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Preface  

omprehensive envelope of expression, abstract problematic structures, and functional topology of Super 

symmetric QCD corrections to the top quark decay of a heavy charged Higgs boson have been done by some 

authors like Ricardo A. Jiménez, Joan Solà. The super symmetric QCD corrections to the hadronic width of a 

heavy charged Higgs boson, basically dominated by the top-quark decay mode , are evaluated at O(αs) 

within the MSSM and compared with the standard QCD corrections. The study of such quantum effects, which turn 

out to be rather large, is essential to understand the hypothetical super symmetric nature of a heavy charged Higgs 

boson potentially produced in the near future at the Tevatron and/or at the LHC. It is true that there has been some 

identarian instances of semantic and experimental jugglery in so far as QCD corrections to the 

top quark decay mode t-->t~χ0: (Djouadi, A.; Hollik, W.; Jünger, C.Physical Review D (Particles and Fields), 

Volume 54, Issue 9, 1 November 1996, pp.5629-5635) and impassibility of characteristics and ramified resonations 

thereof is concerned. Imprisoned complementarities‟, survigrous eurhythmics‟ of super symmetric theories, the 

top quark can decay into its scalar partner plus a neutralino, with an appreciable rate. Authors like Djouadi et al. 

Calculate the O (αs) QCD corrections to this decay mode in the minimal super symmetric  extension of the standard 

model. These corrections can be either positive or negative and increase logarithmically with the gluino mass. For 

gluino masses below 1 TeV, they are at most of the order of ten percent and, therefore, well under control.  

In connection with the Flavor-changing top quark decay within the minimal super symmetric  standard model G. 

Couture, C. Hamzaoui, and H. König present the results of the gluino and scalar quark contribution to the flavor-

changing top quark decay into a charm quark and a photon, gluon, or a Z0 boson within the minimal super 

symmetric  standard model. We include the mixing of the scalar partners of the left- and right-handed top quark. 

This mixing has several effects, the most important of which is to greatly enhance the c Z decay mode for large 

values of the soft SUSY-breaking scalar mass mS and to give rise to GIM-like suppressions in the c γ mode for 

certain combinations of parameters. Sheldon, Elizabeth E. Jenkins studied A massive charged scalar, such as is 

present in a two Higgs-doublet electroweak theory, can alter the nature of top-quark decay, ensuring that the 

top quark would not have been detected at hadron colliders. Box diagrams involving charged-scalar exchange can 

produce the observed level of B0− 0 mixing, thus relaxing the need for a heavy top quark. Future experiments can 

readily establish the existence of the charged scalar. Production and decay properties of ultra-heavy quarks (I. 

BigiStanford Linear Accelerator Center, Stanford University, Stanford, CA 94305, USA Y. Dokshitzer, V. Khoze P. 

Zerwas have studied strum and drag of the widths of ultra-heavy quarks that can be decay into W, Z or Higgs bosons 

are discussed. If the lifetimes become much shorter than the typical strong interaction time scale Λ−1QCD ∼ 

10−23 s, then open-flavor hadrons and quarkonium bound states cannot be formed any more. Consequences for the 

jet evolution are investigated.  

On the other hand, if such quarks can decay only through tiny mixing angles - as it could happen for sequential 

down-type quarks and for SU (2) singlet quarks in E6 models - then these bound states do form. Production rates for 

quarkonium in e+e- annihilation and in hadronic collisions are estimated and their decay signatures are discussed. 

Some authors have also studied a sort of rouse sarcoma in quarks with harum sacrum violent reckless dynamics, 

phosphoric wasp and mysterious muddle. Investigation has been strange behavior sometimes like sang frond like 

salamander and sometimes saber rattling of quarks have also been efficiently explained. Testing of CP invariance in 

the weak decay of top quarks is also studied. A prediction of CP violation from the Standard Model is made by an 

explicit calculation. The effect is very small as expected. We then use a form factor approach to parameterize 

possible new interactions of CP violation. The differences between the form factor approach and an effective 

Lagrangian approach are discussed. The sensitivity of CP-odd observables to the form factors is estimated. When it 

comes to the study of quarks, there is strange pugilistic provocation and verbal hyperbole and the necessity of quick 

C 
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and skewering eye because of the solipsisti Transformation of Quark Flavors by the Weak Interaction. The decay 

of hadrons by the weak interaction can be viewed as a process of decay of their constituent quarks. There is a pattern 

of these quark decays: a quark of charge +2/3 (u, c,t) is always transformed to a quark of charge -1/3 (d,s,b) and vice 

versa. This is because the transformation proceeds by the exchange of charged W bosons, which must change the 

charge by one unit. The general pattern is that the quarks will decay to the most massive quark possible, leading the 

pattern c nature of the bellicose and blustering particles.  

Here we directly tackle the problem of mechanism of interaction of quarks. The modes of quark flavor 

transformation by the weak interaction can be shown in Feynman diagrams. These diagrams are useful in analyzing 

decay processes to help keep track of what is happening on the quark level. The most common transformations are 

delineated and disseminated by the quark transformation. These transformations take place by means of the W 

vector boson. Epluribus Unum and leit motif of the study is the interaction and decay of quarks. I may mention in 

unmistakable terms that the Standard Model is the theoretical framework describing all the currently 

known elementary particles, as well as the Higgs boson. This model contains six flavors of quarks (q), 

named up (u), down (d), strange (s), charm (c), bottom (b), and top (t). Antiparticles of quarks are called antiquarks, 

and are denoted by a bar over the symbol for the corresponding quark, such as u for an up antiquark. As 

with antimatter in general, antiquarks have the same mass, mean lifetime, and spin as their respective quarks, but the 

electric charge and other charges have the opposite sign. It is to be stated in unequivocal terms that the differential 

and determinate and  pronounced study of the concatenated equations have to made with great deal of ardor and 

fervor to get the further results on the subject matter in question. We intend to undertake these works in future 

Monograph. 

 

The introduction is a collection of information from various articles, Books, News Paper reports, Home Pages 

Of authors, Journal Reviews, Nature „s Letters, Article Abstracts, Research papers, Abstracts Of Research 

Papers, Stanford Encyclopedia, Web Pages, Ask a Physicist Column, Deliberations with Professors, the 

internet including Wikipedia. We acknowledge all authors who have contributed to the same. In the 

eventuality of the fact that there has been any act of omission on the part of the authors, we regret with great 

deal of compunction, contrition, regret, trepidation and remorse. As Newton said, it is only because erudite 

and eminent people allowed one to piggy ride on their backs; probably an attempt has been made to look 

slightly further. Once again, it is stated that the references are only illustrative and not comprehensive. 
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INTRODUCTION: 
 

 

Flavour (Particle Physics) 

 
In particle physics, flavor or flavor is a quantum number of elementary particles. In quantum 

Chromodynamics, flavour is a global symmetry. In the electroweak theory, on the other hand, this symmetry 

is broken, and flavour-changing processes exist, such as quark decay or neutrino oscillations. 

In the Standard Model of particle physics, the Cabibbo–Kobayashi–Maskawa matrix (CKM matrix, quark 

mixing matrix, sometimes also called KM matrix) is a unitary matrix which contains information on the 

strength of flavour-changing weak decays. Technically, it specifies the mismatch of quantum 

states of quarks when they propagate freely and when they take part in the weak interactions. It is important 

in the understanding of CP violation. This matrix was introduced for three generations of quarks 

by Makoto Kobayashi and Toshihide Maskawa, adding one generation to the matrix previously introduced 

by Nicola Cabibbo. This matrix is also an extension of the GIM mechanism, which only includes two of the 

three current families of quarks 

The matrix  

 

 

A pictorial representation of the six quarks' decay modes, with mass increasing from left to right. 

In 1963, Nicola Cabibbo introduced the Cabibbo angle (θc) to preserve the universality of the weak 

interaction. Cabibbo was inspired by previous work by Murray Gell-Mann and Maurice Lévy, on the 

effectively rotated nonstrange and strange vector and axial weak currents, which he references.  

In light of current knowledge (quarks were not yet theorized), the Cabibbo angle is related to the relative 

probability that down and strange quarks decay into up quarks (|Vud|2 and |Vus|2 respectively). In particle 

physics parlance, the object that couples to the up quark via charged-current weak interaction is a 

superposition of down-type quarks, here denoted by d′ Mathematically this is: 

 

Or using the Cabbibo angle: 

 

Using the currently accepted values for |Vud| and |Vus| (see below), the Cabbibo angle can be calculated 

using 
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The Cabibbo angle represents the rotation of the mass Eigen state vector space formed by the mass Eigen 

states  into the weak Eigen state vector space formed by the weak Eigen states . ΘC = 

13.04°. 

When the charm quark was discovered in 1974, it was noticed that the down and strange quark could decay 

into either the up or charm quark, leading to two sets of equations: 

 

 

or using the Cabibbo angle: 

 

 

This can also be written in matrix notation as: 

 

 

  

MODULE NUMBERED ONE (u&d)  

NOTATION : 

𝐺   :CATEGORY ONE OF u quark             

𝐺   :CATEGORY TWO OF u quark( here we are talking of the Penchance, predilection, proclivities, 

propensities, idiosyncrasies, characteristics, Parametricization of the systems under investigation in 

which u quark become a sine qua non form) 

 

 

 

 

http://en.wikipedia.org/wiki/File:Cabibbo_angle.svg
http://en.wikipedia.org/wiki/File:Cabibbo_angle.svg
http://en.wikipedia.org/wiki/File:Cabibbo_angle.svg
http://en.wikipedia.org/wiki/File:Cabibbo_angle.svg
http://en.wikipedia.org/wiki/File:Cabibbo_angle.svg
http://en.wikipedia.org/wiki/File:Cabibbo_angle.svg
http://en.wikipedia.org/wiki/File:Cabibbo_angle.svg
http://en.wikipedia.org/wiki/File:Cabibbo_angle.svg
http://en.wikipedia.org/wiki/File:Cabibbo_angle.svg
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𝐺   :CATEGORY THREE OF u ( here we are talking of the Penchance, predilection, proclivities, 

propensities, idiosyncrasies, characteristics, Parametricization of the systems under investigation in 

which u quark become a sine qua non form)      

    : Category One Of D(Again Classification Is For The Systems For Which The Theories Are Applicable 

Or For That Matter Systems Which Violates The Theopries Mentioned) 

 

𝑇   : Category Two Of D (Again Classification Is For The Systems For Which The Theories Are Applicable 

Or For That Matter Systems Which Violates The Theories Mentioned 

 

    :Category Three Of  D  (Again Classification Is For The Systems For Which The Theories Are 

Applicable Or For That Matter Systems Which Violates The Theories Mentioned  

u&s QUARKS 

MODULE NUMBERED TWO: 

============================================================================

= 

    : CATEGORY ONE OF u (Here the systemic investigation may be different from the other one that is 

classified in the foregoing. In the eventuality of the systemic Conformality and congruence being the 

same we can as well take the classificatory parameters to be equal. This classification is done based on 

the assumption that the Parametricization of the systems studied are different from the ones which are 

stated in the foregoing)     

    : CATEGORY TWO OF u (Here the systemic investigation may be different from the other one that is 

classified in the foregoing. In the eventuality of the systemic Conformality and congruence being the 

same we can as well take the classificatory parameters to be equal. This classification is done based on 

the assumption that the Parametricization of the systems studied are different from the ones which are 

stated in the foregoing)     

     

    : CATEGORY THREE OF u (Here the systemic investigation may be different from the other one that is 

classified in the foregoing. In the eventuality of the systemic Conformality and congruence being the 

same we can as well take the classificatory parameters to be equal. This classification is done based on 

the assumption that the Parametricization of the systems studied are different from the ones which are 

stated in the foregoing)     

      

    :CATEGORY ONE OF s( here we are talking of the penchance,predilection, proclivities, propensities, 

idiosyncrasies, characteristics, parametricization of the systems under investigation in which u quark 

become a sine qua non form) 

𝑇   : CATEGORY TWO OF    s   ( here we are talking of the Penchance, predilection, proclivities, 

propensities, idiosyncrasies, characteristics, Parametricization of the systems under investigation in 

which u quark become a sine qua non form)   
𝑇   : CATEGORY THREE OF    s   ( here we are talking of the Penchance, predilection, proclivities, 

propensities, idiosyncrasies, characteristics, Parametricization of the systems under investigation in 

which u quark become a sine qua non form) 

d    &   c  Quarks 

MODULE NUMBERED THREE: 

============================================================================= 

𝐺   : Category One Of   D (Like There Are Lot Of Markov Spaces And Some Spaces Could Be 

Approximated To Markov Spaces And Markov Spaces Could Be Made To Lose Their Characteristics 

And Parameter Under Some Transformations. These Points Are To Be Borne In Mind. We Here Speak 

Of The Characterized Systems For Which Markov Theory Is Applicable There  Are Systems In The 

Case Of Which Investigations Are Carried On Of Which “D” Quark Forms A Part And Parcel A 

summum bonum Of The Systems) 

𝐺   : Category Two Of    D (There Are Lot Of Markov Spaces And Some Spaces Could Be Approximated 

To Markov Spaces And Markov Spaces Could Be Made To Lose Their Characteristics And Parameter 
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Under Some Transformations. These Points Are To Be Borne In Mind. We Here Speak Of The 

Characterized Systems For Which Marko Theory Is Applicable There  Are Systems In The Case Of 

Which Investigations Are Carried On Of Which “D” Quark Forms A Part And Parcel A Summum 

Bonum Of The Systems)       

                 

𝐺   : Category Three Of     D (There Are Lot Of Markov Spaces And Some Spaces Could Be Approximated 

To Markov Spaces And Markov Spaces Could Be Made To Lose Their Characteristics And Parameter 

Under Some Transformations. These Points Are To Be Borne In Mind. We Here Speak Of The 

Characterized Systems For Which Marko Theory Is Applicable     There  Are Systems In The Case Of 

Which Investigations Are Carried On Of Which “D” Quark Forms A Part And Parcel A Summum 

Bonum Of The Systems)      

   

    : Category One Of     “C”   Quarks (There Are Lot Of Markov Spaces And Some Spaces Could Be 

Approximated To Markov Spaces And Markov Spaces Could Be Made To Lose Their Characteristics 

And Parameter Under Some Transformations. These Points Are To Be Borne In Mind. We Here Speak 

Of The Characterized Systems For Which Marko Theory Is Applicable     There  Are Systems In The 

Case Of Which Investigations Are Carried On Of Which “D” Quark Forms A Part And Parcel A 

Summum Bonum Of The Systems) 

 

𝑇   : Category Two Of    “C”   Quarks (There Are Lot Of Markov Spaces Hilbert Spaces And Quantum 

Fields And Some Spaces Could Be Approximated To Markov Spaces And Markov Spaces Could Be 

Made To Lose Their Characteristics And Parameter Under Some Transformations. These Points Are To 

Be Borne In Mind. We Here Speak Of The Characterized Systems For Which Marko Theory Is 

Applicable     There  Are Systems In The Case Of Which Investigations Are Carried On Of Which “D” 

Quark Forms A Part And Parcel A Summum Bonum Of The Systems) 

  

𝑇   : Category Three Of     “C” Quarks (There Are Lot Of Markov Spaces Hilbert Spaces And Quantum 

Fields And Some Spaces Could Be Approximated To Markov Spaces And Markov Spaces Could Be 

Made To Lose Their Characteristics And Parameter Under Some Transformations. These Points Are To 

Be Borne In Mind. We Here Speak Of The Characterized Systems For Which Marko Theory Is 

Applicable     There  Are Systems In The Case Of Which Investigations Are Carried On Of Which “D” 

Quark Forms A Part And Parcel A Summum Bonum Of The Systems) 

 

 

QUANTUM FIELD THEORY(AGAIN,PARAMETRICIZED SYSTEMS TO WHICH QFT COULD 

BE APPLIED IS TAKEN IN TO CONSIDERATION AND RENORMALIZATION 

THEORY(BASED ON CERTAIN VARAIBLES OF THE SYSTEM WHICH CONSEQUENTIALLY 

CLSSIFIABLE ON PARAMETERS) 

: MODULE NUMBERED FOUR: 

 

𝐺   : Category One Of Quantum Field Theory(Evaluative Parametricization Of Situational Orientations And 

Essential Cognitive Orientation And Choice Variables Of The System To Which Qft Is Applicable) 

𝐺   : Category Two Of Quantum Field Theory 

𝐺   : Category Three Of Quantum Field Theory 

 

𝑇   :Category One Of  Renormalization Theory 

 

𝑇   :Category Two Of Renormalization Theory(Systemic Instrumental Characterizations And Action 

Orientations And Functional Imperatives Of Change Manifested Therein )  
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𝑇   : Category Three Of Quantum Field Theory 

Quark “c” and Quark ”b”: 

MODULE NUMBERED FIVE: 

=============================================================================  

𝐺   : Category One Of Quark “C”( Predicational Anteriority, Character Constitution, Primordial Exactitude, 

Ontological Consonance, Acolytish Representation, Atrophied Asseverations ,Apocryphal Aneurism 

Of The Systems Under Investigation Of Which Quark  “C” Forms Part And Parcel) 

𝐺   : Category Two Of Quark  “C”  (Predicational Anteriority, Character Constitution, Primordial 

Exactitude, Ontological Consonance, Accolytish Representation, Atrophied Asseverations ,Apocryphal 

Aneurism Of The Systems Under Investigation Of Which Quark  “C” Forms Part And Parcel) 

𝐺   :Category Three Of Quark  “C” (Predicational Anteriority, Character Constitution, Primordial 

Exactitude, Ontological Consonance, Accolytish Representation, Atrophied Asseverations ,Apocryphal 

Aneurism Of The Systems Under Investigation Of Which Quark  “C” Forms Part And Parcel. We May 

Note In The Passing That There Might Be Some  Quantum Corrections Due To Virtual Electron-

Positron Pairs) 

             

𝑇   :Category One Of   Quark   “B” ( Predicational Anteriority, Character Constitution, Primordial 

Exactitude, Ontological Consonance, Acolytish Representation, Atrophied Asseverations ,Apocryphal 

Aneurism Of The Systems Under Investigation Of Which Quark  “C” Forms Part And Parcel. Mention 

May Be Made That In Some Cases Linear Corrections In Maxwell‟s Equation Applicable To Various 

Systems With Defined Characteristics And The Concomitant Correction Factor. Classification Is Based 

On The Parametricization Of The Systems Even Though To Some Systems Linear Corrections To 

Maxwell‟s Equations Are The Same) 

𝑇   :Category Two Of Quark   “B” ( Predicational Anteriority, Character Constitution, Primordial 

Exactitude, Ontological Consonance, Acolytish Representation, Atrophied Asseverations ,Apocryphal 

Aneurism Of The Systems Under Investigation Of Which Quark  “C” Forms Part And Parcel. Mention 

May Be Made That In Some Cases Linear Corrections In Maxwell‟s Equation Applicable To Various 

Systems With Defined Characteristics And The Concomitant Correction Factor. Classification Is Based 

On The Parametricization Of The Systems Even Though To Some Systems Linear Corrections To 

Maxwell‟s Equations Are The Same) 

    

           

𝑇   :Category Three Of   Quark   “B” ( Predicational Anteriority, Character Constitution, Primordial 

Exactitude, Ontological Consonance, Accolytish Representation, Atrophied Asseverations ,Apocryphal 

Aneurism Of The Systems Under Investigation Of Which Quark  “C” Forms Part And Parcel. Mention 

May Be Made That In Some Cases Linear Corrections In Maxwell‟s Equation Applicable To Various 

Systems With Defined Characteristics And The Concomitant Correction Factor. Classification Is Based 

On The Parametricization Of The Systems Even Though To Some Systems Linear Corrections To 

Maxwell‟s Equations Are The Same) 

                         

========================================================================= 

QUARK “t” and QUARK  b”: 

MODULE NUMBERED SIX: 

 

==========================================================================  

𝐺   : Category One Of Quark “T”   

𝐺   : Category Two Of Quark “T” (Decisive Regularities With Respect To Cases Wherein Sobolev 

Inequalities Are In Border Line Transition Might Be Conspicuous By Its Presence) 

𝐺   : Category Three Of Quark “T” (Decisive Regularities With Respect To Cases Wherein Sobolev 

Inequalities Are In Border Line Transition Might Be Conspicuous By Its Prescience ) 



IJSRP Monograph Publication                12 
ISSN: 2250-3153 

www.ijsrp.org 

 

𝑇   : Category One Of Quark  B”: 

𝑇   : Category Two Of  Quark  B”: 

𝑇   : Category Three Of   Quark  B”: 

 

 

EXPANSION RATE OF QUANTUM FIELD DESCRIBING ELECTRONS AND OTHER 

FERMIONS  AND CREATION AND ANNIHILATION OF OPERATORSACCORDING TO PAULIS 

EXCLUSION PRINCIPLE(AGAIN WE TALK OF THE SYSTEMIC CHARACTERSTICS TO 

WHICH PAULI‟S EXCLUSION PRINCIPLE IS APPLIED,AND THE PARAMETRICIZATION 

AND STRATIFICVATION FOLLOWS) 

MODULE NUMBERED SEVEN 

========================================================================== 

𝐺   : Category One Of Creation And Annihilation Operators Due To Pauli‟s Exclusion Principle (Note 

Pauli‟s Exclusion Principle Denies The Two States For The Electrons) 

𝐺   : Category Two Of        Creation And Annihilation Operators Due To Pauli‟s Exclusion Principle (Note 

Pauli‟s Exclusion Principle Denies The Two States For The Electrons) 

        𝐺   : Category Three Of Orthogonal Energy State Of Vacuum (Energy Excitation Of The Vacuum And 

Concomitant Generation Of Energy Differential-Time Lag Or Instantaneousness might Exists Whereby 

Accentuation And Attritions Model May Assume Zero Positions) 

𝐺   : category three Of Creation And Annihilation Operators Due To Pauli‟s Exclusion Principle 

 

𝑇   : Category One Of Expansion Rates Of Quantum Fields Dexcribing Electronsand Other Fermions  

𝑇   : Category Two Of        Expansion Rates Of Quantum Fields Dexcribing Electronsand Other Fermions  

 𝑇   : Category Three Of  Expansion Rates Of Quantum Fields Dexcribing Electronsand Other Fermions  

 

 

QUARK “t”  and QUARK  “s” 

 

MODULE NUMBERED EIGHT 

 

𝐺  : 𝐶𝐴𝑇𝐸𝐺𝑂𝑅𝑌 𝑂𝑁𝐸 𝑂𝐹  QUARK “t”  (There May Or Might Not Be Neutrinos Without Texture And 

There Are Lot Of Neutrinos As There Are Lot Of Leptions, Photons, Quarks, Electrons In The 

Universe) 

𝐺  : 𝐶𝐴𝑇𝐸𝐺𝑂𝑅𝑌 𝑇𝑊𝑂 𝑂𝐹  Quark “T”  (There May Or Might Not Be Neutrinos Without Texture And 

There Are Lot Of Neutrinos As There Are Lot Of Leptions, Photons, Quarks, Electrons In The 

Universe)  

𝐺  : 𝐶𝐴𝑇𝐸𝐺𝑂𝑅𝑌 𝑇𝑊𝑂 𝑂𝐹 Neutrinos Quark “T”  (There May Or Might Not Be Neutrinos Without Texture 

And There Are Lot Of Neutrinos As There Are Lot Of Leptions, Photons, Quarks, Electrons In The 

Universe) 𝑇  : 𝐶𝐴𝑇𝐸𝐺𝑂𝑅𝑌 𝑂𝑁𝐸 𝐐𝐔𝐀𝐑𝐊  “𝐬” 
 

 

 

 

 

𝑇  :Category Two Of  Quark  “S” 

𝑇  :Category Two Of  Quark  “S” 

𝑇  : 𝐶𝐴𝑇𝐸𝐺𝑂𝑅𝑌 𝑇𝐻𝑅𝐸𝐸 𝑂𝐹 . 𝐐𝐔𝐀𝐑𝐊  “𝐬” 
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( ) (   )
( )  (   )

( ) (   )
( ) (   )

( ) 

(   )
( ) (   )

( ) (   )
( )  (   )

( ) (   )
( ) (   )

( ) 

are Accentuation coefficients  

(   
 )( ) (   

 )( ) (   
 )( )  (   

 )( ) (   
 )( ) (   

 )( )  (   
 )( ) (   

 )( ) (   
 )( )    (   

 )( ) (   
 )( ) (   

 )( ) 

 (   
 )( ) (   

 )( ) (   
 )( ) (   

 )( ) (   
 )( ) (   

 )( )  

(   
 )( ) (   

 )( ) (   
 )( ) (   

 )( ) (   
 )( ) (   

 )( ) (   
 )( ) (   

 )( ) (   
 )( ) (   

 )( ) (   
 )( ) (   

 )( ) , 

(   
 )( ) (   

 )( ) (   
 )( ) (   

 )( ) (   
 )( ) (   

 )( ) 

(   
 )( ) (   

 )( ) (   
 )( )  (   

 )( ) (   
 )( ) (   

 )( )  

(   
 )( ) (   

 )( ) (   
 )( )  (   

 )( ) (   
 )( ) (   

 )( )  

are Dissipation coefficients 
 

 

(u&d) 
 
Module Numbered One 
 
The differential system of this model is now (Module Numbered one) 

 

    

  
 (   )

( )𝐺   [(   
 )( )  (   

  )( )(𝑇    )]𝐺    1 

    

  
 (   )

( )𝐺   [(   
 )( )  (   

  )( )(𝑇    )]𝐺    2 

    

  
 (   )

( )𝐺   [(   
 )( )  (   

  )( )(𝑇    )]𝐺    3 

    

  
 (   )

( )𝑇   [(   
 )( )  (   

  )( )(𝐺  )]𝑇    4 

    

  
 (   )

( )𝑇   [(   
 )( )  (   

  )( )(𝐺  )]𝑇     5 

    

  
 (   )

( )𝑇   [(   
 )( )  (   

  )( )(𝐺  )]𝑇     6 

 (   
  )( )(𝑇    )    First augmentation factor   

 (   
  )( )(𝐺  )     First detritions factor  

u&s QUARKS 

 
Module Numbered Two 
 
The differential system of this model is now ( Module numbered two) 

 

    

  
 (   )

( )𝐺   [(   
 )( )  (   

  )( )(𝑇    )]𝐺    7 

    

  
 (   )

( )𝐺   [(   
 )( )  (   

  )( )(𝑇    )]𝐺    8 
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 (   )

( )𝐺   [(   
 )( )  (   

  )( )(𝑇    )]𝐺    9 

    

  
 (   )

( )𝑇   [(   
 )( )  (   

  )( )((𝐺  )  )]𝑇    10 

    

  
 (   )

( )𝑇   [(   
 )( )  (   

  )( )((𝐺  )  )]𝑇     11 

    

  
 (   )

( )𝑇   [(   
 )( )  (   

  )( )((𝐺  )  )]𝑇     12 

 (   
  )( )(𝑇    )    First augmentation factor   

 (   
  )( )((𝐺  )  )     First detritions factor   

 d    &   c  Quarks 

Module Numbered Three 

The differential system of this model is now (Module numbered three) 

 

    

  
 (   )

( )𝐺   [(   
 )( )  (   

  )( )(𝑇    )]𝐺    13 

    

  
 (   )

( )𝐺   [(   
 )( )  (   

  )( )(𝑇    )]𝐺    14 

    

  
 (   )

( )𝐺   [(   
 )( )  (   

  )( )(𝑇    )]𝐺    15 

    

  
 (   )

( )𝑇   [(   
 )( )  (   

  )( )(𝐺    )]𝑇    16 

    

  
 (   )

( )𝑇   [(   
 )( )  (   

  )( )(𝐺    )]𝑇     17 

    

  
 (   )

( )𝑇   [(   
 )( )  (   

  )( )(𝐺    )]𝑇     18 

 (   
  )( )(𝑇    )    First augmentation factor  

 (   
  )( )(𝐺    )     First detritions factor   

  
QUANTUM FIELD THEORY(AGAIN,PARAMETRICIZED SYSTEMS TO WHICH QFT COULD 

BE APPLIED IS TAKEN IN TO CONSIDERATION AND RENORMALIZATION 

THEORY(BASED ON CERTAIN VARAIBLES OF THE SYSTEM WHICH CONSEQUENTIALLY 

CLSSIFIABLE ON PARAMETERS) 

 
Module Numbered Four 
 
The differential system of this model is now (Module numbered  Four) 

 

    

  
 (   )

( )𝐺   [(   
 )( )  (   

  )( )(𝑇    )]𝐺    19 

    

  
 (   )

( )𝐺   [(   
 )( )  (   

  )( )(𝑇    )]𝐺    20 

    

  
 (   )

( )𝐺   [(   
 )( )  (   

  )( )(𝑇    )]𝐺    21 

    

  
 (   )

( )𝑇   [(   
 )( )  (   

  )( )((𝐺  )  )]𝑇    22 

    

  
 (   )

( )𝑇   [(   
 )( )  (   

  )( )((𝐺  )  )]𝑇     23 

    

  
 (   )

( )𝑇   [(   
 )( )  (   

  )( )((𝐺  )  )]𝑇     24 

 (   
  )( )(𝑇    )    First augmentation factor  
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 (   
  )( )((𝐺  )  )     First detritions factor   

  
Quark “c” and Quark ”b”: 

 
Module Numbered Five: 
 
The differential system of this model is now (Module number five) 

 

    

  
 (   )

( )𝐺   [(   
 )( )  (   

  )( )(𝑇    )]𝐺    25 

    

  
 (   )

( )𝐺   [(   
 )( )  (   

  )( )(𝑇    )]𝐺    26 

    

  
 (   )

( )𝐺   [(   
 )( )  (   

  )( )(𝑇    )]𝐺    27 

    

  
 (   )

( )𝑇   [(   
 )( )  (   

  )( )((𝐺  )  )]𝑇    28 

    

  
 (   )

( )𝑇   [(   
 )( )  (   

  )( )((𝐺  )  )]𝑇     29 

    

  
 (   )

( )𝑇   [(   
 )( )  (   

  )( )((𝐺  )  )]𝑇     30 

 (   
  )( )(𝑇    )    First augmentation factor   

 (   
  )( )((𝐺  )  )     First detritions factor   

  
QUARK “t” and QUARK  b”: 

 
Module Numbered Six 
 

The differential system of this model is now (Module numbered Six) 

 

    

  
 (   )

( )𝐺   [(   
 )( )  (   

  )( )(𝑇    )]𝐺    31 

    

  
 (   )

( )𝐺   [(   
 )( )  (   

  )( )(𝑇    )]𝐺    32 

    

  
 (   )

( )𝐺   [(   
 )( )  (   

  )( )(𝑇    )]𝐺    33 

    

  
 (   )

( )𝑇   [(   
 )( )  (   

  )( )((𝐺  )  )]𝑇    34 

    

  
 (   )

( )𝑇   [(   
 )( )  (   

  )( )((𝐺  )  )]𝑇     35 

    

  
 (   )

( )𝑇   [(   
 )( )  (   

  )( )((𝐺  )  )]𝑇     36 

 (   
  )( )(𝑇    )    First augmentation factor  

  
EXPANSION RATE OF QUANTUM FIELD DESCRIBING ELECTRONS AND OTHER 

FERMIONS  AND CREATION AND ANNIHILATION OF OPERATORSACCORDING TO PAULIS 

EXCLUSION PRINCIPLE(AGAIN WE TALK OF THE SYSTEMIC CHARACTERSTICS TO 

WHICH PAULI‟S EXCLUSION PRINCIPLE IS APPLIED,AND THE PARAMETRICIZATION 

AND STRATIFICVATION FOLLOWS) 

 
Module Numbered Seven: 
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The differential system of this model is now (SEVENTH MODULE) 

    

  
 (   )

( )𝐺   [(   
 )( )  (   

  )( )(𝑇    )]𝐺    37 

    

  
 (   )

( )𝐺   [(   
 )( )  (   

  )( )(𝑇    )]𝐺    38 

    

  
 (   )

( )𝐺   [(   
 )( )  (   

  )( )(𝑇    )]𝐺    39 

    

  
 (   )

( )𝑇   [(   
 )( )  (   

  )( )((𝐺  )  )]𝑇    40 

    

  
 (   )

( )𝑇   [(   
 )( )  (   

  )( )((𝐺  )  )]𝑇    41 

    

  
 (   )

( )𝑇   [(   
 )( )  (   

  )( )((𝐺  )  )]𝑇     42 

 (   
  )( )(𝑇    )    First augmentation factor   

  
QUARK “t”  and QUARK  “s” 

 
Module Numbered Eight 
 

GOVERNING EQUATIONS: 

The differential system of this model is now  

 

    

  
 (   )

( )𝐺   [(   
 )( )  (   

  )( )(𝑇    )]𝐺    43 

    

  
 (   )

( )𝐺   [(   
 )( )  (   

  )( )(𝑇    )]𝐺    44 

    

  
 (   )

( )𝐺   [(   
 )( )  (   

  )( )(𝑇    )]𝐺    45 

    

  
 (   )

( )𝑇   [(   
 )( )  (   

  )( )((𝐺  )  )]𝑇    46 

    

  
 (   )

( )𝑇   [(   
 )( )  (   

  )( )((𝐺  )  )]𝑇     47 

    

  
 (   )

( )𝑇   [(   
 )( )  (   

  )( )((𝐺  )  )]𝑇     48 

First Module Concatenation  

    

  
 (   )

( )𝐺   

[
 
 
 
 
 
(   

 )( )  (   
  )( )(𝑇    )   (   

  )(    )(𝑇    )   (   
  )(    )(𝑇    )   

 (   
  )(        )(𝑇    )   (   

  )(        )(𝑇    )   (   
  )(        )(𝑇    )  

 (   
  )(   )(𝑇    )   (   

  )(   )(𝑇    ) ]
 
 
 
 

𝐺    

49 

    

  
 (   )

( )𝐺   

[
 
 
 
 
 
(   

 )( )  (   
  )( )(𝑇    )   (   

  )(    )(𝑇    )   (   
  )(    )(𝑇    )   

 (   
  )(        )(𝑇    )   (   

  )(        )(𝑇    )   (   
  )(        )(𝑇    )  

 (   
  )(   )(𝑇    )   (   

  )(   )(𝑇    ) ]
 
 
 
 

𝐺    

50 

    

  
 (   )

( )𝐺   

[
 
 
 
 
 
(   

 )( )  (   
  )( )(𝑇    )   (   

  )(    )(𝑇    )   (   
  )(    )(𝑇    )  

 (   
  )(        )(𝑇    )   (   

  )(        )(𝑇    )   (   
  )(        )(𝑇    )

  

 (   
  )(   )(𝑇    )   (   

  )(   )(𝑇    ) ]
 
 
 
 

𝐺    

51 

Where (   
  )( )(𝑇    )   (   

  )( )(𝑇    )   (   
  )( )(𝑇    )   are first augmentation coefficients for 

category 1, 2 and 3  
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  (   
  )(    )(𝑇    )  ,  (   

  )(    )(𝑇    )  ,  (   
  )(    )(𝑇    )  are second  augmentation coefficient for 

category 1, 2 and 3   

  (   
  )(    )(𝑇    )    (   

  )(    )(𝑇    )    (   
  )(    )(𝑇    )  are third  augmentation coefficient for 

category 1, 2 and 3  

 (   
  )(        )(𝑇    )   ,  (   

  )(        )(𝑇    )  ,  (   
  )(        )(𝑇    )  are fourth augmentation 

coefficient for category 1, 2 and 3 

 (   
  )(        )(𝑇    )   (   

  )(        )(𝑇    )    (   
  )(        )(𝑇    )   are fifth  augmentation coefficient 

for category 1, 2 and 3 

 (   
  )(        )(𝑇    ) ,  (   

  )(        )(𝑇    )  ,  (   
  )(        )(𝑇    )   are sixth augmentation 

coefficient for category 1, 2 and 3 

 (   
  )(   )(𝑇    )   (   

  )(   )(𝑇    )   (   
  )(   )(𝑇    )  are seventh augmentation coefficient for 

1,2,3 

 (   
  )(   )(𝑇    )   (   

  )(   )(𝑇    )   (   
  )(   )(𝑇    )  are eight augmentation coefficient for 1,2,3 

 

  

    

  
 (   )

( )𝑇   

[
 
 
 
 
 
 

(   
 )( )  (   

  )( )(𝐺  )    (   
  )(    )(𝐺    )  – (   

  )(    )(𝐺    )  

– (   
  )(        )(𝐺    )  – (   

  )(        )(𝐺    )  – (   
  )(        )(𝐺    )  

 

– (   
  )(    )(𝐺    )  – (   

  )(   )(𝐺    ) ]
 
 
 
 
 

𝑇    

52 

    

  
 (   )

( )𝑇   

[
 
 
 
 
 
(   

 )( )  (   
  )( )(𝐺  )    (   

  )(    )(𝐺    )  – (   
  )(    )(𝐺    )   

 (   
  )(        )(𝐺    )  – (   

  )(        )(𝐺    )  – (   
  )(        )(𝐺    )

 

– (   
  )(    )(𝐺    )  – (   

  )(   )(𝐺    ) ]
 
 
 
 

𝑇    

53 

    

  
 (   )

( )𝑇   

[
 
 
 
 
 
(   

 )( )  (   
  )( )(𝐺  )    (   

  )(    )(𝐺    )  – (   
  )(    )(𝐺    )  

– (   
  )(        )(𝐺    )  – (   

  )(        )(𝐺    )  – (   
  )(        )(𝐺    )

 

– (   
  )(    )(𝐺    )  – (   

  )(   )(𝐺    ) ]
 
 
 
 

𝑇    

54 

Where  (   
  )( )(𝐺  )    (   

  )( )(𝐺  )    (   
  )( )(𝐺  )  are first detrition coefficients for category 1, 

2 and 3    

 (   
  )(    )(𝐺    )    (   

  )(    )(𝐺    )    (   
  )(    )(𝐺    )   are second detrition coefficients for 

category 1, 2 and 3    

 (   
  )(    )(𝐺    )    (   

  )(    )(𝐺    )    (   
  )(    )(𝐺    )  are third  detrition coefficients for 

category 1, 2 and 3    

 (   
  )(        )(𝐺    )    (   

  )(        )(𝐺    )    (   
  )(        )(𝐺    )  are fourth  detrition coefficients 

for category 1, 2 and 3    

 (   
  )(        )(𝐺    )  ,  (   

  )(        )(𝐺    )  ,  (   
  )(        )(𝐺    )  are fifth detrition coefficients for 

category 1, 2 and 3    

 (   
  )(        )(𝐺    )  ,  (   

  )(        )(𝐺    )  ,  (   
  )(        )(𝐺    )  are sixth detrition coefficients 

for category 1, 2 and 3   

– (   
  )(    )(𝐺    )   – (   

  )(    )(𝐺    )  , – (   
  )(    )(𝐺    )  are seventh detrition coefficients for 
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category 1, 2 and 3   

– (   
  )(   )(𝐺    )  – (   

  )(   )(𝐺    )  – (   
  )(   )(𝐺    )  are eight detrition coefficients for category 

1, 2 and 3   

 

Second Module Concatenation  

    

  
 (   )

( )𝐺   

[
 
 
 
 
  

(   
 )( )  (   

  )( )(𝑇    )   (   
  )(    )(𝑇    )   (   

  )(     )(𝑇    )   

 (   
  )(         )(𝑇    )   (   

  )(         )(𝑇    )   (   
  )(         )(𝑇    )

 

 (   
  )(     )(𝑇    )   (   

  )(     )(𝑇    ) ]
 
 
 
 

𝐺    

55 

    

  
 (   )

( )𝐺   

[
 
 
 
 
 
(   

 )( )  (   
  )( )(𝑇    )   (   

  )(    )(𝑇    )   (   
  )(     )(𝑇    )   

 (   
  )(         )(𝑇    )   (   

  )(         )(𝑇    )   (   
  )(         )(𝑇    )

 

 (   
  )(     )(𝑇    )   (   

  )(     )(𝑇    ) ]
 
 
 
 

𝐺    

56 

    

  
 (   )

( )𝐺   

[
 
 
 
 
  

(   
 )( )  (   

  )( )(𝑇    )   (   
  )(    )(𝑇    )   (   

  )(     )(𝑇    )   

 (   
  )(         )(𝑇    )   (   

  )(         )(𝑇    )   (   
  )(         )(𝑇    )

 

 (   
  )(     )(𝑇    )   (   

  )(     )(𝑇    ) ]
 
 
 
 

𝐺    

57 

Where  (   
  )( )(𝑇    )     (   

  )( )(𝑇    )    (   
  )( )(𝑇    )  are first augmentation coefficients for 

category 1, 2 and 3   

 (   
  )(    )(𝑇    )  ,  (   

  )(    )(𝑇    )  ,  (   
  )(    )(𝑇    )   are second augmentation coefficient for 

category 1, 2 and 3    

 (   
  )(     )(𝑇    )    (   

  )(     )(𝑇    )    (   
  )(     )(𝑇    )  are third  augmentation coefficient for 

category 1, 2 and 3   

 (   
  )(         )(𝑇    )   (   

  )(         )(𝑇    )   (   
  )(         )(𝑇    )   are fourth augmentation 

coefficient for category 1, 2 and 3   

 (   
  )(         )(𝑇    ) ,  (   

  )(         )(𝑇    )  ,  (   
  )(         )(𝑇    )   are fifth  augmentation 

coefficient for category 1, 2 and 3   

 (   
  )(         )(𝑇    ) ,  (   

  )(         )(𝑇    )  ,  (   
  )(         )(𝑇    )   are sixth augmentation 

coefficient for category 1, 2 and 3   

  (   
  )(     )(𝑇    )    (   

  )(     )(𝑇    )  ,  (   
  )(     )(𝑇    )  are seventh augmentation coefficient 

for category 1, 2 and 3   

 (   
  )(     )(𝑇    )    (   

  )(     )(𝑇    )    (   
  )(     )(𝑇    )  are eight augmentation coefficient for 

category 1, 2 and 3   

 

  

    

  
 (   )

( )𝑇   

[
 
 
 
 
 

(   
 )( )  (   

  )( )(𝐺    )    (   
  )(    )(𝐺  )  – (   

  )(      )(𝐺    )   

 (   
  )(         )(𝐺    )  – (   

  )(         )(𝐺    )  – (   
  )(         )(𝐺    )

 

– (   
  )(     )(𝐺    )  – (   

  )(     )(𝐺    ) ]
 
 
 
 

𝑇    

58 

    

  
 (   )

( )𝑇   

[
 
 
 
 
 

(   
 )( )  (   

  )( )(𝐺    )    (   
  )(    )(𝐺  )  – (   

  )(      )(𝐺    )  

– (   
  )(         )(𝐺    )  – (   

  )(         )(𝐺    )  – (   
  )(         )(𝐺    )

 

– (   
  )(     )(𝐺    )  – (   

  )(     )(𝐺    ) ]
 
 
 
 

𝑇    

59 
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 (   )

( )𝑇   

[
 
 
 
 
 

(   
 )( )  (   

  )( )(𝐺    )    (   
  )(    )(𝐺  )  – (   

  )(      )(𝐺    )   

 (   
  )(         )(𝐺    )  – (   

  )(         )(𝐺    )  – (   
  )(         )(𝐺    )

 

– (   
  )(     )(𝐺    )  – (   

  )(     )(𝐺    ) ]
 
 
 
 

𝑇    

60 

        (   
  )( )(     )    ,  (   

  )( )(     )   ,  (   
  )( )(     )    are first detrition coefficients for 

category 1, 2 and 3  

 (   
  )(    )(𝐺  )    (   

  )(    )(𝐺  )  ,  (   
  )(    )(𝐺  )   are second detrition coefficients for category 

1,2 and 3  

 (   
  )(      )(𝐺    )    (   

  )(      )(𝐺    )    (   
  )(      )(𝐺    )   are  third  detrition coefficients for 

category 1,2 and 3  

 (   
  )(         )(𝐺    )   (   

  )(         )(𝐺    )   (   
  )(         )(𝐺    )   are  fourth detrition 

coefficients for category 1,2 and 3  

 (   
  )(         )(𝐺    )  ,  (   

  )(         )(𝐺    )  ,  (   
  )(         )(𝐺    )  are  fifth detrition coefficients 

for category 1,2 and 3  

 (   
  )(         )(𝐺    )   (   

  )(         )(𝐺    )  ,  (   
  )(         )(𝐺    )   are  sixth detrition 

coefficients for category 1,2 and 3  

   – (   
  )(     )(𝐺    )  ,   – (   

  )(     )(𝐺    ) , – (   
  )(     )(𝐺    )  are  seventh detrition coefficients for 

category 1,2 and 3  

– (   
  )(     )(𝐺    )  , – (   

  )(     )(𝐺    )  , – (   
  )(     )(𝐺    )  are  eight detrition coefficients for 

category 1,2 and 3  

 

  

  

Third Module Concatenation  

    

  
 (   )

( )𝐺   

[
 
 
 
 
 

(   
 )( )  (   

  )( )(𝑇    )   (   
  )(     )(𝑇    )   (   

  )(      )(𝑇    )  

 (   
  )(           )(𝑇    )   (   

  )(           )(𝑇    )   (   
  )(           )(𝑇    )

 

 

 (   
  )(       )(𝑇    )   (   

  )(       )(𝑇    ) ]
 
 
 
 

𝐺    

61 

    

  
 (   )

( )𝐺   

[
 
 
 
 (   

 )( )  (   
  )( )(𝑇    )   (   

  )(     )(𝑇    )   (   
  )(      )(𝑇    )   

 (   
  )(           )(𝑇    )   (   

  )(           )(𝑇    )   (   
  )(           )(𝑇    )

 (   
  )(       )(𝑇    )   (   

  )(       )(𝑇    ) ]
 
 
 
 

𝐺    

62 

    

  
 (   )

( )𝐺   

[
 
 
 
 (   

 )( )  (   
  )( )(𝑇    )   (   

  )(     )(𝑇    )   (   
  )(      )(𝑇    )   

 (   
  )(           )(𝑇    )   (   

  )(           )(𝑇    )   (   
  )(           )(𝑇    )

 (   
  )(       )(𝑇    )   (   

  )(       )(𝑇    ) ]
 
 
 
 

𝐺    

63 

 (   
  )( )(𝑇    ) ,  (   

  )( )(𝑇    ) ,  (   
  )( )(𝑇    )   are  first  augmentation coefficients for 

category 1, 2 and 3  

 (   
  )(     )(𝑇    )    (   

  )(     )(𝑇    )  ,  (   
  )(     )(𝑇    )  are second augmentation coefficients 

for category 1, 2 and 3    

 (   
  )(      )(𝑇    )    (   

  )(      )(𝑇    )    (   
  )(      )(𝑇    )    are third augmentation coefficients 

for category 1, 2 and 3    
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 (   
  )(           )(𝑇    )  ,  (   

  )(           )(𝑇    )    (   
  )(           )(𝑇    )  are fourth augmentation 

coefficients for category 1, 2 and 3   

 (   
  )(           )(𝑇    )   (   

  )(           )(𝑇    )    (   
  )(           )(𝑇    )  are fifth augmentation 

coefficients for category 1, 2 and 3   

 (   
  )(           )(𝑇    )    (   

  )(           )(𝑇    )   (   
  )(           )(𝑇    )  are sixth augmentation 

coefficients for category 1, 2 and 3    

 (   
  )(       )(𝑇    )  ,  (   

  )(       )(𝑇    )  ,  (   
  )(       )(𝑇    )  are seventh augmentation 

coefficients for category 1, 2 and 3    

 (   
  )(       )(𝑇    )  ,  (   

  )(       )(𝑇    ) ,  (   
  )(       )(𝑇    )  are eight augmentation coefficients 

for category 1, 2 and 3    

  

    

  
 (   )

( )𝑇   

[
 
 
 
 
 

(   
 )( )  (   

  )( )(𝐺    )  – (   
  )(     )(𝐺    )  – (   

  )(      )(𝐺  )   

 (   
  )(           )(𝐺    )  – (   

  )(           )(𝐺    )  – (   
  )(           )(𝐺    )

 

– (   
  )(       )(𝐺    )  – (   

  )(       )(𝐺    ) ]
 
 
 
 

𝑇    

64 

    

  
 (   )

( )𝑇   

[
 
 
 
 (   

 )( )  (   
  )( )(𝐺    )  – (   

  )(     )(𝐺    )  – (   
  )(      )(𝐺  )   

  (   
  )(           )(𝐺    )  – (   

  )(           )(𝐺    )  – (   
  )(           )(𝐺    )

 

– (   
  )(       )(𝐺    )  – (   

  )(       )(𝐺    ) ]
 
 
 
 

𝑇    

65 

    

  
 (   )

( )𝑇   

[
 
 
 
 
 

(   
 )( )  (   

  )( )(𝐺    )  – (   
  )(     )(𝐺    )  – (   

  )(      )(𝐺  )   

 (   
  )(           )(𝐺    )  – (   

  )(           )(𝐺    )  – (   
  )(           )(𝐺    )

 

– (   
  )(       )(𝐺    )  – (   

  )(       )(𝐺    ) ]
 
 
 
 

𝑇    

66 

 (   
  )( )(𝐺    )    (   

  )( )(𝐺    )     (   
  )( )(𝐺    )   are first  detrition coefficients  for category 

1, 2 and 3   

 (   
  )(     )(𝐺    )  ,  (   

  )(     )(𝐺    )  ,  (   
  )(     )(𝐺    )   are second detrition coefficients for 

category 1, 2 and 3      

 (   
  )(      )(𝐺  )    (   

  )(      )(𝐺  )  ,  (   
  )(      )(𝐺  )   are third detrition coefficients for 

category 1,2 and 3  

 (   
  )(           )(𝐺    )   (   

  )(           )(𝐺    )   (   
  )(           )(𝐺    )  are fourth  detrition 

coefficients  for category 1, 2 and 3   

 (   
  )(           )(𝐺    )   (   

  )(           )(𝐺    )    (   
  )(           )(𝐺    )  are fifth  detrition 

coefficients  for category 1, 2 and 3   

 (   
  )(           )(𝐺    )   (   

  )(           )(𝐺    )   (   
  )(           )(𝐺    )  are sixth detrition 

coefficients  for category 1, 2 and 3   

– (   
  )(       )(𝐺    )  , – (   

  )(       )(𝐺    )  – (   
  )(       )(𝐺    )  are seventh detrition coefficients  

for category 1, 2 and 3   

– (   
  )(       )(𝐺    )  , – (   

  )(       )(𝐺    )  , – (   
  )(       )(𝐺    )  are eight detrition coefficients  for 

category 1, 2 and 3   

 

Fourth Module Concatenation  
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 𝐺  

  
 (   )

( )𝐺   

[
 
 
 
 
 
(   

 )( )  (   
  )( )(𝑇    )   (   

  )(    )(𝑇    )   (   
  )(    )(𝑇    )   

 (   
  )(       )(𝑇    )   (   

  )(       )(𝑇    )   (   
  )(       )(𝑇    )

 

 (   
  )(         )(𝑇    )   (   

  )(         )(𝑇    ) ]
 
 
 
 

𝐺    

67 

 𝐺  

  
 (   )

( )𝐺   

[
 
 
 
 
 
(   

 )( )  (   
  )( )(𝑇    )   (   

  )(    )(𝑇    )   (   
  )(   )(𝑇    )   

 (   
  )(       )(𝑇    )   (   

  )(       )(𝑇    )   (   
  )(       )(𝑇    )

 

 (   
  )(         )(𝑇    )   (   

  )(         )(𝑇    ) ]
 
 
 
 

𝐺    

68 

 𝐺  

  
 (   )

( )𝐺   

[
 
 
 
 
 
(   

 )( )  (   
  )( )(𝑇    )   (   

  )(    )(𝑇    )   (   
  )(    )(𝑇    )  

 (   
  )(       )(𝑇    )   (   

  )(       )(𝑇    )   (   
  )(       )(𝑇    )

  

 (   
  )(         )(𝑇    )   (   

  )(         )(𝑇    ) ]
 
 
 
 

𝐺    

69 

(   
  )( )(𝑇    )   (   

  )( )(𝑇    )   (   
  )( )(𝑇    )    

                                                     

  (   
  )(    )(𝑇    )    (   

  )(    )(𝑇    )    (   
  )(    )(𝑇    )   

                                                               

  (   
  )(    )(𝑇    )    (   

  )(    )(𝑇    )    (   
  )(    )(𝑇    )   

                                                               

 (   
  )(       )(𝑇    )   (   

  )(       )(𝑇    )   (   
  )(       )(𝑇    )   

                                                            

 (   
  )(       )(𝑇    ) ,  (   

  )(       )(𝑇    )   (   
  )(       )(𝑇    )  

                                                           

 (   
  )(       )(𝑇    ) ,  (   

  )(       )(𝑇    ) ,  (   
  )(       )(𝑇    )  

                                                            

 (   
  )(         )(𝑇    )  ,  (   

  )(         )(𝑇    ) ,  (   
  )(         )(𝑇    )  

                                                              

 (   
  )(         )(𝑇    )  ,  (   

  )(         )(𝑇    )  ,  (   
  )(         )(𝑇    )  

                                                            

 

  

 𝑇  

  
 (   )

( )𝑇   

[
 
 
 
 (   

 )( )  (   
  )( )(𝐺    )    (   

  )(    )(𝐺    )  – (   
  )(    )(𝐺    )   

 (   
  )(       )(𝐺  )    (   

  )(       )(𝐺    )  – (   
  )(       )(𝐺    )

– (   
  )(         )(𝐺    )  – (   

  )(         )(𝐺    ) ]
 
 
 
 

𝑇    

70 

 𝑇  

  
 (   )

( )𝑇   

[
 
 
 
 (   

 )( )  (   
  )( )(𝐺    )    (   

  )(    )(𝐺    )  – (   
  )(    )(𝐺    )   

 (   
  )(       )(𝐺  )    (   

  )(       )(𝐺    )  – (   
  )(       )(𝐺    )

– (   
  )(         )(𝐺    )  – (   

  )(         )(𝐺    ) ]
 
 
 
 

𝑇    

71 

 𝑇  

  
 (   )

( )𝑇   

[
 
 
 
 
 
(   

 )( )  (   
  )( )(𝐺    )    (   

  )(    )(𝐺    )  – (   
  )(    )(𝐺    )   

 (   
  )(       )(𝐺  )    (   

  )(       )(𝐺    )  – (   
  )(       )(𝐺    )

– (   
  )(         )(𝐺    )  – (   

  )(         )(𝐺    ) ]
 
 
 
 

𝑇    

72 

𝑊     – (   
  )( )(𝐺    )    (   

  )( )(𝐺    )    (   
  )( )(𝐺    )                                   
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 (   
  )(    )(𝐺    )    (   

  )(    )(𝐺    )    (   
  )(    )(𝐺    )                                      

                          

 (   
  )(    )(𝐺    )    (   

  )(    )(𝐺    )    (   
  )(    )(𝐺    )                                    

                          

 (   
  )(       )(𝐺  )   (   

  )(       )(𝐺  )  ,  (   
  )(       )(𝐺  )   

                                                             

 (   
  )(       )(𝐺    ) ,  (   

  )(       )(𝐺    ) ,  (   
  )(       )(𝐺    )  

                                                           

– (   
  )(       )(𝐺    )  – (   

  )(       )(𝐺    )  – (   
  )(       )(𝐺    )  

                                                           

  – (   
  )(         )(𝐺    )  , – (   

  )(         )(𝐺    )  , – (   
  )(         )(𝐺    )  

                                                          

– (   
  )(         )(𝐺    )  , – (   

  )(         )(𝐺    )   – (   
  )(         )(𝐺    )  

                                                         

 

Fifth Module Concatenation  

    

  
 (   )

( )𝐺   

[
 
 
 
 
 
(   

 )( )  (   
  )( )(𝑇    )   (   

  )(    )(𝑇    )   (   
  )(     )(𝑇    )   

 (   
  )(         )(𝑇    )   (   

  )(         )(𝑇    )   (   
  )(         )(𝑇    )

 

 (   
  )(           )(𝑇    )   (   

  )(           )(𝑇    ) ]
 
 
 
 

𝐺    

73 

 𝐺  

  
 (   )

( )𝐺   

[
 
 
 
 
 
(   

 )( )  (   
  )( )(𝑇    )   (   

  )(    )(𝑇    )   (   
  )(     )(𝑇    )   

 (   
  )(         )(𝑇    )   (   

  )(         )(𝑇    )   (   
  )(         )(𝑇    )

 

 (   
  )(           )(𝑇    )   (   

  )(           )(𝑇    ) ]
 
 
 
 

𝐺    

74 

 𝐺  

  
 (   )

( )𝐺   

[
 
 
 
 
 

(   
 )( )  (   

  )( )(𝑇    )   (   
  )(    )(𝑇    )   (   

  )(     )(𝑇    )   

 (   
  )(         )(𝑇    )   (   

  )(         )(𝑇    )   (   
  )(         )(𝑇    )

 

 

 (   
  )(           )(𝑇    )   (   

  )(           )(𝑇    ) ]
 
 
 
 

𝐺    

75 

𝑊      (   
  )( )(𝑇    )    (   

  )( )(𝑇    )    (   
  )( )(𝑇    )   

                                                             

𝐴    (   
  )(    )(𝑇    )    (   

  )(    )(𝑇    )    (   
  )(    )(𝑇    )   

                                                                

 (   
  )(     )(𝑇    )    (   

  )(     )(𝑇    )    (   
  )(     )(𝑇    )   

                                                             

 (   
  )(         )(𝑇    )   (   

  )(         )(𝑇    )   (   
  )(         )(𝑇    )   are fourth augmentation 

coefficients for category 1,2, and 3 

 (   
  )(         )(𝑇    )   (   

  )(         )(𝑇    )   (   
  )(         )(𝑇    )  are fifth augmentation 

coefficients for category 1,2,and  3 

 (   
  )(         )(𝑇    )   (   

  )(         )(𝑇    )   (   
  )(         )(𝑇    )   are sixth augmentation 

coefficients for category 1,2, 3 
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 (   
  )(           )(𝑇    )  ,  (   

  )(           )(𝑇    )  ,  (   
  )(           )(𝑇    )  are seventh augmentation 

coefficients for category 1,2, 3 

 (   
  )(            )(𝑇    )  ,  (   

  )(           )(𝑇    )  ,  (   
  )(           )(𝑇    )  are eighth augmentation 

coefficients for category 1,2, 3 

  

 𝑇  

  
 (   )

( )𝑇   

[
 
 
 
 
 
(   

 )( )  (   
  )( )(𝐺    )    (   

  )(    )(𝐺    )  – (   
  )(     )(𝐺    )   

 (   
  )(         )(𝐺  )    (   

  )(         )(𝐺    )  – (   
  )(         )(𝐺    )

 

– (   
  )(           )(𝐺    )  – (   

  )(           )(𝐺    ) ]
 
 
 
 

𝑇    

76 

 𝑇  

  
 (   )

( )𝑇   

[
 
 
 
 
 
(   

 )( )  (   
  )( )(𝐺    )    (   

  )(    )(𝐺    )  – (   
  )(     )(𝐺    )   

 (   
  )(         )(𝐺  )    (   

  )(         )(𝐺    )  – (   
  )(         )(𝐺    )

 

– (   
  )(           )(𝐺    )  – (   

  )(           )(𝐺    ) ]
 
 
 
 

𝑇    

77 

 𝑇  

  
 (   )

( )𝑇   

[
 
 
 
 
 
(   

 )( )  (   
  )( )(𝐺    )    (   

  )(    )(𝐺    )  – (   
  )(     )(𝐺    )   

 (   
  )(          )(𝐺  )    (   

  )(         )(𝐺    )  – (   
  )(         )(𝐺    )  

– (   
  )(           )(𝐺    )  – (   

  )(           )(𝐺    ) ]
 
 
 
 

𝑇    

78 

      – (   
  )( )(𝐺    )      (   

  )( )(𝐺    )     (   
  )( )(𝐺    )                                       

                         

 (   
  )(    )(𝐺    )    (   

  )(    )(𝐺    )    (   
  )(    )(𝐺    )                                      

                        

 (   
  )(     )(𝐺    )    (   

  )(     )(𝐺    )    (   
  )(     )(𝐺    )                                       

                        

 (   
  )(         )(𝐺  )   (   

  )(         )(𝐺  )     (   
  )(          )(𝐺  )   are fourth detrition coefficients for 

category 1,2, and 3 

 (   
  )(         )(𝐺    )   (   

  )(         )(𝐺    )   (   
  )(         )(𝐺    )  are fifth detrition coefficients 

for category 1,2, and 3 

– (   
  )(         )(𝐺    ) , – (   

  )(         )(𝐺    )  – (   
  )(         )(𝐺    )  are sixth  detrition coefficients 

for category 1,2, and 3 

 – (   
  )(           )(𝐺    )  ,  – (   

  )(           )(𝐺    )  , – (   
  )(           )(𝐺    )  are seventh  detrition 

coefficients for category 1,2, and 3 

– (   
  )(           )(𝐺    )  , – (   

  )(           )(𝐺    )  , – (   
  )(           )(𝐺    )  are eighth  detrition 

coefficients for category 1,2, and 3 

 

Sixth  Module Concatenation  

 𝐺  

  
 (   )

( )𝐺   

[
 
 
 
 (   

 )( )  (   
  )( )(𝑇    )   (   

  )(     )(𝑇    )   (   
  )(      )(𝑇    )   

 (   
  )(           )(𝑇    )   (   

  )(           )(𝑇    )   (   
  )(           )(𝑇    )

 (   
  )(             )(𝑇    )    (   

  )(             )(𝑇    ) ]
 
 
 
 

𝐺    

79 

 𝐺  

  
 (   )

( )𝐺   

[
 
 
 
 (   

 )( )  (   
  )( )(𝑇    )   (   

  )(     )(𝑇    )   (   
  )(      )(𝑇    )   

 (   
  )(           )(𝑇    )   (   

  )(           )(𝑇    )   (   
  )(           )(𝑇    )

 (   
  )(             )(𝑇    )   (   

  )(             )(𝑇    ) ]
 
 
 
 

𝐺    

80 
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 𝐺  

  
 (   )

( )𝐺   

[
 
 
 
 (   

 )( )  (   
  )( )(𝑇    )   (   

  )(     )(𝑇    )   (   
  )(      )(𝑇    )   

 (   
  )(           )(𝑇    )   (   

  )(           )(𝑇    )   (   
  )(           )(𝑇    )

 (   
  )(             )(𝑇    )   (   

  )(             )(𝑇    ) ]
 
 
 
 

𝐺    

81 

 (   
  )( )(𝑇    )   (   

  )( )(𝑇    )   (   
  )( )(𝑇    )                                          

                        

 (   
  )(     )(𝑇    )    (   

  )(     )(𝑇    )    (   
  )(     )(𝑇    )   

                                                               

 (   
  )(      )(𝑇    )    (   

  )(      )(𝑇    )    (   
  )(      )(𝑇    )     

                                                              

 (   
  )(           )(𝑇    )   (   

  )(           )(𝑇    )   (   
  )(           )(𝑇    )   - are fourth augmentation 

coefficients 

 (   
  )(           )(𝑇    )   (   

  )(           )(𝑇    )   (   
  )(           )(𝑇    )    - fifth augmentation 

coefficients 

 (   
  )(           )(𝑇    ) ,  (   

  )(           )(𝑇    )   (   
  )(           )(𝑇    )   sixth  augmentation 

coefficients  

  (   
  )(             )(𝑇    )  ,  (   

  )(             )(𝑇    ) ,  (   
  )(             )(𝑇    )  seventh   augmentation 

coefficients 

 (   
  )(             )(𝑇    )  ,  (   

  )(             )(𝑇    )  ,  (   
  )(             )(𝑇    )  

Eighth  augmentation coefficients 

 

  

 𝑇  

  
 (   )

( )𝑇   

[
 
 
 
 (   

 )( )  (   
  )( )(𝐺    )  – (   

  )(     )(𝐺    )  – (   
  )(      )(𝐺    )   

 (   
  )(           )(𝐺  )    (   

  )(           )(𝐺    )  – (   
  )(           )(𝐺    )

– (   
  )(             )(𝐺    )  – (   

  )(             )(𝐺    ) ]
 
 
 
 

𝑇    

82 

 𝑇  

  
 (   )

( )𝑇   

[
 
 
 
 (   

 )( )  (   
  )( )(𝐺    )  – (   

  )(     )(𝐺    )  – (   
  )(      )(𝐺    )   

 (   
  )(           )(𝐺  )    (   

  )(           )(𝐺    )  – (   
  )(           )(𝐺    )

– (   
  )(             )(𝐺    )  – (   

  )(             )(𝐺    ) ]
 
 
 
 

𝑇    

83 

 𝑇  

  
 (   )

( )𝑇   

[
 
 
 
 (   

 )( )  (   
  )( )(𝐺    )  – (   

  )(     )(𝐺    )  – (   
  )(      )(𝐺    )   

 (   
  )(           )(𝐺  )    (   

  )(           )(𝐺    )  – (   
  )(           )(𝐺    )

– (   
  )(             )(𝐺    )  – (   

  )(             )(𝐺    ) ]
 
 
 
 

𝑇    

84 

  

 (   
  )( )(𝐺    )    (   

  )( )(𝐺    )     (   
  )( )(𝐺    )                                      

                          

 (   
  )(     )(𝐺    )    (   

  )(     )(𝐺    )    (   
  )(     )(𝐺    )    

                                                              

 (   
  )(      )(𝐺    )    (   

  )(      )(𝐺    )    (   
  )(      )(𝐺    )   

                                                          

 (   
  )(           )(𝐺  )   (   

  )(           )(𝐺  )   (   
  )(           )(𝐺  )    are fourth detrition  coefficients 

for category 1, 2, and 3 
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 (   
  )(           )(𝐺    ) ,  (   

  )(           )(𝐺    )   (   
  )(           )(𝐺    )   are fifth detrition  

coefficients for category 1, 2, and 3 

– (   
  )(           )(𝐺    ) , – (   

  )(           )(𝐺    )  – (   
  )(           )(𝐺    )   are sixth detrition 

coefficients for category 1, 2, and 3 

– (   
  )(             )(𝐺    ) ,  – (   

  )(             )(𝐺    ) , – (   
  )(             )(𝐺    )  are seventh detrition 

coefficients for category 1, 2, and 3 

– (   
  )(             )(𝐺    )  , – (   

  )(             )(𝐺    )  , – (   
  )(             )(𝐺    )   

are eighth detrition coefficients for category 1, 2, and 3 

 

Seventh Module Concatenation  

 𝐺  

  

 (   )
( )𝐺   

[
 
 
 
 
 
(   

 )( )  (   
  )( )(𝑇    )   (   

  )(             )(𝑇    )   (   
  )(             )(𝑇    )   

 (   
  )(             )(𝑇    )   (   

  )(             )(𝑇    )   (   
  )(             )(𝑇    )  

 (   
  )(             )(𝑇    )   (   

  )(                )(𝑇    ) ]
 
 
 
 

𝐺    

85 

 𝐺  

  

 (   )
( )𝐺   

[
 
 
 
 
 
(   

 )( )  (   
  )( )(𝑇    )   (   

  )(             )(𝑇    )   (   
  )(             )(𝑇    )   

 (   
  )(             )(𝑇    )   (   

  )(             )(𝑇    )   (   
  )(             )(𝑇    )  

 (   
  )(             )(𝑇    )   (   

  )(               )(𝑇    ) ]
 
 
 
 

𝐺    

86 

 𝐺  

  

 (   )
( )𝐺   

[
 
 
 
 
 
(   

 )( )  (   
  )( )(𝑇    )   (   

  )(             )(𝑇    )   (   
  )(             )(𝑇    )  

 (   
  )(             )(𝑇    )   (   

  )(             )(𝑇    )   (   
  )(             )(𝑇    )

  

 (   
  )(             )(𝑇    )   (   

  )(               )(𝑇    ) ]
 
 
 
 

𝐺    

87 

Where (   
  )( )(𝑇    )   (   

  )( )(𝑇    )   (   
  )( )(𝑇    )   are first augmentation coefficients for 

category 1, 2 and 3  

  (   
  )(             )(𝑇    )  ,  (   

  )(             )(𝑇    )  ,  (   
  )(             )(𝑇    )  are second  

augmentation coefficient for category 1, 2 and 3   

  (   
  )(             )(𝑇    )    (   

  )(             )(𝑇    )    (   
  )(             )(𝑇    )  are third  

augmentation coefficient for category 1, 2 and 3  

 (   
  )(             )(𝑇    )   ,  (   

  )(             )(𝑇    )  ,  (   
  )(             )(𝑇    )  are fourth 

augmentation coefficient for category 1, 2 and 3 

 (   
  )(             )(𝑇    )   (   

  )(             )(𝑇    )    (   
  )(             )(𝑇    )   are fifth  augmentation 

coefficient for category 1, 2 and 3 

 (   
  )(             )(𝑇    ) ,  (   

  )(             )(𝑇    )  ,  (   
  )(             )(𝑇    )   are sixth 

augmentation coefficient for category 1, 2 and 3 

 (   
  )(             )(𝑇    )  ,  (   

  )(             )(𝑇    )  ,  (   
  )(             )(𝑇    )   are seventh 

augmentation coefficient for category 1, 2 and 3 
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 (   
  )(               )(𝑇    )  ,  (   

  )(               )(𝑇    )  ,  (   
  )(                )(𝑇    )  

are eighth augmentation coefficient for 1,2,3 

  
    

  
 

(   )
( )𝑇   

[
 
 
 
 
 
 

(   
 )( )  (   

  )( )(𝐺    )    (   
  )(             )(𝐺    )  – (   

  )(             )(𝐺    )  

– (   
  )(             )(𝐺    )  – (   

  )(             )(𝐺    )  – (   
  )(             )(𝐺    )  

 

– (   
  )(             )(𝐺  )  – (   

  )(               )(𝐺    )

 

]
 
 
 
 
 

𝑇    

88 

    

  
 

(   )
( )𝑇   

[
 
 
 
 
 
(   

 )( )  (   
  )( )(𝐺    )    (   

  )(             )(𝐺    )  – (   
  )(             )(𝐺    )   

 (   
  )(             )(𝐺    )  – (   

  )(             )(𝐺    )  – (   
  )(             )(𝐺    )

 

– (   
  )(             )(𝐺  )  – (   

  )(               )(𝐺    ) ]
 
 
 
 

𝑇    

89 

    

  
 

(   )
( )𝑇   

[
 
 
 
 
 
(   

 )( )  (   
  )( )(𝐺    )    (   

  )(             )(𝐺    )  – (   
  )(             )(𝐺    )  

– (   
  )(             )(𝐺    )  – (   

  )(             )(𝐺    )  – (   
  )(             )(𝐺    )

 

– (   
  )(             )(𝐺  )  – (   

  )(               )(𝐺    ) ]
 
 
 
 

𝑇    

90 

Where  (   
  )( )(𝐺    )    (   

  )( )(𝐺    )    (   
  )( )(𝐺    )  are first detrition coefficients for 

category 1, 2 and 3    

 (   
  )(             )(𝐺    )    (   

  )(             )(𝐺    )    (   
  )(             )(𝐺    )   are second detrition 

coefficients for category 1, 2 and 3    

 (   
  )(             )(𝐺    )    (   

  )(             )(𝐺    )    (   
  )(             )(𝐺    )  are third  detrition 

coefficients for category 1, 2 and 3    

 (   
  )(             )(𝐺    )    (   

  )(             )(𝐺    )    (   
  )(             )(𝐺    )  are fourth  detrition 

coefficients for category 1, 2 and 3    

 (   
  )(             )(𝐺    )  ,  (   

  )(             )(𝐺    )  ,  (   
  )(             )(𝐺    )  are fifth detrition 

coefficients for category 1, 2 and 3    

 (   
  )(             )(𝐺    )  ,  (   

  )(             )(𝐺    )  ,  (   
  )(             )(𝐺    )  are sixth detrition 

coefficients for category 1, 2 and 3   

– (   
  )(             )(𝐺  )  , – (   

  )(             )(𝐺  )  , – (   
  )(             )(𝐺  )  

 are seventh detrition coefficients for category 1, 2 and 3   

– (   
  )(               )(𝐺    )  , – (   

  )(               )(𝐺    )  , – (   
  )(               )(𝐺    )  are eighth detrition 

coefficients for category 1, 2 and 3   

 

Eighth Module Concatenation  
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 𝐺  

  
 (   )

( )𝐺  

 

[
 
 
 
 
 
(   

 )( )  (   
  )( )(𝑇    )   (   

  )(               )(𝑇    )   (   
  )(               )(𝑇    )   

 (   
  )(               )(𝑇    )   (   

  )(               )(𝑇    )   (   
  )(               )(𝑇    )  

 (   
  )(               )(𝑇    )   (   

  )(               )(𝑇    ) ]
 
 
 
 

𝐺    

91 

 𝐺  

  
 (   )

( )𝐺  

 

[
 
 
 
 
 
(   

 )( )  (   
  )( )(𝑇    )   (   

  )(               )(𝑇    )   (   
  )(               )(𝑇    )   

 (   
  )(               )(𝑇    )   (   

  )(               )(𝑇    )   (   
  )(               )(𝑇    )  

 (   
  )(               )(𝑇    )   (   

  )(               )(𝑇    ) ]
 
 
 
 

𝐺    

92 

 𝐺  

  
 (   )

( )𝐺  

 

[
 
 
 
 
 
(   

 )( )  (   
  )( )(𝑇    )   (   

  )(               )(𝑇    )   (   
  )(               )(𝑇    )  

 (   
  )(               )(𝑇    )   (   

  )(               )(𝑇    )   (   
  )(               )(𝑇    )

  

 (   
  )(               )(𝑇    )   (   

  )(               )(𝑇    ) ]
 
 
 
 

𝐺    

93 

Where  (   
  )( )(𝑇    )    (   

  )( )(𝑇    )    (   
  )( )(𝑇    )   are first augmentation coefficients for 

category 1, 2 and 3  

  (   
  )(               )(𝑇    )  ,  (   

  )(               )(𝑇    )  ,  (   
  )(               )(𝑇    )  are second  

augmentation coefficient for category 1, 2 and 3   

  (   
  )(               )(𝑇    )    (   

  )(               )(𝑇    )    (   
  )(               )(𝑇    )  are third  

augmentation coefficient for category 1, 2 and 3  

 (   
  )(               )(𝑇    )   ,  (   

  )(               )(𝑇    )  ,  (   
  )(               )(𝑇    )  are fourth 

augmentation coefficient for category 1, 2 and 3 

 (   
  )(               )(𝑇    )   (   

  )(               )(𝑇    )    (   
  )(               )(𝑇    )   are fifth  

augmentation coefficient for category 1, 2 and 3 

 (   
  )(               )(𝑇    ) ,  (   

  )(               )(𝑇    )  ,  (   
  )(               )(𝑇    )   are sixth 

augmentation coefficient for category 1, 2 and 3 

 (   
  )(               )(𝑇    )   (   

  )(               )(𝑇    )   (   
  )(               )(𝑇    )  are seventh 

augmentation coefficient for 1,2,3 

 (   
  )(               )(𝑇    )  ,  (   

  )(               )(𝑇    )  ,  (   
  )(               )(𝑇    )  are eighth 

augmentation coefficient for 1,2,3 

 

  
    

  
 

(   )
( )𝑇   

[
 
 
 
 
 
 

(   
 )( )  (   

  )( )(𝐺    )    (   
  )(               )(𝐺    )  – (   

  )(               )(𝐺    )  

– (   
  )(               )(𝐺    )  – (   

  )(               )(𝐺    )  – (   
  )(               )(𝐺    )  

 

– (   
  )(               )(𝐺  )  – (   

  )(               )(𝐺    )

 

]
 
 
 
 
 

𝑇    

94 
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(   )
( )𝑇   

[
 
 
 
 
 
(   

 )( )  (   
  )( )(𝐺    )    (   

  )(               )(𝐺    )  – (   
  )(               )(𝐺    )   

 (   
  )(               )(𝐺    )  – (   

  )(               )(𝐺    )  – (   
  )(               )(𝐺    )

 

– (   
  )(               )(𝐺  )  – (   

  )(               )(𝐺    ) ]
 
 
 
 

𝑇    

95 

    

  
 

(   )
( )𝑇   

[
 
 
 
 
 
(   

 )( )  (   
  )( )(𝐺    )    (   

  )(               )(𝐺    )  – (   
  )(               )(𝐺    )  

– (   
  )(               )(𝐺    )  – (   

  )(               )(𝐺    )  – (   
  )(               )(𝐺    )

 

– (   
  )(               )(𝐺  )  – (   

  )(               )(𝐺    ) ]
 
 
 
 

𝑇    

96 

Where  (   
  )( )(𝐺    )    (   

  )( )(𝐺    )    (   
  )( )(𝐺    )  are first detrition coefficients for 

category 1, 2 and 3    

 (   
  )(               )(𝐺    )    (   

  )(               )(𝐺    )    (   
  )(               )(𝐺    )   are second 

detrition coefficients for category 1, 2 and 3    

 (   
  )(               )(𝐺    )    (   

  )(               )(𝐺    )    (   
  )(               )(𝐺    )  are third  detrition 

coefficients for category 1, 2 and 3    

 (   
  )(               )(𝐺    )    (   

  )(               )(𝐺    )    (   
  )(               )(𝐺    )  are fourth  

detrition coefficients for category 1, 2 and 3    

 (   
  )(               )(𝐺    )  ,  (   

  )(               )(𝐺    )  ,  (   
  )(               )(𝐺    )  are fifth detrition 

coefficients for category 1, 2 and 3    

 (   
  )(        )(𝐺    )  ,  (   

  )(        )(𝐺    )  , – (   
  )(               )(𝐺  )  are sixth detrition coefficients 

for category 1, 2 and 3   

– (   
  )(               )(𝐺  )   – (   

  )(               )(𝐺  )  , – (   
  )(    )(𝐺    )  are seventh detrition 

coefficients for category 1, 2 and 3   

– (   
  )(               )(𝐺    )  , – (   

  )(               )(𝐺    )  , – (   
  )(               )(𝐺    )  are eighth detrition 

coefficients for category 1, 2 and 3   

 

  

Where we suppose  

(A) (  )
( ) (  

 )( ) (  
  )( ) (  )

( ) (  
 )( ) (  

  )( )      
                  

(B) The functions (  
  )( ) (  

  )( ) are positive continuous increasing and bounded. 

Definition of (  )
( )   (  )

( ): 

     (  
  )( )(𝑇    )  (  )

( )  ( 𝐴̂   )
( )  

     (  
  )( )(𝐺  )    (  )

( )  (  
 )( )  (  ̂   )

( ) 

97 

(C)        (  
  )( ) (𝑇    )  (  )

( ) 

           (  
  )( ) (𝐺  )    (  )

( )      

Definition of ( 𝐴̂   )
( ) (  ̂   )

( ) : 

98 
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            Where ( 𝐴̂   )
( ) (  ̂   )

( ) (  )
( )   (  )

( )  are positive constants and              

They satisfy  Lipschitz condition: 

   (  
  )( )(𝑇  

   )  (  
  )( )(𝑇    )  (  ̂   )

( ) 𝑇    𝑇  
    (  ̂   )

( )   

 (  
  )( )(𝐺   )  (  

  )( )(𝐺  )  (  ̂   )
( )  𝐺  𝐺     (  ̂   )

( )   

99 

With the Lipschitz condition, we place a restriction on the behavior of functions 

(  
  )( )(𝑇  

   )   and(  
  )( )(𝑇    )  . (𝑇  

   ) and (𝑇    ) are points belonging to the interval  

[(  ̂   )
( ) (  ̂   )

( )] . It is to be noted that (  
  )( )(𝑇    ) is uniformly continuous. In the eventuality of 

the fact, that if (  ̂   )
( )    then the function  (  

  )( )(𝑇    ) , the first augmentation coefficient 
attributable to terrestrial organisms, would be absolutely continuous.  

 

Definition of (  ̂   )
( ) (  ̂   )

( ) : 

(D) (  ̂   )
( ) (  ̂   )

( )   are positive constants 

      
(  )

( )

(  ̂   )
( )    

(  )
( )

(  ̂   )
( )    

100 

Definition of ( 𝑃̂   )
( ) ( 𝑄̂   )

( ) : 

(E) There exists two constants ( 𝑃̂   )
( ) and ( 𝑄̂   )

( ) which together 

with   (  ̂   )
( ) (  ̂   )

( ) (𝐴̂  )
( )  and  (  ̂   )

( )  and the constants 

(  )
( ) (  

 )( ) (  )
( ) (  

 )( ) (  )
( )   (  )

( )             
satisfy the inequalities  

 

(  ̂   )
( ) , (  )

( )  (  
 )( )    ( 𝐴̂   )

( )   ( 𝑃̂   )
( ) (  ̂   )

( )-     

 

(  ̂   )
( ) ,  (  )

( )  (  
 )( )    (  ̂   )

( )   ( 𝑄̂   )
( )  (  ̂   )

( )-     

101 

Where we suppose  

(F) (  )
( ) (  

 )( ) (  
  )( ) (  )

( ) (  
 )( ) (  

  )( )                        

(G) The functions (  
  )( ) (  

  )( ) are positive continuous increasing and bounded.  

Definition of (  )
( )   (  )

( ):  

(  
  )( )(𝑇    )  (  )

( )  ( 𝐴̂   )
( )

  102 

(  
  )( )(𝐺    )    (  )

( )  (  
 )( )  (  ̂   )

( )  103 

(H)        (  
  )( ) (𝑇    )  (  )

( ) 104 

       (  
  )( ) ((𝐺  )  )    (  )

( )  105 

Definition of ( 𝐴̂   )
( ) (  ̂   )

( ) : 

Where ( 𝐴̂   )
( ) (  ̂   )

( ) (  )
( )   (  )

( ) are positive constants  and              

106 

They satisfy  Lipschitz condition:  
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 (  
  )( )(𝑇  

   )  (  
  )( )(𝑇    )  (  ̂   )

( ) 𝑇    𝑇  
    (  ̂   )

( )   107 

 (  
  )( )((𝐺  )

   )  (  
  )( )((𝐺  )  )  (  ̂   )

( )  (𝐺  )  (𝐺  )
     (  ̂   )

( )   108 

With the Lipschitz condition, we place a restriction on the behavior of functions (  
  )( )(𝑇  

   )   

and(  
  )( )(𝑇    )  . (𝑇  

   ) and (𝑇    ) are points belonging to the interval  [(  ̂   )
( ) (  ̂   )

( )] . It is 

to be noted that (  
  )( )(𝑇    ) is uniformly continuous. In the eventuality of the fact, that if 

(  ̂   )
( )    then the function  (  

  )( )(𝑇    ) , the first augmentation coefficient attributable to 
terrestrial organisms, would be absolutely continuous.  

 

Definition of (  ̂   )
( ) (  ̂   )

( ) :  

(I) (  ̂   )
( ) (  ̂   )

( )   are positive constants 

      
(  )

( )

(  ̂   )
( )    

(  )
( )

(  ̂   )
( )    

109 

Definition of ( 𝑃̂   )
( ) ( 𝑄̂   )

( ) : 

There exists two constants ( 𝑃̂   )
( ) and ( 𝑄̂   )

( ) which together 

with (  ̂   )
( ) (  ̂   )

( ) (𝐴̂  )
( )    (  ̂   )

( )  and the constants 

(  )
( ) (  

 )( ) (  )
( ) (  

 )( ) (  )
( )   (  )

( )             

  satisfy the inequalities  

 

 

(  ̂   )
( ) , (  )

( )  (  
 )( )    ( 𝐴̂   )

( )   ( 𝑃̂   )
( ) (  ̂   )

( )-     110 

 

(  ̂   )
( ) ,  (  )

( )  (  
 )( )    (  ̂   )

( )   ( 𝑄̂   )
( )  (  ̂   )

( )-     111 

Where we suppose  

(J)    (  )
( ) (  

 )( ) (  
  )( ) (  )

( ) (  
 )( ) (  

  )( )                       

The functions (  
  )( ) (  

  )( ) are positive continuous increasing and bounded. 

Definition of (  )
( )   (  )

( ): 

     (  
  )( )(𝑇    )  (  )

( )  ( 𝐴̂   )
( )  

     (  
  )( )(𝐺    )    (  )

( )  (  
 )( )  (  ̂   )

( ) 

112 

       (  
  )( ) (𝑇    )  (  )

( )  

      (  
  )( ) (𝐺    )    (  )

( )           

 Definition of ( 𝐴̂   )
( ) (  ̂   )

( ) : 

Where ( 𝐴̂   )
( ) (  ̂   )

( ) (  )
( )   (  )

( )  are positive constants   and              

113 

They satisfy  Lipschitz condition: 

 (  
  )( )(𝑇  

   )  (  
  )( )(𝑇    )  (  ̂   )

( ) 𝑇    𝑇  
    (  ̂   )

( )   

 (  
  )( )(𝐺  

   )  (  
  )( )(𝐺    )  (  ̂   )

( )  𝐺   𝐺  
     (  ̂   )

( )   

114 
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With the Lipschitz condition, we place a restriction on the behavior of functions (  
  )( )(𝑇  

   )   

and(  
  )( )(𝑇    )  . (𝑇  

   ) And (𝑇    ) are points belonging to the interval  [(  ̂   )
( ) (  ̂   )

( )] . It is 

to be noted that (  
  )( )(𝑇    ) is uniformly continuous. In the eventuality of the fact, that if 

(  ̂   )
( )    then the function  (  

  )( )(𝑇    ) , the first augmentation coefficient attributable to 
terrestrial organisms, would be absolutely continuous.  

 

Definition of (  ̂   )
( ) (  ̂   )

( ) : 

(K) (  ̂   )
( ) (  ̂   )

( )   are positive constants 

      
(  )

( )

(  ̂   )
( )    

(  )
( )

(  ̂   )
( )    

115 

There exists two constants There exists two constants ( 𝑃̂   )
( ) and ( 𝑄̂   )

( ) which together with 

(  ̂   )
( ) (  ̂   )

( ) (𝐴̂  )
( )    (  ̂   )

( )  and the constants 

(  )
( ) (  

 )( ) (  )
( ) (  

 )( ) (  )
( )   (  )

( )                   
satisfy the inequalities  

 

(  ̂   )
( ) , (  )

( )  (  
 )( )    ( 𝐴̂   )

( )   ( 𝑃̂   )
( ) (  ̂   )

( )-     

 

(  ̂   )
( ) ,  (  )

( )  (  
 )( )    (  ̂   )

( )   ( 𝑄̂   )
( )  (  ̂   )

( )-     

116 

Where we suppose  

(  )
( ) (  

 )( ) (  
  )( ) (  )

( ) (  
 )( ) (  

  )( )                       
 

(L) The functions (  
  )( ) (  

  )( ) are positive continuous increasing and bounded. 
 

Definition of (  )
( )   (  )

( ): 

     (  
  )( )(𝑇    )  (  )

( )  ( 𝐴̂   )
( )  

     (  
  )( )((𝐺  )  )    (  )

( )  (  
 )( )  (  ̂   )

( ) 

117 

  

(M)        (  
  )( ) (𝑇    )  (  )

( ) 

      (  
  )( ) ((𝐺  )  )    (  )

( )         

Definition of ( 𝐴̂   )
( ) (  ̂   )

( ) : 

Where ( 𝐴̂   )
( ) (  ̂   )

( ) (  )
( )   (  )

( )  are positive constants and              

118 

   They satisfy  Lipschitz condition: 

 (  
  )( )(𝑇  

   )  (  
  )( )(𝑇    )  (  ̂   )

( ) 𝑇    𝑇  
    (  ̂   )

( )   

 (  
  )( )((𝐺  )

   )  (  
  )( )((𝐺  )  )  (  ̂   )

( )  (𝐺  )  (𝐺  )
     (  ̂   )

( )   

119 

With the Lipschitz condition, we place a restriction on the behavior of functions (  
  )( )(𝑇  

   )   

and(  
  )( )(𝑇    )  . (𝑇  

   ) and (𝑇    ) are points belonging to the interval  [(  ̂   )
( ) (  ̂   )

( )] . It is 

to be noted that (  
  )( )(𝑇    ) is uniformly continuous. In the eventuality of the fact, that if 
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(  ̂   )
( )    then the function  (  

  )( )(𝑇    ) , the first augmentation coefficient attributable to 

terrestrial organisms, would be absolutely continuous.  

Definition of (  ̂   )
( ) (  ̂   )

( ) : 

(  ̂   )
( ) (  ̂   )

( )   are positive constants 
 

(  )
( )

(  ̂   )
( )    

(  )
( )

(  ̂   )
( )     

120 

Definition of ( 𝑃̂   )
( ) ( 𝑄̂   )

( ) : 

(N) There exists two constants ( 𝑃̂   )
( ) and ( 𝑄̂   )

( ) which together with 

(  ̂   )
( ) (  ̂   )

( ) (𝐴̂  )
( )    (  ̂   )

( )  and the constants 

(  )
( ) (  

 )( ) (  )
( ) (  

 )( ) (  )
( )   (  )

( )             
satisfy the inequalities  

 

(  ̂   )
( ) , (  )

( )  (  
 )( )    ( 𝐴̂   )

( )   ( 𝑃̂   )
( ) (  ̂   )

( )-     

 

(  ̂   )
( ) ,  (  )

( )  (  
 )( )    (  ̂   )

( )   ( 𝑄̂   )
( )  (  ̂   )

( )-     

121 

Where we suppose  

(  )
( ) (  

 )( ) (  
  )( ) (  )

( ) (  
 )( ) (  

  )( )                      

(O) The functions (  
  )( ) (  

  )( ) are positive continuous increasing and bounded. 

Definition of (  )
( )   (  )

( ): 

     (  
  )( )(𝑇    )  (  )

( )  ( 𝐴̂   )
( )  

     (  
  )( )((𝐺  )  )    (  )

( )  (  
 )( )  (  ̂   )

( ) 

122 

  

(P)        (  
  )( ) (𝑇    )  (  )

( ) 

           (  
  )( ) (𝐺    )    (  )

( )           

Definition of ( 𝐴̂   )
( ) (  ̂   )

( ) : 

Where ( 𝐴̂   )
( ) (  ̂   )

( ) (  )
( )   (  )

( )  are positive constants  and              

123 

They satisfy  Lipschitz condition: 

   (  
  )( )(𝑇  

   )  (  
  )( )(𝑇    )  (  ̂   )

( ) 𝑇    𝑇  
    (  ̂   )

( )   

 (  
  )( )((𝐺  )

   )  (  
  )( )((𝐺  )  )  (  ̂   )

( )  (𝐺  )  (𝐺  )
     (  ̂   )

( )   

124 

With the Lipschitz condition, we place a restriction on the behavior of functions (  
  )( )(𝑇  

   )   

and(  
  )( )(𝑇    )  . (𝑇  

   ) and (𝑇    ) are points belonging to the interval  [(  ̂   )
( ) (  ̂   )

( )] . It is 

to be noted that (  
  )( )(𝑇    ) is uniformly continuous. In the eventuality of the fact, that if 

(  ̂   )
( )    then the function  (  

  )( )(𝑇    ) , the first augmentation coefficient attributable to 
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terrestrial organisms, would be absolutely continuous.  

Definition of (  ̂   )
( ) (  ̂   )

( ) : 

(  ̂   )
( ) (  ̂   )

( )   are positive constants 

      
(  )

( )

(  ̂   )
( )    

(  )
( )

(  ̂   )
( )    

125 

Definition of ( 𝑃̂   )
( ) ( 𝑄̂   )

( ) : 

There exists two constants ( 𝑃̂   )
( ) and ( 𝑄̂   )

( ) which together with 

(  ̂   )
( ) (  ̂   )

( ) (𝐴̂  )
( )    (  ̂   )

( )  and the constants 

(  )
( ) (  

 )( ) (  )
( ) (  

 )( ) (  )
( )   (  )

( )                   satisfy the inequalities  
 

 

(  ̂   )
( ) , (  )

( )  (  
 )( )    ( 𝐴̂   )

( )   ( 𝑃̂   )
( ) (  ̂   )

( )-     

 

(  ̂   )
( ) ,  (  )

( )  (  
 )( )    (  ̂   )

( )   ( 𝑄̂   )
( )  (  ̂   )

( )-     

126 

Where we suppose  

(  )
( ) (  

 )( ) (  
  )( ) (  )

( ) (  
 )( ) (  

  )( )                       

(Q) The functions (  
  )( ) (  

  )( ) are positive continuous increasing and bounded. 

Definition of (  )
( )   (  )

( ): 

     (  
  )( )(𝑇    )  (  )

( )  ( 𝐴̂   )
( )  

     (  
  )( )((𝐺  )  )    (  )

( )  (  
 )( )  (  ̂   )

( ) 

127 

  

(R)        (  
  )( ) (𝑇    )  (  )

( ) 

           (  
  )( ) ((𝐺  )  )    (  )

( )           

Definition of ( 𝐴̂   )
( ) (  ̂   )

( ) : 

            Where ( 𝐴̂   )
( ) (  ̂   )

( ) (  )
( )   (  )

( )  are positive constants and              

128 

They satisfy  Lipschitz condition: 

 (  
  )( )(𝑇  

   )  (  
  )( )(𝑇    )  (  ̂   )

( ) 𝑇    𝑇  
    (  ̂   )

( )   

 (  
  )( )((𝐺  )

   )  (  
  )( )((𝐺  )  )  (  ̂   )

( )  (𝐺  )  (𝐺  )
     (  ̂   )

( )   

 

With the Lipschitz condition, we place a restriction on the behavior of functions (  
  )( )(𝑇  

   )   

and(  
  )( )(𝑇    )  . (𝑇  

   ) and (𝑇    ) are points belonging to the interval  [(  ̂   )
( ) (  ̂   )

( )] . It is 

to be noted that (  
  )( )(𝑇    ) is uniformly continuous. In the eventuality of the fact, that if 

(  ̂   )
( )    then the function  (  

  )( )(𝑇    ) , the first augmentation coefficient attributable to 

terrestrial organisms, would be absolutely continuous.  
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Definition of (  ̂   )
( ) (  ̂   )

( ) :  

(  ̂   )
( ) (  ̂   )

( )   are positive constants 

      
(  )

( )

(  ̂   )
( )    

(  )
( )

(  ̂   )
( )    

129 

Definition of ( 𝑃̂   )
( ) ( 𝑄̂   )

( ) : 

There exists two constants ( 𝑃̂   )
( ) and ( 𝑄̂   )

( ) which together with 

(  ̂   )
( ) (  ̂   )

( ) (𝐴̂  )
( )    (  ̂   )

( )  and the constants 

(  )
( ) (  

 )( ) (  )
( ) (  

 )( ) (  )
( )   (  )

( )             
satisfy the inequalities  

 

(  ̂   )
( ) , (  )

( )  (  
 )( )    ( 𝐴̂   )

( )   ( 𝑃̂   )
( ) (  ̂   )

( )-     

 

(  ̂   )
( ) ,  (  )

( )  (  
 )( )    (  ̂   )

( )   ( 𝑄̂   )
( )  (  ̂   )

( )-     

130 

Where we suppose 
 

 

(S) (  )
( ) (  

 )( ) (  
  )( ) (  )

( ) (  
 )( ) (  

  )( )      
                  
 

(T) The functions (  
  )( ) (  

  )( ) are positive continuous increasing and bounded. 

Definition of (  )
( )   (  )

( ): 
 

     (  
  )( )(𝑇    )  (  )

( )  ( 𝐴̂   )
( )  

 

     (  
  )( )(𝐺    )    (  )

( )  (  
 )( )  (  ̂   )

( ) 

131 

  

(U)         (  
  )( ) (𝑇    )  (  )

( ) 

           (  
  )( ) ((𝐺  )  )    (  )

( )           

 
            Definition of ( 𝐴̂   )

( ) (  ̂   )
( ) : 

 

            Where ( 𝐴̂   )
( ) (  ̂   )

( ) (  )
( )   (  )

( )  are positive constants     

              and              

 

132 

           They satisfy  Lipschitz condition: 

          (  
  )( )(𝑇  

   )  (  
  )( )(𝑇    )  (  ̂   )

( ) 𝑇    𝑇  
    (  ̂   )

( )   
 

          (  
  )( )((𝐺  )

   )  (  
  )( )((𝐺  )  )  (  ̂   )

( )  (𝐺  )  (𝐺  )
     (  ̂   )

( )  
 

133 

With the Lipschitz condition, we place a restriction on the behavior of functions (  
  )( )(𝑇  

   )   

and(  
  )( )(𝑇    )  . (𝑇  

   ) and (𝑇    ) are points belonging to the interval  [(  ̂   )
( ) (  ̂   )

( )] . It is 

to be noted that (  
  )( )(𝑇    ) is uniformly continuous. In the eventuality of the fact, that if 

(  ̂   )
( )    then the function  (  

  )( )(𝑇    ) , the first augmentation coefficient attributable to 
terrestrial organisms, would be absolutely continuous.  
 

 

        Definition of (  ̂   )
( ) (  ̂   )

( ) : 
 

(V) (  ̂   )
( ) (  ̂   )

( )   are positive constants 

134 
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(  )

( )

(  ̂   )
( )    

(  )
( )

(  ̂   )
( )    

 
           Definition of ( 𝑃̂   )

( ) ( 𝑄̂   )
( ) : 

 
(W) There exists two constants ( 𝑃̂   )

( ) and ( 𝑄̂   )
( ) which together with 

(  ̂   )
( ) (  ̂   )

( ) (𝐴̂  )
( )    (  ̂   )

( )  and the constants 

(  )
( ) (  

 )( ) (  )
( ) (  

 )( ) (  )
( )   (  )

( )             
       satisfy the inequalities  
 

 

(  ̂   )
( )

, (  )
( )  (  

 )( )    ( 𝐴̂   )
( )   ( 𝑃̂   )

( ) (  ̂   )
( )-    

 
 

(  ̂   )
( )

,  (  )
( )  (  

 )( )    (  ̂   )
( )   ( 𝑄̂   )

( )  (  ̂   )
( )-    

 

135 

Where we suppose 
 

 

A. (  )
( ) (  

 )( ) (  
  )( ) (  )

( ) (  
 )( ) (  

  )( )                       
 
 

136 

B. The functions (  
  )( ) (  

  )( ) are positive continuous increasing and bounded  

Definition of (  )
( )   (  )

( ): 
 

137 

(  
  )( )(𝑇    )  (  )

( )  ( 𝐴̂   )
( )  

 

138 

(  
  )( )((𝐺  )  )    (  )

( )  (  
 )( )  (  ̂   )

( )  139 

C.        (  
  )( ) (𝑇    )  (  )

( )      

      

140 

      (  
  )( ) ((𝐺  )  )    (  )

( )           141 

Definition of ( 𝐴̂   )
( ) (  ̂   )

( ) : 
 

Where ( 𝐴̂   )
( ) (  ̂   )

( ) (  )
( )   (  )

( )  are positive constants and              

 

 

They satisfy  Lipschitz condition: 
 

 

 (  
  )( )(𝑇  

   )  (  
  )( )(𝑇    )  (  ̂   )

( ) 𝑇    𝑇  
    (  ̂   )

( )   
 

142 

 (  
  )( )((𝐺  )

   )  (  
  )( )((𝐺  )  )  (  ̂   )

( )  (𝐺  )  (𝐺  )
     (  ̂   )

( )   
 

143 

With the Lipschitz condition, we place a restriction on the behavior of functions  (  
  )( )(𝑇  

   )    and 

(  
  )( )(𝑇    )  . (𝑇  

   ) and (𝑇    ) are points belonging to the interval  [(  ̂   )
( ) (  ̂   )

( )] . It is to 

be noted that (  
  )( )(𝑇    ) is uniformly continuous. In the eventuality of the fact, that if (  ̂   )

( )    

then the function  (  
  )( )(𝑇    ) , the first augmentation coefficient attributable to terrestrial 

organisms, would be absolutely continuous.  
 

 

Definition of (  ̂   )
( ) (  ̂   )

( ) : 
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D. (  ̂   )
( ) (  ̂   )

( )   are positive constants 
 

 

(  )
( )

(  ̂   )
( )    

(  )
( )

(  ̂   )
( )     

 

144 

Definition of ( 𝑃̂   )
( ) ( 𝑄̂   )

( ) : 
 
E. There exists two constants ( 𝑃̂   )

( ) and ( 𝑄̂   )
( ) which together with 

(  ̂   )
( ) (  ̂   )

( ) (𝐴̂  )
( )   

(  ̂   )
( )  and the constants (  )

( ) (  
 )( ) (  )

( ) (  
 )( ) (  )

( )   (  )
( )                

        Satisfy  the inequalities  
 

 

 

(  ̂   )
( )

, (  )
( )  (  

 )( )    ( 𝐴̂   )
( )   ( 𝑃̂   )

( ) (  ̂   )
( )-    

 

145 

 

(  ̂   )
( )

,  (  )
( )  (  

 )( )    (  ̂   )
( )   ( 𝑄̂   )

( )  (  ̂   )
( )-    

 

146 

  
Theorem 1: if the conditions (A)-(E) above are fulfilled, there exists a solution satisfying the 
conditions 

Definition of   𝐺 ( )  𝑇 ( ) : 

 𝐺 ( )   ( 𝑃̂   )
( )

 (  ̂   )
( )    ,      𝐺 ( )  𝐺 

    

𝑇 ( )   ( 𝑄̂   )
( ) (  ̂   )

( )      ,       𝑇 ( )  𝑇 
    

147 

Theorem  2 : if the conditions (A)-(E) above are fulfilled, there exists a solution satisfying the 
conditions 

Definition of   𝐺 ( )  𝑇 ( ) 

 𝐺 ( )   ( 𝑃̂   )
( ) (  ̂   )

( )    ,      𝐺 ( )  𝐺 
    

𝑇 ( )   ( 𝑄̂   )
( ) (  ̂   )

( )      ,       𝑇 ( )  𝑇 
    

148 

Theorem 3  : if the conditions (A)-(E) above are fulfilled, there exists a solution satisfying the 
conditions 

 𝐺 ( )   ( 𝑃̂   )
( ) (  ̂   )

( )    ,      𝐺 ( )  𝐺 
    

𝑇 ( )   ( 𝑄̂   )
( ) (  ̂   )

( )      ,       𝑇 ( )  𝑇 
    

149 

Theorem 4  : if the conditions (A)-(E) above are fulfilled, there exists a solution satisfying the 

conditions 

Definition of   𝐺 ( )  𝑇 ( ) : 

 𝐺 ( )   ( 𝑃̂   )
( )

 (  ̂   )
( )    ,      𝐺 ( )  𝐺 

    

𝑇 ( )   ( 𝑄̂   )
( ) (  ̂   )

( )      ,       𝑇 ( )  𝑇 
                                         

150 
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Theorem 5 : if the conditions (A)-(E) above are fulfilled, there exists a solution satisfying the 

conditions 

Definition of   𝐺 ( )  𝑇 ( ) : 

 𝐺 ( )   ( 𝑃̂   )
( )

 (  ̂   )
( )    ,      𝐺 ( )  𝐺 

    

𝑇 ( )   ( 𝑄̂   )
( ) (  ̂   )

( )      ,       𝑇 ( )  𝑇 
    

151 

Theorem 6 : if the conditions (A)-(E) above are fulfilled, there exists a solution satisfying the 

conditions 

Definition of   𝐺 ( )  𝑇 ( ) : 

 𝐺 ( )   ( 𝑃̂   )
( )

 (  ̂   )
( )    ,      𝐺 ( )  𝐺 

    

𝑇 ( )   ( 𝑄̂   )
( ) (  ̂   )

( )      ,       𝑇 ( )  𝑇 
    

152 

Theorem 7: if the conditions (A)-(E) above are fulfilled, there exists a solution satisfying the 
conditions 
 
          Definition of   𝐺 ( )  𝑇 ( ) : 
 

 𝐺 ( )   ( 𝑃̂   )
( )

 (  ̂   )
( )    ,      𝐺 ( )  𝐺 

    

𝑇 ( )   ( 𝑄̂   )
( ) (  ̂   )

( )      ,       𝑇 ( )  𝑇 
    

 

153 

Theorem 8: if the conditions (A)-(E) above are fulfilled, there exists a solution satisfying the 
conditions 
 
Definition of   𝐺 ( )  𝑇 ( ) : 
 

 𝐺 ( )   ( 𝑃̂   )
( )

 (  ̂   )
( )    ,      𝐺 ( )  𝐺 

    

𝑇 ( )   ( 𝑄̂   )
( ) (  ̂   )

( )      , 𝑇 ( )  𝑇 
    

 

 

Proof: Consider operator   ( )  defined on the space of sextuples of continuous functions 𝐺    𝑇 :    
   which satisfy                                           

154 

𝐺 ( )  𝐺 
    𝑇 ( )  𝑇 

    𝐺 
  ( 𝑃̂   )

( )  𝑇 
  ( 𝑄̂   )

( )    155 

  𝐺 ( )  𝐺 
  ( 𝑃̂   )

( ) (  ̂   )
( )     156 

  𝑇 ( )  𝑇 
  ( 𝑄̂   )

( ) (  ̂   )
( )   157 

By 

𝐺̅  ( )  𝐺  
   ∫ 0(   )

( )𝐺  ( (  ))   .(   
 )( )     

  )( )(𝑇  ( (  ))  (  ))/ 𝐺  ( (  ))1   (  )
 

 
  

158 
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 𝐺̅  ( )  𝐺  
   ∫ 0(   )

( )𝐺  ( (  ))  .(   
 )( )  (   

  )( )(𝑇  ( (  ))  (  ))/𝐺  ( (  ))1   (  ) 
 

 
   

𝐺̅  ( )  𝐺  
   ∫ 0(   )

( )𝐺  ( (  ))  .(   
 )( )  (   

  )( )(𝑇  ( (  ))  (  ))/ 𝐺  ( (  ))1   (  ) 
 

 
   

𝑇̅  ( )  𝑇  
  ∫ 0(   )

( )𝑇  ( (  ))   .(   
 )( )   (   

  )( )(𝐺( (  ))  (  ))/ 𝑇  ( (  ))1   (  )
 

 
   

𝑇̅  ( )  𝑇  
  ∫ 0(   )

( )𝑇  ( (  ))   .(   
 )( )   (   

  )( )(𝐺( (  ))  (  ))/ 𝑇  ( (  ))1   (  )
 

 
   

 ̅  ( )     
  ∫ 0(   )

( )𝑇  ( (  ))   .(   
 )( )   (   

  )( )(𝐺( (  ))  (  ))/ 𝑇  ( (  ))1   (  )
 

 
  

Where  (  )  is the integrand that is integrated over an interval (   ) 

 

Proof:  

Consider operator   ( )  defined on the space of sextuples of continuous functions 𝐺    𝑇 :       
which satisfy             
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𝐺 ( )  𝐺 
    𝑇 ( )  𝑇 

    𝐺 
  ( 𝑃̂   )

( )  𝑇 
  ( 𝑄̂   )

( )     

  𝐺 ( )  𝐺 
  ( 𝑃̂   )

( ) (  ̂   )
( )      

  𝑇 ( )  𝑇 
  ( 𝑄̂   )

( ) (  ̂   )
( )    

By 

𝐺̅  ( )  𝐺  
   ∫ 0(   )

( )𝐺  ( (  ))   .(   
 )( )     

  )( )(𝑇  ( (  ))  (  ))/ 𝐺  ( (  ))1   (  )
 

 
  

160 

𝐺̅  ( )  𝐺  
  ∫ 0(   )

( )𝐺  ( (  ))  .(   
 )( )  (   

  )( )(𝑇  ( (  ))  (  ))/ 𝐺  ( (  ))1   (  ) 
 

 
   

𝐺̅  ( )  𝐺  
  ∫ 0(   )

( )𝐺  ( (  ))  .(   
 )( )  (   

  )( )(𝑇  ( (  ))  (  ))/ 𝐺  ( (  ))1   (  ) 
 

 
   

𝑇̅  ( )  𝑇  
  ∫ 0(   )

( )𝑇  ( (  ))   .(   
 )( )   (   

  )( )(𝐺( (  ))  (  ))/ 𝑇  ( (  ))1   (  )
 

 
   

𝑇̅  ( )  𝑇  
  ∫ 0(   )

( )𝑇  ( (  ))   .(   
 )( )   (   

  )( )(𝐺( (  ))  (  ))/ 𝑇  ( (  ))1   (  )
 

 
   

𝑇̅  ( )  𝑇  
  ∫ 0(   )

( )𝑇  ( (  ))   .(   
 )( )   (   

  )( )(𝐺( (  ))  (  ))/ 𝑇  ( (  ))1   (  )
 

 
  

Where  (  )  is the integrand that is integrated over an interval (   ) 

 

Proof:  

Consider operator   ( )  defined on the space of sextuples of continuous functions 𝐺    𝑇 :       
which satisfy         

 

𝐺 ( )  𝐺 
    𝑇 ( )  𝑇 

    𝐺 
  ( 𝑃̂   )

( )  𝑇 
  ( 𝑄̂   )

( )     

  𝐺 ( )  𝐺 
  ( 𝑃̂   )

( ) (  ̂   )
( )      

  𝑇 ( )  𝑇 
  ( 𝑄̂   )

( ) (  ̂   )
( )    
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By 

𝐺̅  ( )  𝐺  
   ∫ 0(   )

( )𝐺  ( (  ))   .(   
 )( )     

  )( )(𝑇  ( (  ))  (  ))/ 𝐺  ( (  ))1   (  )
 

 
  

161 

 𝐺̅  ( )  𝐺  
  ∫ 0(   )

( )𝐺  ( (  ))  .(   
 )( )  (   

  )( )(𝑇  ( (  ))  (  ))/𝐺  ( (  ))1   (  ) 
 

 
   

𝐺̅  ( )  𝐺  
   ∫ 0(   )

( )𝐺  ( (  ))  .(   
 )( )  (   

  )( )(𝑇  ( (  ))  (  ))/ 𝐺  ( (  ))1   (  ) 
 

 
   

𝑇̅  ( )  𝑇  
  ∫ 0(   )

( )𝑇  ( (  ))   .(   
 )( )   (   

  )( )(𝐺( (  ))  (  ))/ 𝑇  ( (  ))1   (  )
 

 
   

𝑇̅  ( )  𝑇  
  ∫ 0(   )

( )𝑇  ( (  ))   .(   
 )( )   (   

  )( )(𝐺( (  ))  (  ))/ 𝑇  ( (  ))1   (  )
 

 
   

 ̅  ( )     
   ∫ 0(   )

( )𝑇  ( (  ))   .(   
 )( )   (   

  )( )(𝐺( (  ))  (  ))/ 𝑇  ( (  ))1   (  )
 

 
  

Where  (  )  is the integrand that is integrated over an interval (   ) 

 

Proof: Consider operator   ( )  defined on the space of sextuples of continuous functions 𝐺    𝑇 :    

   which satisfy                               

 

𝐺 ( )  𝐺 
    𝑇 ( )  𝑇 

    𝐺 
  ( 𝑃̂   )

( )  𝑇 
  ( 𝑄̂   )

( )     

  𝐺 ( )  𝐺 
  ( 𝑃̂   )

( ) (  ̂   )
( )      

  𝑇 ( )  𝑇 
  ( 𝑄̂   )

( ) (  ̂   )
( )    

By 

𝐺̅  ( )  𝐺  
   ∫ 0(   )

( )𝐺  ( (  ))   .(   
 )( )     

  )( )(𝑇  ( (  ))  (  ))/ 𝐺  ( (  ))1   (  )
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 𝐺̅  ( )  𝐺  
  ∫ 0(   )

( )𝐺  ( (  ))  .(   
 )( )  (   

  )( )(𝑇  ( (  ))  (  ))/𝐺  ( (  ))1   (  ) 
 

 
   

𝐺̅  ( )  𝐺  
  ∫ 0(   )

( )𝐺  ( (  ))  .(   
 )( )  (   

  )( )(𝑇  ( (  ))  (  ))/ 𝐺  ( (  ))1   (  ) 
 

 
   

𝑇̅  ( )  𝑇  
  ∫ 0(   )

( )𝑇  ( (  ))   .(   
 )( )   (   

  )( )(𝐺( (  ))  (  ))/ 𝑇  ( (  ))1   (  )
 

 
    

𝑇̅  ( )  𝑇  
  ∫ 0(   )

( )𝑇  ( (  ))   .(   
 )( )   (   

  )( )(𝐺( (  ))  (  ))/ 𝑇  ( (  ))1   (  )
 

 
   

 ̅  ( )     
  ∫ 0(   )

( )𝑇  ( (  ))   .(   
 )( )   (   

  )( )(𝐺( (  ))  (  ))/ 𝑇  ( (  ))1   (  )
 

 
  

Where  (  )  is the integrand that is integrated over an interval (   ) 

 

Proof: Consider operator   ( )  defined on the space of sextuples of continuous functions 𝐺    𝑇 :    

   which satisfy               

 

𝐺 ( )  𝐺 
    𝑇 ( )  𝑇 

    𝐺 
  ( 𝑃̂   )

( )  𝑇 
  ( 𝑄̂   )

( )     

  𝐺 ( )  𝐺 
  ( 𝑃̂   )

( ) (  ̂   )
( )      
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  𝑇 ( )  𝑇 
  ( 𝑄̂   )

( ) (  ̂   )
( )    

By 

𝐺̅  ( )  𝐺  
   ∫ 0(   )

( )𝐺  ( (  ))   .(   
 )( )     

  )( )(𝑇  ( (  ))  (  ))/ 𝐺  ( (  ))1   (  )
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 𝐺̅  ( )  𝐺  
  ∫ 0(   )

( )𝐺  ( (  ))  .(   
 )( )  (   

  )( )(𝑇  ( (  ))  (  ))/ 𝐺  ( (  ))1   (  ) 
 

 
   

𝐺̅  ( )  𝐺  
  ∫ 0(   )

( )𝐺  ( (  ))  .(   
 )( )  (   

  )( )(𝑇  ( (  ))  (  ))/ 𝐺  ( (  ))1   (  ) 
 

 
   

𝑇̅  ( )  𝑇  
  ∫ 0(   )

( )𝑇  ( (  ))   .(   
 )( )   (   

  )( )(𝐺( (  ))  (  ))/ 𝑇  ( (  ))1   (  )
 

 
   

𝑇̅  ( )  𝑇  
  ∫ 0(   )

( )𝑇  ( (  ))   .(   
 )( )   (   

  )( )(𝐺( (  ))  (  ))/ 𝑇  ( (  ))1   (  )
 

 
   

 ̅  ( )     
   ∫ 0(   )

( )𝑇  ( (  ))   .(   
 )( )   (   

  )( )(𝐺( (  ))  (  ))/ 𝑇  ( (  ))1   (  )
 

 
 

Where  (  )  is the integrand that is integrated over an interval (   ) 

 

Proof:  

Consider operator   ( )  defined on the space of sextuples of continuous functions 𝐺    𝑇 :       

which satisfy      

 

𝐺 ( )  𝐺 
    𝑇 ( )  𝑇 

    𝐺 
  ( 𝑃̂   )

( )  𝑇 
  ( 𝑄̂   )

( )      

  𝐺 ( )  𝐺 
  ( 𝑃̂   )

( ) (  ̂   )
( )      

  𝑇 ( )  𝑇 
  ( 𝑄̂   )

( ) (  ̂   )
( )    

By 

𝐺̅  ( )  𝐺  
   ∫ 0(   )

( )𝐺  ( (  ))   .(   
 )( )     

  )( )(𝑇  ( (  ))  (  ))/ 𝐺  ( (  ))1   (  )
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 𝐺̅  ( )  𝐺  
  ∫ 0(   )

( )𝐺  ( (  ))  .(   
 )( )  (   

  )( )(𝑇  ( (  ))  (  ))/𝐺  ( (  ))1   (  ) 
 

 
   

𝐺̅  ( )  𝐺  
  ∫ 0(   )

( )𝐺  ( (  ))  .(   
 )( )  (   

  )( )(𝑇  ( (  ))  (  ))/ 𝐺  ( (  ))1   (  ) 
 

 
   

𝑇̅  ( )  𝑇  
  ∫ 0(   )

( )𝑇  ( (  ))   .(   
 )( )   (   

  )( )(𝐺( (  ))  (  ))/ 𝑇  ( (  ))1   (  )
 

 
   

𝑇̅  ( )  𝑇  
  ∫ 0(   )

( )𝑇  ( (  ))   .(   
 )( )   (   

  )( )(𝐺( (  ))  (  ))/ 𝑇  ( (  ))1   (  )
 

 
   

 ̅  ( )     
   ∫ 0(   )

( )𝑇  ( (  ))   .(   
 )( )   (   

  )( )(𝐺( (  ))  (  ))/ 𝑇  ( (  ))1   (  )
 

 
 

Where  (  )  is the integrand that is integrated over an interval (   ) 
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Proof:  
Consider operator   ( )  defined on the space of sextuples of continuous functions 𝐺    𝑇 :       
which satisfy                                 

 

𝐺 ( )  𝐺 
    𝑇 ( )  𝑇 

    𝐺 
  ( 𝑃̂   )

( )  𝑇 
  ( 𝑄̂   )

( )    
 

 

  𝐺 ( )  𝐺 
  ( 𝑃̂   )

( ) (  ̂   )
( )    

  

 

  𝑇 ( )  𝑇 
  ( 𝑄̂   )

( ) (  ̂   )
( )    

By 
 

𝐺̅  ( )  𝐺  
   ∫ 0(   )

( )𝐺  ( (  ))   .(   
 )( )     

  )( )(𝑇  ( (  ))  (  ))/ 𝐺  ( (  ))1   (  )
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 𝐺̅  ( )  𝐺  
  ∫ 0(   )

( )𝐺  ( (  ))  .(   
 )( )  (   

  )( )(𝑇  ( (  ))  (  ))/𝐺  ( (  ))1   (  ) 
 

 
  

 

 

𝐺̅  ( )  𝐺  
   ∫ 0(   )

( )𝐺  ( (  ))  .(   
 )( )  (   

  )( )(𝑇  ( (  ))  (  ))/ 𝐺  ( (  ))1   (  ) 
 

 
  

 

 

 

𝑇̅  ( )  𝑇  
  ∫ 0(   )

( )𝑇  ( (  ))   .(   
 )( )   (   

  )( )(𝐺( (  ))  (  ))/ 𝑇  ( (  ))1   (  )
 

 
  

 

 

𝑇̅  ( )  𝑇  
  ∫ 0(   )

( )𝑇  ( (  ))   .(   
 )( )   (   

  )( )(𝐺( (  ))  (  ))/ 𝑇  ( (  ))1   (  )
 

 
  

 

 

 ̅  ( )     
   ∫ 0(   )

( )𝑇  ( (  ))   .(   
 )( )   (   

  )( )(𝐺( (  ))  (  ))/ 𝑇  ( (  ))1   (  )
 

 
  

 
Where  (  )  is the integrand that is integrated over an interval (   ) 

 

 

  
Proof:  
 
Consider operator   ( )  defined on the space of sextuples of continuous functions 𝐺    𝑇 :       
which satisfy                                 
 

 

𝐺 ( )  𝐺 
    𝑇 ( )  𝑇 

    𝐺 
  ( 𝑃̂   )

( )  𝑇 
  ( 𝑄̂   )

( )    
 

 

  𝐺 ( )  𝐺 
  ( 𝑃̂   )

( ) (  ̂   )
( )    

  

 

  𝑇 ( )  𝑇 
  ( 𝑄̂   )

( ) (  ̂   )
( )    

By 
 

𝐺̅  ( )  𝐺  
   ∫ 0(   )

( )𝐺  ( (  ))   .(   
 )( )     

  )( )(𝑇  ( (  ))  (  ))/𝐺  ( (  ))1   (  )
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𝐺̅  ( )  𝐺  
  ∫ 0(   )

( )𝐺  ( (  ))  .(   
 )( )  (   

  )( )(𝑇  ( (  ))  (  ))/𝐺  ( (  ))1   (  ) 
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𝐺̅  ( )  𝐺  
  ∫ 0(   )

( )𝐺  ( (  ))  .(   
 )( )  (   

  )( )(𝑇  ( (  ))  (  ))/𝐺  ( (  ))1   (  ) 
 

 
  

 
 

 

𝑇̅  ( )  𝑇  
  ∫ 0(   )

( )𝑇  ( (  ))   .(   
 )( )   (   

  )( )(𝐺( (  ))  (  ))/ 𝑇  ( (  ))1   (  )
 

 
  

 

 

𝑇̅  ( )  𝑇  
  ∫ 0(   )

( )𝑇  ( (  ))   .(   
 )( )   (   

  )( )(𝐺( (  ))  (  ))/ 𝑇  ( (  ))1   (  )
 

 
   

 ̅  ( )     
  ∫ 0(   )

( )𝑇  ( (  ))   .(   
 )( )   (   

  )( )(𝐺( (  ))  (  ))/ 𝑇  ( (  ))1   (  )
 

 
  

 
Where  (  )  is the integrand that is integrated over an interval (   ) 

 

 

  
The operator  ( ) maps the space of functions satisfying Equations into itself .Indeed it is obvious 
that 

 𝐺  ( )  𝐺  
  ∫ 0(   )

( ) .𝐺  
  ( 𝑃̂   )

( ) (  ̂   )
( ) (  )/1 

 

 
  (  )    

           (  (   )
( ) )𝐺  

  
(   )

( )(  ̂   )
( )

(  ̂   )
( ) . (  ̂   )

( )   /  
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 From which it follows that 

(𝐺  ( )  𝐺  
 )  (  ̂   )

( )  
(   )

( )

(  ̂   )
( ) [(( 𝑃̂   )

( )  𝐺  
 ) 

(  
(  ̂   )( )    

 

   
 )

 ( 𝑃̂   )
( )]  

(𝐺 
 ) is as defined in the statement of theorem 1 

168 

Analogous inequalities hold also for  𝐺    𝐺   𝑇   𝑇   𝑇    

The operator  ( ) maps the space of functions satisfying Equations into itself .Indeed it is obvious 
that 

 

 𝐺  ( )  𝐺  
  ∫ 0(   )

( ) .𝐺  
  ( 𝑃̂   )

( ) (  ̂   )
( ) (  )/1 

 

 
  (  )  

(  (   )
( ) )𝐺  

  
(   )

( )(  ̂   )
( )

(  ̂   )
( ) . (  ̂   )

( )   /  
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 From which it follows that 

(𝐺  ( )  𝐺  
 )  (  ̂   )

( )  
(   )

( )

(  ̂   )
( ) [(( 𝑃̂   )

( )  𝐺  
 ) 

(  
(  ̂   )( )    

 

   
 )

 ( 𝑃̂   )
( )]  

170 

Analogous inequalities hold also for  𝐺    𝐺   𝑇   𝑇   𝑇    

The operator  ( ) maps the space of functions satisfying Equations into itself .Indeed it is obvious 
that 

 𝐺  ( )  𝐺  
  ∫ 0(   )

( ) .𝐺  
  ( 𝑃̂   )

( ) (  ̂   )
( ) (  )/1 

 

 
  (  )    

           (  (   )
( ) )𝐺  

  
(   )

( )(  ̂   )
( )

(  ̂   )
( ) . (  ̂   )

( )   /  

171 

 From which it follows that 172 
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(𝐺  ( )  𝐺  
 )  (  ̂   )

( )  
(   )

( )

(  ̂   )
( ) [(( 𝑃̂   )

( )  𝐺  
 ) 

(  
(  ̂   )( )    

 

   
 )

 ( 𝑃̂   )
( )]  

Analogous inequalities hold also for  𝐺    𝐺   𝑇   𝑇   𝑇    

The operator  ( ) maps the space of functions satisfying into itself .Indeed it is obvious that 

 𝐺  ( )  𝐺  
  ∫ 0(   )

( ) .𝐺  
  ( 𝑃̂   )

( ) (  ̂   )
( ) (  )/1 

 

 
  (  )    

           (  (   )
( ) )𝐺  

  
(   )

( )(  ̂   )
( )

(  ̂   )
( ) . (  ̂   )

( )   /  

173 

 From which it follows that 

(𝐺  ( )  𝐺  
 )  (  ̂   )

( )  
(   )

( )

(  ̂   )
( ) [(( 𝑃̂   )

( )  𝐺  
 ) 

(  
(  ̂   )( )    

 

   
 )

 ( 𝑃̂   )
( )]  

(𝐺 
 ) is as defined in the statement of theorem 4 

174 

The operator  ( ) maps the space of functions satisfying Equations into itself .Indeed it is obvious 
that 

 𝐺  ( )  𝐺  
  ∫ 0(   )

( ) .𝐺  
  ( 𝑃̂   )

( ) (  ̂   )
( ) (  )/1 

 

 
  (  )    

           (  (   )
( ) )𝐺  

  
(   )

( )(  ̂   )
( )

(  ̂   )
( ) . (  ̂   )

( )   /  

 

 From which it follows that 

(𝐺  ( )  𝐺  
 )  (  ̂   )

( )  
(   )

( )

(  ̂   )
( ) [(( 𝑃̂   )

( )  𝐺  
 ) 

(  
(  ̂   )( )    

 

   
 )

 ( 𝑃̂   )
( )]  

(𝐺 
 ) is as defined in the statement of theorem 5 

175 

The operator  ( ) maps the space of functions satisfying Equations into itself .Indeed it is obvious 
that 

  

 𝐺  ( )  𝐺  
  ∫ 0(   )

( ) .𝐺  
  ( 𝑃̂   )

( ) (  ̂   )
( ) (  )/1 

 

 
  (  )    

           (  (   )
( ) )𝐺  

  
(   )

( )(  ̂   )
( )

(  ̂   )
( ) . (  ̂   )

( )   /  

176 

 From which it follows that 

(𝐺  ( )  𝐺  
 )  (  ̂   )

( )  
(   )

( )

(  ̂   )
( ) [(( 𝑃̂   )

( )  𝐺  
 ) 

(  
(  ̂   )( )    

 

   
 )

 ( 𝑃̂   )
( )]  

(𝐺 
 ) is as defined in the statement of theorem 6 

Analogous inequalities hold also for  𝐺    𝐺   𝑇   𝑇   𝑇   

177 
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(a) The operator  ( ) maps the space of functions satisfying Equations into itself .Indeed it is obvious 
that 
 

 𝐺  ( )  𝐺  
  ∫ 0(   )

( ) .𝐺  
  ( 𝑃̂   )

( ) (  ̂   )
( ) (  )/1 

 

 
  (  )    

           (  (   )
( ) )𝐺  

  
(   )

( )(  ̂   )
( )

(  ̂   )
( ) . (  ̂   )

( )   /  

 

178 

 
 From which it follows that 

(𝐺  ( )  𝐺  
 )  (  ̂   )

( )  
(   )

( )

(  ̂   )
( ) [(( 𝑃̂   )

( )  𝐺  
 ) 

(  
(  ̂   )( )    

 

   
 )

 ( 𝑃̂   )
( )]  

(𝐺 
 ) is as defined in the statement of theorem 7 

 

 

Analogous inequalities hold also for  𝐺    𝐺   𝑇   𝑇   𝑇   
 
 

179 

The operator  ( ) maps the space of functions satisfying Equations into itself .Indeed it is obvious 
that 

 

 𝐺  ( )  𝐺  
  ∫ 0(   )

( ) .𝐺  
  ( 𝑃̂   )

( ) (  ̂   )
( ) (  )/1 

 

 
  (  )    

           (  (   )
( ) )𝐺  

  
(   )

( )(  ̂   )
( )

(  ̂   )
( ) . (  ̂   )

( )   /  

 

180 

 From which it follows that 

(𝐺  ( )  𝐺  
 )  (  ̂   )

( )  
(   )

( )

(  ̂   )
( ) [(( 𝑃̂   )

( )  𝐺  
 ) 

(  
(  ̂   )( )    

 

   
 )

 ( 𝑃̂   )
( )]  

(𝐺 
 ) is as defined in the statement of theorem 8 

Analogous inequalities hold also for  𝐺    𝐺   𝑇   𝑇   𝑇   
 

181 

  

It is now sufficient to take 
(  )

( )

(  ̂   )
( )    

(  )
( )

(  ̂   )
( )     and to choose 

(  ̂   )
( )     (  ̂   )

( ) large to have 

182 

(  )
( )

( ̂  )
( ) [( 𝑃̂  )

( )  (( 𝑃̂   )
( )  𝐺 

 ) 
 (

(  ̂   )( )   
 

  
 )

]  ( 𝑃̂   )
( )  

183 

(  )
( )

( ̂  )
( ) [(( 𝑄̂   )

( )  𝑇 
 ) 

 (  
(  ̂   )

( )   
 

  
 )

 ( 𝑄̂   )
( )]  ( 𝑄̂   )

( )  

184 

In order that the operator  ( ) transforms the space of sextuples of functions 𝐺   𝑇  satisfying 
Equations into itself 

 

The operator  ( ) is a contraction with respect to the metric  

 .(𝐺( ) 𝑇( )) (𝐺( ) 𝑇( ))/    

185 
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*   
    

 

 |𝐺 
( )( )  𝐺 

( )( )|  ( ̂  )
( )     

    
 |𝑇 

( )( )  𝑇 
( )( )|  ( ̂  )

( ) +  

 Indeed if we denote   

Definition of 𝐺̃ 𝑇̃ : ( 𝐺̃ 𝑇̃ )   ( )(𝐺 𝑇) 

It results 

|𝐺̃  
( )  𝐺̃ 

( )|  ∫ (   )
( ) 

 
|𝐺  

( )  𝐺  
( )|  (  ̂  )

( ) (  ) (  ̂  )
( ) (  )   (  )    

∫ *(   
 )( )|𝐺  

( )  𝐺  
( )|  (  ̂  )

( ) (  )  (  ̂  )
( ) (  )

 

 
   

(   
  )( )(𝑇  

( )  (  ))|𝐺  
( )  𝐺  

( )|  (  ̂  )
( ) (  ) (  ̂  )

( ) (  )   

𝐺  
( ) (   

  )( )(𝑇  
( )  (  ))  (   

  )( )(𝑇  
( )  (  ))    

 (  ̂  )
( ) (  ) (  ̂  )

( ) (  )+  (  )  

Where  (  ) represents integrand that is integrated over the interval ,   - 

From the hypotheses it follows 

 

|𝐺( )  𝐺( )|  (  ̂  )
( )  

 

(  ̂  )
( ) ((   )

( )   (   
 )( )  ( 𝐴̂  )

( )  ( 𝑃̂  )
( )(  ̂  )

( )) .(𝐺( ) 𝑇( )  𝐺( ) 𝑇( ))/  

And analogous inequalities for 𝐺      𝑇 . Taking into account the hypothesis the result follows 

186 

Remark 1: The fact that we supposed (   
  )( )     (   

  )( ) depending also on   can be considered as 
not conformal with the reality, however we have put this hypothesis ,in order that we can postulate 
condition necessary to prove the uniqueness of the solution bounded by 

( 𝑃̂  )
( ) (  ̂  )

( )      ( 𝑄̂  )
( ) (  ̂  )

( )  respectively of   . 

If instead of proving the existence of the solution on   , we have to prove it only on a compact then it 

suffices to consider that (  
  )( )     (  

  )( )            depend only on     and respectively on 
𝐺(             ) and hypothesis can replaced by a usual Lipschitz condition. 

 

Remark 2: There does not exist any    where 𝐺  ( )        𝑇  ( )      

From 19 to 24 it results  

𝐺  ( )  𝐺 
  0 ∫ {(  

 )( ) (  
  )( )(   ( (  ))  (  ))}  (  )

 
 1     

𝑇  ( )  𝑇 
  ( (  

 )( ) )      for     

 

Definition of  ((  ̂  )
( ))

 
  ((  ̂  )

( ))
 
     ((  ̂  )

( ))
 

 : 

Remark 3: if 𝐺   is bounded, the same property have also  𝐺       𝐺   . indeed if  

𝐺   (  ̂  )
( ) it follows 

    

  
 ((  ̂  )

( ))
 
 (   

 )( )𝐺   and by integrating  

𝐺   ((  ̂  )
( ))

 
 𝐺  

   (   )
( )((  ̂  )

( ))
 
 (   

 )( )  

In the same way , one can obtain 

187 
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𝐺   ((  ̂  )
( ))

 
 𝐺  

   (   )
( )((  ̂  )

( ))
 
 (   

 )( )  

 If 𝐺      𝐺    is bounded, the same property follows for 𝐺     𝐺   and  𝐺     𝐺   respectively. 

Remark 4: If 𝐺       bounded, from below, the same property holds for 𝐺       𝐺   .  The proof is 
analogous with the preceding one. An analogous property is true if 𝐺   is bounded from below. 

188 

 Remark 5: If       is bounded from below and       ((  
  )( ) (𝐺( )  ))  (   

 )( ) then 𝑇     . 

Definition of  ( )( )        : 

Indeed let     be so that for        

(   )
( )  (  

  )( )(𝐺( )  )     𝑇   ( )  ( )( )  

189 

Then  
     

  
 (   )

( )( )( )    𝑇   which leads to  

𝑇    .
(   )

( )( )( )

  
/ (       )  𝑇  

        If we take    such that         
 

 
  it results  

𝑇    .
(   )

( )( )( )

 
/           

 

  
  By taking now      sufficiently small one sees that      is unbounded. 

The same property holds for 𝑇    if       (   
  )( ) (𝐺( )  )  (   

 )( ) 

We now state a more precise theorem about the behaviors at infinity of the solutions of  equations  

 

It is now sufficient to take 
(  )

( )

(  ̂   )
( )    

(  )
( )

(  ̂   )
( )     and to choose 

( 𝑃̂   )
( )     ( 𝑄̂   )

( ) large to have 

190 

(  )
( )

( ̂  )
( ) [( 𝑃̂  )

( )  (( 𝑃̂   )
( )  𝐺 

 ) 
 (

(  ̂   )( )   
 

  
 )

]  ( 𝑃̂   )
( )  

191 

(  )
( )

( ̂  )
( ) [(( 𝑄̂   )

( )  𝑇 
 ) 

 (  
(  ̂   )

( )   
 

  
 )

 ( 𝑄̂   )
( )]  ( 𝑄̂   )

( )  

192 

In order that the operator  ( ) transforms the space of sextuples of functions 𝐺   𝑇  satisfying 
Equations into itself 

193 

The operator  ( ) is a contraction with respect to the metric  

 .((𝐺  )
( ) (𝑇  )

( )) ((𝐺  )
( ) (𝑇  )

( ))/    

   
 

*   
    

 

 |𝐺 
( )( )  𝐺 

( )( )|  ( ̂  )
( )     

    
 |𝑇 

( )( )  𝑇 
( )( )|  ( ̂  )

( ) +  

194 

Indeed if we denote   

Definition of 𝐺  ̃ 𝑇  ̃ :   ( 𝐺  ̃ 𝑇  ̃ )   ( )(𝐺   𝑇  ) 

195 

It results 196 
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|𝐺̃  
( )  𝐺̃ 

( )|  ∫ (   )
( ) 

 
|𝐺  

( )  𝐺  
( )|  (  ̂  )

( ) (  ) (  ̂  )
( ) (  )   (  )    

∫ *(   
 )( )|𝐺  

( )  𝐺  
( )|  (  ̂  )

( ) (  )  (  ̂  )
( ) (  )

 

 
   

(   
  )( )(𝑇  

( )  (  ))|𝐺  
( )  𝐺  

( )|  (  ̂  )
( ) (  ) (  ̂  )

( ) (  )   

𝐺  
( ) (   

  )( )(𝑇  
( )  (  ))  (   

  )( )(𝑇  
( )  (  ))    

 (  ̂  )
( ) (  ) (  ̂  )

( ) (  )+  (  )  

Where  (  ) represents integrand that is integrated over the interval ,   - 

From the hypotheses it follows 
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|(𝐺  )
( )  (𝐺  )

( )|  (  ̂  )
( )  

 

(  ̂  )
( ) ((   )

( )   (   
 )( )  (  ̂  )

( )  (  ̂  )
( )(  ̂  )

( )) .((𝐺  )
( ) (𝑇  )

( )  (𝐺  )
( ) (𝑇  )

( ))/  

 

And analogous inequalities for          . Taking into account the hypothesis the result follows 198 

Remark 6: The fact that we supposed (   
  )( )     (   

  )( ) depending also on   can be considered as 
not conformal with the reality, however we have put this hypothesis ,in order that we can postulate 
condition necessary to prove the uniqueness of the solution bounded by 

(  ̂  )
( ) (  ̂  )

( )      (  ̂  )
( ) (  ̂  )

( )  respectively of   . 

If instead of proving the existence of the solution on   , we have to prove it only on a compact then it 

suffices to consider that (  
  )( )     (  

  )( )            depend only on     and respectively on 
(𝐺  )(             ) and hypothesis can replaced by a usual Lipschitz condition. 

199 

Remark 7: There does not exist any    where    ( )           ( )      

it results  

   ( )    
  0 ∫ {(  

 )( ) (  
  )( )(   ( (  ))  (  ))}  (  )

 
 1     

   ( )    
  ( (  

 )( ) )      for     

200 

Definition of  ((  ̂  )
( ))

 
  ((  ̂  )

( ))
 
     ((  ̂  )

( ))
 

 : 

Remark 8: if     is bounded, the same property have also              . indeed if  

    (  ̂  )
( ) it follows 

    

  
 ((  ̂  )

( ))
 
 (   

 )( )    and by integrating  

    ((  ̂  )
( ))

 
    

   (   )
( )((  ̂  )

( ))
 
 (   

 )( )  

In the same way , one can obtain 

    ((  ̂  )
( ))

 
    

   (   )
( )((  ̂  )

( ))
 
 (   

 )( )  

 If             is bounded, the same property follows for           and            respectively. 

201 

Remark 9: If         bounded, from below, the same property holds for             .  The proof is 
analogous with the preceding one. An analogous property is true if     is bounded from below. 

202 

 Remark 10: If       is bounded from below and       ((  
  )( ) ((𝐺  )( )  ))  (   

 )( ) then       . 203 
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Definition of  ( )( )        : 

Indeed let     be so that for        

(   )
( )  (  

  )( )((𝐺  )( )  )         ( )  ( )( )  

Then  
     

  
 (   )

( )( )( )        which leads to  

     .
(   )

( )( )( )

  
/ (       )     

        If we take    such that         
 

 
  it results  

204 

    .
(   )

( )( )( )

 
/           

 

  
  By taking now      sufficiently small one sees that     is unbounded. 

The same property holds for      if       (   
  )( ) ((𝐺  )( )  )  (   

 )( ) 

We now state a more precise theorem about the behaviors at infinity of the solutions of  equations  

205 

 206 

It is now sufficient to take 
(  )

( )

(  ̂   )
( )    

(  )
( )

(  ̂   )
( )     and to choose 

(  ̂   )
( )     (  ̂   )

( ) large to have 

207 

(  )
( )

( ̂  )
( ) [( 𝑃̂  )

( )  (( 𝑃̂   )
( )  𝐺 

 ) 
 (

(  ̂   )( )   
 

  
 )

]  ( 𝑃̂   )
( )  

208 

(  )
( )

( ̂  )
( ) [(( 𝑄̂   )

( )  𝑇 
 ) 

 (  
(  ̂   )( )   

 

  
 )

 ( 𝑄̂   )
( )]  ( 𝑄̂   )

( )  

209 

In order that the operator  ( ) transforms the space of sextuples of functions 𝐺   𝑇  satisfying 
Equations into itself 

210 

The operator  ( ) is a contraction with respect to the metric  

 .((𝐺  )
( ) (𝑇  )

( )) ((𝐺  )
( ) (𝑇  )

( ))/    

   
 

*   
    

 

 |𝐺 
( )( )  𝐺 

( )( )|  ( ̂  )
( )     

    
 |𝑇 

( )( )  𝑇 
( )( )|  ( ̂  )

( ) +  

211 

Indeed if we denote   

Definition of 𝐺  ̃ 𝑇  ̃ :( (𝐺  )̃ (𝑇  )̃ )   ( )((𝐺  ) (𝑇  )) 

212 

It results 

|𝐺̃  
( )  𝐺̃ 

( )|  ∫ (   )
( ) 

 
|𝐺  

( )  𝐺  
( )|  (  ̂  )

( ) (  ) (  ̂  )
( ) (  )   (  )    

∫ *(   
 )( )|𝐺  

( )  𝐺  
( )|  (  ̂  )

( ) (  )  (  ̂  )
( ) (  )

 

 
   

(   
  )( )(𝑇  

( )  (  ))|𝐺  
( )  𝐺  

( )|  (  ̂  )
( ) (  ) (  ̂  )

( ) (  )   
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𝐺  
( ) (   

  )( )(𝑇  
( )  (  ))  (   

  )( )(𝑇  
( )  (  ))    

 (  ̂  )
( ) (  ) (  ̂  )

( ) (  )+  (  )  

Where  (  ) represents integrand that is integrated over the interval ,   - 

From the hypotheses it follows 

|𝐺( )  𝐺( )|  (  ̂  )
( )  

 

(  ̂  )
( ) ((   )

( )   (   
 )( )  ( 𝐴̂  )

( )  ( 𝑃̂  )
( )(  ̂  )

( )) .((𝐺  )
( ) (𝑇  )

( )  (𝐺  )
( ) (𝑇  )

( ))/  

And analogous inequalities for 𝐺      𝑇 . Taking into account the hypothesis the result follows 

214 

Remark 11: The fact that we supposed (   
  )( )     (   

  )( ) depending also on   can be considered as 
not conformal with the reality, however we have put this hypothesis ,in order that we can postulate 
condition necessary to prove the uniqueness of the solution bounded by 

( 𝑃̂  )
( ) (  ̂  )

( )      ( 𝑄̂  )
( ) (  ̂  )

( )  respectively of   . 

If instead of proving the existence of the solution on   , we have to prove it only on a compact then it 

suffices to consider that (  
  )( )     (  

  )( )            depend only on     and respectively on 
(𝐺  )(             ) and hypothesis can replaced by a usual Lipschitz condition. 

215 

Remark 12: There does not exist any    where 𝐺  ( )        𝑇  ( )      

it results  

𝐺  ( )  𝐺 
  0 ∫ {(  

 )( ) (  
  )( )(   ( (  ))  (  ))}  (  )

 
 1     

𝑇  ( )  𝑇 
  ( (  

 )( ) )      for     

216 

Definition of  ((  ̂  )
( ))

 
  ((  ̂  )

( ))
 
     ((  ̂  )

( ))
 

 : 

Remark 13: if 𝐺   is bounded, the same property have also  𝐺       𝐺   . indeed if  

𝐺   (  ̂  )
( ) it follows 

    

  
 ((  ̂  )

( ))
 
 (   

 )( )𝐺   and by integrating  

𝐺   ((  ̂  )
( ))

 
 𝐺  

   (   )
( )((  ̂  )

( ))
 
 (   

 )( )  

In the same way , one can obtain 

𝐺   ((  ̂  )
( ))

 
 𝐺  

   (   )
( )((  ̂  )

( ))
 
 (   

 )( )  

 If 𝐺      𝐺    is bounded, the same property follows for 𝐺     𝐺   and  𝐺     𝐺   respectively. 

217 

Remark 14: If 𝐺       bounded, from below, the same property holds for 𝐺       𝐺   .  The proof is 
analogous with the preceding one. An analogous property is true if 𝐺   is bounded from below. 

218 

 Remark 15: If       is bounded from below and       ((  
  )( ) ((𝐺  )( )  ))  (   

 )( ) then 𝑇     . 

Definition of  ( )( )        : 

Indeed let     be so that for        

(   )
( )  (  

  )( )((𝐺  )( )  )     𝑇   ( )  ( )( )  

219 
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Then  
     

  
 (   )

( )( )( )    𝑇   which leads to  

𝑇    .
(   )

( )( )( )

  
/ (       )  𝑇  

        If we take    such that         
 

 
  it results  

𝑇    .
(   )

( )( )( )

 
/           

 

  
  By taking now      sufficiently small one sees that      is unbounded. 

The same property holds for 𝑇    if       (   
  )( ) ((𝐺  )( )  )  (   

 )( ) 

We now state a more precise theorem about the behaviors at infinity of the solutions of  equations  

220 

It is now sufficient to take 
(  )

( )

(  ̂   )
( )    

(  )
( )

(  ̂   )
( )     and to choose 

(  ̂   )
( )     (  ̂   )

( ) large to have 

221 

(  )
( )

( ̂  )
( ) [( 𝑃̂  )

( )  (( 𝑃̂   )
( )  𝐺 

 ) 
 (

(  ̂   )( )   
 

  
 )

]  ( 𝑃̂   )
( )  
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(  )
( )

( ̂  )
( ) [(( 𝑄̂   )

( )  𝑇 
 ) 

 (  
(  ̂   )( )   

 

  
 )

 ( 𝑄̂   )
( )]  ( 𝑄̂   )

( )  
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In order that the operator  ( ) transforms the space of sextuples of functions 𝐺   𝑇  satisfying 

Equations into itself 

224 

The operator  ( ) is a contraction with respect to the metric  

 .((𝐺  )
( ) (𝑇  )

( )) ((𝐺  )
( ) (𝑇  )

( ))/    

   
 

*   
    

 

 |𝐺 
( )( )  𝐺 

( )( )|  ( ̂  )
( )     

    
 |𝑇 

( )( )  𝑇 
( )( )|  ( ̂  )

( ) +   

Indeed if we denote   

Definition of (𝐺  )̃ (𝑇  )̃ :    ( (𝐺  )̃ (𝑇  )̃ )   ( )((𝐺  ) (𝑇  )) 

It results 

|𝐺̃  
( )  𝐺̃ 

( )|  ∫ (   )
( ) 

 
|𝐺  

( )  𝐺  
( )|  (  ̂  )

( ) (  ) (  ̂  )
( ) (  )   (  )    

∫ *(   
 )( )|𝐺  

( )  𝐺  
( )|  (  ̂  )

( ) (  )  (  ̂  )
( ) (  )

 

 
   

(   
  )( )(𝑇  

( )  (  ))|𝐺  
( )  𝐺  

( )|  (  ̂  )
( ) (  ) (  ̂  )

( ) (  )   

𝐺  
( ) (   

  )( )(𝑇  
( )  (  ))  (   

  )( )(𝑇  
( )  (  ))    

 (  ̂  )
( ) (  ) (  ̂  )

( ) (  )+  (  ) 

Where  (  ) represents integrand that is integrated over the interval ,   - 

From the hypotheses on Equations it follows 

225 
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|(𝐺  )
( )  (𝐺  )

( )|  (  ̂  )
( )  

 

(  ̂  )
( ) ((   )

( )   (   
 )( )  ( 𝐴̂  )

( )  ( 𝑃̂  )
( )(  ̂  )

( )) .((𝐺  )
( ) (𝑇  )

( )  (𝐺  )
( ) (𝑇  )

( ))/  

And analogous inequalities for 𝐺      𝑇 . Taking into account the hypothesis the result follows 

226 

Remark 16: The fact that we supposed (   
  )( )     (   

  )( ) depending also on   can be considered as 

not conformal with the reality, however we have put this hypothesis ,in order that we can postulate 

condition necessary to prove the uniqueness of the solution bounded by 

( 𝑃̂  )
( ) (  ̂  )

( )      ( 𝑄̂  )
( ) (  ̂  )

( )  respectively of   . 

If instead of proving the existence of the solution on   , we have to prove it only on a compact then it 

suffices to consider that (  
  )( )     (  

  )( )            depend only on     and respectively on 

(𝐺  )(             ) and hypothesis can replaced by a usual Lipschitz condition. 

227 

Remark 17: There does not exist any    where 𝐺  ( )        𝑇  ( )      

it results  

𝐺  ( )  𝐺 
  0 ∫ {(  

 )( ) (  
  )( )(   ( (  ))  (  ))}  (  )

 
 1     

𝑇  ( )  𝑇 
  ( (  

 )( ) )      for     

228 

Definition of  ((  ̂  )
( ))

 
  ((  ̂  )

( ))
 
     ((  ̂  )

( ))
 

 : 

Remark 18: if 𝐺   is bounded, the same property have also  𝐺       𝐺   . indeed if  

𝐺   (  ̂  )
( ) it follows 

    

  
 ((  ̂  )

( ))
 
 (   

 )( )𝐺   and by integrating  

𝐺   ((  ̂  )
( ))

 
 𝐺  

   (   )
( )((  ̂  )

( ))
 
 (   

 )( )  

In the same way , one can obtain 

𝐺   ((  ̂  )
( ))

 
 𝐺  

   (   )
( )((  ̂  )

( ))
 
 (   

 )( )  

 If 𝐺      𝐺    is bounded, the same property follows for 𝐺     𝐺   and  𝐺     𝐺   respectively. 

229 

Remark 19: If 𝐺       bounded, from below, the same property holds for 𝐺       𝐺   .  The proof is 

analogous with the preceding one. An analogous property is true if 𝐺   is bounded from below. 

230 

Remark 20: If       is bounded from below and       ((  
  )( ) ((𝐺  )( )  ))  (   

 )( ) then 𝑇     . 

Definition of  ( )( )        : 

Indeed let     be so that for        

(   )
( )  (  

  )( )((𝐺  )( )  )     𝑇   ( )  ( )( )  

231 

Then  
     

  
 (   )

( )( )( )    𝑇   which leads to  232 
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𝑇    .
(   )

( )( )( )

  
/ (       )  𝑇  

        If we take    such that         
 

 
  it results  

𝑇    .
(   )

( )( )( )

 
/           

 

  
  By taking now      sufficiently small one sees that      is unbounded. 

The same property holds for 𝑇    if       (   
  )( ) ((𝐺  )( )  )  (   

 )( ) 

We now state a more precise theorem about the behaviors at infinity of the solutions of  equations 37 

to 42 

Analogous inequalities hold also for  𝐺    𝐺   𝑇   𝑇   𝑇   

It is now sufficient to take 
(  )

( )

(  ̂   )
( )    

(  )
( )

(  ̂   )
( )     and to choose 

(  ̂   )
( )     (  ̂   )

( ) large to have 
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(  )
( )

( ̂  )
( ) [( 𝑃̂  )

( )  (( 𝑃̂   )
( )  𝐺 

 ) 
 (

(  ̂   )( )   
 

  
 )

]  ( 𝑃̂   )
( )  
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(  )
( )

( ̂  )
( ) [(( 𝑄̂   )

( )  𝑇 
 ) 

 (  
(  ̂   )( )   

 

  
 )

 ( 𝑄̂   )
( )]  ( 𝑄̂   )

( )  
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In order that the operator  ( ) transforms the space of sextuples of functions 𝐺   𝑇  satisfying 

Equations into itself 

 

The operator  ( ) is a contraction with respect to the metric  

 .((𝐺  )
( ) (𝑇  )

( )) ((𝐺  )
( ) (𝑇  )

( ))/    

   
 

*   
    

 

 |𝐺 
( )( )  𝐺 

( )( )|  ( ̂  )
( )     

    
 |𝑇 

( )( )  𝑇 
( )( )|  ( ̂  )

( ) +  

 Indeed if we denote   

Definition of (𝐺  )̃ (𝑇  )̃ :    ( (𝐺  )̃ (𝑇  )̃ )   ( )((𝐺  ) (𝑇  )) 

It results 

|𝐺̃  
( )  𝐺̃ 

( )|  ∫ (   )
( ) 

 
|𝐺  

( )  𝐺  
( )|  (  ̂  )

( ) (  ) (  ̂  )
( ) (  )   (  )    

∫ *(   
 )( )|𝐺  

( )  𝐺  
( )|  (  ̂  )

( ) (  )  (  ̂  )
( ) (  )

 

 
   

(   
  )( )(𝑇  

( )  (  ))|𝐺  
( )  𝐺  

( )|  (  ̂  )
( ) (  ) (  ̂  )

( ) (  )   

𝐺  
( ) (   

  )( )(𝑇  
( )  (  ))  (   

  )( )(𝑇  
( )  (  ))    

 (  ̂  )
( ) (  ) (  ̂  )

( ) (  )+  (  )  

Where  (  ) represents integrand that is integrated over the interval ,   - 
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From the hypotheses on   it follows 

|(𝐺  )
( )  (𝐺  )

( )|  (  ̂  )
( )  

 

(  ̂  )
( ) ((   )

( )   (   
 )( )  ( 𝐴̂  )

( )  ( 𝑃̂  )
( )(  ̂  )

( )) .((𝐺  )
( ) (𝑇  )

( )  (𝐺  )
( ) (𝑇  )

( ))/  

And analogous inequalities for 𝐺      𝑇 . Taking into account the hypothesis   the result follows 
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Remark 21: The fact that we supposed (   
  )( )     (   

  )( ) depending also on   can be considered as 

not conformal with the reality, however we have put this hypothesis ,in order that we can postulate 

condition necessary to prove the uniqueness of the solution bounded by 

( 𝑃̂  )
( ) (  ̂  )

( )      ( 𝑄̂  )
( ) (  ̂  )

( )  respectively of   . 

If instead of proving the existence of the solution on   , we have to prove it only on a compact then it 

suffices to consider that (  
  )( )     (  

  )( )            depend only on     and respectively on 

(𝐺  )(             ) and hypothesis can replaced by a usual Lipschitz condition. 

238 

Remark 22: There does not exist any    where 𝐺  ( )        𝑇  ( )      

  it results  

𝐺  ( )  𝐺 
  0 ∫ {(  

 )( ) (  
  )( )(   ( (  ))  (  ))}  (  )

 
 1     

𝑇  ( )  𝑇 
  ( (  

 )( ) )      for     
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Definition of  ((  ̂  )
( ))

 
  ((  ̂  )

( ))
 
     ((  ̂  )

( ))
 

 : 

Remark 23: if 𝐺   is bounded, the same property have also  𝐺       𝐺   . indeed if  

𝐺   (  ̂  )
( ) it follows 

    

  
 ((  ̂  )

( ))
 
 (   

 )( )𝐺   and by integrating  

𝐺   ((  ̂  )
( ))

 
 𝐺  

   (   )
( )((  ̂  )

( ))
 
 (   

 )( )  

In the same way , one can obtain 

𝐺   ((  ̂  )
( ))

 
 𝐺  

   (   )
( )((  ̂  )

( ))
 
 (   

 )( )  

 If 𝐺      𝐺    is bounded, the same property follows for 𝐺     𝐺   and  𝐺     𝐺   respectively. 

240 

Remark 24: If 𝐺       bounded, from below, the same property holds for 𝐺       𝐺   .  The proof is 

analogous with the preceding one. An analogous property is true if 𝐺   is bounded from below. 

241 

Remark 25: If       is bounded from below and       ((  
  )( ) ((𝐺  )( )  ))  (   

 )( ) then 𝑇     . 

Definition of  ( )( )        : 

Indeed let     be so that for        

(   )
( )  (  

  )( )((𝐺  )( )  )     𝑇   ( )  ( )( ) 
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Then  
     

  
 (   )

( )( )( )    𝑇   which leads to  

𝑇    .
(   )

( )( )( )

  
/ (       )  𝑇  

        If we take    such that         
 

 
  it results  

𝑇    .
(   )

( )( )( )

 
/           

 

  
  By taking now      sufficiently small one sees that      is unbounded. 

The same property holds for 𝑇    if       (   
  )( ) ((𝐺  )( )  )  (   

 )( ) 

We now state a more precise theorem about the behaviors at infinity of the solutions of  equations   

Analogous inequalities hold also for  𝐺    𝐺   𝑇   𝑇   𝑇   

243 

It is now sufficient to take 
(  )

( )

(  ̂   )
( )    

(  )
( )

(  ̂   )
( )     and to choose 

(  ̂   )
( )     (  ̂   )

( ) large to have 
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(  )
( )

( ̂  )
( ) [( 𝑃̂  )

( )  (( 𝑃̂   )
( )  𝐺 

 ) 
 (

(  ̂   )( )   
 

  
 )

]  ( 𝑃̂   )
( )  
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(  )
( )

( ̂  )
( ) [(( 𝑄̂   )

( )  𝑇 
 ) 

 (  
(  ̂   )( )   

 

  
 )

 ( 𝑄̂   )
( )]  ( 𝑄̂   )

( )  
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In order that the operator  ( ) transforms the space of sextuples of functions 𝐺   𝑇  satisfying 

Equations into itself 

 

The operator  ( ) is a contraction with respect to the metric  

 .((𝐺  )
( ) (𝑇  )

( )) ((𝐺  )
( ) (𝑇  )

( ))/    

   
 

*   
    

 

 |𝐺 
( )( )  𝐺 

( )( )|  ( ̂  )
( )     

    
 |𝑇 

( )( )  𝑇 
( )( )|  ( ̂  )

( ) +  

 Indeed if we denote   

Definition of (𝐺  )̃ (𝑇  )̃ :    ( (𝐺  )̃ (𝑇  )̃ )   ( )((𝐺  ) (𝑇  )) 

It results 

|𝐺̃  
( )  𝐺̃ 

( )|  ∫ (   )
( ) 

 
|𝐺  

( )  𝐺  
( )|  (  ̂  )

( ) (  ) (  ̂  )
( ) (  )   (  )    

∫ *(   
 )( )|𝐺  

( )  𝐺  
( )|  (  ̂  )

( ) (  )  (  ̂  )
( ) (  )
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  )( )(𝑇  

( )  (  ))|𝐺  
( )  𝐺  

( )|  (  ̂  )
( ) (  ) (  ̂  )

( ) (  )   

𝐺  
( ) (   

  )( )(𝑇  
( )  (  ))  (   

  )( )(𝑇  
( )  (  ))    

 (  ̂  )
( ) (  ) (  ̂  )

( ) (  )+  (  )  
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Where  (  ) represents integrand that is integrated over the interval ,   - 

From the hypotheses   it follows 

|(𝐺  )
( )  (𝐺  )

( )|  (  ̂  )
( )  

 

(  ̂  )
( ) ((   )

( )   (   
 )( )  ( 𝐴̂  )

( )  ( 𝑃̂  )
( )(  ̂  )

( )) .((𝐺  )
( ) (𝑇  )

( )  (𝐺  )
( ) (𝑇  )

( ))/  

And analogous inequalities for 𝐺      𝑇 . Taking into account the hypothesis   the result follows 
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Remark 26: The fact that we supposed (   
  )( )     (   

  )( ) depending also on   can be considered as 

not conformal with the reality, however we have put this hypothesis ,in order that we can postulate 

condition necessary to prove the uniqueness of the solution bounded by 

( 𝑃̂  )
( ) (  ̂  )

( )      ( 𝑄̂  )
( ) (  ̂  )

( )  respectively of   . 

If instead of proving the existence of the solution on   , we have to prove it only on a compact then it 

suffices to consider that (  
  )( )     (  

  )( )            depend only on     and respectively on 

(𝐺  )(             ) and hypothesis can replaced by a usual Lipschitz condition. 
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Remark 27: There does not exist any    where 𝐺  ( )        𝑇  ( )      

  it results  

𝐺  ( )  𝐺 
  0 ∫ {(  

 )( ) (  
  )( )(   ( (  ))  (  ))}  (  )

 
 1     

𝑇  ( )  𝑇 
  ( (  

 )( ) )      for     
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Definition of  ((  ̂  )
( ))

 
  ((  ̂  )

( ))
 
     ((  ̂  )

( ))
 

 : 

Remark 28: if 𝐺   is bounded, the same property have also  𝐺       𝐺   . indeed if  

𝐺   (  ̂  )
( ) it follows 

    

  
 ((  ̂  )

( ))
 
 (   

 )( )𝐺   and by integrating  

𝐺   ((  ̂  )
( ))

 
 𝐺  

   (   )
( )((  ̂  )

( ))
 
 (   

 )( )  

In the same way , one can obtain 

𝐺   ((  ̂  )
( ))

 
 𝐺  

   (   )
( )((  ̂  )

( ))
 
 (   

 )( )  

 If 𝐺      𝐺    is bounded, the same property follows for 𝐺     𝐺   and  𝐺     𝐺   respectively. 
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Remark 29: If 𝐺       bounded, from below, the same property holds for 𝐺       𝐺   .  The proof is 

analogous with the preceding one. An analogous property is true if 𝐺   is bounded from below. 
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Remark 30: If       is bounded from below and       ((  
  )( ) ((𝐺  )( )  ))  (   

 )( ) then 𝑇     . 

Definition of  ( )( )        : 

Indeed let     be so that for        

(   )
( )  (  

  )( )((𝐺  )( )  )     𝑇   ( )  ( )( ) 
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Then  
     

  
 (   )

( )( )( )    𝑇   which leads to  

𝑇    .
(   )

( )( )( )

  
/ (       )  𝑇  

        If we take    such that         
 

 
  it results  

𝑇    .
(   )

( )( )( )

 
/           

 

  
  By taking now      sufficiently small one sees that      is unbounded. 

The same property holds for 𝑇    if       (   
  )( ) ((𝐺  )( )  ( )  )  (   

 )( ) 

We now state a more precise theorem about the behaviors at infinity of the solutions of  equations   
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Analogous inequalities hold also for  𝐺    𝐺   𝑇   𝑇   𝑇   
 

It is now sufficient to take 
(  )

( )

(  ̂   )
( )    

(  )
( )

(  ̂   )
( )     and to choose 

(  ̂   )
( )     (  ̂   )

( ) large to have 
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(  )
( )

( ̂  )
( ) [( 𝑃̂  )

( )  (( 𝑃̂   )
( )  𝐺 

 ) 
 (

(  ̂   )( )   
 

  
 )

]  ( 𝑃̂   )
( )  
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(  )
( )

( ̂  )
( ) [(( 𝑄̂   )

( )  𝑇 
 ) 

 (  
(  ̂   )( )   

 

  
 )

 ( 𝑄̂   )
( )]  ( 𝑄̂   )

( )  
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In order that the operator  ( ) transforms the space of sextuples of functions 𝐺   𝑇  satisfying 
Equations into itself 

 

The operator  ( ) is a contraction with respect to the metric  
 

 .((𝐺  )
( ) (𝑇  )

( )) ((𝐺  )
( ) (𝑇  )

( ))/    

   
 

*   
    

 

 |𝐺 
( )( )  𝐺 

( )( )|  ( ̂  )
( )     

    
 |𝑇 

( )( )  𝑇 
( )( )|  ( ̂  )

( ) +  

  
Indeed if we denote   
 

Definition of (𝐺  )̃ (𝑇  )̃ : ( (𝐺  )̃ (𝑇  )̃ )   ( )((𝐺  ) (𝑇  )) 
It results 
 

|𝐺̃  
( )  𝐺̃ 

( )|  ∫ (   )
( ) 

 
|𝐺  

( )  𝐺  
( )|  (  ̂  )

( ) (  ) (  ̂  )
( ) (  )   (  )    

∫ *(   
 )( )|𝐺  

( )  𝐺  
( )|  (  ̂  )

( ) (  )  (  ̂  )
( ) (  )

 

 
   

(   
  )( )(𝑇  

( )  (  ))|𝐺  
( )  𝐺  

( )|  (  ̂  )
( ) (  ) (  ̂  )

( ) (  )   

𝐺  
( ) (   

  )( )(𝑇  
( )  (  ))  (   

  )( )(𝑇  
( )  (  ))    

 (  ̂  )
( ) (  ) (  ̂  )

( ) (  )+  (  ) 
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Where  (  ) represents integrand that is integrated over the interval ,   - 

 
From the hypotheses on  it follows 
 

|(𝐺  )
( )  (𝐺  )

( )|  (  ̂  )
( )  

 

(  ̂  )
( ) ((   )

( )   (   
 )( )  ( 𝐴̂  )

( )  ( 𝑃̂  )
( )(  ̂  )

( )) .((𝐺  )
( ) (𝑇  )

( )  (𝐺  )
( ) (𝑇  )

( ))/  

 
And analogous inequalities for 𝐺      𝑇 . Taking into account the hypothesis   the result follows 
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Remark 31: The fact that we supposed (   
  )( )     (   

  )( ) depending also on   can be considered as 
not conformal with the reality, however we have put this hypothesis ,in order that we can postulate 
condition necessary to prove the uniqueness of the solution bounded by 

( 𝑃̂  )
( ) (  ̂  )

( )      ( 𝑄̂  )
( ) (  ̂  )

( )  respectively of   . 
 
If instead of proving the existence of the solution on   , we have to prove it only on a compact then it 

suffices to consider that (  
  )( )     (  

  )( )            depend only on     and respectively on 
(𝐺  )(             ) and hypothesis can replaced by a usual Lipschitz condition. 
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Remark 32: There does not exist any    where 𝐺  ( )        𝑇  ( )    
   
  it results  
 

𝐺  ( )  𝐺 
  0 ∫ {(  

 )( ) (  
  )( )(   ( (  ))  (  ))}  (  )

 
 1     

 

𝑇  ( )  𝑇 
  ( (  

 )( ) )      for     
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Definition of  ((  ̂  )
( ))

 
  ((  ̂  )

( ))
 
     ((  ̂  )

( ))
 

 : 

 
Remark 33: if 𝐺   is bounded, the same property have also  𝐺       𝐺   . indeed if  
 

𝐺   (  ̂  )
( ) it follows 

    

  
 ((  ̂  )

( ))
 
 (   

 )( )𝐺   and by integrating  

 

𝐺   ((  ̂  )
( ))

 
 𝐺  

   (   )
( )((  ̂  )

( ))
 
 (   

 )( )  

 
In the same way , one can obtain 
 
𝐺   ((  ̂  )

( ))
 
 𝐺  

   (   )
( )((  ̂  )

( ))
 
 (   

 )( )  

 
 If 𝐺      𝐺    is bounded, the same property follows for 𝐺     𝐺   and  𝐺     𝐺   respectively. 
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Remark 34: If 𝐺       bounded, from below, the same property holds for 𝐺       𝐺   .  The proof is 
analogous with the preceding one. An analogous property is true if 𝐺   is bounded from below. 
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Remark 35: If       is bounded from below and       ((  
  )( ) ((𝐺  )( )  ))  (   

 )( ) then 𝑇     . 
 

Definition of  ( )( )        : 
 
Indeed let     be so that for        
 

(   )
( )  (  

  )( )((𝐺  )( )  )     𝑇   ( )  ( )( ) 
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Then  
     

  
 (   )

( )( )( )    𝑇   which leads to  

 

𝑇    .
(   )

( )( )( )

  
/ (       )  𝑇  

        If we take    such that         
 

 
  it results  

 

𝑇    .
(   )

( )( )( )

 
/           

 

  
  By taking now      sufficiently small one sees that      is unbounded. 

The same property holds for 𝑇    if       (   
  )( ) ((𝐺  )( )  )  (   

 )( ) 

We now state a more precise theorem about the behaviors at infinity of the solutions of  equations  
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It is now sufficient to take 
(  )

( )

(  ̂   )
( )    

(  )
( )

(  ̂   )
( )     and to choose 

(  ̂   )
( )     (  ̂   )

( ) large to have 
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(  )
( )

( ̂  )
( ) [( 𝑃̂  )

( )  (( 𝑃̂   )
( )  𝐺 

 ) 
 (

(  ̂   )( )   
 

  
 )

]  ( 𝑃̂   )
( )  
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( )  𝑇 
 ) 
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 ( 𝑄̂   )
( )]  ( 𝑄̂   )

( )  
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In order that the operator  ( ) transforms the space of sextuples of functions 𝐺   𝑇  satisfying 
Equations into itself 

 

The operator  ( ) is a contraction with respect to the metric  
 

 

 .((𝐺  )
( ) (𝑇  )

( )) ((𝐺  )
( ) (𝑇  )

( ))/    

   
 

*   
    

 

 |𝐺 
( )( )  𝐺 

( )( )|  ( ̂  )
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 |𝑇 

( )( )  𝑇 
( )( )|  ( ̂  )

( ) +  
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Indeed if we denote   
 

Definition of (𝐺  )̃ (𝑇  )̃      :      ( (𝐺  )̃ (𝑇  )̃ )   ( )((𝐺  ) (𝑇  )) 
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It results 
 

|𝐺̃  
( )  𝐺̃ 

( )|  ∫ (   )
( ) 

 
|𝐺  

( )  𝐺  
( )|  (  ̂  )
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Where  (  ) represents integrand that is integrated over the interval ,   - 

 
From the hypotheses it follows 
 

272 

|(𝐺  )
( )  (𝐺  )

( )|  (  ̂  )
( )  

 

(  ̂  )
( ) ((   )

( )   (   
 )( )  ( 𝐴̂  )
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( )  (𝐺  )
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( ))/  
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And analogous inequalities for 𝐺      𝑇 . Taking into account the hypothesis the result follows 
 

Remark 36: The fact that we supposed (   
  )( )     (   

  )( ) depending also on   can be considered as 
not conformal with the reality, however we have put this hypothesis ,in order that we can postulate 
condition necessary to prove the uniqueness of the solution bounded by 

( 𝑃̂  )
( ) (  ̂  )

( )      ( 𝑄̂  )
( ) (  ̂  )

( )  respectively of   . 
 
If instead of proving the existence of the solution on   , we have to prove it only on a compact then it 

suffices to consider that (  
  )( )     (  

  )( )            depend only on     and respectively on 
(𝐺  )(             ) and hypothesis can replaced by a usual Lipschitz condition. 
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Remark 37 There does not exist any    where 𝐺  ( )        𝑇  ( )    
   
it results  
 

𝐺  ( )  𝐺 
  0 ∫ {(  

 )( ) (  
  )( )(   ( (  ))  (  ))}  (  )

 
 1     

 

𝑇  ( )  𝑇 
  ( (  

 )( ) )      for     
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Definition of  ((  ̂  )
( ))

 
  ((  ̂  )

( ))
 
     ((  ̂  )

( ))
 

 : 

 
Remark 38: if 𝐺   is bounded, the same property have also  𝐺       𝐺   . indeed if  
 

𝐺   (  ̂  )
( ) it follows 

    

  
 ((  ̂  )

( ))
 
 (   

 )( )𝐺   and by integrating  

 
𝐺   ((  ̂  )

( ))
 
 𝐺  

   (   )
( )((  ̂  )
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 )( )  

 
In the same way , one can obtain 
 
𝐺   ((  ̂  )

( ))
 
 𝐺  

   (   )
( )((  ̂  )

( ))
 
 (   

 )( )  

 
 If 𝐺      𝐺    is bounded, the same property follows for 𝐺     𝐺   and  𝐺     𝐺   respectively. 
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Remark 39: If 𝐺       bounded, from below, the same property holds for 𝐺       𝐺   .  The proof is 
analogous with the preceding one. An analogous property is true if 𝐺   is bounded from below. 
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Remark 40: If       is bounded from below and       ((  
  )( ) ((𝐺  )( )  ))  (   

 )( ) then 𝑇     . 
 

Definition of  ( )( )        : 
 
Indeed let     be so that for        
 

(   )
( )  (  

  )( )((𝐺  )( )  )     𝑇   ( )  ( )( ) 
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Then  
     

  
 (   )

( )( )( )    𝑇   which leads to  

 

𝑇    .
(   )

( )( )( )

  
/ (       )  𝑇  

        If we take    such that         
 

 
  it results  

 

𝑇    .
(   )

( )( )( )

 
/           

 

  
  By taking now      sufficiently small one sees that      is unbounded. 
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The same property holds for 𝑇    if       (   
  )( ) ((𝐺  )( )  ( )  )  (   

 )( ) 

We now state a more precise theorem about the behaviors at infinity of the solutions of  equations 37 
to 82 
 
  
Behavior of the solutions of equation  

Theorem   If we denote and define 

 Definition of  (  )
( )  (  )

( )  (  )
( )  (  )

( ) : 

(a)   )
( )  (  )

( )  (  )
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  )( )(𝐺  )  (   
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( )  
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Definition of  (  )
( ) (  )

( ) (  )
( ) (  )

( )  ( )  ( ) : 

(b) By   (  )
( )     (  )

( )    and respectively (  )
( )     (  )

( )    the roots of    the equations  

(   )
( )( ( ))

 
 (  )

( ) ( )  (   )
( )    and  (   )

( )( ( ))
 
 (  )

( ) ( )  (   )
( )     
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Definition of  ( ̅ )
( )  ( ̅ )

( ) ( ̅ )
( ) ( ̅ )

( ) : 

  By ( ̅ )
( )     ( ̅ )

( )    and  respectively  ( ̅ )
( )     ( ̅ )

( )    the  roots of the equations 
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Definition of  (  )
( )  (  )

( )  (  )
( ) (  )

( ) (  )
( ) :- 

(c) If we define (  )
( )  (  )

( )  (  )
( ) (  )

( )    by 
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and analogously 
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are defined   
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Then the solution of global equations satisfies the inequalities 
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( ) (   )
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where (  )
( ) is defined by equation  
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Definition of (𝑆 )
( ) (𝑆 )

( ) (𝑅 )
( ) (𝑅 )
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Behavior of the solutions of equation  

Theorem 2: If we denote and define 
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Definition of  (  )
( )  (  )

( )  (  )
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( ) : 

(d)   )
( )  (  )

( )  (  )
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( )   four constants satisfying 
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Definition of  (  )
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By   (  )
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( )    and respectively (  )
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and  (   )
( )( ( ))
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Definition of  (  )
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(f) If we define (  )
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 (  )

( )  (  )
( )  (  )

( )  (  )
( )   four constants satisfying 

 

 (  )
( )   (   

 )( )  (   
 )( )  (   

  )( )(𝑇     )  (   
  )( )(𝑇     )   (  )

( )   
 

  (  )
( )   (   

 )( )  (   
 )( )  (   

  )( )((𝐺  )  )  (   
  )( )((𝐺  )  )   (  )

( )  
 

 

Definition of  (  )
( ) (  )

( ) (  )
( ) (  )

( )  ( )  ( ) : 
 

 By   (  )
( )     (  )

( )    and respectively (  )
( )     (  )

( )    the roots of    the equations  

(   )
( )( ( ))

 
 (  )

( ) ( )  (   )
( )     

and  (   )
( )( ( ))

 
 (  )

( ) ( )  (   )
( )    and 
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Definition of  ( ̅ )
( )  ( ̅ )

( ) ( ̅ )
( ) ( ̅ )

( ) : 
 

       By ( ̅ )
( )     ( ̅ )

( )    and  respectively  ( ̅ )
( )     ( ̅ )

( )    the 

      roots of the equations (   )
( )( ( ))

 
 (  )

( ) ( )  (   )
( )     

     and  (   )
( )( ( ))

 
 (  )

( ) ( )  (   )
( )     

Definition of  (  )
( )  (  )

( )  (  )
( ) (  )

( ) (  )
( ) :- 

 

 If we define (  )
( )  (  )

( )  (  )
( ) (  )

( )    by 
 

      (  )
( )  (  )

( ) (  )
( )  (  )

( )    (  )
( )  (  )

( ) 
 

       (  )
( )  (  )

( ) (  )
( )  ( ̅ )

( )     (  )
( )  (  )

( )  ( ̅ )
( )  

      and  (  )
( )  

   
 

   
   

 

    (   )
( )  (  )

( ) (  )
( )  (  )

( )    ( ̅ )
( )  (  )

( )  
 

362 
 
 
 
 
 
 
 
 
 

and analogously 
 

       (  )
( )  (  )

( ) (  )
( )  (  )

( )    (  )
( )  (  )

( ) 
 

       (  )
( )  (  )

( ) (  )
( )  ( ̅ )

( )     (  )
( )  (  )

( )  ( ̅ )
( )  

     and (  )
( )  

   
 

   
   

 

    (   )
( )  (  )

( ) (  )
( )  (  )

( )    ( ̅ )
( )  (  )

( )  where (  )
( ) ( ̅ )

( ) 

363 
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Then the solution of global equations satisfies the inequalities 
 

       𝐺  
  ((  )

( ) (   )
( ))  𝐺  ( )  𝐺  

  (  )
( )  

 

where (  )
( ) is defined by equation   

 

364 

 

      (  )
( ) 𝐺  

  ((  )
( ) (   )

( ))  𝐺  ( )  
 

(  )
( ) 𝐺  

  (  )
( )   

 

365 

(
(   )

( )   
 

(  )
( )((  )

( ) (   )
( ) (  )

( ))
0 ((  )

( ) (   )
( ))    (  )

( )  1  𝐺  
   (  )

( )  𝐺  ( )  

(   )
( )   

 

(  )
( )((  )

( ) (   
 )( ))

, (  )
( )    (   

 )( ) -   𝐺  
   (   

 )( ) )  

 

366 

𝑇  
  (  )

( )  𝑇  ( )  𝑇  
  ((  )

( ) (   )
( ))    

 

367 

 

(  )
( ) 𝑇  

  (  )
( )  𝑇  ( )  

 

(  )
( ) 𝑇  

  ((  )
( ) (   )

( ))   
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(   )
( )   

 

(  )
( )((  )

( ) (   
 )( ))

0 (  )
( )    (   

 )( ) 1  𝑇  
   (   

 )( )  𝑇  ( )    

 
(   )

( )   
 

(  )
( )((  )

( ) (   )
( ) (  )

( ))
0 ((  )

( ) (   )
( ))    (  )

( ) 1  𝑇  
   (  )

( )   
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Definition of (𝑆 )
( ) (𝑆 )

( ) (𝑅 )
( ) (𝑅 )

( ):- 
 

Where (𝑆 )
( )  (   )

( )(  )
( )  (   

 )( )  
  

             (𝑆 )
( )  (   )

( )  (   )
( )  

 
                 (𝑅 )

( )  (   )
( )(  )

( )  (   
 )( )   

 

             (𝑅 )
( )  (   

 )( )  (   )
( )  
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Behavior of the solutions of equation   
 
Theorem 2: If we denote and define 
 

 Definition of  (  )
( )  (  )

( )  (  )
( )  (  )

( ) : 
 

(m) (  )
( )  (  )

( )  (  )
( )  (  )

( )   four constants satisfying 
 
 (  )

( )   (   
 )( )  (   

 )( )  (   
  )( )(𝑇     )  (   

  )( )(𝑇     )   (  )
( )   

 
  (  )

( )   (   
 )( )  (   

 )( )  (   
  )( )((𝐺  )  )  (   

  )( )((𝐺  )  )   (  )
( )  
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Definition of  (  )
( ) (  )

( ) (  )
( ) (  )

( )  ( )  ( ) : 
 

(n) By   (  )
( )     (  )

( )    and respectively (  )
( )     (  )

( )    the roots of    the 

equations  (   )
( )( ( ))

 
 (  )

( ) ( )  (   )
( )     
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and  (   )
( )( ( ))

 
 (  )

( ) ( )  (   )
( )    and 

 

Definition of  ( ̅ )
( )  ( ̅ )

( ) ( ̅ )
( ) ( ̅ )

( ) : 
 
By ( ̅ )

( )     ( ̅ )
( )    and  respectively  ( ̅ )

( )     ( ̅ )
( )    the 

 

roots of the equations (   )
( )( ( ))

 
 (  )

( ) ( )  (   )
( )     

 

and  (   )
( )( ( ))

 
 (  )

( ) ( )  (   )
( )     

 

Definition of  (  )
( )  (  )

( )  (  )
( ) (  )

( ) (  )
( ) :- 

 
(o) If we define (  )

( )  (  )
( )  (  )

( ) (  )
( )    by 

 

      (  )
( )  (  )

( ) (  )
( )  (  )

( )    (  )
( )  (  )

( ) 
 
       (  )

( )  (  )
( ) (  )

( )  ( ̅ )
( )     (  )

( )  (  )
( )  ( ̅ )

( )  

      and  (  )
( )  

   
 

   
   

 
    (   )

( )  (  )
( ) (  )

( )  (  )
( )    ( ̅ )

( )  (  )
( )  

 

 
 
 
 
 
 
 
 
 

and analogously 
 
       (  )

( )  (  )
( ) (  )

( )  (  )
( )    (  )

( )  (  )
( ) 

 

       (  )
( )  (  )

( ) (  )
( )  ( ̅ )

( )     (  )
( )  (  )

( )  ( ̅ )
( )  

     and (  )
( )  

   
 

   
   

 

(   )
( )  (  )

( ) (  )
( )  (  )

( )    ( ̅ )
( )  (  )

( )  where (  )
( ) ( ̅ )

( ) 
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Then the solution of  global equations satisfies the inequalities 
 

       𝐺  
  ((  )

( ) (   )
( ))  𝐺  ( )  𝐺  

  (  )
( )  

 
where (  )

( ) is defined by equation   
 

375 

 

      (  )
( ) 𝐺  

  ((  )
( ) (   )

( ))  𝐺  ( )  
 

(  )
( ) 𝐺  

  (  )
( )   
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( ) (   )
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( )((  )
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 )( ) -   𝐺  
   (   

 )( ) )  
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𝑇  
  (  )

( )  𝑇  ( )  𝑇  
  ((  )

( ) (   )
( ))    
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(  )
( ) 𝑇  
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( )  𝑇  ( )  
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( ) 𝑇  

  ((  )
( ) (   )

( ))   
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(   )
( )   
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( )((  )

( ) (   )
( ) (  )

( ))
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( ) (   )
( ))    (  )

( ) 1  𝑇  
   (  )

( )   
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Definition of (𝑆 )
( ) (𝑆 )

( ) (𝑅 )
( ) (𝑅 )

( ):- 
 

Where (𝑆 )
( )  (   )

( )(  )
( )  (   

 )( )  
  

             (𝑆 )
( )  (   )

( )  (   )
( )  

 

             (𝑅 )
( )  (   )

( )(  )
( )  (   

 )( )   
 
             (𝑅 )

( )  (   
 )( )  (   )

( )  

381 

 382 

Proof : From  global equations we obtain  

  ( )

  
 (   )

( )  .(   
 )( )  (   

 )( )  (   
  )( )(𝑇    )/   (   

  )( )(𝑇    ) 
( )  (   )

( ) ( )  

Definition of  ( ) :-          ( )  
   

   
 

It follows 

  .(   )
( )( ( ))

 
 (  )

( ) ( )  (   )
( )/  

  ( )

  
  .(   )

( )( ( ))
 
 (  )

( ) ( )  (   )
( )/ 

 From which one obtains  

Definition of ( ̅ )
( ) (  )

( ) :- 

(a) For   (  )
( )  

   
 

   
  (  )

( )  ( ̅ )
( ) 

       ( )( )  
(  )

( ) ( )( )(  )
( ) 

0 (   )( ).(  )
( ) (  )( )/  1

  ( )( ) 
0 (   )( ).(  )( ) (  )( )/  1

     ,    (𝐶)( )  
(  )

( ) (  )
( )

(  )
( ) (  )

( )  

            (  )
( )   ( )( )  (  )

( ) 

383 

 In the same manner , we get 

  ( )( )  
( ̅ )

( ) ( ̅)( )( ̅ )
( ) 

0 (   )( ).( ̅ )( ) ( ̅ )( )/  1

  ( ̅)( ) 
0 (   )( ).( ̅ )( ) ( ̅ )( )/  1

      ,   (𝐶̅)( )  
( ̅ )

( ) (  )
( )

(  )
( ) ( ̅ )

( )    

   From which we deduce (  )
( )   ( )( )  ( ̅ )

( ) 

384 

(b) If    (  )
( )  (  )

( )  
   
 

   
  ( ̅ )

( ) we find like in the previous case, 

 

      (  )
( )  

(  )
( ) ( )( )(  )

( ) 
0 (   )( ).(  )( ) (  )( )/  1

  ( )( ) 
0 (   )( ).(  )( ) (  )( )/  1

   ( )( )   
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( ̅ )

( ) ( ̅)( )( ̅ )
( ) 

0 (   )( ).( ̅ )( ) ( ̅ )( )/  1

  ( ̅)( ) 
0 (   )( ).( ̅ )( ) ( ̅ )( )/  1

 ( ̅ )
( )  

(c) If    (  )
( )  ( ̅ )

( )  (  )
( )  

   
 

   
   , we obtain 

  (  )
( )    ( )( )  

( ̅ )
( ) ( ̅)( )( ̅ )

( ) 
0 (   )( ).( ̅ )( ) ( ̅ )( )/  1

  ( ̅)( ) 
0 (   )( ).( ̅ )( ) ( ̅ )( )/  1

 (  )
( ) 

And so with the notation of the first part of condition (c) , we have  

Definition of   ( )( ) :- 

(  )
( )    ( )( )  (  )

( ),     ( )( )  
   ( )

   ( )
 

In a completely analogous way, we obtain  

Definition of   ( )( )  :- 

(  )
( )    ( )( )  (  )

( ),     ( )( )  
   ( )

   ( )
   

Now, using this result and replacing it in global equations we get easily the result stated in the 
theorem. 

Particular case : 

If (   
  )( )  (   

  )( )      (  )
( )  (  )

( )  and in this case (  )
( )  ( ̅ )

( ) if in addition (  )
( )  

(  )
( ) then   ( )( )  (  )

( ) and as a consequence 𝐺  ( )  (  )
( )𝐺  ( ) this also defines (  )

( ) for 
the special case  

Analogously if  (   
  )( )  (   

  )( )      (  )
( )  (  )

( ) and then 

 (  )
( )   ( ̅ )

( )if in addition (  )
( )  (  )

( ) then  𝑇  ( )  (  )
( )𝑇  ( ) This is an important 

consequence of the relation between (  )
( ) and ( ̅ )

( )  and definition of (  )
( ). 

386 

  

Proof : From global equations we obtain  

  ( )

  
 (   )

( )  .(   
 )( )  (   

 )( )  (   
  )( )(     )/  (   

  )( )(     ) 
( )  (   )

( ) ( )  

387 

Definition of  ( ) :-          ( )  
   

   
 388 

It follows 

  .(   )
( )( ( ))

 
 (  )

( ) ( )  (   )
( )/  

  ( )

  
  .(   )

( )( ( ))
 
 (  )

( ) ( )  (   )
( )/ 

389 

From which one obtains  

Definition of ( ̅ )
( ) (  )

( ) :- 

(d) For   (  )
( )  

   
 

   
  (  )

( )  ( ̅ )
( ) 

390 



IJSRP Monograph Publication                74 
ISSN: 2250-3153 

www.ijsrp.org 

 

    ( )( )  
(  )

( ) ( )( )(  )
( ) 

0 (   )( ).(  )( ) (  )( )/  1

  ( )( ) 
0 (   )( ).(  )( ) (  )( )/  1

     ,    ( )( )  
(  )

( ) (  )
( )

(  )
( ) (  )

( )  

            (  )
( )   ( )( )  (  )

( )  

In the same manner , we get 

  ( )( )  
( ̅ )

( ) ( ̅)( )( ̅ )
( ) 

0 (   )( ).( ̅ )( ) ( ̅ )( )/  1

  ( ̅)( ) 
0 (   )( ).( ̅ )( ) ( ̅ )( )/  1

      ,   ( ̅)( )  
( ̅ )

( ) (  )
( )

(  )
( ) ( ̅ )

( )    

391 

From which we deduce (  )
( )   ( )( )  ( ̅ )

( ) 392 

(e) If    (  )
( )  (  )

( )  
   
 

   
  ( ̅ )

( ) we find like in the previous case, 

(  )
( )  

(  )
( ) ( )( )(  )

( ) 
0 (   )( ).(  )( ) (  )( )/  1

  ( )( ) 
0 (   )( ).(  )( ) (  )( )/  1

   ( )( )    

    
( ̅ )

( ) ( ̅)( )( ̅ )
( ) 

0 (   )( ).( ̅ )( ) ( ̅ )( )/  1

  ( ̅)( ) 
0 (   )( ).( ̅ )( ) ( ̅ )( )/  1

 ( ̅ )
( )  

393 

(f) If    (  )
( )  ( ̅ )

( )  (  )
( )  

   
 

   
   , we obtain 

 

  (  )
( )    ( )( )  

( ̅ )
( ) ( ̅)( )( ̅ )

( ) 
0 (   )( ).( ̅ )( ) ( ̅ )( )/  1

  ( ̅)( ) 
0 (   )( ).( ̅ )( ) ( ̅ )( )/  1

 (  )
( ) 

And so with the notation of the first part of condition (c) , we have  

394 

Definition of   ( )( ) :- 

(  )
( )    ( )( )  (  )

( ),     ( )( )  
   ( )

   ( )
 

395 

In a completely analogous way, we obtain  

Definition of   ( )( )  :- 

(  )
( )    ( )( )  (  )

( ),     ( )( )  
   ( )

   ( )
 

396 

 Now, using this result and replacing it in global equations we get easily the result stated in the 
theorem. 

 

Particular case : 

If (   
  )( )  (   

  )( )      (  )
( )  (  )

( )  and in this case (  )
( )  ( ̅ )

( ) if in addition 

(  )
( )  (  )

( ) then   ( )( )  (  )
( ) and as a consequence 𝐺  ( )  (  )

( )𝐺  ( ) 

Analogously if  (   
  )( )  (   

  )( )      (  )
( )  (  )

( ) and then 

 (  )
( )   ( ̅ )

( )if in addition (  )
( )  (  )

( ) then  𝑇  ( )  (  )
( )𝑇  ( ) This is an important 

consequence of the relation between (  )
( ) and ( ̅ )

( ) 
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Proof : From global equations we obtain  

  ( )

  
 (   )

( )  .(   
 )( )  (   

 )( )  (   
  )( )(𝑇    )/  (   

  )( )(𝑇    ) 
( )  (   )

( ) ( )  

398 

Definition of  ( ) :-          ( )  
   

   
 

It follows 

  .(   )
( )( ( ))

 
 (  )

( ) ( )  (   )
( )/  

  ( )

  
  .(   )

( )( ( ))
 
 (  )

( ) ( )  (   )
( )/ 

399 

 
 From which one obtains  

(a) For   (  )
( )  

   
 

   
  (  )

( )  ( ̅ )
( ) 

 

 ( )( )  
(  )

( ) ( )( )(  )
( ) 

0 (   )( ).(  )( ) (  )( )/  1

  ( )( ) 
0 (   )( ).(  )( ) (  )( )/  1

     ,    (𝐶)( )  
(  )

( ) (  )
( )

(  )
( ) (  )

( )  

            (  )
( )   ( )( )  (  )

( )  

400 

 In the same manner , we get 

  ( )( )  
( ̅ )

( ) ( ̅)( )( ̅ )
( ) 

0 (   )( ).( ̅ )( ) ( ̅ )( )/  1

  ( ̅)( ) 
0 (   )( ).( ̅ )( ) ( ̅ )( )/  1

      ,   (𝐶̅)( )  
( ̅ )

( ) (  )
( )

(  )
( ) ( ̅ )

( )    

Definition of ( ̅ )
( ) :- 

From which we deduce (  )
( )   ( )( )  ( ̅ )

( ) 

401 

(b) If    (  )
( )  (  )

( )  
   
 

   
  ( ̅ )

( ) we find like in the previous case, 

 

 (  )
( )  

(  )
( ) ( )( )(  )

( ) 
0 (   )( ).(  )( ) (  )( )/  1

  ( )( ) 
0 (   )( ).(  )( ) (  )( )/  1

   ( )( )   

 
( ̅ )

( ) ( ̅)( )( ̅ )
( ) 

0 (   )( ).( ̅ )( ) ( ̅ )( )/  1

  ( ̅)( ) 
0 (   )( ).( ̅ )( ) ( ̅ )( )/  1

 ( ̅ )
( )  
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(c) If    (  )
( )  ( ̅ )

( )  (  )
( )  

   
 

   
   , we obtain 

(  )
( )    ( )( )  

( ̅ )
( ) ( ̅)( )( ̅ )

( ) 
0 (   )( ).( ̅ )( ) ( ̅ )( )/  1

  ( ̅)( ) 
0 (   )( ).( ̅ )( ) ( ̅ )( )/  1

 (  )
( )  

And so with the notation of the first part of condition (c) , we have  

Definition of   ( )( ) :- 

(  )
( )    ( )( )  (  )

( ),     ( )( )  
   ( )

   ( )
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In a completely analogous way, we obtain  

Definition of   ( )( )  :- 

(  )
( )    ( )( )  (  )

( ),     ( )( )  
   ( )

   ( )
 

Now, using this result and replacing it in global equations we get easily the result stated in the 
theorem. 

Particular case : 

If (   
  )( )  (   

  )( )      (  )
( )  (  )

( )  and in this case (  )
( )  ( ̅ )

( ) if in addition (  )
( )  

(  )
( ) then   ( )( )  (  )

( ) and as a consequence 𝐺  ( )  (  )
( )𝐺  ( ) 

Analogously if  (   
  )( )  (   

  )( )      (  )
( )  (  )

( ) and then 

 (  )
( )   ( ̅ )

( )if in addition (  )
( )  (  )

( ) then  𝑇  ( )  (  )
( )𝑇  ( ) This is an important 

consequence of the relation between (  )
( ) and ( ̅ )

( ) 

  

Proof : From global equations we obtain  
 

  ( )

  
 (   )

( )  .(   
 )( )  (   

 )( )  (   
  )( )(𝑇    )/  (   

  )( )(𝑇    ) 
( )  (   )

( ) ( )  

 
 

Definition of  ( ) :-          ( )  
   

   
 

 
It follows 

  .(   )
( )( ( ))

 
 (  )

( ) ( )  (   )
( )/  

  ( )

  
  .(   )

( )( ( ))
 
 (  )

( ) ( )  (   )
( )/ 

 From which one obtains  
 
Definition of ( ̅ )

( ) (  )
( ) :- 

 

(d) For   (  )
( )  

   
 

   
  (  )

( )  ( ̅ )
( ) 

 

   ( )( )  
(  )

( ) ( )( )(  )
( ) 

0 (   )( ).(  )( ) (  )( )/  1

  ( )( ) 
0 (   )( ).(  )( ) (  )( )/  1

     ,    (𝐶)( )  
(  )

( ) (  )
( )

(  )
( ) (  )

( )  

 
            (  )

( )   ( )( )  (  )
( )  
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In the same manner , we get 
 

  ( )( )  
( ̅ )

( ) ( ̅)( )( ̅ )
( ) 

0 (   )( ).( ̅ )( ) ( ̅ )( )/  1

  ( ̅)( ) 
0 (   )( ).( ̅ )( ) ( ̅ )( )/  1

      ,   (𝐶̅)( )  
( ̅ )

( ) (  )
( )

(  )
( ) ( ̅ )

( )    

 
   From which we deduce (  )

( )   ( )( )  ( ̅ )
( ) 

 

405 

(e) If    (  )
( )  (  )

( )  
   
 

   
  ( ̅ )

( ) we find like in the previous case, 406 
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      (  )
( )  

(  )
( ) ( )( )(  )

( ) 
0 (   )( ).(  )( ) (  )( )/  1

  ( )( ) 
0 (   )( ).(  )( ) (  )( )/  1

   ( )( )   

 

            
( ̅ )

( ) ( ̅)( )( ̅ )
( ) 

0 (   )( ).( ̅ )( ) ( ̅ )( )/  1

  ( ̅)( ) 
0 (   )( ).( ̅ )( ) ( ̅ )( )/  1

 ( ̅ )
( )  

  

(f) If    (  )
( )  ( ̅ )

( )  (  )
( )  

   
 

   
   , we obtain 

 

  (  )
( )    ( )( )  

( ̅ )
( ) ( ̅)( )( ̅ )

( ) 
0 (   )( ).( ̅ )( ) ( ̅ )( )/  1

  ( ̅)( ) 
0 (   )( ).( ̅ )( ) ( ̅ )( )/  1

 (  )
( ) 

 
And so with the notation of the first part of condition (c) , we have  

Definition of   ( )( ) :- 
 

(  )
( )    ( )( )  (  )

( ),     ( )( )  
   ( )

   ( )
 

In a completely analogous way, we obtain  
Definition of   ( )( )  :- 
 

(  )
( )    ( )( )  (  )

( ),     ( )( )  
   ( )

   ( )
 

   
Now, using this result and replacing it in global equations we get easily the result stated in the 
theorem. 
 
Particular case : 
 

If (   
  )( )  (   

  )( )      (  )
( )  (  )

( )  and in this case (  )
( )  ( ̅ )

( ) if in addition (  )
( )  

(  )
( ) then   ( )( )  (  )

( ) and as a consequence 𝐺  ( )  (  )
( )𝐺  ( ) this also defines (  )

( ) for 
the special case . 
 

Analogously if  (   
  )( )  (   

  )( )      (  )
( )  (  )

( ) and then 

 (  )
( )   ( ̅ )

( )if in addition (  )
( )  (  )

( ) then  𝑇  ( )  (  )
( )𝑇  ( ) This is an important 

consequence of the relation between (  )
( ) and ( ̅ )

( )  and definition of (  )
( ).  

407 

  
         
Proof : From global equations we obtain  

 
  ( )

  
 (   )

( )  .(   
 )( )  (   

 )( )  (   
  )( )(𝑇    )/  (   

  )( )(𝑇    ) 
( )  (   )

( ) ( )  

 
 

Definition of  ( ) :-          ( )  
   

   
 

 
It follows 

  .(   )
( )( ( ))

 
 (  )

( ) ( )  (   )
( )/  

  ( )

  
  .(   )

( )( ( ))
 
 (  )

( ) ( )  (   )
( )/ 

 
 
 From which one obtains  

408 
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Definition of ( ̅ )
( ) (  )

( ) :- 
 

(g) For   (  )
( )  

   
 

   
  (  )

( )  ( ̅ )
( ) 

 

       ( )( )  
(  )

( ) ( )( )(  )
( ) 

0 (   )( ).(  )
( ) (  )( )/  1

  ( )( ) 
0 (   )( ).(  )( ) (  )( )/  1

     ,    (𝐶)( )  
(  )

( ) (  )
( )

(  )
( ) (  )

( )  

 

            (  )
( )   ( )( )  (  )

( )  
 

In the same manner , we get 
 

  ( )( )  
( ̅ )

( ) ( ̅)( )( ̅ )
( ) 

0 (   )( ).( ̅ )( ) ( ̅ )( )/  1

  ( ̅)( ) 
0 (   )( ).( ̅ )( ) ( ̅ )( )/  1

      ,   (𝐶̅)( )  
( ̅ )

( ) (  )
( )

(  )
( ) ( ̅ )

( )    

 
   From which we deduce (  )

( )   ( )( )  ( ̅ )
( ) 

 

409 

(h) If    (  )
( )  (  )

( )  
   
 

   
  ( ̅ )

( ) we find like in the previous case, 

 

      (  )
( )  

(  )
( ) ( )( )(  )

( ) 
0 (   )( ).(  )( ) (  )( )/  1

  ( )( ) 
0 (   )( ).(  )( ) (  )( )/  1

   ( )( )   

 

            
( ̅ )

( ) ( ̅)( )( ̅ )
( ) 

0 (   )( ).( ̅ )( ) ( ̅ )( )/  1

  ( ̅)( ) 
0 (   )( ).( ̅ )( ) ( ̅ )( )/  1

 ( ̅ )
( )  

410 

(i) If    (  )
( )  ( ̅ )

( )  (  )
( )  

   
 

   
   , we obtain 

 

  (  )
( )    ( )( )  

( ̅ )
( ) ( ̅)( )( ̅ )

( ) 
0 (   )( ).( ̅ )( ) ( ̅ )( )/  1

  ( ̅)( ) 
0 (   )( ).( ̅ )( ) ( ̅ )( )/  1

 (  )
( ) 

 
And so with the notation of the first part of condition (c) , we have  

Definition of   ( )( ) :- 
 

(  )
( )    ( )( )  (  )

( ),     ( )( )  
   ( )

   ( )
 

In a completely analogous way, we obtain  

Definition of   ( )( )  :- 
 

(  )
( )    ( )( )  (  )

( ),     ( )( )  
   ( )

   ( )
 

   
Now, using this result and replacing it in global equations we get easily the result stated in the 
theorem. 
 
Particular case : 
 

If (   
  )( )  (   

  )( )      (  )
( )  (  )

( )  and in this case (  )
( )  ( ̅ )

( ) if in addition (  )
( )  

(  )
( ) then   ( )( )  (  )

( ) and as a consequence 𝐺  ( )  (  )
( )𝐺  ( ) this also defines (  )

( ) for 
the special case . 
 

411 
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Analogously if  (   
  )( )  (   

  )( )      (  )
( )  (  )

( ) and then 

 (  )
( )   ( ̅ )

( )if in addition (  )
( )  (  )

( ) then  𝑇  ( )  (  )
( )𝑇  ( ) This is an important 

consequence of the relation between (  )
( ) and ( ̅ )

( )  and definition of (  )
( ). 

 
  

   Proof : From global equations we obtain  
 

  ( )

  
 (   )

( )  .(   
 )( )  (   

 )( )  (   
  )( )(𝑇    )/  (   

  )( )(𝑇    ) 
( )  (   )

( ) ( )  

 
 

Definition of  ( ) :-          ( )  
   

   
 

 
It follows 

  .(   )
( )( ( ))

 
 (  )

( ) ( )  (   )
( )/  

  ( )

  
  .(   )

( )( ( ))
 
 (  )

( ) ( )  (   )
( )/ 

 
 
 From which one obtains  

 
Definition of ( ̅ )

( ) (  )
( ) :- 

 

(j) For   (  )
( )  

   
 

   
  (  )

( )  ( ̅ )
( ) 

 

       ( )( )  
(  )

( ) ( )( )(  )
( ) 

0 (   )( ).(  )
( ) (  )( )/  1

  ( )( ) 
0 (   )( ).(  )( ) (  )( )/  1

     ,    (𝐶)( )  
(  )

( ) (  )
( )

(  )
( ) (  )

( )  

 

            (  )
( )   ( )( )  (  )

( )  
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In the same manner , we get 
 

  ( )( )  
( ̅ )

( ) ( ̅)( )( ̅ )
( ) 

0 (   )( ).( ̅ )( ) ( ̅ )( )/  1

  ( ̅)( ) 
0 (   )( ).( ̅ )( ) ( ̅ )( )/  1

      ,   (𝐶̅)( )  
( ̅ )

( ) (  )
( )

(  )
( ) ( ̅ )

( )    

 

   From which we deduce (  )
( )   ( )( )  ( ̅ )

( ) 
 

413 

(k) If    (  )
( )  (  )

( )  
   
 

   
  ( ̅ )

( ) we find like in the previous case, 

 

      (  )
( )  

(  )
( ) ( )( )(  )

( ) 
0 (   )( ).(  )( ) (  )( )/  1

  ( )( ) 
0 (   )( ).(  )( ) (  )( )/  1

   ( )( )   

 

  
( ̅ )

( ) ( ̅)( )( ̅ )
( ) 

0 (   )( ).( ̅ )( ) ( ̅ )( )/  1

  ( ̅)( ) 
0 (   )( ).( ̅ )( ) ( ̅ )( )/  1

 ( ̅ )
( )  

414 

(l) If    (  )
( )  ( ̅ )

( )  (  )
( )  

   
 

   
   , we obtain 

 

  (  )
( )    ( )( )  

( ̅ )
( ) ( ̅)( )( ̅ )

( ) 
0 (   )( ).( ̅ )( ) ( ̅ )( )/  1

  ( ̅)( ) 
0 (   )( ).( ̅ )( ) ( ̅ )( )/  1

 (  )
( ) 

 
And so with the notation of the first part of condition (c) , we have  

415 
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Definition of   ( )( ) :- 
 

(  )
( )    ( )( )  (  )

( ),     ( )( )  
   ( )

   ( )
 

In a completely analogous way, we obtain  
Definition of   ( )( )  :- 
 

(  )
( )    ( )( )  (  )

( ),     ( )( )  
   ( )

   ( )
 

   
Now, using this result and replacing it in global equations we get easily the result stated in the 
theorem. 
 
Particular case : 
 

If (   
  )( )  (   

  )( )      (  )
( )  (  )

( )  and in this case (  )
( )  ( ̅ )

( ) if in addition (  )
( )  

(  )
( ) then   ( )( )  (  )

( ) and as a consequence 𝐺  ( )  (  )
( )𝐺  ( ) this also defines (  )

( ) for 
the special case . 
Analogously if  (   

  )( )  (   
  )( )      (  )

( )  (  )
( ) and then 

 (  )
( )   ( ̅ )

( )if in addition (  )
( )  (  )

( ) then  𝑇  ( )  (  )
( )𝑇  ( ) This is an important 

consequence of the relation between (  )
( ) and ( ̅ )

( )  and definition of (  )
( ). 

  
         
Proof : From global equations we obtain  
 
  ( )

  
 (   )

( )  .(   
 )( )  (   

 )( )  (   
  )( )(𝑇    )/    

(   
  )( )(𝑇    ) 

( )  (   )
( ) ( ) 

 

Definition of  ( ) :-          ( )  
   

   
 

 
It follows 

  .(   )
( )( ( ))

 
 (  )

( ) ( )  (   )
( )/  

  ( )

  
  

 .(   )
( )( ( ))

 
 (  )

( ) ( )  (   )
( )/ 

 
 From which one obtains  
 

Definition of ( ̅ )
( ) (  )

( ) :- 
 

 For   (  )
( )  

   
 

   
  (  )

( )  ( ̅ )
( ) 

 

       ( )( )  
(  )

( ) ( )( )(  )
( ) 

0 (   )( ).(  )
( ) (  )( )/  1

  ( )( ) 
0 (   )( ).(  )( ) (  )( )/  1

     ,    (𝐶)( )  
(  )

( ) (  )
( )

(  )
( ) (  )

( )  

 

            (  )
( )   ( )( )  (  )

( )  
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In the same manner , we get 
 

  ( )( )  
( ̅ )

( ) ( ̅)( )( ̅ )
( ) 

0 (   )( ).( ̅ )( ) ( ̅ )( )/  1

  ( ̅)( ) 
0 (   )( ).( ̅ )( ) ( ̅ )( )/  1

      ,   (𝐶̅)( )  
( ̅ )

( ) (  )
( )

(  )
( ) ( ̅ )

( )    

417 
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   From which we deduce (  )
( )   ( )( )  ( ̅ )

( ) 
 

 If    (  )
( )  (  )

( )  
   
 

   
  ( ̅ )

( ) we find like in the previous case, 

 

      (  )
( )  

(  )
( ) ( )( )(  )

( ) 
0 (   )( ).(  )( ) (  )( )/  1

  ( )( ) 
0 (   )( ).(  )( ) (  )( )/  1

   ( )( )   

 

            
( ̅ )

( ) ( ̅)( )( ̅ )
( ) 

0 (   )( ).( ̅ )( ) ( ̅ )( )/  1

  ( ̅)( ) 
0 (   )( ).( ̅ )( ) ( ̅ )( )/  1

 ( ̅ )
( )  

 

418 
 
 
 
 

If    (  )
( )  ( ̅ )

( )  (  )
( )  

   
 

   
   , we obtain 

 

  (  )
( )    ( )( )  

( ̅ )
( ) ( ̅)( )( ̅ )

( ) 
0 (   )( ).( ̅ )( ) ( ̅ )( )/  1

  ( ̅)( ) 
0 (   )( ).( ̅ )( ) ( ̅ )( )/  1

 (  )
( ) 

 
And so with the notation of the first part of condition (c) , we have  

Definition of   ( )( ) :- 
 

(  )
( )    ( )( )  (  )

( ),     ( )( )  
   ( )

   ( )
 

In a completely analogous way, we obtain  
 

419 

Definition of   ( )( )  :- 
 

(  )
( )    ( )( )  (  )

( ),     ( )( )  
   ( )

   ( )
 

   
Now, using this result and replacing it in global equations we get easily the result stated in the 
theorem. 
 
Particular case : 
 
If (   

  )( )  (   
  )( )      (  )

( )  (  )
( )  and in this case (  )

( )  ( ̅ )
( ) if in addition (  )

( )  

(  )
( ) then   ( )( )  (  )

( ) and as a consequence 𝐺  ( )  (  )
( )𝐺  ( ) this also defines (  )

( ) for 
the special case . 
 
Analogously if  (   

  )( )  (   
  )( )      (  )

( )  (  )
( ) and then (  )

( )   ( ̅ )
( )if in addition 

(  )
( )  (  )

( ) then  𝑇  ( )  (  )
( )𝑇  ( ) This is an important consequence of the relation between 

(  )
( ) and ( ̅ )

( )  and definition of (  )
( ). 

 

420 

      
Proof : From global equations we obtain  
 
  ( )

  
 (   )

( )  .(   
 )( )  (   

 )( )  (   
  )( )(𝑇    )/  (   

  )( )(𝑇    ) 
( )  (   )

( ) ( )  

 
 

Definition of  ( ) :-          ( )  
   

   
 

 

 
421 
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It follows 

  .(   )
( )( ( ))

 
 (  )

( ) ( )  (   )
( )/  

  ( )

  
  .(   )

( )( ( ))
 
 (  )

( ) ( )  (   )
( )/ 

 
 
 From which one obtains  
 
Definition of ( ̅ )

( ) (  )
( ) :- 

 

(m) For   (  )
( )  

   
 

   
  (  )

( )  ( ̅ )
( ) 

 

       ( )( )  
(  )

( ) ( )( )(  )
( ) 

0 (   )( ).(  )
( ) (  )( )/  1

  ( )( ) 
0 (   )( ).(  )( ) (  )( )/  1

     ,    (𝐶)( )  
(  )

( ) (  )
( )

(  )
( ) (  )

( )  

 
            (  )

( )   ( )( )  (  )
( )  

 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

In the same manner , we get 
 

  ( )( )  
( ̅ )

( ) ( ̅)( )( ̅ )
( ) 

0 (   )( ).( ̅ )( ) ( ̅ )( )/  1

  ( ̅)( ) 
0 (   )( ).( ̅ )( ) ( ̅ )( )/  1

      ,   (𝐶̅)( )  
( ̅ )

( ) (  )
( )

(  )
( ) ( ̅ )

( )    

 

   From which we deduce (  )
( )   ( )( )  ( ̅ )

( ) 
 

422 

(n) If    (  )
( )  (  )

( )  
   
 

   
  ( ̅ )

( ) we find like in the previous case, 

 

      (  )
( )  

(  )
( ) ( )( )(  )

( ) 
0 (   )( ).(  )( ) (  )( )/  1

  ( )( ) 
0 (   )( ).(  )( ) (  )( )/  1

   ( )( )   

 

            
( ̅ )

( ) ( ̅)( )( ̅ )
( ) 

0 (   )( ).( ̅ )( ) ( ̅ )( )/  1

  ( ̅)( ) 
0 (   )( ).( ̅ )( ) ( ̅ )( )/  1

 ( ̅ )
( )  

423 

(o) If    (  )
( )  ( ̅ )

( )  (  )
( )  

   
 

   
   , we obtain 

 

  (  )
( )    ( )( )  

( ̅ )
( ) ( ̅)( )( ̅ )

( ) 
0 (   )( ).( ̅ )( ) ( ̅ )( )/  1

  ( ̅)( ) 
0 (   )( ).( ̅ )( ) ( ̅ )( )/  1

 (  )
( ) 

 
And so with the notation of the first part of condition (c) , we have  
Definition of   ( )( ) :- 
 

(  )
( )    ( )( )  (  )

( ),     ( )( )  
   ( )

   ( )
 

In a completely analogous way, we obtain  

Definition of   ( )( )  :- 
 

(  )
( )    ( )( )  (  )

( ),        ( )( )  
   ( )

   ( )
 

   
 
Now, using this result and replacing it in global equations we get easily the result stated in the 
theorem. 

424 
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Particular case : 
 

If (   
  )( )  (   

  )( )      (  )
( )  (  )

( )  and in this case (  )
( )  ( ̅ )

( ) if in addition (  )
( )  

(  )
( ) then   ( )( )  (  )

( ) and as a consequence 𝐺  ( )  (  )
( )𝐺  ( ) this also defines (  )

( ) for 
the special case . 
 
Analogously if  (   

  )( )  (   
  )( )      (  )

( )  (  )
( ) and then 

 (  )
( )   ( ̅ )

( )if in addition (  )
( )  (  )

( ) then  𝑇  ( )  (  )
( )𝑇  ( ) This is an important 

consequence of the relation between (  )
( ) and ( ̅ )

( )  and definition of (  )
( ). 

 
 

We can prove the following 

Theorem  : If (  
  )( )    (  

  )( ) are independent on   , and the conditions  with the notations   

(   
 )( )(   

 )( )  (   )
( )(   )

( )      

(   
 )( )(   

 )( )  (   )
( )(   )

( )  (   )
( )(   )

( )  (   
 )( )(   )

( )  (   )
( )(   )

( )     

(   
 )( )(   

 )( )  (   )
( )(   )

( )    ,  

(   
 )( )(   

 )( )  (   )
( )(   )

( )  (   
 )( )(   )

( )  (   
 )( )(   )

( )  (   )
( )(   )

( )     

      (   )
( ) (   )

( ) as defined by equation   are satisfied , then the system 

425 

Theorem  : If (  
  )( )    (  

  )( ) are independent on   , and the conditions  with the notations   426 

(   
 )( )(   

 )( )  (   )
( )(   )

( )      427 

(   
 )( )(   

 )( )  (   )
( )(   )

( )  (   )
( )(   )

( )  (   
 )( )(   )

( )  (   )
( )(   )

( )     428 

(   
 )( )(   

 )( )  (   )
( )(   )

( )    ,  429 

(   
 )( )(   

 )( )  (   )
( )(   )

( )  (   
 )( )(   )

( )  (   
 )( )(   )

( )  (   )
( )(   )

( )     

      (   )
( ) (   )

( ) as defined by equation   are satisfied , then the system 

430 

Theorem  : If (  
  )( )    (  

  )( ) are independent on   , and the conditions  with the notations   

(   
 )( )(   

 )( )  (   )
( )(   )

( )      

(   
 )( )(   

 )( )  (   )
( )(   )

( )  (   )
( )(   )

( )  (   
 )( )(   )

( )  (   )
( )(   )

( )     

(   
 )( )(   

 )( )  (   )
( )(   )

( )    ,  

(   
 )( )(   

 )( )  (   )
( )(   )

( )  (   
 )( )(   )

( )  (   
 )( )(   )

( )  (   )
( )(   )

( )     

      (   )
( ) (   )

( ) as defined by equation  are satisfied , then the system 

431 

We can prove the following 

Theorem 3: If (  
  )( )    (  

  )( ) are independent on   , and the conditions  with the notations   

(   
 )( )(   

 )( )  (   )
( )(   )

( )      

432 
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(   
 )( )(   

 )( )  (   )
( )(   )

( )  (   )
( )(   )

( )  (   
 )( )(   )

( )  (   )
( )(   )

( )     

(   
 )( )(   

 )( )  (   )
( )(   )

( )    ,  

(   
 )( )(   

 )( )  (   )
( )(   )

( )  (   
 )( )(   )

( )  (   
 )( )(   )

( )  (   )
( )(   )

( )     

      (   )
( ) (   )

( ) as defined by equation   are satisfied , then the system 

Theorem 3: If (  
  )( )    (  

  )( ) are independent on   , and the conditions  with the notations   

(   
 )( )(   

 )( )  (   )
( )(   )

( )      

(   
 )( )(   

 )( )  (   )
( )(   )

( )  (   )
( )(   )

( )  (   
 )( )(   )

( )  (   )
( )(   )

( )     

(   
 )( )(   

 )( )  (   )
( )(   )

( )    ,  

(   
 )( )(   

 )( )  (   )
( )(   )

( )  (   
 )( )(   )

( )  (   
 )( )(   )

( )  (   )
( )(   )

( )     

      (   )
( ) (   )

( ) as defined by equation   are satisfied , then the system 
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Theorem 3: If (  
  )( )    (  

  )( ) are independent on   , and the conditions  with the notations   

(   
 )( )(   

 )( )  (   )
( )(   )

( )      

(   
 )( )(   

 )( )  (   )
( )(   )

( )  (   )
( )(   )

( )  (   
 )( )(   )

( )  (   )
( )(   )

( )     

(   
 )( )(   

 )( )  (   )
( )(   )

( )    ,  

(   
 )( )(   

 )( )  (   )
( )(   )

( )  (   
 )( )(   )

( )  (   
 )( )(   )

( )  (   )
( )(   )

( )     

      (   )
( ) (   )

( ) as defined by equation   are satisfied , then the system 
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Theorem 3: If (  
  )( )    (  

  )( ) are independent on   , and the conditions  with the notations   
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 )( )(   

 )( )  (   )
( )(   )

( )      
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 )( )(   

 )( )  (   )
( )(   )

( )  (   )
( )(   )

( )  (   
 )( )(   )

( )  (   )
( )(   )

( )     
 

(   
 )( )(   

 )( )  (   )
( )(   )

( )    ,  
 
(   

 )( )(   
 )( )  (   )

( )(   )
( )  (   

 )( )(   )
( )  (   

 )( )(   )
( )  (   )

( )(   )
( )     

 

      (   )
( ) (   )

( ) as defined by equation   are satisfied , then the system 
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Theorem 3: If (  
  )( )    (  

  )( ) are independent on   , and the conditions  with the notations   
 

(   
 )( )(   

 )( )  (   )
( )(   )

( )      
 
(   

 )( )(   
 )( )  (   )

( )(   )
( )  (   )

( )(   )
( )  (   

 )( )(   )
( )  (   )

( )(   )
( )     
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 )( )(   

 )( )  (   )
( )(   )

( )    ,  
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(   
 )( )(   

 )( )  (   )
( )(   )

( )  (   
 )( )(   )

( )  (   
 )( )(   )

( )  (   )
( )(   )

( )     
 

      (   )
( ) (   )

( ) as defined by equation   are satisfied , then the system 
 
(   )

( )𝐺   [(   
 )( )  (   

  )( )(𝑇  )]𝐺       437 

(   )
( )𝐺   [(   

 )( )  (   
  )( )(𝑇  )]𝐺       438 

(   )
( )𝐺   [(   

 )( )  (   
  )( )(𝑇  )]𝐺       439 

(   )
( )𝑇   ,(   

 )( )  (   
  )( )(𝐺) -𝑇       440 

(   )
( )𝑇   ,(   

 )( )  (   
  )( )(𝐺) -𝑇       441 

(   )
( )𝑇   ,(   

 )( )  (   
  )( )(𝐺) -𝑇       442 

has a unique positive solution , which is an equilibrium solution for the system    

(   )
( )𝐺   [(   

 )( )  (   
  )( )(𝑇  )]𝐺       443 

(   )
( )𝐺   [(   

 )( )  (   
  )( )(𝑇  )]𝐺       444 

(   )
( )𝐺   [(   

 )( )  (   
  )( )(𝑇  )]𝐺       445 

(   )
( )𝑇   ,(   

 )( )  (   
  )( )(𝐺  ) -𝑇       446 

(   )
( )𝑇   ,(   

 )( )  (   
  )( )(𝐺  ) -𝑇       447 

(   )
( )𝑇   ,(   

 )( )  (   
  )( )(𝐺  ) -𝑇       448 

has a unique positive solution , which is an equilibrium solution    

(   )
( )𝐺   [(   

 )( )  (   
  )( )(𝑇  )]𝐺       449 

(   )
( )𝐺   [(   

 )( )  (   
  )( )(𝑇  )]𝐺       450 

(   )
( )𝐺   [(   

 )( )  (   
  )( )(𝑇  )]𝐺       451 

(   )
( )𝑇   ,(   

 )( )  (   
  )( )(𝐺  ) -𝑇       452 

(   )
( )𝑇   ,(   

 )( )  (   
  )( )(𝐺  ) -𝑇       453 

(   )
( )𝑇   ,(   

 )( )  (   
  )( )(𝐺  ) -𝑇       454 

has a unique positive solution , which is an equilibrium solution    

(   )
( )𝐺   [(   

 )( )  (   
  )( )(𝑇  )]𝐺       

 

455 

(   )
( )𝐺   [(   

 )( )  (   
  )( )(𝑇  )]𝐺       456 

(   )
( )𝐺   [(   

 )( )  (   
  )( )(𝑇  )]𝐺       
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(   )
( )𝑇   ,(   

 )( )  (   
  )( )((𝐺  )) -𝑇       
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(   )
( )𝑇   ,(   

 )( )  (   
  )( )((𝐺  )) -𝑇       
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(   )
( )𝑇   ,(   

 )( )  (   
  )( )((𝐺  )) -𝑇       
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has a unique positive solution , which is an equilibrium solution    

(   )
( )𝐺   [(   

 )( )  (   
  )( )(𝑇  )]𝐺       
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(   )
( )𝐺   [(   

 )( )  (   
  )( )(𝑇  )]𝐺       
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(   )
( )𝐺   [(   

 )( )  (   
  )( )(𝑇  )]𝐺       

 

463 

(   )
( )𝑇   ,(   

 )( )  (   
  )( )(𝐺  ) -𝑇       
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(   )
( )𝑇   ,(   

 )( )  (   
  )( )(𝐺  ) -𝑇       

 

465 

(   )
( )𝑇   ,(   

 )( )  (   
  )( )(𝐺  ) -𝑇       
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has a unique positive solution , which is an equilibrium solution   
 

 

(   )
( )𝐺   [(   

 )( )  (   
  )( )(𝑇  )]𝐺       

 

467 

(   )
( )𝐺   [(   

 )( )  (   
  )( )(𝑇  )]𝐺       
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(   )
( )𝐺   [(   

 )( )  (   
  )( )(𝑇  )]𝐺       
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(   )
( )𝑇   ,(   

 )( )  (   
  )( )(𝐺  ) -𝑇       
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(   )
( )𝑇   ,(   

 )( )  (   
  )( )(𝐺  ) -𝑇       
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(   )
( )𝑇   ,(   

 )( )  (   
  )( )(𝐺  ) -𝑇       
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has a unique positive solution , which is an equilibrium solution    

(   )
( )𝐺   [(   

 )( )  (   
  )( )(𝑇  )]𝐺       
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(   )
( )𝐺   [(   

 )( )  (   
  )( )(𝑇  )]𝐺       

 

474 

(   )
( )𝐺   [(   

 )( )  (   
  )( )(𝑇  )]𝐺       
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 )( )  (   
  )( )(𝐺  )-𝑇       476 
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(   )

( )𝑇   ,(   
 )( )  (   

  )( )(𝐺  ) -𝑇       
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(   )
( )𝑇   ,(   

 )( )  (   
  )( )(𝐺  ) -𝑇       
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(   )
( )𝐺   [(   

 )( )  (   
  )( )(𝑇  )]𝐺       
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(   )
( )𝐺   [(   

 )( )  (   
  )( )(𝑇  )]𝐺       

 

480 

(   )
( )𝐺   [(   

 )( )  (   
  )( )(𝑇  )]𝐺       

 

481 

(   )
( )𝑇   ,(   

 )( )  (   
  )( )(𝐺  ) -𝑇       
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(   )
( )𝑇   ,(   

 )( )  (   
  )( )(𝐺  ) -𝑇       
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(   )
( )𝑇   ,(   

 )( )  (   
  )( )(𝐺  ) -𝑇       
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Proof:  

(a) Indeed the first two equations have a nontrivial solution 𝐺   𝐺    if  

𝐹(𝑇)  (   
 )( )(   

 )( )  (   )
( )(   )

( )  (   
 )( )(   

  )( )(𝑇  )  (   
 )( )(   

  )( )(𝑇  )  

(   
  )( )(𝑇  )(   

  )( )(𝑇  )      
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Proof:  

(a) Indeed the first two equations have a nontrivial solution 𝐺   𝐺    if  
 
 (𝑇  )  (   

 )( )(   
 )( )  (   )

( )(   )
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 )( )(   
  )( )(𝑇  )  (   

 )( )(   
  )( )(𝑇  )  

(   
  )( )(𝑇  )(   

  )( )(𝑇  )      
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Proof:  

(a) Indeed the first two equations have a nontrivial solution 𝐺   𝐺    if  

𝐹(𝑇  )  (   
 )( )(   

 )( )  (   )
( )(   )

( )  (   
 )( )(   

  )( )(𝑇  )  (   
 )( )(   

  )( )(𝑇  )  

(   
  )( )(𝑇  )(   

  )( )(𝑇  )      
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Proof:  

(a) Indeed the first two equations have a nontrivial solution 𝐺   𝐺    if  

𝐹(𝑇  )  (   
 )( )(   

 )( )  (   )
( )(   )

( )  (   
 )( )(   

  )( )(𝑇  )  (   
 )( )(   

  )( )(𝑇  )  

(   
  )( )(𝑇  )(   

  )( )(𝑇  )      
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Proof:  

(a) Indeed the first two equations have a nontrivial solution 𝐺   𝐺    if  

𝐹(𝑇  )  (   
 )( )(   

 )( )  (   )
( )(   )

( )  (   
 )( )(   

  )( )(𝑇  )  (   
 )( )(   

  )( )(𝑇  )  
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(   
  )( )(𝑇  )(   

  )( )(𝑇  )      

Proof:  

(a) Indeed the first two equations have a nontrivial solution 𝐺   𝐺    if  
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  )( )(𝑇  )      
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Proof:  
 
(a) Indeed the first two equations have a nontrivial solution 𝐺   𝐺    if  
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 )( )(   

  )( )(𝑇  )  (   
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Proof:  
 
(a) Indeed the first two equations have a nontrivial solution 𝐺   𝐺    if  
 

𝐹(𝑇  )  (   
 )( )(   

 )( )  (   )
( )(   )

( )  (   
 )( )(   

  )( )(𝑇  )  (   
 )( )(   

  )( )(𝑇  )  

(   
  )( )(𝑇  )(   

  )( )(𝑇  )      
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Definition  and uniqueness of    
   :-   

After hypothesis   ( )     ( )     and the functions (  
  )( )(𝑇  ) being increasing, it follows 

that there exists a unique   𝑇  
    for which   (𝑇  

 )   . With this value , we obtain from the three 
first equations  

𝐺    
(   )

( )   

[(   
 )( ) (   

  )( )(   
 )]

      ,      𝐺    
(   )

( )   

[(   
 )( ) (   

  )( )(   
 )]
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Definition  and uniqueness of    
   :-   

After hypothesis   ( )     ( )     and the functions (  
  )( )(𝑇  ) being increasing, it follows 

that there exists a unique      
    for which   (   

 )   . With this value , we obtain from the three 

first equations  
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𝐺    
(   )

( )   

[(   
 )( ) (   

  )( )(   
 )]

      ,      𝐺    
(   )

( )   

[(   
 )( ) (   

  )( )(   
 )]
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Definition  and uniqueness of    
   :-   

After hypothesis   ( )     ( )     and the functions (  
  )( )(𝑇  ) being increasing, it follows 

that there exists a unique   𝑇  
    for which   (𝑇  

 )   . With this value , we obtain from the three 

first equations  

𝐺    
(   )

( )   

[(   
 )( ) (   

  )( )(   
 )]

      ,      𝐺    
(   )

( )   

[(   
 )( ) (   

  )( )(   
 )]
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Definition  and uniqueness of    
   :-   497 



IJSRP Monograph Publication                89 
ISSN: 2250-3153 

www.ijsrp.org 

After hypothesis   ( )     ( )     and the functions (  
  )( )(𝑇  ) being increasing, it follows 

that there exists a unique   𝑇  
    for which   (𝑇  

 )   . With this value , we obtain from the three 

first equations  

𝐺    
(   )

( )   

[(   
 )( ) (   

  )( )(   
 )]

      ,      𝐺    
(   )

( )   

[(   
 )( ) (   

  )( )(   
 )]

 

Definition  and uniqueness of    
   :-   

After hypothesis   ( )     ( )     and the functions (  
  )( )(𝑇  ) being increasing, it follows 

that there exists a unique   𝑇  
    for which   (𝑇  

 )   . With this value , we obtain from the three 

first equations  

𝐺    
(   )

( )   

[(   
 )( ) (   

  )( )(   
 )]

      ,      𝐺    
(   )

( )   

[(   
 )( ) (   

  )( )(   
 )]
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Definition  and uniqueness of    
   :-   

After hypothesis   ( )     ( )     and the functions (  
  )( )(𝑇  ) being increasing, it follows 

that there exists a unique   𝑇  
    for which   (𝑇  

 )   . With this value , we obtain from the three 

first equations  

𝐺    
(   )

( )   

[(   
 )( ) (   

  )( )(   
 )]

      ,      𝐺    
(   )

( )   

[(   
 )( ) (   

  )( )(   
 )]
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Definition  and uniqueness of    
   :-   

 

After hypothesis   ( )     ( )     and the functions (  
  )( )(𝑇  ) being increasing, it follows 

that there exists a unique   𝑇  
    for which   (𝑇  

 )   . With this value , we obtain from the three 
first equations  
 

𝐺    
(   )

( )   

[(   
 )( ) (   

  )( )(   
 )]

      ,      𝐺    
(   )

( )   

[(   
 )( ) (   

  )( )(   
 )]
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Definition  and uniqueness of    
   :-   

 

After hypothesis   ( )     ( )     and the functions (  
  )( )(𝑇  ) being increasing, it follows 

that there exists a unique   𝑇  
    for which   (𝑇  

 )   . With this value , we obtain from the three 
first equations  
 

𝐺    
(   )

( )   

[(   
 )( ) (   

  )( )(   
 )]

      ,      𝐺    
(   )

( )   

[(   
 )( ) (   

  )( )(   
 )]
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(b) By the same argument, the equations    admit solutions 𝐺   𝐺   if  

 (𝐺)  (   
 )( )(   

 )( )  (   )
( )(   )

( )    

[(   
 )( )(   

  )( )(𝐺)  (   
 )( )(   

  )( )(𝐺)] (   
  )( )(𝐺)(   

  )( )(𝐺)     

 Where in 𝐺(𝐺   𝐺   𝐺  ) 𝐺   𝐺   must be replaced by their values from 96. It is easy to see that   
is a decreasing function in 𝐺   taking into account the hypothesis   ( )      ( )     it follows 
that there exists a unique 𝐺  

  such that  (𝐺 )    
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(c) By the same argument, the equations    admit solutions 𝐺   𝐺   if  
 

 (𝐺  )  (   
 )( )(   

 )( )  (   )
( )(   )

( )    

[(   
 )( )(   

  )( )(𝐺  )  (   
 )( )(   

  )( )(𝐺  )] (   
  )( )(𝐺  )(   

  )( )(𝐺  )      
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Where in (𝐺  )(𝐺   𝐺   𝐺  ) 𝐺   𝐺   must be replaced by their values from 96. It is easy to see 

that   is a decreasing function in 𝐺   taking into account the hypothesis   ( )      ( )     it 

follows that there exists a unique    
  such that  ((𝐺  )

 )    

504 

(a) By the same argument, the equations    admit solutions 𝐺   𝐺   if  
 

 (𝐺  )  (   
 )( )(   

 )( )  (   )
( )(   )

( )    

[(   
 )( )(   

  )( )(𝐺  )  (   
 )( )(   

  )( )(𝐺  )] (   
  )( )(𝐺  )(   

  )( )(𝐺  )      

Where in 𝐺  (𝐺   𝐺   𝐺  ) 𝐺   𝐺   must be replaced by their values from 96. It is easy to see that 

  is a decreasing function in 𝐺   taking into account the hypothesis   ( )      ( )     it follows 

that there exists a unique 𝐺  
  such that  ((𝐺  )

 )    
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(b) By the same argument, the equations    admit solutions 𝐺   𝐺   if  
 

 (𝐺  )  (   
 )( )(   

 )( )  (   )
( )(   )

( )    

[(   
 )( )(   

  )( )(𝐺  )  (   
 )( )(   

  )( )(𝐺  )] (   
  )( )(𝐺  )(   

  )( )(𝐺  )      

Where in (𝐺  )(𝐺   𝐺   𝐺  ) 𝐺   𝐺   must be replaced by their values from 96. It is easy to see 

that   is a decreasing function in 𝐺   taking into account the hypothesis   ( )      ( )     it 

follows that there exists a unique 𝐺  
  such that  ((𝐺  )

 )    
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(c) By the same argument, the equations    admit solutions 𝐺   𝐺   if  
 

 (𝐺  )  (   
 )( )(   

 )( )  (   )
( )(   )

( )    

[(   
 )( )(   

  )( )(𝐺  )  (   
 )( )(   

  )( )(𝐺  )] (   
  )( )(𝐺  )(   

  )( )(𝐺  )      

Where in (𝐺  )(𝐺   𝐺   𝐺  ) 𝐺   𝐺   must be replaced by their values from 96. It is easy to see 

that   is a decreasing function in 𝐺   taking into account the hypothesis   ( )      ( )     it 

follows that there exists a unique 𝐺  
  such that  ((𝐺  )

 )    
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(d) By the same argument, the equations    admit solutions 𝐺   𝐺   if  
 

 (𝐺  )  (   
 )( )(   

 )( )  (   )
( )(   )

( )    

[(   
 )( )(   

  )( )(𝐺  )  (   
 )( )(   

  )( )(𝐺  )] (   
  )( )(𝐺  )(   

  )( )(𝐺  )      

Where in (𝐺  )(𝐺   𝐺   𝐺  ) 𝐺   𝐺   must be replaced by their values from 96. It is easy to see 

that   is a decreasing function in 𝐺   taking into account the hypothesis   ( )      ( )     it 

follows that there exists a unique 𝐺  
  such that  (𝐺 )    
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(e) By the same argument, the equations    admit solutions 𝐺   𝐺   if 
 
 (𝐺  )  (   

 )( )(   
 )( )  (   )

( )(   )
( )    

[(   
 )( )(   

  )( )(𝐺  )  (   
 )( )(   

  )( )(𝐺  )] (   
  )( )(𝐺  )(   

  )( )(𝐺  )      
 
Where in (𝐺  )(𝐺   𝐺   𝐺  ) 𝐺   𝐺   must be replaced by their values from 96. It is easy to see 
that   is a decreasing function in 𝐺   taking into account the hypothesis   ( )      ( )     it 
follows that there exists a unique 𝐺  

  such that  (𝐺 )    
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(f) By the same argument, the equations    admit solutions 𝐺   𝐺   if  
 

 (𝐺  )  (   
 )( )(   

 )( )  (   )
( )(   )

( )    
[(   

 )( )(   
  )( )(𝐺  )  (   

 )( )(   
  )( )(𝐺  )] (   

  )( )(𝐺  )(   
  )( )(𝐺  )      

 
Where in (𝐺  )(𝐺   𝐺   𝐺  ) 𝐺   𝐺   must be replaced by their values from 96. It is easy to see 
that   is a decreasing function in 𝐺   taking into account the hypothesis   ( )      ( )     it 
follows that there exists a unique 𝐺  

  such that  (𝐺 )    
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Finally we obtain the unique solution   

𝐺  
            (𝐺 )    , 𝑇  

            (𝑇  
 )    and 

𝐺  
  

(   )
( )   

 

[(   
 )( ) (   

  )( )(   
 )]

    ,   𝐺  
  

(   )
( )   

 

[(   
 )( ) (   

  )( )(   
 )]

     

𝑇  
  

(   )
( )   

 

[(   
 )( ) (   

  )( )(  )]
      ,   𝑇  

  
(   )

( )   
 

[(   
 )( ) (   

  )( )(  )]
 

Obviously, these values represent an equilibrium solution   
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Finally we obtain the unique solution    

   
            ((𝐺  )

 )    ,    
            (   

 )    and 512 

   
  

(   )
( )   

 

[(   
 )( ) (   

  )( )(   
 )]

    ,      
  

(   )
( )   

 

[(   
 )( ) (   

  )( )(   
 )]
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(   )
( )   

 

[(   
 )( ) (   

  )( )((   )
 )]

      ,      
  

(   )
( )   

 

[(   
 )( ) (   

  )( )((   )
 )]
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Obviously, these values represent an equilibrium solution    

Finally we obtain the unique solution   

𝐺  
            ((𝐺  )

 )    , 𝑇  
            (𝑇  

 )    and 

𝐺  
  

(   )
( )   

 

[(   
 )( ) (   

  )( )(   
 )]

    ,   𝐺  
  

(   )
( )   

 

[(   
 )( ) (   

  )( )(   
 )]

     

𝑇  
  

(   )
( )   

 

[(   
 )( ) (   

  )( )(   
 )]

      ,   𝑇  
  

(   )
( )   

 

[(   
 )( ) (   

  )( )(   
 )]

 

Obviously, these values represent an equilibrium solution of global equations 
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Finally we obtain the unique solution   
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Obviously, these values represent an equilibrium solution of global equations 
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Finally we obtain the unique solution   

𝐺  
            ((𝐺  )

 )    , 𝑇  
            (𝑇  

 )    and 

𝐺  
  

(   )
( )   

 

[(   
 )( ) (   

  )( )(   
 )]

    ,   𝐺  
  

(   )
( )   

 

[(   
 )( ) (   

  )( )(   
 )]

 

518 

𝑇  
  

(   )
( )   

 

[(   
 )( ) (   

  )( )((   )
 )]

      ,   𝑇  
  

(   )
( )   

 

[(   
 )( ) (   

  )( )((   )
 )]

 

Obviously, these values represent an equilibrium solution of global equations 
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Finally we obtain the unique solution   
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Obviously, these values represent an equilibrium solution of global equations 
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Finally we obtain the unique solution   
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Finally we obtain the unique solution   
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ASYMPTOTIC STABILITY ANALYSIS 
 

 

ASYMPTOTIC STABILITY ANALYSIS 

Theorem 4:   If the conditions of the previous theorem are satisfied and if the functions 

(  
  )( )     (  

  )( )  Belong to 𝐶( )(   ) then the above equilibrium point is asymptotically stable. 

Proof:  Denote 

Definition of       :- 
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  )( )
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Then taking into account equations   and neglecting the terms of power 2, we obtain    
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ASYMPTOTIC STABILITY ANALYSIS 

Theorem 4:   If the conditions of the previous theorem are satisfied and if the functions 

(  
  )( )     (  

  )( )  Belong to  ( )(   ) then the above equilibrium point is asymptotically stable 

531 

Proof:  Denote 

Definition of       :- 

 

     
             ,      

     532 

 (   
  )( )

    
(   

 )  (   )
( )   ,  

 (  
  )( )

   
( (𝐺  )

  )       533 

taking into account equations   and neglecting the terms of power 2, we obtain    
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 )( )  (   )
( ))    (   )

( )    (   )
( )   

      534 



IJSRP Monograph Publication                94 
ISSN: 2250-3153 

www.ijsrp.org 

    

  
  ((   

 )( )  (   )
( ))    (   )

( )    (   )
( )   

      535 

    

  
  ((   

 )( )  (   )
( ))    (   )

( )    (   )
( )   

      536 

    

  
  ((   

 )( )  (   )
( ))    (   )

( )    ∑ ( (  )( )   
   )

  
      537 

    

  
  ((   

 )( )  (   )
( ))    (   )

( )    ∑ ( (  )( )   
   )

  
      538 

    

  
  ((   

 )( )  (   )
( ))    (   )

( )    ∑ ( (  )( )   
   )

  
      539 

ASYMPTOTIC STABILITY ANALYSIS 

Theorem 4:   If the conditions of the previous theorem are satisfied and if the functions 

(  
  )( )     (  

  )( )  Belong to 𝐶( )(   ) then the above equilibrium point is asymptotically stable. 

Proof:  Denote 

Definition of       :- 
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Then taking into account equations   and neglecting the terms of power 2, we obtain    
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ASYMPTOTIC STABILITY ANALYSIS 

Theorem 4:   If the conditions of the previous theorem are satisfied and if the functions 

(  
  )( )     (  

  )( )  Belong to 𝐶( )(   ) then the above equilibrium point is asymptotically stable. 

Proof:  Denote 

547 

Definition of       :- 

     𝐺  𝐺 
             , 𝑇  𝑇 
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Then taking into account equations   and neglecting the terms of power 2, we obtain    
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ASYMPTOTIC STABILITY ANALYSIS 

Theorem 5:   If the conditions of the previous theorem are satisfied and if the functions 

(  
  )( )     (  

  )( )  Belong to 𝐶( )(   ) then the above equilibrium point is asymptotically stable. 

Proof:  Denote 
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Definition of       :- 
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Then taking into account equations   and neglecting the terms of power 2, we obtain    
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ASYMPTOTIC STABILITY ANALYSIS 

Theorem 6:   If the conditions of the previous theorem are satisfied and if the functions 
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(  
  )( )     (  

  )( )  Belong to 𝐶( )(   ) then the above equilibrium point is asymptotically stable. 

Proof:  Denote 

Definition of       :- 
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Then taking into account equations   and neglecting the terms of power 2, we obtain    
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ASYMPTOTIC STABILITY ANALYSIS 
 
Theorem 7:   If the conditions of the previous theorem are satisfied and if the functions 

(  
  )( )     (  

  )( )  Belong to 𝐶( )(   ) then the above equilibrium point is asymptotically stable. 
 
Proof:  Denote 
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Definition of       :- 
 
                      𝐺  𝐺 

             , 𝑇  𝑇 
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( (𝐺  )
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Then taking into account equations   and neglecting the terms of power 2, we obtain from   
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Obviously, these values represent an equilibrium solution   
 
ASYMPTOTIC STABILITY ANALYSIS 
 
Theorem 8:   If the conditions of the previous theorem are satisfied and if the functions 

(  
  )( )     (  

  )( )  Belong to 𝐶( )(   ) then the above equilibrium point is asymptotically stable. 
 
Proof:  Denote 
 

 

Definition of       :- 
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Then taking into account equations   and neglecting the terms of power 2, we obtain   
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The characteristic equation of this system is 587 
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And as one sees, all the coefficients are positive. It follows that all the roots have negative real part, 

and this proves the theorem. 

  

QUANTUM GRAVITY HOLOGRAPHIC RENORMALIZATION GROUP 
ETAL.,A MODEL AB UNO DISCE OMNES

 
 

PHYSICAL PARTICLE STATES (PROTON,NEUTRON AND PION) AND INVARIANT 
SU(3),THE PHYSICAL PARAMETER STATES 

MODULE NUMBERED ONE 

 

NOTATION : 

𝐺   : CATEGORY ONE OF PHYSICAL PARTCLE STATES                 

𝐺   : CATEGORY TWO OF PHYSICAL PARTICLE STATES 

𝐺   : CATEGORY THREE OF PHYSICAL PARTICLE STATES       
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𝑇   : CATEGORY ONE OF INVARIANT SU(3), THE PHYSICAL PARAMETER STATES 

𝑇   : CATEGORY TWO OF INVARIANT SU(3) THE PJYSICAL PARAMETER STATES 

𝑇   :CATEGORY THREE OF INVARIANT SU(3),THE PHYSICAL PARAMETER STATES  

 

Quantum gravity, field theory and signatures of noncommutative space-time Richard J. Szabo 

Field theories on quantized space times with emphasis on what such field theories divinizing about 
the problem of quantizing gravity, leads to the question extent noncommutative gauge theories 
may be regarded as gauge theories of gravity, with consummative and concomitant  UV/IR mixing 
and its relations to renormalization, to gravitational dynamics, and to deformed dispersion 
relations in models of quantum spacetime of interest in string theory and in doubly special 
relativity, spacetime noncommutativity are direct ramification of the study. 

 

MODULE NUMBERED TWO: 

=========================================================
==================== 

    : CATEGORY ONE OF Field theories on quantized spacetimes with emphasis on what such field 
theories divinizing about the problem of quantizing gravity, leads to the question extent 
noncommutative gauge theories may be regarded as gauge theories of gravity, with consummative 
and concomitant  UV/IR mixing      

    : CATEGORY TWO OF Field theories on quantized spacetimes with emphasis on what such field 
theories divinizing about the problem of quantizing gravity, leads to the question extent 
noncommutative gauge theories may be regarded as gauge theories of gravity, with consummative 
and concomitant  UV/IR mixing  

    : CATEGORY THREE OF Field theories on quantized space times with emphasis on what such 
field theories divinizing about the problem of quantizing gravity, leads to the question extent 
noncommutative gauge theories may be regarded as gauge theories of gravity, with consummative 
and concomitant  UV/IR mixing  

    :CATEGORY ONE OF renormalization, to gravitational dynamics, and to deformed dispersion 
relations in models of quantum space-time of interest in string theory and in doubly special 
relativity, space-time noncommutativity  

    : CATEGORY TWO OF renormalization, to gravitational dynamics, and to deformed dispersion 
relations in models of quantum space-time of interest in string theory and in doubly special 
relativity, space-time noncommutativity   

    : CATEGORY THREE OF renormalization, to gravitational dynamics, and to deformed 
dispersion relations in models of quantum space-time of interest in string theory and in doubly 
special relativity, space-time noncommutativity  

On the holographic renormalization group Jan de Boer1,2, Erik Verlinde3 and Herman Verlinde3,4 

 
Direct correspondence between the classical evolution equations of 5-d supergravity and the 
renormalization group (RG) equations of the dual 4-d large-N gauge theory, using standard 
Hamilton-Jacobi theory,  first order flow equations for the classical supergravity action S that take 
the usual form of the Callan-Symanzik equations including the corrections due to the conformal 
anomaly giving accentuiatory and corroboratory evidence for the  identification of S with the 
quantum effective action of the gauge theory. ( By implication interesting new relations between 
the beta-functions and the counter terms that affect the 4-d cosmological and Newton constant). 
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MODULE NUMBERED THREE: 

========================================================
===================== 

𝐺   : CATEGORY ONE OF Direct correspondence between the classical evolution equations of 5-d 
supergravity and the renormalization group (RG) equations of the dual 4-d large-N gauge theory, 
using standard Hamilton-Jacobi theory,  first order flow equations for the classical supergravity 
action S that take the usual form of the Callan-Symanzik equations including the corrections due to 
the conformal anomaly 

𝐺   :CATEGORY TWO OF Direct correspondence between the classical evolution equations of 5-d 
supergravity and the renormalization group (RG) equations of the dual 4-d large-N gauge theory, 
using standard Hamilton-Jacobi theory,  first order flow equations for the classical supergravity 
action S that take the usual form of the Callan-Symanzik equations including the corrections due to 
the conformal anomaly 

𝐺   : CATEGORY THREE OF Direct correspondence between the classical evolution equations of 5-
d supergravity and the renormalization group (RG) equations of the dual 4-d large-N gauge theory, 
using standard Hamilton-Jacobi theory,  first order flow equations for the classical supergravity 
action S that take the usual form of the Callan-Symanzik equations including the corrections due to 
the conformal anomaly  

    : CATEGORY ONE OF identification of S with the quantum effective action of the gauge theory. ( 
By implication interesting new relations between the beta-functions and the counterterms that 
affect the 4-d cosmological and Newton constant). 

𝑇   : CATEGORY TWO OF identification of S with the quantum effective action of the gauge theory. ( 
By implication interesting new relations between the beta-functions and the counterterms that 
affect the 4-d cosmological and Newton constant). 

    : CATEGORY THREE OF identification of S with the quantum effective action of the gauge 
theory. ( By implication interesting new relations between the beta-functions and the 
counterterms that affect the 4-d cosmological and Newton constant). 

Exact superconformal and Yangian symmetry of scattering amplitudes: Till Bargheer, Niklas 
Beisert and Florian Loebbert 

Authors review recent progress in the understanding of symmetries for scattering amplitudes 

in  superconformal Yang–Mills theory. It is summarized how the superficial breaking of 
superconformal symmetry by collinear anomalies and the renormalization process can be cured at 
tree and loop level by correcting the representation of the superconformal group on amplitudes. 
(Moreover, authors comment on the Yangian symmetry of scattering amplitudes and how it 
inherits these correction terms from the ordinary Lie algebra symmetry. Invariants under this 
algebra and their relation to the Graßmannian generating function 

 

: MODULE NUMBERED FOUR: 

========================================================
==================== 

 

𝐺   : CATEGORY ONE OF symmetries for scattering amplitudes in  superconformal 
Yang–Mills theory. It is summarized how the superficial breaking of superconformal symmetry by 
collinear anomalies and the renormalization process can be cured at tree and loop level  

𝐺   : CATEGORY TWO OF symmetries for scattering amplitudes in  superconformal 
Yang–Mills theory. It is summarized how the superficial breaking of superconformal symmetry by 
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collinear anomalies and the renormalization process can be cured at tree and loop level  

𝐺   : CATEGORY THREE OF symmetries for scattering amplitudes in  superconformal 
Yang–Mills theory. It is summarized how the superficial breaking of superconformal symmetry by 
collinear anomalies and the renormalization process can be cured at tree and loop level  

    :CATEGORY ONE OF  correcting the representation of the superconformal group on amplitudes. 
(Moreover, authors comment on the Yangian symmetry of scattering amplitudes and how it 
inherits these correction terms from the ordinary Lie algebra symmetry. Invariants under this 
algebra and their relation to the Graßmannian generating function 

𝑇   :CATEGORY TWO OF correcting the representation of the superconformal group on amplitudes. 
(Moreover, authors comment on the Yangian symmetry of scattering amplitudes and how it 
inherits these correction terms from the ordinary Lie algebra symmetry. Invariants under this 
algebra and their relation to the Graßmannian generating function  

    : CATEGORY THREE OFcorrecting the representation of the superconformal group on 
amplitudes. (Moreover, authors comment on the Yangian symmetry of scattering amplitudes and 
how it inherits these correction terms from the ordinary Lie algebra symmetry. Invariants under 
this algebra and their relation to the Graßmannian generating function 

The picture of the Bianchi I model via gauge fixing in Loop Quantum Gravity: F. Cianfrani1, A. 
Marchini and G. Montani 

The implications of the SU (2) gauge fixing associated with the choice of invariant triads in Loop 
Quantum Cosmology for a Bianchi I model, in particular, via the analysis of Dirac brackets, it is 
outlined how the holonomy-flux algebra coincides with the one of Loop Quantum Gravity if paths 
are parallel to fiducial vectors only. In this way the quantization procedure for the Bianchi I model 
is performed by applying the techniques developed in Loop Quantum Gravity but restricting the 
admissible paths. Furthermore, the local character retained by the reduced variables provides a 
relic diffeomorphisms constraint, whose imposition implies homogeneity on a quantum level. The 
resulting picture for the fundamental spatial manifold is that of a cubical knot with attached SU (2) 
irreducible representations. The discretization of geometric operators is outlined and a new 
perspective for the super-Hamiltonian regularization in Loop Quantum Cosmology is proposed 

 

MODULE NUMBERED FIVE: 

========================================================
=====================  

𝐺   : CATEGORY ONE OF The implications of the SU (2) gauge fixing associated with the choice of 
invariant triads in Loop Quantum Cosmology for a Bianchi I model, in particular, via the analysis of 
Dirac brackets, it is outlined how the holonomy-flux algebra coincides with the one of Loop 
Quantum Gravity if paths are parallel to fiducial vectors only. In this way the quantization 
procedure for the Bianchi I model is performed by applying the techniques developed in Loop 
Quantum Gravity but restricting the admissible paths. Furthermore, the local character retained by 
the reduced variables provides a relic diffeomorphisms constraint, whose imposition implies 
homogeneity on a quantum level 

𝐺   : CATEGORY TWO OFThe implications of the SU (2) gauge fixing associated with the choice of 
invariant triads in Loop Quantum Cosmology for a Bianchi I model, in particular, via the analysis of 
Dirac brackets, it is outlined how the holonomy-flux algebra coincides with the one of Loop 
Quantum Gravity if paths are parallel to fiducial vectors only. In this way the quantization 
procedure for the Bianchi I model is performed by applying the techniques developed in Loop 
Quantum Gravity but restricting the admissible paths. Furthermore, the local character retained by 
the reduced variables provides a relic diffeomorphisms constraint, whose imposition implies 
homogeneity on a quantum level 
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𝐺   :CATEGORY THREE OF The implications of the SU (2) gauge fixing associated with the choice 
of invariant triads in Loop Quantum Cosmology for a Bianchi I model, in particular, via the analysis 
of Dirac brackets, it is outlined how the holonomy-flux algebra coincides with the one of Loop 
Quantum Gravity if paths are parallel to fiducial vectors only. In this way the quantization 
procedure for the Bianchi I model is performed by applying the techniques developed in Loop 
Quantum Gravity but restricting the admissible paths. Furthermore, the local character retained by 
the reduced variables provides a relic diffeomorphisms constraint, whose imposition implies 
homogeneity on a quantum level  

    : CATEGORY ONE OF picture for the fundamental spatial manifold is that of a cubical knot with 
attached SU (2) irreducible representations. The discretization of geometric operators is outlined 
and a new perspective for the super-Hamiltonian regularization in Loop Quantum Cosmology 

𝑇   : CATEGORY TWO OF picture for the fundamental spatial manifold is that of a cubical knot with 
attached SU (2) irreducible representations. The discretization of geometric operators is outlined 
and a new perspective for the super-Hamiltonian regularization in Loop Quantum Cosmology 

    :CATEGORY THREE OF picture for the fundamental spatial manifold is that of a cubical knot 
with attached SU (2) irreducible representations. The discretization of geometric operators is 
outlined and a new perspective for the super-Hamiltonian regularization in Loop Quantum 
Cosmology(NOTE THAT WE ARE TALKING OF THE PARAMETRICIZATIONS AND 
CHARACTERSTICS OF THE SYSTEMS WHICH ARE UBNDER INVESTIGATION) 

========================================================
================= 

Zero-Lag Synchronization in Spatiotemporal Chaotic Systems with Long Range Delay Couplings: Li 
Jian-Ping, Yu Lian-Chun, Yu Mei-Chen and Chen Yong 

U                        “   c     z                        c                               -
c u      xc             ”          u        z   -lag synchronization (ZLS) can be achieved by 
dynamical relay via a third mediating layer. Based on simulations with large parameter ranges, 
time delay and coupling strength influences on transition time is investigated. ZLS with a stronger 
coupling strength and shorter time delay appears to have a shorter transition time, which 
phenomenon has possible implications in network communication 

 

MODULE NUMBERED SIX: 

 

========================================================
=====================  

𝐺   : CATEGORY ONE OF synchronization of spatiotemporal chaos patterns between two delay-
c u      xc             ”          u        z   -lag synchronization (ZLS) can be achieved by 
dynamical relay via a third mediating layer. Based on simulations with large parameter ranges, 
time delay and coupling strength  

𝐺   : CATEGORY TWO OF synchronization of spatiotemporal chaos patterns between two delay-
c u      xc             ”          u        z   -lag synchronization (ZLS) can be achieved by 
dynamical relay via a third mediating layer. Based on simulations with large parameter ranges, 
time delay and coupling strength  

𝐺   : CATEGORY THREE OF synchronization of spatiotemporal chaos patterns between two delay-
c u      xc             ”         ound that zero-lag synchronization (ZLS) can be achieved by 
dynamical relay via a third mediating layer. Based on simulations with large parameter ranges, 
time delay and coupling strength  

    : CATEGORY ONE OF influences on transition time is investigated. ZLS with a stronger coupling 
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strength and shorter time delay appears to have a shorter transition time, which phenomenon has 
possible implications in network communication  

𝑇   : CATEGORY TWO OF influences on transition time is investigated. ZLS with a stronger coupling 
strength and shorter time delay appears to have a shorter transition time, which phenomenon has 
possible implications in network communication  

    : CATEGORY THREE OF influences on transition time is investigated. ZLS with a stronger 
coupling strength and shorter time delay appears to have a shorter transition time, which 
phenomenon has possible implications in network communication  

 

 

De Moivre's formula: are Sands' H-functions the same as Chao's? P Nishikawa 

It has often been said that there is no clear extension of the Courant-Snyder theory to coupled 
dynamics. In particular, one never sees an extension of the symplectic de Moivre type formula 
beyond one degree of freedom. In the process of analysing the existence and meaning of such a 
formula, author  discovers quite accidentally that Sands' formalism, if expressed in terms of 
Ripken-like lattice functions germane to the full three dimensional oscillator, gives the  exact  same 
result as the more accurate Chaos theory . This semi-serious paper displays this elegant  
connection. It is based in the lattice functions of Ripken as extended by Forest. A review Forest's 
derivation from the point of view de Moivre's formula extended to three degrees of freedom is also 
undertaken 

 

MODULE NUMBERED SEVEN 

========================================================
================== 

𝐺   : CATEGORY ONE OF Courant-Snyder theory to coupled dynamics. In particular, one never sees 
an extension of the symplectic de Moivre type formula beyond one degree of freedom. In the 
process of analysing the existence and meaning of such a formula, author  discovers quite 
accidentally that Sands' formalism, if expressed in terms of Ripken-like lattice functions germane 
to the full three dimensional oscillator 

𝐺   : CATEGORY TWO OF Courant-Snyder theory to coupled dynamics. In particular, one never 
sees an extension of the symplectic de Moivre type formula beyond one degree of freedom. In the 
process of analysing the existence and meaning of such a formula, author  discovers quite 
accidentally that Sands' formalism, if expressed in terms of Ripken-like lattice functions germane 
to the full three dimensional oscillator 

𝐺   : CATEGORY THREE OF Courant-Snyder theory to coupled dynamics. In particular, one never 
sees an extension of the symplectic de Moivre type formula beyond one degree of freedom. In the 
process of analysing the existence and meaning of such a formula, author  discovers quite 
accidentally that Sands' formalism, if expressed in terms of Ripken-like lattice functions germane 
to the full three dimensional oscillator  (ENERGY EXCITATION OF THE VACUUM AND 
CONCOMITANT GENERATION OF ENERGY DIFFERENTIAL-TIME LAG OR 
INSTANTANEOUSNESSMIGHT EXISTS WHEREBY ACCENTUATION AND ATTRITIONS MODEL MAY 
ASSUME ZERO POSITIONS) 

    : CATEGORY ONE OF Chaos theory . (This semi-serious paper displays this elegant connection. 
It is based in the lattice functions of Ripken as extended by Forest. A review Forest's derivation 
from the point of view de Moivre's formula extended to three degrees of freedom is also 
undertaken ) 

𝑇   : CATEGORY TWO OF Chaos theory . (This semi-serious paper displays this elegant connection. 
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It is based in the lattice functions of Ripken as extended by Forest. A review Forest's derivation 
from the point of view de Moivre's formula extended to three degrees of freedom is also 
undertaken) 

    : CATEGORY THREE OF Chaos theory . (This semi-serious paper displays this elegant 
connection. It is based in the lattice functions of Ripken as extended by Forest. A review Forest's 
derivation from the point of view de Moivre's formula extended to three degrees of freedom is also 
undertaken) 
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Module Numbered One 
 
The differential system of this model is now (Module Numbered one) 
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Module Numbered Two 
 
The differential system of this model is now ( Module numbered two) 
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Module Numbered Three 

The differential system of this model is now (Module numbered three) 
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Module Numbered Four 
 
The differential system of this model is now (Module numbered  Four) 
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Module Numbered Five: 
 
The differential system of this model is now (Module number five) 
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  )( )((𝐺  )  )]𝑇    28 

    

  
 (   )

( )𝑇   [(   
 )( )  (   

  )( )((𝐺  )  )]𝑇     29 

    

  
 (   )

( )𝑇   [(   
 )( )  (   

  )( )((𝐺  )  )]𝑇     30 

 (   
  )( )(𝑇    )    First augmentation factor   

 (   
  )( )((𝐺  )  )     First detritions factor   

  
 
Module Numbered Six 
 

The differential system of this model is now (Module numbered Six) 

 

    

  
 (   )

( )𝐺   [(   
 )( )  (   

  )( )(𝑇    )]𝐺    31 

    

  
 (   )

( )𝐺   [(   
 )( )  (   

  )( )(𝑇    )]𝐺    32 

    

  
 (   )

( )𝐺   [(   
 )( )  (   

  )( )(𝑇    )]𝐺    33 

    

  
 (   )

( )𝑇   [(   
 )( )  (   

  )( )((𝐺  )  )]𝑇    34 

    

  
 (   )

( )𝑇   [(   
 )( )  (   

  )( )((𝐺  )  )]𝑇     35 

    

  
 (   )

( )𝑇   [(   
 )( )  (   

  )( )((𝐺  )  )]𝑇     36 

 (   
  )( )(𝑇    )    First augmentation factor  

  
 
Module Numbered Seven: 
 
The differential system of this model is now (SEVENTH MODULE) 

 

    

  
 (   )

( )𝐺   [(   
 )( )  (   

  )( )(𝑇    )]𝐺    37 

    

  
 (   )

( )𝐺   [(   
 )( )  (   

  )( )(𝑇    )]𝐺    38 

    

  
 (   )

( )𝐺   [(   
 )( )  (   

  )( )(𝑇    )]𝐺    39 

    

  
 (   )

( )𝑇   [(   
 )( )  (   

  )( )((𝐺  )  )]𝑇    40 

    

  
 (   )

( )𝑇   [(   
 )( )  (   

  )( )((𝐺  )  )]𝑇    41 

    

  
 (   )

( )𝑇   [(   
 )( )  (   

  )( )((𝐺  )  )]𝑇     42 
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 (   
  )( )(𝑇    )    First augmentation factor   

First Module Concatenation  

    

  
 (   )

( )𝐺   

[
 
 
 
 
 
(   

 )( )  (   
  )( )(𝑇    )   (   

  )(    )(𝑇    )   (   
  )(    )(𝑇    )   

 (   
  )(        )(𝑇    )   (   

  )(        )(𝑇    )   (   
  )(        )(𝑇    )  

 (   
  )(   )(𝑇    )  ]

 
 
 
 

𝐺    

49 

    

  
 (   )

( )𝐺   

[
 
 
 
 
 
(   

 )( )  (   
  )( )(𝑇    )   (   

  )(    )(𝑇    )   (   
  )(    )(𝑇    )   

 (   
  )(        )(𝑇    )   (   

  )(        )(𝑇    )   (   
  )(        )(𝑇    )  

 (   
  )(   )(𝑇    )  ]

 
 
 
 

𝐺    

50 

    

  
 (   )

( )𝐺   

[
 
 
 
 
 
(   

 )( )  (   
  )( )(𝑇    )   (   

  )(    )(𝑇    )   (   
  )(    )(𝑇    )  

 (   
  )(        )(𝑇    )   (   

  )(        )(𝑇    )   (   
  )(        )(𝑇    )

  

 (   
  )(   )(𝑇    )  ]

 
 
 
 

𝐺    

51 

Where (   
  )( )(𝑇    )   (   

  )( )(𝑇    )   (   
  )( )(𝑇    )   are first augmentation coefficients for 

category 1, 2 and 3  

  (   
  )(    )(𝑇    )  ,  (   

  )(    )(𝑇    )  ,  (   
  )(    )(𝑇    )  are second  augmentation coefficient 

for category 1, 2 and 3   

  (   
  )(    )(𝑇    )    (   

  )(    )(𝑇    )    (   
  )(    )(𝑇    )  are third  augmentation coefficient 

for category 1, 2 and 3  

 (   
  )(        )(𝑇    )   ,  (   

  )(        )(𝑇    )  ,  (   
  )(        )(𝑇    )  are fourth augmentation 

coefficient for category 1, 2 and 3 

 (   
  )(        )(𝑇    )   (   

  )(        )(𝑇    )    (   
  )(        )(𝑇    )   are fifth  augmentation 

coefficient for category 1, 2 and 3 

 (   
  )(        )(𝑇    ) ,  (   

  )(        )(𝑇    )  ,  (   
  )(        )(𝑇    )   are sixth augmentation 

coefficient for category 1, 2 and 3 

 (   
  )(   )(𝑇    )   (   

  )(   )(𝑇    )   (   
  )(   )(𝑇    )  are seventh augmentation coefficient for 

1,2,3 

 

 

  

    

  
 (   )

( )𝑇   

[
 
 
 
 
 
 

(   
 )( )  (   

  )( )(𝐺  )    (   
  )(    )(𝐺    )  – (   

  )(    )(𝐺    )  

– (   
  )(        )(𝐺    )  – (   

  )(        )(𝐺    )  – (   
  )(        )(𝐺    )  

 

– (   
  )(    )(𝐺    )  ]

 
 
 
 
 

𝑇    

52 

    

  
 (   )

( )𝑇   

[
 
 
 
 
 
(   

 )( )  (   
  )( )(𝐺  )    (   

  )(    )(𝐺    )  – (   
  )(    )(𝐺    )   

 (   
  )(        )(𝐺    )  – (   

  )(        )(𝐺    )  – (   
  )(        )(𝐺    )

 

– (   
  )(    )(𝐺    )  ]

 
 
 
 

𝑇    

53 
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 (   )

( )𝑇   

[
 
 
 
 
 
(   

 )( )  (   
  )( )(𝐺  )    (   

  )(    )(𝐺    )  – (   
  )(    )(𝐺    )  

– (   
  )(        )(𝐺    )  – (   

  )(        )(𝐺    )  – (   
  )(        )(𝐺    )

 

– (   
  )(    )(𝐺    )  ]

 
 
 
 

𝑇    

54 

Where  (   
  )( )(𝐺  )    (   

  )( )(𝐺  )    (   
  )( )(𝐺  )  are first detrition coefficients for 

category 1, 2 and 3    

 (   
  )(    )(𝐺    )    (   

  )(    )(𝐺    )    (   
  )(    )(𝐺    )   are second detrition coefficients for 

category 1, 2 and 3    

 (   
  )(    )(𝐺    )    (   

  )(    )(𝐺    )    (   
  )(    )(𝐺    )  are third  detrition coefficients for 

category 1, 2 and 3    

 (   
  )(        )(𝐺    )    (   

  )(        )(𝐺    )    (   
  )(        )(𝐺    )  are fourth  detrition 

coefficients for category 1, 2 and 3    

 (   
  )(        )(𝐺    )  ,  (   

  )(        )(𝐺    )  ,  (   
  )(        )(𝐺    )  are fifth detrition coefficients 

for category 1, 2 and 3    

 (   
  )(        )(𝐺    )  ,  (   

  )(        )(𝐺    )  ,  (   
  )(        )(𝐺    )  are sixth detrition coefficients 

for category 1, 2 and 3   

– (   
  )(    )(𝐺    )   – (   

  )(    )(𝐺    )  , – (   
  )(    )(𝐺    )  are seventh detrition coefficients for 

category 1, 2 and 3   

 

 

Second Module Concatenation  

    

  
 (   )

( )𝐺   

[
 
 
 
 
  

(   
 )( )  (   

  )( )(𝑇    )   (   
  )(    )(𝑇    )   (   

  )(     )(𝑇    )   

 (   
  )(         )(𝑇    )   (   

  )(         )(𝑇    )   (   
  )(         )(𝑇    )

 

 (   
  )(     )(𝑇    )  ]

 
 
 
 

𝐺    

55 

    

  
 (   )

( )𝐺   

[
 
 
 
 
 
(   

 )( )  (   
  )( )(𝑇    )   (   

  )(    )(𝑇    )   (   
  )(     )(𝑇    )   

 (   
  )(         )(𝑇    )   (   

  )(         )(𝑇    )   (   
  )(         )(𝑇    )

 

 (   
  )(     )(𝑇    )  ]

 
 
 
 

𝐺    

56 

    

  
 (   )

( )𝐺   

[
 
 
 
 
  

(   
 )( )  (   

  )( )(𝑇    )   (   
  )(    )(𝑇    )   (   

  )(     )(𝑇    )   

 (   
  )(         )(𝑇    )   (   

  )(         )(𝑇    )   (   
  )(         )(𝑇    )

 

 (   
  )(     )(𝑇    )  ]

 
 
 
 

𝐺    

57 

Where  (   
  )( )(𝑇    )     (   

  )( )(𝑇    )    (   
  )( )(𝑇    )  are first augmentation coefficients 

for category 1, 2 and 3   

 (   
  )(    )(𝑇    )  ,  (   

  )(    )(𝑇    )  ,  (   
  )(    )(𝑇    )   are second augmentation coefficient 

for category 1, 2 and 3    

 (   
  )(     )(𝑇    )    (   

  )(     )(𝑇    )    (   
  )(     )(𝑇    )  are third  augmentation coefficient 

for category 1, 2 and 3   

 (   
  )(         )(𝑇    )   (   

  )(         )(𝑇    )   (   
  )(         )(𝑇    )   are fourth augmentation 

coefficient for category 1, 2 and 3   

 (   
  )(         )(𝑇    ) ,  (   

  )(         )(𝑇    )  ,  (   
  )(         )(𝑇    )   are fifth  augmentation 
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coefficient for category 1, 2 and 3   

 (   
  )(         )(𝑇    ) ,  (   

  )(         )(𝑇    )  ,  (   
  )(         )(𝑇    )   are sixth augmentation 

coefficient for category 1, 2 and 3   

  (   
  )(     )(𝑇    )    (   

  )(     )(𝑇    )  ,  (   
  )(     )(𝑇    )  are seventh augmentation 

coefficient for category 1, 2 and 3   

   

  

    

  
 (   )

( )𝑇   

[
 
 
 
 
 

(   
 )( )  (   

  )( )(𝐺    )    (   
  )(    )(𝐺  )  – (   

  )(      )(𝐺    )   

 (   
  )(         )(𝐺    )  – (   

  )(         )(𝐺    )  – (   
  )(         )(𝐺    )

 

– (   
  )(     )(𝐺    )  ]

 
 
 
 

𝑇    

58 

    

  
 (   )

( )𝑇   

[
 
 
 
 
 

(   
 )( )  (   

  )( )(𝐺    )    (   
  )(    )(𝐺  )  – (   

  )(      )(𝐺    )  

– (   
  )(         )(𝐺    )  – (   

  )(         )(𝐺    )  – (   
  )(         )(𝐺    )

 

– (   
  )(     )(𝐺    )  ]

 
 
 
 

𝑇    

59 

    

  
 (   )

( )𝑇   

[
 
 
 
 
 

(   
 )( )  (   

  )( )(𝐺    )    (   
  )(    )(𝐺  )  – (   

  )(      )(𝐺    )   

 (   
  )(         )(𝐺    )  – (   

  )(         )(𝐺    )  – (   
  )(         )(𝐺    )

 

– (   
  )(     )(𝐺    )  ]

 
 
 
 

𝑇    

60 

        (   
  )( )(     )    ,  (   

  )( )(     )   ,  (   
  )( )(     )    are first detrition coefficients for 

category 1, 2 and 3  

 (   
  )(    )(𝐺  )    (   

  )(    )(𝐺  )  ,  (   
  )(    )(𝐺  )   are second detrition coefficients for 

category 1,2 and 3  

 (   
  )(      )(𝐺    )    (   

  )(      )(𝐺    )    (   
  )(      )(𝐺    )   are  third  detrition coefficients 

for category 1,2 and 3  

 (   
  )(         )(𝐺    )   (   

  )(         )(𝐺    )   (   
  )(         )(𝐺    )   are  fourth detrition 

coefficients for category 1,2 and 3  

 (   
  )(         )(𝐺    )  ,  (   

  )(         )(𝐺    )  ,  (   
  )(         )(𝐺    )  are  fifth detrition 

coefficients for category 1,2 and 3  

 (   
  )(         )(𝐺    )   (   

  )(         )(𝐺    )  ,  (   
  )(         )(𝐺    )   are  sixth detrition 

coefficients for category 1,2 and 3  

   – (   
  )(     )(𝐺    )  ,   – (   

  )(     )(𝐺    ) , – (   
  )(     )(𝐺    )  are  seventh detrition coefficients 

for category 1,2 and 3  

 

 

  

Third Module Concatenation  
    

  
 

(   )
( )𝐺   

[
 
 
 
 
 

(   
 )( )  (   

  )( )(𝑇    )   (   
  )(     )(𝑇    )   (   

  )(      )(𝑇    )  

 (   
  )(           )(𝑇    )   (   

  )(           )(𝑇    )   (   
  )(           )(𝑇    )

 

 

 (   
  )(       )(𝑇    )  ]

 
 
 
 

𝐺    

61 
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 (   )

( )𝐺   

[
 
 
 
 (   

 )( )  (   
  )( )(𝑇    )   (   

  )(     )(𝑇    )   (   
  )(      )(𝑇    )   

 (   
  )(           )(𝑇    )   (   

  )(           )(𝑇    )   (   
  )(           )(𝑇    )

 (   
  )(       )(𝑇    )  ]

 
 
 
 

𝐺    

62 

    

  
 (   )

( )𝐺   

[
 
 
 
 (   

 )( )  (   
  )( )(𝑇    )   (   

  )(     )(𝑇    )   (   
  )(      )(𝑇    )   

 (   
  )(           )(𝑇    )   (   

  )(           )(𝑇    )   (   
  )(           )(𝑇    )

 (   
  )(       )(𝑇    )  ]

 
 
 
 

𝐺    

63 

 (   
  )( )(𝑇    ) ,  (   

  )( )(𝑇    ) ,  (   
  )( )(𝑇    )   are  first  augmentation coefficients for 

category 1, 2 and 3  

 (   
  )(     )(𝑇    )    (   

  )(     )(𝑇    )  ,  (   
  )(     )(𝑇    )  are second augmentation 

coefficients for category 1, 2 and 3    

 (   
  )(      )(𝑇    )    (   

  )(      )(𝑇    )    (   
  )(      )(𝑇    )    are third augmentation 

coefficients for category 1, 2 and 3    

 (   
  )(           )(𝑇    )  ,  (   

  )(           )(𝑇    )    (   
  )(           )(𝑇    )  are fourth 

augmentation coefficients for category 1, 2 and 3   

 (   
  )(           )(𝑇    )   (   

  )(           )(𝑇    )    (   
  )(           )(𝑇    )  are fifth augmentation 

coefficients for category 1, 2 and 3   

 (   
  )(           )(𝑇    )    (   

  )(           )(𝑇    )   (   
  )(           )(𝑇    )  are sixth augmentation 

coefficients for category 1, 2 and 3    

 (   
  )(       )(𝑇    )  ,  (   

  )(       )(𝑇    )  ,  (   
  )(       )(𝑇    )  are seventh augmentation 

coefficients for category 1, 2 and 3    

 

 

  
    

  
 

(   )
( )𝑇   

[
 
 
 
 
 

(   
 )( )  (   

  )( )(𝐺    )  – (   
  )(     )(𝐺    )  – (   

  )(      )(𝐺  )   

 (   
  )(           )(𝐺    )  – (   

  )(           )(𝐺    )  – (   
  )(           )(𝐺    )

 

– (   
  )(       )(𝐺    )  ]

 
 
 
 

𝑇    

64 

    

  
 

(   )
( )𝑇   

[
 
 
 
 (   

 )( )  (   
  )( )(𝐺    )  – (   

  )(     )(𝐺    )  – (   
  )(      )(𝐺  )   

  (   
  )(           )(𝐺    )  – (   

  )(           )(𝐺    )  – (   
  )(           )(𝐺    )

 

– (   
  )(       )(𝐺    )  ]

 
 
 
 

𝑇    

65 

    

  
 

(   )
( )𝑇   

[
 
 
 
 
 

(   
 )( )  (   

  )( )(𝐺    )  – (   
  )(     )(𝐺    )  – (   

  )(      )(𝐺  )   

 (   
  )(           )(𝐺    )  – (   

  )(           )(𝐺    )  – (   
  )(           )(𝐺    )

 

– (   
  )(       )(𝐺    )  ]

 
 
 
 

𝑇    

66 

 (   
  )( )(𝐺    )    (   

  )( )(𝐺    )     (   
  )( )(𝐺    )   are first  detrition coefficients  for 

category 1, 2 and 3   
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 (   
  )(     )(𝐺    )  ,  (   

  )(     )(𝐺    )  ,  (   
  )(     )(𝐺    )   are second detrition coefficients 

for category 1, 2 and 3      

 (   
  )(      )(𝐺  )    (   

  )(      )(𝐺  )  ,  (   
  )(      )(𝐺  )   are third detrition coefficients for 

category 1,2 and 3  

 (   
  )(           )(𝐺    )   (   

  )(           )(𝐺    )   (   
  )(           )(𝐺    )  are fourth  detrition 

coefficients  for category 1, 2 and 3   

 (   
  )(           )(𝐺    )   (   

  )(           )(𝐺    )    (   
  )(           )(𝐺    )  are fifth  detrition 

coefficients  for category 1, 2 and 3   

 (   
  )(           )(𝐺    )   (   

  )(           )(𝐺    )   (   
  )(           )(𝐺    )  are sixth detrition 

coefficients  for category 1, 2 and 3   

– (   
  )(       )(𝐺    )  , – (   

  )(       )(𝐺    )  – (   
  )(       )(𝐺    )  are seventh detrition 

coefficients  for category 1, 2 and 3   

 

Fourth Module Concatenation  

 𝐺  

  
 (   )

( )𝐺   

[
 
 
 
 
 
(   

 )( )  (   
  )( )(𝑇    )   (   

  )(    )(𝑇    )   (   
  )(    )(𝑇    )   

 (   
  )(       )(𝑇    )   (   

  )(       )(𝑇    )   (   
  )(       )(𝑇    )

 

 (   
  )(         )(𝑇    )  ]

 
 
 
 

𝐺    

67 

 𝐺  

  
 (   )

( )𝐺   

[
 
 
 
 
 
(   

 )( )  (   
  )( )(𝑇    )   (   

  )(    )(𝑇    )   (   
  )(   )(𝑇    )   

 (   
  )(       )(𝑇    )   (   

  )(       )(𝑇    )   (   
  )(       )(𝑇    )

 

 (   
  )(         )(𝑇    )  ]

 
 
 
 

𝐺    

68 

 𝐺  

  
 (   )

( )𝐺   

[
 
 
 
 
 
(   

 )( )  (   
  )( )(𝑇    )   (   

  )(    )(𝑇    )   (   
  )(    )(𝑇    )  

 (   
  )(       )(𝑇    )   (   

  )(       )(𝑇    )   (   
  )(       )(𝑇    )

  

 (   
  )(         )(𝑇    )  ]

 
 
 
 

𝐺    

69 

(   
  )( )(𝑇    )   (   

  )( )(𝑇    )   (   
  )( )(𝑇    )    

                                                     

  (   
  )(    )(𝑇    )    (   

  )(    )(𝑇    )    (   
  )(    )(𝑇    )   

                                                               

  (   
  )(    )(𝑇    )    (   

  )(    )(𝑇    )    (   
  )(    )(𝑇    )   

                                                               

 (   
  )(       )(𝑇    )   (   

  )(       )(𝑇    )   (   
  )(       )(𝑇    )   

                                                            

 (   
  )(       )(𝑇    ) ,  (   

  )(       )(𝑇    )   (   
  )(       )(𝑇    )  

                                                           

 (   
  )(       )(𝑇    ) ,  (   

  )(       )(𝑇    ) ,  (   
  )(       )(𝑇    )  

                                                            

 (   
  )(         )(𝑇    )  ,  (   

  )(         )(𝑇    ) ,  (   
  )(         )(𝑇    )  
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 𝑇  

  
 (   )

( )𝑇   

[
 
 
 
 (   

 )( )  (   
  )( )(𝐺    )    (   

  )(    )(𝐺    )  – (   
  )(    )(𝐺    )   

 (   
  )(       )(𝐺  )    (   

  )(       )(𝐺    )  – (   
  )(       )(𝐺    )

– (   
  )(         )(𝐺    )  ]

 
 
 
 

𝑇    

70 

 𝑇  

  
 (   )

( )𝑇   

[
 
 
 
 (   

 )( )  (   
  )( )(𝐺    )    (   

  )(    )(𝐺    )  – (   
  )(    )(𝐺    )   

 (   
  )(       )(𝐺  )    (   

  )(       )(𝐺    )  – (   
  )(       )(𝐺    )

– (   
  )(         )(𝐺    )  ]

 
 
 
 

𝑇    

71 

 𝑇  

  
 (   )

( )𝑇   

[
 
 
 
 
 
(   

 )( )  (   
  )( )(𝐺    )    (   

  )(    )(𝐺    )  – (   
  )(    )(𝐺    )   

 (   
  )(       )(𝐺  )    (   

  )(       )(𝐺    )  – (   
  )(       )(𝐺    )

– (   
  )(         )(𝐺    )  ]

 
 
 
 

𝑇    

72 

𝑊     – (   
  )( )(𝐺    )    (   

  )( )(𝐺    )    (   
  )( )(𝐺    )                                   

                           

 (   
  )(    )(𝐺    )    (   

  )(    )(𝐺    )    (   
  )(    )(𝐺    )                                      

                          

 (   
  )(    )(𝐺    )    (   

  )(    )(𝐺    )    (   
  )(    )(𝐺    )                                    

                          

 (   
  )(       )(𝐺  )   (   

  )(       )(𝐺  )  ,  (   
  )(       )(𝐺  )   

                                                             

 (   
  )(       )(𝐺    ) ,  (   

  )(       )(𝐺    ) ,  (   
  )(       )(𝐺    )  

                                                           

– (   
  )(       )(𝐺    )  – (   

  )(       )(𝐺    )  – (   
  )(       )(𝐺    )  

                                                           

  – (   
  )(         )(𝐺    )  , – (   

  )(         )(𝐺    )  , – (   
  )(         )(𝐺    )  

                                                          

 

 

Fifth Module Concatenation  

    

  
 (   )

( )𝐺   

[
 
 
 
 
 
(   

 )( )  (   
  )( )(𝑇    )   (   

  )(    )(𝑇    )   (   
  )(     )(𝑇    )   

 (   
  )(         )(𝑇    )   (   

  )(         )(𝑇    )   (   
  )(         )(𝑇    )

 

 (   
  )(           )(𝑇    )  ]

 
 
 
 

𝐺    

73 

 𝐺  

  
 (   )

( )𝐺   

[
 
 
 
 
 
(   

 )( )  (   
  )( )(𝑇    )   (   

  )(    )(𝑇    )   (   
  )(     )(𝑇    )   

 (   
  )(         )(𝑇    )   (   

  )(         )(𝑇    )   (   
  )(         )(𝑇    )

 

 (   
  )(           )(𝑇    )  ]

 
 
 
 

𝐺    

74 

 𝐺  

  
 (   )

( )𝐺   

[
 
 
 
 
 

(   
 )( )  (   

  )( )(𝑇    )   (   
  )(    )(𝑇    )   (   

  )(     )(𝑇    )   

 (   
  )(         )(𝑇    )   (   

  )(         )(𝑇    )   (   
  )(         )(𝑇    )

 

 

 (   
  )(           )(𝑇    )  ]

 
 
 
 

𝐺    

75 

𝑊      (   
  )( )(𝑇    )    (   

  )( )(𝑇    )    (   
  )( )(𝑇    )    
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𝐴    (   
  )(    )(𝑇    )    (   

  )(    )(𝑇    )    (   
  )(    )(𝑇    )   

                                                                

 (   
  )(     )(𝑇    )    (   

  )(     )(𝑇    )    (   
  )(     )(𝑇    )   

                                                             

 (   
  )(         )(𝑇    )   (   

  )(         )(𝑇    )   (   
  )(         )(𝑇    )   are fourth augmentation 

coefficients for category 1,2, and 3 

 (   
  )(         )(𝑇    )   (   

  )(         )(𝑇    )   (   
  )(         )(𝑇    )  are fifth augmentation 

coefficients for category 1,2,and  3 

 (   
  )(         )(𝑇    )   (   

  )(         )(𝑇    )   (   
  )(         )(𝑇    )   are sixth augmentation 

coefficients for category 1,2, 3 

 (   
  )(           )(𝑇    )  ,  (   

  )(           )(𝑇    )  ,  (   
  )(           )(𝑇    )  are seventh 

augmentation coefficients for category 1,2, 3 

 

  

 𝑇  

  
 (   )

( )𝑇   

[
 
 
 
 
 
(   

 )( )  (   
  )( )(𝐺    )    (   

  )(    )(𝐺    )  – (   
  )(     )(𝐺    )   

 (   
  )(         )(𝐺  )    (   

  )(         )(𝐺    )  – (   
  )(         )(𝐺    )

 

– (   
  )(           )(𝐺    )  ]

 
 
 
 

𝑇    

76 

 𝑇  

  
 (   )

( )𝑇   

[
 
 
 
 
 
(   

 )( )  (   
  )( )(𝐺    )    (   

  )(    )(𝐺    )  – (   
  )(     )(𝐺    )   

 (   
  )(         )(𝐺  )    (   

  )(         )(𝐺    )  – (   
  )(         )(𝐺    )

 

– (   
  )(           )(𝐺    )  ]

 
 
 
 

𝑇    

77 

 𝑇  

  
 (   )

( )𝑇   

[
 
 
 
 
 
(   

 )( )  (   
  )( )(𝐺    )    (   

  )(    )(𝐺    )  – (   
  )(     )(𝐺    )   

 (   
  )(          )(𝐺  )    (   

  )(         )(𝐺    )  – (   
  )(         )(𝐺    )  

– (   
  )(           )(𝐺    )  ]

 
 
 
 

𝑇    

78 
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      – (   
  )( )(𝐺    )      (   

  )( )(𝐺    )     (   
  )( )(𝐺    )    

                                                            

 (   
  )(    )(𝐺    )    (   

  )(    )(𝐺    )    (   
  )(    )(𝐺    )                                      

                        

 (   
  )(     )(𝐺    )    (   

  )(     )(𝐺    )    (   
  )(     )(𝐺    )                                       

                        

 (   
  )(         )(𝐺  )   (   

  )(         )(𝐺  )     (   
  )(          )(𝐺  )   are fourth detrition coefficients 

for category 1,2, and 3 

 (   
  )(         )(𝐺    )   (   

  )(         )(𝐺    )   (   
  )(         )(𝐺    )  are fifth detrition 

coefficients for category 1,2, and 3 

– (   
  )(         )(𝐺    ) , – (   

  )(         )(𝐺    )  – (   
  )(         )(𝐺    )  are sixth  detrition 

coefficients for category 1,2, and 3 

 – (   
  )(           )(𝐺    )  ,  – (   

  )(           )(𝐺    )  , – (   
  )(           )(𝐺    )  are seventh  detrition 

coefficients for category 1,2, and 3 

 

 

Sixth  Module Concatenation  

 𝐺  

  
 (   )

( )𝐺  

 

[
 
 
 
 (   

 )( )  (   
  )( )(𝑇    )   (   

  )(     )(𝑇    )   (   
  )(      )(𝑇    )   

 (   
  )(           )(𝑇    )   (   

  )(           )(𝑇    )   (   
  )(           )(𝑇    )

 (   
  )(             )(𝑇    )   ]

 
 
 
 

𝐺    

79 

 𝐺  

  
 (   )

( )𝐺  

 

[
 
 
 
 (   

 )( )  (   
  )( )(𝑇    )   (   

  )(     )(𝑇    )   (   
  )(      )(𝑇    )   

 (   
  )(           )(𝑇    )   (   

  )(           )(𝑇    )   (   
  )(           )(𝑇    )

 (   
  )(             )(𝑇    )  ]

 
 
 
 

𝐺    

80 

 𝐺  

  
 (   )

( )𝐺  

 

[
 
 
 
 (   

 )( )  (   
  )( )(𝑇    )   (   

  )(     )(𝑇    )   (   
  )(      )(𝑇    )   

 (   
  )(           )(𝑇    )   (   

  )(           )(𝑇    )   (   
  )(           )(𝑇    )

 (   
  )(             )(𝑇    )  ]

 
 
 
 

𝐺    

81 

 (   
  )( )(𝑇    )   (   

  )( )(𝑇    )   (   
  )( )(𝑇    )                                          

                        

 (   
  )(     )(𝑇    )    (   

  )(     )(𝑇    )    (   
  )(     )(𝑇    )   

                                                               

 (   
  )(      )(𝑇    )    (   

  )(      )(𝑇    )    (   
  )(      )(𝑇    )     

                                                              

 (   
  )(           )(𝑇    )   (   

  )(           )(𝑇    )   (   
  )(           )(𝑇    )   - are fourth 

augmentation coefficients 
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 (   
  )(           )(𝑇    )   (   

  )(           )(𝑇    )   (   
  )(           )(𝑇    )    - fifth augmentation 

coefficients 

 (   
  )(           )(𝑇    ) ,  (   

  )(           )(𝑇    )   (   
  )(           )(𝑇    )   sixth  augmentation 

coefficients  

  (   
  )(             )(𝑇    )  ,  (   

  )(             )(𝑇    ) ,  (   
  )(             )(𝑇    )  seventh   

augmentation coefficients 

 

  

 𝑇  

  
 (   )

( )𝑇   

[
 
 
 
 (   

 )( )  (   
  )( )(𝐺    )  – (   

  )(     )(𝐺    )  – (   
  )(      )(𝐺    )   

 (   
  )(           )(𝐺  )    (   

  )(           )(𝐺    )  – (   
  )(           )(𝐺    )

– (   
  )(             )(𝐺    )  ]

 
 
 
 

𝑇    

82 

 𝑇  

  
 (   )

( )𝑇   

[
 
 
 
 (   

 )( )  (   
  )( )(𝐺    )  – (   

  )(     )(𝐺    )  – (   
  )(      )(𝐺    )   

 (   
  )(           )(𝐺  )    (   

  )(           )(𝐺    )  – (   
  )(           )(𝐺    )

– (   
  )(             )(𝐺    )  ]

 
 
 
 

𝑇    

83 

 𝑇  

  
 (   )

( )𝑇   

[
 
 
 
 (   

 )( )  (   
  )( )(𝐺    )  – (   

  )(     )(𝐺    )  – (   
  )(      )(𝐺    )   

 (   
  )(           )(𝐺  )    (   

  )(           )(𝐺    )  – (   
  )(           )(𝐺    )

– (   
  )(             )(𝐺    )  ]

 
 
 
 

𝑇    

84 

  

 (   
  )( )(𝐺    )    (   

  )( )(𝐺    )     (   
  )( )(𝐺    )                                      

                          

 (   
  )(     )(𝐺    )    (   

  )(     )(𝐺    )    (   
  )(     )(𝐺    )    

                                                              

 (   
  )(      )(𝐺    )    (   

  )(      )(𝐺    )    (   
  )(      )(𝐺    )   

                                                          

 (   
  )(           )(𝐺  )   (   

  )(           )(𝐺  )   (   
  )(           )(𝐺  )    are fourth detrition  

coefficients for category 1, 2, and 3 

 (   
  )(           )(𝐺    ) ,  (   

  )(           )(𝐺    )   (   
  )(           )(𝐺    )   are fifth detrition  

coefficients for category 1, 2, and 3 

– (   
  )(           )(𝐺    ) , – (   

  )(           )(𝐺    )  – (   
  )(           )(𝐺    )   are sixth detrition 

coefficients for category 1, 2, and 3 

– (   
  )(             )(𝐺    ) ,  – (   

  )(             )(𝐺    ) , – (   
  )(             )(𝐺    )  are seventh 

detrition coefficients for category 1, 2, and 3 

 

 

Seventh Module Concatenation  
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 𝐺  

  
 (   )

( )𝐺  

 

[
 
 
 
 
 
(   

 )( )  (   
  )( )(𝑇    )   (   

  )(             )(𝑇    )   (   
  )(             )(𝑇    )   

 (   
  )(             )(𝑇    )   (   

  )(             )(𝑇    )   (   
  )(             )(𝑇    )  

 (   
  )(             )(𝑇    )  ]

 
 
 
 

𝐺    

85 

 𝐺  

  
 (   )

( )𝐺  

 

[
 
 
 
 
 
(   

 )( )  (   
  )( )(𝑇    )   (   

  )(             )(𝑇    )   (   
  )(             )(𝑇    )   

 (   
  )(             )(𝑇    )   (   

  )(             )(𝑇    )   (   
  )(             )(𝑇    )  

 (   
  )(             )(𝑇    )  ]

 
 
 
 

𝐺    

86 

 𝐺  

  
 (   )

( )𝐺  

 

[
 
 
 
 
 
(   

 )( )  (   
  )( )(𝑇    )   (   

  )(             )(𝑇    )   (   
  )(             )(𝑇    )  

 (   
  )(             )(𝑇    )   (   

  )(             )(𝑇    )   (   
  )(             )(𝑇    )

  

 (   
  )(             )(𝑇    )  ]

 
 
 
 

𝐺    

87 

Where (   
  )( )(𝑇    )   (   

  )( )(𝑇    )   (   
  )( )(𝑇    )   are first augmentation coefficients for 

category 1, 2 and 3  

  (   
  )(             )(𝑇    )  ,  (   

  )(             )(𝑇    )  ,  (   
  )(             )(𝑇    )  are second  

augmentation coefficient for category 1, 2 and 3   

  (   
  )(             )(𝑇    )    (   

  )(             )(𝑇    )    (   
  )(             )(𝑇    )  are third  

augmentation coefficient for category 1, 2 and 3  

 (   
  )(             )(𝑇    )   ,  (   

  )(             )(𝑇    )  ,  (   
  )(             )(𝑇    )  are fourth 

augmentation coefficient for category 1, 2 and 3 

 (   
  )(             )(𝑇    )   (   

  )(             )(𝑇    )    (   
  )(             )(𝑇    )   are fifth  

augmentation coefficient for category 1, 2 and 3 

 (   
  )(             )(𝑇    ) ,  (   

  )(             )(𝑇    )  ,  (   
  )(             )(𝑇    )   are sixth 

augmentation coefficient for category 1, 2 and 3 

 (   
  )(             )(𝑇    )  ,  (   

  )(             )(𝑇    )  ,  (   
  )(             )(𝑇    )   are seventh 

augmentation coefficient for category 1, 2 and 3 

 

 

  
    

  
 

(   )
( )𝑇   

[
 
 
 
 
 
 

(   
 )( )  (   

  )( )(𝐺    )    (   
  )(             )(𝐺    )  – (   

  )(             )(𝐺    )  

– (   
  )(             )(𝐺    )  – (   

  )(             )(𝐺    )  – (   
  )(             )(𝐺    )  

 

– (   
  )(             )(𝐺  )  

 

]
 
 
 
 
 

𝑇    

88 

    

  
 89 
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(   )
( )𝑇   

[
 
 
 
 
 
(   

 )( )  (   
  )( )(𝐺    )    (   

  )(             )(𝐺    )  – (   
  )(             )(𝐺    )   

 (   
  )(             )(𝐺    )  – (   

  )(             )(𝐺    )  – (   
  )(             )(𝐺    )

 

– (   
  )(             )(𝐺  )  ]

 
 
 
 

𝑇    

    

  
 

(   )
( )𝑇   

[
 
 
 
 
 
(   

 )( )  (   
  )( )(𝐺    )    (   

  )(             )(𝐺    )  – (   
  )(             )(𝐺    )  

– (   
  )(             )(𝐺    )  – (   

  )(             )(𝐺    )  – (   
  )(             )(𝐺    )

 

– (   
  )(             )(𝐺  )  ]

 
 
 
 

𝑇    

90 

Where  (   
  )( )(𝐺    )    (   

  )( )(𝐺    )    (   
  )( )(𝐺    )  are first detrition coefficients for 

category 1, 2 and 3    

 (   
  )(             )(𝐺    )    (   

  )(             )(𝐺    )    (   
  )(             )(𝐺    )   are second 

detrition coefficients for category 1, 2 and 3    

 (   
  )(             )(𝐺    )    (   

  )(             )(𝐺    )    (   
  )(             )(𝐺    )  are third  detrition 

coefficients for category 1, 2 and 3    

 (   
  )(             )(𝐺    )    (   

  )(             )(𝐺    )    (   
  )(             )(𝐺    )  are fourth  

detrition coefficients for category 1, 2 and 3    

 (   
  )(             )(𝐺    )  ,  (   

  )(             )(𝐺    )  ,  (   
  )(             )(𝐺    )  are fifth detrition 

coefficients for category 1, 2 and 3    

 (   
  )(             )(𝐺    )  ,  (   

  )(             )(𝐺    )  ,  (   
  )(             )(𝐺    )  are sixth detrition 

coefficients for category 1, 2 and 3   

– (   
  )(             )(𝐺  )  , – (   

  )(             )(𝐺  )  , – (   
  )(             )(𝐺  )  

 are seventh detrition coefficients for category 1, 2 and 3   

 

 

Where we suppose  

(X) (  )
( ) (  

 )( ) (  
  )( ) (  )

( ) (  
 )( ) (  

  )( )      
                  

(Y) The functions (  
  )( ) (  

  )( ) are positive continuous increasing and bounded. 

Definition of (  )
( )   (  )

( ): 

     (  
  )( )(𝑇    )  (  )

( )  ( 𝐴̂   )
( )  

     (  
  )( )(𝐺  )    (  )

( )  (  
 )( )  (  ̂   )

( ) 

97 

(Z)        (  
  )( ) (𝑇    )  (  )

( ) 

           (  
  )( ) (𝐺  )    (  )

( )      

Definition of ( 𝐴̂   )
( ) (  ̂   )

( ) : 

            Where ( 𝐴̂   )
( ) (  ̂   )

( ) (  )
( )   (  )

( )  are positive constants and              

98 

They satisfy  Lipschitz condition: 

   (  
  )( )(𝑇  

   )  (  
  )( )(𝑇    )  (  ̂   )

( ) 𝑇    𝑇  
    (  ̂   )

( )   

99 
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 (  
  )( )(𝐺   )  (  

  )( )(𝐺  )  (  ̂   )
( )  𝐺  𝐺     (  ̂   )

( )   

With the Lipschitz condition, we place a restriction on the behavior of functions 

(  
  )( )(𝑇  

   )   and(  
  )( )(𝑇    )  . (𝑇  

   ) and (𝑇    ) are points belonging to the interval  

[(  ̂   )
( ) (  ̂   )

( )] . It is to be noted that (  
  )( )(𝑇    ) is uniformly continuous. In the 

eventuality of the fact, that if (  ̂   )
( )    then the function  (  

  )( )(𝑇    ) , the first 
augmentation coefficient attributable to terrestrial organisms, would be absolutely continuous.  

 

Definition of (  ̂   )
( ) (  ̂   )

( ) : 

(AA) (  ̂   )
( ) (  ̂   )

( )   are positive constants 

      
(  )

( )

(  ̂   )
( )    

(  )
( )

(  ̂   )
( )    

100 

Definition of ( 𝑃̂   )
( ) ( 𝑄̂   )

( ) : 

(BB) There exists two constants ( 𝑃̂   )
( ) and ( 𝑄̂   )

( ) which together 

with   (  ̂   )
( ) (  ̂   )

( ) (𝐴̂  )
( )  and  (  ̂   )

( )  and the constants 

(  )
( ) (  

 )( ) (  )
( ) (  

 )( ) (  )
( )   (  )

( )             
satisfy the inequalities  

 

(  ̂   )
( ) , (  )

( )  (  
 )( )    ( 𝐴̂   )

( )   ( 𝑃̂   )
( ) (  ̂   )

( )-     

 

(  ̂   )
( ) ,  (  )

( )  (  
 )( )    (  ̂   )

( )   ( 𝑄̂   )
( )  (  ̂   )

( )-     

101 

Where we suppose  

(CC) (  )
( ) (  

 )( ) (  
  )( ) (  )

( ) (  
 )( ) (  

  )( )                        

(DD) The functions (  
  )( ) (  

  )( ) are positive continuous increasing and bounded.  

Definition of (  )
( )   (  )

( ):  

(  
  )( )(𝑇    )  (  )

( )  ( 𝐴̂   )
( )

  102 

(  
  )( )(𝐺    )    (  )

( )  (  
 )( )  (  ̂   )

( )  103 

(EE)        (  
  )( ) (𝑇    )  (  )

( ) 104 

       (  
  )( ) ((𝐺  )  )    (  )

( )  105 

Definition of ( 𝐴̂   )
( ) (  ̂   )

( ) : 

Where ( 𝐴̂   )
( ) (  ̂   )

( ) (  )
( )   (  )

( ) are positive constants  and              

106 

They satisfy  Lipschitz condition:  

 (  
  )( )(𝑇  

   )  (  
  )( )(𝑇    )  (  ̂   )

( ) 𝑇    𝑇  
    (  ̂   )

( )   107 

 (  
  )( )((𝐺  )

   )  (  
  )( )((𝐺  )  )  (  ̂   )

( )  (𝐺  )  (𝐺  )
     (  ̂   )

( )   108 

With the Lipschitz condition, we place a restriction on the behavior of functions (  
  )( )(𝑇  

   )   

and(  
  )( )(𝑇    )  . (𝑇  

   ) and (𝑇    ) are points belonging to the interval  [(  ̂   )
( ) (  ̂   )

( )] . It 

is to be noted that (  
  )( )(𝑇    ) is uniformly continuous. In the eventuality of the fact, that if 
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(  ̂   )
( )    then the function  (  

  )( )(𝑇    ) , the first augmentation coefficient attributable to 
terrestrial organisms, would be absolutely continuous.  

Definition of (  ̂   )
( ) (  ̂   )

( ) :  

(FF) (  ̂   )
( ) (  ̂   )

( )   are positive constants 

      
(  )

( )

(  ̂   )
( )    

(  )
( )

(  ̂   )
( )    

109 

Definition of ( 𝑃̂   )
( ) ( 𝑄̂   )

( ) : 

There exists two constants ( 𝑃̂   )
( ) and ( 𝑄̂   )

( ) which together 

with (  ̂   )
( ) (  ̂   )

( ) (𝐴̂  )
( )    (  ̂   )

( )  and the constants 

(  )
( ) (  

 )( ) (  )
( ) (  

 )( ) (  )
( )   (  )

( )             

  satisfy the inequalities  

 

 

(  ̂   )
( ) , (  )

( )  (  
 )( )    ( 𝐴̂   )

( )   ( 𝑃̂   )
( ) (  ̂   )

( )-     110 

 

(  ̂   )
( ) ,  (  )

( )  (  
 )( )    (  ̂   )

( )   ( 𝑄̂   )
( )  (  ̂   )

( )-     111 

Where we suppose  

(GG)    (  )
( ) (  

 )( ) (  
  )( ) (  )

( ) (  
 )( ) (  

  )( )                       

The functions (  
  )( ) (  

  )( ) are positive continuous increasing and bounded. 

Definition of (  )
( )   (  )

( ): 

     (  
  )( )(𝑇    )  (  )

( )  ( 𝐴̂   )
( )  

     (  
  )( )(𝐺    )    (  )

( )  (  
 )( )  (  ̂   )

( ) 

112 

       (  
  )( ) (𝑇    )  (  )

( )  

      (  
  )( ) (𝐺    )    (  )

( )           

 Definition of ( 𝐴̂   )
( ) (  ̂   )

( ) : 

Where ( 𝐴̂   )
( ) (  ̂   )

( ) (  )
( )   (  )

( )  are positive constants   and              

113 

They satisfy  Lipschitz condition: 

 (  
  )( )(𝑇  

   )  (  
  )( )(𝑇    )  (  ̂   )

( ) 𝑇    𝑇  
    (  ̂   )

( )   

 (  
  )( )(𝐺  

   )  (  
  )( )(𝐺    )  (  ̂   )

( )  𝐺   𝐺  
     (  ̂   )

( )   

114 

With the Lipschitz condition, we place a restriction on the behavior of functions (  
  )( )(𝑇  

   )   

and(  
  )( )(𝑇    )  . (𝑇  

   ) And (𝑇    ) are points belonging to the interval  [(  ̂   )
( ) (  ̂   )

( )] . It 

is to be noted that (  
  )( )(𝑇    ) is uniformly continuous. In the eventuality of the fact, that if 

(  ̂   )
( )    then the function  (  

  )( )(𝑇    ) , the first augmentation coefficient attributable to 
terrestrial organisms, would be absolutely continuous.  

 

Definition of (  ̂   )
( ) (  ̂   )

( ) : 115 
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(HH) (  ̂   )
( ) (  ̂   )

( )   are positive constants 

      
(  )

( )

(  ̂   )
( )    

(  )
( )

(  ̂   )
( )    

There exists two constants There exists two constants ( 𝑃̂   )
( ) and ( 𝑄̂   )

( ) which together with 

(  ̂   )
( ) (  ̂   )

( ) (𝐴̂  )
( )    (  ̂   )

( )  and the constants 

(  )
( ) (  

 )( ) (  )
( ) (  

 )( ) (  )
( )   (  )

( )                   
satisfy the inequalities  

 

(  ̂   )
( ) , (  )

( )  (  
 )( )    ( 𝐴̂   )

( )   ( 𝑃̂   )
( ) (  ̂   )

( )-     

 

(  ̂   )
( ) ,  (  )

( )  (  
 )( )    (  ̂   )

( )   ( 𝑄̂   )
( )  (  ̂   )

( )-     

116 

Where we suppose  

(  )
( ) (  

 )( ) (  
  )( ) (  )

( ) (  
 )( ) (  

  )( )                       
 

(II) The functions (  
  )( ) (  

  )( ) are positive continuous increasing and bounded. 
 
Definition of (  )

( )   (  )
( ): 

     (  
  )( )(𝑇    )  (  )

( )  ( 𝐴̂   )
( )  

     (  
  )( )((𝐺  )  )    (  )

( )  (  
 )( )  (  ̂   )

( ) 

117 

  

(JJ)        (  
  )( ) (𝑇    )  (  )

( ) 

      (  
  )( ) ((𝐺  )  )    (  )

( )         

Definition of ( 𝐴̂   )
( ) (  ̂   )

( ) : 

Where ( 𝐴̂   )
( ) (  ̂   )

( ) (  )
( )   (  )

( )  are positive constants and              

118 

   They satisfy  Lipschitz condition: 

 (  
  )( )(𝑇  

   )  (  
  )( )(𝑇    )  (  ̂   )

( ) 𝑇    𝑇  
    (  ̂   )

( )   

 (  
  )( )((𝐺  )

   )  (  
  )( )((𝐺  )  )  (  ̂   )

( )  (𝐺  )  (𝐺  )
     (  ̂   )

( )   

119 

With the Lipschitz condition, we place a restriction on the behavior of functions (  
  )( )(𝑇  

   )   

and(  
  )( )(𝑇    )  . (𝑇  

   ) and (𝑇    ) are points belonging to the interval  [(  ̂   )
( ) (  ̂   )

( )] . It 

is to be noted that (  
  )( )(𝑇    ) is uniformly continuous. In the eventuality of the fact, that if 

(  ̂   )
( )    then the function  (  

  )( )(𝑇    ) , the first augmentation coefficient attributable to 

terrestrial organisms, would be absolutely continuous.  

 

Definition of (  ̂   )
( ) (  ̂   )

( ) : 

(  ̂   )
( ) (  ̂   )

( )   are positive constants 
 

120 
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(  )
( )

(  ̂   )
( )    

(  )
( )

(  ̂   )
( )     

Definition of ( 𝑃̂   )
( ) ( 𝑄̂   )

( ) : 

(KK) There exists two constants ( 𝑃̂   )
( ) and ( 𝑄̂   )

( ) which together with 

(  ̂   )
( ) (  ̂   )

( ) (𝐴̂  )
( )    (  ̂   )

( )  and the constants 

(  )
( ) (  

 )( ) (  )
( ) (  

 )( ) (  )
( )   (  )

( )             
satisfy the inequalities  

 

(  ̂   )
( ) , (  )

( )  (  
 )( )    ( 𝐴̂   )

( )   ( 𝑃̂   )
( ) (  ̂   )

( )-     

 

(  ̂   )
( ) ,  (  )

( )  (  
 )( )    (  ̂   )

( )   ( 𝑄̂   )
( )  (  ̂   )

( )-     
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Where we suppose  

(  )
( ) (  

 )( ) (  
  )( ) (  )

( ) (  
 )( ) (  

  )( )                      

(LL) The functions (  
  )( ) (  

  )( ) are positive continuous increasing and bounded. 

Definition of (  )
( )   (  )

( ): 

     (  
  )( )(𝑇    )  (  )

( )  ( 𝐴̂   )
( )  

     (  
  )( )((𝐺  )  )    (  )

( )  (  
 )( )  (  ̂   )

( ) 

122 

  

(MM)        (  
  )( ) (𝑇    )  (  )

( ) 

           (  
  )( ) (𝐺    )    (  )

( )           

Definition of ( 𝐴̂   )
( ) (  ̂   )

( ) : 

Where ( 𝐴̂   )
( ) (  ̂   )

( ) (  )
( )   (  )

( )  are positive constants  and              

123 

They satisfy  Lipschitz condition: 

   (  
  )( )(𝑇  

   )  (  
  )( )(𝑇    )  (  ̂   )

( ) 𝑇    𝑇  
    (  ̂   )

( )   

 (  
  )( )((𝐺  )

   )  (  
  )( )((𝐺  )  )  (  ̂   )

( )  (𝐺  )  (𝐺  )
     (  ̂   )

( )   

124 

With the Lipschitz condition, we place a restriction on the behavior of functions (  
  )( )(𝑇  

   )   

and(  
  )( )(𝑇    )  . (𝑇  

   ) and (𝑇    ) are points belonging to the interval  [(  ̂   )
( ) (  ̂   )

( )] . It 

is to be noted that (  
  )( )(𝑇    ) is uniformly continuous. In the eventuality of the fact, that if 

(  ̂   )
( )    then the function  (  

  )( )(𝑇    ) , the first augmentation coefficient attributable to 

terrestrial organisms, would be absolutely continuous.  

 

Definition of (  ̂   )
( ) (  ̂   )

( ) : 

(  ̂   )
( ) (  ̂   )

( )   are positive constants 

      
(  )

( )

(  ̂   )
( )    

(  )
( )

(  ̂   )
( )    

125 
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Definition of ( 𝑃̂   )
( ) ( 𝑄̂   )

( ) : 

There exists two constants ( 𝑃̂   )
( ) and ( 𝑄̂   )

( ) which together with 

(  ̂   )
( ) (  ̂   )

( ) (𝐴̂  )
( )    (  ̂   )

( )  and the constants 

(  )
( ) (  

 )( ) (  )
( ) (  

 )( ) (  )
( )   (  )

( )                   satisfy the inequalities  
 

 

(  ̂   )
( ) , (  )

( )  (  
 )( )    ( 𝐴̂   )

( )   ( 𝑃̂   )
( ) (  ̂   )

( )-     

 

(  ̂   )
( ) ,  (  )

( )  (  
 )( )    (  ̂   )

( )   ( 𝑄̂   )
( )  (  ̂   )

( )-     

126 

Where we suppose  

(  )
( ) (  

 )( ) (  
  )( ) (  )

( ) (  
 )( ) (  

  )( )                       

(NN) The functions (  
  )( ) (  

  )( ) are positive continuous increasing and bounded. 

Definition of (  )
( )   (  )

( ): 

     (  
  )( )(𝑇    )  (  )

( )  ( 𝐴̂   )
( )  

     (  
  )( )((𝐺  )  )    (  )

( )  (  
 )( )  (  ̂   )

( ) 

127 

  

(OO)        (  
  )( ) (𝑇    )  (  )

( ) 

           (  
  )( ) ((𝐺  )  )    (  )

( )           

Definition of ( 𝐴̂   )
( ) (  ̂   )

( ) : 

            Where ( 𝐴̂   )
( ) (  ̂   )

( ) (  )
( )   (  )

( )  are positive constants and              

128 

They satisfy  Lipschitz condition: 

 (  
  )( )(𝑇  

   )  (  
  )( )(𝑇    )  (  ̂   )

( ) 𝑇    𝑇  
    (  ̂   )

( )   

 (  
  )( )((𝐺  )

   )  (  
  )( )((𝐺  )  )  (  ̂   )

( )  (𝐺  )  (𝐺  )
     (  ̂   )

( )   

 

With the Lipschitz condition, we place a restriction on the behavior of functions (  
  )( )(𝑇  

   )   

and(  
  )( )(𝑇    )  . (𝑇  

   ) and (𝑇    ) are points belonging to the interval  [(  ̂   )
( ) (  ̂   )

( )] . It 

is to be noted that (  
  )( )(𝑇    ) is uniformly continuous. In the eventuality of the fact, that if 

(  ̂   )
( )    then the function  (  

  )( )(𝑇    ) , the first augmentation coefficient attributable to 

terrestrial organisms, would be absolutely continuous.  

 

Definition of (  ̂   )
( ) (  ̂   )

( ) :  

(  ̂   )
( ) (  ̂   )

( )   are positive constants 

      
(  )

( )

(  ̂   )
( )    

(  )
( )

(  ̂   )
( )    

129 

Definition of ( 𝑃̂   )
( ) ( 𝑄̂   )

( ) : 

There exists two constants ( 𝑃̂   )
( ) and ( 𝑄̂   )

( ) which together with 

130 
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(  ̂   )
( ) (  ̂   )

( ) (𝐴̂  )
( )    (  ̂   )

( )  and the constants 

(  )
( ) (  

 )( ) (  )
( ) (  

 )( ) (  )
( )   (  )

( )             
satisfy the inequalities  

 

(  ̂   )
( ) , (  )

( )  (  
 )( )    ( 𝐴̂   )

( )   ( 𝑃̂   )
( ) (  ̂   )

( )-     

 

(  ̂   )
( ) ,  (  )

( )  (  
 )( )    (  ̂   )

( )   ( 𝑄̂   )
( )  (  ̂   )

( )-     

Where we suppose 
 

 

(PP) (  )
( ) (  

 )( ) (  
  )( ) (  )

( ) (  
 )( ) (  

  )( )      
                  
 

(QQ) The functions (  
  )( ) (  

  )( ) are positive continuous increasing and bounded. 

Definition of (  )
( )   (  )

( ): 
 

     (  
  )( )(𝑇    )  (  )

( )  ( 𝐴̂   )
( )  

 

     (  
  )( )(𝐺    )    (  )

( )  (  
 )( )  (  ̂   )

( ) 

131 

  

(RR)         (  
  )( ) (𝑇    )  (  )

( ) 

           (  
  )( ) ((𝐺  )  )    (  )

( )           

 
            Definition of ( 𝐴̂   )

( ) (  ̂   )
( ) : 

 

            Where ( 𝐴̂   )
( ) (  ̂   )

( ) (  )
( )   (  )

( )  are positive constants     

              and              

 

132 

           They satisfy  Lipschitz condition: 

          (  
  )( )(𝑇  

   )  (  
  )( )(𝑇    )  (  ̂   )

( ) 𝑇    𝑇  
    (  ̂   )

( )   
 

          (  
  )( )((𝐺  )

   )  (  
  )( )((𝐺  )  )  (  ̂   )

( )  (𝐺  )  (𝐺  )
     (  ̂   )

( )  
 

133 

With the Lipschitz condition, we place a restriction on the behavior of functions (  
  )( )(𝑇  

   )   

and(  
  )( )(𝑇    )  . (𝑇  

   ) and (𝑇    ) are points belonging to the interval  [(  ̂   )
( ) (  ̂   )

( )] . It 

is to be noted that (  
  )( )(𝑇    ) is uniformly continuous. In the eventuality of the fact, that if 

(  ̂   )
( )    then the function  (  

  )( )(𝑇    ) , the first augmentation coefficient attributable to 
terrestrial organisms, would be absolutely continuous.  
 

 

        Definition of (  ̂   )
( ) (  ̂   )

( ) : 
 

(SS) (  ̂   )
( ) (  ̂   )

( )   are positive constants 
 

      
(  )

( )

(  ̂   )
( )    

(  )
( )

(  ̂   )
( )    

 

134 

           Definition of ( 𝑃̂   )
( ) ( 𝑄̂   )

( ) : 
 

(TT) There exists two constants ( 𝑃̂   )
( ) and ( 𝑄̂   )

( ) which together with 

(  ̂   )
( ) (  ̂   )

( ) (𝐴̂  )
( )    (  ̂   )

( )  and the constants 

(  )
( ) (  

 )( ) (  )
( ) (  

 )( ) (  )
( )   (  )

( )             
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       satisfy the inequalities  
 

 

(  ̂   )
( )

, (  )
( )  (  

 )( )    ( 𝐴̂   )
( )   ( 𝑃̂   )

( ) (  ̂   )
( )-    

 
 

(  ̂   )
( )

,  (  )
( )  (  

 )( )    (  ̂   )
( )   ( 𝑄̂   )

( )  (  ̂   )
( )-    

 
  
Theorem 1: if the conditions (A)-(E) above are fulfilled, there exists a solution satisfying the 
conditions 

Definition of   𝐺 ( )  𝑇 ( ) : 

 𝐺 ( )   ( 𝑃̂   )
( )

 (  ̂   )
( )    ,      𝐺 ( )  𝐺 

    

𝑇 ( )   ( 𝑄̂   )
( ) (  ̂   )

( )      ,       𝑇 ( )  𝑇 
    

147 

Theorem  2 : if the conditions (A)-(E) above are fulfilled, there exists a solution satisfying the 
conditions 

Definition of   𝐺 ( )  𝑇 ( ) 

 𝐺 ( )   ( 𝑃̂   )
( ) (  ̂   )

( )    ,      𝐺 ( )  𝐺 
    

𝑇 ( )   ( 𝑄̂   )
( ) (  ̂   )

( )      ,       𝑇 ( )  𝑇 
    

148 

Theorem 3  : if the conditions (A)-(E) above are fulfilled, there exists a solution satisfying the 
conditions 

 𝐺 ( )   ( 𝑃̂   )
( ) (  ̂   )

( )    ,      𝐺 ( )  𝐺 
    

𝑇 ( )   ( 𝑄̂   )
( ) (  ̂   )

( )      ,       𝑇 ( )  𝑇 
    

149 

Theorem 4  : if the conditions (A)-(E) above are fulfilled, there exists a solution satisfying the 

conditions 

Definition of   𝐺 ( )  𝑇 ( ) : 

 𝐺 ( )   ( 𝑃̂   )
( )

 (  ̂   )
( )    ,      𝐺 ( )  𝐺 

    

𝑇 ( )   ( 𝑄̂   )
( ) (  ̂   )

( )      ,       𝑇 ( )  𝑇 
                                         

150 

Theorem 5 : if the conditions (A)-(E) above are fulfilled, there exists a solution satisfying the 

conditions 

Definition of   𝐺 ( )  𝑇 ( ) : 

 𝐺 ( )   ( 𝑃̂   )
( )

 (  ̂   )
( )    ,      𝐺 ( )  𝐺 

    

𝑇 ( )   ( 𝑄̂   )
( ) (  ̂   )

( )      ,       𝑇 ( )  𝑇 
    

151 
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Theorem 6 : if the conditions (A)-(E) above are fulfilled, there exists a solution satisfying the 

conditions 

Definition of   𝐺 ( )  𝑇 ( ) : 

 𝐺 ( )   ( 𝑃̂   )
( )

 (  ̂   )
( )    ,      𝐺 ( )  𝐺 

    

𝑇 ( )   ( 𝑄̂   )
( ) (  ̂   )

( )      ,       𝑇 ( )  𝑇 
    

152 

Theorem 7: if the conditions (A)-(E) above are fulfilled, there exists a solution satisfying the 
conditions 
 
          Definition of   𝐺 ( )  𝑇 ( ) : 
 

 𝐺 ( )   ( 𝑃̂   )
( )

 (  ̂   )
( )    ,      𝐺 ( )  𝐺 

    

𝑇 ( )   ( 𝑄̂   )
( ) (  ̂   )

( )      ,       𝑇 ( )  𝑇 
    

 

153 

  

Proof: Consider operator   ( )  defined on the space of sextuples of continuous functions 
𝐺    𝑇 :       which satisfy                                           

154 

𝐺 ( )  𝐺 
    𝑇 ( )  𝑇 

    𝐺 
  ( 𝑃̂   )

( )  𝑇 
  ( 𝑄̂   )

( )    155 

  𝐺 ( )  𝐺 
  ( 𝑃̂   )

( ) (  ̂   )
( )     156 

  𝑇 ( )  𝑇 
  ( 𝑄̂   )

( ) (  ̂   )
( )   157 

By 

𝐺̅  ( )  𝐺  
   ∫ 0(   )

( )𝐺  ( (  ))   .(   
 )( )     

  )( )(𝑇  ( (  ))  (  ))/ 𝐺  ( (  ))1   (  )
 

 
  

158 

 𝐺̅  ( )  𝐺  
   ∫ 0(   )

( )𝐺  ( (  ))  .(   
 )( )  (   

  )( )(𝑇  ( (  ))  (  ))/𝐺  ( (  ))1   (  ) 
 

 
   

𝐺̅  ( )  𝐺  
   ∫ 0(   )

( )𝐺  ( (  ))  .(   
 )( )  (   

  )( )(𝑇  ( (  ))  (  ))/ 𝐺  ( (  ))1   (  ) 
 

 
   

𝑇̅  ( )  𝑇  
  ∫ 0(   )

( )𝑇  ( (  ))   .(   
 )( )   (   

  )( )(𝐺( (  ))  (  ))/ 𝑇  ( (  ))1   (  )
 

 
   

𝑇̅  ( )  𝑇  
  ∫ 0(   )

( )𝑇  ( (  ))   .(   
 )( )   (   

  )( )(𝐺( (  ))  (  ))/ 𝑇  ( (  ))1   (  )
 

 
   

 ̅  ( )     
  ∫ 0(   )

( )𝑇  ( (  ))   .(   
 )( )   (   

  )( )(𝐺( (  ))  (  ))/ 𝑇  ( (  ))1   (  )
 

 
  

Where  (  )  is the integrand that is integrated over an interval (   ) 
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Proof:  

Consider operator   ( )  defined on the space of sextuples of continuous functions 𝐺    𝑇 :       
which satisfy             

159 

𝐺 ( )  𝐺 
    𝑇 ( )  𝑇 

    𝐺 
  ( 𝑃̂   )

( )  𝑇 
  ( 𝑄̂   )

( )     

  𝐺 ( )  𝐺 
  ( 𝑃̂   )

( ) (  ̂   )
( )      

  𝑇 ( )  𝑇 
  ( 𝑄̂   )

( ) (  ̂   )
( )    

By 

𝐺̅  ( )  𝐺  
   ∫ 0(   )

( )𝐺  ( (  ))   .(   
 )( )     

  )( )(𝑇  ( (  ))  (  ))/ 𝐺  ( (  ))1   (  )
 

 
  

160 

𝐺̅  ( )  𝐺  
  ∫ 0(   )

( )𝐺  ( (  ))  .(   
 )( )  (   

  )( )(𝑇  ( (  ))  (  ))/ 𝐺  ( (  ))1   (  ) 
 

 
   

𝐺̅  ( )  𝐺  
  ∫ 0(   )

( )𝐺  ( (  ))  .(   
 )( )  (   

  )( )(𝑇  ( (  ))  (  ))/ 𝐺  ( (  ))1   (  ) 
 

 
   

𝑇̅  ( )  𝑇  
  ∫ 0(   )

( )𝑇  ( (  ))   .(   
 )( )   (   

  )( )(𝐺( (  ))  (  ))/ 𝑇  ( (  ))1   (  )
 

 
   

𝑇̅  ( )  𝑇  
  ∫ 0(   )

( )𝑇  ( (  ))   .(   
 )( )   (   

  )( )(𝐺( (  ))  (  ))/ 𝑇  ( (  ))1   (  )
 

 
   

𝑇̅  ( )  𝑇  
  ∫ 0(   )

( )𝑇  ( (  ))   .(   
 )( )   (   

  )( )(𝐺( (  ))  (  ))/ 𝑇  ( (  ))1   (  )
 

 
  

Where  (  )  is the integrand that is integrated over an interval (   ) 

 

Proof:  

Consider operator   ( )  defined on the space of sextuples of continuous functions 𝐺    𝑇 :       
which satisfy         

 

𝐺 ( )  𝐺 
    𝑇 ( )  𝑇 

    𝐺 
  ( 𝑃̂   )

( )  𝑇 
  ( 𝑄̂   )

( )     

  𝐺 ( )  𝐺 
  ( 𝑃̂   )

( ) (  ̂   )
( )      

  𝑇 ( )  𝑇 
  ( 𝑄̂   )

( ) (  ̂   )
( )    

By 

𝐺̅  ( )  𝐺  
   ∫ 0(   )

( )𝐺  ( (  ))   .(   
 )( )     

  )( )(𝑇  ( (  ))  (  ))/ 𝐺  ( (  ))1   (  )
 

 
  

161 

 𝐺̅  ( )  𝐺  
  ∫ 0(   )

( )𝐺  ( (  ))  .(   
 )( )  (   

  )( )(𝑇  ( (  ))  (  ))/𝐺  ( (  ))1   (  ) 
 

 
   

𝐺̅  ( )  𝐺  
   ∫ 0(   )

( )𝐺  ( (  ))  .(   
 )( )  (   

  )( )(𝑇  ( (  ))  (  ))/ 𝐺  ( (  ))1   (  ) 
 

 
   

𝑇̅  ( )  𝑇  
  ∫ 0(   )

( )𝑇  ( (  ))   .(   
 )( )   (   

  )( )(𝐺( (  ))  (  ))/ 𝑇  ( (  ))1   (  )
 

 
   

𝑇̅  ( )  𝑇  
  ∫ 0(   )

( )𝑇  ( (  ))   .(   
 )( )   (   

  )( )(𝐺( (  ))  (  ))/ 𝑇  ( (  ))1   (  )
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 ̅  ( )     
   ∫ 0(   )

( )𝑇  ( (  ))   .(   
 )( )   (   

  )( )(𝐺( (  ))  (  ))/ 𝑇  ( (  ))1   (  )
 

 
  

Where  (  )  is the integrand that is integrated over an interval (   ) 

 

Proof: Consider operator   ( )  defined on the space of sextuples of continuous functions 

𝐺    𝑇 :       which satisfy                               

 

𝐺 ( )  𝐺 
    𝑇 ( )  𝑇 

    𝐺 
  ( 𝑃̂   )

( )  𝑇 
  ( 𝑄̂   )

( )     

  𝐺 ( )  𝐺 
  ( 𝑃̂   )

( ) (  ̂   )
( )      

  𝑇 ( )  𝑇 
  ( 𝑄̂   )

( ) (  ̂   )
( )    

By 

𝐺̅  ( )  𝐺  
   ∫ 0(   )

( )𝐺  ( (  ))   .(   
 )( )     

  )( )(𝑇  ( (  ))  (  ))/ 𝐺  ( (  ))1   (  )
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 𝐺̅  ( )  𝐺  
  ∫ 0(   )

( )𝐺  ( (  ))  .(   
 )( )  (   

  )( )(𝑇  ( (  ))  (  ))/𝐺  ( (  ))1   (  ) 
 

 
   

𝐺̅  ( )  𝐺  
  ∫ 0(   )

( )𝐺  ( (  ))  .(   
 )( )  (   

  )( )(𝑇  ( (  ))  (  ))/ 𝐺  ( (  ))1   (  ) 
 

 
   

𝑇̅  ( )  𝑇  
  ∫ 0(   )

( )𝑇  ( (  ))   .(   
 )( )   (   

  )( )(𝐺( (  ))  (  ))/ 𝑇  ( (  ))1   (  )
 

 
    

𝑇̅  ( )  𝑇  
  ∫ 0(   )

( )𝑇  ( (  ))   .(   
 )( )   (   

  )( )(𝐺( (  ))  (  ))/ 𝑇  ( (  ))1   (  )
 

 
   

 ̅  ( )     
  ∫ 0(   )

( )𝑇  ( (  ))   .(   
 )( )   (   

  )( )(𝐺( (  ))  (  ))/ 𝑇  ( (  ))1   (  )
 

 
  

Where  (  )  is the integrand that is integrated over an interval (   ) 

 

Proof: Consider operator   ( )  defined on the space of sextuples of continuous functions 

𝐺    𝑇 :       which satisfy               

 

𝐺 ( )  𝐺 
    𝑇 ( )  𝑇 

    𝐺 
  ( 𝑃̂   )

( )  𝑇 
  ( 𝑄̂   )

( )     

  𝐺 ( )  𝐺 
  ( 𝑃̂   )

( ) (  ̂   )
( )      

  𝑇 ( )  𝑇 
  ( 𝑄̂   )

( ) (  ̂   )
( )    

By 

𝐺̅  ( )  𝐺  
   ∫ 0(   )

( )𝐺  ( (  ))   .(   
 )( )     

  )( )(𝑇  ( (  ))  (  ))/ 𝐺  ( (  ))1   (  )
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 𝐺̅  ( )  𝐺  
  ∫ 0(   )

( )𝐺  ( (  ))  .(   
 )( )  (   

  )( )(𝑇  ( (  ))  (  ))/ 𝐺  ( (  ))1   (  ) 
 

 
   

𝐺̅  ( )  𝐺  
  ∫ 0(   )

( )𝐺  ( (  ))  .(   
 )( )  (   

  )( )(𝑇  ( (  ))  (  ))/ 𝐺  ( (  ))1   (  ) 
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𝑇̅  ( )  𝑇  
  ∫ 0(   )

( )𝑇  ( (  ))   .(   
 )( )   (   

  )( )(𝐺( (  ))  (  ))/ 𝑇  ( (  ))1   (  )
 

 
   

𝑇̅  ( )  𝑇  
  ∫ 0(   )

( )𝑇  ( (  ))   .(   
 )( )   (   

  )( )(𝐺( (  ))  (  ))/ 𝑇  ( (  ))1   (  )
 

 
   

 ̅  ( )     
   ∫ 0(   )

( )𝑇  ( (  ))   .(   
 )( )   (   

  )( )(𝐺( (  ))  (  ))/ 𝑇  ( (  ))1   (  )
 

 
 

Where  (  )  is the integrand that is integrated over an interval (   ) 

 

Proof:  

Consider operator   ( )  defined on the space of sextuples of continuous functions 𝐺    𝑇 :       

which satisfy      

 

𝐺 ( )  𝐺 
    𝑇 ( )  𝑇 

    𝐺 
  ( 𝑃̂   )

( )  𝑇 
  ( 𝑄̂   )

( )      

  𝐺 ( )  𝐺 
  ( 𝑃̂   )

( ) (  ̂   )
( )      

  𝑇 ( )  𝑇 
  ( 𝑄̂   )

( ) (  ̂   )
( )    

By 

𝐺̅  ( )  𝐺  
   ∫ 0(   )

( )𝐺  ( (  ))   .(   
 )( )     

  )( )(𝑇  ( (  ))  (  ))/ 𝐺  ( (  ))1   (  )
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 𝐺̅  ( )  𝐺  
  ∫ 0(   )

( )𝐺  ( (  ))  .(   
 )( )  (   

  )( )(𝑇  ( (  ))  (  ))/𝐺  ( (  ))1   (  ) 
 

 
   

𝐺̅  ( )  𝐺  
  ∫ 0(   )

( )𝐺  ( (  ))  .(   
 )( )  (   

  )( )(𝑇  ( (  ))  (  ))/ 𝐺  ( (  ))1   (  ) 
 

 
   

𝑇̅  ( )  𝑇  
  ∫ 0(   )

( )𝑇  ( (  ))   .(   
 )( )   (   

  )( )(𝐺( (  ))  (  ))/ 𝑇  ( (  ))1   (  )
 

 
   

𝑇̅  ( )  𝑇  
  ∫ 0(   )

( )𝑇  ( (  ))   .(   
 )( )   (   

  )( )(𝐺( (  ))  (  ))/ 𝑇  ( (  ))1   (  )
 

 
   

 ̅  ( )     
   ∫ 0(   )

( )𝑇  ( (  ))   .(   
 )( )   (   

  )( )(𝐺( (  ))  (  ))/ 𝑇  ( (  ))1   (  )
 

 
 

Where  (  )  is the integrand that is integrated over an interval (   ) 

 

Proof:  
Consider operator   ( )  defined on the space of sextuples of continuous functions 𝐺    𝑇 :       
which satisfy                                 

 

𝐺 ( )  𝐺 
    𝑇 ( )  𝑇 

    𝐺 
  ( 𝑃̂   )

( )  𝑇 
  ( 𝑄̂   )

( )    
 

 

  𝐺 ( )  𝐺 
  ( 𝑃̂   )

( ) (  ̂   )
( )    

  

 

  𝑇 ( )  𝑇 
  ( 𝑄̂   )

( ) (  ̂   )
( )    
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By 
 

𝐺̅  ( )  𝐺  
   ∫ 0(   )

( )𝐺  ( (  ))   .(   
 )( )     

  )( )(𝑇  ( (  ))  (  ))/ 𝐺  ( (  ))1   (  )
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 𝐺̅  ( )  𝐺  
  ∫ 0(   )

( )𝐺  ( (  ))  .(   
 )( )  (   

  )( )(𝑇  ( (  ))  (  ))/𝐺  ( (  ))1   (  ) 
 

 
  

 

 

𝐺̅  ( )  𝐺  
   ∫ 0(   )

( )𝐺  ( (  ))  .(   
 )( )  (   

  )( )(𝑇  ( (  ))  (  ))/ 𝐺  ( (  ))1   (  ) 
 

 
  

 

 

 

𝑇̅  ( )  𝑇  
  ∫ 0(   )

( )𝑇  ( (  ))   .(   
 )( )   (   

  )( )(𝐺( (  ))  (  ))/ 𝑇  ( (  ))1   (  )
 

 
  

 

 

𝑇̅  ( )  𝑇  
  ∫ 0(   )

( )𝑇  ( (  ))   .(   
 )( )   (   

  )( )(𝐺( (  ))  (  ))/ 𝑇  ( (  ))1   (  )
 

 
  

 

 

 ̅  ( )     
   ∫ 0(   )

( )𝑇  ( (  ))   .(   
 )( )   (   

  )( )(𝐺( (  ))  (  ))/ 𝑇  ( (  ))1   (  )
 

 
  

 
Where  (  )  is the integrand that is integrated over an interval (   ) 

 

 

  
  
The operator  ( ) maps the space of functions satisfying Equations into itself .Indeed it is obvious 
that 

 𝐺  ( )  𝐺  
  ∫ 0(   )

( ) .𝐺  
  ( 𝑃̂   )

( ) (  ̂   )
( ) (  )/1 

 

 
  (  )    

           (  (   )
( ) )𝐺  

  
(   )

( )(  ̂   )
( )

(  ̂   )
( ) . (  ̂   )

( )   /  

167 

 From which it follows that 

(𝐺  ( )  𝐺  
 )  (  ̂   )

( )  
(   )

( )

(  ̂   )
( ) [(( 𝑃̂   )

( )  𝐺  
 ) 

(  
(  ̂   )( )    

 

   
 )

 ( 𝑃̂   )
( )]  

(𝐺 
 ) is as defined in the statement of theorem 1 

168 

Analogous inequalities hold also for  𝐺    𝐺   𝑇   𝑇   𝑇    

The operator  ( ) maps the space of functions satisfying Equations into itself .Indeed it is 
obvious that 

 

 𝐺  ( )  𝐺  
  ∫ 0(   )

( ) .𝐺  
  ( 𝑃̂   )

( ) (  ̂   )
( ) (  )/1 

 

 
  (  )  (  (   )

( ) )𝐺  
  

(   )
( )(  ̂   )

( )

(  ̂   )
( ) . (  ̂   )

( )   /  

169 

 From which it follows that 

(𝐺  ( )  𝐺  
 )  (  ̂   )

( )  
(   )

( )

(  ̂   )
( ) [(( 𝑃̂   )

( )  𝐺  
 ) 

(  
(  ̂   )( )    

 

   
 )

 ( 𝑃̂   )
( )]  

170 

Analogous inequalities hold also for  𝐺    𝐺   𝑇   𝑇   𝑇    

The operator  ( ) maps the space of functions satisfying Equations into itself .Indeed it is 
obvious that 

171 
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 𝐺  ( )  𝐺  
  ∫ 0(   )

( ) .𝐺  
  ( 𝑃̂   )

( ) (  ̂   )
( ) (  )/1 

 

 
  (  )    

           (  (   )
( ) )𝐺  

  
(   )

( )(  ̂   )
( )

(  ̂   )
( ) . (  ̂   )

( )   /  

 From which it follows that 

(𝐺  ( )  𝐺  
 )  (  ̂   )

( )  
(   )

( )

(  ̂   )
( ) [(( 𝑃̂   )

( )  𝐺  
 ) 

(  
(  ̂   )( )    

 

   
 )

 ( 𝑃̂   )
( )]  

172 

Analogous inequalities hold also for  𝐺    𝐺   𝑇   𝑇   𝑇    

The operator  ( ) maps the space of functions satisfying into itself .Indeed it is obvious that 

 𝐺  ( )  𝐺  
  ∫ 0(   )

( ) .𝐺  
  ( 𝑃̂   )

( ) (  ̂   )
( ) (  )/1 

 

 
  (  )    

           (  (   )
( ) )𝐺  

  
(   )

( )(  ̂   )
( )

(  ̂   )
( ) . (  ̂   )

( )   /  

173 

 From which it follows that 

(𝐺  ( )  𝐺  
 )  (  ̂   )

( )  
(   )

( )

(  ̂   )
( ) [(( 𝑃̂   )

( )  𝐺  
 ) 

(  
(  ̂   )( )    

 

   
 )

 ( 𝑃̂   )
( )]  

(𝐺 
 ) is as defined in the statement of theorem 4 

174 

The operator  ( ) maps the space of functions satisfying Equations into itself .Indeed it is 
obvious that 

 𝐺  ( )  𝐺  
  ∫ 0(   )

( ) .𝐺  
  ( 𝑃̂   )

( ) (  ̂   )
( ) (  )/1 

 

 
  (  )    

           (  (   )
( ) )𝐺  

  
(   )

( )(  ̂   )
( )

(  ̂   )
( ) . (  ̂   )

( )   /  

 

 From which it follows that 

(𝐺  ( )  𝐺  
 )  (  ̂   )

( )  
(   )

( )

(  ̂   )
( ) [(( 𝑃̂   )

( )  𝐺  
 ) 

(  
(  ̂   )( )    

 

   
 )

 ( 𝑃̂   )
( )]  

(𝐺 
 ) is as defined in the statement of theorem 5 

175 

The operator  ( ) maps the space of functions satisfying Equations into itself .Indeed it is 
obvious that 

  

 𝐺  ( )  𝐺  
  ∫ 0(   )

( ) .𝐺  
  ( 𝑃̂   )

( ) (  ̂   )
( ) (  )/1 

 

 
  (  )    

           (  (   )
( ) )𝐺  

  
(   )

( )(  ̂   )
( )

(  ̂   )
( ) . (  ̂   )

( )   /  

176 

 From which it follows that 177 
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(𝐺  ( )  𝐺  
 )  (  ̂   )

( )  
(   )

( )

(  ̂   )
( ) [(( 𝑃̂   )

( )  𝐺  
 ) 

(  
(  ̂   )( )    

 

   
 )

 ( 𝑃̂   )
( )]  

(𝐺 
 ) is as defined in the statement of theorem 6 

Analogous inequalities hold also for  𝐺    𝐺   𝑇   𝑇   𝑇   

  

(g) The operator  ( ) maps the space of functions satisfying Equations into itself .Indeed it is obvious 
that 
 

 𝐺  ( )  𝐺  
  ∫ 0(   )

( ) .𝐺  
  ( 𝑃̂   )

( ) (  ̂   )
( ) (  )/1 

 

 
  (  )    

           (  (   )
( ) )𝐺  

  
(   )

( )(  ̂   )
( )

(  ̂   )
( ) . (  ̂   )

( )   /  

 

178 

 
 From which it follows that 

(𝐺  ( )  𝐺  
 )  (  ̂   )

( )  
(   )

( )

(  ̂   )
( ) [(( 𝑃̂   )

( )  𝐺  
 ) 

(  
(  ̂   )( )    

 

   
 )

 ( 𝑃̂   )
( )]  

(𝐺 
 ) is as defined in the statement of theorem 7 

 

 

Analogous inequalities hold also for  𝐺    𝐺   𝑇   𝑇   𝑇   
 
 

179 

  

It is now sufficient to take 
(  )

( )

(  ̂   )
( )    

(  )
( )

(  ̂   )
( )     and to choose 

(  ̂   )
( )     (  ̂   )

( ) large to have 

182 

(  )
( )

( ̂  )
( ) [( 𝑃̂  )

( )  (( 𝑃̂   )
( )  𝐺 

 ) 
 (

(  ̂   )( )   
 

  
 )

]  ( 𝑃̂   )
( )  

183 

(  )
( )

( ̂  )
( ) [(( 𝑄̂   )

( )  𝑇 
 ) 

 (  
(  ̂   )

( )   
 

  
 )

 ( 𝑄̂   )
( )]  ( 𝑄̂   )

( )  

184 

In order that the operator  ( ) transforms the space of sextuples of functions 𝐺   𝑇  satisfying 
Equations into itself 

 

The operator  ( ) is a contraction with respect to the metric  

 .(𝐺( ) 𝑇( )) (𝐺( ) 𝑇( ))/    

   
 

*   
    

 

 |𝐺 
( )( )  𝐺 

( )( )|  ( ̂  )
( )     

    
 |𝑇 

( )( )  𝑇 
( )( )|  ( ̂  )

( ) +  

185 

 Indeed if we denote   

Definition of 𝐺̃ 𝑇̃ : ( 𝐺̃ 𝑇̃ )   ( )(𝐺 𝑇) 
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It results 

|𝐺̃  
( )  𝐺̃ 

( )|  ∫ (   )
( ) 

 
|𝐺  

( )  𝐺  
( )|  (  ̂  )

( ) (  ) (  ̂  )
( ) (  )   (  )    

∫ *(   
 )( )|𝐺  

( )  𝐺  
( )|  (  ̂  )

( ) (  )  (  ̂  )
( ) (  )

 

 
   

(   
  )( )(𝑇  

( )  (  ))|𝐺  
( )  𝐺  

( )|  (  ̂  )
( ) (  ) (  ̂  )

( ) (  )   

𝐺  
( ) (   

  )( )(𝑇  
( )  (  ))  (   

  )( )(𝑇  
( )  (  ))    

 (  ̂  )
( ) (  ) (  ̂  )

( ) (  )+  (  )  

Where  (  ) represents integrand that is integrated over the interval ,   - 

From the hypotheses it follows 

|𝐺( )  𝐺( )|  (  ̂  )
( )  

 

(  ̂  )
( ) ((   )

( )   (   
 )( )  ( 𝐴̂  )

( )  ( 𝑃̂  )
( )(  ̂  )

( )) .(𝐺( ) 𝑇( )  𝐺( ) 𝑇( ))/  

And analogous inequalities for 𝐺      𝑇 . Taking into account the hypothesis the result follows 

186 

Remark 1: The fact that we supposed (   
  )( )     (   

  )( ) depending also on   can be considered as 
not conformal with the reality, however we have put this hypothesis ,in order that we can 
postulate condition necessary to prove the uniqueness of the solution bounded by 

( 𝑃̂  )
( ) (  ̂  )

( )      ( 𝑄̂  )
( ) (  ̂  )

( )  respectively of   . 

If instead of proving the existence of the solution on   , we have to prove it only on a compact 

then it suffices to consider that (  
  )( )     (  

  )( )            depend only on     and 
respectively on 𝐺(             ) and hypothesis can replaced by a usual Lipschitz condition. 

 

Remark 2: There does not exist any    where 𝐺  ( )        𝑇  ( )      

From 19 to 24 it results  

𝐺  ( )  𝐺 
  0 ∫ {(  

 )( ) (  
  )( )(   ( (  ))  (  ))}  (  )

 
 1     

𝑇  ( )  𝑇 
  ( (  

 )( ) )      for     

 

Definition of  ((  ̂  )
( ))

 
  ((  ̂  )

( ))
 
     ((  ̂  )

( ))
 

 : 

Remark 3: if 𝐺   is bounded, the same property have also  𝐺       𝐺   . indeed if  

𝐺   (  ̂  )
( ) it follows 

    

  
 ((  ̂  )

( ))
 
 (   

 )( )𝐺   and by integrating  

𝐺   ((  ̂  )
( ))

 
 𝐺  

   (   )
( )((  ̂  )

( ))
 
 (   

 )( )  

In the same way , one can obtain 

𝐺   ((  ̂  )
( ))

 
 𝐺  

   (   )
( )((  ̂  )

( ))
 
 (   

 )( )  

 If 𝐺      𝐺    is bounded, the same property follows for 𝐺     𝐺   and  𝐺     𝐺   respectively. 

187 

Remark 4: If 𝐺       bounded, from below, the same property holds for 𝐺       𝐺   .  The proof is 
analogous with the preceding one. An analogous property is true if 𝐺   is bounded from below. 

188 
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 Remark 5: If       is bounded from below and       ((  
  )( ) (𝐺( )  ))  (   

 )( ) then 𝑇     . 

Definition of  ( )( )        : 

Indeed let     be so that for        

(   )
( )  (  

  )( )(𝐺( )  )     𝑇   ( )  ( )( )  

189 

Then  
     

  
 (   )

( )( )( )    𝑇   which leads to  

𝑇    .
(   )

( )( )( )

  
/ (       )  𝑇  

        If we take    such that         
 

 
  it results  

𝑇    .
(   )

( )( )( )

 
/           

 

  
  By taking now      sufficiently small one sees that      is 

unbounded. The same property holds for 𝑇    if       (   
  )( ) (𝐺( )  )  (   

 )( ) 

We now state a more precise theorem about the behaviors at infinity of the solutions of  equations  

 

It is now sufficient to take 
(  )

( )

(  ̂   )
( )    

(  )
( )

(  ̂   )
( )     and to choose 

( 𝑃̂   )
( )     ( 𝑄̂   )

( ) large to have 

190 

(  )
( )

( ̂  )
( ) [( 𝑃̂  )

( )  (( 𝑃̂   )
( )  𝐺 

 ) 
 (

(  ̂   )( )   
 

  
 )

]  ( 𝑃̂   )
( )  

191 

(  )
( )

( ̂  )
( ) [(( 𝑄̂   )

( )  𝑇 
 ) 

 (  
(  ̂   )

( )   
 

  
 )

 ( 𝑄̂   )
( )]  ( 𝑄̂   )

( )  

192 

In order that the operator  ( ) transforms the space of sextuples of functions 𝐺   𝑇  satisfying 
Equations into itself 

193 

The operator  ( ) is a contraction with respect to the metric  

 .((𝐺  )
( ) (𝑇  )

( )) ((𝐺  )
( ) (𝑇  )

( ))/    

   
 

*   
    

 

 |𝐺 
( )( )  𝐺 

( )( )|  ( ̂  )
( )     

    
 |𝑇 

( )( )  𝑇 
( )( )|  ( ̂  )

( ) +  

194 

Indeed if we denote   

Definition of 𝐺  ̃ 𝑇  ̃ :   ( 𝐺  ̃ 𝑇  ̃ )   ( )(𝐺   𝑇  ) 

195 

It results 

|𝐺̃  
( )  𝐺̃ 

( )|  ∫ (   )
( ) 

 
|𝐺  

( )  𝐺  
( )|  (  ̂  )

( ) (  ) (  ̂  )
( ) (  )   (  )    

∫ *(   
 )( )|𝐺  

( )  𝐺  
( )|  (  ̂  )

( ) (  )  (  ̂  )
( ) (  )

 

 
   

(   
  )( )(𝑇  

( )  (  ))|𝐺  
( )  𝐺  

( )|  (  ̂  )
( ) (  ) (  ̂  )

( ) (  )   

196 
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𝐺  
( ) (   

  )( )(𝑇  
( )  (  ))  (   

  )( )(𝑇  
( )  (  ))    

 (  ̂  )
( ) (  ) (  ̂  )

( ) (  )+  (  )  

Where  (  ) represents integrand that is integrated over the interval ,   - 

From the hypotheses it follows 

197 

|(𝐺  )
( )  (𝐺  )

( )|  (  ̂  )
( )  

 

(  ̂  )
( ) ((   )

( )   (   
 )( )  (  ̂  )

( )  (  ̂  )
( )(  ̂  )

( )) .((𝐺  )
( ) (𝑇  )

( )  (𝐺  )
( ) (𝑇  )

( ))/  

 

And analogous inequalities for          . Taking into account the hypothesis the result follows 198 

Remark 6: The fact that we supposed (   
  )( )     (   

  )( ) depending also on   can be considered as 
not conformal with the reality, however we have put this hypothesis ,in order that we can 
postulate condition necessary to prove the uniqueness of the solution bounded by 

(  ̂  )
( ) (  ̂  )

( )      (  ̂  )
( ) (  ̂  )

( )  respectively of   . 

If instead of proving the existence of the solution on   , we have to prove it only on a compact 

then it suffices to consider that (  
  )( )     (  

  )( )            depend only on     and 
respectively on (𝐺  )(             ) and hypothesis can replaced by a usual Lipschitz condition. 

199 

Remark 7: There does not exist any    where    ( )           ( )      

it results  

   ( )    
  0 ∫ {(  

 )( ) (  
  )( )(   ( (  ))  (  ))}  (  )

 
 1     

   ( )    
  ( (  

 )( ) )      for     
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Definition of  ((  ̂  )
( ))

 
  ((  ̂  )

( ))
 
     ((  ̂  )

( ))
 

 : 

Remark 8: if     is bounded, the same property have also              . indeed if  

    (  ̂  )
( ) it follows 

    

  
 ((  ̂  )

( ))
 
 (   

 )( )    and by integrating  

    ((  ̂  )
( ))

 
    

   (   )
( )((  ̂  )

( ))
 
 (   

 )( )  

In the same way , one can obtain 

    ((  ̂  )
( ))

 
    

   (   )
( )((  ̂  )

( ))
 
 (   

 )( )  

 If             is bounded, the same property follows for           and            respectively. 
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Remark 9: If         bounded, from below, the same property holds for             .  The proof is 
analogous with the preceding one. An analogous property is true if     is bounded from below. 

202 

 Remark 10: If       is bounded from below and       ((  
  )( ) ((𝐺  )( )  ))  (   

 )( ) then 
      . 

Definition of  ( )( )        : 

Indeed let     be so that for        

(   )
( )  (  

  )( )((𝐺  )( )  )         ( )  ( )( )  
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Then  
     

  
 (   )

( )( )( )        which leads to  

     .
(   )

( )( )( )

  
/ (       )     

        If we take    such that         
 

 
  it results  
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    .
(   )

( )( )( )

 
/           

 

  
  By taking now      sufficiently small one sees that     is 

unbounded. The same property holds for      if       (   
  )( ) ((𝐺  )( )  )  (   

 )( ) 

We now state a more precise theorem about the behaviors at infinity of the solutions of  equations  

205 

 206 

It is now sufficient to take 
(  )

( )

(  ̂   )
( )    

(  )
( )

(  ̂   )
( )     and to choose 

(  ̂   )
( )     (  ̂   )

( ) large to have 
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(  )
( )

( ̂  )
( ) [( 𝑃̂  )

( )  (( 𝑃̂   )
( )  𝐺 

 ) 
 (

(  ̂   )( )   
 

  
 )

]  ( 𝑃̂   )
( )  
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(  )
( )

( ̂  )
( ) [(( 𝑄̂   )

( )  𝑇 
 ) 

 (  
(  ̂   )( )   

 

  
 )

 ( 𝑄̂   )
( )]  ( 𝑄̂   )

( )  
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In order that the operator  ( ) transforms the space of sextuples of functions 𝐺   𝑇  satisfying 
Equations into itself 

210 

The operator  ( ) is a contraction with respect to the metric  

 .((𝐺  )
( ) (𝑇  )

( )) ((𝐺  )
( ) (𝑇  )

( ))/    

   
 

*   
    

 

 |𝐺 
( )( )  𝐺 

( )( )|  ( ̂  )
( )     

    
 |𝑇 

( )( )  𝑇 
( )( )|  ( ̂  )

( ) +  
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Indeed if we denote   

Definition of 𝐺  ̃ 𝑇  ̃ :( (𝐺  )̃ (𝑇  )̃ )   ( )((𝐺  ) (𝑇  )) 

212 

It results 

|𝐺̃  
( )  𝐺̃ 

( )|  ∫ (   )
( ) 

 
|𝐺  

( )  𝐺  
( )|  (  ̂  )

( ) (  ) (  ̂  )
( ) (  )   (  )    

∫ *(   
 )( )|𝐺  

( )  𝐺  
( )|  (  ̂  )

( ) (  )  (  ̂  )
( ) (  )

 

 
   

(   
  )( )(𝑇  

( )  (  ))|𝐺  
( )  𝐺  

( )|  (  ̂  )
( ) (  ) (  ̂  )

( ) (  )   

𝐺  
( ) (   

  )( )(𝑇  
( )  (  ))  (   

  )( )(𝑇  
( )  (  ))    

 (  ̂  )
( ) (  ) (  ̂  )

( ) (  )+  (  )  

Where  (  ) represents integrand that is integrated over the interval ,   - 

From the hypotheses it follows 
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|𝐺( )  𝐺( )|  (  ̂  )
( )  

 

(  ̂  )
( ) ((   )

( )   (   
 )( )  ( 𝐴̂  )

( )  ( 𝑃̂  )
( )(  ̂  )

( )) .((𝐺  )
( ) (𝑇  )

( )  (𝐺  )
( ) (𝑇  )

( ))/  

And analogous inequalities for 𝐺      𝑇 . Taking into account the hypothesis the result follows 
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Remark 11: The fact that we supposed (   
  )( )     (   

  )( ) depending also on   can be considered 
as not conformal with the reality, however we have put this hypothesis ,in order that we can 
postulate condition necessary to prove the uniqueness of the solution bounded by 

( 𝑃̂  )
( ) (  ̂  )

( )      ( 𝑄̂  )
( ) (  ̂  )

( )  respectively of   . 

If instead of proving the existence of the solution on   , we have to prove it only on a compact 

then it suffices to consider that (  
  )( )     (  

  )( )            depend only on     and 
respectively on (𝐺  )(             ) and hypothesis can replaced by a usual Lipschitz condition. 

215 

Remark 12: There does not exist any    where 𝐺  ( )        𝑇  ( )      

it results  

𝐺  ( )  𝐺 
  0 ∫ {(  

 )( ) (  
  )( )(   ( (  ))  (  ))}  (  )

 
 1     

𝑇  ( )  𝑇 
  ( (  

 )( ) )      for     

216 

Definition of  ((  ̂  )
( ))

 
  ((  ̂  )

( ))
 
     ((  ̂  )

( ))
 

 : 

Remark 13: if 𝐺   is bounded, the same property have also  𝐺       𝐺   . indeed if  

𝐺   (  ̂  )
( ) it follows 

    

  
 ((  ̂  )

( ))
 
 (   

 )( )𝐺   and by integrating  

𝐺   ((  ̂  )
( ))

 
 𝐺  

   (   )
( )((  ̂  )

( ))
 
 (   

 )( )  

In the same way , one can obtain 

𝐺   ((  ̂  )
( ))

 
 𝐺  

   (   )
( )((  ̂  )

( ))
 
 (   

 )( )  

 If 𝐺      𝐺    is bounded, the same property follows for 𝐺     𝐺   and  𝐺     𝐺   respectively. 

217 

Remark 14: If 𝐺       bounded, from below, the same property holds for 𝐺       𝐺   .  The proof is 
analogous with the preceding one. An analogous property is true if 𝐺   is bounded from below. 

218 

 Remark 15: If       is bounded from below and       ((  
  )( ) ((𝐺  )( )  ))  (   

 )( ) then 

𝑇     . 

Definition of  ( )( )        : 

Indeed let     be so that for        

(   )
( )  (  

  )( )((𝐺  )( )  )     𝑇   ( )  ( )( )  
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Then  
     

  
 (   )

( )( )( )    𝑇   which leads to  

𝑇    .
(   )

( )( )( )

  
/ (       )  𝑇  

        If we take    such that         
 

 
  it results  
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𝑇    .
(   )

( )( )( )

 
/           

 

  
  By taking now      sufficiently small one sees that      is 

unbounded. The same property holds for 𝑇    if       (   
  )( ) ((𝐺  )( )  )  (   

 )( ) 

We now state a more precise theorem about the behaviors at infinity of the solutions of  equations  

It is now sufficient to take 
(  )

( )

(  ̂   )
( )    

(  )
( )

(  ̂   )
( )     and to choose 

(  ̂   )
( )     (  ̂   )

( ) large to have 

221 

(  )
( )

( ̂  )
( ) [( 𝑃̂  )

( )  (( 𝑃̂   )
( )  𝐺 

 ) 
 (

(  ̂   )( )   
 

  
 )

]  ( 𝑃̂   )
( )  

222 

(  )
( )

( ̂  )
( ) [(( 𝑄̂   )

( )  𝑇 
 ) 

 (  
(  ̂   )( )   

 

  
 )

 ( 𝑄̂   )
( )]  ( 𝑄̂   )

( )  
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In order that the operator  ( ) transforms the space of sextuples of functions 𝐺   𝑇  satisfying 

Equations into itself 

224 

The operator  ( ) is a contraction with respect to the metric  

 .((𝐺  )
( ) (𝑇  )

( )) ((𝐺  )
( ) (𝑇  )

( ))/    

   
 

*   
    

 

 |𝐺 
( )( )  𝐺 

( )( )|  ( ̂  )
( )     

    
 |𝑇 

( )( )  𝑇 
( )( )|  ( ̂  )

( ) +   

Indeed if we denote   

Definition of (𝐺  )̃ (𝑇  )̃ :    ( (𝐺  )̃ (𝑇  )̃ )   ( )((𝐺  ) (𝑇  )) 

It |𝐺̃  
( )  𝐺̃ 

( )|  ∫ (   )
( ) 

 
|𝐺  

( )  𝐺  
( )|  (  ̂  )

( ) (  ) (  ̂  )
( ) (  )   (  )    

∫ *(   
 )( )|𝐺  

( )  𝐺  
( )|  (  ̂  )

( ) (  )  (  ̂  )
( ) (  )

 

 
   

(   
  )( )(𝑇  

( )  (  ))|𝐺  
( )  𝐺  

( )|  (  ̂  )
( ) (  ) (  ̂  )

( ) (  )   

𝐺  
( ) (   

  )( )(𝑇  
( )  (  ))  (   

  )( )(𝑇  
( )  (  ))    

 (  ̂  )
( ) (  ) (  ̂  )

( ) (  )+  (  ) 

Where  (  ) represents integrand that is integrated over the interval ,   - 

From the hypotheses on Equations it follows results 

 

 

|(𝐺  )
( )  (𝐺  )

( )|  (  ̂  )
( )  

 

(  ̂  )
( ) ((   )

( )   (   
 )( )  ( 𝐴̂  )

( )  ( 𝑃̂  )
( )(  ̂  )

( )) .((𝐺  )
( ) (𝑇  )

( )  (𝐺  )
( ) (𝑇  )

( ))/  
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And analogous inequalities for 𝐺      𝑇 . Taking into account the hypothesis the result follows 

Remark 16: The fact that we supposed (   
  )( )     (   

  )( ) depending also on   can be considered 

as not conformal with the reality, however we have put this hypothesis ,in order that we can 

postulate condition necessary to prove the uniqueness of the solution bounded by 

( 𝑃̂  )
( ) (  ̂  )

( )      ( 𝑄̂  )
( ) (  ̂  )

( )  respectively of   . 

If instead of proving the existence of the solution on   , we have to prove it only on a compact 

then it suffices to consider that (  
  )( )     (  

  )( )            depend only on     and 

respectively on (𝐺  )(             ) and hypothesis can replaced by a usual Lipschitz condition. 
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Remark 17: There does not exist any    where 𝐺  ( )        𝑇  ( )      

it results  

𝐺  ( )  𝐺 
  0 ∫ {(  

 )( ) (  
  )( )(   ( (  ))  (  ))}  (  )

 
 1     

𝑇  ( )  𝑇 
  ( (  

 )( ) )      for     
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Definition of  ((  ̂  )
( ))

 
  ((  ̂  )

( ))
 
     ((  ̂  )

( ))
 

 : 

Remark 18: if 𝐺   is bounded, the same property have also  𝐺       𝐺   . indeed if  

𝐺   (  ̂  )
( ) it follows 

    

  
 ((  ̂  )

( ))
 
 (   

 )( )𝐺   and by integrating  

𝐺   ((  ̂  )
( ))

 
 𝐺  

   (   )
( )((  ̂  )

( ))
 
 (   

 )( )  

In the same way , one can obtain 

𝐺   ((  ̂  )
( ))

 
 𝐺  

   (   )
( )((  ̂  )

( ))
 
 (   

 )( )  

 If 𝐺      𝐺    is bounded, the same property follows for 𝐺     𝐺   and  𝐺     𝐺   respectively. 

229 

Remark 19: If 𝐺       bounded, from below, the same property holds for 𝐺       𝐺   .  The proof is 

analogous with the preceding one. An analogous property is true if 𝐺   is bounded from below. 

230 

Remark 20: If       is bounded from below and       ((  
  )( ) ((𝐺  )( )  ))  (   

 )( ) then 

𝑇     . 

Definition of  ( )( )        : 

Indeed let     be so that for        

(   )
( )  (  

  )( )((𝐺  )( )  )     𝑇   ( )  ( )( )  

231 

Then  
     

  
 (   )

( )( )( )    𝑇   which leads to  

𝑇    .
(   )

( )( )( )

  
/ (       )  𝑇  

        If we take    such that         
 

 
  it results  
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𝑇    .
(   )

( )( )( )

 
/           

 

  
  By taking now      sufficiently small one sees that      is 

unbounded. The same property holds for 𝑇    if       (   
  )( ) ((𝐺  )( )  )  (   

 )( ) 

We now state a more precise theorem about the behaviors at infinity of the solutions of  equations 

37 to 42 

Analogous inequalities hold also for  𝐺    𝐺   𝑇   𝑇   𝑇   

It is now sufficient to take 
(  )

( )

(  ̂   )
( )    

(  )
( )

(  ̂   )
( )     and to choose 

(  ̂   )
( )     (  ̂   )

( ) large to have 
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(  )
( )

( ̂  )
( ) [( 𝑃̂  )

( )  (( 𝑃̂   )
( )  𝐺 

 ) 
 (

(  ̂   )( )   
 

  
 )

]  ( 𝑃̂   )
( )  
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(  )
( )

( ̂  )
( ) [(( 𝑄̂   )

( )  𝑇 
 ) 

 (  
(  ̂   )( )   

 

  
 )

 ( 𝑄̂   )
( )]  ( 𝑄̂   )

( )  
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In order that the operator  ( ) transforms the space of sextuples of functions 𝐺   𝑇  satisfying 

Equations into itself 

 

The operator  ( ) is a contraction with respect to the metric  

 .((𝐺  )
( ) (𝑇  )

( )) ((𝐺  )
( ) (𝑇  )

( ))/    

   
 

*   
    

 

 |𝐺 
( )( )  𝐺 

( )( )|  ( ̂  )
( )     

    
 |𝑇 

( )( )  𝑇 
( )( )|  ( ̂  )

( ) +  

 Indeed if we denote   

Definition of (𝐺  )̃ (𝑇  )̃ :    ( (𝐺  )̃ (𝑇  )̃ )   ( )((𝐺  ) (𝑇  )) 

It results 

|𝐺̃  
( )  𝐺̃ 

( )|  ∫ (   )
( ) 

 
|𝐺  

( )  𝐺  
( )|  (  ̂  )

( ) (  ) (  ̂  )
( ) (  )   (  )    

∫ *(   
 )( )|𝐺  

( )  𝐺  
( )|  (  ̂  )

( ) (  )  (  ̂  )
( ) (  )

 

 
   

(   
  )( )(𝑇  

( )  (  ))|𝐺  
( )  𝐺  

( )|  (  ̂  )
( ) (  ) (  ̂  )

( ) (  )   

𝐺  
( ) (   

  )( )(𝑇  
( )  (  ))  (   

  )( )(𝑇  
( )  (  ))    

 (  ̂  )
( ) (  ) (  ̂  )

( ) (  )+  (  )  

Where  (  ) represents integrand that is integrated over the interval ,   - 

From the hypotheses on   it follows 
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|(𝐺  )
( )  (𝐺  )

( )|  (  ̂  )
( )  

 

(  ̂  )
( ) ((   )

( )   (   
 )( )  ( 𝐴̂  )

( )  ( 𝑃̂  )
( )(  ̂  )

( )) .((𝐺  )
( ) (𝑇  )

( )  (𝐺  )
( ) (𝑇  )

( ))/  

And analogous inequalities for 𝐺      𝑇 . Taking into account the hypothesis   the result follows 
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Remark 21: The fact that we supposed (   
  )( )     (   

  )( ) depending also on   can be considered 

as not conformal with the reality, however we have put this hypothesis ,in order that we can 

postulate condition necessary to prove the uniqueness of the solution bounded by 

( 𝑃̂  )
( ) (  ̂  )

( )      ( 𝑄̂  )
( ) (  ̂  )

( )  respectively of   . 

If instead of proving the existence of the solution on   , we have to prove it only on a compact 

then it suffices to consider that (  
  )( )     (  

  )( )            depend only on     and 

respectively on (𝐺  )(             ) and hypothesis can replaced by a usual Lipschitz condition. 
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Remark 22: There does not exist any    where 𝐺  ( )        𝑇  ( )      

  it results  

𝐺  ( )  𝐺 
  0 ∫ {(  

 )( ) (  
  )( )(   ( (  ))  (  ))}  (  )

 
 1     

𝑇  ( )  𝑇 
  ( (  

 )( ) )      for     
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Definition of  ((  ̂  )
( ))

 
  ((  ̂  )

( ))
 
     ((  ̂  )

( ))
 

 : 

Remark 23: if 𝐺   is bounded, the same property have also  𝐺       𝐺   . indeed if  

𝐺   (  ̂  )
( ) it follows 

    

  
 ((  ̂  )

( ))
 
 (   

 )( )𝐺   and by integrating  

𝐺   ((  ̂  )
( ))

 
 𝐺  

   (   )
( )((  ̂  )

( ))
 
 (   

 )( )  

In the same way , one can obtain 

𝐺   ((  ̂  )
( ))

 
 𝐺  

   (   )
( )((  ̂  )

( ))
 
 (   

 )( )  

 If 𝐺      𝐺    is bounded, the same property follows for 𝐺     𝐺   and  𝐺     𝐺   respectively. 

240 

Remark 24: If 𝐺       bounded, from below, the same property holds for 𝐺       𝐺   .  The proof is 

analogous with the preceding one. An analogous property is true if 𝐺   is bounded from below. 

241 

Remark 25: If       is bounded from below and       ((  
  )( ) ((𝐺  )( )  ))  (   

 )( ) then 

𝑇     . 

Definition of  ( )( )        : 

Indeed let     be so that for        

(   )
( )  (  

  )( )((𝐺  )( )  )     𝑇   ( )  ( )( ) 
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Then  
     

  
 (   )

( )( )( )    𝑇   which leads to  

𝑇    .
(   )

( )( )( )

  
/ (       )  𝑇  

        If we take    such that         
 

 
  it results  

𝑇    .
(   )

( )( )( )

 
/           

 

  
  By taking now      sufficiently small one sees that      is 

unbounded. The same property holds for 𝑇    if       (   
  )( ) ((𝐺  )( )  )  (   

 )( ) 

We now state a more precise theorem about the behaviors at infinity of the solutions of  equations   

Analogous inequalities hold also for  𝐺    𝐺   𝑇   𝑇   𝑇   

243 

It is now sufficient to take 
(  )

( )

(  ̂   )
( )    

(  )
( )

(  ̂   )
( )     and to choose 

(  ̂   )
( )     (  ̂   )

( ) large to have 
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(  )
( )

( ̂  )
( ) [( 𝑃̂  )

( )  (( 𝑃̂   )
( )  𝐺 

 ) 
 (

(  ̂   )( )   
 

  
 )

]  ( 𝑃̂   )
( )  
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(  )
( )

( ̂  )
( ) [(( 𝑄̂   )

( )  𝑇 
 ) 

 (  
(  ̂   )( )   

 

  
 )

 ( 𝑄̂   )
( )]  ( 𝑄̂   )

( )  
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In order that the operator  ( ) transforms the space of sextuples of functions 𝐺   𝑇  satisfying 

Equations into itself 

 

The operator  ( ) is a contraction with respect to the metric  

 .((𝐺  )
( ) (𝑇  )

( )) ((𝐺  )
( ) (𝑇  )

( ))/    

   
 

*   
    

 

 |𝐺 
( )( )  𝐺 

( )( )|  ( ̂  )
( )     

    
 |𝑇 

( )( )  𝑇 
( )( )|  ( ̂  )

( ) +  

 Indeed if we denote   

Definition of (𝐺  )̃ (𝑇  )̃ :    ( (𝐺  )̃ (𝑇  )̃ )   ( )((𝐺  ) (𝑇  )) 

It results 

|𝐺̃  
( )  𝐺̃ 

( )|  ∫ (   )
( ) 

 
|𝐺  

( )  𝐺  
( )|  (  ̂  )

( ) (  ) (  ̂  )
( ) (  )   (  )    

∫ *(   
 )( )|𝐺  

( )  𝐺  
( )|  (  ̂  )

( ) (  )  (  ̂  )
( ) (  )

 

 
   

(   
  )( )(𝑇  

( )  (  ))|𝐺  
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( )|  (  ̂  )
( ) (  ) (  ̂  )

( ) (  )   

𝐺  
( ) (   

  )( )(𝑇  
( )  (  ))  (   
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 (  ̂  )
( ) (  ) (  ̂  )

( ) (  )+  (  )  
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Where  (  ) represents integrand that is integrated over the interval ,   - 

From the hypotheses   it follows 

|(𝐺  )
( )  (𝐺  )

( )|  (  ̂  )
( )  

 

(  ̂  )
( ) ((   )

( )   (   
 )( )  ( 𝐴̂  )

( )  ( 𝑃̂  )
( )(  ̂  )

( )) .((𝐺  )
( ) (𝑇  )

( )  (𝐺  )
( ) (𝑇  )

( ))/  

And analogous inequalities for 𝐺      𝑇 . Taking into account the hypothesis   the result follows 
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Remark 26: The fact that we supposed (   
  )( )     (   

  )( ) depending also on   can be considered 

as not conformal with the reality, however we have put this hypothesis ,in order that we can 

postulate condition necessary to prove the uniqueness of the solution bounded by 

( 𝑃̂  )
( ) (  ̂  )

( )      ( 𝑄̂  )
( ) (  ̂  )

( )  respectively of   . 

If instead of proving the existence of the solution on   , we have to prove it only on a compact 

then it suffices to consider that (  
  )( )     (  

  )( )            depend only on     and 

respectively on (𝐺  )(             ) and hypothesis can replaced by a usual Lipschitz condition. 
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Remark 27: There does not exist any    where 𝐺  ( )        𝑇  ( )      

  it results  

𝐺  ( )  𝐺 
  0 ∫ {(  

 )( ) (  
  )( )(   ( (  ))  (  ))}  (  )

 
 1     

𝑇  ( )  𝑇 
  ( (  

 )( ) )      for     
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Definition of  ((  ̂  )
( ))

 
  ((  ̂  )

( ))
 
     ((  ̂  )

( ))
 

 : 

Remark 28: if 𝐺   is bounded, the same property have also  𝐺       𝐺   . indeed if  

𝐺   (  ̂  )
( ) it follows 

    

  
 ((  ̂  )

( ))
 
 (   

 )( )𝐺   and by integrating  

𝐺   ((  ̂  )
( ))

 
 𝐺  

   (   )
( )((  ̂  )

( ))
 
 (   

 )( )  

In the same way , one can obtain 

𝐺   ((  ̂  )
( ))

 
 𝐺  

   (   )
( )((  ̂  )

( ))
 
 (   

 )( )  

 If 𝐺      𝐺    is bounded, the same property follows for 𝐺     𝐺   and  𝐺     𝐺   respectively. 
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Remark 29: If 𝐺       bounded, from below, the same property holds for 𝐺       𝐺   .  The proof is 

analogous with the preceding one. An analogous property is true if 𝐺   is bounded from below. 
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Remark 30: If       is bounded from below and       ((  
  )( ) ((𝐺  )( )  ))  (   

 )( ) then 

𝑇     . 

Definition of  ( )( )        : 

Indeed let     be so that for        
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(   )
( )  (  

  )( )((𝐺  )( )  )     𝑇   ( )  ( )( ) 

Then  
     

  
 (   )

( )( )( )    𝑇   which leads to  

𝑇    .
(   )

( )( )( )

  
/ (       )  𝑇  

        If we take    such that         
 

 
  it results  

𝑇    .
(   )

( )( )( )

 
/           

 

  
  By taking now      sufficiently small one sees that      is 

unbounded. The same property holds for 𝑇    if       (   
  )( ) ((𝐺  )( )  ( )  )  (   

 )( ) 

We now state a more precise theorem about the behaviors at infinity of the solutions of  equations   
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Analogous inequalities hold also for  𝐺    𝐺   𝑇   𝑇   𝑇   
 

It is now sufficient to take 
(  )

( )

(  ̂   )
( )    

(  )
( )

(  ̂   )
( )     and to choose 

(  ̂   )
( )     (  ̂   )

( ) large to have 
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(  )
( )

( ̂  )
( ) [( 𝑃̂  )

( )  (( 𝑃̂   )
( )  𝐺 

 ) 
 (

(  ̂   )( )   
 

  
 )

]  ( 𝑃̂   )
( )  
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(  )
( )

( ̂  )
( ) [(( 𝑄̂   )

( )  𝑇 
 ) 

 (  
(  ̂   )( )   

 

  
 )

 ( 𝑄̂   )
( )]  ( 𝑄̂   )

( )  
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In order that the operator  ( ) transforms the space of sextuples of functions 𝐺   𝑇  satisfying 
Equations into itself 

 

The operator  ( ) is a contraction with respect to the metric  
 

 .((𝐺  )
( ) (𝑇  )

( )) ((𝐺  )
( ) (𝑇  )

( ))/    

   
 

*   
    

 

 |𝐺 
( )( )  𝐺 

( )( )|  ( ̂  )
( )     

    
 |𝑇 

( )( )  𝑇 
( )( )|  ( ̂  )

( ) +  

  
Indeed if we denote   
 

Definition of (𝐺  )̃ (𝑇  )̃ : ( (𝐺  )̃ (𝑇  )̃ )   ( )((𝐺  ) (𝑇  )) 
It results 
 

|𝐺̃  
( )  𝐺̃ 

( )|  ∫ (   )
( ) 

 
|𝐺  

( )  𝐺  
( )|  (  ̂  )

( ) (  ) (  ̂  )
( ) (  )   (  )    

∫ *(   
 )( )|𝐺  

( )  𝐺  
( )|  (  ̂  )

( ) (  )  (  ̂  )
( ) (  )

 

 
   

(   
  )( )(𝑇  

( )  (  ))|𝐺  
( )  𝐺  

( )|  (  ̂  )
( ) (  ) (  ̂  )

( ) (  )   

𝐺  
( ) (   

  )( )(𝑇  
( )  (  ))  (   

  )( )(𝑇  
( )  (  ))    

 (  ̂  )
( ) (  ) (  ̂  )

( ) (  )+  (  ) 
 
Where  (  ) represents integrand that is integrated over the interval ,   - 

 
From the hypotheses on  it follows 
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|(𝐺  )
( )  (𝐺  )

( )|  (  ̂  )
( )  259 
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(  ̂  )
( ) ((   )

( )   (   
 )( )  ( 𝐴̂  )

( )  ( 𝑃̂  )
( )(  ̂  )

( )) .((𝐺  )
( ) (𝑇  )

( )  (𝐺  )
( ) (𝑇  )

( ))/  

 
And analogous inequalities for 𝐺      𝑇 . Taking into account the hypothesis   the result follows 
 

Remark 31: The fact that we supposed (   
  )( )     (   

  )( ) depending also on   can be considered 
as not conformal with the reality, however we have put this hypothesis ,in order that we can 
postulate condition necessary to prove the uniqueness of the solution bounded by 

( 𝑃̂  )
( ) (  ̂  )

( )      ( 𝑄̂  )
( ) (  ̂  )

( )  respectively of   . 
 
If instead of proving the existence of the solution on   , we have to prove it only on a compact 

then it suffices to consider that (  
  )( )     (  

  )( )            depend only on     and 
respectively on (𝐺  )(             ) and hypothesis can replaced by a usual Lipschitz condition. 
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Remark 32: There does not exist any    where 𝐺  ( )        𝑇  ( )    
   
  it results  
 

𝐺  ( )  𝐺 
  0 ∫ {(  

 )( ) (  
  )( )(   ( (  ))  (  ))}  (  )

 
 1     

 

𝑇  ( )  𝑇 
  ( (  

 )( ) )      for     
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Definition of  ((  ̂  )
( ))

 
  ((  ̂  )

( ))
 
     ((  ̂  )

( ))
 

 : 

 
Remark 33: if 𝐺   is bounded, the same property have also  𝐺       𝐺   . indeed if  
 

𝐺   (  ̂  )
( ) it follows 

    

  
 ((  ̂  )

( ))
 
 (   

 )( )𝐺   and by integrating  

 

𝐺   ((  ̂  )
( ))

 
 𝐺  

   (   )
( )((  ̂  )

( ))
 
 (   

 )( )  

 
In the same way , one can obtain 
 

𝐺   ((  ̂  )
( ))

 
 𝐺  

   (   )
( )((  ̂  )

( ))
 
 (   

 )( )  

 
 If 𝐺      𝐺    is bounded, the same property follows for 𝐺     𝐺   and  𝐺     𝐺   respectively. 
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Remark 34: If 𝐺       bounded, from below, the same property holds for 𝐺       𝐺   .  The proof is 
analogous with the preceding one. An analogous property is true if 𝐺   is bounded from below. 
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Remark 35: If       is bounded from below and       ((  
  )( ) ((𝐺  )( )  ))  (   

 )( ) then 
𝑇     . 
 
Definition of  ( )( )        : 
 
Indeed let     be so that for        
 

(   )
( )  (  

  )( )((𝐺  )( )  )     𝑇   ( )  ( )( ) 
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Then  
     

  
 (   )

( )( )( )    𝑇   which leads to  

 

𝑇    .
(   )

( )( )( )

  
/ (       )  𝑇  

        If we take    such that         
 

 
  it results  
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𝑇    .
(   )

( )( )( )

 
/           

 

  
  By taking now      sufficiently small one sees that      is 

unbounded. The same property holds for 𝑇    if       (   
  )( ) ((𝐺  )( )  )  (   

 )( ) 

We now state a more precise theorem about the behaviors at infinity of the solutions of  equations  
 
  
Behavior of the solutions of equation  

Theorem   If we denote and define 

 Definition of  (  )
( )  (  )

( )  (  )
( )  (  )

( ) : 

(p)   )
( )  (  )

( )  (  )
( )  (  )

( )   four constants satisfying 

 (  )
( )   (   

 )( )  (   
 )( )  (   

  )( )(𝑇     )  (   
  )( )(𝑇     )   (  )

( )   

  (  )
( )   (   

 )( )  (   
 )( )  (   

  )( )(𝐺  )  (   
  )( )(𝐺  )   (  )

( )  

280 

Definition of  (  )
( ) (  )

( ) (  )
( ) (  )

( )  ( )  ( ) : 

(q) By   (  )
( )     (  )

( )    and respectively (  )
( )     (  )

( )    the roots of    the 

equations  (   )
( )( ( ))

 
 (  )

( ) ( )  (   )
( )    and  (   )

( )( ( ))
 
 (  )

( ) ( )  

(   )
( )     

281 

Definition of  ( ̅ )
( )  ( ̅ )

( ) ( ̅ )
( ) ( ̅ )

( ) : 

  By ( ̅ )
( )     ( ̅ )

( )    and  respectively  ( ̅ )
( )     ( ̅ )

( )    the  roots of the equations 

(   )
( )( ( ))

 
 (  )

( ) ( )  (   )
( )     and  (   )

( )( ( ))
 
 (  )

( ) ( )  (   )
( )     

282 

Definition of  (  )
( )  (  )

( )  (  )
( ) (  )

( ) (  )
( ) :- 

(r) If we define (  )
( )  (  )

( )  (  )
( ) (  )

( )    by 

      (  )
( )  (  )

( ) (  )
( )  (  )

( )    (  )
( )  (  )

( ) 

       (  )
( )  (  )

( ) (  )
( )  ( ̅ )

( )     (  )
( )  (  )

( )  ( ̅ )
( )  

      and  (  )
( )  

   
 

   
   

    (   )
( )  (  )

( ) (  )
( )  (  )

( )    ( ̅ )
( )  (  )

( )   

283 

and analogously 

  (  )
( )  (  )

( ) (  )
( )  (  )

( )    (  )
( )  (  )

( ) 

(  )
( )  (  )

( ) (  )
( )  ( ̅ )

( )     (  )
( )  (  )

( )  ( ̅ )
( )   

and (  )
( )  

   
 

   
   

(   )
( )  (  )

( ) (  )
( )  (  )

( )    ( ̅ )
( )  (  )

( )  where (  )
( ) ( ̅ )

( ) 

are defined   

284 

Then the solution of global equations satisfies the inequalities 285 
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 𝐺  
  ((  )

( ) (   )
( ))  𝐺  ( )  𝐺  

  (  )
( )   

where (  )
( ) is defined by equation  

 

      (  )
( ) 𝐺  

  ((  )
( ) (   )

( ))  𝐺  ( )  
 

(  )
( ) 𝐺  

  (  )
( )   

( 
(   )

( )   
 

(  )
( )((  )

( ) (   )
( ) (  )

( ))
0 ((  )

( ) (   )
( ))    (  )

( )  1  𝐺  
   (  )

( )  𝐺  ( )  

(   )
( )   

 

(  )
( )((  )

( ) (   
 )( ))

, (  )
( )    (   

 )( ) -   𝐺  
   (   

 )( ) )  

286 

𝑇  
  (  )

( )  𝑇  ( )  𝑇  
  ((  )

( ) (   )
( ))    287 

 

(  )
( ) 𝑇  

  (  )
( )  𝑇  ( )  

 

(  )
( ) 𝑇  

  ((  )
( ) (   )

( ))   288 

(   )
( )   

 

(  )
( )((  )

( ) (   
 )( ))

0 (  )
( )    (   

 )( ) 1  𝑇  
   (   

 )( )  𝑇  ( )    

(   )
( )   

 

(  )
( )((  )

( ) (   )
( ) (  )

( ))
0 ((  )

( ) (   )
( ))    (  )

( ) 1  𝑇  
   (  )

( )   

289 

Definition of (𝑆 )
( ) (𝑆 )

( ) (𝑅 )
( ) (𝑅 )

( ):- 

Where (𝑆 )
( )  (   )

( )(  )
( )  (   

 )( )   

             (𝑆 )
( )  (   )

( )  (   )
( )  

              (𝑅 )
( )  (   )

( )(  )
( )  (   

 )( )   

             (𝑅 )
( )  (   

 )( )  (   )
( )  

290 

Behavior of the solutions of equation  

Theorem 2: If we denote and define 

291 

Definition of  (  )
( )  (  )

( )  (  )
( )  (  )

( ) : 

(s)   )
( )  (  )

( )  (  )
( )  (  )

( )   four constants satisfying 

292 

 (  )
( )   (   

 )( )  (   
 )( )  (   

  )( )(      )  (   
  )( )(      )   (  )

( )   293 

 (  )
( )   (   

 )( )  (   
 )( )  (   

  )( )((𝐺  )  )  (   
  )( )((𝐺  )  )   (  )

( )  294 

Definition of  (  )
( ) (  )

( ) (  )
( ) (  )

( ) : 295 

By   (  )
( )     (  )

( )    and respectively (  )
( )     (  )

( )    the roots 296 

(t) of    the equations  (   )
( )( ( ))

 
 (  )

( ) ( )  (   )
( )     297 

and  (   )
( )( ( ))

 
 (  )

( ) ( )  (   )
( )    and 298 

Definition of  ( ̅ )
( )  ( ̅ )

( ) ( ̅ )
( ) ( ̅ )

( ) : 299 

By ( ̅ )
( )     ( ̅ )

( )    and  respectively  ( ̅ )
( )     ( ̅ )

( )    the 300 
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roots of the equations (   )
( )( ( ))

 
 (  )

( ) ( )  (   )
( )    301 

and  (   )
( )( ( ))

 
 (  )

( ) ( )  (   )
( )     302 

Definition of  (  )
( )  (  )

( )  (  )
( ) (  )

( ) :- 303 

(u) If we define (  )
( )  (  )

( )  (  )
( ) (  )

( )    by 304 

(  )
( )  (  )

( ) (  )
( )  (  )

( )    (  )
( )  (  )

( )  305 

(  )
( )  (  )

( ) (  )
( )  ( ̅ )

( )     (  )
( )  (  )

( )  ( ̅ )
( )   

and   (  )
( )  

   
 

   
   

306 

 (   )
( )  (  )

( ) (  )
( )  (  )

( )    ( ̅ )
( )  (  )

( )  307 

and analogously 

(  )
( )  (  )

( ) (  )
( )  (  )

( )    (  )
( )  (  )

( )  

 (  )
( )  (  )

( ) (  )
( )  ( ̅ )

( )     (  )
( )  (  )

( )  ( ̅ )
( )  

and (  )
( )  
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(   )
( )  (  )

( ) (  )
( )  (  )

( )    ( ̅ )
( )  (  )

( )   309 

Then the solution of global equations satisfies the inequalities 

     
  ((  )

( ) (   )
( ))  𝐺  ( )     

  (  )
( )  

310 

(  )
( ) is defined by equation   

 

      (  )
( )    

  ((  )
( ) (   )

( ))  𝐺  ( )  
 

(  )
( )    

  (  )
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( 
(   )

( )   
 

(  )
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( ) (   )
( ) (  )
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( ) (   )
( ))    (  )
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   (  )

( )     ( )  

(   )
( )   

 

(  )
( )((  )

( ) (   
 )( ))

, (  )
( )    (   

 )( ) -      
   (   

 )( ) )    

312 

   
  (  )

( )  𝑇  ( )     
  ((  )

( ) (   )
( ))    313 

 

(  )
( )    

  (  )
( )  𝑇  ( )  

 

(  )
( )    

  ((  )
( ) (   )

( ))   314 

(   )
( )   

 

(  )
( )((  )

( ) (   
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( )    (   
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 )( )  𝑇  ( )    
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( ) (   )
( ) (  )
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( ) (   )
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   (  )

( )   
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Definition of (  )
( ) (  )

( ) (  )
( ) (  )

( ):- 316 

Where (  )
( )  (   )

( )(  )
( )  (   

 )( )   317 
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             (  )
( )  (   )

( )  (   )
( )  

(𝑅 )
( )  (   )

( )(  )
( )  (   

 )( )   

             (  )
( )  (   

 )( )  (   )
( ) 

318 

Behavior of the solutions  

Theorem 3: If we denote and define 

 Definition of  (  )
( )  (  )

( )  (  )
( )  (  )

( ) : 

(v)   )
( )  (  )

( )  (  )
( )  (  )

( )   four constants satisfying 

 (  )
( )   (   

 )( )  (   
 )( )  (   

  )( )(𝑇     )  (   
  )( )(𝑇     )   (  )

( )  

  (  )
( )   (   

 )( )  (   
 )( )  (   

  )( )(𝐺  )  (   
  )( )((𝐺  )  )   (  )

( )  

319 

Definition of  (  )
( ) (  )

( ) (  )
( ) (  )

( ) : 

(w) By   (  )
( )     (  )

( )    and respectively (  )
( )     (  )

( )    the roots of    the 

equations  (   )
( )( ( ))

 
 (  )

( ) ( )  (   )
( )     

and  (   )
( )( ( ))

 
 (  )

( ) ( )  (   )
( )    and 

       By ( ̅ )
( )     ( ̅ )

( )    and  respectively  ( ̅ )
( )     ( ̅ )

( )    the 

      roots of the equations (   )
( )( ( ))

 
 (  )

( ) ( )  (   )
( )     

     and  (   )
( )( ( ))

 
 (  )

( ) ( )  (   )
( )     

320 

Definition of  (  )
( )  (  )

( )  (  )
( ) (  )

( ) :- 

(x) If we define (  )
( )  (  )

( )  (  )
( ) (  )

( )    by 

      (  )
( )  (  )

( ) (  )
( )  (  )

( )    (  )
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( )     (  )
( )  (  )

( )  ( ̅ )
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and analogously 
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( )     (  )
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 (   )
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( )    ( ̅ )
( )  (  )

( )    

Then the solution of global equations satisfies the inequalities 
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(  )
( ) is defined by equation  
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0 (   )( ).(  )( ) (  )( )/  1

  ( )( ) 
0 (   )( ).(  )( ) (  )( )/  1

   ( )( )   

            
( ̅ )

( ) ( ̅)( )( ̅ )
( ) 

0 (   )( ).( ̅ )( ) ( ̅ )( )/  1

  ( ̅)( ) 
0 (   )( ).( ̅ )( ) ( ̅ )( )/  1

 ( ̅ )
( )  

385 

(r) If    (  )
( )  ( ̅ )

( )  (  )
( )  

   
 

   
   , we obtain 

  (  )
( )    ( )( )  

( ̅ )
( ) ( ̅)( )( ̅ )

( ) 
0 (   )( ).( ̅ )( ) ( ̅ )( )/  1

  ( ̅)( ) 
0 (   )( ).( ̅ )( ) ( ̅ )( )/  1

 (  )
( ) 

And so with the notation of the first part of condition (c) , we have  

Definition of   ( )( ) :- 

(  )
( )    ( )( )  (  )

( ),     ( )( )  
   ( )

   ( )
 

In a completely analogous way, we obtain  

Definition of   ( )( )  :- 

(  )
( )    ( )( )  (  )

( ),     ( )( )  
   ( )

   ( )
   

Now, using this result and replacing it in global equations we get easily the result stated in the 
theorem. 

Particular case : 

If (   
  )( )  (   

  )( )      (  )
( )  (  )

( )  and in this case (  )
( )  ( ̅ )

( ) if in addition (  )
( )  

(  )
( ) then   ( )( )  (  )

( ) and as a consequence 𝐺  ( )  (  )
( )𝐺  ( ) this also defines (  )

( ) for 
the special case  

Analogously if  (   
  )( )  (   

  )( )      (  )
( )  (  )

( ) and then 

 (  )
( )   ( ̅ )

( )if in addition (  )
( )  (  )

( ) then  𝑇  ( )  (  )
( )𝑇  ( ) This is an important 

consequence of the relation between (  )
( ) and ( ̅ )

( )  and definition of (  )
( ). 

386 
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Proof : From global equations we obtain  

  ( )

  
 (   )

( )  .(   
 )( )  (   

 )( )  (   
  )( )(     )/  (   

  )( )(     ) 
( )  (   )

( ) ( )  

387 

Definition of  ( ) :-          ( )  
   

   
 388 

It follows 

  .(   )
( )( ( ))

 
 (  )

( ) ( )  (   )
( )/  

  ( )

  
  .(   )

( )( ( ))
 
 (  )

( ) ( )  (   )
( )/ 

389 

From which one obtains  

Definition of ( ̅ )
( ) (  )

( ) :- 

(s) For   (  )
( )  

   
 

   
  (  )

( )  ( ̅ )
( ) 

 

    ( )( )  
(  )

( ) ( )( )(  )
( ) 

0 (   )( ).(  )( ) (  )( )/  1

  ( )( ) 
0 (   )( ).(  )( ) (  )( )/  1

     ,    ( )( )  
(  )

( ) (  )
( )

(  )
( ) (  )

( )  

            (  )
( )   ( )( )  (  )

( )  

390 

In the same manner , we get 

  ( )( )  
( ̅ )

( ) ( ̅)( )( ̅ )
( ) 

0 (   )( ).( ̅ )( ) ( ̅ )( )/  1

  ( ̅)( ) 
0 (   )( ).( ̅ )( ) ( ̅ )( )/  1

      ,   ( ̅)( )  
( ̅ )

( ) (  )
( )

(  )
( ) ( ̅ )

( )    

391 

From which we deduce (  )
( )   ( )( )  ( ̅ )

( ) 392 

(t) If    (  )
( )  (  )

( )  
   
 

   
  ( ̅ )

( ) we find like in the previous case, 

(  )
( )  

(  )
( ) ( )( )(  )

( ) 
0 (   )( ).(  )( ) (  )( )/  1

  ( )( ) 
0 (   )( ).(  )( ) (  )( )/  1

   ( )( )    

    
( ̅ )

( ) ( ̅)( )( ̅ )
( ) 

0 (   )( ).( ̅ )( ) ( ̅ )( )/  1

  ( ̅)( ) 
0 (   )( ).( ̅ )( ) ( ̅ )( )/  1

 ( ̅ )
( )  

393 

(u) If    (  )
( )  ( ̅ )

( )  (  )
( )  

   
 

   
   , we obtain 

 

  (  )
( )    ( )( )  

( ̅ )
( ) ( ̅)( )( ̅ )

( ) 
0 (   )( ).( ̅ )( ) ( ̅ )( )/  1

  ( ̅)( ) 
0 (   )( ).( ̅ )( ) ( ̅ )( )/  1

 (  )
( ) 

And so with the notation of the first part of condition (c) , we have  

394 

Definition of   ( )( ) :- 

(  )
( )    ( )( )  (  )

( ),     ( )( )  
   ( )

   ( )
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In a completely analogous way, we obtain  

Definition of   ( )( )  :- 

(  )
( )    ( )( )  (  )

( ),     ( )( )  
   ( )

   ( )
 

396 

 Now, using this result and replacing it in global equations we get easily the result stated in the 
theorem. 

 

Particular case : 

If (   
  )( )  (   

  )( )      (  )
( )  (  )

( )  and in this case (  )
( )  ( ̅ )

( ) if in addition 

(  )
( )  (  )

( ) then   ( )( )  (  )
( ) and as a consequence 𝐺  ( )  (  )

( )𝐺  ( ) 

Analogously if  (   
  )( )  (   

  )( )      (  )
( )  (  )

( ) and then 

 (  )
( )   ( ̅ )

( )if in addition (  )
( )  (  )

( ) then  𝑇  ( )  (  )
( )𝑇  ( ) This is an important 

consequence of the relation between (  )
( ) and ( ̅ )

( ) 

397 

Proof : From global equations we obtain  

  ( )

  
 (   )

( )  .(   
 )( )  (   

 )( )  (   
  )( )(𝑇    )/  (   

  )( )(𝑇    ) 
( )  (   )

( ) ( )  

398 

Definition of  ( ) :-          ( )  
   

   
 

It follows 

  .(   )
( )( ( ))

 
 (  )

( ) ( )  (   )
( )/  

  ( )

  
  .(   )

( )( ( ))
 
 (  )

( ) ( )  (   )
( )/ 

399 

 
 From which one obtains  

(v) For   (  )
( )  

   
 

   
  (  )

( )  ( ̅ )
( ) 

 

 ( )( )  
(  )

( ) ( )( )(  )
( ) 

0 (   )( ).(  )( ) (  )( )/  1

  ( )( ) 
0 (   )( ).(  )( ) (  )( )/  1

     ,    (𝐶)( )  
(  )

( ) (  )
( )

(  )
( ) (  )

( )  

            (  )
( )   ( )( )  (  )

( )  

400 

 In the same manner , we get 

  ( )( )  
( ̅ )

( ) ( ̅)( )( ̅ )
( ) 

0 (   )( ).( ̅ )( ) ( ̅ )( )/  1

  ( ̅)( ) 
0 (   )( ).( ̅ )( ) ( ̅ )( )/  1

      ,   (𝐶̅)( )  
( ̅ )

( ) (  )
( )

(  )
( ) ( ̅ )

( )    

Definition of ( ̅ )
( ) :- 

From which we deduce (  )
( )   ( )( )  ( ̅ )

( ) 

401 

(w) If    (  )
( )  (  )

( )  
   
 

   
  ( ̅ )

( ) we find like in the previous case, 
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 (  )
( )  

(  )
( ) ( )( )(  )

( ) 
0 (   )( ).(  )( ) (  )( )/  1

  ( )( ) 
0 (   )( ).(  )( ) (  )( )/  1

   ( )( )   

 
( ̅ )

( ) ( ̅)( )( ̅ )
( ) 

0 (   )( ).( ̅ )( ) ( ̅ )( )/  1

  ( ̅)( ) 
0 (   )( ).( ̅ )( ) ( ̅ )( )/  1

 ( ̅ )
( )  

(x) If    (  )
( )  ( ̅ )

( )  (  )
( )  

   
 

   
   , we obtain 

(  )
( )    ( )( )  

( ̅ )
( ) ( ̅)( )( ̅ )

( ) 
0 (   )( ).( ̅ )( ) ( ̅ )( )/  1

  ( ̅)( ) 
0 (   )( ).( ̅ )( ) ( ̅ )( )/  1

 (  )
( )  

And so with the notation of the first part of condition (c) , we have  

Definition of   ( )( ) :- 

(  )
( )    ( )( )  (  )

( ),     ( )( )  
   ( )

   ( )
 

In a completely analogous way, we obtain  

Definition of   ( )( )  :- 

(  )
( )    ( )( )  (  )

( ),     ( )( )  
   ( )

   ( )
 

Now, using this result and replacing it in global equations we get easily the result stated in the 
theorem. 

Particular case : 

If (   
  )( )  (   

  )( )      (  )
( )  (  )

( )  and in this case (  )
( )  ( ̅ )

( ) if in addition (  )
( )  

(  )
( ) then   ( )( )  (  )

( ) and as a consequence 𝐺  ( )  (  )
( )𝐺  ( ) 

Analogously if  (   
  )( )  (   

  )( )      (  )
( )  (  )

( ) and then 

 (  )
( )   ( ̅ )

( )if in addition (  )
( )  (  )

( ) then  𝑇  ( )  (  )
( )𝑇  ( ) This is an important 

consequence of the relation between (  )
( ) and ( ̅ )

( ) 

403 

  

Proof : From global equations we obtain  
 

  ( )

  
 (   )

( )  .(   
 )( )  (   

 )( )  (   
  )( )(𝑇    )/  (   

  )( )(𝑇    ) 
( )  (   )

( ) ( )  

 
 

Definition of  ( ) :-          ( )  
   

   
 

 
It follows 

  .(   )
( )( ( ))

 
 (  )

( ) ( )  (   )
( )/  

  ( )

  
  .(   )

( )( ( ))
 
 (  )

( ) ( )  (   )
( )/ 

 From which one obtains  
 
Definition of ( ̅ )

( ) (  )
( ) :- 
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(y) For   (  )
( )  

   
 

   
  (  )

( )  ( ̅ )
( ) 

 

   ( )( )  
(  )

( ) ( )( )(  )
( ) 

0 (   )( ).(  )( ) (  )( )/  1

  ( )( ) 
0 (   )( ).(  )( ) (  )( )/  1

     ,    (𝐶)( )  
(  )

( ) (  )
( )

(  )
( ) (  )

( )  

 
            (  )

( )   ( )( )  (  )
( )  

 
In the same manner , we get 

 

  ( )( )  
( ̅ )

( ) ( ̅)( )( ̅ )
( ) 

0 (   )( ).( ̅ )( ) ( ̅ )( )/  1

  ( ̅)( ) 
0 (   )( ).( ̅ )( ) ( ̅ )( )/  1

      ,   (𝐶̅)( )  
( ̅ )

( ) (  )
( )

(  )
( ) ( ̅ )

( )    

 

   From which we deduce (  )
( )   ( )( )  ( ̅ )

( ) 
 

405 

(z) If    (  )
( )  (  )

( )  
   
 

   
  ( ̅ )

( ) we find like in the previous case, 

 

      (  )
( )  

(  )
( ) ( )( )(  )

( ) 
0 (   )( ).(  )( ) (  )( )/  1

  ( )( ) 
0 (   )( ).(  )( ) (  )( )/  1

   ( )( )   

 

            
( ̅ )

( ) ( ̅)( )( ̅ )
( ) 

0 (   )( ).( ̅ )( ) ( ̅ )( )/  1

  ( ̅)( ) 
0 (   )( ).( ̅ )( ) ( ̅ )( )/  1

 ( ̅ )
( )  

406 

  

(aa) If    (  )
( )  ( ̅ )

( )  (  )
( )  

   
 

   
   , we obtain 

 

  (  )
( )    ( )( )  

( ̅ )
( ) ( ̅)( )( ̅ )

( ) 
0 (   )( ).( ̅ )( ) ( ̅ )( )/  1

  ( ̅)( ) 
0 (   )( ).( ̅ )( ) ( ̅ )( )/  1

 (  )
( ) 

 
And so with the notation of the first part of condition (c) , we have  

Definition of   ( )( ) :- 
 

(  )
( )    ( )( )  (  )

( ),     ( )( )  
   ( )

   ( )
 

In a completely analogous way, we obtain  

Definition of   ( )( )  :- 
 

(  )
( )    ( )( )  (  )

( ),     ( )( )  
   ( )

   ( )
 

   
Now, using this result and replacing it in global equations we get easily the result stated in the 
theorem. 
 
Particular case : 
 

If (   
  )( )  (   

  )( )      (  )
( )  (  )

( )  and in this case (  )
( )  ( ̅ )

( ) if in addition (  )
( )  

(  )
( ) then   ( )( )  (  )

( ) and as a consequence 𝐺  ( )  (  )
( )𝐺  ( ) this also defines (  )

( ) for 
the special case . 
 

Analogously if  (   
  )( )  (   

  )( )      (  )
( )  (  )

( ) and then 

 (  )
( )   ( ̅ )

( )if in addition (  )
( )  (  )

( ) then  𝑇  ( )  (  )
( )𝑇  ( ) This is an important 
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consequence of the relation between (  )
( ) and ( ̅ )

( )  and definition of (  )
( ).  

  
         
Proof : From global equations we obtain  

 
  ( )

  
 (   )

( )  .(   
 )( )  (   

 )( )  (   
  )( )(𝑇    )/  (   

  )( )(𝑇    ) 
( )  (   )

( ) ( )  

 
 

Definition of  ( ) :-          ( )  
   

   
 

 
It follows 

  .(   )
( )( ( ))

 
 (  )

( ) ( )  (   )
( )/  

  ( )

  
  .(   )

( )( ( ))
 
 (  )

( ) ( )  (   )
( )/ 

 
 
 From which one obtains  

 

Definition of ( ̅ )
( ) (  )

( ) :- 
 

(bb) For   (  )
( )  

   
 

   
  (  )

( )  ( ̅ )
( ) 

 

       ( )( )  
(  )

( ) ( )( )(  )
( ) 

0 (   )( ).(  )
( ) (  )( )/  1

  ( )( ) 
0 (   )( ).(  )( ) (  )( )/  1

     ,    (𝐶)( )  
(  )

( ) (  )
( )

(  )
( ) (  )

( )  

 
            (  )

( )   ( )( )  (  )
( )  

 

408 

In the same manner , we get 
 

  ( )( )  
( ̅ )

( ) ( ̅)( )( ̅ )
( ) 

0 (   )( ).( ̅ )( ) ( ̅ )( )/  1

  ( ̅)( ) 
0 (   )( ).( ̅ )( ) ( ̅ )( )/  1

      ,   (𝐶̅)( )  
( ̅ )

( ) (  )
( )

(  )
( ) ( ̅ )

( )    

 

   From which we deduce (  )
( )   ( )( )  ( ̅ )

( ) 
 

409 

(cc) If    (  )
( )  (  )

( )  
   
 

   
  ( ̅ )

( ) we find like in the previous case, 

 

      (  )
( )  

(  )
( ) ( )( )(  )

( ) 
0 (   )( ).(  )( ) (  )( )/  1

  ( )( ) 
0 (   )( ).(  )( ) (  )( )/  1

   ( )( )   

 

            
( ̅ )

( ) ( ̅)( )( ̅ )
( ) 

0 (   )( ).( ̅ )( ) ( ̅ )( )/  1

  ( ̅)( ) 
0 (   )( ).( ̅ )( ) ( ̅ )( )/  1

 ( ̅ )
( )  

410 

(dd) If    (  )
( )  ( ̅ )

( )  (  )
( )  

   
 

   
   , we obtain 

 

  (  )
( )    ( )( )  

( ̅ )
( ) ( ̅)( )( ̅ )

( ) 
0 (   )( ).( ̅ )( ) ( ̅ )( )/  1

  ( ̅)( ) 
0 (   )( ).( ̅ )( ) ( ̅ )( )/  1

 (  )
( ) 

 
And so with the notation of the first part of condition (c) , we have  

Definition of   ( )( ) :- 
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(  )
( )    ( )( )  (  )

( ),     ( )( )  
   ( )

   ( )
 

In a completely analogous way, we obtain  

Definition of   ( )( )  :- 
 

(  )
( )    ( )( )  (  )

( ),     ( )( )  
   ( )

   ( )
 

   
Now, using this result and replacing it in global equations we get easily the result stated in the 
theorem. 
 
Particular case : 
 
If (   

  )( )  (   
  )( )      (  )

( )  (  )
( )  and in this case (  )

( )  ( ̅ )
( ) if in addition (  )

( )  

(  )
( ) then   ( )( )  (  )

( ) and as a consequence 𝐺  ( )  (  )
( )𝐺  ( ) this also defines (  )

( ) for 
the special case . 
 

Analogously if  (   
  )( )  (   

  )( )      (  )
( )  (  )

( ) and then 

 (  )
( )   ( ̅ )

( )if in addition (  )
( )  (  )

( ) then  𝑇  ( )  (  )
( )𝑇  ( ) This is an important 

consequence of the relation between (  )
( ) and ( ̅ )

( )  and definition of (  )
( ). 

 
  

   Proof : From global equations we obtain  
 

  ( )

  
 (   )

( )  .(   
 )( )  (   

 )( )  (   
  )( )(𝑇    )/  (   

  )( )(𝑇    ) 
( )  (   )

( ) ( )  

 
 

Definition of  ( ) :-          ( )  
   

   
 

 
It follows 

  .(   )
( )( ( ))

 
 (  )

( ) ( )  (   )
( )/  

  ( )

  
  .(   )

( )( ( ))
 
 (  )

( ) ( )  (   )
( )/ 

 
 
 From which one obtains  

 

Definition of ( ̅ )
( ) (  )

( ) :- 
 

(ee) For   (  )
( )  

   
 

   
  (  )

( )  ( ̅ )
( ) 

 

       ( )( )  
(  )

( ) ( )( )(  )
( ) 

0 (   )( ).(  )
( ) (  )( )/  1

  ( )( ) 
0 (   )( ).(  )( ) (  )( )/  1

     ,    (𝐶)( )  
(  )

( ) (  )
( )

(  )
( ) (  )

( )  

 

            (  )
( )   ( )( )  (  )

( )  
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In the same manner , we get 
 

  ( )( )  
( ̅ )

( ) ( ̅)( )( ̅ )
( ) 

0 (   )( ).( ̅ )( ) ( ̅ )( )/  1

  ( ̅)( ) 
0 (   )( ).( ̅ )( ) ( ̅ )( )/  1

      ,   (𝐶̅)( )  
( ̅ )

( ) (  )
( )

(  )
( ) ( ̅ )

( )    

 

   From which we deduce (  )
( )   ( )( )  ( ̅ )

( ) 

413 



IJSRP Monograph Publication                166 
ISSN: 2250-3153 

www.ijsrp.org 

 

(ff) If    (  )
( )  (  )

( )  
   
 

   
  ( ̅ )

( ) we find like in the previous case, 

 

      (  )
( )  

(  )
( ) ( )( )(  )

( ) 
0 (   )( ).(  )( ) (  )( )/  1

  ( )( ) 
0 (   )( ).(  )( ) (  )( )/  1

   ( )( )   

 

  
( ̅ )

( ) ( ̅)( )( ̅ )
( ) 

0 (   )( ).( ̅ )( ) ( ̅ )( )/  1

  ( ̅)( ) 
0 (   )( ).( ̅ )( ) ( ̅ )( )/  1

 ( ̅ )
( )  

414 

(gg) If    (  )
( )  ( ̅ )

( )  (  )
( )  

   
 

   
   , we obtain 

 

  (  )
( )    ( )( )  

( ̅ )
( ) ( ̅)( )( ̅ )

( ) 
0 (   )( ).( ̅ )( ) ( ̅ )( )/  1

  ( ̅)( ) 
0 (   )( ).( ̅ )( ) ( ̅ )( )/  1

 (  )
( ) 

 
And so with the notation of the first part of condition (c) , we have  

Definition of   ( )( ) :- 
 

(  )
( )    ( )( )  (  )

( ),     ( )( )  
   ( )

   ( )
 

In a completely analogous way, we obtain  

Definition of   ( )( )  :- 
 

(  )
( )    ( )( )  (  )

( ),     ( )( )  
   ( )

   ( )
 

   
Now, using this result and replacing it in global equations we get easily the result stated in the 
theorem. 
 
Particular case : 
 
If (   

  )( )  (   
  )( )      (  )

( )  (  )
( )  and in this case (  )

( )  ( ̅ )
( ) if in addition (  )

( )  

(  )
( ) then   ( )( )  (  )

( ) and as a consequence 𝐺  ( )  (  )
( )𝐺  ( ) this also defines (  )

( ) for 
the special case . 

Analogously if  (   
  )( )  (   

  )( )      (  )
( )  (  )

( ) and then 

 (  )
( )   ( ̅ )

( )if in addition (  )
( )  (  )

( ) then  𝑇  ( )  (  )
( )𝑇  ( ) This is an important 

consequence of the relation between (  )
( ) and ( ̅ )

( )  and definition of (  )
( ). 

415 

  
         
Proof : From global equations we obtain  
 
  ( )

  
 (   )

( )  .(   
 )( )  (   

 )( )  (   
  )( )(𝑇    )/    

(   
  )( )(𝑇    ) 

( )  (   )
( ) ( ) 

 

Definition of  ( ) :-          ( )  
   

   
 

 
It follows 

  .(   )
( )( ( ))

 
 (  )

( ) ( )  (   )
( )/  

  ( )

  
  

 .(   )
( )( ( ))

 
 (  )

( ) ( )  (   )
( )/ 
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 From which one obtains  
 
Definition of ( ̅ )

( ) (  )
( ) :- 

 

 For   (  )
( )  

   
 

   
  (  )

( )  ( ̅ )
( ) 

 

       ( )( )  
(  )

( ) ( )( )(  )
( ) 

0 (   )( ).(  )
( ) (  )( )/  1

  ( )( ) 
0 (   )( ).(  )( ) (  )( )/  1

     ,    (𝐶)( )  
(  )

( ) (  )
( )

(  )
( ) (  )

( )  

 
            (  )

( )   ( )( )  (  )
( )  

 
In the same manner , we get 
 

  ( )( )  
( ̅ )

( ) ( ̅)( )( ̅ )
( ) 

0 (   )( ).( ̅ )( ) ( ̅ )( )/  1

  ( ̅)( ) 
0 (   )( ).( ̅ )( ) ( ̅ )( )/  1

      ,   (𝐶̅)( )  
( ̅ )

( ) (  )
( )

(  )
( ) ( ̅ )

( )    

 

   From which we deduce (  )
( )   ( )( )  ( ̅ )

( ) 
 

417 

 If    (  )
( )  (  )

( )  
   
 

   
  ( ̅ )

( ) we find like in the previous case, 

 

      (  )
( )  

(  )
( ) ( )( )(  )

( ) 
0 (   )( ).(  )( ) (  )( )/  1

  ( )( ) 
0 (   )( ).(  )( ) (  )( )/  1

   ( )( )   

 

            
( ̅ )

( ) ( ̅)( )( ̅ )
( ) 

0 (   )( ).( ̅ )( ) ( ̅ )( )/  1

  ( ̅)( ) 
0 (   )( ).( ̅ )( ) ( ̅ )( )/  1

 ( ̅ )
( )  

 

418 
 
 
 
 

If    (  )
( )  ( ̅ )

( )  (  )
( )  

   
 

   
   , we obtain 

 

  (  )
( )    ( )( )  

( ̅ )
( ) ( ̅)( )( ̅ )

( ) 
0 (   )( ).( ̅ )( ) ( ̅ )( )/  1

  ( ̅)( ) 
0 (   )( ).( ̅ )( ) ( ̅ )( )/  1

 (  )
( ) 

 
And so with the notation of the first part of condition (c) , we have  

Definition of   ( )( ) :- 
 

(  )
( )    ( )( )  (  )

( ),     ( )( )  
   ( )

   ( )
 

In a completely analogous way, we obtain  
 

419 

Definition of   ( )( )  :- 
 

(  )
( )    ( )( )  (  )

( ),     ( )( )  
   ( )

   ( )
 

   
Now, using this result and replacing it in global equations we get easily the result stated in the 
theorem. 
 
Particular case : 
 
If (   

  )( )  (   
  )( )      (  )

( )  (  )
( )  and in this case (  )

( )  ( ̅ )
( ) if in addition (  )

( )  

420 
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(  )
( ) then   ( )( )  (  )

( ) and as a consequence 𝐺  ( )  (  )
( )𝐺  ( ) this also defines (  )

( ) for 
the special case . 
 
Analogously if  (   

  )( )  (   
  )( )      (  )

( )  (  )
( ) and then (  )

( )   ( ̅ )
( )if in addition 

(  )
( )  (  )

( ) then  𝑇  ( )  (  )
( )𝑇  ( ) This is an important consequence of the relation between 

(  )
( ) and ( ̅ )

( )  and definition of (  )
( ). 

 
We can prove the following 

Theorem  : If (  
  )( )    (  

  )( ) are independent on   , and the conditions  with the notations   

(   
 )( )(   

 )( )  (   )
( )(   )

( )      

(   
 )( )(   

 )( )  (   )
( )(   )

( )  (   )
( )(   )

( )  (   
 )( )(   )

( )  (   )
( )(   )

( )     

(   
 )( )(   

 )( )  (   )
( )(   )

( )    ,  

(   
 )( )(   

 )( )  (   )
( )(   )

( )  (   
 )( )(   )

( )  (   
 )( )(   )

( )  (   )
( )(   )

( )     

      (   )
( ) (   )

( ) as defined by equation   are satisfied , then the system 

425 

Theorem  : If (  
  )( )    (  

  )( ) are independent on   , and the conditions  with the notations   426 

(   
 )( )(   

 )( )  (   )
( )(   )

( )      427 

(   
 )( )(   

 )( )  (   )
( )(   )

( )  (   )
( )(   )

( )  (   
 )( )(   )

( )  (   )
( )(   )

( )     428 

(   
 )( )(   

 )( )  (   )
( )(   )

( )    ,  429 

(   
 )( )(   

 )( )  (   )
( )(   )

( )  (   
 )( )(   )

( )  (   
 )( )(   )

( )  (   )
( )(   )

( )     

      (   )
( ) (   )

( ) as defined by equation   are satisfied , then the system 

430 

Theorem  : If (  
  )( )    (  

  )( ) are independent on   , and the conditions  with the notations   

(   
 )( )(   

 )( )  (   )
( )(   )

( )      

(   
 )( )(   

 )( )  (   )
( )(   )

( )  (   )
( )(   )

( )  (   
 )( )(   )

( )  (   )
( )(   )

( )     

(   
 )( )(   

 )( )  (   )
( )(   )

( )    ,  

(   
 )( )(   

 )( )  (   )
( )(   )

( )  (   
 )( )(   )

( )  (   
 )( )(   )

( )  (   )
( )(   )

( )     

      (   )
( ) (   )

( ) as defined by equation  are satisfied , then the system 

431 

We can prove the following 

Theorem 3: If (  
  )( )    (  

  )( ) are independent on   , and the conditions  with the notations   

(   
 )( )(   

 )( )  (   )
( )(   )

( )      

(   
 )( )(   

 )( )  (   )
( )(   )

( )  (   )
( )(   )

( )  (   
 )( )(   )

( )  (   )
( )(   )

( )     

(   
 )( )(   

 )( )  (   )
( )(   )

( )    ,  

432 
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(   
 )( )(   

 )( )  (   )
( )(   )

( )  (   
 )( )(   )

( )  (   
 )( )(   )

( )  (   )
( )(   )

( )     

      (   )
( ) (   )

( ) as defined by equation   are satisfied , then the system 

Theorem 3: If (  
  )( )    (  

  )( ) are independent on   , and the conditions  with the notations   

(   
 )( )(   

 )( )  (   )
( )(   )

( )      

(   
 )( )(   

 )( )  (   )
( )(   )

( )  (   )
( )(   )

( )  (   
 )( )(   )

( )  (   )
( )(   )

( )     

(   
 )( )(   

 )( )  (   )
( )(   )

( )    ,  

(   
 )( )(   

 )( )  (   )
( )(   )

( )  (   
 )( )(   )

( )  (   
 )( )(   )

( )  (   )
( )(   )

( )     

      (   )
( ) (   )

( ) as defined by equation   are satisfied , then the system 

433 

Theorem 3: If (  
  )( )    (  

  )( ) are independent on   , and the conditions  with the notations   

(   
 )( )(   

 )( )  (   )
( )(   )

( )      

(   
 )( )(   

 )( )  (   )
( )(   )

( )  (   )
( )(   )

( )  (   
 )( )(   )

( )  (   )
( )(   )

( )     

(   
 )( )(   

 )( )  (   )
( )(   )

( )    ,  

(   
 )( )(   

 )( )  (   )
( )(   )

( )  (   
 )( )(   )

( )  (   
 )( )(   )

( )  (   )
( )(   )

( )     

      (   )
( ) (   )

( ) as defined by equation   are satisfied , then the system 

434 

Theorem 3: If (  
  )( )    (  

  )( ) are independent on   , and the conditions  with the notations   
 

(   
 )( )(   

 )( )  (   )
( )(   )

( )      
 
(   

 )( )(   
 )( )  (   )

( )(   )
( )  (   )

( )(   )
( )  (   

 )( )(   )
( )  (   )

( )(   )
( )     

 

(   
 )( )(   

 )( )  (   )
( )(   )

( )    ,  
 
(   

 )( )(   
 )( )  (   )

( )(   )
( )  (   

 )( )(   )
( )  (   

 )( )(   )
( )  (   )

( )(   )
( )     

 

      (   )
( ) (   )

( ) as defined by equation   are satisfied , then the system 
 

435 

  

(   )
( )𝐺   [(   

 )( )  (   
  )( )(𝑇  )]𝐺       437 

(   )
( )𝐺   [(   

 )( )  (   
  )( )(𝑇  )]𝐺       438 

(   )
( )𝐺   [(   

 )( )  (   
  )( )(𝑇  )]𝐺       439 

(   )
( )𝑇   ,(   

 )( )  (   
  )( )(𝐺) -𝑇       440 

(   )
( )𝑇   ,(   

 )( )  (   
  )( )(𝐺) -𝑇       441 
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(   )
( )𝑇   ,(   

 )( )  (   
  )( )(𝐺) -𝑇       442 

has a unique positive solution , which is an equilibrium solution for the system    

(   )
( )𝐺   [(   

 )( )  (   
  )( )(𝑇  )]𝐺       443 

(   )
( )𝐺   [(   

 )( )  (   
  )( )(𝑇  )]𝐺       444 

(   )
( )𝐺   [(   

 )( )  (   
  )( )(𝑇  )]𝐺       445 

(   )
( )𝑇   ,(   

 )( )  (   
  )( )(𝐺  ) -𝑇       446 

(   )
( )𝑇   ,(   

 )( )  (   
  )( )(𝐺  ) -𝑇       447 

(   )
( )𝑇   ,(   

 )( )  (   
  )( )(𝐺  ) -𝑇       448 

has a unique positive solution , which is an equilibrium solution    

(   )
( )𝐺   [(   

 )( )  (   
  )( )(𝑇  )]𝐺       449 

(   )
( )𝐺   [(   

 )( )  (   
  )( )(𝑇  )]𝐺       450 

(   )
( )𝐺   [(   

 )( )  (   
  )( )(𝑇  )]𝐺       451 

(   )
( )𝑇   ,(   

 )( )  (   
  )( )(𝐺  ) -𝑇       452 

(   )
( )𝑇   ,(   

 )( )  (   
  )( )(𝐺  ) -𝑇       453 

(   )
( )𝑇   ,(   

 )( )  (   
  )( )(𝐺  ) -𝑇       454 

has a unique positive solution , which is an equilibrium solution    

(   )
( )𝐺   [(   

 )( )  (   
  )( )(𝑇  )]𝐺       

 

455 

(   )
( )𝐺   [(   

 )( )  (   
  )( )(𝑇  )]𝐺       456 

(   )
( )𝐺   [(   

 )( )  (   
  )( )(𝑇  )]𝐺       

 

457 

(   )
( )𝑇   ,(   

 )( )  (   
  )( )((𝐺  )) -𝑇       

 

458 

(   )
( )𝑇   ,(   

 )( )  (   
  )( )((𝐺  )) -𝑇       

 

459 

(   )
( )𝑇   ,(   

 )( )  (   
  )( )((𝐺  )) -𝑇       

 

460 

has a unique positive solution , which is an equilibrium solution    

(   )
( )𝐺   [(   

 )( )  (   
  )( )(𝑇  )]𝐺       

 

461 

(   )
( )𝐺   [(   

 )( )  (   
  )( )(𝑇  )]𝐺       

 

462 
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(   )
( )𝐺   [(   

 )( )  (   
  )( )(𝑇  )]𝐺       

 

463 

(   )
( )𝑇   ,(   

 )( )  (   
  )( )(𝐺  ) -𝑇       

 

464 

(   )
( )𝑇   ,(   

 )( )  (   
  )( )(𝐺  ) -𝑇       

 

465 

(   )
( )𝑇   ,(   

 )( )  (   
  )( )(𝐺  ) -𝑇       

 

466 

has a unique positive solution , which is an equilibrium solution   
 

 

(   )
( )𝐺   [(   

 )( )  (   
  )( )(𝑇  )]𝐺       

 

467 

(   )
( )𝐺   [(   

 )( )  (   
  )( )(𝑇  )]𝐺       

 

468 

(   )
( )𝐺   [(   

 )( )  (   
  )( )(𝑇  )]𝐺       

 

469 

(   )
( )𝑇   ,(   

 )( )  (   
  )( )(𝐺  ) -𝑇       

 

470 

(   )
( )𝑇   ,(   

 )( )  (   
  )( )(𝐺  ) -𝑇       

 

471 

(   )
( )𝑇   ,(   

 )( )  (   
  )( )(𝐺  ) -𝑇       

 

472 

has a unique positive solution , which is an equilibrium solution    

(   )
( )𝐺   [(   

 )( )  (   
  )( )(𝑇  )]𝐺       

 

473 

(   )
( )𝐺   [(   

 )( )  (   
  )( )(𝑇  )]𝐺       

 

474 

(   )
( )𝐺   [(   

 )( )  (   
  )( )(𝑇  )]𝐺       

 

475 

(   )
( )𝑇   ,(   

 )( )  (   
  )( )(𝐺  )-𝑇       

 

476 

(   )
( )𝑇   ,(   

 )( )  (   
  )( )(𝐺  ) -𝑇       

 

477 

(   )
( )𝑇   ,(   

 )( )  (   
  )( )(𝐺  ) -𝑇       

 

478 

Proof:  

(a) Indeed the first two equations have a nontrivial solution 𝐺   𝐺    if  

𝐹(𝑇)  (   
 )( )(   

 )( )  (   )
( )(   )

( )  (   
 )( )(   

  )( )(𝑇  )  (   
 )( )(   

  )( )(𝑇  )  

(   
  )( )(𝑇  )(   

  )( )(𝑇  )      

485 
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Proof:  

(b) Indeed the first two equations have a nontrivial solution 𝐺   𝐺    if  
 

 (𝑇  )  (   
 )( )(   

 )( )  (   )
( )(   )

( )  (   
 )( )(   

  )( )(𝑇  )  (   
 )( )(   

  )( )(𝑇  )  

(   
  )( )(𝑇  )(   

  )( )(𝑇  )      

486 

Proof:  

(a) Indeed the first two equations have a nontrivial solution 𝐺   𝐺    if  

𝐹(𝑇  )  (   
 )( )(   

 )( )  (   )
( )(   )

( )  (   
 )( )(   

  )( )(𝑇  )  (   
 )( )(   

  )( )(𝑇  )  

(   
  )( )(𝑇  )(   

  )( )(𝑇  )      

487 

Proof:  

(a) Indeed the first two equations have a nontrivial solution 𝐺   𝐺    if  

𝐹(𝑇  )  (   
 )( )(   

 )( )  (   )
( )(   )

( )  (   
 )( )(   

  )( )(𝑇  )  (   
 )( )(   

  )( )(𝑇  )  

(   
  )( )(𝑇  )(   

  )( )(𝑇  )      

488 

Proof:  

(a) Indeed the first two equations have a nontrivial solution 𝐺   𝐺    if  

𝐹(𝑇  )  (   
 )( )(   

 )( )  (   )
( )(   )

( )  (   
 )( )(   

  )( )(𝑇  )  (   
 )( )(   

  )( )(𝑇  )  

(   
  )( )(𝑇  )(   

  )( )(𝑇  )      

489 

Proof:  

(a) Indeed the first two equations have a nontrivial solution 𝐺   𝐺    if  

𝐹(𝑇  )  (   
 )( )(   

 )( )  (   )
( )(   )

( )  (   
 )( )(   

  )( )(𝑇  )  (   
 )( )(   

  )( )(𝑇  )  

(   
  )( )(𝑇  )(   

  )( )(𝑇  )      

490 

Proof:  
 
(a) Indeed the first two equations have a nontrivial solution 𝐺   𝐺    if  
 

𝐹(𝑇  )  (   
 )( )(   

 )( )  (   )
( )(   )

( )  (   
 )( )(   

  )( )(𝑇  )  (   
 )( )(   

  )( )(𝑇  )  

(   
  )( )(𝑇  )(   

  )( )(𝑇  )      
 

491 

  

Definition  and uniqueness of    
   :-   

After hypothesis   ( )     ( )     and the functions (  
  )( )(𝑇  ) being increasing, it follows that 

there exists a unique   𝑇  
    for which   (𝑇  

 )   . With this value , we obtain from the three first 
equations  

𝐺    
(   )

( )   

[(   
 )( ) (   

  )( )(   
 )]

      ,      𝐺    
(   )

( )   

[(   
 )( ) (   

  )( )(   
 )]

 

493 
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Definition  and uniqueness of    
   :-   

After hypothesis   ( )     ( )     and the functions (  
  )( )(𝑇  ) being increasing, it follows that 

there exists a unique      
    for which   (   

 )   . With this value , we obtain from the three first 

equations  

494 

𝐺    
(   )

( )   

[(   
 )( ) (   

  )( )(   
 )]

      ,      𝐺    
(   )

( )   

[(   
 )( ) (   

  )( )(   
 )]

 495 

Definition  and uniqueness of    
   :-   

After hypothesis   ( )     ( )     and the functions (  
  )( )(𝑇  ) being increasing, it follows that 

there exists a unique   𝑇  
    for which   (𝑇  

 )   . With this value , we obtain from the three first 

equations  

𝐺    
(   )

( )   

[(   
 )( ) (   

  )( )(   
 )]

      ,      𝐺    
(   )

( )   

[(   
 )( ) (   

  )( )(   
 )]

 

496 

Definition  and uniqueness of    
   :-   

After hypothesis   ( )     ( )     and the functions (  
  )( )(𝑇  ) being increasing, it follows that 

there exists a unique   𝑇  
    for which   (𝑇  

 )   . With this value , we obtain from the three first 

equations  

𝐺    
(   )

( )   

[(   
 )( ) (   

  )( )(   
 )]

      ,      𝐺    
(   )

( )   

[(   
 )( ) (   

  )( )(   
 )]

 

497 

Definition  and uniqueness of    
   :-   

After hypothesis   ( )     ( )     and the functions (  
  )( )(𝑇  ) being increasing, it follows that 

there exists a unique   𝑇  
    for which   (𝑇  

 )   . With this value , we obtain from the three first 

equations  

𝐺    
(   )

( )   

[(   
 )( ) (   

  )( )(   
 )]

      ,      𝐺    
(   )

( )   

[(   
 )( ) (   

  )( )(   
 )]

 

498 

Definition  and uniqueness of    
   :-   

After hypothesis   ( )     ( )     and the functions (  
  )( )(𝑇  ) being increasing, it follows that 

there exists a unique   𝑇  
    for which   (𝑇  

 )   . With this value , we obtain from the three first 

equations  

𝐺    
(   )

( )   

[(   
 )( ) (   

  )( )(   
 )]

      ,      𝐺    
(   )

( )   

[(   
 )( ) (   

  )( )(   
 )]
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Definition  and uniqueness of    
   :-   

 

After hypothesis   ( )     ( )     and the functions (  
  )( )(𝑇  ) being increasing, it follows that 

there exists a unique   𝑇  
    for which   (𝑇  

 )   . With this value , we obtain from the three first 
equations  
 

𝐺    
(   )

( )   

[(   
 )( ) (   

  )( )(   
 )]

      ,      𝐺    
(   )

( )   

[(   
 )( ) (   

  )( )(   
 )]
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(h) By the same argument, the equations    admit solutions 𝐺   𝐺   if  

 (𝐺)  (   
 )( )(   

 )( )  (   )
( )(   )

( )    

[(   
 )( )(   

  )( )(𝐺)  (   
 )( )(   

  )( )(𝐺)] (   
  )( )(𝐺)(   

  )( )(𝐺)     

 Where in 𝐺(𝐺   𝐺   𝐺  ) 𝐺   𝐺   must be replaced by their values from 96. It is easy to see that   is a 
decreasing function in 𝐺   taking into account the hypothesis   ( )      ( )     it follows that 
there exists a unique 𝐺  

  such that  (𝐺 )    

502 

(i) By the same argument, the equations    admit solutions 𝐺   𝐺   if  
 

 (𝐺  )  (   
 )( )(   

 )( )  (   )
( )(   )

( )    

[(   
 )( )(   

  )( )(𝐺  )  (   
 )( )(   

  )( )(𝐺  )] (   
  )( )(𝐺  )(   

  )( )(𝐺  )      

503 

Where in (𝐺  )(𝐺   𝐺   𝐺  ) 𝐺   𝐺   must be replaced by their values from 96. It is easy to see that   

is a decreasing function in 𝐺   taking into account the hypothesis   ( )      ( )     it follows that 

there exists a unique    
  such that  ((𝐺  )

 )    

504 

(j) By the same argument, the equations    admit solutions 𝐺   𝐺   if  
 

 (𝐺  )  (   
 )( )(   

 )( )  (   )
( )(   )

( )    

[(   
 )( )(   

  )( )(𝐺  )  (   
 )( )(   

  )( )(𝐺  )] (   
  )( )(𝐺  )(   

  )( )(𝐺  )      

Where in 𝐺  (𝐺   𝐺   𝐺  ) 𝐺   𝐺   must be replaced by their values from 96. It is easy to see that   is 

a decreasing function in 𝐺   taking into account the hypothesis   ( )      ( )     it follows that 

there exists a unique 𝐺  
  such that  ((𝐺  )

 )    

505 

(k) By the same argument, the equations    admit solutions 𝐺   𝐺   if  
 

 (𝐺  )  (   
 )( )(   

 )( )  (   )
( )(   )

( )    

[(   
 )( )(   

  )( )(𝐺  )  (   
 )( )(   

  )( )(𝐺  )] (   
  )( )(𝐺  )(   

  )( )(𝐺  )      

Where in (𝐺  )(𝐺   𝐺   𝐺  ) 𝐺   𝐺   must be replaced by their values from 96. It is easy to see that   

is a decreasing function in 𝐺   taking into account the hypothesis   ( )      ( )     it follows that 

there exists a unique 𝐺  
  such that  ((𝐺  )

 )    

506 

(l) By the same argument, the equations    admit solutions 𝐺   𝐺   if  
 

 (𝐺  )  (   
 )( )(   

 )( )  (   )
( )(   )

( )    

[(   
 )( )(   

  )( )(𝐺  )  (   
 )( )(   

  )( )(𝐺  )] (   
  )( )(𝐺  )(   

  )( )(𝐺  )      

Where in (𝐺  )(𝐺   𝐺   𝐺  ) 𝐺   𝐺   must be replaced by their values from 96. It is easy to see that   

is a decreasing function in 𝐺   taking into account the hypothesis   ( )      ( )     it follows that 

507 
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there exists a unique 𝐺  
  such that  ((𝐺  )

 )    

(m) By the same argument, the equations    admit solutions 𝐺   𝐺   if  
 

 (𝐺  )  (   
 )( )(   

 )( )  (   )
( )(   )

( )    

[(   
 )( )(   

  )( )(𝐺  )  (   
 )( )(   

  )( )(𝐺  )] (   
  )( )(𝐺  )(   

  )( )(𝐺  )      

Where in (𝐺  )(𝐺   𝐺   𝐺  ) 𝐺   𝐺   must be replaced by their values from 96. It is easy to see that   

is a decreasing function in 𝐺   taking into account the hypothesis   ( )      ( )     it follows that 

there exists a unique 𝐺  
  such that  (𝐺 )    

508 

 

 

 

(n) By the same argument, the equations    admit solutions 𝐺   𝐺   if 
 

 (𝐺  )  (   
 )( )(   

 )( )  (   )
( )(   )

( )    
[(   

 )( )(   
  )( )(𝐺  )  (   

 )( )(   
  )( )(𝐺  )] (   

  )( )(𝐺  )(   
  )( )(𝐺  )      

 
Where in (𝐺  )(𝐺   𝐺   𝐺  ) 𝐺   𝐺   must be replaced by their values from 96. It is easy to see that   
is a decreasing function in 𝐺   taking into account the hypothesis   ( )      ( )     it follows that 
there exists a unique 𝐺  

  such that  (𝐺 )    
 

509 

  

Finally we obtain the unique solution   

𝐺  
            (𝐺 )    , 𝑇  

            (𝑇  
 )    and 

𝐺  
  

(   )
( )   

 

[(   
 )( ) (   

  )( )(   
 )]

    ,   𝐺  
  

(   )
( )   

 

[(   
 )( ) (   

  )( )(   
 )]

     

𝑇  
  

(   )
( )   

 

[(   
 )( ) (   

  )( )(  )]
      ,   𝑇  

  
(   )

( )   
 

[(   
 )( ) (   

  )( )(  )]
 

Obviously, these values represent an equilibrium solution   

 

511 

Finally we obtain the unique solution    

   
            ((𝐺  )

 )    ,    
            (   

 )    and 512 

   
  

(   )
( )   

 

[(   
 )( ) (   

  )( )(   
 )]

    ,      
  

(   )
( )   

 

[(   
 )( ) (   

  )( )(   
 )]

     513 

   
  

(   )
( )   

 

[(   
 )( ) (   

  )( )((   )
 )]

      ,      
  

(   )
( )   

 

[(   
 )( ) (   

  )( )((   )
 )]

 514 

Obviously, these values represent an equilibrium solution    

Finally we obtain the unique solution   

𝐺  
            ((𝐺  )

 )    , 𝑇  
            (𝑇  

 )    and 

515 
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𝐺  
  

(   )
( )   

 

[(   
 )( ) (   

  )( )(   
 )]

    ,   𝐺  
  

(   )
( )   

 

[(   
 )( ) (   

  )( )(   
 )]

     

𝑇  
  

(   )
( )   

 

[(   
 )( ) (   

  )( )(   
 )]

      ,   𝑇  
  

(   )
( )   

 

[(   
 )( ) (   

  )( )(   
 )]

 

Obviously, these values represent an equilibrium solution of global equations 

Finally we obtain the unique solution   

𝐺  
            (𝐺  )    , 𝑇  

            (𝑇  
 )    and 

𝐺  
  

(   )
( )   

 

[(   
 )( ) (   

  )( )(   
 )]

    ,   𝐺  
  

(   )
( )   

 

[(   
 )( ) (   

  )( )(   
 )]

    

516 

𝑇  
  

(   )
( )   

 

[(   
 )( ) (   

  )( )((   )
 )]

      ,   𝑇  
  

(   )
( )   

 

[(   
 )( ) (   

  )( )((   )
 )]

 

Obviously, these values represent an equilibrium solution of global equations 

517 

Finally we obtain the unique solution   

𝐺  
            ((𝐺  )

 )    , 𝑇  
            (𝑇  

 )    and 

𝐺  
  

(   )
( )   

 

[(   
 )( ) (   

  )( )(   
 )]

    ,   𝐺  
  

(   )
( )   

 

[(   
 )( ) (   

  )( )(   
 )]

 

518 

𝑇  
  

(   )
( )   

 

[(   
 )( ) (   

  )( )((   )
 )]

      ,   𝑇  
  

(   )
( )   

 

[(   
 )( ) (   

  )( )((   )
 )]

 

Obviously, these values represent an equilibrium solution of global equations 

519 

Finally we obtain the unique solution   

𝐺  
            ((𝐺  )

 )    , 𝑇  
            (𝑇  

 )    and 

𝐺  
  

(   )
( )   

 

[(   
 )( ) (   

  )( )(   
 )]

    ,   𝐺  
  

(   )
( )   

 

[(   
 )( ) (   

  )( )(   
 )]

     

520 

𝑇  
  

(   )
( )   

 

[(   
 )( ) (   

  )( )((   )
 )]

      ,   𝑇  
  

(   )
( )   

 

[(   
 )( ) (   

  )( )((   )
 )]

 

Obviously, these values represent an equilibrium solution of global equations 

521 

Finally we obtain the unique solution   
 
𝐺  

            ((𝐺  )
 )    , 𝑇  

            (𝑇  
 )    and 

 

𝐺  
  

(   )
( )   

 

[(   
 )( ) (   

  )( )(   
 )]

    ,   𝐺  
  

(   )
( )   

 

[(   
 )( ) (   

  )( )(   
 )]

     

 

𝑇  
  

(   )
( )   

 

[(   
 )( ) (   

  )( )((   )
 )]

      ,   𝑇  
  

(   )
( )   

 

[(   
 )( ) (   

  )( )((   )
 )]
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ASYMPTOTIC STABILITY ANALYSIS 

Theorem 4:   If the conditions of the previous theorem are satisfied and if the functions 

(  
  )( )     (  

  )( )  Belong to 𝐶( )(   ) then the above equilibrium point is asymptotically stable. 

Proof:  Denote 

Definition of       :- 

                      𝐺  𝐺 
             , 𝑇  𝑇 

     

                      
 (   

  )( )

    
(𝑇  

 )  (   )
( )   ,  

 (  
  )( )

   
( 𝐺  )       

524 

Then taking into account equations   and neglecting the terms of power 2, we obtain    

    

  
  ((   

 )( )  (   )
( ))    (   )

( )    (   )
( )𝐺  

      525 

    

  
  ((   

 )( )  (   )
( ))    (   )

( )    (   )
( )𝐺  

      526 

    

  
  ((   

 )( )  (   )
( ))    (   )

( )    (   )
( )𝐺  

      527 

    

  
  ((   

 )( )  (   )
( ))    (   )

( )    ∑ ( (  )( )𝑇  
   )

  
      528 

    

  
  ((   

 )( )  (   )
( ))    (   )

( )    ∑ ( (  )( )𝑇  
   )

  
      529 

    

  
  ((   

 )( )  (   )
( ))    (   )

( )    ∑ ( (  )( )𝑇  
   )

  
      530 

ASYMPTOTIC STABILITY ANALYSIS 

Theorem 4:   If the conditions of the previous theorem are satisfied and if the functions 

(  
  )( )     (  

  )( )  Belong to  ( )(   ) then the above equilibrium point is asymptotically stable 

531 

Proof:  Denote 

Definition of       :- 

 

     
             ,      

     532 

 (   
  )( )

    
(   

 )  (   )
( )   ,  

 (  
  )( )

   
( (𝐺  )

  )       533 

taking into account equations   and neglecting the terms of power 2, we obtain    

    

  
  ((   

 )( )  (   )
( ))    (   )

( )    (   )
( )   

      534 

    

  
  ((   

 )( )  (   )
( ))    (   )

( )    (   )
( )   

      535 

    

  
  ((   

 )( )  (   )
( ))    (   )

( )    (   )
( )   

      536 
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  ((   

 )( )  (   )
( ))    (   )

( )    ∑ ( (  )( )   
   )

  
      537 

    

  
  ((   

 )( )  (   )
( ))    (   )

( )    ∑ ( (  )( )   
   )

  
      538 

    

  
  ((   

 )( )  (   )
( ))    (   )

( )    ∑ ( (  )( )   
   )

  
      539 

ASYMPTOTIC STABILITY ANALYSIS 

Theorem 4:   If the conditions of the previous theorem are satisfied and if the functions 

(  
  )( )     (  

  )( )  Belong to 𝐶( )(   ) then the above equilibrium point is asymptotically stable. 

Proof:  Denote 

Definition of       :- 

                      𝐺  𝐺 
             , 𝑇  𝑇 

     

                      
 (   

  )( )

    
(𝑇  

 )  (   )
( )   ,  

 (  
  )( )

   
( (𝐺  )

  )       

540 

Then taking into account equations   and neglecting the terms of power 2, we obtain    

    

  
  ((   

 )( )  (   )
( ))    (   )

( )    (   )
( )𝐺  

      541 

    

  
  ((   

 )( )  (   )
( ))    (   )

( )    (   )
( )𝐺  

      542 

    

  
  ((   

 )( )  (   )
( ))    (   )

( )    (   )
( )𝐺  

      543 

    

  
  ((   

 )( )  (   )
( ))    (   )

( )    ∑ ( (  )( )𝑇  
   )

  
      544 

    

  
  ((   

 )( )  (   )
( ))    (   )

( )    ∑ ( (  )( )𝑇  
   )

  
      545 

    

  
  ((   

 )( )  (   )
( ))    (   )

( )    ∑ ( (  )( )𝑇  
   )

  
      546 

ASYMPTOTIC STABILITY ANALYSIS 

Theorem 4:   If the conditions of the previous theorem are satisfied and if the functions 

(  
  )( )     (  

  )( )  Belong to 𝐶( )(   ) then the above equilibrium point is asymptotically stable. 

Proof:  Denote 

547 

Definition of       :- 

     𝐺  𝐺 
             , 𝑇  𝑇 

     

    
 (   

  )( )

    
(𝑇  

 )  (   )
( )   ,  

 (  
  )( )

   
((𝐺  )

   )       

548 

Then taking into account equations   and neglecting the terms of power 2, we obtain    
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  ((   

 )( )  (   )
( ))    (   )

( )    (   )
( )𝐺  

      549 

    

  
  ((   

 )( )  (   )
( ))    (   )

( )    (   )
( )𝐺  

      550 

    

  
  ((   

 )( )  (   )
( ))    (   )

( )    (   )
( )𝐺  

      551 

    

  
  ((   

 )( )  (   )
( ))    (   )

( )    ∑ ( (  )( )𝑇  
   )

  
      552 

    

  
  ((   

 )( )  (   )
( ))    (   )

( )    ∑ ( (  )( )𝑇  
   )

  
      553 

    

  
  ((   

 )( )  (   )
( ))    (   )

( )    ∑ ( (  )( )𝑇  
   )

  
      554 

ASYMPTOTIC STABILITY ANALYSIS 

Theorem 5:   If the conditions of the previous theorem are satisfied and if the functions 

(  
  )( )     (  

  )( )  Belong to 𝐶( )(   ) then the above equilibrium point is asymptotically stable. 

Proof:  Denote 

555 

Definition of       :- 

    𝐺  𝐺 
             , 𝑇  𝑇 

     

 
 (   

  )( )

    
(𝑇  

 )  (   )
( )   ,  

 (  
  )( )

   
( (𝐺  )

  )       

556 

Then taking into account equations   and neglecting the terms of power 2, we obtain    

    

  
  ((   

 )( )  (   )
( ))    (   )

( )    (   )
( )𝐺  

      557 

    

  
  ((   

 )( )  (   )
( ))    (   )

( )    (   )
( )𝐺  

      558 

    

  
  ((   

 )( )  (   )
( ))    (   )

( )    (   )
( )𝐺  

      559 

    

  
  ((   

 )( )  (   )
( ))    (   )

( )    ∑ ( (  )( )𝑇  
   )

  
      560 

    

  
  ((   

 )( )  (   )
( ))    (   )

( )    ∑ ( (  )( )𝑇  
   )

  
      561 

    

  
  ((   

 )( )  (   )
( ))    (   )

( )    ∑ ( (  )( )𝑇  
   )

  
      562 

ASYMPTOTIC STABILITY ANALYSIS 

Theorem 6:   If the conditions of the previous theorem are satisfied and if the functions 

(  
  )( )     (  

  )( )  Belong to 𝐶( )(   ) then the above equilibrium point is asymptotically stable. 

Proof:  Denote 

563 

Definition of       :- 564 
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    𝐺  𝐺 
             , 𝑇  𝑇 

     

    
 (   

  )( )

    
(𝑇  

 )  (   )
( )   ,  

 (  
  )( )

   
( (𝐺  )

  )       

Then taking into account equations   and neglecting the terms of power 2, we obtain    

    

  
  ((   

 )( )  (   )
( ))    (   )

( )    (   )
( )𝐺  

      565 

    

  
  ((   

 )( )  (   )
( ))    (   )

( )    (   )
( )𝐺  

      566 

    

  
  ((   

 )( )  (   )
( ))    (   )

( )    (   )
( )𝐺  

      567 

    

  
  ((   

 )( )  (   )
( ))    (   )

( )    ∑ ( (  )( )𝑇  
   )

  
      568 

    

  
  ((   

 )( )  (   )
( ))    (   )

( )    ∑ ( (  )( )𝑇  
   )

  
      569 

    

  
  ((   

 )( )  (   )
( ))    (   )

( )    ∑ ( (  )( )𝑇  
   )

  
      570 

  

ASYMPTOTIC STABILITY ANALYSIS 
 
Theorem 7:   If the conditions of the previous theorem are satisfied and if the functions 

(  
  )( )     (  

  )( )  Belong to 𝐶( )(   ) then the above equilibrium point is asymptotically stable. 
 
Proof:  Denote 
 

571 

Definition of       :- 
 
                      𝐺  𝐺 

             , 𝑇  𝑇 
     

 

                      
 (   

  )( )

    
(𝑇  

 )  (   )
( )   ,  

 (  
  )( )

   
( (𝐺  )

   )       

 

 572 

Then taking into account equations   and neglecting the terms of power 2, we obtain from   
 

 

    

  
  ((   

 )( )  (   )
( ))    (   )

( )    (   )
( )𝐺  

      

 

 573 

    

  
  ((   

 )( )  (   )
( ))    (   )

( )    (   )
( )𝐺  

      

 

574 

    

  
  ((   

 )( )  (   )
( ))    (   )

( )    (   )
( )𝐺  

      

 

575 

    

  
  ((   

 )( )  (   )
( ))    (   )

( )    ∑ ( (  )( )𝑇  
   )

  
      

 

576 

    

  
  ((   

 )( )  (   )
( ))    (   )

( )    ∑ ( (  )( )𝑇  
   )

  
      

 

578 

    

  
  ((   

 )( )  (   )
( ))    (   )

( )    ∑ ( (  )( )𝑇  
   )

  
      579 
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The characteristic equation of this system is 587 
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And as one sees, all the coefficients are positive. It follows that all the roots have negative real part, and 

this proves the theorem. 
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