org


mailto:tayem@wlac.edu

The reduced activity, summing jump fluxes in one di-
rection per pair, is defined as

A'(t) =" pi(t) Py (t). (2)

i>j

The total dynamical activity, summing all transitions
across both directions, is then A(t) := >, pi(t) Pi; (t) =
2A(t).

For a Brownian particle moving along a one- or two-
dimensional discrete ratchet potential, the Boltzmann-
Gibbs form of entropy,

Spi(t)] = — Zpi(t) In p;(t), (3)

remains valid even in nonequilibrium conditions. The en-
tropy extraction rate h4(t) can be expressed microscop-
ically in terms of local probabilities and transition rates
as

ha(t) = [piPji — p; Pij]In (?)

i>j
= ép(t) — (1), (4)
where the total entropy production rate is

ép(t) =Y IpiPji — pj Pig]In (pipji> ; (5)

i>7

Pty

and the system entropy change rate is

S$(t) =" [piPji — pjPy)In (;) . (6)

i>7

Here, é,(t) and S (t) quantify the irreversible entropy pro-
duction and the time rate of change of system entropy,
respectively.

The total net current across a chosen oriented cycle C'
is

V()= > Jiy(t). (7)

(i—j)eC

Now to derive a thermodynamic uncertainty-like scaling,
let us write z;;(t) = in(i)t) and y;;(t) = 1/¢;;(t) so that
qij
Jij(t) = x45(t)yi;(t). The cycle current becomes V' (t) =
> (ij)ec Tij(t)yij(t). Using the Cauchy-Schwarz in-
. 0]
equality: V(t)? < (Z(i—mec m) (Z(i—m‘)e() qij(t)) :

Extending to the full antisymmetric case

TE50
Dl R (8)

iy di

V(t)? <

We now apply the inequality

(a—b)?

: g(a—b)1n<%>, Ya,b>0,  (9)
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with a = ¢;;(t), b = g;:(t), one gets

J5(t) N i5(t)
qi5(t) < Ji(6)n (%‘i(ﬂ) . 10)

Summing over ¢ > j, we find

D

i>j

J5(t)
q:5(t)

< ép(t). (11)

Substituting into the earlier equation V ()% < A'(t)-¢,(t),
we write the dimensionless inequality as

¢(t) = A(Zt‘)/.(z(t) <1 (12)

in terms of the total activity A(t) = 24’(t). The dimen-
sionless quantity ¢ characterizes how efficiently directed
motion is sustained relative to the thermodynamic cost
and dynamical fluctuations. When ¢ = 1, the current is
maximally organized and tightly coupled to dissipation,
while ( < 1 reflects the presence of excess activity or
noise not contributing to net transport.

The steady-state entropy production rate in a uni-
cyclic Markov process with N states is given by
€p = xJF, where v is the net velocity and F =
Zilil In(P; ;+1/Pi+1,;) is the total cycle affinity. A gen-
eral bound constrains the current via ¢ = 2v%/(4é,) < 1,
which is saturated when v = ﬁAJ—" . Equality holds triv-
ially at equilibrium (F = 0) but also in certain nonequi-
librium regimes where entropy production is nonzero as
shown in Fig. 1b. We_ verified this condition in a three-
state model, finding [18] that the bound is exactly satu-
rated (¢ = 1) for specific parameter choices. Physically,
¢ = 1 indicates that dissipation is maximally and co-
herently converted into directed current, without excess

dynamical activity or inefficiency.

2
The instantaneous inequality ngg

< é,(t) can be
extended to a finite time window [0, 7] by defining time-
averaged quantities:

_ 1 /7 - 1 /7 1 /7
V.= 7/ Vt)dt, A:= 7/ A(t)dt, ep:= 7/ ép(t) dt.
T Jo T Jo T Jo
(13)
From these, a finite-time bound follows:
2V
A < ép, (14)

which relates cumulative current, activity, and entropy
production. This result is experimentally accessible and
applicable even in strongly driven regimes. Alternatively,

integrating the pointwise inequality yields OT 22852 dt <
fOT ép(t) dt, allowing for refined analysis of systems with
time-varying dissipation or transport.

The transport—dissipation inequality expresses a fun-
damental thermodynamic constraint: sustained directed
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motion incurs a cost in either entropy production or dy-
namical activity. Achieving a large current V() necessi-
tates increased irreversibility via é,(t) or more frequent
transitions via A(t). As ((t) — 1, the dissipation and
fluctuations are maximally converted into coherent mo-
tion; lower values indicate inefficiency in utilizing these
resources.

The transport—dissipation inequality provides a uni-
versal constraint on nonequilibrium dynamics, bounding
directional current by entropy production, and dynamical
activity. Generalizing thermodynamic uncertainty rela-
tions, it applies far from equilibrium and without a de-
tailed balance. This relation enables entropy production
to be inferred from measurable trajectory observables, of-
fering a practical tool for quantifying irreversibility and
efficiency in mesoscopic systems, such as molecular mo-
tors, colloidal ratchets, and nanoscale circuits.

We consider the exactly solvable three-state Brownian
motor model introduced in Ref. [18], which allows exact
analytical expressions for steady-state probabilities, cur-
rent, entropy production, and dynamical activity. Using
this model, we test the transport—dissipation—activity in-
equality and numerically evaluate the dimensionless pa-
rameter ¢, confirming that the bound ¢ < 1 holds across
all regimes. As shown in Fig.1, the inequality saturates to
unity near equilibrium, where current and entropy pro-
duction vanish while activity remains finite, which is con-
sistent with reversible dynamics.

Other Scaling Relations for a Brownian Heat Engine
Between Hot and Cold Baths.— Let us now introduce
scaling relation in terms of entropy extraction rate hq(t),
the entropy production rate é,(t) and the rate of change
of the system entropy S (t).

We define the dissipation-to-extraction ratio

3(1) = 28,

ha(t)

which measures the degree of internal irreversibility rel-

ative to environmental entropy extraction. In the steady

state, where S(t) = 0, this reduces to v(t) = 1. Val-

ues v(t) > 1 indicate entropy accumulation within the

system, while y(t) < 1 corresponds to internal ordering.

To connect thermodynamic cost to directed motion, we
define the transport-normalized entropy extraction:

_V@?
euy_hﬂw

which quantifies how much coherent transport is achieved
per unit of entropy removed by the bath.
2
From the universal bound 2283

the scaling inequality

(15)

; (16)

< é,(t), we obtain

0(t) < SA(t) (1), (17)
indicating that high-performance transport requires ei-
ther elevated entropy production or high fluctuation ac-
tivity.
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FIG. 1: (a) Contour plot of steady-state transport efficiency
¢ as a function of applied force f and potential barrier height
E under isothermal conditions. The plot shows how ( varies
non-monotonically with both parameters, highlighting the in-
terplay between driving strength and energy landscape in de-
termining transport efficiency. (b) Contour plot of the bound-
saturating expression v = ﬁA}" as a function of F and f,
with fixed temperature T}, = 1.2,2,5,10 from left to right.
This illustrates how the equality condition ¢ = 1 can emerge
even out of equilibrium depending on the driving and thermal
parameters.

To quantify the system’s deviation from steady state,
we define the normalized entropy imbalance as

ép(t) —halt) S(t)
“ﬂ’%w+mw_%w+%®' "

This dimensionless parameter ratio vanishes at steady
state and captures the degree of net entropy accumula-
tion or release during transient evolution. .

While the naive inequality é,(t)2 > S(t)? 4 hq(t)? is
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generally invalid, we propose a sharpened bound incor-

porating transport,

2V (t)?
A(t)

ép(t)? = ha(t)® + (19)
which reflects the irreducible thermodynamic cost re-
quired to sustain both entropy flow and coherent motion.
Scaling  Relations for Efficiency and COP of
Refrigerators.— We next consider refined scaling rela-
tions for irreversible energy conversion in steady-state
heat engines and refrigerators operating between two
thermal reservoirs at temperatures Ty and T.. Let Qp
and Q. denote heat flows from the hot and to the cold
reservoirs, respectively, with f an external force driving
motion at mean velocity V, and é, the steady-state en-
tropy production rate.
The entropy balance relation reads
. Qc Qh
ep Tc Th (20)
while the first law yields the useful power output W =

fV =Qn-Q.. Ehmlnatmg Q. leads to a power-entropy

_fv

relation: ¢, = Qp, (A — & 7> which rearranges as

fV +1Teé, = On (1 — —) This expression reveals how

total dissipation constrains extractable power under fi-
nite heat absorption.
The efficiency of the engine is defined by n := f—v S0

that
T T, .
=(1—— | — —¢,. 21
! ( Th) Qn " )

Thus, the deviation from Carnot efficiency is propor-
tional to entropy production per unit absorbed heat. A
normalized efficiency ratio is

Teép
=T
Iy
which satisfies 0 < I' < 1, with equality only in the
quasistatic limit é, — 0.

Analogous reasoning applies to nonequilibrium refrig-
erators. Let Q. denote the heat extracted from the cold
reservoir, and fV the work input. The coefficient of per-
formance (COP) is defined as COP =
limit reads COPcarnot = T 7 and thermodynamic
consistency requires COP < COPgarnot- After some al-

gebra, we get
1 v
-a(z-7)- 7 )

T.T) . IV
(728) (6 + 55).

(22)

One can also solve Q. as Q. =
which inserted into the COP yields

(T N\ (& 1
COP_<Th— ><f€+Th) @
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Finally, defining the normalized ratio
COP Tyé
T —_— =1- L 25
cop COPCarnot Qc ’ ( )

we again obtain I'cop < 1, with equality only when é, —
0.

These relations quantify how entropy production fun-
damentally limits efficiency and performance in both en-
ergy extraction and refrigeration, and connect entropy
budgets to observable currents and thermodynamic cost.

Thermodynamic Uncertainty—Like Scaling in Contin-
uum Brownian Ratchets.— We now derive the continuum
analog of the current—activity—dissipation inequality for
overdamped diffusion in d-dimensional space. The dy-
namics are governed by the Fokker—Planck equation

OP(z,t)

ot
with the probability current J(x,t) = F(x)P(x,t) —
D(xz) VP(z,t), where F(z) is an external drift and D(z)
is a (possibly position-dependent) diffusivity. We assume

unit mobility without loss of generality.
To derive the bound, we define the entropy production

rate
I (2, )
= | dt ————"——— 27
/mD(x)P(x,t)’ @)
dynamical  activity — A’(%)
and the net transport V(t)

= V. J(z,1), (26)

the symmetric
1 [dx D(z)P(z,t),

| [ dxJ(x,t)| . Introduce the auxiliary functions
J(z,t) n
)= —— x) =4/5D(x)P(x,t), (28
)= s, 6@ =\ iD@PE, (3
so that

‘/dext’ ‘/dxf (29)
Applying the Cauchy—Schwarz inequality yields V()2
2 ([ dx f(2)?) ([ dzg(x)?), which simplifies to V (£)?
2¢,(t) - A'(t). We thus obtain the final scaling inequality

(30)

We retrieved the discrete-state result in the contin-
uum limit, confirming the universality of the transport—
dissipation—activity relation.

Summary and conclusion.— We have established a
general thermodynamic scaling framework that con-
strains transport in nonequilibrium discrete-state and
continuum Brownian systems. A central result is a uni-
versal inequality linking net current, entropy production,
and dynamical activity—extending thermodynamic un-
certainty principles beyond near-equilibrium and detailed
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balance regimes. Applied to a solvable three-state Brow-
nian motor, the bound is analytically and numerically
validated, with saturation occurring only at reversibility.
Additional scaling relations connect entropy extraction,
system entropy change, and energetic efficiency, reveal-
ing intrinsic trade-offs between coherence, dissipation,
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and fluctuation. These results provide a compact, model-
independent foundation for quantifying performance lim-
its in mesoscopic thermal machines, and enable dissipa-
tion to be inferred from measurable trajectory statistics,
offering broad utility in theory, simulation, and experi-
ment.
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