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Abstract— A methodical approach is introduced to 

establish energy dispersion relation with hole sub-band states 

and optical gain spectra for variant growth directions such as 

[00 1], [1 1 0], [1 1 1], [1 1 3] and [1 1 1] of compressively 

strained InGaAs/GaAs quantum well (QW) architecture by 

solving envelope function equation using finite difference 

method. It is demonstrated that there is a substantial 

correlation between optical gain and its emission wavelength 

amidst a particular crystal orientation of the QW. From the 

MATLAB simulation results, it can be settled that the 

dispersion relation between hole sub-band states, optical gain, 

and the threshold current density in [1 1 1] direction deviates 

exclusively from the other directions, in particular, the more 

conventional [0 0 1]. The regular optical gains are inspected  

2750 cm-1,3250 cm-1, 2800 cm-1, 2900 cm-1,and 1900 cm-1  

in [0 0 1], [1 1 0], [1 1 1], [1 1 3], and [1 3 1] crystal 

orientations, respectively, when the injection carrier density is 

2 × 10
18

 cm
-3

. Eventually, the highest optical power and the 

lowest threshold current are attained in orientation [1 1 0] 

while the number of quantum well is five. 
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INTRODUCTION 

   A quantum well (QWs), literally a potential well with only 

discrete energy values, comprised of Gallium Arsenide (GaAs) 

and of related III-V materials exhibits appreciable current 

conducting performance. Consequently, its application scope 

broadens up to the operation as the active region in short 

wavelength light-emitting diodes and laser diodes. The earliest 

and perhaps the most established hetero-structure laser 

technique is AlGaAs/GaAs structure. The range of available 

wavelength (λ) for lattice matched AlGaAs/GaAs QW hetero-

structure is from 0.80-0.65 µm. The long wavelength limit is 

characterized by the band-edge of substrate. Either the active 

layers of alloy or the quantum size effect or both are 

manipulated to alter the emission to the shorter wavelengths. 

But the range of wavelength (λ) 0.88-1.1 µm is not readily 

available in any III-V architecture lattice matched laser 

material system. There are, however, a number of important 

applications that require emission in this range, especially 

pump lasers for rare earth doped silica fiber amplifiers. In 

conventional optical system, a pump laser diode at wavelength 

0.98 µm, an optical coupler, and a length of Erbium doped 

optical fiber are incorporated to form a propagating wave 

optical amplifier which is considered as a critical component 

in fiber optic communication scheme. [1-4] 

   A simple demonstration on direct gap III-V compound 

semiconductor alloys suggests[5] that, perchance, the best 

material system for attaining the emission wavelength in range 

of 0.88-1.1 µm is InxGa1-xSb.There is, however, no suitable 

binary substrate that allows lattice matched composition of 

InxGa1-xSb in the wavelength range of interest. Thus, only a 

hetero-structure material technique in which a large lattice 

mismatch must be accommodated (as great as 3%) may be 

considered.  

Recent research presents that optical gain and threshold 

current of lasers can be improved by introducing a 

compressively strained QW into the active region.[6] The band 

structure of the compressively strained QW firmly depends on 

the crystal orientations.[7] To obtain favorable band structure 

for higher optical gain, the disband between heavy hole (HH) 

and light hole (LH) should be increased and the effective mass 

of holes should be reduced. The disband between subbands 

and effective masses can be controlled by changing crystal 

orientations which leads to possible invention of novel electro-

optic devices. Hence, crystal orientation is the unique 

parameter to optimize QW performance.    

The growth of crystal orientated QW structure except [0 0 1] 

orientation is efficiently attainable by modernized crystal 

growth techniques such as molecular beam epitaxy and metal-

organic chemical vapor deposition. The growth of high quality 

epitaxial layers on [2 0 1] GaAs substrates has been reported 

by Woolf et al. practicing the molecular beam epitaxy method. 

In particular on this occasion, AlAs/GaAs multilayered 

structures have been developed on [2 1 0] oriented substrate by 

Nötzel and Ploog. To avoid the structural degradation 

associated with non-[0 0 1] substrate, [0 0 1] orientated 

substrates are used with non-[0 0 1] orientated QW active 

region using wafer bonding  technique . 

In order to anticipate the optical and electronic properties of 

QW structures, one-dimension Schrödinger equation has most 

often been employed for modeling any modifications to the 

energy band structure of arbitrary crystal oriented QWs. 

Energy band structure and transition momentum matrix 

modifications due to change in crystal orientations are 

evaluated by Henderson and Towe solving Schrödinger 

equations.[8-9] The [100] wurtzite (WZ) crystal based QW 

lasers are found to have higher carrier densities to generate 

better optical gain because these structures not only have a 

large internal field due to the strain-induced piezoelectric (PZ) 
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and spontaneous (SP) polarizations , [10-12]but also a heavier 

hole effective mass than the conventional zinc-blende (ZB) 

crystals.[13]  

To reduce the threshold carrier density in wurtzite crystal 

lasers, non-[100] orientation has been recently studied as an 

additional parameter.[14-19]In addition, Zinc-blende-type 

GaAs structures have also been investigated experimentally 

and theoretically. From theoretical aspect, several authors have 

studied the hole subband states and optical gains for zinc-

blende [001] structure and have compared the results to those 

of wurtzite(001). However, only a few reports have been 

focused on Zinc Blende (ZB) QWs growth in other 

crystallographic orientation such as (1 1 0), (1 1 1), (1 1 2) and 

(1 1 3) [20].  

      In this paper, the optical and electrical properties of 

compressively strained zinc-blende InGaSb/GaAs QWs have 

been investigated by using the effective-mass theory for [001], 

[1 1 0], [1 1 1], [1 1 3] and [1 31] orientations. Here, 8 nm 

quantum well is sandwiched between 7 nm barrier layers. To 

inspect the optical properties of QW structures in arbitrary 

crystal orientation, unitary transformations are used to modify 

the wave vector and strain matrix. The Hamiltonian matrix in 

conventional [0 0 1] crystal orientation is also transformed to 

the arbitrary crystal orientation. The conduction and valence 

band wave functions and Eigen energies of the proposed QW 

structures are evaluated using the finite difference method. 

The momentum matrix element, gain spectra and injection 

carrier density dependent-optical gain are reckoned using the 

conduction and valence band energies and wave functions. 

 

 

THEORY 

A. The k.p Method of Band-Structure Calculation near 

Γ-point: 

The electronic band structure is solved in the envelope 

approximation using an eight-band k · p Hamiltonian. The 

modified Kane 8×8 Hamiltonian matrix can be asserted by: 

hh EzH  )(
                                                                      (1)

 

While, H is resultant Hamiltonian matrix that can be 

expressed by: 

HHH  0                                                                          (2) 

The components of resultant Hamiltonian matrix are illustrated 

below: 

H0 = 

 

 

                                                                                                (3) 

                                      (4)

                                            

Where, 
jmj ,  or 

)( jg   is the conduction and valence band 

wave function component and E is the energy of conduction 

band and three valence bands. 

The matrix elements are[21]:  

A=Ec  (kx
2
+ky

2
+kz

2
)                                                     (5)                                                                                   

P= Ev (kx
2
+ky

2
+kz

2
)                                             (6)                                                                                                      

Q= (kx
2
+ky

2
+kz

2
)                                                    (7)                                                                                                       

R= √3  [ (kx
2

 ky
2
)  2i kxky]                                  (8)                                                                                              

S= √3 kz (kx  iky)                                                  (9) 

U=   P0kz                                                                                                                   (10) 

V=   P0 (kx – iky)                                                                (11) 

P₀ is the coupling between the conduction and valence bands, 

Ec and Ev are the (unstrained) conduction and valence band 

energies respectively, ∆ is the spin orbit splitting and γi’s are 

modified Luttinger parameters. The other component of the 

resultant Hamiltonian matrix, H  depicted in equation (2) is 

the strain Hamiltonian matrix that can be revealed by[22]: 

 

 

 

 

 

 

HƐ =  
             
                                                                 

                                                                                                   

 

 

        

                                               

 

The elements of H matrix are: 

p= (exx+ eyy+ ezz)                                                            (12) 

q= b [ezz  (exx+ eyy)]                                                     (13) 

r= b (exx  eyy)  idexy                                                                        (14) 

s= d (exz  ieyz)                                                              (15) 

u=  P0                                                                                          (16) 

v= P0                                          (17) 

  Here, eij is the strain tensor; ac is the conduction band 

deformation potential; va  is the valence band deformation 

potential; b  and d are the shear deformation potentials. 
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  The energy dispersion profile along [100] orientation is 

calculated as a function of k for the 8-band k.p theory by 

diagonalizing the Hamiltonian using finite difference scheme. 

                                                                                             

B. Crystal orientation dependent wave vector and strain 

If the active region is grown on arbitrary crystal orientation, 

the wave vectors on [100] crystal can be attained by the 

subsequent expression[23]: 
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The strain on (100) crystal orientation can be reckoned by[23]: 
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Here, ),,,( zyxjiij   are the strain tensors in 

)(hkl direction. The values of diagonal elements are: 

barrbarrwellyyxx aaa /)(    


12

11

2C

C
zz 

 
Here, 

11C  and 
12C  are the elastic constants of the well 

material and the values of off-diagonal matrix element are set 

to zero in case of in-plane strain condition. 

The expression of the rotation matrix is as follows[24]: 





























cos0sin

sinsincossincos

cossinsincoscos

RO

                        (20) 

Where, 
)

)(
(tan

22

1

l

kh 
   and )/(tan 1 hk  

Practicing the wave vector in the (100) crystal orientation, the 

Hamiltonian matrix for [100] crystal orientation can be 

calculated according to section 2.2. Then the Hamiltonian 

matrix in )(hkl orientation can be counted by the consecutive 

equation[25]: 

H
hkl

 =U H
 (100)

 U*                                                                 (21)                                                                                                                                                  

Where, )()(  RRU     

In this equalization,
 )(R and )(R are symbolized as 

rotations which transform the [100] orientated valence band 

Hamiltonian to arbitrary crystal orientated Hamiltonian matrix. 

The argument of )(R and )(R  can be defined by: 
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2.2) Optical gain: 

 

The optical gain as a function of energy for quantum well 

architecture can be addressed by[26]:  

 
                                                                                              
(24) 

Here, q is denoted as free electron charge,   as reduced 

Planck constant, n  as the index of refraction, 0  as free space 

dielectric constant, c  as speed of light, E  as photon energy, 

cnE as the n
th  

conduction sub-bands, 
kpmE as the m

th
 valence 

sub-bands, and 
nmM  as the momentum matrix element in 

strained quantum well architecture.


h


;  is the photon 

relaxation time. 
cF , vF  are the Fermi levels of conduction 

and valence band. The momentum matrix element for 
transition can be written as[26]: 
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bulk average crystal momentum matrix that can be noted by: 
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While, gE and  are the energy band gap and split-off valence 

band separation respectively. 

 

 

RESULTS AND DISCUSSIONS 

 

  Based on the mathematical model presented in Section 2, the 

crystal orientation-dependent optical properties of 8 nm Zinc-

blende (ZB) In0.1Ga0.9Sb QW architecture has been calculated. 

All the MATLAB simulation results have been shown in this 

paper considering the temperature at 300 K. The QW has been 

assumed to be 0.6% compressively strained due to the lattice 

mismatch between the well and GaAs substrate. The valence 

band dispersion curves obtained in [100], [110], [111] and 

[113] crystal orientations for the first Brillouin zone have been 

shown in Fig. 1(a)-(d). To compare the orientation-dependent 

energies, the figures are plotted as a function of wave vector in 

the same scale. It has been demonstrated, for a nonzero value 

of k (wave vector in the plain direction), the increasing 

conduction and spin-orbit split off band coupling gives rise to 

strong non-parabolicities in the valence band structure at [111] 

and [110] orientation. For [110] orientation, larger energy 

spacing between heavy hole and light hole band has been 

observed which will reduce the carrier density in the higher 

sub bands so effective mass of holes may reduce.  

 

  Since the QW is compressively strained, the maximum 

transition occurs between conduction band (C1) and heavy 

hole band (HH). The momentum matrix elements for 

transitions between C1 and HH in different crystal orientations 

have been measured and illustrated in Fig. 2. It is revealed that 

the optical matrix elements of non (001)-oriented QW 

structure rapidly decrease with increasing the wave vectors. 
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The maximum value of momentum matrix element is 

evaluated in (110) orientation and minimum in (131) 

orientation as the overlapping function of electrons and holes 

is maximum and minimum in (110) and (131) orientations, 

respectively.  

 

   In Fig 2(a) and (b), the graphical relationship has been 

depicted the dependence of hole effective mass Vs. well width 

(Lw) for the  heavy (hh1) and light (lh1) holes with 3 

nm≤Lw≤10 nm in In0.1Ga0.9Sb QW. It has been noted that the 

mass decreased with well thickness increment. This is 

supported by the fact that the holes are confined in the barrier        

                                              

   
 

                   

 
  

                                        (b)                                                                                                                                                                                      

 
                                             

                                             (c) 

 

                                     (a)                                                                                                                                       

 
                              (e) 

 

Fig. 1: Valence band dispersion profile of (a) 001 (b) 110 (c) 

111 (d) 113 and (e) 131-oriented compressively strained 

In0.1Ga0.9Sb QW. 
where barrier width is fixed to 2 nm and the well width is 

varied. It has been found, due to minimum coupling between 

conduction and spin-orbit split off band in (110) crystal 

orientation, effective mass of hole is reduced which may lead 

to high mobility and peak drift velocity. 

 
                                       (a) 
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                                       (b) 

 
          

Fig. 2:(a) Carrier density dependent optical gain in different 
crystal orientations for 0.6% compressively strained ZB 
In0.1Ga0.9Sb QW and  (b) Crystal orientation-dependent 
normalized momentum matrix element 

The optical gain spectra in different crystal orientations have 

been reckoned and shown in Fig. 3. The results have been 

figured out for injection carrier density of 2 × 10
18

 cm
-3

.  

 

 
Fig. 3: optical gain evaluated in different crystal orientation 

for 0.6% compressively strained ZB In0.1Ga0.9Sb QW  

 

The amount of peak gain is assessed to be 2750 cm-1,3250 

cm-1, 2800 cm-1, 2900 cm-1,and 1900 cm-1   in (001), (110), 

(111), (113) and (131) crystal orientations. The maximum gain 

has been checked out in (110) crystal orientation for 

wavelength 1550nm because the value of momentum matrix 

element for the transition from C1 to HH is higher in (1 1 0) 

orientation with respect to other orientation. 

CONCLUSION  

To recapitulate, the impact of crystal orientation on optical 

properties of compressively strained zinc-blend (ZB) 

In0.1Ga0.9Sb QWs are theoretically investigated by practicing 

the multiband effective-mass theory. The theoretical results 

depict that the band mixing effect is minimum in (1 1 0) 

crystal orientation. The maximum gain and minimum 

threshold current density are also attained in (1 1 0) crystal 

orientation. This result regards that compressively strained 

(110) oriented ZB InGaSb/GaAs QW is a highly potential 

material for the fabrication of  hetero-junction Laser for 

exclusive range of  1550 nm. 
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