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Abstract- In this paper is In this paper some fundamental theorems , definitions in Riemannian geometry to pervious of differentiable manifolds
which are used in an essential way in basic concepts of Riemannian geometry, we study the defections, examples of the problem of differentially

projection mapping parameterization system by strutting rank n on surfaces N — K dimensional is sub manifolds space . A manifolds is a
generalization of curves and surfaces to higher dimension, it is Euclidean in E R in that every point has a neighbored, called a chart homeomorphic
to an open subset of R" |

Index Terms- Ma topological space M is an n-dimensional ( topological ) manifold with boundary &M <M - N and M be manifolds @ f :M — R isbe
a continuous mapping f is called a homeomorphism @ a continuous inverse f*:M —s N is called homeomorphic — Topological manifold M \which the
transition maps @i j = 9; O%; for pairs % in the atlas are diffeomorphisms is called ( differentiable or smooth ) ¥ rk(f) =m an immersion that is injective or
1-1 is a homeomorphism onto ( surjetive mapping ) its image T (N) =M s respect to subspace topology is called ( a smooth embedding ) ¥’ a P € M define the

tangent space ToM asthe space of all equivalence classes [7’ ] Blat some P €M the cotangent space T pM s defined as the dual vector space T,M

I. INTRODUCTION

The Riemannian manifold with boundary, in the Euclidean domain the interior geometry is given ,flat and trivial, and the interesting

phenomena come from the shape of the boundary ,Riemannian manifolds have no boundary, and the geometric phenomena are those
of the interior . The present paper is an introduction, so we have to refrain from saying too must . For example, we will mainly
consider compact Riemannian manifolds . The manifolds to investigated which are manifolds of systems of differential polynomials in
a single unknown , possess a degree of analogy to bounded sets of numbers . They are manifolds which may be said ( not to contain
infinity as a solution ) more definitely, zero is not a limit of reciprocals of solutions. For manifolds of this type, which will be called
limited , operations of addition, multiplication and differentiation will be studied. Given two manifolds M, and M, their arithmetic

sum is secured by completing into a manifold the totality of function each of which is in some area , the sum of a solution in M, and a
solution in M, , multiplication is defined similarly, it turns out that if M, and M, are general solutions of equations of the first order

, and are limited , their sum and product are limited .

On differentiable manifolds, these are higher dimensional analogues of surfaces and image to have but we shouldn’t think of a
manifold as always sitting inside a fixed Euclidean space like this one, but rather as an abstract object . One of the historical driving
forces of the theory was general relativity, where the manifold is four-dimensional space-time, wormholes and all a field of co frames
on M oranopenset U of M, an oriented vector space is a vector space plus an equivalence class of allowable bases choose a basis
to determine the orientations those equivalents to will be called oriented or positively oriented bases or frames this concept is related
to the choice of a basis Q of A"(V), say that M is oriented if is possible to define a C* n-form € on Q which is not zero at any
point in which case M is said to be oriented by the choice . A differentiable structures is topological is a manifold it an open covering
U, where each set U _ is homeoomorphic, via some homeomorphism h_ to an open subset of Euclidean space R", let M be a

topological space , a chart in M consists of an open subset U <M and a homeomorphism h of U onto an open subset of R™ , a

C'atlas on M is a collection (U, ,h,)of charts such that theU  cover M and h,,h_'the differentiable vector fields on a
differentiable manifold.

Tangent space as defined tangent space to level surface y be a curve isin R", »:t —>( ), 72 (), " (t))a curve can be described
as vector valued function converse a vector valued function given curve , the tangent line at the point
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Il. BASIC ON RIEMANNIAN MANIFOLD

2.1 Basic on Riemannian Manifold

Definition 2.1.2 [ Topological Manifold ]

A topological manifold M of dimension n, is a topological space with the following properties:

(@) M is a Hausdorff space . For ever pair of points p,g € M , there are disjoint open subsets U,V < M such that peU andg eV .
(b) M is second countable . There exists accountable basis for the topology of M . (c) M s locally Euclidean of dimension n
Every point of M has a neighborhood that is homeomorphic to an open subset of R".

Definition 2.2.3 [ Coordinate Charts ]
A coordinate chart or just a chart on a topological n—manifold M is a pair (U,¢), Where U is an open subset of M and ¢:U —U

is a homeomorphism from U to an open subsetU = o U)cR".

Examples 2.1.4 : [Topological Manifolds] Spheres:
Let S"denote the (unit) n—sphere, which is the set of unit vectors in R™: S" ={x e R™ :| X | =1} with the subspace topology,

S"is a topological n—manifold.

Definition 2.1.5 [Projective spaces]
The n-dimensional real (complex) projective space, denoted by P.(R) or P,/(C)), is defined as the set of 1-dimensional linear

subspace of R™ orC "), P,(R) or P, (C)is atopological manifold.

Definition 2.1.6:
For any positive integern, the n—torus is the product space T"=(S'x...xS").It is an n—dimensional topological manifold.
(The 2-torus is usually called simply the torus).

Definition2.1.7 [ Boundary of a manifold ]

The boundary of a line segment is the two end points; the boundary of a disc is a circle. In general the boundary of an n—manifold is
a manifold of dimension (n—1), we denote the boundary of a manifold M as oM . The boundary of boundary is always empty,
oM = ¢

Lemma 2.1.8

(a) Every topological manifold has a countable basis of Compact coordinate balls. ( B ) Every topological manifold is locally
compact.

Definitions 2.1.9 [Transition Map]

Let M be a topological space n-manifold. If (U, ), (V,w) are two charts such that U NV = ¢, the composite map
(2.1) voplipUnV)—>y (UNV)
is called the transition map from g toy .

Definition 2.1.10 [ A smooth Atlas]

An atlas A is called a smooth atlas if any two charts in A are smoothly compatible with each other. A smooth atlas A on a topological
manifold M is maximal if it is not contained in any strictly larger smooth atlas. (This just means that any chart that is smoothly
compatible with every chart in A is already in A.

Definition 2.1.11 [ A smooth Structure]

A smooth structure on a topological manifold M is maximal smooth atlas. (Smooth structure are also called differentiable structure
or C” structure by some authors).
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Definition 2.1.12 [ A smooth Manifold]
A smooth manifold is a pair (M, A), where M is a topological manifold and A is smooth structure on M . When the smooth structure

is understood, we omit mention of it and just say M is a smooth manifold.

Definition 2.1.13
Let M be a topological manifold. (a) Every smooth atlases for M is contained in a uniqgue maximal smooth atlas.(b) Two smooth
atlases for M determine the same maximal smooth atlas if and only if their union is smooth atlas.

Definition 2.1.14
Every smooth manifold has a countable basis of pre-compact smooth coordinate balls. For example the General Linear Group The

general linear group GL(n, R) is the set of invertible nxn-matrices with real entries. It is a smooth n*-dimensional manifold because
it is an open subset of the n®- dimensional vector space M (n,R), namely the set where the (continuous) determinant function is
nonzero.

Definition 2.1.15 [ Tangent Vectors On A manifold]
Let M be a smooth manifold and let p be a point of M . A linear map X :C*(M) — Riis called a derivation at p if it satisfies :

(2.2) X(fg) = f(p)Xg+9g(p)Xf
forall f,geC~(M). The set of all derivation of C~(M)at pis vector space called the tangent space to M at p, and is denoted by [
T,M ]. An element of T M is called a tangent vector at p..

Lemma 2.1.16 [Properties of Tangent Vectors.]
Let M be a smooth manifold, and suppose peM and X eT M . If f isa const and function, then Xf =0. If f(p)=g(p)=0,
then X(fp)=0.

Definition2.1.17 [ Tangent Vectors to Smooth Curves]
If y is a smooth curve (a continuous map y:J — M ,where J < Ris an interval) in a smooth manifold M , we define the tangent

vector toy at t, e J to be the vector

, d .
(2.3) y'(t)= 7{& |‘“j €T, M, where %t |, is the
standard coordinate basis for T, R . Other common notations for the tangent vector to y are [y*(tu) ,z—{(tu)} and {% |“(l . This tangent

vector acts on functions by :

2.4 re) t=( 2 Sl 1= (ron-2eD ).

Lemma 2.1.18 [ Smooth manifold ]
Let M be a smooth manifoldand pe M . Every X € (TPM )is the tangent vector to some smooth curve in M .

Definition 2.1.19 [ Lie Groups ]
A Lie group is a smooth manifold Gthat is also a group in the algebraic sense, with the property that the multiplication map
m:GxG — Gand inversion mapm:G — G, given by m (g,h)=gh, i (g)=g™, are both smooth. If G is a smooth manifold with

group structure such that the map GxG — Ggiven by (g,h) — gh *is smooth, thenGis a Lie group. Each of the following
manifolds is a lie group with indicated group operation. (a) The general linear group GL(n,R) is the set of invertible nxn matrices
with real entries. It is a group under matrix multiplication, and it is an open sub-manifold of the vector space M (n,R), multiplication

is smooth because the matrix entries of AandB . Inversion is smooth because Cramer’s rule expresses the entries of A™as rational
functions of the entries of A. The n—torus T" = (S x...xS") isan n—dimensional a Belgian group.
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Definition 2.1.20 [ Lie Brackets]
Let V and W be smooth vector fields on a smooth manifold M . Given a smooth function f :M — R, we can apply V to f and

obtain another smooth function Vf , and we can apply W to this function, and obtain yet another smooth function (Wv)f =W (Vf).
The operation f —WV f , however, does not in general satisfy the product rule and thus cannot be a vector field, as the following

for example shows let Vv =(%j and W =(%} onR", and let f(x,y)=x,g(x,y)=y. Then direct computation shows that
VW(f g)=1,while(fVW g+gV W f)=0,s0VW is not a derivation of C*(R?) . We can also apply the same two vector fields in
the opposite order, obtaining a (usually different) functionwV f . Applying both of this operators to f and subtraction, we obtain an
operator [V,W]:C*(M) — C*(M), called the Lie bracket of V and W , defined by [V,W] f = (VW)f —(WV)f . This operation
is a vector field. The Smooth of vector Field is Lie bracket of any pair of smooth vector fields is a smooth vector field.

Lemma 2.1.21 [ Properties of the Lie Bracket]
The Lie bracket satisfies the following identities for all V,W,X € (M). Bilinearity: Va,beR,
[ av +bW,X]=a [V, X]+b [W,X] , [ X,avV+bW ]J=a [X,V]+b[X,W].
(@) Ant symmetry [V,.W]=- [W,V]. (b) Jacobi identity [V,[W, X 1]+[W,[X,V]]+[X,[V,W] ]1=0.For f,geC*(M):
(2.3) [fV,gW]=fg[VW]+(fVgQW-(gW f)V
Definition 2.1.22 [ Lie Algebra]
A Lie algebra is a real vector space g endowed with a map called the bracket from gx g to g, usually denoted by (X,Y) —[X,Y],
that satisfies the following properties for all X,Y,Z g
(@)Bilinearity : Fora,beR, [aX +bY,Z]=a[X,Z]+b][Y,Z] , [Z,aX +bY]=a][Z,X]+b[Z,Y].
(b) Ant symmetry: [X,Y]=-[Y, X]. (c) Jacobi identity: [ X,[Y,Z]]1+[Y,.[Z, X]]+[Z,[X,Y]]=0.

Example 2.1.23 [ Lie Algebra of Vector Fields]
(a) The space (M) of all smooth vector fields on a smooth manifold M is a Lie algebra under the Lie bracket .

(b) If Gisa Lie group, the set of all smooth left-invariant vector field on G is a Lie sub-algebra of (G) and is therefore a Lie algebra.

(c) The vector space M (n,R) of nxn matrices an n*—dimensional Lie algebra under the commentator bracket : [A, B] = AB-BA.

Bilinearity and ant symmetry are odious from the definition, and the Jacobi identity follows from a straight forward calculation. When
we are regarding M (n,R) as a Lie algebra with this bracket, we will denote it by gl (n,R).

2.2 Convector Fields
Let V be a finite — dimensional vector space over R and let V * denote its dual space. Then V  is the space whose elements are

linear functions from V to R, we shall call them Convectors. If eV~ then o:V — R for the any veV , we denote the value of &
on v by o(v) or by (v,c) . Addition and multiplication by scalar in V" are defined by the equations:

(2.4) (0,+0,) v) = 0,(v)+0,(v), (ao)(V)=a (o (v) )

Where veV ,0,a0eV  andaeR.

Proposition2.2.1 [ Convectors ]
Let V be a finite- dimensional vector space. If (E,,...,E,) is any basis for V ,then the convectors («',...,»") defined by

25 (E)=6-1" § =]

. ()] )=0. = ,
(2:5) 7% 0 if i # |
form a basis for V" called the dual basis to (E,) .Therefore, dimV" =dimV .

Definition 2.2.2 [ Convectors on Manifolds.]
AC'" —Convector field o onM , r >0, is a function which assigns to each € M a convector o, eT;(M) in such a manner that for

any coordinate neighborhood U,¢with coordinate frames E,,..,E, , the functions O'(Ei), i=1....n, are of class C"on U . For

1171

convenience, "Convector field” will mean C” — convector field.
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Remark 2.2.3

It is important to note that aC" — Convector field o definesamap o: )((M)—) C’ (M ) which is not only R — Linear but even
C'(M)- Linear, More precisely, if f,geC'(M)and X and Y are vector fieldson M ,then & (f X +gY)= fo (X)+go (Y) .
For these functions are equal ateach pe M .

Example 2.2.4
If f is a C” function on M, then it defines a C”—Convector field, which we shall denote df , by the formula

<Xp,dfp>: X, f or dfp(xp): X, f. For a vector field X on M this gives d f (X)=Xf, aC” - function on M . This Convector
field f,is called the differential of f, and (df )p , its value at P, the differential of f at p.In the case of an open set U = R", we
verify that it coincides with the usual notion of differential of a function in advanced calculus, and, in fact, makes it more precise.

In this case the coordinate x' of a point of U are functions on U and, by our definition, dx' assigns to each vector X at peU a

number X X', its ith component in the natural basis of R".In particular <%xj ,dx‘> =X o)
0

Is exactly the field of Co frames dual to.%, ....... v Now if fis a C” —function on U, then we may express df as a linear
X

combination of dx*,...,dx" .We know that the coefficients in this combination, that is the components ofdf , are given by

=S sowe see that dx',...... dx"

o= X e X e :
df (éx o Thus, we have df pw dx' +...+ pw dx". Suppose aeU and X, eTa(R ) Then X, has components, say

h',...h" and geometrically X_ is the vector from a to a+h. We have df (X,) =X, f = [zh‘%] f= zhi(%j ;

In particular, dx‘(Xa)z h', that is, dx' measures the change in the i-" coordinate of a point as it moves from the initial to the terminal
point of X, . The preceding formula may thus be written.

(2.6) df(xJ:[%) dxl(Xa)+...+(%j dx"(X, )

This gives us a very good definition of the differential a function f on U < R"; is a field of linear functions which at any point a of the
domain of f assigns to each vector X _ anumber. Interpreting X as the displacement of the n independent variables froma, that is, a

as initial pointand a+h as terminal point. d f (X,) a approximates (linearly) the change in f between these points.

Theorem 2.2.5 [ Convector Fields and Mappings ]
Let F:M — N be C” and let o be a convector field of class C" on N. Then the formula F*(o-F(p)) (Xp)=o-F(p)( F*(Xp) ) defines

a C'" —convector field on M. (where F.:T,(M)—>T.,(N) and F":T;,,(N)—T*(M) are linear mapping, pe M ).

Proof:
If o is the convector field on N, then for any p € M , there is exactly one image point F(p) by definition of mapping. It is thus clear

that F*(a) is defined uniquely at each point of M. Now suppose that for a point p, e M we take coordinate neighborhoodU,¢ of p,

1 n
and V,¥of F(p,) so chosen that F(U)cV . If we denote the coordinates on U by (xl,...,x"‘) and those on V by(y e Y ) then
we may suppose the mapping F to be given in local coordinates by y' = f‘(xl,...,xm) , i=1...m . Let the expression for ¢ on V in

the local co frames be written at eV aso, = éai (q) W, , where W,,...W, is the basis of Tq*(N) dual to the coordinate frames. The

functions a‘(q) are of class C" on V by hypothesis. Using the formula defining F*, we see that if p is any point on U and

q = F(p)itsimage, then (F'() ),(E, )= o R, ( F(E,))=za(F(p) ) W, (R(E,) ).
However, we have previously obtained the formula .

k -~
(2.7) F*(EJ P): k%l% Eceie J=1.m
The derivatives being evaluated at (X' (p).....x"(p) ) = #(p) using W' (Ej): s, we obtain ( F'(0)), (Ejp): >a( F(P)) (%:j
= 4(P)
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As p varies over U these expressions give the components of F*(c;) relative to w*,....w" onU , the co frames dual to E,,.... E_ . They

are clearly of class C" at least, and this completes the proof.

Corollary 2.2.6

Using the notation above let o= Ela. W' on V , and let F*(a)z Elﬂjvvj onU ,where oo and 3, are functions on V and U respectively,
i=] j=

and w',w’ are the coordinate co frames. Then F’*(vT/'):i%wj and g, =z% a,oF . Fori=1.....n and j=1....m
j=1 i=1
The first formulas give the relation of the bases; the second those of the components. If we apply this directly to a map of an open

subset of R™ into R", these give for F*(dy') the formula F*(dy')= & —651 dx', i=1....n
A
2.3 Tensor Fields

Definition 2.3.1 [ A convector Tensor.]
A convector tensor on a vector space V is simply a real valued ¢(V. v) of several vector variables v,,....yv,of V , linear in each

separately.(i.e. multiline). The number of variables is called the order of the tensor. A tensor field ¢ of order r on a manifold M isan
assignment to each point P M of a tensor ¢, on the vector space TP(M ) which satisfies a suitable regularity condition C°,C",orC”
as P varieson M .

Definition 2.3.2 [ Tensors on A vector Space. ]
A tensor gon V is by definition a multiline map  ¢: Y x5..49/ x\{*4<2..4><_;v* — R , V'denoting the dual space toV , r its

covariant order, and s its contra variant order.(Assume r >0 or s>0). Thus ¢ assigns to each r-tuple of elements of V and s-tupelo
of elements of V"a real number and if for each k, 1<k <r+s, we hold every variable except the kth fixed, then ¢ Satisfies the

linearity condition ¢(v,,...a v, +aV,,..)= ag(\,,...¥,,..)+ &' B(\,...\,..,). For alla,a’ e Randv,,v, eV or(V‘).respectiver For a
fixed (r,s) we let!(v) be the collection of all tensors on V of covariant order r and contra variant order s. We know that as a function
from Vx...xV xV'x..xV" to R they may be added and multiplied by scalars elements of R. With this addition and scalar
Multiplication (v)' is a vector space, so that if ¢,4, € (V) and o, € R, thena,¢ + .4, , defined in the way alluded to above,
thatis, by (ad+ad)  (ViVyo )= (Vi V.. )+ a8, (v, V,,..) is multiline, and therefore is in (v):. Thus (v): has a natural vector

space structure.

Theorem 2.3.3
With the natural definitions of addition and multiplication by elements of R the set(v): of all tensors of order (r,s)on V formsa

r+s

vector space of dimension n"”.

Definition 2.3.4 [ Tensor Fields.]
A C” covariant tensor field of order r on a C” - manifold M is a function ¢ which assigns to each P M an element ¢, of

(T,(M))" and which has the additional property that given any C* — Vector fields on an open subset U of M, then ¢(X,,...X,) isa

C” function on U , defined by , ¢(X,,....X,) (P)=¢,(X......X,.). We denote by (M) the set of all C” — covariant tensor fields of
order r onM .

Definition 2.3.4

We shall say that ¢eV' |, ¢deV'a vector space, is symmetric if for eachl<i,j<r, we have
¢(vl,...,vj,...,vi,...,vr)z¢(v,,...,v].,...,vi,...,vl) Similarly, if interchanging the (i-") and (j-") variables, 1<i, j<r Changes the sign,
¢(v1,...,vj,...,vi,...,v,):—¢(vr,...,vj,...,vi,...,vl) ;then we say ¢ is skew or anti symmetric or alternating; covariant tensors are often
called exterior forms. A tensor field is symmetric (respectively, alternating) if it has this property at each point.
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Theorem 2.3.5
Let F:M — N bea C” map of C*” manifolds. Then each C” covariant tensor field ¢ on N determinesa C” covariant tensor field

F'¢ on M by the formula (F'@), (X, X0 )= o) (F " (Xyo b F (X, )} The map F: "(N) — "(M)so defined is linear and takes
symmetric (alternating) tenors to symmetric (alternating) tensors.

Definition 2.3.6 [Alternating Transformations.]
We define two linear transformations on the vector space V' (a) Summarizing mapping S : (V) - (V ) Alternating mapping

A (V) (V)" Bythe formula: (S ¢) (v,.....v,) =%§¢(vn(l),...,vn(r))And: (AV,,....V.) =%§sgn & (V- N,q,) » the summation

being over all o € G, , the group of all permutations of r letter. It is immediate that these maps are linear transformations on (V )r in

fact ¢ — ¢° defined by ¢°(v,,...V,) =@(V, ...V, ), IS such a linear transformations; and any linear combination of linear
transformations of a vector space is again a linear transformation.

Properties 2.3.7 [ Of summarizing S and A alternating mapping.]

(a) A and S are projections, that is A> = A and S?=S . (b) V' =A(V) and S(V')=%xV'.(c) @ is alternating if and only if A
¢=¢; is symmetricifand only if S g=¢. (d) If F:V —>W isa linear map then A and S commute with F": (V) — "(v).All
of these statements are easy consequences of the definitions. We check them only for A the verification of S being similar. They are
also interrelated so we will not take them in order. First note that if ¢ is alternating, then the definition and (sgno )’ =1limply
PV, V) =SgNo @ (V, -+ V() - Since there are rlelement of Gr summing both sides over all o € Gr, gives ¢= A ¢. On the
other hand if we apply a permutation rto the variables of ¢(v,...v,), for an arbitrary ¢e(v), we Obtain

¢(v,(l),...,v,(r))=%zsgn qzﬁ(vm(l),...,vw(r)).Now sgn is a homomorphism and sgn 7’ =1 so thatsgno =sgnor sgnz . For this equation

and since or runs through G, as o does, we see that the right side is ilsgn rY.sgno ¢ (vm(l),....,vw(r)):sgnr #(,,....v.).And ¢
r!

is alternating. This show that .If ¢ is alternating, every term in the summation defining ¢ is equal, so ¢ =¢ .Thus A is the identity
on A'(V)and A ("(V)> A"(V)).From these facts (a) to (c) all follows for . a Statement (iv) is immediate the definition of F*, for we
have F*(va(l),...,va(r))=¢(F*(va(l)),...,F*(va(r))). Multiplying both sides by sgno and summing over all o gives-if we use the linearity of
F'-A (F*¢) (V,,...V.) onthe leftand F*A ¢ (v,,.....v,) on the right. Both of these map A and S can be immediately extended to
mappings of tensor fields on manifolds with the same properties-by merely applying them at each point and then verifying that both
sides of each relation (a) to (d) give C”-functions which agree point wise on every r- tuple of C*_vector fields.

Theorem 2.3.8

The maps A and S are defined on (M) a C*-manifold and(M) the C*_covariant tensor fields of order r , and they satisfy
properties there. In these case of (¢), F*: "(N)— "(M) is the linear map induced by a C” mapping F:M —N .

Definition2.3.9 [Multiplication of Tensors on Vector Space].
Let V be a vector space and ¢ €V are tensors. The product of ¢ and y , denoted

o ®y isatensor of orderr +s defined by ®w(v,,..v,,..v. ,,..V. ) =@V,,... V)WV, ,....V...) .
The right hand side is the product of the values of ¢ and y .The product defines a mapping (p,i) —> @ ®y of x"(V) — (V).

Theorem 2.3.10
The product "(V)o'(V) — (V) just defined is bilinear and associative. If «',...." is a basis of .
C(hn )

(2.8) Vi= g A@,Anp = =TT
then {@" ®...® " )/(L<i,,...i, <n)}is abasis of (V). Finally F.:W —V is linear, then F*(p ® )= (F0)® (F'y).
Proof:
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Each statement is proved by straightforward computation. To say that ® is bilinear means that if «, f are numbers ¢, ¢,, (V )r and

we "(V), then (ap,+ Bp,)®v =alp, ®w)+ Blp, ®y) Similarly for the second variable. This is checked by evaluating each Side
on r+svectors ofV ; in fact basis vectors suffice because of linearity Associatively, (p ®y)® 0= ®(y ®86),is similarly verified

the products on both sides being defined in the natural way. This allows us to drop the parentheses. To see that o' ®....® " from a
basis it is sufficient to note that ife,... e, is the basis of V dual to«',....", then the tensor Q™" previously defined is exactly

" ®....Q " .This follows from the two definitions:
- 0 if (yyed ) (Jroeeod.
(29) Q'l..lr(eh,“.lejr>: { ) (.1 .r) (J J)}l
1 if (i, d, )= (i, )
and (0" ®...00") (eh,...,ejr): " (ej1 )a;‘z (ejz) peey O (ejr ):5552..61?: ,which show that both tensors have the same values on any
(ordered) set of [Ihbasis wvectors and are thus equal. Finally, givenF.:W —V, if w,.w_cW, then

r+s

(Flp®y) W......)= 0@y (F.(W)....F-(,..)) = oF.W),.... EW,) w(F.(W,,).... F. W) =(F0)®(Fpkw,...w,.).
Which proves F'(p®y)=(F'p)®(F’y) and completes the proof.

Theorem 2.3.11 [ Multiplication of Tensor Field on Manifold]

Let the mapping (M)’x (M) *— (M)™* just defined is bilinear and associative. If (a)lm) is a basis of (M )l then every element
(M) is a linear combination with C* coefficients of {(a)‘1 ®..00" )/(1£ i,..i, <n}}. If F:N —>M isa C”mapping,oeM and
we *(M), then F(p®y)=(F"p) (F"y), tensor field on N.

Proof:
Since two tensor fields are equal if and only if they are equal at each point, it is only necessary to see that these equations hold at each
point, which follows at once from the definitions and the preceding theorem .

Corollary 2.3.12

Each @eU" including the restriction toU of any covariant tensor field onM, has a unique expression form
p=3..3a (coir ®...® a)"). Where at each pointU,a, :(p(Eil,...,Eir) are the Components of ¢ in the basis {a)‘l ®..... ®a)"} and
it i

ir

is C” functionon U.

2.4 Tangent Space and Cotangent Space
The tangent space T (M) is defined as the vector space spanned by the tangents at pto all curves passing through point pin the

manifold M . And The cotangent space T,"(M) of a manifold, at p <M is defined as the dual vector space to the tangent space

T,(M) . We take the basis vectors E, =7Xi forT (M), and we write the basis vectors for T (M) as the differential line elements

e' =dx'. Thus the inner product is given by <%x‘ dx'y =67,

Definition 2.4.1 [Wedge Product.]
Carton’s wedge product, also known as the exterior Product, as the ant symmetric tensor product of cotangent space basis elements

dx Ady = %(dx ®dy—dy ®dx) =-dy A dx. Note that, by definition, dx A dx =0. The differential line elements dx and dy are called

differential 1-forms or 1-form; thus the wedge product is a rule for construction g 2-forms out of pairs of 1-forms.

Definition 2.4.2

Let A"(x) be the set of anti-symmetric p -tensors at a point x.This is a vectors space of dimension %,m _ - The A’(x) path

p)!
together to define a bundle over M . C”(A®) is the space of smooth p -forms, represented by anti-symmetric tensors f; (x) , having
p indices contracted with the wedge product of p differentials. The elements of C”(A") may then be written explicitly as follows:
C*(AN°) ={f ()} dim=1
C”(A) ={f (x)dx'} dim=n
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C™(A%) ={f, ()dx’ A dx'} dim=n(n-1)/2!
C™(A) ={f, (x)dx' Adx’ Adx"} dim=n(n-1)(n-2)/3
Co (A ={f_, dx" A..Adx"} dim=n

(2.10) C™(A") ={f _, dx" A..AdX"} dim=1.

Remark 2.4.3
Let @, be anelement of A" «,, B, an element of A*. Then a A B, =(-1)™p, A, . Hence odd forms ant commute and the

wedge product of identical 1-forms will always vanish.

Remark 2.4.4 [ Exterior Derivative]
The exterior derivative operation, which takes p -forms into (p +1) -forms according to the rule

C*(A)—£>C" () ; d() =¥

Y
C" (W) —->C"(K) ; d(f,(9x’) = Fax' ndx!

X
. of. .
2.11) C*(A)—>C*(A°) ; df, (dx) AdX*) =L dx A dx! A dx*
I3 ox’!
X

Here we have taken the convention that the new differential line element is always inserted before any previously existing wedge
products.

Property 2.4.5
An important property of exterior derivative is that it gives zero when applied twice: d dw, =0. This identity follows from the

equality of mixed partial derivative, as we can see from the following simple example:

C™(A)—4>C" (A)—>C™(A") |, df =0, fdx', ddf =00, fdx' adk! == (5,0, f 0,0, )dx Adx’ =0,
2

Remark 2.4.6
(@) The rule for differentiating the wedge product of a

p-form « anda q-form g is d(a, A B,) =da, A B, +(-1)"a, Adg,. (b) The exterior derivative anti-commutes with 1-forms.

Examples 2.4.7
Possible p-forms «, intwo-dimensional space are
a, = f(xy)
(2.12) a, =u(X, y)dx +v(x, y)dy
a, = ¢(X, y)dx A dy.
The exterior derivative of line element gives the two-Dimensional curl times the area d(u(X, y)dx +Vv(x, y)dy) = (0,v—o,u)dx Ady .
The three-space p-forms «, are
a, = f(x)
a, =Vv,dx" +v,dx* +v,dx’
a, =W,dx* Adx® +w,dx® A dx* +w,dx" A dx?
a, = g(x)dx" A dx? A dx’.

We see that
a, na, = (V,W, +V,W, +V,w,)dx" Adx? Adx®
da, = (&, ajvk)%gijm dx' A dx"

(2.13) da, = (O,W, +0,W, +0,W,)dx" Adx* A dx’.

(Where ¢, is the totally anti-symmetric tensor in 3-dimensions).
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Definition 2.4.7
An alternating covariant tensor field of order r on M will be called an exterior differential form of degree r (or some time simply ,

r -form). The set A"(M )of all such forms is a subspace of (M) .

Theorem 2.4.8

Let A(M)denote the vector space over Rof all exterior differential forms. Then for peA'(M) andy e A'(M), the formula ,
(pAw). =@, Ay, defines an associative product satisfying (pAl/IZ(—l)rSl///\(o . With this product, A(M)is algebra overR . If
f eC*(M), we also have f(pw)=pA(fy)=pA(fy) If @',..." is afield of co frames on M (or an openset U of M), then
the set { (" A...A@" )/ (1<i, <i, <...<i, <n) }is a basis of A'(M) or AQU).

Theorem 2.4.9
If F:M —N isa C”mapping of manifolds, then F":A(N)—>A(M) is an algebra homomorphism. (We shall call A(M) the
algebra of differential forms or exterior algebra on M ).

Definition 2.4.10
An oriented vector space is a vector space plus an equivalence class of allowable bases, choose a basis to determine the orientation
those equivalents to it will be called oriented or positively oriented bases or frames. This concept is related to the choice of a basis Q

of A"(V).

Lemma 2.4.11

Let Q=0 be an alternating covariant tensor on V of order, n =dim V and let e,...e, .be a basis of V. Then for any set of
vectors v, ,...v,, with v, =X, 'e,, we have , Q(v,,..v,)=det (/) Q (e,....8,)-

Proof:
This lemma says that up to a non vanishing scalar multiple Q is the determinant of the components of its variables. In particular, If
V =V"is the space on n-tuples and e,,... g, is the canonical basis, then Q(v,,...y, ) is proportional to the determinant whose rows are

v,,...v.. The proof is a consequence of the definition of determinant. Given Q andv,,...,v_, we use the linearity and ant symmetry of

jre

Q to write Q(vl,...,vn):Zafl...agnQ(eh,...,ejn). SinceQ(eh,...,ejn):O, if two indices are equal, we may write
Q(v,...v,)=3sgn o (®..a5™)Q (e,,...8,)=det(ai) Q (e,....e,)-The last equality uses the standard definition of determinant.

Corollary 2.4.12
Note that if Q=0 then v,,...v, are linearity independent if and only if Q (v,,...v, )= 0. Also note that the formula of the lemma can

be construed as a formula for change of component of (3, there is just one component since A" (V): 1, when we change from the basis
e,,...&, 0f V to the basisv,,... v_.These statements are immediate consequences of the formula in the lemma.

Definition 2.4.13

We shall say that M is orient able if is possible to definea C* n—formQon M which is not zero at any point, in which case M is
said to be oriented by the choice of . A manifold M is orient able if and only if it has a covering {Ua,%}of coherently oriented

coordinate neighborhoods.

Theorem 2.4.14
Let M be any C* Manifold and let A(M) be the algebra of exterior differential forms on M .Then there exists a unique R -linear map

d, : A(M)— A(M) such that (a) If f e A(M)=C"(M), thend,, f =df , the differential of f .
(b) IfF0c A'(M) and c e A*(M ), thend,, (0 rc)=d,0Ac+(-1) OAd,,c . (c) d%=0.This map will commute with restriction to
open setsU = M, that is, (d,,6), =d,6,,and map A"(M) into A™*(M).
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2.5 Riemannian Manifold
A bilinear form on a vector space V over R is defined to be amap ¢:V xV — R that is linear in each variable separately, that is, for

a,feR and v,v,v,,w,w,w, eV , @av, + B, wW)=ap(V, W)+ Bhv,, W), ¢v,aw, +B,w,)=ag(v, w,)+ Bvw,). A similar
definition may be made for a map ¢ of a pair of vector space V xW overR . A bilinear form on V are completely determined by their
n. Values on basis e,....e of V. If a; =¢(e,e,),1<i,j<n, are given and v=y1le, W:Zyjej are any pair of vectors inV ,
then bilinearity requires that¢ (v,w) ==,,a,, 2 ' .A bilinear form, or function is called symmetric if (v, w)=g(w,v), and skew—
symmetric if ¢(v,w) = —g(w,v) asymmetric form is called positive definite if #(v,v)>0 and if equality holds if and only if v=0;in
this case we often call ¢ an inner producton V .

Definition 2.5.1

A field ¢ of C" —bilinear forms, r >0, ona manifold M consists of a function assigning to each point P of M , a bilinear form ¢,
on T,(M),that is, a bilinear mapping ¢,:T,(M)xT.(M)—R, such that for any coordinate neighborhoodU,¢, the function
a; =¢(Ei,EJ), defined by ¢ and the coordinate forms E,,...,E, ,are of classC" . Unless otherwise stated bilinear forms will beC*.To
simplify notation we usually write  ¢(X,,Y, ) for 4.(X,,Y,).

Definition 2.5.2
Suppose F,:W —V isa linear map of vector spaces and ¢ is A bilinear form on V .Then the formula (F*¢)(v,w) = ¢(F,(v), F.(W))

defines a linear form F'¢ on W .

Theorem 2.5.3

Let F:M —N bea C” map and ¢a bilinear form of class C" onN . Then F'¢ isa C" —bilinear form on M . If ¢ is symmetric
(skew- symmetric), then F’¢is symmetric (skew- symmetric).

Proof:

The proof parallels those of theorem (2.6.14) and corollary (2.6.12) and we analogously obtain formulas for the components of F'¢ in
terms of those of ¢ we suppose U,¢ andV,y , are coordinate neighborhoods of P and of F(P)With F(U)cv .Using the notation of
theorem (2.6.14) and corollary (2.6.12) we may write 3,,(p)=(F"4),(E, .E, )=#(F.(E, ) . F.(E, ) ).

Applying as before, we have .

0 Oy° Oy = =
ﬂij(p):“zzlaxi x ¢ (EsF(p)’ElF(p))'
This gives the formula
(2.15) gp)=t XY L (Ep)) , 1<ij<m,
H sta oxt ooxd

for the matrix of components (4, )Jof F'gat P in terms of the matrix (e, ) of ¢ at F(p). The functions /3, thus defined are of class

C'atleaston U which completes the proof.

Corollary 2.5.4

If Fisanimmersionand ¢ is a positive definite, symmetric form then F’¢ is a positive definite, symmetric bilinear form.

Proof:
All that we need to check is that F'¢is positive define at each P e M . Let X, be any vector tangentto M at p. Then
(2.16) F'g (X X,)=¢ (F(X.)) F.(X,)=0

with equality holding only if F.(X,)=0.However, since F isan immersion, F.(X,)=0.ifand ononly if X, =0.
Definition 2.5.5 [ Riemannian Manifold.]

A manifold M on which there is defined a field of symmetric, positive definite, bilinear forms ¢ is called a Riemannian manifold
and ¢ the Riemannian metric. We shall assume always that ¢ is of classC”.
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2.6 Rings Riemannian
a Riemannian manifold , having define vectors and one-form we can define tensor , a tensor of rank (m, n) also called (m, n) tensor

, is defined to be scalar function of m one-forms and v vectors that is linear in all of its argument, if follow at once that scalars
. . ~ D ~ . . .
tensors of rank (0,0) , for example metric tensor scalar product equation P (V) = <P,Vp> requires a vector and one-form is possible

to obtain a scalar from vectors or two one-forms vectors tensor the definition of tensors , any tensor of (0,2) will give a scalar form

two vectors and any tensor of rank (0,2) combines two one-forms to given (0,2) tensor field g, called tensor the gx’1 inverse

metric tensor , the metric tensor is a symmetric bilinear scalar function of two vectors that g, and g, is returns a scalar called the dot
[ [ [ [ . : . . . ~ P
product . g (V ,V{IJ) =V \/{7' =V{7'.V = g(VV,V) .Next we introduce one-form is defined as linear scalar function of vector P (V) is

—~ P —~ ~ - . .
also scalar product P(V) = <P,V > one-form p satisfies the following relation.

2.17) B(aV +bwW) :<P,a\5)+ bvb)> _ a<|5',vp>+b<|5',v{7> —aP) +bPWY)
and given any two scalars a and b and one-forms P , (5 we define the one-form a P -+ bé by.

~  ~ P ~ ~ ~ ~ D D
(2.18) (aP +bQ)(V) = (aP +bQ ,v‘} —~a(P ,v‘v +b<Q,Vp> —aP) +bOV)

and scalar function one-form we may write <5,Vp> = 50;)) =\V(|5) .

For examplem =2, n=0and T (aP+bQ,cR+dS)=acT(P,R)+adT(P,S)+bcT (Q,R)+bdT(Q,S)tensor of a
given rank form a liner algebra mining that a liner combinations of tensor rank (IM, N) is also a tensor rank (m,n) , and tensor
product of two vectors A and B given a rank (2,0), T = K@ Ig T(S,@) = K(E).g((i) and ®to denote the tensor

product and non commutative K@ I}SJ = §® K and g = chor some scalar , we use the symbol & to denote the tensor product of
any two tensor e.g P®T =P ® A® B is tensor of rank (2,1) . The tensor fields in inroad allows one to the tensor algebra

A, (T, M) the tensor spaces obtained by tensor protects of space R, T M and T",M using tensor defined on each point p € M
field for example M be n-dimensional manifolds a differentiable tensor t € A, (T M) are same have differentiable components

M .
2.7 Riemannian Manifold on Curvature Bounded

Let M be complete Riemannian manifold with sectional curvature bounded below by a constant—K?
Let ueUsSC(M)and veLSC(M)be tow functions satisfying. ., ==sup [ u (x)—v (x) ]< -+ . Assume that u and v are bounded

from above and below respectively and there exists a function w :[0,0] — [0, ] satisfying w (1) ¢ 0. when | ¢ 0.and w(0+)=0such
that u (x)—u(y)<w (d(x,y)) Then for each & ¢ Othere exist X,,y, €M, such that (p,, X )eJ*u(x.) , (q,.Y.)eI*v (y,)such
that U (x)-u (y)> 4, —& Andsuchthat d (x.,y,)z & .| p,—q,oP,()| w2, X, <Y, 0p,()+2P, ()

Where | :d(xg,yg) and py(l)is the parallel transport along the shortest geodesic connecting x, and y,.We divide the proof into tow

parts. [a]: without loss of generality , we assume that £, 0. Otherwise we replace u by U— s, +1for each ¢ Owe take X, € M
such u (%,)-v (%, )+w [Jﬂ] >, -

o
Part[2]: We apply to o (x,y) = %d (x, y) +%d (%,,x )%+ %d (%,,y) 2. We have for any & ¢ 0 there exist

X,eST; (M)and Y,eST] (M)suchthat. (D, (x..y,) ,X,)ed* u(x,)and(-D,p,(x,.y.) .X,)ed>u (y,)and the block
diagonal matrix satisfies

(2.19) _[%+||Au||j| < (;(

2-7-1 Corollary :[Complete Manifolds with Ricci Curvature Bounded ]

0
<A, +ON,
=Y

a
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Let M be complete Riemannian Manifold with Ricci curvature bounded below by a constant —(n—1)k?and f a C?function on M
bounded from below then for any & ¢ 0 there exist a point x_ e M such that

(2.20) f(x,)<inf f+g| Vi|(x)<eAf(x)z-¢

Proof :
Let u=inf f ,and v= f .wcan be chose to be a linear function . it is straightforward to verify that all conditions in the theorem are

satisfied .

I11. DISCRETE LAPLACE -BELTRAMIWITH DISCRETE RIEMANNIAN METRIC

3.1 Laplace-Beltrami operator

Laplace — Beltrami operator plays a fundamental role in Riemannian geometric .In real applications, smooth metric surface is usually
represented as triangulated mesh the manifold heat kernel is estimated from the discrete Laplace operator- Discrete Laplace — Beltrami
operators on triangulated surface meshes span the entire spectrum of geometry processing applications including mesh
parameterization segmentation.

Definition 3.1.1 [ Laplace — Beltrami Operator |

Suppose (M, g) is complete Riemannian manifold, g is the Riemannian metric, A is Laplace — Beltrami operator . The eigenvalue
{4, }and eignfunctions {g, Jof A are Ag =14, , where ¢ is normalized to be orthonormal in L*(M), the spectrum is given by

O=A4, <A <........ <4, and A, — oothen there is heat kernel K(x,y,t)eC*(M xM xR")suchthat K(x,y,t)=Xe "4 (X)g,(Yy)
heat kernel reflects all the information of the Riemannian metric.

Theorem 3.1.2

Let f : (M, g) — (M,, g,) diffeomorphism between two Riemannian manifold , If f is an isometric K(x, y,t) =K, (Mf (y),t) f (x)
vx,y e M,t>0 Conversely, if f issubjective map and equation holds then f is an isomety.

Definition 3.1.3 : [ Polyhedral Surface ]

An Euclidean polyhedral surface is a triple (S,T,d), S:is a closed surface, T: is a triangulation of S, d : is metric on S, whose
restriction to each triangle is isometric to on Euclidean triangle.

Definition 3.1.4 : [ Cotangent Edge Weight ]
Suppose ,,VjJ is boundary edge of M and i,VJ.JeaM , Then ,,VJJis associated with one triangle N ,Vj.\/k] the against i,VJ.J at

the vertexVv, is@ then the weight of i,VJ.J is given by W, =%cota , otherwise if i,VJ.J is an interior edge the two angles are «, 8
then the weight is W, =%(cota+cot/3) .

Definition 3.1.5 : [Discrete Heat Kernel ]
The discrete heat kernel is defined as, K(t) =gexp (—AC ) ¢’

Definition3.1.6
Suppose two Euclidean polyhedral surfaces (S,T,d,) and (S,T,d,)aregive L =L,ifand d,and d,differ by a scaling .
Suppose two Euclidean polyhedral , surface (S,T,d,) and (S,T,d,) are given K (t)=K,(t) Vvt>0 ,if d, and d, differ by a scaling .

Proof :

www.ijsrp.org



International Journal of Scientific and Research Publications, Volume 6, Issue 1, January 2016 689
ISSN 2250-3153

Therefore the discrete Laplace metric and the discrete heat kernel mutually determine each other. We fix the connectivity of
polyhedral surface (S,T) .Suppose the edge set of (S,T) is sorted as E =(e1,e2, .............. em)where m =|E| , the face set asF and a

triangle MVJ .VkJe F as {i, j,k}e F . We denote an Euclidean polyhedral metricd =(d,,d,,......... ,d_) where d:E —R" is the edge
length function d,:d(e)is the length of edge e is Ed(2)={(d1,d2d3)|di+dj| zdk} , Be the space of all Euclidean triangles
parameterized by the edge where {i, j,k}is a cyclic permutation of { 1,2,3 }. In this work for convene , we useu = (u,,u,,........ u) .To

. 1
represent the metric , where u, :Edf .

Definition 3.1.5 : [ Energy ]
An Energy E:Q, —Ris defined as E(u,,u,......... u)=""7""$W (u)ds, . Where W, (u)the cotangent weight on the edge e,

(11...1) K+

determined by the metric u .

Lemma 3.1.6
Suppose Q < R", is an open convex domain inR" , E:Q — R is a strictly convex function with positive definite Hessian matrix then

VE : Q2 — R"is a smooth embedding we show that Q, is a convex domain in R", the energy E is convex . According to gradient of

energy. VE(d):Q—>R", VE=(U,,U,,.......... us) = (W, W, w_)is an embedding Namely the metric determined by the edge

weight unique up to a sealing .

Lemma 3.1.7

Suppose an Euclidean triangle is with angles (4,,4;,4,) and edge lengths (d,,d,,d, ) Angles are treated as function of the edge lengths
a¢i _ di a¢j

d
, ——= ——200S¢ .Where A is the area of the triangle.
a2 od 2n S g

! ]

4,(d,.d d,) then

Lemma 3.1.8
dcotg, O cotg,
6uj ou.

In an Euclidean triangle , let u, =%d? and u, =%df, then

Corollary 3.1.9
The differential form W =cot ¢du, +cot¢,du; + cotgdu, . Is a closed 1-form.

Corollary3.1.10 [ Open Surfaces |
The mapping on an Euclidean polyhedral surface with boundaries VE:Q, -»R" * (U,,U,,.......... U )= (W, W, w_) is smooth
embedding , it can proven using double covering technique.

3.2 A Liouville Type Theorem for Complete Riemannian Manifolds

First we consider the most popular maximum principle, let U be an connected set in an m-dimensional Euclidean space R"™ and {xj}
a Euclidean coordinate . We denote by L a differential operator defined by .
2

(3.1) L=xa" 6 —+3 bji.

ox'ox? ox!
Where a'and b’'are smooth function on U for any indices . When the matrix a’ is positive definite and symmetric , it is called a
second order elliptic differential operator . We assume that L is an elliptic differential operator . The maximum principle is explained
as follows.
Defections3.2.1 [ Maximum Harmonic on Riemannian Geometry ]

For a smooth function f on U if it satisfies Lf 20 | and if there exists a point in U at which it attains the maximum , namely , if there

exists a point  Xoin U at which f(X;)= f(X), for any point X in M then the function f is constant. In Riemannian Geometry . this
property is reformed as follows . Let (M, Q) be a Riemannian manifold with the Riemannian metric 9, then we denote by A the

Laplacian associated with the Riemannian metricJ a function fis said to sub harmonic or harmonic if satisfies
Af 20 or Af =0

www.ijsrp.org



International Journal of Scientific and Research Publications, Volume 6, Issue 1, January 2016 690
ISSN 2250-3153

Defection 3.2.2 [ Maximum Principles Riemannian ]

For a sub harmonic function on f  on Riemannian manifold M if there exist a pints in M at which attains the this property is to give a
certain condition for a sub harmonic function to be constant , when we give attention to the fact relative t these maximum principles.

Definition 3.2.3Liouvile's

(a)Let f be a sub harmonic function on R" | if it is bounded then it is constant.(b) Let f be a harmonic functionson R" | m=3 |t
is bounded then it is constant . We are interested in Riemannian analogues of Liouvile,s theorem compared with these Last tow
theorems we give attention to the fact that there is an essential difference between base manifold . In fact one is compact and the other

is complete and an compact , we consider have a family of Riemannian manifold (M, 9) at the global situations it suffices to consider

a bout the family of complete Riemannian manifold of course , the subclass of compact Riemannian manifolds. (M, 9): is complete
Riemannian manifold since a compact Riemannian manifold .

Theorem 3.2.4 [ Complete Riemannian Manifold ]
A let M be complete Riemannian manifold whose Ricci curvature is bounded from below , if C’- nonnegative function f satisfies

Where A denotes the Laplacian on M, then f vanishes identically, the purpose of this theorem is t prove the following ( Leadville
Type ) theorem in a complete Riemannian manifolds similar to theorem in a complete Riemannian manifold similar to give anther
proof of ( Nishikawas theorem ) . In this note main theorem is as follows

Theorem 3.2.5 [ Riemannian Manifold whose Ricci is Bounded ]
Let M be a complete Riemannian manifold whose Ricci curvature is bounded from blew , if C’- nonnegative function f satisfies
Af=C,fn

Where C, is any positive constant and N is any real number greater f vanishes identically .

Theorem 3.2.6 [ Ricci Riemannian Manifold ]

Let M an n-dimensional Riemannian manifold whose Ricci curvature is bonded from below on M | Let G be a C”- functions
bounded from below on M | then for any €20, there exists a point P such that

(3.2) IVG(P) <& , AG(P)-& and inf G+&>G(p)

Proof :

In this section we prove the theorem stated in introduction first all in order prove theorem , then our theorem is directly obtained as a
corollary of this property and hence Nishikawas theorem is also a direct consequence of this ( Nishikawas one )

Theorem 3.2.7 [ Manifold and Ricci Curvature ]
Let M be a complete Riemannian manifold whose Ricci Curvature is bounded from blew , Let F be any formula of the variable F

with constant coefficients such that F(f)=(C, f"+C f"™ o e +C f")+C., Where n>1 . 12n-k>0 gand
C,2C,,, ifaC” - nonnegative function f satisfies .

(3.3) Af>F(f)

Then we have Where f, denotes the super mum f the given function f .

Proof :

From the assumption there exists a positive number a which satisfies C., <@ "C, For the constant a given above the function G(f)

1-n

with respect to 1-variable f is defined by (f +a)7, n is the maximal degree of the , then it is easily seen that G is the c*.
function so that it is bounded from appositive by the constant a®  and bounded from below by 0, By the simple calculating we have
n— 1 n+l
VG =-—-G"'Vf
(3.4) 5

1-n n+1
Hence we get by using the above equation —— G —1 Af=GAG ——|V G| Since the Ricci curvature is bounded from below

by the assumption and the functionG defined above satisfies the condition that it is bounded from below , we can apply the theorem
( 32.6) to the function G . Given any positive number &  there exist a point P at which it satisfies ( 3.2) and ( 3.3) , ( 3.4 ) the
following relationship at P .
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1-n

TG(P)“A(f)> eG(P)—”+1 2

-1

Can be derived , where G(P) denotes G(f¢) thus for any convergent sequence e G, =lnf G , by taking a sub sequence , if necessary
because the sequence is bounded and therefore each term G(P,) of the sequence satisfies equation we have G(R,) —G,=infG and
the assumption N=1 An the other hand it follows from ( 5 2) we have

TG(P)“A(P)> :, G(P)—”+1 2

l m
And the right side of the a above inequality converges to zero because the function G is bounded by choosing the constant a it

-n . . .- 1-n -n +1 . ..
satisfies C... @ " <C, A accordingly there is a positive number 9 such that S C,a'sss TCO ,Cy is the constant coefficient
of the maximal degree of function F so for a given such that 26 =0, we can take a sufficiently large integer Msuch that

1-n 2

(3.5) TG(Pm)“’l F(f(R))2-6
Where we have used the assumption equation ( 3.2 ) of the theorem ( 3.2.6) and equation (3.4) so this inequality together with the

25 .
definition of G(P,) Yield F(f(R,)) < n—_l(f+a) (R,

Remark 3.2.8
Suppose that a nonnegative function  satisfies the condition we can directly yield Vf "'=(n-D)f " *V f |
36) Af Y=(n=D(n—2) F"° V(f V f)+(n-1)Ff"?A f

we define a function hby "™ if n>2then it satisfies Ah>(n-1) C,h® Thus concerning the theorem in the case n=>2the condition
(2.7) is equivalent1<n =<2 where C, is a positive constant

3.2 [Geometric Maximum Principle on Riemannian Manifolds]

We now fix our sign conventions on the imbedding invariants of smooth hyper surfaces in Riemannian manifold (M. g). It will be
convenient to assume that our hyper surfaces are the boundaries of open sets. An this a always true Locally it is not a restriction by V
let D<M be connected open set and let N =D | be part of all 9D is smooth , let nbe the outward pointing unit normal along N
then the second fundamental form of Nis symmetric bilinear form defined on the tangent space to N by

h*(X,Y)=(V,.V,). The mean curvature of N is then 4= _ Lotrace | and nv—_L_'h" (e, e,)Where A

orthogonal from for T(N)this is the sign convention so that for the boundary 8" of the unit ball B "in R"the second fundamental
form h"=-g¢ |SN is negative definite the mean curvature is H*"" = —1 .

3.2.1 Definition :[ Hypersuface on Curvature=H,]
Let U be an open set in the Riemannian manifold (M, g)then .(@) oU has mean curvature = H, in the sense of contact hypersurfaces

iff for all gedUand ¢=0there is an open setD of M with DcU and gedDneard is a Chypersuface of Mand at point q,
H® = H, — .(b) U has mean curvature = H,in the sense contact hypersurface is constantC, >0 so that for all a<k and &> Othere

isopenset D of M with DcU and qedDthe of oD near 4, H; P >H,—-sandalso H" 2-C,

oD

3.2.3 Theorem

Let (M,g)be a Riemannian manifold U,.U, =M open sets and let H, be a constant , assume that .(a) U, U, =0 (b) dU,has mean
curvature >—H, in the sense of contact hyper surfaces. (c) dU,has mean curvature >Hin the sense of contact hypersurfaces with a
one sided Hessian bound .4. there is a point P <U,~U and a neighborhood N of P that has coordinates (X X e X )cantered at P
so that for some T =0 the image of these coordinates is the box (Xl, X e Xn): |Xi| <rand there are Lipschitz continues and there are

2 n-1 .|y i
x

Lipschitz continuous function U,,U;: { (X LG X < r) } , (=r,r)so that U, "N are given by
(3.7) UO,Nz{(x X x”):xn ZUO(xl,xz, ......... . x”‘l) } , Ul,N:{(Xl,XZ, ....... , x”):x” ZUl(Xl,XZ, ......... .,X”’l) }
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This implies U, =U, and U, is smooth function , therefore U, N N = 0U, NN is a smooth embedded hyper surface with constant
mean curvature Hg ('with respect to the outward normal to U, ).

IV. DIFFERENTIABLE RIEMANNIAN METRIC

5.1 A differentiable Structures on Topological

A differentiable structures is topological is a manifold it an open covering U _, where each set U, is homeomorphism, via some
homeomorphism h, to an open subset of Euclidean space R", let M be a topological space , a chart in M consists of an open
subset U =M and a homeomorphism h of U onto an open subset of R™, a C" atlas on M is a collection (U, ,h,)of charts such

that the U, cover M and hg, h;*the differentiable vector fields on a differentiable manifold M . Let X and Y be a differentiable
vector field on a differentiable manifolds ™M then there exists a unique vector field Z such that such that , for all
feD,Zf =(XY-YX) f ifthat PEM and let X:U —M pe a parameterization at P and

(XYf —X (b, i)} , [YXf —Y(sa, i]
i OX; i axj
(5.1)

L S~ ob; oa, . . .
Therefore Z is given in the parameterization X by Z.zt =(XY f-YXT), iZj(ai a—x’—b,- %) . Are differentiable this a
' J J
regular surface is intersect from one to other can be made in a differentiable manner the defect of the definition of regular surface is its

dependence on R?®. A differentiable manifold is locally homeomorphism to R" the fundamental theorem on existence , uniqueness
and dependence on initial conditions of ordinary differential equations which is a local theorem extends naturally to differentiable
manifolds .For familiar with differential equations can assume the statement below which is all that we need for example X be a

differentiable on a differentiable manifold ™ and P<€M then there exist a neighborhood P€M and U, =M an inter
(=6,0) ,6=0,and a differentiable mapping ®:(—&,8)xU —>M gych that curve t—e(t,q)and ¢(0,9)=qa curve
a:(—38,8) — M which satisfies the conditions & (t) =X (a(t)) and & (0) = q is called a trajectory of the field X that passes
through d fort =0

Definition 5.1.1

A differentiable manifold of dimension N is a set M and a family of injective mapping x, = R" — M of open sets u, € R" into
M such that  (a) u,x,(u,)=M (b) for any «,B with x,(u,) ~x,(u,) (c) the family (U..X.)is maximal relative to
conditions (a),(b) the pair (U, X.,) or the mapping X.. with p e x_(u,) is called a parameterization , or system of coordinates of
M u.X,(u,)=M the coordinate charts (U,q) where U are coordinate neighborhoods or charts , and ¢ are coordinate
homeomorphisms transitions are between different choices of coordinates are called transitions maps .

Pij 3((/7,- 0(pi71)
Which are anise homeomorphisms by definition , we usually write X=¢(p),»:U—>V <R"collection Y and
P=¢ " (X),¢ "V —>UcM for coordinate charts with is M =UU, called an atlas for M of topological manifolds.
A topological manifold M for which the transition maps #..; = (®; o®,) for all pairs ¢ ®; in the atlas are homeomorphisms is
called a differentiable , or smooth manifold , the transition maps are mapping between open subset of R™, homeomorphisms
between open subsets of R™ are C” maps whose inverses are also C” maps , for two chartsU; and U the transitions mapping
(5.2) @, =(@, 090 ):p (U, "U ) = (U, NU))
And as such are homeomorphisms between these open of R™ .

Example 5.1.2

the differentiability (¢” o™) is achieved the mapping (¢” o(@)™) and (¢ o ™) which are homeomorphisms since (A=~ A") by
assumption this establishes the equivalence (A= A”"), for example let N and M be smooth manifolds n and m respecpectively ,
and let f :N — M be smooth mapping in local coordinates f’=(1//0f ow’l): @) — (V) with respects charts (U, ) and
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(V.w) , the rank of T at PN js defined as the rank of T at @(P)ie rk(f), =rk(Jd ") ., is the Jacobean of T at P this

definition is independent of the chosen chart , the commutative diagram in that f”:(y/’ oz/fl)of~o((p' O¢71)_l
Since (y/’oz//‘l)and @' orp’l)are homeomorphisms it easily follows that which show that our notion of rank is well defined

(.J f")x,- = J((//' oyfl)yi J f'(go' op )" if a map has constant rank for all pe N we simply write rk(f), these are called
constant rank mapping.

Definition 5.1.3

The product two manifolds M; and M, be two C* -manifolds of dimension n, and n, respectively the topological space M, x M, are
arbitral unions of sets of the form U =<V where U is open in M, andV is open in M, , can be given the structure C* manifolds of
dimension ny.n, by defining charts as follows for any charts M, on (V;,%; Jon M, we declare that (U; <V, , @, <y, )is chart on
M, x M, where @, <y, :U, xV,; — R™*" js defined so that ¢, <y (p.a)=(2,(p) . v, (@)for all (p.a)eu, xv, . A
given a C* n-atlas, A on M for any other chart (U, ¢)we say that (U, ¢) is compatible with the atlas A if every map ((pi O(p*l)and
((p O(pi_l)iS C*wheneverU nU, = 0 the two atlases A and Ajis compatible if every chart of one is compatible with other atlas.

Definition 5.1.4
A sub manifolds of others of R" for instance S? is sub manifolds of R? it can be obtained as the image of map into R® or as the level

set of function with domain R®we shall examine both methods below first to develop the basic concepts of the theory of Riemannian
sub manifolds and then to use these concepts to derive a equantitive interpretation of curvature tensor , some basic definitions and
terminology concerning sub manifolds, we define a tensor field called the second fundamental form which measures the way a sub
manifold curves with the ambient manifold , for example X be a sub manifold of Y of z:E — X and g:E, —Y be two vector

brindled and assume that E is compressible , let f: E —Y and g:E, — Y be two tubular neighborhoods of X inY then there exists
aCr™,

Definition 5.1.5

Let M, and M, be differentiable manifolds a mapping ¢: M, — M, is a differentiable if it is differentiable , objective and its
inverse ¢ is diffeomorphism if it is differentiable ¢ is said to be a local diffeomorphism at p M if there exist neighborhoods
U of pand V of ¢(p) suchthat ¢:U —V is a diffeomorphism , the notion of diffeomorphism is the natural idea of equivalence
between differentiable manifolds , its an immediate consequence of the chain rule that if ¢: M, — M, is a diffeomorphism then
de:T,M, —>T, . M, . Is an isomorphism for all ¢: M, — M, in particular , the dimensions of M and M, are equal a local

»(p)
converse to this fact is the following de:T M, —T ., M, is an isomorphism then ¢is a local diffeomorphism at p from an

p)
immediate application of inverse function in R", for example be given a manifold structure again A mapping f:M — N in this
case the manifolds N and M are said to be homeomorphism , using charts (U ,¢) and (V,w) for N and M respectively we can
give a coordinate expression f:M >N

Example 5.1.6
Let M,;*and M ;* be differentiable manifolds and let ¢: M, — M, be differentiable mapping for every p <M, and for each

veT M, choose a differentiable curve «:(—s,6) >M,with a(M)=pand «'(0)=vtake «aof=pthe mapping
de, :T,(p)M, by given by de(v) = 8'(M) is line of & and p: M, * — M, * be a differentiable mapping and at p e M, be such
de:T,M, > T M, is an isomorphism then ¢ is a local homeomorphism

Theorem 5.1.7
Let G be lie group of matrices and suppose that log defines a coordinate chart the near the identity element of G , identify the tangent
space g =T,G at the identity element with a linear subspace of matrices , via the log and then a lie algebra with

[B,.B,]=B,B, — B, B, the space g is called the lie algebra of G
Proof:
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It suffices to show that for every two matrices B,, B, < g the [B,, B, ] is also an element of g as [B,, B, | is clearly anti commutative
and the ( Jacobs identity) holds for A(t) = (B,t).,, (B,t).,,(—Bt).,,(—B,t).,, . Define for [t] < & with sufficiently small £ a path
A(T) in G such that A(O) = I using for each factor the local formula

(5.3) (Bt), = | +Bt+1/2B*t* +O(t*) A®) =1+[B,B,] t* +O(t),t >0

hence B(t) = logA(t) =[B,, B, Jt> + O(t?) exp B(t) = A(t) hold for any sufficiently that lie bracket [B,, B, ]e g on algebra is an
infinitesimal version of the commutation (g,, gl)(gf, g;l) in the corresponding ( lie group ).

Theorem 5.1.8
The tangent bundle TM has a canonical differentiable structure making it into a smooth 2N-dimensional manifold , where N=dim. The

charts identify anyu , eU (T ,M) <= (TM) for an coordinate neighborhoodU < M , withU < R"that is hausdorff and second
countable is called ( The manifold of tangent vectors )

Definition 5.1.9

A smooth vectors fields on manifolds M is map X :M —TM such that. (a) X (P) e T,M for every G (b) in every chart X is
expressed as a, (8/ &x,) with coefficients a, (x) smooth functions of the local coordinates x; .

5.2 Differentiable manifolds tangent space T (M)

In this sub section is defined tangent space to level surface » be a curve isin R", »:t —>( 7@, 2 (),....p" (t))a curve can
be described as vector valued function converse a vector valued function given curve , the tangent line at the point T (M)

94 o = ( dr* . dr” jwe many Kk bout smooth curves that is curves with all continuous higher derivatives cons the level
dt dt °777 dc °

surface f(xl,xz,...,x”):cof a differentiable function f where X' to i —th coordinate the gradient vector of f at point
P =x"(P),x*(P),....x"(P)is wf :[i ______ Of Yis given a vector u=(u",...u")the direction derivative

ox* ox"
— of of ; 1,2 n S .
D,f =Vf.-u= P u +'”+Fu , the point P on level surface f (x y X5, X ) the tangent is given by equation.
X X
of L of S
(5.6) P =x)P)+...4-—(P)(X"=Xx")(P) =0

ox* OX
For the geometric views the tangent space shout consist of all tangent to smooth curves the point P , assume that is curve through
t=1t,is the level surface f(xl,x"‘,...,x”):c, f ( 7 (@), »? (t),....,;/"(t)):cby taking derivatives on both
of , of
g P) G @t,)+....+ oo
over all possible curves on the level surface through the point P . The surface M be a C* manifold of dimension N with k > 1 the
most intuitive to define tangent vectors is to use curves , p € M be any point on M and let :] —&,& [—> M be aC*curve

(P) »"(t)) = 0and so the tangent line of 7/ is really normal orthogonal to Vf , where }/ runs

passing through p that is with (M) = p unfortunately if M is not embedded in any R" the derivative »"(M) does not make sense
,however for any chart (U,go) at p the map ((p oy)at aC*curve in R"and tangent vector v=(goov)’(M)is will defined the
trouble is that different curves the same V given a smooth mapping f : N — M we can define how tangent vectors inT N are
mapped to tangent vectors in T,M with (U,(p) choose charts = f (p) for p € N and (V,l//)fOI’ g € M we define the tangent
map or flash-forward of f as a given tangent vector X, = [;/]eTpN and d f.. T M f*([;/]= [f 07/]).

A tangent vector at a point pin a manifold M is a derivation at p, just as for R" the tangent at point p form a vector space
T, (M) called the tangent space of M at P, we also write T (M) a differential of map f :N — M be aC ™ map between

two manifolds at each point pe< N the map F induce a linear map of tangent space called its differential at p,
F:T,N —>T_,,Nasfollowsit X T N then F.(X ) is the tangent vector in T_ /M defined .

F(p) F(p)

(5.7) (F(X,))f=X,(foF)eR , feC*(M)
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The tangent vectors given any C* -manifold M of dimension n with k >1for any p € M ,tangent vector to M at pis any
equivalence class of C*-curves through p on M modulo the equivalence relation defined in the set of all tangent vectors at p is
denoted by T,M we will show that T M is a vector space of dimension n of M . The tangent space T M is defined as the vector
space spanned by the tangents at p to all curves passing through point p in the manifold M , and the cotangentT;M of a manifold

at pe M is defined as the dual vector space to the tangent space T,M , we take the basis vectors g _ (ﬁ} for T,M and we
' ox!

write the basis vectors T,M as the differential line elements e' = dx' thus the inner product is given by <6‘/8x, dxi> =5 .

Theorem 5.2.1 tangent bundle Tm
The tangent bundle TM has a canonical differentiable structure making it into a smooth 2N-dimensional manifold , where N=dim.

The charts identify any U / € U (T_,M) < (TM) for an coordinate neighborhoodU < M , withU x R" that is hausdorff and
second countable is called ( The manifold of tangent vectors )

Definition 5.2.2
A smooth vectors fields on manifolds M is map X :M — TM such that () X (P) €T M for every G (b) in every chart X is

expressed as &, (0/ Ox;) with coefficients a; (X) smooth functions of the local coordinates X; .

Theorem 5.2.3 Isomorphic T,M

Suppose that on a smooth manifold M of dimension N there exist N vector fields ( X®P,x® L. ,x(”’)for a basis of T M at every
point pof M, thenT M is isomorphic to M xR"m here isomorphic means that TM and M xR"are homeomorphism as
smooth manifolds and for every p € M , the homeomorphism restricts to between the tangent space T M and vector space
{P}=R".

Proof:

define 7 &€ T,M < TM on other hand , for any M x R" for some &, € R now define

®:BeTM — [ﬂ(g) (a,....a,)eM x R”] is it clear from the construction and the hypotheses of theorem that @ and @ * are
smooth using an arbitrary chart ¢:U < M — R" and corresponding chart.

(5.8) oT: 77 U)<=TM — R"xR"
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V. CONCLUSION

The paper study Riemannian differenterentiable manifolds is a generalization of curves and surfaces , locally Euclidean ™ in every
point has a neighbored is called a chart homeomorphic , so that many concepts from R" as differentiability manifolds. We give the
basic definitions, theorems and properties of smooth topological be comes a manifold is to exhibit a collection of C~ is compatible
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charts . The tangent , cotangent vector space manifold of dimension k with k >1 the most intuitive method to define tangent vectors
to use curves , tangent space T,M and tangent space at some point p « M the cotangent T M is defines as dual vector space of

peM.

APPENDIX
Appendixes, if needed, appear before the acknowledgment.

ACKNOWLEDGMENT

The preferred spelling of the word “acknowledgment” in American English is without an “e” after the “g.” Use the singular heading
even if you have many acknowledgments.

REFERENCES

[1] V.Retsnoi- Integration ot tensor fields , M.S.C. 2010: 34A30,37C10,16W25. Key words : Vector field flow , Lie derivatie .integration of tensor field.

[2] M.Valter , Tensor analysis on manifolds in mathematical physics with applications to relativistic theories, Lecture notes authored by Valter Moretti and freely
downloadable fro web page http://www.science . unitn.

[3] S.Henrik .- differentiable manifolds — Lecture Notes for Geometry (I1) —university of Copenhagen —December 2008.

[4] R.C.A.M van der vorst solution manual Dr. G. J. Ridderbos,htt//creativeommons.org/spring 94305(2012),secnd a letter to creative commons, 559 Nathan a
bbott, way , Stanford,California.

[5] J.Cao,M.C. shaw and L.wang estimates for the & -Neumann problem and nonexistence of ¢2 levi-flat hypersurfaces in p" ,Math.Z.248 (2004),183-221.

[6] T.W.Loring An introduction to manifolds, second edition spring 94303(2012) ,secnd a letter to creative commons, 559 Nathan Abbott,Way,Stanford California.
[7] R.Arens, Topologies for homeomorphism groups Amer ,Jour.Math. 68(1946),593-610

[8] Sergelang,differential manifolds, Addison —wesley pubishing .In1972

[9] O.Abelkader,and S.Saber , solution to & -equation with exact support on pseudoconvex manifolds,Int. J.Geom.Meth. phys. 4(2007),339-348.

[10] Yozo matsushima, differentiable manifolds , Translated by E.T.Kobayashi ,Marcel Dekker Inc. Now York and Beesl 1972

[11]  J.Milnor, construction of universal boundless Il , Ann.Math. 63(1956),430-436

[12] Bertsching E, Eeserved A.R.-Introduction to tensor calculus for general Relativity-spring (1999)

[13] K.A Antoni-differential manifolds-department of mathematics-New Brunswik,New jersey — copyright1993-Inc. bibliographical references ISBN-0-12-421850-
4(1992)

[14] H.Nigel — differentiable manifolds-hitchin@maths.ox.ac.uk-cours —C3.1b(2012).

[15] K.V.Richard, S.M.isidore —Math. Theory and Applications ,Boston ,mass —QA649C2913(1992).

AUTHORS

First Author —

Dr. : Mohamed Mahmoud Osman- (phd)

Studentate the University of Al-Baha —Kingdom of Saudi Arabia
Al-Baha P.O.Box (1988) — Tel.Fax : 00966-7-7274111
Department of mathematics faculty of science

1- Email: mm.eltingary@hotmail.com

2- Email : Moh_moh_os@yahoo.co

Tel. 00966535126844

Correspondence Author — Author name, email address, alternate email address (if any), contact number.

www.ijsrp.org


http://www.science/
mailto:mm.eltingary@hotmail.com
mailto:Moh_moh_os@yahoo.co

