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Preface

omprehensive envelope of expression, abstract problematic structures, and functional topology of Super
Csymmetric QCD corrections to the top quark decay of a heavy charged Higgs boson have been done by some
authors like Ricardo A. Jiménez, Joan Sola. The super symmetric QCD corrections to the hadronic width of a

heavy charged Higgs boson, basically dominated by the top-quark decay mode H LEp th, are evaluated at O(os)
within the MSSM and compared with the standard QCD corrections. The study of such quantum effects, which turn
out to be rather large, is essential to understand the hypothetical super symmetric nature of a heavy charged Higgs
boson potentially produced in the near future at the Tevatron and/or at the LHC. It is true that there has been some
identarian instances of semantic and experimental jugglery in so far as QCD corrections to the
top quark decay mode t-->t~x0: (Djouadi, A.; Hollik, W.; Jiinger, C.Physical Review D (Particles and Fields),
\Volume 54, Issue 9, 1 November 1996, pp.5629-5635) and impassibility of characteristics and ramified resonations
thereof is concerned. Imprisoned complementarities’, survigrous eurhythmics’ of super symmetric theories, the
top quark can decay into its scalar partner plus a neutralino, with an appreciable rate. Authors like Djouadi et al.
Calculate the O (as) QCD corrections to this decay mode in the minimal super symmetric extension of the standard
model. These corrections can be either positive or negative and increase logarithmically with the gluino mass. For
gluino masses below 1 TeV, they are at most of the order of ten percent and, therefore, well under control.

In connection with the Flavor-changing top quark decay within the minimal super symmetric standard model G.
Couture, C. Hamzaoui, and H. Konig present the results of the gluino and scalar quark contribution to the flavor-
changing top quark decay into a charm quark and a photon, gluon, or a Z0 boson within the minimal super
symmetric standard model. We include the mixing of the scalar partners of the left- and right-handed top quark.
This mixing has several effects, the most important of which is to greatly enhance the ¢ Z decay mode for large
values of the soft SUSY-breaking scalar mass mS and to give rise to GIM-like suppressions in the ¢ y mode for
certain combinations of parameters. Sheldon, Elizabeth E. Jenkins studied A massive charged scalar, such as is
present in a two Higgs-doublet electroweak theory, can alter the nature of top-quark decay, ensuring that the
top quark would not have been detected at hadron colliders. Box diagrams involving charged-scalar exchange can
produce the observed level of BO— B 0 mixing, thus relaxing the need for a heavy top quark. Future experiments can
readily establish the existence of the charged scalar. Production and decay properties of ultra-heavy quarks (I.
BigiStanford Linear Accelerator Center, Stanford University, Stanford, CA 94305, USA Y. Dokshitzer, V. Khoze P.
Zerwas have studied strum and drag of the widths of ultra-heavy quarks that can be decay into W, Z or Higgs bosons
are discussed. If the lifetimes become much shorter than the typical strong interaction time scale A—1QCD ~
1023 s, then open-flavor hadrons and quarkonium bound states cannot be formed any more. Consequences for the
jet evolution are investigated.

On the other hand, if such quarks can decay only through tiny mixing angles - as it could happen for sequential
down-type quarks and for SU (2) singlet quarks in E6 models - then these bound states do form. Production rates for
quarkonium in e+e- annihilation and in hadronic collisions are estimated and their decay signatures are discussed.
Some authors have also studied a sort of rouse sarcoma in quarks with harum sacrum violent reckless dynamics,
phosphoric wasp and mysterious muddle. Investigation has been strange behavior sometimes like sang frond like
salamander and sometimes saber rattling of quarks have also been efficiently explained. Testing of CP invariance in
the weak decay of top quarks is also studied. A prediction of CP violation from the Standard Model is made by an
explicit calculation. The effect is very small as expected. We then use a form factor approach to parameterize
possible new interactions of CP violation. The differences between the form factor approach and an effective
Lagrangian approach are discussed. The sensitivity of CP-odd observables to the form factors is estimated. When it
comes to the study of quarks, there is strange pugilistic provocation and verbal hyperbole and the necessity of quick
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and skewering eye because of the solipsisti Transformation of Quark Flavors by the Weak Interaction. The decay
of hadrons by the weak interaction can be viewed as a process of decay of their constituent quarks. There is a pattern
of these quark decays: a quark of charge +2/3 (u, c,t) is always transformed to a quark of charge -1/3 (d,s,b) and vice
versa. This is because the transformation proceeds by the exchange of charged W bosons, which must change the
charge by one unit. The general pattern is that the quarks will decay to the most massive quark possible, leading the
pattern c nature of the bellicose and blustering particles.

Here we directly tackle the problem of mechanism of interaction of quarks. The modes of quark flavor
transformation by the weak interaction can be shown in Feynman diagrams. These diagrams are useful in analyzing
decay processes to help keep track of what is happening on the quark level. The most common transformations are
delineated and disseminated by the quark transformation. These transformations take place by means of the W
vector boson. Epluribus Unum and leit motif of the study is the interaction and decay of quarks. I may mention in
unmistakable terms that the Standard Model is the theoretical framework describing all the currently
known elementary particles, as well as the Higgs boson. This model contains six flavors of quarks (q),
named up (u), down (d), strange (s), charm (c), bottom (b), and top (t). Antiparticles of quarks are called antiquarks,
and are denoted by a bar over the symbol for the corresponding quark, such asufor an up antiquark. As
with antimatter in general, antiquarks have the same mass, mean lifetime, and spin as their respective quarks, but the
electric charge and other charges have the opposite sign. It is to be stated in unequivocal terms that the differential
and determinate and pronounced study of the concatenated equations have to made with great deal of ardor and
fervor to get the further results on the subject matter in question. We intend to undertake these works in future
Monograph.

The introduction is a collection of information from various articles, Books, News Paper reports, Home Pages
Of authors, Journal Reviews, Nature ‘s Letters, Article Abstracts, Research papers, Abstracts Of Research
Papers, Stanford Encyclopedia, Web Pages, Ask a Physicist Column, Deliberations with Professors, the
internet including Wikipedia. We acknowledge all authors who have contributed to the same. In the
eventuality of the fact that there has been any act of omission on the part of the authors, we regret with great
deal of compunction, contrition, regret, trepidation and remorse. As Newton said, it is only because erudite
and eminent people allowed one to piggy ride on their backs; probably an attempt has been made to look
slightly further. Once again, it is stated that the references are only illustrative and not comprehensive.
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INTRODUCTION:

Flavour (Particle Physics)

In particle  physics, flavor or flavoris  a quantum  number of elementary  particles.  In quantum
Chromodynamics, flavour is a global symmetry. In the electroweak theory, on the other hand, this symmetry
is broken, and flavour-changing processes exist, such as quark decay or neutrino oscillations.

In the Standard Model of particle physics, the Cabibbo—Kobayashi—-Maskawa matrix (CKM matrix, quark
mixing matrix, sometimes also called KM matrix) is a unitary matrix which contains information on the
strength of flavour-changing weak decays. Technically, it specifies the mismatch of quantum
states of quarks when they propagate freely and when they take part in the weak interactions. It is important
in the understanding of CP violation. This matrix was introduced for three generations of quarks
by Makoto Kobayashi and Toshihide Maskawa, adding one generation to the matrix previously introduced
by Nicola Cabibbo. This matrix is also an extension of the GIM mechanism, which only includes two of the
three current families of quarks

The matrix

up-type: (u
Strong

Weak

down-type: (d

A pictorial representation of the six quarks' decay modes, with mass increasing from left to right.

In 1963, Nicola Cabibbo introduced the Cabibbo angle (8c) to preserve the universality of the weak
interaction. Cabibbo was inspired by previous work by Murray Gell-Mann and Maurice Lévy, on the
effectively rotated nonstrange and strange vector and axial weak currents, which he references.

In light of current knowledge (quarks were not yet theorized), the Cabibbo angle is related to the relative
probability that down and strange quarks decay into up quarks (|Vud|2 and |Vus|2 respectively). In particle
physics parlance, the object that couples to the up quark via charged-current weak interaction is a
superposition of down-type quarks, here denoted by d’ Mathematically this is:

d' = Vyad + Vs,
Or using the Cabbibo angle:
d' = cosf.d + sin f.s.

Using the currently accepted values for [Vud| and [Vus| (see below), the Cabbibo angle can be calculated
using
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The Cabibbo angle represents the rotation of the mass Eigen state vector space formed by the mass Eigen
13.04°,

states ld}s Is}into the weak Eigen state vector space formed by the weak Eigen states|d'}s 15"}, @C =

d = Vaad + %5'5;

When the charm quark was discovered in 1974, it was noticed that the down and strange quark could decay
into either the up or charm quark, leading to two sets of equations:

5 = Vogd + Vs,

or using the Cabibbo angle:

d = cosf.d + sin f,s;
s =

—sinfl.d + cosf.s.
This can also be written in matrix notation as:
d'| | Ve Vus||d
5 Vi Vil sl

NOTATION :

MODULE NUMBERED ONE (u&d)
G,; :CATEGORY ONE OF u quark

which u quark become a sine qua non form)

G4 :CATEGORY TWO OF u quark( here we are talking of the Penchance, predilection, proclivities,
propensities, idiosyncrasies, characteristics, Parametricization of the systems under investigation in
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G,s :CATEGORY THREE OF u ( here we are talking of the Penchance, predilection, proclivities,
propensities, idiosyncrasies, characteristics, Parametricization of the systems under investigation in
which u quark become a sine qua non form)

T,5 : Category One Of D(Again Classification Is For The Systems For Which The Theories Are Applicable
Or For That Matter Systems Which Violates The Theopries Mentioned)

T4 : Category Two Of D (Again Classification Is For The Systems For Which The Theories Are Applicable
Or For That Matter Systems Which Violates The Theories Mentioned

T,s :Category Three Of D (Again Classification Is For The Systems For Which The Theories Are
Applicable Or For That Matter Systems Which Violates The Theories Mentioned

u&s QUARKS
MODULE NUMBERED TWO:

Gy : CATEGORY ONE OF u (Here the systemic investigation may be different from the other one that is
classified in the foregoing. In the eventuality of the systemic Conformality and congruence being the
same we can as well take the classificatory parameters to be equal. This classification is done based on
the assumption that the Parametricization of the systems studied are different from the ones which are
stated in the foregoing)

Gy; : CATEGORY TWO OF u (Here the systemic investigation may be different from the other one that is
classified in the foregoing. In the eventuality of the systemic Conformality and congruence being the
same we can as well take the classificatory parameters to be equal. This classification is done based on
the assumption that the Parametricization of the systems studied are different from the ones which are
stated in the foregoing)

G;g : CATEGORY THREE OF u (Here the systemic investigation may be different from the other one that is
classified in the foregoing. In the eventuality of the systemic Conformality and congruence being the
same we can as well take the classificatory parameters to be equal. This classification is done based on
the assumption that the Parametricization of the systems studied are different from the ones which are
stated in the foregoing)

T;¢ :CATEGORY ONE OF s( here we are talking of the penchance,predilection, proclivities, propensities,
idiosyncrasies, characteristics, parametricization of the systems under investigation in which u quark
become a sine qua non form)

T,; : CATEGORY TWO OF s ( here we are talking of the Penchance, predilection, proclivities,
propensities, idiosyncrasies, characteristics, Parametricization of the systems under investigation in
which u quark become a sine qua non form)

T,s : CATEGORY THREE OF s ( here we are talking of the Penchance, predilection, proclivities,
propensities, idiosyncrasies, characteristics, Parametricization of the systems under investigation in
which u quark become a sine qua non form)

d & c¢ Quarks
MODULE NUMBERED THREE:

G,, : Category One Of D (Like There Are Lot Of Markov Spaces And Some Spaces Could Be
Approximated To Markov Spaces And Markov Spaces Could Be Made To Lose Their Characteristics
And Parameter Under Some Transformations. These Points Are To Be Borne In Mind. We Here Speak
Of The Characterized Systems For Which Markov Theory Is Applicable There Are Systems In The
Case Of Which Investigations Are Carried On Of Which “D” Quark Forms A Part And Parcel A
summum bonum Of The Systems)

G,, : Category Two Of D (There Are Lot Of Markov Spaces And Some Spaces Could Be Approximated
To Markov Spaces And Markov Spaces Could Be Made To Lose Their Characteristics And Parameter
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Under Some Transformations. These Points Are To Be Borne In Mind. We Here Speak Of The
Characterized Systems For Which Marko Theory Is Applicable There Are Systems In The Case Of
Which Investigations Are Carried On Of Which “D” Quark Forms A Part And Parcel A Summum
Bonum Of The Systems)

G,, : Category Three Of D (There Are Lot Of Markov Spaces And Some Spaces Could Be Approximated
To Markov Spaces And Markov Spaces Could Be Made To Lose Their Characteristics And Parameter
Under Some Transformations. These Points Are To Be Borne In Mind. We Here Speak Of The
Characterized Systems For Which Marko Theory Is Applicable ~ There Are Systems In The Case Of
Which Investigations Are Carried On Of Which “D” Quark Forms A Part And Parcel A Summum
Bonum Of The Systems)

T,o : Category One Of  “C” Quarks (There Are Lot Of Markov Spaces And Some Spaces Could Be
Approximated To Markov Spaces And Markov Spaces Could Be Made To Lose Their Characteristics
And Parameter Under Some Transformations. These Points Are To Be Borne In Mind. We Here Speak
Of The Characterized Systems For Which Marko Theory Is Applicable  There Are Systems In The
Case Of Which Investigations Are Carried On Of Which “D” Quark Forms A Part And Parcel A
Summum Bonum Of The Systems)

T,; : Category Two Of  “C” Quarks (There Are Lot Of Markov Spaces Hilbert Spaces And Quantum
Fields And Some Spaces Could Be Approximated To Markov Spaces And Markov Spaces Could Be
Made To Lose Their Characteristics And Parameter Under Some Transformations. These Points Are To
Be Borne In Mind. We Here Speak Of The Characterized Systems For Which Marko Theory Is
Applicable  There Are Systems In The Case Of Which Investigations Are Carried On Of Which “D”
Quark Forms A Part And Parcel A Summum Bonum Of The Systems)

T,, : Category Three Of  “C” Quarks (There Are Lot Of Markov Spaces Hilbert Spaces And Quantum
Fields And Some Spaces Could Be Approximated To Markov Spaces And Markov Spaces Could Be
Made To Lose Their Characteristics And Parameter Under Some Transformations. These Points Are To
Be Borne In Mind. We Here Speak Of The Characterized Systems For Which Marko Theory Is
Applicable  There Are Systems In The Case Of Which Investigations Are Carried On Of Which “D”
Quark Forms A Part And Parcel A Summum Bonum Of The Systems)

QUANTUM FIELD THEORY(AGAIN,PARAMETRICIZED SYSTEMS TO WHICH QFT COULD
BE APPLIED IS TAKEN IN TO CONSIDERATION AND RENORMALIZATION
THEORY(BASED ON CERTAIN VARAIBLES OF THE SYSTEM WHICH CONSEQUENTIALLY
CLSSIFIABLE ON PARAMETERS)

: MODULE NUMBERED FOUR:

G,, : Category One Of Quantum Field Theory(Evaluative Parametricization Of Situational Orientations And
Essential Cognitive Orientation And Choice Variables Of The System To Which Qft Is Applicable)

G, : Category Two Of Quantum Field Theory
G, . Category Three Of Quantum Field Theory

T,, :Category One Of Renormalization Theory

T,s :Category Two Of Renormalization Theory(Systemic Instrumental Characterizations And Action
Orientations And Functional Imperatives Of Change Manifested Therein )
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T,¢ : Category Three Of Quantum Field Theory
Quark “c” and Quark ”’b”:

MODULE NUMBERED FIVE:

G,g : Category One Of Quark “C”( Predicational Anteriority, Character Constitution, Primordial Exactitude,
Ontological Consonance, Acolytish Representation, Atrophied Asseverations ,Apocryphal Aneurism
Of The Systems Under Investigation Of Which Quark “C” Forms Part And Parcel)

G,9 : Category Two Of Quark “C” (Predicational Anteriority, Character Constitution, Primordial
Exactitude, Ontological Consonance, Accolytish Representation, Atrophied Asseverations ,Apocryphal
Aneurism Of The Systems Under Investigation Of Which Quark “C” Forms Part And Parcel)

G3o :Category Three Of Quark “C” (Predicational Anteriority, Character Constitution, Primordial
Exactitude, Ontological Consonance, Accolytish Representation, Atrophied Asseverations ,Apocryphal
Aneurism Of The Systems Under Investigation Of Which Quark “C” Forms Part And Parcel. We May
Note In The Passing That There Might Be Some Quantum Corrections Due To Virtual Electron-
Positron Pairs)

T,g :Category One Of Quark  “B” ( Predicational Anteriority, Character Constitution, Primordial
Exactitude, Ontological Consonance, Acolytish Representation, Atrophied Asseverations ,Apocryphal
Aneurism Of The Systems Under Investigation Of Which Quark “C” Forms Part And Parcel. Mention
May Be Made That In Some Cases Linear Corrections In Maxwell’s Equation Applicable To Various
Systems With Defined Characteristics And The Concomitant Correction Factor. Classification Is Based
On The Parametricization Of The Systems Even Though To Some Systems Linear Corrections To
Maxwell’s Equations Are The Same)

T,y :Category Two Of Quark “B” ( Predicational Anteriority, Character Constitution, Primordial
Exactitude, Ontological Consonance, Acolytish Representation, Atrophied Asseverations ,Apocryphal
Aneurism Of The Systems Under Investigation Of Which Quark “C” Forms Part And Parcel. Mention
May Be Made That In Some Cases Linear Corrections In Maxwell’s Equation Applicable To Various
Systems With Defined Characteristics And The Concomitant Correction Factor. Classification Is Based
On The Parametricization Of The Systems Even Though To Some Systems Linear Corrections To
Maxwell’s Equations Are The Same)

T;¢ :Category Three Of Quark “B” ( Predicational Anteriority, Character Constitution, Primordial
Exactitude, Ontological Consonance, Accolytish Representation, Atrophied Asseverations ,Apocryphal
Aneurism Of The Systems Under Investigation Of Which Quark “C” Forms Part And Parcel. Mention
May Be Made That In Some Cases Linear Corrections In Maxwell’s Equation Applicable To Various
Systems With Defined Characteristics And The Concomitant Correction Factor. Classification Is Based
On The Parametricization Of The Systems Even Though To Some Systems Linear Corrections To
Maxwell’s Equations Are The Same)

QUARK “t” and QUARK b”:
MODULE NUMBERED SIX:

G5, : Category One Of Quark “T”

G35 . Category Two Of Quark “T” (Decisive Regularities With Respect To Cases Wherein Sobolev
Inequalities Are In Border Line Transition Might Be Conspicuous By Its Presence)

G, . Category Three Of Quark “T” (Decisive Regularities With Respect To Cases Wherein Sobolev
Inequalities Are In Border Line Transition Might Be Conspicuous By Its Prescience )
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T;, : Category One Of Quark B”:
T35 : Category Two Of Quark B”:
T34 : Category Three Of Quark B”:

EXPANSION RATE OF QUANTUM FIELD DESCRIBING ELECTRONS AND OTHER
FERMIONS AND CREATION AND ANNIHILATION OF OPERATORSACCORDING TO PAULIS
EXCLUSION PRINCIPLE(AGAIN WE TALK OF THE SYSTEMIC CHARACTERSTICS TO
WHICH PAULI’S EXCLUSION PRINCIPLE IS APPLIED,AND THE PARAMETRICIZATION
AND STRATIFICVATION FOLLOWS)

MODULE NUMBERED SEVEN

G;¢ . Category One Of Creation And Annihilation Operators Due To Pauli’s Exclusion Principle (Note
Pauli’s Exclusion Principle Denies The Two States For The Electrons)

G5 : Category Two Of Creation And Annihilation Operators Due To Pauli’s Exclusion Principle (Note
Pauli’s Exclusion Principle Denies The Two States For The Electrons)
G¢ - Category Three Of Orthogonal Energy State Of Vacuum (Energy Excitation Of The Vacuum And
Concomitant Generation Of Energy Differential-Time Lag Or Instantaneousness might Exists Whereby
Accentuation And Attritions Model May Assume Zero Positions)

Gsg : category three Of Creation And Annihilation Operators Due To Pauli’s Exclusion Principle

T5¢ : Category One Of Expansion Rates Of Quantum Fields Dexcribing Electronsand Other Fermions
T5, : Category Two Of  Expansion Rates Of Quantum Fields Dexcribing Electronsand Other Fermions
T5g : Category Three Of Expansion Rates Of Quantum Fields Dexcribing Electronsand Other Fermions

QUARK “t” and QUARK “s”

MODULE NUMBERED EIGHT

G,o: CATEGORY ONE OF QUARK “t” (There May Or Might Not Be Neutrinos Without Texture And
There Are Lot Of Neutrinos As There Are Lot Of Leptions, Photons, Quarks, Electrons In The
Universe)

G41: CATEGORY TWO OF Quark “T” (There May Or Might Not Be Neutrinos Without Texture And
There Are Lot Of Neutrinos As There Are Lot Of Leptions, Photons, Quarks, Electrons In The
Universe)

G,,: CATEGORY TWO OF Neutrinos Quark “T” (There May Or Might Not Be Neutrinos Without Texture
And There Are Lot Of Neutrinos As There Are Lot Of Leptions, Photons, Quarks, Electrons In The
Universe) T,o: CATEGORY ONE QUARK “s”

T,o:Category Two Of Quark “S”
T,,:Category Two Of Quark “S”
T,,: CATEGORY THREE OF .QUARK “s”

WWW.1jsrp.org



IJSRP Monograph Publication 13
ISSN: 2250-3153

(215)Y, (b13)®W, (1), (b15) P (a16)?, (a17)P, (a18)® (b16)®, (b17)®, (b1)®:

(a20)®, (3200, (22)®, (b20)®, (021)®, (b2)®

(a20)®, (a25) ™, (a26) ™, (b24)®, (b25)™, (b26) ™, (b25), (b26)®, (b39),(a26)®, (a20)®, (a30),
(a32) @, (a33) ), (a34)@, (b32) ), (b33)®@, (b34)©

(a36)(7), (‘137)(7)' (a38)(7), (bss)m’ (b37)(7): (bss)m

(240)®, (@41)®, (242)®, (30)®, (04)®, (b42)®

are Accentuation coefficients

(a1, (a1) ™, (@15)®W, (b1)™, (1) ™, (b15)™, (a16)®, (@17)®, (a1)P, (b16)®, (b1), (bi)®
 (a30)®, (@30, (a32)®, (030)®, (b3, (b3)®

(a2)®, (a25)®, (a36) @, (03)®, (b35)®, (b36)®, (b36)®, (b39)®, (b3)® (a36)®, (a30)®, (a30)®,
(a32) @, (a33)®@, (a3) @, (63), (b33)®, (b3,)®

(a360)7, (@377, (a36) 7, (b36)7, (b37)7, (b36) 7,

(a30)®, (@3)®, (a1)®, (0;0)®, (i), (b;)®,

are Dissipation coefficients

(u&d)
Module Numbered One
The differential system of this model is now (Module Numbered one)
T8 = (@) V614~ [(@i) @ + (@)D (110, 0615 1
T2 = (@) V615~ [@)® + @)D (110, 0]Gra 2
% = (a15) MGy — [(ais)(l) + (a)s) @ (T, t)]G15 3
T2 = (1) VT — [01)® = Gi) VG, O]Tis 4
Tt = (1) Vs = (01D = GBI DG, O] T 5
T = (1) VT — [(B1)D = B VG, O] Tis 6

+(a1’3)(1) (Ty4,t) = First augmentation factor
—(bi5)M(G,t) = First detritions factor
u&s QUARKS

Module Numbered Two

The differential system of this model is now ( Module numbered two)
aG ! n
—X=(a 16)( )G17 [(‘116)(2) + (alﬁ)(Z)(T17: t)]Gm 7

dG ! n
—=(a 17)( )G16 [(a17)(2) + (a17)(2)(T17, t)]G17 8
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D18 = (a19) D617 — [(a1e)® + (afg) D (Ty7,)]Gig 9
T8 = (by) DTy = [(b16)® = (bi6) P ((Gr), )] Tis 10
@ (b)) DT, — [(b17)(2) — (b}, (2)((619),t)]T17 11
T30 = (b)) DTy, — [(bie) @ — (bie) @ ((Gro), )] Thg 12

+(als)@(T,,,t) = Firstaugmentation factor
—(b1s)P((Gye),t) = First detritions factor
d & c Quarks

Module Numbered Three

The differential system of this model is now (Module numbered three)

dGZO = (a20) 61 — [(a50)® + (a50)®(T21, )] G0 13
T8 = (@) P60 — [(@p)® + (5P (T30, D] 6y 14
T2 = (a22) P61~ [(@g)® + (a5) P (T1, D] Gz 1>
T = (b2) T = [(b30)® = (B50) P (G5, O] Tag 16
T8 = (b)) DTy = [(03)® = 05D (G2, D] Tas 17
T = (b)) DTy = [(05) = (03P (G5, DT 18

+(a” )®)(T,,,t) = First augmentation factor
—(b5)®(G,3,t) = First detritions factor

QUANTUM FIELD THEORY (AGAIN,PARAMETRICIZED SYSTEMS TO WHICH QFT COULD
BE APPLIED IS TAKEN IN TO CONSIDERATION AND RENORMALIZATION
THEORY(BASED ON CERTAIN VARAIBLES OF THE SYSTEM WHICH CONSEQUENTIALLY
CLSSIFIABLE ON PARAMETERS)

Module Numbered Four

The differential system of this model is now (Module numbered Four)

D28 = (034) @ G5 — [(@50)® + (@h) P (T25,6)]Goa 19
dGZS = (a 25)( )Gz4 [(alzs)m + (‘1’2'5)(4)(7'25: t)]st 20
D20 = (836) @ G5 — [(a56) @ + (ahe) P (T2, )]G 21
T2t = (bya) D Tys — [(b3)® = (b3) D ((G27), )] Ta 22
T2 = (bys) DTy — [(b3s)™® — (b35) @ ((G27), )] Tis 23
T2 = (bye) DTys — [(b36)® — (bye) P ((G27), )] Tz 24

+ (a’2’4)(4) (T,s,t) = First augmentation factor
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—(b5)®((G,7),t) = First detritions factor
Quark “c” and Quark ”’b”:

Module Numbered Five:

The differential system of this model is now (Module number five)

dGZB = (azg)®Gpo — [(aés)(s) + (ays)® (T, t)]st 25
dczg =(a 29)( )st [(aéc))(s) + (05’9)(5)(7129' t)]ng 26
d ’ "

630 (aso)( )629 [(ago)(s) + (aso)(S)(ng: t)]Gso 27
T2 = () PTyg — [(b36)® — (b36)® ((G31), )] Tog 28
T2 = (by0) Ty = [(b36)® — (b36)®((G31), )T 29
d

0 = (bye) ® Tz — [(b50)® = (b56)® ((G31), )] s 30

+(a’2’8)(5) (T,o, t) = First augmentation factor

—(b55)®((G31),t) = First detritions factor
QUARK “t” and QUARK b”:
Module Numbered Six

The differential system of this model is now (Module numbered Six)

dG32 = (a32)©Gs3 — [(a32)(6) + (a3, )(6)(T33:t)]G32 31
d r "
E = (as3)©Gsy — [(ass)@ + (a43)© (Tss, t)]G33 32
T8 = (a3) @G35 — (@)@ + (@4,) (T3, )]Gy 33
d

22 = (by3)OTy; — [(b3)@ — (b5,)©((G3s), £)]T3, 34
ﬁ = (b33) Ty, — [(b§3)(6) - (b§’3)(6)((635): t)]T33 35
Tt = (b3) ©OTs; — [(b5)© — (b5 ((G35), )] Tsa 36

+(a’3’2)(6) (T33,t) = First augmentation factor

EXPANSION RATE OF QUANTUM FIELD DESCRIBING ELECTRONS AND OTHER
FERMIONS AND CREATION AND ANNIHILATION OF OPERATORSACCORDING TO PAULIS
EXCLUSION PRINCIPLE(AGAIN WE TALK OF THE SYSTEMIC CHARACTERSTICS TO
WHICH PAULI’S EXCLUSION PRINCIPLE IS APPLIED,AND THE PARAMETRICIZATION
AND STRATIFICVATION FOLLOWS)

Module Numbered Seven:
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IJSRP Monograph Publication 16
ISSN: 2250-3153

The differential system of this model is now (SEVENTH MODULE)

d ’ "

636 (ass)( )637 [(a36)(7) + (a36)(7)(T37, t)]Gss 37
d637 = (‘137)( )Gss [(a'37)(7) + (a'3'7)(7)(T37, t)]G37 38
258 = (a39) 7 Gay — [(@4e) 7 + (@) (T35, )] Gg 39
58 = (b3e) PTay — [(b36) 7 — (b36) 7 ((G39), £)]Tss 40

= (b37) Ty — [(b37)(7) — (b3 )(7)((639) t)]T37 41
T8 = (byg) Ty — [(b3)™ = (b)) ((G30), )] Tsg 42

+(a’3’6)(7) (T, t) = First augmentation factor

QUARK “t” and QUARK <s”

Module Numbered Eight

GOVERNING EQUATIONS:

The differential system of this model is now

L0 = (a40)PGay — [(@40)® + (@o)® (T, )] Gao 43
4 = (@) ®Gao — [(@4)® + (@)@ Ty, )] Gay 44
22 = (a1)PGay — [(042)® + (@)@ Ty, )]Gz 45
T80 = (by)®Tyy — [(b30)® = (b10)® ((G42), t) | Tuo 46
T8 = (b4)®Tio — [(05)® — B ((642), 1) Taa 47
T2 = (b4y) OTay — [(052)® — b52) @ ((Gaz), )T 48

First Module Concatenation

[ (@15) [+ (@) D (T14, )| [ +(ae) 22 (T17, 0| |+ (@h) 5 (T, 0] ] 49
= (@13)V6ys — | [+(ag) ) (Tys, 0| +(ah) &35 (To, D) || +(ai) 559 (T3, 8)| | G1s

_ 46) 77 (Ts7, O |[+(af0) @ (T, )] _
[ (@) [+ @)D (T, O|[+(ai) P2 Ty, 0|+ @5) B2 (1, 0)] ] 50
= (@) V63 — | [+(aye) #**) (Tys, || +(ahe) 555 (Tho, O) || +(a43) ©44 (T3, £)] | o

_ | +(af) 77 (T35, )| [+(af) @B (T4, 0)|
[ (@15) P+ (a1s) P Ty, O)|[+(a4) ) (T17, O ||+ (@) 33 (1,1, 8)] ] 51
= (015)V61s — | [+(ahe) ***) (T, O ||+ (a) ©55) (Tpo, D) || +(a4) 559 (T35, 0) | |G

[ +(a0) 77 (Ts7, O)|[+(ai) @ Ty, 0| J

Where ‘ (@)D (Ty4, t) |,| (af) D (Tyy, it
category 1,2 and 3

dG13

dG14

dG15

t) ‘ are first augmentation coefficients for
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7 7

|+(a1’6)(2’2’) (Ty7,8) +(a}y) ®2) (Ty,, t) ‘ are second augmentation coefficient for

category 1,2 and 3

| +(a50) 2 (Ty1, ) I )
category 1,2 and 3
|+(ag’4)(4'4'4'4')(T25, t) | ) l +(ays) 44 (Tys, t) l ) | +(aye) @44 (Tys, t) l are fourth augmentation
coefficient for category 1, 2 and 3

|+(ag’8)(5'5'5'5')(T29, t) I,I +(aye) 5555 (Tyg, t) l , | +(ayy) 555 (Tyo, t) | are fifth augmentation coefficient

+ (a1'7)(2'2') (Ty7,t)

+(ay;) B3 (T, t) |,| +(ay,)C3 (Tyy, t) ‘ are third augmentation coefficient for

for category 1, 2 and 3
|+(a§’2)(6'6'6'6')(T33, t) |, | +(ays)©000) (Ty5, 1) | ) | +(ay,) 566 (Ty, t)| are sixth augmentation

coefficient for category 1, 2 and 3

|+(a§’8)(7'7) (T35, 1) ‘ | +(a4,) 77 (T3, 1) ‘ ‘ +(a4) 77 (T3, t) | are seventh augmentation coefficient for
1,2,3
|+(af{0)(8'8) (Ty1, t) H+(a;’1)(8'8) (Tyy, t) ‘ ‘ +(ayy) @8 (T, t) | are eight augmentation coefficient for 1,2,3

(b)) V= (b15) (G, O] [~ (b16) 22 (610, D] |- (B50) *¥ (G5, 0)] ] 52
U3 (by) DTy, — | 2034 G, ][~ (05) 555 (G, || - (045) 5 (G, D) | 1,
|- (6577 (G50, 8)| |- (b5) ®® (643, D) |
[ b V=B DG, 0] [0 PP (610, O] |- B3P (635, 0)| ] >3
ot = (1) DT = | [Z (05 44 (Gy7, O] |- (05) 555 (631, 0| (b3) ©5) (G5, )] | T
_ - (0577 (G30, )|~ (0) P (s, D) |
[ (i) = (b1 D (G, 0] [~ (b15) ®2 (Gro, )] |- (052) ®¥(Ga3,0)| | 54
e = 019D = | = (05444 (G, D)||- (050) 5555 (631, D)||- (53 ) (G5, )] | Tis
|- (03) 77 (G0, O] |- (052) ®® (G5, 0)|

Where‘—(bl”3 @G, t)|,|—(b{’4 @, t)|, — (b )M (G, t)|are first detrition coefficients for category 1,
2and 3

|—(b{’6)(2'2')(619, t) ‘ ,l —(by)#2) (G, t) |,|—(b{’8)(2'2')(619, t)‘ are second detrition coefficients for
category 1,2 and 3

|—(b§’0)(3'3')(623, t) |,|—(b§’1)(3'3') (Gy3,t) | , ’ —(b35) B3 (Gya, t) ‘ are third detrition coefficients for
category 1, 2 and 3
= () 4 (G, £)
for category 1, 2 and 3

| = (be) 55559 (Gay, )], | = (B5) 5555) (Gay, D) ], |~ (b0) ©555) (Gay, ) | are fifth detrition coefficients for
category 1, 2 and 3

= (b5,) 655 (G35, 1)),
for category 1, 2 and 3

|- (577 (G, D), |- (05) 77 (63, 0)],

—(by) @444 (Gt t) ‘ are fourth detrition coefficients

= (b)) ***) (6,5, )

’

—(b5s)©868)(Gye, )|, |—(b§ﬁ;)(6'6'6'6')(635, t) | are sixth detrition coefficients

- (b55) 77 (G, t) ‘ are seventh detrition coefficients for
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category 1,2 and 3
| )8 (G, t) “ (b)) B®(G,s, 1) H (b)) BB (G, t) | are eight detrition coefficients for category
1,2 and 3

Second Module Concatenation

(@16) @]+ (@) P (T17, O)|[+(ai5) W (Thy, ||+ (a5) 3P (101, )] ] 55
dGls = (a,0) @Gy, — |+(aé'4)(4,4,4,4,4)(7~25 t)l +(aly) 55555 (T, t)H‘l'(a” )(66660)(T,,, t)| Gre
+(a4e) 777 (Taz, O |[+(a40) @20 (T, )| |
(@) P+ P Ty, )]+ (@) ) (Tg, O || +(a5) B39 (T, 1) ] 56
0 = (a17) D616 — | [+(age) “HHD (Tys, 0)][+(ae) B5559) Ty, )] [+(as) 049 (T, t)l Gy
5T (Tyy, )] +(af) @O (T4, 0| J
(@16) @] +(a}) P (Ty7, ][ +(ais) ¥ (Thy, O ||+ (a5) 39 (T4, 0| 57
de = (a15) @Gy, — ‘+(a§’6)(4'4'4'4'4)(T25 t)‘ +(aly)E5555)(T,, t)H'I'(a ) (66666 (T,., t)| Gig
[ +(a4e) 777 (Ts, O ||+ (i) @28 (T, 0| |

1)@ (T, t) | are first augmentation coefficients for

Where ‘ +(al) @ (T,
category 1,2 and 3
|+(a{’3)(1'1') (Ty4, t) ‘ , | +(a)) B (Tyy, t) l , | +(a)s) B (Tyy, t) ‘ are second augmentation coefficient for

1’7)(2) (T17'

category 1,2 and 3
|+(a” )B33)(T,,, t)| |+(a E33(T,,, t)l |+(a ) B33 (T, t) | are third augmentation coefficient for

category 1,2 and 3

| +(ay,) 44D (Tyg, t) |, | +(ays) 44N (Tyg, t) |, | +(ays) 44N (Tyg, t) | are fourth augmentation
coefficient for category 1, 2 and 3

|+(a§’8)(5'5'5'5'5)(T29, t) |, | +(ayy) 5555 (T,, t) | , | +(a4y) 5559 (Tyo, t) ‘ are fifth augmentation
coefficient for category 1, 2 and 3

[+ (@) @500 (T35, 1)} | +(az) 5009 (T,
coefficient for category 1, 2 and 3

|+(a” Y77(Ty, t)l l +(ay,) 77Ty, t) | |+(a )77 Ty, 1) ‘ are seventh augmentation coefficient

t)‘ are sixth augmentation

for category 1, 2 and 3
| +(a4'1,0)(8'8'8)(T41: t) I; | +(aky 88Ty,
category 1,2 and 3

)@88(T,  t) ‘ are eight augmentation coefficient for

i) P~ (1) P (G15, D] [= (1) PP (G, 0| |- B3 B39 (G55, 0)| ] 58
T = (1) PTy; = | [= (05 @449 (G, D] |- (b3) ©5559) (6o, )] |- (052) @559 (G55, D | Tis
|- (03777 (G30, £) || - (050) ®#P (63, D) |
BN =B P (Gro, O] [ B P (6, 0] |- (b5 3 (G5, 0)| ] 59
T8 = (b)) PTig = | |- (03) “* (Gar, )| |- (05)F5559 (G50, D) ||~ (B35) ©*959 (Gas, )| | a7
= (05777 (G50, ) || - (5) ®P®) Gy, 1)
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[ 1)@= P (619, |-G (6, 0)]|- (b5 3 (G0, 0| ] 60
o = 0T = [Z05) 4 Gy, O (05) 45359 (G, 0] (05 @559 (G55, )| | Tro
- B4 777 (G30,0) |- (i) ®2®) Gz, )|

where | —(b7)® (Gy0,8)] ,[=(01) P (G10,9)] ,
category 1,2 and 3
=BG, 1),
1,2 and 3
|—(bé’0)(3'3'3')(623, t)|,|—(b§’1)(3'3'3')(623, t)|,|—(b§’2)(3'3'3')(623, t)| are third detrition coefficients for
category 1,2 and 3
| = (BF) @449 Gy, )} = (bs) 444D (G, )} = (be) 44D (G5, £) | are fourth detrition
coefficients for category 1,2 and 3
| = (B}e) 55559 (Gay, D) || = (b3) 5555 (G35, 1) |, | = (b5) 5555 (G4, 1) | are fifth detrition coefficients
for category 1,2 and 3
| =(b,) 6669 (Gye, )] | = (b3) €669 (Gys, 1) |,[ = (b5,) 5559 (G5, 1) | are sixth detrition
coefficients for category 1,2 and 3

|- (02777 (G390, )], |- BT (Ga0, 1))
category 1,2 and 3

|- (b3)®89 (Gys, 1),
category 1,2 and 3

—(b/) P (Gyo, 1) ‘ are first detrition coefficients for

— (b)) (G, b) |, | —(by) (G, t)l are second detrition coefficients for category

- (b35) 777 (G3o, t) ‘ are seventh detrition coefficients for

- (by) @88 (6,3, t) |, - (b)) BB (Gys, t) | are eight detrition coefficients for

Third Module Concatenation
(@50)®|+(@4) P (Ty1, O || +(a1e) @22 (Ty7, O | +(ai) 2 (T, )| ] 61

dGao _ (@30) PGy — ‘+(a’2’4)(4‘4‘4'4'4‘4)(T25, t)||+(a§'8)(5’5’5’5’5’5)(ng, t)||+(a1372)(6,6,6,6,6,6)(T33’t)l G
at 20 21 20

+(aé,6)(7’7’7’7) (T37, t) || +(a‘r{0)(8,8,8,8) (T41, t) ‘

(@) @[+ (@) P (To1, O ||+ (@) @22 (T, O| [+ (@D T (T, )] ] 62
dg:1 = (ay)® Gy — |+(a’2’5)(4'4'4'4'4'4)(T25,t)| +(aélg)(5,5,5,5,5,5)(ng't)”+(al3!3)(6,6,6,6,6,6)(T33,t)’ Gyt
[ +(@4) 777D (T, O ||+ (a) @228 (T, 0|
(@5) @ +(a5) @ (T, O |[+ (@) *2 (117, O | + () D (T, )] ] 63
222 = (a32)® Gy — |[+(afe) P4 (T, 0] [+(a50) 55559 (Tyo, O] [ +(a5) 5599 (T3, D) || G2
| +(a4) 7777 (Ts, O |[+(ai) @228 (T, )|

|+(a§’0)(3)(T21, t)H+(a§’1)(3)(T21, t)H+(a§’2)(3)(T21, t)‘ are first augmentation coefficients for

category 1, 2 and 3

[+(@1)?2D Ty, )], +(af) @2 (T, 1)
for category 1, 2 and 3

[+ (@ (T, 0],
for category 1, 2 and 3

+(ai) #*D (T, t) ‘ are second augmentation coefficients

s

+(al) A (T, ) |,|+(a§’5)(1'1'1') (Tya, t) ‘ are third augmentation coefficients
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| +(ay,) @D (T 1) |, | +(ays) @D (T, t) | , | +(ays) D (Tye 1) | are fourth augmentation
coefficients for category 1, 2 and 3

| +(ayg) 555555 (Tyq, t) |,| +(ayg) 555555 (Tyg, t) | , | +(agy) 55555 (Ty, t) l are fifth augmentation
coefficients for category 1, 2 and 3

|+(a” )(66:6:666)(T,, t)| |+(a” )(66:6:666)(T,, t)| |+(a ) (6:66666)(T_ . 1) ‘ are sixth augmentation
coefficients for category 1, 2 and 3

|+(a§’6)(7'7'7'7)(T37, t) |, | +(a%,) 7777 (Ty,, t) | , | +(a%) 7777 (Tyy, t) | are seventh augmentation

coefficients for category 1, 2 and 3

| +(ay,) B389 (T, 1) | | +(ay, ) B8 (T,,, 1) |, ‘ +(ay,) @888 (T, , 1) ‘ are eight augmentation coefficients

for category 1, 2 and 3

(b30) P = (130)® (G5, D |- (b1 #2610, O)| |- By (G, 0| ] o4
deo = (by) T,y — |_ by, @444 (G t)H_ bl ) 555555 (G, t)H_ bH)(6,6,6,6,6,6)(G3S,t)| Tyo
‘ (b)) 7777 (G, t)” (bl)®888) (G, , t)|
B3P = (13D ® (63, O |- B 2 (610, O)| - By (G, 0)| ] 65
de1 = (by) Ty — |_ by ) @444 (G t)||— (bY,) 555559 (Gy ) t)”— by, )(6,6,6,6,6,6)(G3S't)| Ty
= (037777 (G40, D) || (D5 BB (Gys, )|
(b3)P[=(13)® (63, D |- 1) #2610, O)| |- By G, 0| ] 66
dez = (by) T, — |—(b§’6)(4'4'4'4'4'4)(627 t)||— bl )E55555) (G, t)”— b”)(6.6,6,6,6,6)(635't)| Ty,
= (537777 (G50, D) || (bi) @58 (G, 0)|

|—(b D (G, (b3 P (G,s, (b3, P (G,3, t)| are first detrition coefficients for category
1,2and3
| —(bj)@22) (G, — (b} @22 (G, —(bj5)#% (G, 1) ‘ are second detrition coefficients for

category 1, 2 and 3
=), 0], |-
category 1,2and 3
|— —(bys) #4444 (G, 1) |,|— by ) @4 ED (G, 1) ‘ are fourth detrition
coeff icients for category 1, 2 and 3

|_ by, )(5,5,5,5,5,5)(031’ —(bY, )(5.5.5,5.5.5)((;31, t)| |— b, )(5'5'5'5'5'5)(631, t) ‘ are fifth detrition
coefficients for category ], Zand3

| — (b)) E66668) (G, )] | —(b43) 66668 (Gag, D) ||~ (b4,) 55558 (Gag, )| are sixth detrition
coefticients for category 1, 2 and 3

| (b¥) 777 (G, t)‘ | (BN T777 (G, 1) H (b3 7777 (G, t) | are seventh detrition coefficients
for category 1, 2 and 3

- (i) 8589 (G, D] |- (b
category 1,2 and 3
Fourth Module Concatenation

(b )BLL(G, b) | are third detrition coefficients for

rrrrr

- (bi,)®BB8(G,, 1) | are eight detrition coefficients for
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= (a24)(4)G25 -

= (azs)(4)Gz4 -

= (aze)(4)st -

[ (@5) @] +(ay) @ (Tys, ) |[+(a5) 5> (Tho, ) || +(a,) @ (T3, £) 67

[+ (@)@ (T, || +afe) @222 (T, O] [+(a50) O3 (Ty,, 0)| } Gas
| +(aze) 77777 Ty, t) l | +(ai) ®PEE (T, 1) | J
[ (@55) @] +(a55) P (Tys, )| +(ahe) &) (To, 1) || +(a5) ¢ (T3, 0) | 1| 68
[ +(ag) ) (T, )|+ (afy) 222 (T, O || +(ag) B339 (T4, )| | Gas
| +(ay) 77777 (Ty,, 0 ||+ (a) @2228 (T, )|
[ (a56) @] +(a5e)® (Tys, ) || +(a4e) %) (Tpo, ) || +(a) ¢ (T35, )| ] 69
[ +(ais) A (Tyy, || +(afs) @22 (T, O || +(a5) 3339 (11, 8)] |66
‘ +(a,3,8)(7'7'7'7'7)(T37' t) ‘ ‘ +(a4’;’2)(8'8'8'8'8) (Tyy, ) | J

(2@ (Tys, )] (@55)® (25, D), | (@5) P (Tys, 0|

are first augmentation coef ficients category 1,2 3

| +(a%) 55 (Tz0, O], [+(a50) 53 (Ty0, 0|, [+(a4) 55 (T2, 1) |

are second augmentation coef ficient for category 1,2 and 3

| +(a4,) %) (Tss, O], | +(a4) ¢ (T3, O], [ +(a) €5 (T3, )|

are third augmentation coef ficient for category 1,2 and 3

|+l D (Tyy, O} | +(a5) P (T, )

b

+(als) D (Ty, b))

are fourth augmentation coef ficients for category 1,2 and 3

| +(al) @222 (T, t) L | +(a)) @222 (T, t) |, | +(aly) @22 (T, t) ‘

are fifth augmentation coef ficients for category 1,2 and 3

| +(a4) B33 (T,y, O} [ +(ay) B3 (1,1, O} [ +(a)) B33P (T4, 0)

are sixth augmentation coef ficients for category 1,2 and 3

|+(a§’6)(7'7'7'7'7)(T37,t)|,‘+(a'3'7 (7‘7‘7‘7‘7)(T37,t)L‘+(a'3'8)(7‘7‘7‘7‘7)(7"37,t)‘

are seventh augmentation coef ficients for category 1,2 and 3

[+(@ip)©*** Ty, D),

+(ay) 8880 (T, 1)),

+(a,)®B880 (T, )]

are eighth augmentation coef ficients for category 1,2 and 3

dT,,
dt

dT,s
dt

dT,e
dt

= (b24)(4)T25 -

= (bzs)(4)Tz4 -

= (bze)(4)T25 -

[(050) @] = (b5 (G, )| | = (056) ®5) (Ga1, V) || - (B35) @ (G35, )] ] 70
=BG, )| [ = (b10) ## (Gro, ) || - (30) B33P (Gos, )| [T2s

= (B5) 77777 (G, 8) ||~ (b4e) @289 (643, 8) | |
[(b35) @] = (b55) @ (Ga7, )| | = (b55) &%) (G31, V) || (B35) @ (G35, )] ] 71
[=(Bi) 06, 0| [~ (15) 2 (Gro, O || - (051) P33P (Go3, D) | T2

= (DY) 77777 (G50, 8) ||~ (b5 889 (Gys, £) |

[ (036) @] =(b30) P (G5, O| [~ (B5) % (G31, )| |- (3¢ (G35, 1) | 72
=i AD (G, 0)| [ = (1) 222D (616, ) |- (03) P3P (623, 0)| | Tae
|- (03)77777 (Go, 8) |- (b3) @338 (G5, £) | |

Where |— by )P (Gyy t) H—(bé’s)(“) (G, 1) |,|—(b§’6)(4) (Gy7yt) ‘ are first detrition coef ficients
for category 1,2 and 3
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|—(bé’8)(5'5')(631, t) |,|—(b§’9 (55) (G, —(b3y) 5% (Gs, t)‘ are second detrition coef ficients
for category 1,2 and 3
| —(b3,)©%) (G5, t)| |—(b )60 (G5, t)| I—(b )8 (G, t)lare third detrition coef ficients
for category 1,2 and 3
-1 —(b!, (bys) DG, 0) |
are fourth detrition coef ficients for category 1,2 and 3
=1 3222 (Gro, O} | = (b)) 2P (619, D} | = (1) @22 (G1, )|
are fifth detrition coef ficients for category 1,2 and 3
|- (503339 (Gya, O} |- (053339 (G, O} |- (05 3339 (G, 0)|
are sixth detrition coef ficients for category 1,2 and 3
|- (B4 7777 D (G0, )], |- (B3 77777 (G0, O] |- (B5) 77777 (G, )|
are seventh detrition coefficients for category 1,2 and 3
- (i) ®2589) (G5, 1) |- (b5) B85 (Gys, )|
are eighth detrition coefftczents for category 1, 2and3

Fifth Module Concatenation

(a36) )| +(a%)® (Tz0, O || +(ay) *) (Ts, 1) || +(a4) @49 (T3, 0) | 73
dng = (a5)® 6o — |+(a" yattuoer,, t)l +(al,)@2222(T,,, t)H+(a” Y3:3333)(T, t)| Gog
l | +(as) 77777 (T, O) || +(afe) @289 (T4, 1) | J
(@39) )| +(ahe) @ (Tyo, O ||+ (a5) ) (Tys, || +(af) @09 (Ts5, )| ] 74
dgtzg = (‘129)(5)628 - ‘+(a" )(1 AL 1)(7114 t)| +(ai; (2.222.2) (Ty7,t) H+(a @, 3’3'3'3)(7‘21’ t)| Gao

|+(a§’7)(7'7'7'7'7'7)(T37, t)‘I+(a£}r1)(8,8,8,8,8,8)(T41't)|
(@50) @[ +(a%0) D (Tz0, O) || +(aye) “*) (Tys, )] | +(a5) @49 (T35, 0)| ] 75

50— (a30) 0 — | [F @D T, O+ @) P22 Ty, O]+ @) 53239 (T ] | 5,

‘_I_(au )(7,7,7,7,7,7) (T37 t) H+(a )(8,8,8,8,8,8)(T )‘
Where | +(a5)® (Tyo, 1) |, | +(a59)® (Tpo, )|, | +(a50)® (T, 1) |

are first augmentation coef ficients for category 1,2 and 3
And[+(a5) 4 (Tys, O], [+(@5) ) (Tys, O]

are second augmentation coef ficient for category 1,2 and 3

(@)% (T35, )], [+(a5) 059 (T35, D], [+(a3) ©4 (T35, )]

are third augmentation coef ficient for category 1,2 and 3
|+(a1’3)(1'1'1'1'1)(T14, t) |,|+(a§’4)(1'1'1'1'1)(T14, t) |,|+(a1’5)(1'1'1'1'1) (Ty4, t)‘ are fourth augmentation
coefficients for category 1,2, and 3

| +(ays) @222 (T, t) |,| +(ay,)@#222 (T, t) |,| +(aly) @#222 (T, t) ‘ are fifth augmentation
coefficients for category 1,2,and 3

|+(a§’0)(3'3'3'3'3)(T21, t) |,|+(a§’1)(3'3'3'3'3)(T21, t) |,|+(a§’2)(3'3'3'3'3)(T21, t)| are sixth augmentation

coefficients for category 1,2, 3
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| +(aé'e)(7'7'7'7'7'7)(T37. t) | ) +(aér7)(7,7,7,7,7,7) (Ts7t)
coefficients for category 1,2, 3
| +(ay,) @8 8888) (T, t) | ,| +(ay,)®88888)(T,  t) | ,| +(ay,)®88888)(T,  t) ‘ are eighth augmentation

coefficients for category 1,2, 3

,| +(a4s) 77777 (Tyy, t) | are seventh augmentation

[ (535)®]—(bYs)® (Ga1, )| |~ (bY) “*) (G, )|~ (b32) €0 (Gas, )| ] 76
T = () Oy ~ | OO0, 0] [0 (G, D] G (G, D) T
_ |- (D5 777777 (G30, 8) ||~ (Do) 33889 (G5, 8)
[ (530)®] = (b36)® (G31, )] [~ (b3s) **) (a7, D) || - (b3) @ (Gas, )] ] 77
d;? = (b20) O Ty = | | = (B 11D (G, )| | = (35) @222 (61, D) | |- (5 B339 (G, 8)] | Tao
= (DY) 77777 (G, 8) |- (by) BH88D (G5, 8) | _
[ (550) )= (b30)® (Ga1, | [~ (b30) “* (627, )| |- (b5 ©59 (G35, D) ] 78
T < (b)Tas | BTG, 0] [~ P77 (G190 - 05 (G )] [Tao
~ (b3) 77777 (G, 8) || (byn) BHB88D) (Gys, £) }

where |- (b5)®(Ga1, 0)]
for category 1,2 and 3
=054 (Ga7, || (b)) (G2, 0|,
for category 1,2 and 3

| = (65659 (G5, )], | = (B3)©% (G35, O) |, |~ (b5 ©*9 (G35, £) | are third detrition coefficients
for category 1,2 and 3

|—(b{’3)(1'1'1'1'1)(6, t) |,|—(b{’4)(1'1'1'1'1)(6, t)l ,|—(b{’5)(1'1'1'1'1')(6, t)| are fourth detrition coefficients for
category 1,2, and 3

| = (b) @222 (G0, O || = (1) #**?D (Gyo, )| = (1) @222 (G4, 1) | are fifth detrition coefficients
for category 1,2, and 3

|- (b50) 3339 (Gy3, 0} |- (b)) 3233 (Gys, )] |- (b) 33339 (G5, ) |are sixth detrition coefficients
for category 1,2, and 3

|- (b5 77777 (Gao, 0)|, |- (B3N T77777) (G, £)| |- (b4e) 777777 (G, 1) | are seventh detrition
coefficients for category 1,2, and 3

|- (i) 88889 (G5, )] |- (b)) B8589 (G, ),
coefficients for category 1,2, and 3

Sixth Module Concatenation

—(b4) (G4, t)| ,|—(b§’0)(5)(G31,t)‘ are first detrition coefficients

—(by )4 (Gyy, t)‘ are second detrition coef ficients

- (by,)(®88888)((G,. 1) ‘ are eighth detrition

(@5) @ +(a4) O (Ts, O) || +(aye) 5% (Tpo, )| [+ (@h) @+ (Ty5, 0] ] 79
T (002) g ~ | @)D Ty, D] (@) P22 Ty, )| [ ()52 (T, 1) G
| +(a4) 7777777 (Ty,, 0| | +(afy) @228888)(T, 1, 0)|
(@43) @ +(a3)© (Ts3, O |[+(a50) 55 (Tpo, )| +(ae) ***) (Ty5,0)| ] 80
dgf = (233) @63, — |[+(ay) D (T, O || +(afy) #2222 (T, O) || +(ag) B339 (1, 1) || Gas
| +(a5) 7777770 (T, o) ||+ (ay;) @888 (T, |, o)
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] (@4) @ +(a4) @ (Ts3, O || +(ake) 5% (Tpo, )| | +(ahe) *+*(Tys, )| 81
634 n n n
dr (a34)© G35 — |+(a15)(1‘1'1'1'1'1)(T14,t)| +(af) #**223 (T, t)‘I+(a22)(3’3’3'3'3'3)(T21,t)| G3q

| | +(a4) 777777 (Ty,, ) ||+ (aiy) @288888) (T, 0)| |

|+(a§’2)(6)(T33,t) |,|+(ag’3)(6)(T33,t)|,|+(a§’4)(6)(T33,t)| are first augmentation coef ficients

for category 1,2 and 3
[+ (@5) 559 (Tpo, )|, +(a30) &5 (Tyo, )], |+ (@50) 5% (T3, )]

are second augmentation coef ficients for category 1,2 and 3

[+ (@) @A) (Tys, )|, +(aze) 44 (Tys, )], [+ (a5) @4 (Tys, )|

are third augmentation coef ficients for category 1,2 and 3

|+(a{’3)(1'1'1'1'1'1)(T14, t) |,|+(a1’4)(1'1'1'1'1'1)(T14, t) |, | +(a)s) PLLLLD(T,, t) | - are fourth augmentation
coefficients

|+(al) 2222 (T, O |+ (af) #2222 (T, O) || +(ay) @22222 (T, )| - fifth augmentation
coefficients

| +(a)®33333(T,,, 0| [ +(ay) ®33333(T,y, O || +(ag) @22233) (T, )| sixth augmentation
coefficients

| +(a%e) 77 77T (T, t) || +(ay,) 77777 (T,,, t) | |+(a’3’8)(7’7’7’7’7’7’7)(T37, t) | seventh augmentation
coefficients

| +(az’t’0)(8'8'8'8'8'8'8) (Ty1, ) ‘ ) +(a2’1)(8'8'8'8'8'8'8) (Tar, ©) | ’

Eighth augmentation coefficients

+(al,)®8B88888) (T, 1) |

(B52) @ = (b3)© (G35, D) || - (BYe) 559 (G, ]|~ B3 (G5, 0| ] 62
dc'll"iz = (bsy)©Tss — ‘—(b{g)(l'l'l'l'l'l)(G, t)‘ ‘_(big)(z,z,z,z,z,z) (Gyo, ) H_ (by)333333)(G,,, t)| Ty,
|_ (B T7TTTT) (G, £) ||_ (by)(©888388) (G, . t)’ |
(B52) @ =(13) @ (G35, D) || - (b55) 559 (Ga1, || - b3) ** (6,7, 00| ] 83
T = (01T, - [COT @, 0] [Cbi) D Gy 0] ) (G, D) T
|_ (b)Y T7TTTT) (G, £) ||_ (b)) (®B88888) (G, t) I |
(B3| = (b5)© (G35, D) || - (B5) 59 (G, )] |- b3) ***) (6,7, 0| ] &4
d;iz; = (bsy)©Tss — ‘—(b{'s)(l'l'l'l'l'l)(G, t)‘ ‘_(birg)(z,z,z,z,z,z) (Gyo, ) H_ (b4,)333333) (G, t)| Tas
|- (b3) 7777777 (G, 0)| |- (b5)®B88889)(G, 5, )]

|—(b§’2 ©)(Gss, t)|, —(b55)©® (G35, 1) ,|—(b§’4 (6)(G3s,t)| are first detrition coefficients

for category 1,2 and 3

= (B3) 559 (Gay, 0)], | = (b5) 59 (Gay, £)],| = (B50) 5 (Gay, )]

are second detrition coef ficients for category 1,2 and 3

=054 (6o, )|, | = (05) 4+ (G, )|, | = (056) 4+ (G, D) |

are third detrition coef ficients for category 1,2 and 3

|—(b{’3)(1'1'1'1'1'1)(6, t) |,|—(b{’4 ALLLLD (G ¢) |,|—( 1) BLLLLD (G t)| are fourth detrition coefficients
for category 1, 2, and 3
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| = (b1) @222 (G5, )| | = (b15) 22222 Gy, 1)} | = (b1s) @22 (G4, 1) | are fifth detrition
coefficients for category 1, 2, and 3

|- (B5) 333339 (G5, )| |- (b)) 22333 (G, D] |- (b3) 333228 (6,3, 1) are sixth detrition
coefficients for category 1, 2, and 3

| (bll ) bll )
coefficients for category 1, 2,and 3

|‘ (bao ~ (by) B8589 (G, 1) |- (by) 258889 (G, 1)

are eighth detrition coefficients for category 1, 2, and 3

- (bY) 777777 (Gag, t) ‘ are seventh detrition

;;;;;;;;;;;;

......

Seventh Module Concatenation
dt

(@46) 7| +(a4e) 7 (Ts7, D) || +(aje) #2222 (15, D) || +(agy) #3333 (T, 1, £) | ]
= (a36) 7 Gs7 — \+(a" )UAAAAAD (T, £)]|+(ahe) GF55559) (T, £) || +(a) ©O00059) (Tos, 1) | |Gy

l |+(a" )(1,1,1,1,1,1,1)(T14 t)||+(a” )(8,8,8,8,8,8,8,8,)(T )| J
dGs, 86
dt

[ (@5) 7| +(af) D (Tsy, O |[+ (a5 2222222 (T, 0)|[+(ag,) B233333) (T, D) l
— (a37)(7)636 _ ‘_i_(au )(4—,4,4—,4,4—,4,4) (TZSJ t)H+(a” )(5,5,5,5,5,5,5)(7129 t) H+(a/l )(6,6,6,6,6,6,6) (T 53 t)’ 614

|+(au )(1,1,1,1,1,1,1)(7114 t)||+(a" )(8.8,8,8,8,8,8,8)(T )| J
dGsg 87
dt

[ (@50) 7| +(ae) ) (Tsy, O ||+ (af5) 2222220 (T, ) ||+ (a5,) 3333333 (T, )| |
= (a39) PGy — | [+(aye) @444 (Tys, || +(ay) E555559) (T, £) || +(a5) ©000999 Ty, )| |G
‘+(a" )(1'1'1'1'1'1'1)(T14, t)H+(a )(8,8,8,8,8,8,8,8)(7141 t)l

Where | (a36)? (T57,6) [ (a5) (T,
category 1,2 and 3

| _l_(a£r6)(2,2,2,2,2,2,2)(T”’
augmentation coefficient for category 1, 2 and 3
[+ (a50)C333339 (T, 0)|, | +(ag) G333333) (T,
augmentation coefficient for category 1, 2 and 3

[+ (a5 #4444 (Tyg, 1) | [ +(as) H+4444D (Tyg, 1) |, |+ (age) 444444 (Tys, 1) | are fourth
augmentation coefficient for category 1, 2 and 3

|+(ag’s)(5'5'5'5'5'5'5)(ng, t)|,|+(a§’9)(5'5'5'5'5'5'5)(ng, t)|,|+(a§’0)(5'5'5'5'5'5'5)(ng, t)| are fifth augmentation
coefficient for category 1, 2 and 3

|+ (a4,) 6500850 (T, 1)) | +(ags) ©556069) (Tyq, )|, | +(ay) 55005 (T, 1) | are sixth
augmentation coefficient for category 1, 2 and 3

[+ (@) D (T, )], [+ (@) D (T, )| [ +(afs) WD (T, )| are seventh

augmentation coefficient for category 1, 2 and 3

1) (Ty7, 1) | are first augmentation coefficients for

1) (2222222 (T, t) | are second

1’7)(2,2,2,2,2,2,2) (T17,

é’z)(3'3'3'3'3'3'3) (Tyq,t) ‘ are third
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Il

|+(au )(888,8,88,38) (T, t)l |+(a (8,8,8,8,8,8,8,8)(T41'

are eighth augmentation coefficient for 1,2,3

(8,8,8,8,8,8,8,8,) (T ) |

6 _ 88
dt
[ (05607057 (Gao, D] [~ (b1) 22222 (G0, )] |- (b) *22222 (G5, 1) |
(bae) Ty — | [ 03 H44449 (G, 0)] |- () 555559 Gy, 0) |- (b3) @250 (G5, )] |1,
— (b)) @116 )| (b )B8888888) (G, . 1) |
| 13 , 40 43)
aTs7 _ 89
at
(b37)(7)‘—(b )(7)(639,1:)‘ ‘—(b 1)@222222) (G, t)|| (b)) B333333)(G,, t)l ]
(b37)(7)T36 - |_ b )(4'4'4'4'4'4'4)(627 t)|| (by )(5,5,5,5,5,5,5)((;31 t)” (b3, )(6,6,6,6,6,6.6)(6 25, t)l Ty
_ ‘ (bl LD (G t)H (by,)(88888888) (G, )‘ J
alss _ 90
dt
[ (bl )(7)|_(b D (G, t)l ‘—(b )@222222) (G, o t)H (bY,) 3333333 (G, t)‘ ]l
(bsg)Tsy — ‘ (by)@AAA44D (G, t)H (bi) 5555555 (G, t)” (b1,)6666666) (G, t)’ }Tm
| (bl )(1,1,1,1,1,1,1)(G t)H (bL,)(®8888888)((, . t)|

Where | —(b D) (G30,0)|,| - (b5 P (G,
category 1,2 and 3

=i @22222D (Gro, 1) |, | = (biy) #22222 (G,
coefficients for category 1, 2 and 3

| (b)) —(by)B®333333) (G, t)l |— by,)3333333) (G, t) | are third detrition
coefficients for category 1, 2and 3

| —( —(byg) 444N (G, t) l , | —(by) @444 4ED (G, 1) | are fourth detrition
coefficients for category 1, 2 and 3

| (bu )(5,5,5,5,5,5,5) (631, bll )(5.5,5,5,5.5,5) (631, t)| ’_ b” (5,5,5,5,5,5,5) (631 t) | are fifth detrition
coefficients for category 1, 2 and 3

| —(bs,) (666660 (G, —(bs,)(©666666) (G, t)| |— bY,)(6666666) (G, t) | are sixth detrition
coefficients for category 1, 2and 3

|_ (bl)@11LLLD (G p) ‘ " _ (by,)LLLLLD (G ) H_ (b)A11LL1D (G f) |

are seventh detrition coefficients for category 1, 2 and 3

|_ (by,)®8888888) (G, . )| |- (by,)BBEBEEEE) (G, 1) |- (by,)BBB8BEEEE)(G,, 1) | are eighth detrition
coefficients for category 1, 2 and 3

Eighth Module Concatenation

1) (G0, 1) | are first detrition coefficients for

(b)) @222222) (G, t)| are second detrition

rrrrrr

......
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dGyo 91
dt
= (as0) ® Gy
(@h0) @] +(ai) @ Ty, || +(afe) @2222220 (1,5, 0| | +(ag) O323232(Ty,, 1) |

— | | +(ay,) @atdsdsd) (T, t) ‘ | +(ag) E5555555) (T, o t) H +(ay,)(66666666)(T,, t) | | Gy3

| [+ (ai) AHAAAD (T, )| +(ase) 7777777 (T35, 0)| |
dGyq 92
dt
= (a41)(8)640
[ @)@ (T, )] [ +(@i) 22222228 (1, )] | +(a5) 32222229 (1, 1) |
[+ (ags) @444 (T, )| | +(ag) 55535559 (Tyo, 1) || +(agy) ©0000000) (T35, )| | Grs
[ @) AT, 0) || +agy) 77777 (T, 0)| j
dGy, 93
dt
= (‘142)(8)641
[ (@)@ +(@i)® (T, 0] +(a5) 22222228 Ty, )| [ +(a5) 02222229 (T, )] ]
| [+ (age) #4444 449 (T, 1) || +(agy) G5555559) (T, 0)| [ +(a5) @000 (T3, 1) | [Grs
|+ (af) A2 (T, 1) || 4(ae) 77777777 (T, 1) | J
Where ‘ +(ai)® (T, 1) ‘ ,|+(az’t’1)(s) (Tar, ©) | )
category 1,2 and 3
|+(a1's)(2’2'2'2'2'2'2'2)(T17' O], [+(ay)@2222222 (1, 1)
augmentation coefficient for category 1, 2 and 3
| +(ay,)B3333333) (T, t) ‘ ) | +(ay,)B3333333)(T,, t)
augmentation coefficient for category 1, 2 and 3
| +(ay,)@Haradad) (T, ] | +(ays)@rdndddd) (T, 1)
augmentation coefficient for category 1, 2 and 3
|+(a§’s)(5'5'5'5'5'5'5'5) (T, t) L +(ayy) 5555555 (T, o t)
augmentation coefficient for category 1, 2 and 3
| +(ay,)(©6666666)(T, . ) I’ +(al,)(©6666666)(T, . )
augmentation coefficient for category 1, 2 and 3
| +(aly) VLI (T, Y H +(ay,) LDy, ) ‘ ‘ +(a))@LILLLLD (T, 1) ‘ are seventh
augmentation coefficient for 1,2,3
| + (aéIG)(7,7,7,7,7,7,7,7) (T37, t) +(aél7) (7,7,7,7,7,7,7,7) (T37, t)

augmentation coefficient for 1,2,3

+(ay,)®(Tyy, ) ‘ are first augmentation coefficients for

+(alg) Z2222222) (T, t) | are second

s 7

,I +(a,)B3333333) (T, t) | are third

, l +(ayg) @AaaaaAD (T, ) | are fourth

[ +(a5,) 5555559 (T,, 0)] are fifth

) l +(azy) (6,6,6:6,6,6,6,6) (T35, 1) | are sixth

)| )

+(agg) 77777 ITT( Ty, t) | are eighth

ATa0 _ 94
dt

[ (030) @[ =(bi)® (Gys, )] [~ (1) @222222D (G0, )| |- (b5e) 33333329 (G5, 1) |

(o) O Ty, — | |- B @+ 44440 (G, 0) || - (b) E5555559) (G, 1) | - (b3)©505069) (G, 0)| |7,

l ’_ (b)) BLILLIID (G ) ”_ (b )T7777.77.D (G, t)’ J
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aTa _ 95

dt

[ (i) @[ =B ® (s, )] [~ (b)) 22222222 (G0, D) || - (bg) 2233339 (G, )| ]

(bay)®T,o — |_(béls)(4'4'4'4'4'4'4'4) ) H_ (bYy) 55555555 (G, t) I |_ (bY,)(66666666) (G, t)| Ty
i ‘_ (b)) BALLLLLD (G ) H_ (b)) T77777.77) (G, £) |
dlaz _ 96
dt

(b32) @] = 05)® Gz, O] [~ B1p) 2222222 (G, )| |- (1) 32232339 (G5, 1)
(bi2) O Ty = | [ (b #4444449 (G, )| - (bg) 5555559 (G, )| (b5) ©506989) (G, )| | Tus
i |_ (bl)LILLLLLD (G ) ||_ (bl) 77777777 (G, t)l
Where | = (b)” (G0, D) |,| = (b37)? (G30,0)|,
category 1,2 and 3
| (bi) 2222222 (G, 1) |, | = (biy) @2222222) (G, 1) | = (bji) #2222 (G, 1) | are second
detrition coefficients for category 1, 2 and 3
|—(bé'o)(3'3'3'3'3'3'3'3)(623, t) | = (by) 33333333 (G, £)
coefficients for category 1, 2 and 3
|—(bé'4 Yt (G 1) | = (s )
detrition coefficients for category 1, 2 and 3
| — (b)) (55555555 (G, t) | , | — (b}, (55555555 (G, t)
coefficients for category 1, 2 and 3
[— (1) ©868) (G5, )], [~ (b55) @68 (G5, £)],| - (bj) 11122211 (G, 1) | are sixth detrition coefficients
for category 1, 2 and 3
- G110 (G, D], |- (b (G, 1),
coefficients for category 1, 2 and 3
|_ (b§’6)(7'7'7'7'7'7'7’7)(639, t) |’| _ (b§'7)(7'7'7'7'7'7‘7‘7)(639, t) | "_ (b3"8)(7'7'7'7'7'7'7'7) (Gsort) ’ are eighth detrition

coefficients for category 1, 2 and 3

—(b55) 7 (G30, t) | are first detrition coefficients for

,I—(bé’z)(3'3'3'3'3'3'3'3)(623, t) | are third detrition

, | —(by) 444D (G, 1) | are fourth

, ’_(béro)(s,s,s,s,s,s,s,s)(631, t) ’ are fifth detrition

- (bY) 77 (G0, 1) | are seventh detrition

Where we suppose

(A) (ai)(l)! (al!)(l)’ (al{’)(l)’ (bi)(l)l (b{)(l)’ (bL”)(l) > O; 97
i,j = 13,14,15

e functions (a; ) i are positive continuous increasing an ounaed.
B The functions (a;)®, (b;")V are positi i i ing and bounded
Definition of (p;)V, (;))®:

(@) P (Tia 1) < )W < (Ay3)®P
BHPG,H < ()P < BN < (By3)D

©  limpy (@)D (T, ) = )@ 78
limg o (b/)D (G, 1) = ()@

Definition of ( 4,3 )™, (B3 )™ :
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Where ‘ (A13)D, (B3P, (p)D®, ()W ‘ are positive constants and [i = 13,14,15

They satisfy Lipschitz condition: 99

(@)D (T t) = (@) DO (T, )] < (ky3 )D|Tyy — Tiyle™ ()Pt
(b6, £) = BHD(G, )] < (ki3 )D|G — G'[|e=(Fa2) Dt

With the Lipschitz condition, we place a restriction on the behavior of functions

(@)D, t) and(a] )V (Tyy, t) . (T{,,t) and (Ty,, t) are points belonging to the interval

[k )®, (My5)D] .1t is to be noted that (aj") ¥ (Ty,, t) is uniformly continuous. In the eventuality of
the fact, that if ( M,; ) = 1 then the function (a} ) (Ty,,t), the first augmentation coefficient
attributable to terrestrial organisms, would be absolutely continuous.

Definition of ( M,5 )@, (k3 )™ : 100
(D) (My3)D, (k13)D, are positive constants

@® ™
(My3)D 7 (My3)D <1

Definition of ( £;5 )™, (0,3 )® : 101

(E) There exists two constants ( ;3 )™ and ( 0,5 )* which together
with (M3)®, (ky3)D, (A13)® and (B3 )® and the constants
(a)®, (@)™, )@, (bW, @)W, ()™, i = 13,1415,
satisfy the inequalities

1 , . R ~
@@+ @)+ (Aig)O + (Pg)® (k)] <1

(1‘7112)(1) [ )P+ BDD + (Biz)D + (Q13)P (kyz)P]<1

Where we suppose
(F) (ai)(Z)' (al{)(Z)l (al{’)(Z)l (bi)(Z)l (bll)(Z)l (bL”)(Z) > 01 ll_] = 16;17;18
(@ The functions (a})®, (b;")® are positive continuous increasing and bounded.

Definition of (p))@, (r;))®:

(@ ®(Ty7,t) < )P < (Agg )(2) 102
(b)Y P (Gro,) < ()P < (B)P < (Bys)@ 103
H)  limg,e(@)? (T, 0) = ()@ 104
limge (B)@ ((Gyo), t) = (1)@ 105
Definition of (A;5)®, (B,6)® : 106

Where ‘ (A16)P, (B1c)@, ()P, ()@ ‘are positive constants and [i = 16,17,18

They satisfy Lipschitz condition:

WWW.1jsrp.org



IJSRP Monograph Publication 30
ISSN: 2250-3153

|(a{')(2)(T1'7, t) — (al{’)(z)(Tn' )| < (ki )PITy; — T1’7|e_(M16)(2)t 107

151D ((G16)', £) = (B P((G10), )] < (K16 )P [1(G10) — (Gyo)'||e~(F16) Pt 108

With the Lipschitz condition, we place a restriction on the behavior of functions (a;")® (Ty,, t)
and(a})?(Ty7,t) . (T{5,t) and (Ty,, t) are points belonging to the interval [( k)@, (M;6)@] . 1tis
to be noted that (a}")? (T, t) is uniformly continuous. In the eventuality of the fact, that if

( M4)® = 1 then the function (a})®(Ty,,t), the first augmentation coefficient attributable to
terrestrial organisms, would be absolutely continuous.

Definition of ( M, )@, (k)@ :
M (Mys)P®, (k16)®, are positive constants 109

@® )@
(M16)® 7 (M16)?)

Definition of ( £,3)®, (Q13)@®:

There exists two constants ( P4 )® and ( 0,4 )® which together
with (M;6)®, (k16)®, (A15)Pand ( By )@ and the constants
@)@, (@)@, )@, P, @)@, ()@,i=16,17,18,

satisfy the inequalities
_1 I A~ ~ ~
T [(@P+@)P + (Adie)® + (P)® (kie)P] <1 110

1

Gl 0P+ GNP + (Bi)® + (Q16)® (k1)@ <1 11

Where we suppose

(]) (ai)(3)l (ag)(:;)' (agl)(S), (bi)(S)l (b{)(S)l (bl”)(S) > 0) l)] = 2012 1122 112
The functions (a})®, (b/")® are positive continuous increasing and bounded.

Definition of (p;)®, (r;)®:

(ai)®(Ty1,0) < (P)® < (Az0)®

(NP (G5 ) < ()P < ()P < (By)®
limr, e (a])® (T, 1) = (p)® 113
limg, o (b{)® (Go3,0) = (1)@

Definition of ( 4, )®, ( B, )® :

Where ‘ (450)®, (Byo)®, 0)®, (1)® ‘ are positive constants and [i = 20,21,22

They satisfy Lipschitz condition: 114

@M1, 8) = (@)D Ty, )] < (hzo )Ty — TyyleF20)P

[0 B (Gas', 1) = (B")D (Gas, )] < (o )P|Gaz — G ||~ (M20)Pt
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With the Lipschitz condition, we place a restriction on the behavior of functions (a;)® (T;,,t)
and(a})® (T,1,t) . (T3, t) And (T4, t) are points belonging to the interval [( kyo)®, (M4 )] . 1tis
to be noted that (a}")® (T,,, t) is uniformly continuous. In the eventuality of the fact, that if

( M, )® = 1 then the function (a}')® (T,,,t), the first augmentation coefficient attributable to
terrestrial organisms, would be absolutely continuous.

Definition of ( M, )®, (k)@ : 115
(K) (M,0)®, (ky )P, are positive constants

@® @
(M20)® 7 (Mz0)®

There exists two constants There exists two constants ( P,, )® and ( Q,, )® which together with 116
(M), (ky0)®, (A,0)Pand ( B,y )® and the constants

(@)@, (@)@, B)®, ()P, )P, ()@, =202122,

satisfy the inequalities

1

T [ (@ + @)@+ (A2)® + (Pr)® (k30)P] <1

el BF GNP+ (B0)® + (020) (ko)) < 1

Where we suppose
(@)@, (@)™, (@)@, B)®, D™, (bNW >0, i,j = 242526 117
(L) The functions (a/)®, (b/")® are positive continuous increasing and bounded.
Definition of (p,))®, (r;)™:
(@) P (Tys,8) < (p)™ < (Ay )P

GD (@), t) < ()W < BD® < (Bos)®

118
M) limg, o (ai)® (Tys,t) = (p)®
limgoo () ((G27), £) = ()@
Definition of ( 4,4, )™, ( By, )™ :
Where ‘ (A3)®, (B ), (p)®, ()@ ‘ are positive constants and
They satisfy Lipschitz condition: 119

" ’ " - ' —( My )@
1(@i) ™ (Tzs,t) — (@i )P (Ty5, )] < (koo )BTy — Tysle™(M2s) Ve

" ’ " " ’ (M ()]
|5 P ((G27)', ) = (BN P((G27), )] < (Rza YPNI(G7) = (Go7)'||e M)t

With the Lipschitz condition, we place a restriction on the behavior of functions (a;")® (T;s, t)
and(a;" ) (Tys,t) . (Tys, t) and (Tys, t) are points belonging to the interval [( &y, )@, ( My, )®] . Itis
to be noted that (a/")® (T,s, t) is uniformly continuous. In the eventuality of the fact, that if
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32

(M, )™ = 4 then the function (a}")® (T,s, t), the first augmentation coefficient attributable to

terrestrial organisms, would be absolutely continuous.
Definition of ( M,, )™, (k)@ :
(M, )®, (ky, )@, are positive constants

@® @
(Mag ) 7 (Mp4)®

Definition of ( P, )™, (Q24 )™ :

(N) There exists two constants ( P,, ) and ( Q,4 )™ which together with
(My, )™, (ks )P, (A,.)Pand (B,, )™ and the constants
(@)@, (@)™, )@, (D™, @)™, ()™, i = 24,2526,
satisfy the inequalities

1 , R - )
(M24)® [ (ai)(4) + (ai)(4) + (A) P+ (P)® (k)W) <1

1

@ L B)® + BND + (By)® + (0p0)@ (Rpy)®] < 1

Where we suppose

(@)®, (@)®, (@), (b)®, BN, (b >0, i,j=282930
L L L L ]

) The functions (a/)®, (b/")® are positive continuous increasing and bounded.

Definition of ()®, (1,)®:
(@i )® (Tyo,t) < () < (Aps)®

BN ((Gs1), 1) < () < (DD < (Byg)®

P limgye (@) (T, 1) = ()
limg e (B/)® (G31,8) = (r;)®

Definition of ( A,5 )®, ( B, )® :

Where ‘ (A5)®, (Bys)®, )®, (1)® ‘ are positive constants and [i = 28,29,30

They satisfy Lipschitz condition:

(@) O (Tpo, £) — (0" )(Tpo, )] < (Figg )®)|Tpg — Tole™ (M)t

I(bYE((G31)',6) — (B])P((G31), )] < (og YO|(Ga1) — (Gay)'||e™(M2e) Pt

With the Lipschitz condition, we place a restriction on the behavior of functions (a;")® (T, t)

120

121

122

123

124

and(a;")® (Tye,t) . (Tso, t) and (T,o, t) are points belonging to the interval [(k,g)®, (M) ] . Itis

to be noted that (a/")® (T,o, t) is uniformly continuous. In the eventuality of the fact, that if

( M5 )® = 5 then the function (a}")® (T, t), the first augmentation coefficient attributable to
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terrestrial organisms, would be absolutely continuous.
Definition of ( M,5 )®, (k5 )® : 125
(Mg )®, (kyg)®), are positive constants

@® _®
(M28)®) 7 (Mag)®

Definition of ( P,g ), (0,5 )™ : 126
There exists two constants ( P,g )®) and ( Q,g )® which together with

(M,5)®, (ky5)®, (A,8)Pand ( B,g )™ and the constants

@)®, (@)®, (b)®, b)), )™, )®,i=128,29,30, satisfy the inequalities

1

(M2g)® [ (ai)(S) + (al")(S) + (AZS )(5) + (1328 )(5) (’EZS )(5)] <1

el G+ OGN+ (Baa)® + (026) (kzg)®] < 1

Where we suppose
ai 1] a; 1] a; 1] i 1] i 1] i > 1] ll_] = 1] 1]
(@)@, @)@, @), B, BN©, BN >0, i, = 323334 127
Q The functions (a,)(®, (b/")® are positive continuous increasing and bounded.
Definition of (p,)©®, (1;)©:
(@) (Ts3,t) < (P < (A52)©@
(N O ((Gs5),8) < (1)@ < (B)® < (Bs)©

128

(R) limTz-’OO(algl)(6) (T35, 1) = (pi)(ﬁ)
limge ()@ ((G35), ) = ()@

Definition of ( 45, )®, ( B;, )® :

Where l (A3,)®,(B3,)®, (p)®, (1)® l are positive constants and [i = 32,33,34

They satisfy Lipschitz condition:

|(a£’)(6)(T3’3' t) — (al{’)(ﬁ)(T33; O] < (kaz ) O|Ts5 — T3’3|‘?_(M32 Ot
1 1] 1 T ’ —(M )
[(bi) @ ((G3s)',t) — (bi") @ ((G3s), £)| < (ka3 )O|(G3s) — (G35)'lle (#152)(t

With the Lipschitz condition, we place a restriction on the behavior of functions (a;")© (Tss, t)
and(a}")® (Ts3,t) . (T43,t) and (T3, t) are points belonging to the interval [( k3, )(©, (M3, )©] . 1tis
to be noted that (a")(® (T3, t) is uniformly continuous. In the eventuality of the fact, that if

( M3, )® = 6 then the function (a/')® (Tss,t), the first augmentation coefficient attributable to
terrestrial organisms, would be absolutely continuous.
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Definition of ( M, ), ( k3, )© : 129
(M3,)®, (K3, )®, are positive constants

@® _®
(M32)® * (#32)(®)

Definition of ( P;, ), (05, )©® : 130
There exists two constants ( P;, )(® and ( Q5, )® which together with
(M3,)®, (k3,)®, (A3,)@and ( Bs, )© and the constants

(@)@, @), (5@, D@, D®, (), i =323334,
satisfy the inequalities

1 , R R ~
@[ @@+ @@+ (A32)@ + (P3)® (k)@ < 1

Gl 0@+ BD@ + (B3)@ + (052)@ (k) @] <1

Where we suppose

(@)?, @), @H)?, ()P, BN, (b)) > 0, 131
i,j = 36,37,38

The functions (a;)™, (b)) are positive continuous increasing and bounded.
Definition of (p;)”, (r;)™:

(@) P (Ts7,6) < ()P < (A36)7

(b7 (G30,0) < ()P < (WD < (B36)?”

132
limg, o, (al{,)(7) (T37,t) = (pi)(7)
limgoo ()7 ((G30),t) = ()
Definition of ( A3¢ ), (B3 )7 :
Where |(A36 YD, (B3 )7, ()7, (ri)(7)| are positive constants
and |i = 36,37,38
They satisfy Lipschitz condition: 133
(@Y7 (T47,8) = (ai' ) (Ta7, )] < (ks )| Ta7 — T3:7|e_(M36)(7)t
" ’ " 7 1 a—( Mae )7
|67 ((G39)',t) = (b)Y ((G3),t)] < (k36 ) PN1(G39) — (G3o)'||€™Ma6) e
With the Lipschitz condition, we place a restriction on the behavior of functions (a)™ (Ts,,t)
and(a})"(Ts;,t) . (T35, t) and (T3, t) are points belonging to the interval [( k)™, (M36)™] . Itis
to be noted that (a/)’(Ts,,t) is uniformly continuous. In the eventuality of the fact, that if
(M) =7 then the function (a/)?(Ts,,t) , the first augmentation coefficient attributable to
terrestrial organisms, would be absolutely continuous.
Definition of ( M54 )7, (k36 )7 : 134

(M36)?, (k36 )7, are positive constants
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@?
(M36)D 7 (M36)7)

Definition of ( P3¢ )7, (034 )7 : 135

There exists two  constants (P;)™ and (Q3)”  which  together  with
(M36) D, (k36 )7, (A36)Pand ( Bz )™ and the constants
(@), @), )7, )7, ) ?, (r)?,i = 36,3738,

satisfy the inequalities

W[ @)? +(@)? + (A36)? + (P3e)? (kse) V] < 1
36

(M )(7) [ (bi)(7) + (bi')(7) + (§36 )(7) + (036 )(7) (]236 )(7)] <1
36

Where we suppose

A (@)®, (@)®, (@H)®,(B)®, (bD®, (b/H)® >0, i,j=4041,42 136
B. The functions (a/)®, (b/")® are positive continuous increasing and bounded

Definition of (p;)®, (r;)®: 137
(@)@ (T4, ) < ()@ < (Ago)® 138
GO(G) D (D < BN® < (Byp)® 139
C. limy, o0 (@) ® (T4, 8) = (p)® 140
limg oo (6])® ((Gga),t) = () 141

Definition of ( A4 )®, (B, )® :

Where ‘ (A40)®, (Bo)®, 0)®, (r)H® ‘ are positive constants and [i = 40,41,42

They satisfy Lipschitz condition:

(@) Ty, £) = (@) P (Tyr, O] < (ko )®|Tyy — Tiye~(Ma) @t 142

I ®((G43)', ) — (b)Y P ((Ga3), )] < (Kag )P|1(Gaz) — (Gas)'[Je™ a0t 143

With the Lipschitz condition, we place a restriction on the behavior of functions (a;")®(T},,t) and
(@iN)®(Tyy, ) . (T{y,t) and (T,y, t) are points belonging to the interval [( ko )®, (M, )®] . Itis to
be noted that (a;")® (T,,, t) is uniformly continuous. In the eventuality of the fact, that if ( M,, )® = 8
then the function (a;)®(Ty,,t) , the first augmentation coefficient attributable to terrestrial
organisms, would be absolutely continuous.

Definition of ( M, )®, (k40 )® :
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D. (M) ®, (k4o )®, are positive constants

@® _o)® 144
(Myo)® 7 (My0)®
Definition of ( P,y )®, (Q40)® :
E. There exists two constants (P,)® and (04 )® which together with
(M10)®, (fao)®, (A40)®
(B4 )® and the constants (a;)®, (a))®, (,)®, (b)®, p)®, 1)®,i = 40,41,42,

Satisfy the inequalities
s [@@ + (@)@ + (Aig)® + ()@ (Fig)@] <1 1o
(Myg)® i 40 40 40
1 . ~ -

[ B)® + B + (Ba)® + (Qa)® (Rio)®] <1 1o
(M4 )®
Theorem 1: if the conditions (A)-(E) above are fulfilled, there exists a solution satisfying the 147
conditions
Definition of G;(0),T;(0):

G(O) < (Pya) VeVt [760) = 67 > 0]
Ti(t) < (Q13)Ve™)™t [1,0) =T >0
Theorem 2 :if the conditions (A)-(E) above are fulfilled, there exists a solution satisfying the 148
conditions
Definition of G;(0),T;(0)

Gi(t) < (Pe)Pe™)®t | G(0) =60 >0
Ti(t) < (Q16)PeMe)Pt T,(0) =T >0
Theorem 3 : if the conditions (A)-(E) above are fulfilled, there exists a solution satisfying the 149
conditions

Gi(6) S (Pp)@PeM:0)Pt G,(0) = 6P >0
Ti(t) € (Qz0)Pe™0)Pt T,(0) =T >0
Theorem 4 : if the conditions (A)-(E) above are fulfilled, there exists a solution satisfying the 150

conditions

Definition of G;(0),T;(0):

Gi(0) < (Po)Petm)® [7G0) =60 > 0]

A . )(4)
Ti(t) £ (Qzq )WeM2e)™t - T, (0) =T >0
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Theorem 5 : if the conditions (A)-(E) above are fulfilled, there exists a solution satisfying the 151
conditions

Definition of G;(0),T;(0):

Gi(O) < (Py )P0t [7G.(0) = 67 > 0]

A V-a )(5)
Ti(6) < (Qp) M)t IT;(0) =T >0

Theorem 6 : if the conditions (A)-(E) above are fulfilled, there exists a solution satisfying the 152
conditions

Definition of G;(0),T;(0):

Gi(t) < (Ps )(B)e(MSZ)(G)t ) | Gi(0) =GP > 0|

Ty(t) < (Q32) @)t 10y =T >0

Theorem 7: if the conditions (A)-(E) above are fulfilled, there exists a solution satisfying the 153
conditions

Definition of G;(0),T;(0):

Gi(t) < (1336 )(7)€(M35)(7)t , | G;(0) =G? > 0|

Ty(t) < (Q36)Pe ™)Vt [T(0)=T2 >0

Theorem 8: if the conditions (A)-(E) above are fulfilled, there exists a solution satisfying the
conditions

Definition of G;(0),T;(0):

Gi(D) < (Pyo) et ™0™ [76,(0) = G > 0]

Ti(0) < (Quo)@e ™o)™t [1,(0) =T > 0

Proof: Consider operator A™) defined on the space of sextuples of continuous functions G;, T;: R, —» 154
R, which satisfy

G:(0) =GP, Ti(0) =T, G < (Pi)®, TP < (Qu2)®, 155
0 < Gi(t) = G® < (Py5)We(f13)De N
0<Ti(t) =T < (0p5)De(Mis) Mt -
. 158

Gi3(t) = G5 + fgt [(a13)(1)G14(5(13)) - ((a;3)(1) + a1’3)(1)(T14(s(13)),5(13))> G13(5(13))] ds(13)
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Gr4(t) = Gy + fot [(‘114)(1)613 (saz) = ((ah)(l) + (ay)™ (T14(5(13))’5(13))> G14(5(13))] ds(13)
Gis(t) = Gps + fot [(‘115)(1)614(5(13)) - ((ais)(l) + (airs)(l)(Tm(Sus)),5(13))) 615(5(13))] ds(13)

Tis(t) = T3 + fot [(b13)(1)T14(5(13)) — (1) ® — (bils)(l)(c(s(w))‘ 5(13))) T13(5(13))] ds(13)

Tu(t) =TH + fot [(b14)(1)T13 (5(13)) - ((bﬁ)(l) - (bﬂ)(l)(a(s(ls)),5(13))) T14(5(13))] ds(13)

T t ! n

Tys(®) = Tfs + fg [(b15)(1)T14(5(13)) - ((b15)(1) - (b15)(1)(6(5(13))‘ 5(13))) T15(5(13))] ds(13)

Where s(,3) is the integrand that is integrated over an interval (0, t)

Proof: 159

Consider operator A® defined on the space of sextuples of continuous functions G;, T;: R, — R,
which satisfy

G;(0)=GY, T;,(0) =T, G? < (Pis)®,T? < (Q16)?,

0 < G;(t) — G? < (Pyg ) Pe(M16)Pt

0<Ti(t) = TP < (Q14)PeMis )@t

By 160
Glé(t) = Gfe + fot [(alé)(2)617(5(16)) - ((aiﬁ)(z) + a1'6)(2)(T17(s(16)),5(16))) Gie (5(16))] ds(1¢)

G_17(t) = G{J7 + fot [(a17)(2)016(s(16)) - ((ai7)(2) + (ai'7)(2)(T17(S(16)), 5(17))) (;17(5(16))] ds(16)

Gig(t) = Gig + fOt [(als)(Z)G”(S(lG)) B ((aii?)(z) + (aig)® (T17(S(16))'S(16))) Gig (5(16))] dS(16)

T16(t) = T106 + fot [(b16)(2)T17(S(16)) - (bie)(z) - (b{%)(z)(G(s(m)), S(16)) T16(S(16))] d5(16)

( )
Ty, (8) = Tf; + fot [(b17)(2)T16(S(16)) - ((b{7)(2) - (b1”7)(2)(6(5(16))'5(16))) T17(S(16))] ds(16)
)

T t ! "

Tig(t) = T1os + fo [(b18)(2)T17(5(16)) - ((b18)(2) - (b18)(2)(6(5(16)); S(16)) T18(5(16))] d5(16)
Where s(;¢) is the integrand that is integrated over an interval (0, t)

Proof:

Consider operator A® defined on the space of sextuples of continuous functions G;, T;: R, - R,
which satisfy

Gi(0) =G, T;,(0) =T, G2 < (Py)®, TP < (0z)®,
0 <G;(t) — G < (Py )(3)9(1%0)(3%

0 < Ty(0) = T < (Qp )Pl M20)t
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By 161
Goo(t) = G + J, [(azo)(B)Gm(S(ZO)) - ((aéo)(g) +a30)® (To1(s20))s 5(20))) 520(5(20))] dS (20
Gor () = G9; + ) [(a21)(3)620(s(20)) - ((a,21)(3) + (a'z'l)(s)(Tu(S(zo))'5(20))) 621(5(20))] ds 20)
Gra(t) = 6% + [(azz)(3)621(5(20)) - ((aéz)(g) + (a'z'z)(3)(T21(5(20))’5(20))) 622(5(20))] dS(20)

Tyo(t) = T3 + fot [(bzo)(3)T21(s(20)) — ((B3)® — (bé’o)(s)(G(s(zo))‘ 5(20))) Tzo(s(zo))] ds(20)

To () = T3 + fot [(b21)(3)T20(5(20)) - ((bé1)(3) - (bé’1)(3)(5(5(20)),5(20))) T21(5(20))] ds (20
Tzz(t) = Tzoz + fot [(bzz)(S)Tn(s(zo)) - ((béz)(s) - (bélz)(3)(c(5(zo))'5(20))) Tzz(s(zo))] ds0)

Where s(,) is the integrand that is integrated over an interval (0, t)

Proof: Consider operator A® defined on the space of sextuples of continuous functions G;, T;: R, —
R, which satisfy

G;(0) =G?, T,(0) =T2, G° < (P, )@, TP < (04)®,
0<Gi(t)—GY < (Py, )(4)e(ﬁz4)<4)t

0<T(t)— Tl_O < (024 )(4)6(1\724 NP

» 162
Goa(t) = G4 + [ [(a24)(4)625(5(z4)) - ((a;4)(4) + a4) @ (Tas(s2ay), 5(24))) 624(5(24))] ds ()

Gas(®) = G5 + [ [ @) P Gaa(5020) = (@) + (@)@ (Tas (5, S2y) ) Gas (Sa)]| dsian

Gao(t) = G35 + J, [(azﬁ)(@st(s(u)) - ((a’zﬁ)@) + (@) (Tys(sam), 5(24))) 626(5(24))] ds e

T24(t) = T204 + fot [(b24)(4)T25(5(24)) - (bé4)(4) - (bé"})(‘*) (G (5(24))» 5(24))) T24(5(24))] d5(24)

Tp5(t) = Ts + fot [(bzs)(4)T24(5(24)) - ((bés)m - (bélas)(4)(G (5(24))' 5(24))) T25(5(24))] ds 4

= t ’ "
Tp6(t) = T3 + fo [(bzs)(4)T25(5(24)) - ((bza)(4) - (b26)(4)(6(5(24)):5(24))) T26(5(24))] ds(za)
Where s(,4) is the integrand that is integrated over an interval (0, t)

Proof: Consider operator A defined on the space of sextuples of continuous functions G;, T;: R, —
R, which satisfy

G;(0) = GL'O , T;(0) = Tio ’ GiO =< (pzs )(5) 'Tio =< (QZS )(5)'

0<G;i(t) —GY < (Pyg )(5)9(1‘7’28)(5)1'
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0 S Ty(t) = T < ( Qg5 )Pe M)t

By 163
Gos(t) = G35 + [ [(azs)(s)ng(S(zs)) - ((aés)(s) + a'z's)(s)(tha(S(zs))'5(28))) Gag (5(28))] ds(2s)

Gao(t) = Go + [(a29)(5)628(5(28)) - ((a'29)(5) + (a'2'9)(5)(T29(5(28))’5(28))) 629(5(28))] ds zs)

Gao(t) = G5 + [(a30)(5)629(s(28)) - ((aéo)(s) + (a's'o)(s)(tha(S(zs))’5(28))) 630(5(28))] ds(zs)

Tpa(t) = T35 + J [(bzs)(S)Tw(s(ZS)) - ((bés)(s) = (b3 (6(ses), 5(28))) T28(5(28))] dS(28)

Tpo(t) = TS + [} [(029) P Tas(s@8)) = (059)® = 15)P(6(5a0)): Szs)) ) Tas(Szey)]| Az

Too(®) = T + J [(bso)(s)T29(5(28)) - ((béo)(s) — (45 (6(se0) 5(28))) T3o(5(28))] ds(z)

Where s(,g) is the integrand that is integrated over an interval (0, t)

Proof:

Consider operator A defined on the space of sextuples of continuous functions G;, T;: R, - R,
which satisfy

Gi(0) =GP, T,(0) =T2, G0 < (Ps,)® T < (03,),
0 < G;(t) — G® < ( Py )©e(M32)®t

0 < Ti(t) — TP < (03 )©e(Ma2)®t

» 164
Gaalt) = Gz + fot [(a32)(6)033(5(32)) B ((aQZ)(ﬁ) + a'arz)(6)(T33(5(32))'5(32))) G32(5(32))] ds(sz)

Gsa(®) = 6% + ) [(033) @62 (s0329) — (@)@ + (@)@ (T35 (5), S32) ) Ga(5629) | dscaay

Gon( = Gt fy [(a34)(6)G33(S(32)) - ((a’34)(6) + (a5)@(T33(532)), 5(32))) 034(5(32))] ds(s2)

T5(t) = T3, + fot [(bsz)(G)T33(5(32)) - ((béz)(@ - (bé’z)(6)(G(s(32)), 5(32))) T32(5(32))] ds(32)
Ty3(t) =Tz + fot [(bss)(G)Tsz(s(sz)) - ((b§3)(6) — (b5 (6 (san)s 5(32))) T33(5(32))] ds(32)
T34 (t) = T, + fot [(b34)(6)T33(5(32)) - ((b§4)(6) - (b3”4)(6)(6(5(32)):5(32))) T34(5(32))] ds(3z)

Where s(3,) is the integrand that is integrated over an interval (0, t)
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Proof:
Consider operator A() defined on the space of sextuples of continuous functions G;, T;: R, — R,
which satisfy

G;(0) = Gio , T;(0) = Tio ’ Gio =< (p36 )(7) vTiO < (036 )(7):

0 < Gy(t) — G < (P )Me(Mse)t

0<T;(t) - T < (Qs6 )(7)6(M36)(7)t

By 165

G36(t) = G36 + fot [(a36)(7)G37(5(36)) - ((a’36)(7) + a,3’6)(7)(T37(S(36))'5(36))) G36(5(36))] ds (36)

G37(t) = G37 + fot [(a37)(7)G36(5(36)) - ((a'37)(7) + (a,3’7)(7)(T37(S(36))'5(36))) G37(5(36))] ds(3e)

G3g(t) = G + fot [(a38)(7)637(5(36)) - ((aés)m + (a’3’8)(7)(T37(S(36))15(36))) 638(5(36))] ds(ze)

T36(t) = T3 + fot [(b36)(7)T37(5(36)) - ((bée)m — (b3e)?” (G (5(36)); 5(36))) T36(S(36))] ds(3e)
T3, () = T3, + fot [(b37)(7)T36(S(36)) - ((b§7)(7) - (b§’7)(7)(6 (5(36))'5(36))) T37(5(36))] ds(3e)

Tag(t) = Tgg + fot [(b38)(7)T37(S(36)) - ((bés)m - (béls)m(G(S(%)):5(36))) T38(S(36))] ds(ze)

Where s(3¢) is the integrand that is integrated over an interval (0, t)

Proof:

Consider operator A® defined on the space of sextuples of continuous functions G;, T;: R, — R,
which satisfy

Gi(0) =G, T;,(0) =T, G < (Pyo)®,TY < (Q49)®,
0<Gi(t) =G} < (Py )(S)e(ﬁ‘m)(s)t

0 < Ty(t) = TP < (Qup ) ®eMao @t

By 166

Gao(t) = Gio + fot [(a40)(8)641(5(40)) - ((alo)(s) + aff)® (T41 (5(40))' 5(40))) Gao (5(40))] ds(a0)

Gar (t) = Gy + fot [(‘141)(8)640 (5t40)) = ((afu)(s) + (@)@ (Tu1 (540, 5(40))) Gan (5(40))] ds (a0
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Gar(t) = G, + fgt [(‘142)(8)641 (5(40)) - ((a42)(8) + (ai,)® (T41(5(4o)) 5(40))) Gy (5(40))] ds(40)

Tyo(t) = Ty + fot [(b40)(8)T41(5(40)) - ((bz'to)(s) - (bz’{o)(g)(a(s(m)),5(40))) T40(5(40))] ds(40)

T () =T + fot [(b41)(8)T40 (5(40)) - ((b41)(8) — (by’ )(8)(6(5(40)) 5(40))) T41(5(40))] ds(s0)
T () = T), + fot [(b42)(8)T41(5(40)) - ((b42)(8) — (bg: )(8)(6(5(40)) 5(40))) Ty, (5(40))] ds(s0)

Where s(40) is the integrand that is integrated over an interval (0, t)

The operator A maps the space of functions satisfying Equations into itself .Indeed it is obvious 167
that

t P - )1
G13(6) < 6% + J [(@)® (624+( Py YDe 10759 dsiyy) =

1 0 o (@)P(P3)D (g y®
(1 + (a13)( )t)GM + W(e( 13)t 1)

From which it follows that 168

(P13)D+69,

- ® W ( ) 5
(G15(8) = Gy)e ™M)Vt < Ly [((P13)<>+Gl Jeb S (Pp)®

(G?) is as defined in the statement of theorem 1
Analogous inequalities hold also for Gy, , G5, T13, T14, T1s

The operator A® maps the space of functions satisfying Equations into itself .Indeed it is obvious
that

Gi6(t) <GP + fot [(am)(z) (637"'( Py )©e M )(2)5(16))] dsge) = 169
(@16)P(P16)? [ (f1,6)®

(1+ (a10)Pt)GY; + W(Q(le - 1)

From which it follows that 170

(P16)P+69,

- @ ) ( ) 5
(G16(0) = Gio)e <M16>”<((;“))(2)[((P16)<2>+61 Je\ +(P16)<2>l

Analogous inequalities hold also for Gy, Gyg, T16, T17, T1g

The operator A®) maps the space of functions satisfying Equations into itself .Indeed it is obvious 171
that

t PN 0 )3)
Gao(t) < G99 + Jy [(a20)® (631+( Py YPe 2075000 )| g =
@) p,n )3 o
(1 -+ @) @8)68y + V) (i) 1)

(Mz0)®)

From which it follows that 172
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@3) <_ (P20 )(3)+Gg1>
(azo) (( 1320 )(3) + Ggl)e [N + (on )(3)]

0 —( M0 )3
(Goo(t) — Gp)e™ (Moot < (F30)®

Analogous inequalities hold also for G, , G55, To, T21, T2z

The operator A™ maps the space of functions satisfying into itself .Indeed it is obvious that 173
Goa(t) < G34 + fot [(a24)(4) (G§5+( Py )(4)3(M24)(4)5(24)>] dsa) =

D0 4 @)D (P)D (g @
(1+ (a2 W) G5 + W2 ) (o)W q)

From which it follows that 174

(P24)®+69

—(Mpy )@ @ 5 - 5
(Gaa(t) — G2,)e~(Faa) Wt < (G2t) ((1>24)<‘*>+G§5)e< 635 )+(P24)<4>l

T (Mp)®

(GY) is as defined in the statement of theorem 4

The operator A®) maps the space of functions satisfying Equations into itself .Indeed it is obvious
that

t - NG
Gos(t) < G + [ [(azs)(s) (639"‘(1328 )Ee(M2s) 5(28))] dsczg) =

5 0 (a28)®) (Prg)® o)
(1+ (az8)" )t)G9o + W(e’(“%) t_ 1)
From which it follows that 175

_ (P28 Y®+69,

((Pe)® + Ggg)e( 62 ) + (P )(S)l

0\ o—(Mpg)t  (a29)®
(Gog(t) — GIg)e™(Mze )™t < (Fp5 )0

(GP) is as defined in the statement of theorem 5

The operator A4 maps the space of functions satisfying Equations into itself .Indeed it is obvious 176
that

t 5 s, )(6)
G32(t) < G, + [ [(asz)(ﬁ) (G§’3+( Py, )®e(Ms2) 5(32))] dsa) =

0 o @32)@(P32)® (7., ®
(1+ (@) V) + B = (o —1)

From which it follows that 177

_(P32)©)+6Y5

Y (6) ~ < ) ~
(G32(t) — ng)e_(M“ ) o (32) (( P, )(6) + 033)3 6% + (P )(6)l

T (M32)®

(G?) is as defined in the statement of theorem 6

Analogous inequalities hold also for G5, G, Tos, Tos, Tog
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The operator A7) maps the space of functions satisfying Equations into itself .Indeed it is obvious 178

that

t =~ 2 )7
G36(t) < G + [(ase)m (63?7"‘( Py )eMse) 5(36))] dsze) =

7 0 (a36) 7 (P36)7) M2 YDt
(1 + (a36)( )t)G37 + W(e( 36) - 1)

From which it follows that
_ (P36)M+6Y,

o 7 ~ < ) ~
(G36(t) — G3g)e™(Mss Pt < L2so) (( Py ) + 637)‘3 67 + (P36 )(7)l

T~ (M36)7)

(G?) is as defined in the statement of theorem 7

Analogous inequalities hold also for G5, Gsg, T3¢, T37, T3g

179

The operator A® maps the space of functions satisfying Equations into itself .Indeed it is obvious

that
t 5 a0 )@
Gao(t) < G + | [(%0)(8) (Gf1+(P4o )Mo 5(40))] dsqo) =

@30) @ (Pa)® (| (f140)®
(1 —+ (a%)(s)t)(;f1 —+ W(e(mo) t_ 1)

From which it follows that

(@40)® <_ (?40)(§)+G21)

a ~ ~
e ((P4o )® + Gfl)e Ga1 + (Py)®

—(Mag)®
(Gao(t) — Gip)e~(Mao)™F < (Fa0)®

(G?) is as defined in the statement of theorem 8
Analogous inequalities hold also for G4q , G4y, Tyo, Ta1, Tar

Ch ™

(M13)® "’ (f33)D <1 and to choose

It is now sufficient to take

(P3)® and (Q,5 )™ large to have

[ <(T’13)(1>+G?>
@a® | - R |\ -
- (Pi)® + ((P3)® + Gjo)e € < (P3)®

(M13)®)

[ ( (Q13 )(1)+T?>
~ -\ T 0 ~ ~
(( Q1) + Tjo)e g +(Q13)P| < (043)®

ChN
(#M3)®

In order that the operator A™ transforms the space of sextuples of functions G; , T; satisfying

Equations into itself

The operator A™ is a contraction with respect to the metric

d ((G(1>, TW), (69, T(z))) =

180

181

182

183

184

185
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sup{max |Gl-(1)(t) - Gi(z)(t)|e‘("7’13)(1)t,max |Ti(1)(t) - Ti(z)(t)|e‘(ﬁ13)(1)t}
i tER4 tER4

Indeed if we denote

Definition of G, 7 : (G, T ) = AM(G,T)

It results

165 = 67 < [1(@n® |67 = 67 e~ (Fi W5 g +

a6 — 6 e T =T s

(a1’3)(1)(T1(i), 5(13))|G1(;) - Gl(?|e'(ﬂ13)(1)5(13)e(ﬂ“)ms(ls) +

GP1@O(TY, san) = @DO(TT, sqx)| e ™13 st M Msunds

Where s(;3) represents integrand that is integrated over the interval [0, t]

From the hypotheses it follows

|6 — G(z)|e—(’M13)<1>t < 186
Ao (@)@ + @)@ + (A + (P) (ki) V) (60,705 6@,7@))

And analogous inequalities for G; and T;. Taking into account the hypothesis the result follows
Remark 1: The fact that we supposed (aj3)® and (bj5)” depending also on t can be considered as

not conformal with the reality, however we have put this hypothesis ,in order that we can postulate
condition necessary to prove the wuniqueness of the solution bounded Dby

(Pra)De™1Wt gnd (9,5)De™19V respectively of R, .

If instead of proving the existence of the solution on R, we have to prove it only on a compact then it
suffices to consider that (a;)™ and (b;)®V,i = 13,14,15 depend only on T;, and respectively on
G (and not on t) and hypothesis can replaced by a usual Lipschitz condition.

Remark 2: There does not existany t where G; (t) =0and T; (t) =0

From 19 to 24 it results

G, (t) > GL-Oe[_ fot{(a;)(l)—(agl)(l)(T14(5(13))'5(13))}‘15(13)] >0

T; (t) = Tioe(‘(b{)(l)t) >0 fort>0
Definition of ((M;5)®),, ((My3)™), and ((M;3)™), : 187

Remark 3: if G, 3 is bounded, the same property have also G;, and G5 . indeed if

dGqs

G13 < (My3)@ it follows -

< ((’1\7113)(1))1 — (a;,)™WG,, and by integrating

Gig < ((7\7[13)(1))2 = G& + 2(a14)(1)((’1\7113)(1))1/((114)(1)

In the same way , one can obtain
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Gis < ((7\7113)(1))3 = Gfs + 2(“15)(1)((7‘\413)(1))2/(‘115)(1)
If G;, or G5 is bounded, the same property follows for G5, G;5 and G,3, Gy, respectively.

Remark 4: If G,; is bounded, from below, the same property holds for G;, and G5 . The proofis 188
analogous with the preceding one. An analogous property is true if G, is bounded from below.

Remark 5: If T;; is bounded from below and lim,_, ((b;)® (G(t),t)) = (b;,)™¥ then Ty, — oo. 189
Definition of (m)® and ¢, :

Indeed let t; be sothatfort > t;

(b)) = (BND(G (D), 1) < &1, Ty (£) > (MWD

Then

dzl: > (a) P (M) — ¢, T;, which leads to

1) 1)
Ty, = (M) (1 —e#1t) + T e #1t If we take t such thate 1t = % it results
1

@ ()@
Ty = (M), t= loggz—1 By taking now ¢; sufficiently small one sees that T;, is unbounded.

The same property holds for T;5 if lim,_,. (bj5)® (G(¢),t) = (b}s)

We now state a more precise theorem about the behaviors at infinity of the solutions of equations

(@) ()
It is now sufficient to take (f’) , (f‘) < 1 and to choose 190
(M16)® 7 (My6)@
(Pis)® and ( Q. )@ large to have
[ (P16 )(2)+G? 191
@)@ | 5 @ 5
(M;)(z) (Pi)@ + ((Prs)@ + Gjo)e J < (Pg)®
[ ( (Q1s )(2)+T?> 192
b)@ R | o R ~
0w | (0P +T0)e T T+ (016)P < (Q6)®
In order that the operator A ® transforms the space of sextuples of functions G; , T; satisfying 193
Equations into itself
The operator A® is a contraction with respect to the metric 194
d (((619)(1): (T19)(1)): ((619)(2), (T19)(2))) =
sup{max |V (t) - Gi(z)(t)|e‘("7’16)(2)t,max T @) - 1,2 (t)|e_("716)(2)t}
i tER4 teER4
Indeed if we denote 195
Definition of G0, Ty : ( Gro, Tro ) = AP (Gyo, Tho)
It results 196
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1653 = 6] < [;(@e)@ |67 = 6 |e M1 00 (F10 D500 dsy g +

6D ~ 6 om0 0o 0 4

(@O, 500) |62 = G e P P06 a0 500

6D1@D(TF, s06) = (@ D(TF, sqe)| e M9 st0eFie)@suotds

Where s(;4) represents integrand that is integrated over the interval [0, t] 197

From the hypotheses it follows

|60 = (G1) @ e PP <
1 , ~ = =
5 (@@ + (@@ + (A10P + (P)? (ki) @) (((G:0)D, (1) D (619)P, (1))
And analogous inequalities for G; and T;. Taking into account the hypothesis the result follows 198
g q i i g yp

Remark 6: The fact that we supposed (as)® and (bj5)® depending also on t can be considered as 199
not conformal with the reality, however we have put this hypothesis ,in order that we can postulate
condition necessary to prove the wuniqueness of the solution bounded Dby

(Pe)@eM10Pt ang (Q,) P eM16®t respectively of R,.

If instead of proving the existence of the solution on R, we have to prove it only on a compact then it
suffices to consider that (a;)® and (b;")®,i = 16,17,18 depend only on T;, and respectively on
(G,9)(and not on t) and hypothesis can replaced by a usual Lipschitz condition.

Remark 7: There does not exist any t where G; (t) = 0and T; (t) =0 200

it results

G; (t) > Glpe[— f(}{(al{)(z)_(al{,)(z)(T17(5(16))'5(16))}d5(16)] >0

T; (t) > Tioe('(b{)(z)t) >0 fort>0
Definition of ((/Mls)(z))l, ((’1\7[16)(2))2 and ((ﬂlﬁ)(z))3 : 201

Remark 8: if G4 is bounded, the same property have also Gy and Gz . indeed if

dGq7
dt

Gy < (My6)@ it follows < ((’1\7116)(2))1 — (a},)?G,, and by integrating

Gi7 < ((/Mm)(z))z = Gf7 + 2(“17)(2)((/1\7[16)(2))1/(‘117)(2)

In the same way , one can obtain

Gis < (My6)®), = G + 2(a16)? ((M16)?), /(a16)®

If G;; or G;g is bounded, the same property follows for G;4, G;g and Gy, G;; respectively.

Remark 9: If G,4 is bounded, from below, the same property holds for G;; and G;5. The proof is 202
analogous with the preceding one. An analogous property is true if G, is bounded from below.

Remark 10: If T, is bounded from below and lim,_,,, ((b;")® ((G19) (1), t)) = (bj;)® then T,, — oo. 203
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Definition of (m)® and e, :
Indeed let t, be so thatfort > t,

(b17)(2) - (bin)(z)((Gw)(t)'t) < g, T (D > (m)®

Then dz% > (a;;)@P(mM)® — &,T,, which leads to 204
(@)@ m® - 0 - - 1.
T, = (S—) (1 —e %Y + T e %2t If we take t such that e %2t = > itresults
2
@ (m@
Ty = (w), t= logs3 By taking now ¢, sufficiently small one sees that T, is unbounded. 205
2
The same property holds for Tyg if lim, e (b15)® ((G19)(t),t) = (big)®
We now state a more precise theorem about the behaviors at infinity of the solutions of equations
206
N(3) NE)
It is now sufficient to take (f’) , (f‘) < 1 and to choose 207
(M20)® 7 (M)
(Py0)® and (Q,, )® large to have
[ <( P20 )(3)+G?> 208
@® | 5 T -
(Mazo)(a) (P20)® + ((P20)® +GP)e i < (Py)®
[ ( (Q20 )(3)+T?> 209
®® |05 T A A
(M30)® ((020)® + Tjo)e " +(020)®] < (020)®
In order that the operator A transforms the space of sextuples of functions G; , T; satisfying 210
Equations into itself
The operator A® is a contraction with respect to the metric 211
d (((6:)D, (T3)®), ((6:0)®, (T35)@)) =
sup{max |G-(1)(t) - G-(Z)(t)|e'(’q2°)(3)t,max |T-(1) t) -1 (t)|e'("7’20)(3)t}
{ teRy 't t teRy |t t
Indeed if we denote 212
M@s: 71;3 :( (G23), (Ty3) ) = 04(3)((623): (T23))
It results 213

|52(3> _ Gz(2)| < fot(azo)(” IGZ(P _ Gz(i)|e—(1‘720)(3)5(20)e(1‘720)(3)5(20) dsco) +
t 1 2 ()3 (Va3
fo{(a’zo)(3)|62(0) _ Gz(o)|e (M20)**’5(20) o ~(M20)*"'S(20) 4

(M3 M) (3D
(@) (T, 500Gy’ — g |e™(Ma0) ™ s(200 g (2050 4
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Gz(ﬁ) | (aélo)(g)(Tz(P' 5(20)) - (alzlo)(B) (Tz(f)' 5(20))| e_(ﬁm)@)s(zo)e(ﬁm)@)s(zo)}ds(zo)

Where s,y represents integrand that is integrated over the interval [0, t]

From the hypotheses it follows

lcw — G(2)|e—(ﬂzo)<3>t < 214
m((azo)m + (ah0)® + (A0)® + (?20)(3)(7‘20)(3))d (((623)(1), (T23)D; (G23)@, (T23)(2)))

And analogous inequalities for G; and T;. Taking into account the hypothesis the result follows

Remark 11: The fact that we supposed (a3,)® and (b3,)® depending also on t can be considered as 215
not conformal with the reality, however we have put this hypothesis ,in order that we can postulate
condition necessary to prove the wuniqueness of the solution bounded by

(Pye)Pe ™20t and (D,0)PeM20P¢ regpectively of R,.

If instead of proving the existence of the solution on R,, we have to prove it only on a compact then it
suffices to consider that (a;)® and (b;")®,i = 20,21,22 depend only on T,; and respectively on
(G,3)(and not on t) and hypothesis can replaced by a usual Lipschitz condition.

Remark 12: There does not exist any t where G; (t) = 0and T; (t) = 0 216

it results

G, (t) = (;L,Oe[—f(f{(ag)(”—(az{’)(”(T21(5(20))'5(20))}‘15(20)] >0

T, () > TP > 0 fort> 0

Definition of ((ﬁzo)(3))1, ((/117120)(3))2 and ((/117120)(3))3 : 217
Remark 13: if G, is bounded, the same property have also G,; and G,, . indeed if

G20 < (ﬁzo)(S) it follows a

Zil < ((My0)®), = (a31)® Gy, and by integrating

Gp1 = ((ﬁzo)(g))z = G31 + 2(a21)(3)((/1\7120)(3))1/((1’21)(3)

In the same way , one can obtain

Gz < ((ﬁzo)(3))3 =Gz, + 2(“22)(3)((T420)(3))2/(a’22)(3)

If G,, or G,, is bounded, the same property follows for G,,, G, and G,,, G, respectively.

Remark 14: If G,, is bounded, from below, the same property holds for G,; and G,, . The proofis 218
analogous with the preceding one. An analogous property is true if G,, is bounded from below.

Remark 15: If T, is bounded from below and lim;_q, ((b{")® ((G3)(£),t)) = (b3)® thenTyy - 0. 219
Definition of (m)® and 5 :

Indeed let t; be so thatfort > tg

(b21)(3) - (bi”)(3)((G23)(t):t) < &3, Ty (8) > (m)(3)
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Then d;2t1 > (ay,)®(mM)® — £;T,, which leads to 220
(@) m)® o€t 0 ,—e3t —e3t 1.
Ty 2 (57) (1 —e7%") 4+ T, e %" If we take t such thate™®" = 5 itresults
(@2)®m)® 2 : - .
T, = (f), t= logg— By taking now &5 sufficiently small one sees that T,; is unbounded.
3

The same property holds for Ty, if 1im, e, (b55)® ((G3)(), t) = (b32)®

We now state a more precise theorem about the behaviors at infinity of the solutions of equations

It is now sulfficient to take ((azi(:()4) % < 1 and to choose 221
(P, )™ and (Q,, )™ large to have

' _<M> 222
L0 B0 + (PO +60)e VT | (P)®

' _( M) 223
in;& Q)@ +1e T+ (0)@| < (Q20)®

In order that the operator A® transforms the space of sextuples of functions G;,T; satisfying 224
Equations into itself

The operator A™ is a contraction with respect to the metric 225

d (((G2)®, (T)D), ((6:)P, (1)) ) =

sup{max |Gl-(1)(t) - Gi(z)(t)|e'(’q24)(4)t,max |Ti(1) ) - Ti(z) (t)|e'("7’24)(4)t}
i teER+ teER+

Indeed if we denote
M(Gn), (T27) : ( (627): (T27) ) = 04(4)((G27): (T27))
It results

|G(1) G(2)| < f (a, )(4) |G(1) Gz(é) e—(’1\7124)(4)5(24)6(’1\7124)(4)5(24) dS(24) +

f {(a24)(4) |G(1) 2(421) |e—(1‘724)(4)5(24)6—(1‘724)(4)5(24) +

a’2'4)(4)(T2( 5(24))|G(1) Gz(i)|e_(’M“)M)S(“)e(ﬂz“)ms(“) +
621 (@) P (TL, s00) — (@)D (T2, 50| e~ M20) Vs e (M0 Dsenygs, )

Where s(,4) represents integrand that is integrated over the interval [0, t]

From the hypotheses on Equations it follows
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(G @ — (627)(z)|e—m24)“>t < 226
1 , —~ ~ -

W ((a24)(4) + (a24)(4) + (A24)(4) + (P24)(4)( k24)(4))d (((627)(1), (T27)(1); (627)(2). (T27)(2)))

And analogous inequalities for G; and T;. Taking into account the hypothesis the result follows

Remark 16: The fact that we supposed (ay,)® and (b3,)® depending also on t can be considered as 227
not conformal with the reality, however we have put this hypothesis ,in order that we can postulate
condition necessary to prove the wuniqueness of the solution bounded by

(Po)Pe ™0™t and (0,,)® et respectively of R, .

If instead of proving the existence of the solution on R,, we have to prove it only on a compact then it
suffices to consider that (a/)® and (b])®,i = 24,25,26 depend only on T,s and respectively on
(G,7)(and not on t) and hypothesis can replaced by a usual Lipschitz condition.

Remark 17: There does not exist any t where G; (t) = 0and T; (t) = 0 228

it results

G (t) > GL-OG[_ fot{(af)“)-(afl)m(Tz5(5(24))'5(24))}‘15(24)] >0

T, (£) = TeC®D™) > 0 fort >0
Definition of ((M,4)®),, ((Mp)®), and ((M4)™), : 229

Remark 18: if G,, is bounded, the same property have also G,5 and G,¢ . indeed if

dt

Gys < ((ﬁ24)(4))2 = G5 + 2(“25)(4)((T424)(4))1/(a’25)(4)

Gaa < (Mypy)™@ it follows

< ((7\7124)(4))1 — (a%5)®G,s5 and by integrating

In the same way , one can obtain
Gae < ((ﬁ24)(4))3 = Ggs + 2(a26)(4)((T424)(4))2/(a,26)(4)
If G,5 or G,¢ is bounded, the same property follows for G,,, G, and G,,, G,5 respectively.

Remark 19: If G,, is bounded, from below, the same property holds for G,5 and G,¢. The proofis 230
analogous with the preceding one. An analogous property is true if G,5 is bounded from below.

Remark 20: If T,, is bounded from below and lim,_,., ((b;")® ((G3,)(t),t)) = (bys)® then T,5 — oo. 231
Definition of (m)™® and ¢, :
Indeed let t, be so thatfort > ¢,

(bzs)(4) - (bi”)(4)((G27)(t):t) < gy, Toy (8) > (m)(4)

dTys
dt

Then > (ays)® (mM)® — g,T,5 which leads to 232
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(4) (4)
Tys = (M) (1 — e™#4t) + Th e %+t If we take t such that e 4! = é it results

To5 =
The same property holds for Tyg if 1im, e, (b3s) ™ ((G27)(), t) = (b3e) ™

@ (m)@®
(w), t =log ; By taking now ¢, sufficiently small one sees that T,5 is unbounded.
4

We now state a more precise theorem about the behaviors at infinity of the solutions of equations 37
to 42

Analogous inequalities hold also for G,q, G3g, Tog, T29, T30

Q) NG)
It is now sufficient to take —22 (AbL < 1 and to choose 233
(Mag)®) ’ (Mpg)®

(Pg)® and (Q,5 )® large to have

[ (P28)5)+6Y 234
@)® | = 5 @ 5
(leg)(s) (P2)® + ((Ps)® +GP)e / < (Pye)®

[ ( (Q28 )(5)+T?> 235
@ [ 5 T A A
(les)(S) (( Q28) + Tjo)e J +(028)%| < (Q28)®
In order that the operator A® transforms the space of sextuples of functions G;,T; satisfying
Equations into itself
The operator A® is a contraction with respect to the metric 236

d (((GDD, (Ts)®), (630, (T5)@) ) =

sup{max |Gl-(1)(t) - Gi(z)(t)|e'(’q28)(5)t,max |Ti(1) ) - Ti(z) (t)|e'(M28)(5)t}
i teER+ teER+

Indeed if we denote

Definition of (G51), (T51) :  ((G31), (Ts1) ) = AP ((G31), (T51))
It results
|G(1) G(z)| < f (az8)® |G(1) Gz(g) e~ (M28)s(25) o (M26)®)s(25) dsgg +
[(a)®|6Y - 62| e~ (M28)®s(28) o ~(M20) Ps26)
o) (13, 5G4 = G5 (PP P
Gz(g)|(aé’8)(5) (Tz(;)'s(zs)) - (azs)(s) (T 3 5(28))| e_(MZS)(S)S(ZB)G(AA/IZS)(S)S(ZB)}dS(ZB)

Where s(,g) represents integrand that is integrated over the interval [0, t]
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From the hypotheses on it follows

|(G3)® — (631)(z)|e—m23)<5>r < 237
m;w((azs)(s) + (a39)® + (Aze)® + (P2)® (kp5)™)d (((631)(1)‘ (T3)™; (G3)@, (T31)(2)))

And analogous inequalities for G; and T;. Taking into account the hypothesis the result follows

Remark 21: The fact that we supposed (ajs)® and (bys)® depending also on t can be considered as 238
not conformal with the reality, however we have put this hypothesis ,in order that we can postulate
condition necessary to prove the wuniqueness of the solution bounded by

(Pae)®e ™20t and (0,5)® e (M8t respectively of R, .

If instead of proving the existence of the solution on R,, we have to prove it only on a compact then it
suffices to consider that (a;)® and (b;)®,i = 28,29,30 depend only on T,y and respectively on
(G31)(and not on t) and hypothesis can replaced by a usual Lipschitz condition.

Remark 22: There does not exist any t where G; (t) = 0and T; (t) = 0 239

it results
G, (t) > Gioe[—f(f{(ai)“)—(a{')“)(T29(S(zs))'S(zs))}dS(zs)] >0
T, (£) = Te-®D®0) > 0 fort> 0
Definition of ((ﬁzs)(s))l, ((/117128)(5))2 and ((/117128)(5))3 : 240
Remark 23: if G, is bounded, the same property have also G, and G, . indeed if
Gug < (M,g)® it follows % < ((’1\7128)(5))1 — (aho)® G,o and by integrating
Goo < ((7‘7128)(5))2 = G39 + 2(“29)(5)((ﬁzs)(s))l/(aé9)(5)
In the same way , one can obtain
G3p < ((ﬁzs)(s))3 = G3 + 2(a30)(5)((7\7’28)(5))2/(‘1’30)(5)
If G, or G3, is bounded, the same property follows for G,5, G50 and G,g, G,4 respectively.

Remark 24: If G,g is bounded, from below, the same property holds for G, and G;,. The proofis 241
analogous with the preceding one. An analogous property is true if G,4 is bounded from below.

Remark 25: If T, is bounded from below and lim,_, ((b;")® ((G31)(t),t)) = (bsg)® then T,q — oo. 242
Definition of (m)® and &5 :
Indeed let t5 be so that fort > tg

(b20)® = (B{"YB((G31) (1), t) < &5, Tog (£) > (M)
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Then dzztg > (az0)®® (m)® — 5T, which leads to 243
) (m)(®)
Ty = (w) (1 —e™55%) + The #st If we take t such that e~#st = % it results
5
(a29)P )™ 2 . . .
T9 = (f), t= logg— By taking now &5 sufficiently small one sees that T,q is unbounded.
5

The same property holds for Ty if lim; e (b55)® ((G31)(£), t) = (b3)®
We now state a more precise theorem about the behaviors at infinity of the solutions of equations

Analogous inequalities hold also for Gss, Gy, T35, T33, T34

(6) (6)
It is now sufficient to take (f’) , (f‘) < 1 and to choose 244
(M32)(©® 7 (M37)(®
(P;,)® and (Q3, )® large to have
[ (P32 )(6)+G? 245
@® |~ - o G — -
TS| PO+ (P) @ +6)e VT < (P)®
[ ( (Q32 )(6)+T?> 246
w©® |, A o = - A
(1@;2)(6) ((0:)® + Tjo)e " +(032)@] < (Q32)®
In order that the operator A(® transforms the space of sextuples of functions G;,T; satisfying
Equations into itself
The operator A(® is a contraction with respect to the metric 247

d (((629)®, (T3)D), (G, (T:)?)) =

sup{max |Gi(1)(t) - Gi(z)(t)|e‘("7’32)(6)t,max |Ti(1)(t) — Ti(z) (t)|e_("732)(6)t}
i tER4 tER4

Indeed if we denote

Definition of (Gs5), (T55) :  ( (G35), (Ts5) ) = A©@((Gs), (T35))

It results

|G~§;) - Gi(2)| < fot(agz)(G) |G3(? - 63(? o~ (M32)@s(32) o (M32) @s(35) dsez) +
@O 168 - G5ple P e 0 4

(@) (T3, 5m) |65 — 653 e~ P ome (P Pom 4

2 1 2 (M) () o) (6)
ngz)l(agz)(G)(Ts'%)'5(32))_(a’3,2)(6)(T3(3)'5(32))| e~ (M32)*%’5(32) o (M32) 5(32)}(15(32)
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Where s(3,) represents integrand that is integrated over the interval [0, t]

From the hypotheses it follows

|(G35)® — (635)(z)|e—m32)<6>r < 248
@ (@)@ + (@)@ + (A5)@ + (P) @ (Rs)@)d (((635)D, (T3)D; (G35)P, (1)) )

And analogous inequalities for G; and T;. Taking into account the hypothesis the result follows

Remark 26: The fact that we supposed (a%,)® and (b%,)©® depending also on t can be considered as 249
not conformal with the reality, however we have put this hypothesis ,in order that we can postulate
condition necessary to prove the wuniqueness of the solution bounded by

(P3)©e Mt gnd (0,,)@ (M3t respectively of R, .

If instead of proving the existence of the solution on R,, we have to prove it only on a compact then it
suffices to consider that (a/)® and (b]")®,i = 32,33,34 depend only on Ts;; and respectively on
(G35)(and not on t) and hypothesis can replaced by a usual Lipschitz condition.

Remark 27: There does not exist any t where G; (t) = 0and T; (t) =0 250

it results

G (t) > Giﬂe[- fot{(al{)“)-(afl)(ﬁ)(T33(5(32))'5(32))}‘15(32)] >0

T; (t) = Tioe(_(bl!)(s)t) >0 fort>0
Definition of ((Ms,)®), ((Ms2)®), and ((M32)®), : 251

Remark 28: if G5, is bounded, the same property have also Gs3 and G, . indeed if

dGszs
dt

Gz, < (M3,)® it follows < ((7\7132)(6))1 — (a%3)© G5 and by integrating

Gs3 < ((ﬁ32)(6))2 = G3s + 2(“33)(6)((T432)(6))1/(a53)(6)

In the same way , one can obtain

Gza < (M32) @), = G4 + 2(a3) @ ((M32) @),/ (a34)®

If G35 or G5, is bounded, the same property follows for G5, , G, and G3,, G35 respectively.

Remark 29: If G, is bounded, from below, the same property holds for G;; and Gs,. The proof is 252
analogous with the preceding one. An analogous property is true if G35 is bounded from below.
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Remark 30: If T;, is bounded from below and lim,_,., ((b;")® ((G35)(t),t)) = (b33)® then Ty3 — oo. 253
Definition of (m)® and & :

Indeed let t; be so that fort > t,

(b33)® — (b ) O((G35)(£), t) < 6, T3z (£) > (M)

Then d;% > (a33)® (m)® — g,T;; which leads to 254
(6) (m)(6)
Tys = (M) (1 —e~%6t) + T e %" If we take t such that e~%6! = é it results

T33 = (w“ﬂzﬂ)' t= log;—6 By taking now g, sufficiently small one sees that T;5 is unbounded.

The same property holds for Ty, if lim, e (b53)® ((G35)(£), t(t),t) = (b54)©®

We now state a more precise theorem about the behaviors at infinity of the solutions of equations

Analogous inequalities hold also for Gs;, Gsg, T3¢, T37, T3g 255
@?

(M36)7) "’ (M36)7)
(P36)™ and ( Q36 ) large to have

It is now sufficient to take < 1 and to choose

<(P36>(7>+Gj?> 256
@® | ~ - o -
(IVI::G)(” (P3e) P + ((P36)™ + G]p)e € < (P3)?
257
[ ((736)(7)+T?
027 [ Grm e\ T e Gy 2 Gy
(Tze)® 36 j 36 = (Uze
In order that the operator A7) transforms the space of sextuples of functions G;,T; satisfying
Equations into itself
The operator A7) is a contraction with respect to the metric 258

d(((G5)®, (T39) V), ((G30) @, (T39)®)) =
eTNG) - (f136)7)
S%P{ngif |Gi(1)(t) _ Gi(Z) (t)|e (M36)7 t,rtré%ic |Ti(1) ) — Ti(Z) (t)|€ (M36)" t}

Indeed if we denote

M(G”), (T39) : ( (G39); (T39) ) = 04(7)(((;39); (T39))
It results
|G(1) G(2)| < f (asg )(7) |G(1) G:g)|e—(’1\7136)(7)5(36)6(’1\7136)(7)5(36) dS(36) +
f{(a36)(7)|G(1) G(Z)l —(M35)(7)5(36)e—(1‘735)(7)5(36) +
) (TL, 536)) |62 = 62 e 365620 (P Vscas) .
_ 7)
(2)|( )(7)(737 ’5(36))_((136)(7)@37 5(36))| o~ (M36)7s(36) o (M36) 5(36)}ds(36)
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Where s(3¢) represents integrand that is integrated over the interval [0, t]

From the hypotheses on it follows

|(G59)® = (G39) @ e M0t < 259
1 , ~ ~ -

m((a%)(ﬂ + (a36)(7) + (ASG)(7) + (P36)(7)( k36)(7))d (((639)(1); (qu)(l); (G39)(2); (T39)(2)))

And analogous inequalities for G; and T;. Taking into account the hypothesis the result follows

Remark 31: The fact that we supposed (a%s)” and (b%s)” depending also on t can be considered as 260

not conformal with the reality, however we have put this hypothesis ,in order that we can postulate
condition necessary to prove the wuniqueness of the solution bounded by

(P36)Pe™307t and (Dse) Ve M0Vt respectively of R, .

If instead of proving the existence of the solution on R, we have to prove it only on a compact then it
suffices to consider that (a;')(”’ and (b;")”,i = 36,37,38 depend only on T;, and respectively on
(G39)(and not on t) and hypothesis can replaced by a usual Lipschitz condition.

Remark 32: There does not exist any t where G; (t) = 0and T; (t) =0 261

it results

G; (t) > Giﬂe[—f(f{(alf)m—(a{’)m(T37(5(36))'5(36))}‘15(36)] >0

T; (t) = Tioe('(b{)mt) >0 fort>0
Definition of ((ﬂgé)(7))1, ((/117136)(7))2 and ((/117136)(7))3 : 262

Remark 33: if G5 is bounded, the same property have also G5, and Gsg . indeed if

dGzy

Gz < (M3)7 it follows n

< ((7\7136)(7))1 — (a%,)™Gs, and by integrating

G37 < ((77[36)(7))2 = G3; + 2(“37)(7)((T436)(7))1/(aé7)(7)

In the same way , one can obtain

Gig < ((/Mse)(7))3 = Ggs + 2(“38)(7)((7\7136)(7))2/(‘1’38)(7)

If G5, or G5 is bounded, the same property follows for Gs¢, Gsg and Gs¢, G35 respectively.

Remark 34: If G3¢ is bounded, from below, the same property holds for G;; and G3g. The proof is 263
analogous with the preceding one. An analogous property is true if G, is bounded from below.

Remark 35: If Ty is bounded from below and lim,_, ((b;")” ((G39)(t),t)) = (b5,)” then T, — oo. 264
Definition of (m)™ and &, :
Indeed let t; be so thatfort > ¢,

(b37)? = (b P ((G39)(0), 1) < &7, T34 () > (m)”
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Then d?; > (az;)?(m)? — &,T;, which leads to 265
D)™
Ty = (M) (1—e %) + T e %7t If we take t such thate 7 = é it results
7
(@ m)® 2 . . .
T3, = (f), t= logg— By taking now ¢, sufficiently small one sees that Ts, is unbounded.
7

The same property holds for Tyg if lim, e (b55)"” ((G30)(£), ) = (b3g)”
We now state a more precise theorem about the behaviors at infinity of the solutions of equations

. - @® _®
It is now sufficient to take — ,——=——< 1 and to choose
(Ma0)®) * (My0)®

(P, )® and ( Qg )® large to have

266

(P40 )(8)+G?

( 267
e ()
(Pao)® + ((Pyo)® + GP)e € < (Py)®

(@)®
(M40)®

268

_( (@40)(8)+T?>
((Qs0)® +T e T 4+ (Q40)® < (Q40)®

®)®
(M40)(®

In order that the operator A® transforms the space of sextuples of functions G;,T; satisfying
Equations into itself
The operator A® is a contraction with respect to the metric

d (((6)®, (1)), ((61) @, (T,2)@) ) = 269
sup{max |Gi(1)(t) - Gi(Z)(t)|e_(M4°)(8)t,Max |Ti(1)(t) - Ti(Z) (t)|e—(1‘7’40)(8)t}

i tER4 tER4
Indeed if we denote 270

Definition of (G43), (Tyz) ' ((Ga3), (Taz) ) = A®((Ga3), (T43))

It results 271

6 - 62| < [H(a40)® |62 - Do~ (Ms0) Psta0) o (Ma0) Vstao) g, +

[ @6 — 62 e~ a0 s =Fa0) V5020

(@) O, st)l632) — G52~ s P

621(@0) @ (T, 560) = @) O (T, 50| e™ P00 Fao) Psteo} s

Where s(49) represents integrand that is integrated over the interval [0, t] 272

From the hypotheses it follows

|(64)® = (G4) @[~ < 273

@ (@)@ + (@)@ + (A)® + (Pa) @ (ka0) @) (((61), (Ti) s (64) @, (13)P) )
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And analogous inequalities for G; and T;. Taking into account the hypothesis the result follows

Remark 36: The fact that we supposed (ay,)® and (b;;)® depending also on t can be considered as 274

not conformal with the reality, however we have put this hypothesis ,in order that we can postulate
condition necessary to prove the wuniqueness of the solution bounded by

(Puo)®@e M0t and (0,.)®e ™0™ respectively of R, .

If instead of proving the existence of the solution on R,, we have to prove it only on a compact then it
suffices to consider that (a/)® and (b])®,i = 40,41,42 depend only on T,; and respectively on
(G43)(and not on t) and hypothesis can replaced by a usual Lipschitz condition.

Remark 37 There does not exist any t where G; (t) =0and T; (t) =0 275

it results

G () = GPel™ Io{@)®~@{") @ (Taa (ss0p)sao)ldsan)] >

T, () > Te-0D®) > 0 fort>0

Definition of ((M40)®),, ((M4o)®), and ((Ms0)®), : 276

Remark 38: if G, is bounded, the same property have also G,; and G,, . indeed if

d

Gao < (Myo)® it follows G‘t“ < (('M‘w)(s))1 — (a41)® G, and by integrating

d
Gy < ((ﬁ40)(8))2 =G + 2(‘141)(8)((/Mzm)(s))l/(afu)(s)

In the same way , one can obtain

Gy < ((7\7140)(8))3 = Ggp + 2(a42)(8)((/Mw)(g))z/(aftz)(g)

If G4; or G,, is bounded, the same property follows for G,y , G4, and G4, , G4, respectively.

Remark 39: If G,, is bounded, from below, the same property holds for G,, and G,, . The proof is 277
analogous with the preceding one. An analogous property is true if G4 is bounded from below.

Remark 40: If T,, is bounded from below and lim,_ ., ((b;")® ((G43)(t),t)) = (bs;)® then T, — oo. 278
Definition of (m)® and &g :
Indeed let tg be so that fort > tg

(b41)® = () O ((G13) (1), t) < €5, Too () > (M)®

Then d;‘zl > (a41)® (mM)® — g,T,, which leads to 279
® (m)®
Ty = (w) (1 —e~%8) + T2 e %8t If we take t such that e3¢ = % it results
8
(2 )®m)® 2 . . . .
Ty = (f), t =log - By taking now &g sufficiently small one sees that T,; is unbounded.
8
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The same property holds for Ty, if lim, e (b45)® ((G43)(©), t(), t) = (b4)®

We now state a more precise theorem about the behaviors at infinity of the solutions of equations 37
to 82

Behavior of the solutions of equation 280

Theorem If we denote and define
Definition of (5,)™, (6,)®, (1))@, (7)) :

@ )P, (0,)P, (1)P, (r,)® four constants satisfying
—(0)® < —(a13)® + (@1)® = (@5) P (T1a, ) + (@)D (T14, 1) < —(a) ™

—(@)® < =(b13)® + ()P = (b)) PG, £) = (b)) P (G, 1) < = (7)™
Definition of (v;)®, (v,)®, (u)®, (up) @, v, u® 281

(b) By (v,)® >0, (v,)® < 0and respectively (u;)® > 0, (u,) < 0 the roots of the equations
(@DPVD) + (@)D = (1) = 0and (b,) P @) + () PuD ~ (by)® = 0
Definition of (v,)®,, (7,)®, (11,)®, (11,)® : 282

By (7)™ > 0, (¥,)® < 0and respectively (&i;)® > 0, (ii,)® < 0 the roots of the equations
(@)D ED) + (@) PV = (a33)® =0 and ()P (u®)” + (1) Pu® — (b)) =0

Definition of (m,)®, (m;)™, (u)®, ()™, (vo)® :- 283

(¢) Ifwe define (my)™, ()™, (u)™®, ()™ by
(m)® = (v)®, ()W = (W)@, if ()™ < (v

(m)® = (v)®, (m)® = @D, if ()P < ()P < (FHWD,

[y
and |(vo)® = %
14

(mz)(l) = (V1)(1)' (m1)(1) = (VO)(l)» if (171)(1) < (Vo)(l)
and analogously 284
(#2)(1) = (uo)(l)' (.“1)(1) = (ul)(l): if (uo)(l) < (ul)(l)

u2)® = D, (u)® = )P, if (w)® < we)® < (@)@,

0

Ti3
0

Tiy

and | (u)® =

(#2)(1) = (u1)(1)' (”1)(1) = (uo)(l): if (ﬁl)(l) < (uo)(l) where (ul)(l)' (1_11)(1)
are defined

Then the solution of global equations satisfies the inequalities 285

Gfse((sl)(l)_(pm)(l))t < Gz(t) < 6338(51)(1)':
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where (p;) is defined by equation

[CONPSNCH )
WGB (G- < G, (1) S @ (1) GlaeV
(a15) D6y SO —(5,)D¢ 0 —(s, D¢
((ml)(l)((31)(1)_(17131)3(1)_(32)(1)) [e(( DW-@1) V)t _ 5-(52) ] + Gle (52) < Gis(t) <

(a15) V13 DDt _ (a1t 0_p—(a1s) Wt
(mz)(l)((51)(1)_(,1;5)(1))[ * —e s 1+ Gise ‘15 )

T%e®Mt < T 4 (¢) < T e(RWV+riM)e |

Rt RHD @Y
i )<1> Te BV < Ty5(t) SR )(1) ) (RO +(r1)™)
(b15) V1 e® YDe -(b15) Dt 0 - Dt
) (R)D-(b15) V) ' e ] + Tise™ s STis(0) <

(1) Vri; o@D+ _ o=Vt 4 7 =R Ve
B2 D (R +ry) D+ R D) L ¢ *Tise

Definition of (5)™, (S), (R)®, (R) V-
Where (51)(1) = (als)(l)(mz)(l) - (a13)(1)

)W = (1) = (15)™
(R)W = (by3) P ()™ — (b15)™
(Rz)(l) = (bis)(l) - (7’15)(1)

Behavior of the solutions of equation

Theorem 2: If we denote and define

Definition of (0,)®, (0,)?, (1)@, (t,)®:

d) 6.)?@,(0,)?, (1)?®, (1,)® four constants satisfying
—(02)@ < —(a16)® + (ai)® — (a1) P (Ty7, 1) + (1) P (Ty7, ) < —(0)@

(1) < =(bi6)® + (bi)P = (b15) P ((G1o), t) = (b17) P ((G1o),t) < (1))
Definition of (v;)®, (v,)®, (u)®, (u,)® :
By (v;)® >0, (v,)® < 0and respectively (u)® > 0, (u,)® < 0 the roots
(e) of the equations (a17)(2)(v(2))2 + (0)Pv® — (a;)® =0

and (b;)@(u®)” + (1,)@u® — (b;)@ = 0 and
Definition of (v;)®,, (1,)®, (1,)®, (i1,)@ :
By (7))@ > 0, (¥,)® < 0and respectively (&i;)® > 0, (ii,)® < 0 the

roots of the equations (a,,)® (1/(2))2 + (0)Pv® — (a,)@ =0
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and (b17)(2>(u(2))2 + (1) Pu® — (b, )@ =0 302
Definition of (m,)® , (m,)@®, (1)@, (1)@ :- 303
(©) Ifwe define (m)®, (my)@, (u)@, () by 304
(Mmx)® = ()@, ()@ = ()@, if (v)® < (v)® 305
()@ = ()@, ()@ = TP, if )P < (W)® < @)@, 306

0
and |(vy)® = %
17

(mz)(z) = (V1)(2)'(m1)(2) = (Vo)(z)' if (171)(2) < (Vo)(z) 307
and analogously 308
(12)® = )@, (1)@ = ()@, if (ue)® < (u)®

E)® = @)@, 1)@ = @@, if )P < W)@ < @)@,

and |(uy)® = ]

%,
(Hz)(z) = (ul)(Z)' (ﬂ1)(2) = (uo)(z): if (771)(2) < (uo)(z) 309
Then the solution of global equations satisfies the inequalities 310

Goe(GVP-w10D)t < G, (1) < GleD™

(p,))® is defined by equation

@)_ (2) 2)
ﬁGle (™1™t < G, (1) < )(2) Gleel®V 311
(a15)®G9 $D@—(p16)@)t _ - (5)®@ 0 o~(59)@ 312
((m1)(2)((51)(;?—(17161)6(2)—(52)(2)) e(( e e t] +Gige A~ Gig(t) =

(m )(zfﬁés))(fz)f%} @l 0@t o=@t 1 Ge~@ )
2 1 —U18

'I‘loée(Rl)(Z)t < The(t) < TPGe((Rl)(Z)"'(Tlﬁ)(Z))t | 313
(u1 )(2) T106 (R0t < Ti(t) < )(2) T16 ((Rl)(z)"'(rls)(z))t 314
(b )(Z)TO 2) ! N(2) — ! N(2) 315
DD (R D (7)) R R L TOE
(a18) P T RO@D 4 DV (Rt 0 —(RYD¢
O (R) D +(re) D1 R D) e(RDP+(r1) PNt _ o=(R2) ]+T18e (R2)
Definition of (S;)®, (S,)®, (R))®, (R,)®:- 316
Where ($;)@® = (a;6)® (m)® — (aj6)® 317

(Sz)(z) = (a18)(2) - (p18)(2)

WWW.1jsrp.org



IJSRP Monograph Publication 63
ISSN: 2250-3153

(R)® = (b16)® (1) = (1)@ 318
(R)P = (bjg)® — (1)@
Behavior of the solutions 319
Theorem 3: If we denote and define
Definition of (0,)®, (5,)®, (1))@, (1)@ :

@ ), (0,)®,(1)®, (1,)® four constants satisfying
—(02)® < —(a30)® + (a51)® = (@) P (T, 8) + (a3) P (T1, 1) < —(0)®

—(1)® < =(b30)® + (03:)® = (B5)P (G, t) — ()P ((G3), t) < (1)@
Definition of (v;)®, (v,)®, (u))®, (u,)® : 320

(b) By (v,)® >0, (v,)® < 0and respectively (u;)® > 0, (u,)® < 0 the roots of the equations
(a21)(3)(v(3))2 +(0)Pv® — (a0)® = 0
and (b)®(u®)” + (1,)@u® — (b,0)® = 0 and

By (1)® >0, (#,)® < 0and respectively (&;)® >0, (#1,)® < 0 the
roots of the equations (a21)(3)(v(3))2 + (0)PV® = (@)@ =0
and (b,)®(u®)’ + (1) Pu® - (b;)® = 0
Definition of (m:)®, (m2)®, (1)@, ()@ - 321

() If we define (my)®, (m,)®, (1)@, (1)@ by
(mz)(g) = (Vo)(g)' (m1)(3) = (Vl)(3): if (Vo)(3) < (Vl)(3)

(my)® = v)®, (m)® = @)@ ,if v)® < V)@ < @)@,

0
and |(vy)® = %
21

(m)® = ()@, (m)® = ()@, if TP < (v)®
and analogously 322

(#2)(3) = (uo)(3)' (”1)(3) = (u1)(3): if (uo)(3) < (ul)(3)

_ , _ TS
12)® = W)@, (u)® = @), if W)® < (we)® < (@)®, and|(u))® = %

(12)® = W)®, ()™ = w)®, if @) < (u)®

Then the solution of global equations satisfies the inequalities
G90e (VP ®200D)t < G, (£) < (et

(p)® is defined by equation
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1 5113 (013 5)®
W 0e (G -@200E < G, (1) S @ )(3) GpeSV Tt 323
(a22) P63 G)_(p, )3 NG —(5)® 324
((m1)<3>((sl)é)z—(pz;)()“)—(sz)“)) [e((51) o) — e t] + Goe™ < Gra(t) <
(a )(3)60 (3) IV ENG) il \3)
(mz)(3)((Zi)(3)—2(?1;2)(3))[ ¥t _ g=(az2) t] + nge (az2) t)
0 ,(RNPt < T9 o (R +(r20)®)e 325
Te < Ty (t) < Type
3 3) @3)
(3)T20€(R1) t<T, (t)< (3)T20 e(RDP+(r20)P)e 326
(11)
(b22) P13y RD®t _ -s)®t 0 ,—-(b})®t 327
1) ((RDP=(b3)®) [6( VT et ] + Tpe™ P2 < Ty (6) <
(a22) 1) RO 4@ —(R) Pt 0 —(R)®¢
T ) [e(@P 20t _ g=k)P] 1 70,0~k
Definition of (5;)®, (5,)®, (R))®, (R,)®:- 328

Where (51)(3) = (azo)(3)(m2)(3) - (aéo)@)
(52)(3) = (azz)(s) - (pzz)(3)

(R)® = (b20) P (u2)® = (b30)®

(Rz)(3) = (béz)(3) - (7”22)(3)

Behavior of the solutions of equation

Theorem: If we denote and define

Definition of (0,)®, (6,)@, (1))@, (1)@ :

) ()W, (6,)?, ()P, (r,)® four constants satisfying

—(02)® < —(a3)™ + (a35)® = (@) P (s, t) + (a35) P (T, 8) < —(07) @

—(1)® < =(b3)® + (b35)® — (b3) P ((G27), t) = (b3s) P ((G7), t) < = ()@

Definition of (v,)®, (v)®, (uy)™®, (uy)@,v®,u® 329

(e) By (v) )™ >0, (v,)® < 0and respectively (u;)® > 0, (u,)® < 0 the roots of the equations
(@)@ D) + @)V — ()@ = 0
and (by5)@(u®)” + (1) @u® — (b,))® = 0 and

Definition of (v,)®,, (#,)®, (7,)®, (71,)® : 330

By (7))@ > 0, (¥,)® < 0 and respectively (ii;)® > 0, (7,)® < 0 the
roots of the equations (a,5)® (v(4))2 + (0,)Pv® — (a,,)@ =0
and (bys)® (u®)’ + (1) Pu® - (b;)® = 0
Definition of (m,)®, (m,)®, (u)®, (u)®, (Vo)™ -
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(0 Ifwe define (m)®, ()™, (u)®, (u)® by

(m)® = W)@, ()@ = (v )@, if )@ < (v))@

(my)® = ()@, (M@ = TND,if V)™ < V)@ < (1)@,

0
and |(vy)@® = %
25

(m)® = (W)@, (M@ = W)@, if THW < (V)@

and analogously
331

(Hz)m = (uo)m' (ﬂ1)(4) = (ul)(4): if (Uo)(4) < (u1)(4)

12)™ = W)™, W)@ = @)®,if (W)™ < (up)® < @)™,
TO

and | (uy)® = ﬁ
2

(ﬂz)m = (ul)(4)' (#1)(4) = (uo)(4)r if (771)(4) < (uo)(4) where (ul)(4): (771)(4)

Then the solution of global equations satisfies the inequalities
332

6346((51)(4)—(P24)(4))f < Gyu(t) < G§4e(51)(4)f

where (p;)™® is defined by equation

1

0 S )(4')_ (O 1 0 S )(4)15
o ® (;249(( 1 (P2))t < Gys(t) < @ GY, e1

(m2)® 333

(a26) 062, (s)®- @) —(5)@t 0 —(S)®¢ 334

((m1)<4>((sl)“)—(p24)<4>—(s2)<4>) (0™ — o=V | 4 5060 < Gy (0) <
(a26)(4)Gg4 [ (s )(4)1: _ ,—(a} )(4),;] 0 ,—(a} )(4)t)

(M)W ((51) @ ~(ase)®) e e + Ggee™ ¢

|T204e(R1)(4)t < Tou(t) < T2°4e((R1)(4)+(T24)(4))f l

TO e((R1)(4)+(Tz4)(4))t 335

1 (4)
—T2049(R1) S Tou(t) < ()@ ' 24

(u)®

(b26) TS, R®t _ —(bhe) @t 0 ,—(bhe)®t 336
1@ (R @~ (0 ®) [ — @] 4 e~ (h M < Tyg(0) <

(a26) DTS, [ (R)W+(rp) ™)t _ —(Rz)(4)t] 0 ,—(R)Wt
P ((R)®+(r20) P+ (R @) [© ¢ +Toge

Definition of (S;)™, ($,)™, (R1)™®, (R,)¥:- 337
Where (51)(4) = (‘124)(4) (mz)(4) - (a§4)(4)
(52)(4) = (azs)(4) - (Pze)m

(R1)(4) = (b24)(4)(#2)(4) - (bé4)(4)
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(Rz)(4) = (bée)w - (7”26)(4)

Behavior of the solutions of equation 338

Theorem 2: If we denote and define

Definition of (6,)®, (6,)®, (1,)®, (7,)®:

@) ()P ,(0,)®,1)®, (1,)® four constants satisfying

—(02)® < —(a35)® + (a39)® = (a55)® (T, t) + (a5)® (To, ) < —(a)®

—(1)® < =(b35)® + (b39)® = (b7) P ((G31), t) = (b39) P ((Gs1), ) < —(2)®

Definition of (v;)®, (v,)®, (u))®, (u,)®,v®,u® : 339

(h) By (v,)® >0, (v,)® < 0and respectively (u;)® > 0, (u,)®® < 0 the roots of the equations
(a29)® (V(S))z +(0) v — (@) = 0
and (b;9)® (u®)” + (1)U — (b,)® = 0 and

Definition of (v,)®,, (7,)®, (1,)®, (1,)® : 340

By (7,)® > 0, (¥,)® < 0 and respectively (ii;)® > 0, (i1,)® < 0 the
roots of the equations (aq)® (V(S))Z + (0,)OV® — (a6)® = 0
and (bzg)(5>(u(5>)2 + (1) Ou® — (h,g)® =0
Definition of (m,)®, (m,)®, (1))@, (1), (ve)® :-

(i) Ifwe define (m)® , (m,)®, (1)®, (u)® by
(mz)(s) = (Vo)(s)' (m1)(5) = (Vl)(s): if (Vo)(s) < (Vl)(S)
(m)® = )P, (m)® = @)D, if () < (V)® < (),

0
and |(vy)® = %
29

(m)® = (), (M) = We)®, if @) < (v)®
and analogously 341
(#2)(5) = (uo)(s)' (ﬂi)(s) = (u1)(5): if (uo)(s) < (u1)(5)

W) = W)®, (1)® = @), if W)™ < (w)® < @),

0
and | (uy)® = %
29

(#2)(5) = (u1)(5)' (ﬂi)(s) = (uo)(s); if (1_11)(5) < (uo)(s) where (u1)(5)' (a1)(5)

Then the solution of global equations satisfies the inequalities 342

(95e (D@20t < G () < (e
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where (p;)® is defined by equation

1 ) ()5 ®)
o (e (07PN < G () < s Gl 343
(a30)963) s ) —(5,)® 0 —(s,)(® 344

((m1)<5>((sl)é?—(pzsz)i5>—(52)<5>) |02t — o0 | 4 =0 < (1) <

(a30)¥ 695 s®r  —(al )¢ 0 (@ ®¢
12O ((5)O— (b)) [e( VT —em(@0) ]"‘ G3oe~ (@30
Ty FO™t < Tyg(t) < Thyel BT+t 345
- )(5) TS,e Bt < T, (1) <—% (5) T3, e (RO +2p)®)e 346

(b30) 1 5 —(pl 3 _(pl () 347
(ul)(S)((;:)(S)_z(igo)(s)) [e(Rl) f—ets0 t] + Tipe~ P30 < Ty (8) <

(a30) D1y (RS +(129) Nt —(Ry)®)t 0 ,—(R)®t

(12) D (R +(r28) D) +(R2)) [e( DT — (s ]+T3°e "
Definition of (5;)®, (5,)®, (R))®, (R,)®:- 348

Where (51)® = (a26)® (mp)® — (a35)®
(5)® = (a30)® = (30)®
(R)® = (b28)® (12)® — (b35)®
(R)® = (b3)® — (130)®

Behavior of the solutions of equation 349

Theorem 2: If we denote and define

Definition of (5,)©, (6,)©, (1,)®, (1,)© :

@) (0@, (0)®, (1)@, (x,)® four constants satisfying

—(02)@ < —(a32)@ + (a33)@ — (a5)© (Ts5, 1) + (a53) @ (T3, ) < = (0)®

—(12)'® < =(03)@ + (b33)® = (b52) @ ((G35), t) = (B33) @ ((G35), t) < —(2)®

Definition of (V1)(6): (Vz)(G), (u1)(6): (uz)(G),v(G),u(G) . 350

(k) By (v))©® >0, (v,)® < 0and respectively (u;)® > 0, (u,)® < 0 the roots of the equations
(a5) @ (@) + @)V — (a5)@ = 0
and (b33)© (u®)” + (1,)®u® — (b;,)® = 0 and

Definition of (v,)®,, (¥,)®, (7;)®, (1,)® : 351

By (v))® > 0, (¥,)® < 0 and respectively (i1;)® > 0, (i1,)® < 0 the
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roots of the equations (as3)® (1,(6))2 +(0,)Ov® — (a3,)©® =0
and (b33)(6)(u(6))2 + (1)U — (b3,)® =0
Definition of (m,)©, (m)© , (u)®, (112)®, (Vo) © :-

(D) Ifwe define (my)®, (my)®, (u)®, (1)@ by
(mz)(G) = (Vo)(G)' (m1)(6) = (V1)(6)' if (Vo)(G) < (V1)(6)

(mz)(ﬁ) = (V1)(6)' (ml)(G) = (176)(6) Jif (Vl)(G) < (Vo)(ﬁ) < (171)(6):
GO
and |(vo)©® = G—iz
33

(mz)(ﬁ) = (Vl)(B)' (ml)(G) = (Vo)(ﬁ)r if (‘71)(6) < (Vo)(ﬁ)
and analogously 352
(Hz)(ﬁ) = (uo)(ﬁ)' (ﬂ1)(6) = (ul)(G): if (Uo)(ﬁ) < (u1)(6)

1) © = @)@, (1)@ = @)@, if )@ < ()@ < @),

0
and | (uy)® = %
33

(1)@ = @), (1)@ = )@, if (@) © < (o)® where ()@, (@)

Then the solution of global equations satisfies the inequalities 353
Gé)ze((sl)(G)_(p“)(G))t < G3(D) < nge(sl)(ﬁ)t

where (p;)© is defined by equation

(6)_ (. )(6) )
ﬁ(;u e (D -@32))t < 6. (1) < (6) GLeD™t 354
(a34)® 6 6)_ () —(5,)(® —(5,)(® 355

((m1)<6>((sl)é;—(ps;;“)—(sz)“)) [e((sﬂ 7 — g0 t] + 63TV < Gay (D) <

(a34)(6)6§)2 s8¢ —( ! )(5)1; 0 - ’)(6)t
(m2)® ((51) @ —(as)®) [e( 1) — e (934 ] + Gle (azs
T302€(R1)(6)t ST(0) < Tsoze((Rl)(6)+(r32)(6))t 356

79e Rt < T (¢ < =T o (R)O+(r32) )t 357
(U1 )(6) 32€ ( ) )(6) 32

(b34) 1L (6) _cn! \(6) EYENG) 358
D (RO~ ) [ — @] e R0 < Ty (0) <

(‘134)(6)T392 RO 4 (O —(R,)®)¢ 0 .—(R,)®)¢

T ) [e(@ @+t _ o= O] 4 78, e~
Definition of (S;)®, (5,)©, (R,)®, (R,)©:- 359

Where (5;)® = (a32)© (m)© — (a3,)®
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(52)(6) = (a34)(6) - (P34)(6)

(R)©® = (b32) @ (u2)® — (b3)®

(Rz)(6) = (b§4)(6) - (7”34)(6)

360
Behavior of the solutions of equation
Theorem 2: If we denote and define
Definition of (a,)7, (6)7, (7)), (7)) :
()7, (0)7, (1), (1,)? four constants satisfying
_(02)(7) < _(alss)m + (a'37)(7) - (a’3,6)(7)(T37 6+ (a§’7)(7)(T37 1) < _(01)(7)
_(Tz)m < _(bée)m + (bé7)(7) - (b§'6)(7)((639), t) - (b§'7)(7)((639), t) = _(Tl)m
Definition of (v;)™, (v,)”, (u)?, (ux) P, v, u 361
By (v >0,,)? <0 and respectively (u;)? >0, (u,)” <0 the roots of  the equations
(@) D) + @)V ~ (a5 = 0
and (b3,)?(u®)* + (1,)Pu? — (b36)” = 0 and
Definition of (v,)7,, (¥,)7, (1,)7, (ii,) " : 362
By (7)) >0, (¥,)” < 0 and respectively (ii;)” >0, (i1,)” < 0 the
roots of the equations (as,)” (v(7))2 + (0) v — (a3)7 = 0
2
and (b3,)?(u™)" + (1) Pu? — (b36)” = 0
Definition of (m1)?, (m)™, (u)?, ()", (V)™ -
If we define (my)?, (m;)™, (u)?, (u)” by
(M) = W)?, ()P = )P, if W)? < (v)?
(M) = w)?, ()P = @)?,if )P < W) < ()P,
0
and |(v) 7 = ¢
G37
(M) = (), (m)? = W), if )7 < (v)?”
and analogously 363

(#2)(7) = (uo)m: (lh)m = (ul)(7)' if (uo)m < (u1)(7)

W) = W)?, (1) = @)7,if W)™ < (W)™ < @),

0
and | (uy)? = %
3

(ﬂz)m = (ul)(7)l (ﬂ1)(7) = (uo)(7), if (1_11)(7) < (uo)m where (u1)(7): (al)(7)
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Then the solution of global equations satisfies the inequalities 364
620030 < G (1) < Ge D
where (p;) is defined by equation

1 - (7) )
WG% e (6D =(36)")t < G3,(t) < (7) GVt 365

(a38)763 )= @) —(s,) 0 —(s)D 366
((ml)m((51)<7>—(p3:>6<7>—(s:)m) (07 e — = t] + G3e™ T < Gyg(1) <

(a38)"69s s ) Dt —(at) Dt 0 —(al D¢
M ()P —(ahg)®) [e( 1) — e~ (azg) ] + Gge (azg) )

T3066(R1)(7)t < T36(t) < T306€((R1)(7)+(T36)(7))t | 267

79 (RO +rs) )t 368

7)
Tgee R0 < Tog () < )(7)

(11 )<7>

(b38)TSs ®RODt _ —(bhe) Dt 0 ,—(bhe) Pt 369
()P (R D =(bse)M) v —e s ] + T3ge (Vza S Tag(t) <

(a38) V756 [((R1)<’)+(r36)(”)t_ —(R2)<7>t] 0 p~(R) Mt
WD (R D +(rse) DR L ¢ + Tsge

Definition of (S;), (), (R1)?, (R,)7:- 370
Where (5)7 = (az6)? (m3)?” — (a36)”
(52)(7) = (ass)m - (Pss)m
(R1)(7) = (bss)(7)(ﬂz)(7) - (béa)m

(Rz)m = (bés)m - (TSS)(7)

Behavior of the solutions of equation 371

Theorem 2: If we denote and define

Definition of (6,)®, (6,)®, (1,)®, (7,)®:

m)  (6)®,(0,)®,@)®, (1,)® four constants satisfying

—(02)® < —=(a4)® + (a4)® = (@)@ (T, 1) + (@§)® T4y, 1) < —(0)®

—(1)® < —(b3)® + (b11)® — (bi; )(8)((643) t) — (by’ )(8)((643) t) < —()®

Definition of (v;)®, (v,)®, (u))®, (u,)®,v®, u® . 372
(n) By (v11)® >0,,)® <0 and respectively (u;)® >0, (u,)® <0 the roots of  the

equations (a,,)® (V(B))z + (0)®v® — (a,0)® =0
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and (b,1)®(u®)” + (1,)®u® — (b,0)® = 0and
Definition of (v,)®,, (¥,)®, (1,)®, (1,)® :
By (1,))® > 0, (v,)® < 0and respectively (7;)® >0, (@i,)® < 0 the
roots of the equations (a,;)® (1/(8))2 + (0)®v® — (@, )® =0
and (b41)(8)(u(8))2 + (1) ®uU® — (h,)® =0
Definition of (m,)® , (m,)®, (u))®, (1)®, (vy)® -
(0) If we define (m;)®, (m,)®, (1)@, (u)® by
(mz)(s) = (Vo)(s)' (m1)(8) = (V1)(8): if (Vo)(s) < (V1)(8)

(my)® = )@, (m)® = @)@, if v)® < ()@ < T,
GY
and |(v))® = *
41

(m)® = ()@, (m)® = (vx)®, if T® < (v)®
and analogously 374
12)® = @)@, (u)® = W)®, if (ue)® < (u)®

1)@ = w)®, (u)® = @)® ,if w)® < (w)® < @)®,
and |(u)® = 2o

(#2)(8) = (u1)(8)' (.“1)(8) = (uo)(s): if (ﬁ1)(8) < (uo)(s) where (ul)(s)' (ﬁ1)(8)

Then the solution of global equations satisfies the inequalities 375
Ge(D V-0t < G, (1) < G eDt

where (p;)® is defined by equation

(8)_(, (8 ()
ﬁgw e((5)® -t < ¢ () < )(s)G et 376
(a22)®63 (®)_(p, . )(® —(5,)® —(s,)(® 377
((m1)<8>((sl)é)z—(mg(g)—(sz)<s>) [e((sl) PP - e~ t] +Ghe” T < Gia(8) <
(a42)®G3 (® —(a' ® PN
PP ar@y e —eT @ ]+ Glpem ()T
0 ,R)®t < 70 o ((R)®+(140)®)t 378
Tyoe < Tao(t) < Tyoe
R)®¢ ((R) B4 (140) ®)e 379
The RVt < Tyo(t) < —® TS e (R)V+(r0)

(U1 )(8) )(8)
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380

(ba2)®To (R)®¢ —(bi)®¢ 0 ,—(bh)®¢
WO (R)®—(0})®) [0 — @R | 4 The O < Tp(1) <

(a4) D1y [ ((R)®+(ra)®)t _ —(Rz)(s)t] 0 ,—(R)®t
ED® (RN +(20) D+ R ®) 1 ¢ +Taze

Definition of (5,)®, (5,)®, (R,)®, (R,)®:- 381
Where (51)(8) = (a40)(8) (mz)(s) - (a"w)(f‘)

(52)(8) = (a42)(8) - (p42)(8)

(R)® = (b40)® (u2)® = (b0)®

(Rz)(s) = (bal,z)(s) - (7’42)(8)
382

Proof: From global equations we obtain 383

d (1) ! ! 1
:;t = (a;3)® — ((ais)(l) — (@)™ + (ai5) P (T, t)) — (@)D (Tyq, VD = (ay,) Dv®

Definition of vV :- y@ = G138
G1q

It follows

2 dav(® 2
~ (@) D) + (0)Dv® = (0)P) < L= < — (@)D (D) + (e OV = (a13)@)

From which one obtains

Definition of (7,)™), (v)® :-

0
(a) For0 <|(w)® = L2l < (v)® < (7,)®

0
Gig

W) D40 D vy Wel @D (@D -0 D) 1]
1+(C)(1)e[—(a14)(1)((v1)(1)—(Vo)(l)) f]

_ )W ®

€Y}
O = @)W —-(v)®

v (1) =

it follows (vo)® < vV (t) < (v))@

In the same manner, we get 384

@)D+ D (@,)Del~ @D (@D~ D)
140 Wel@0D(EDD-2 W)

_ 00 WO-y®

@)
O = e @m®

vD() <

From which we deduce (vo)® < v (t) < (¥,)W

0
() If 0 < (v))D < (v))V = % < (1)@ we find like in the previous case, 385
14

W) D0 D vy el @D (D=2 W) ]

< v <
14O Wel~ @D (W= W) = )<

(Vl)(l) <
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@)D +(OD @y Wel- @D (@D -2 D) ]
140 Wel~ @D D- D) ]

< (@)W

0
© If 0 < ()W < (@)D <|(ve)W = % , we obtain
14

@D+ D @y el @D (EDD-w2 M) ]

14O Wel @D (EDD-) W) ]

)® < vO(@) < < (vp)®

And so with the notation of the first part of condition (c) , we have

Definition of vV (t) :-

m)® < vO(@) < (m)®, [ v () = 22
G14(t)

In a completely analogous way, we obtain

Definition of u®(t) :-

(1)® < u®O@) < (1)@, | u® () = 22O
T14(t)

Now, using this result and replacing it in global equations we get easily the result stated in the
theorem.

Particular case :

If (ai5)® = (ai,)®, then (0,)® = (0,)™® and in this case (v;)® = (#;,)® if in addition (vo)® =
(v)® then v (t) = (v,)® and as a consequence G;5(t) = (vo) P Gy, (t) this also defines (vy)™® for
the special case

Analogously if (bj5)® = (bj,)®, then (1,)® = (1,)@® and then

(u)® = (7)) Pif in addition (ue)® = (u;)® then Ty5(t) = (up) P Ty, (t) This is an important
consequence of the relation between (v;)® and (¥,), and definition of (uy)™®.

Proof : From global equations we obtain

av®@ , )
== (@0)@ — (@)@ = (a1)@ + (@) D (T17,9) = (@) D (T, OV = (a37) Dv
Definition of v® :- y@ = SG16

G17
It follows

2 dv®@ 2
~ (@@ (V)" + (0P = (a;0)@) < = < = ((@NP (V)" + (0) PV = (a;0)@)

From which one obtains

Definition of (7,)®, (vo)® :-

0
(d) For0 < (v))® =2t¢ < (1)@ < (1)@
17

386

387

388

389

390
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@ D@ +(©P )@l @D (D0 @) ] @ _ v@-)®@
v@ (1) > e DD O = @@
1+(0)@e 17 (( 1% =(vo) ) (Vo) (v2)
it follows (vo)® < v@(t) < (v)@
In the same manner , we get 391
@(p) < TP+ @@ D (@022 5@ — @-00®@
Vo= 140 @@ (FDD -2 @) ] O = @@
From which we deduce (vy)® < v®(t) < (v,)@® 392
0
(e If 0 < (v)?® < (v))® = % < ()@ we find like in the previous case, 393
17
(v )(2) < (V1)(2)+(C)(2)(Vz)(Z)e[_(a17)(2)((Vl)(Z)_(VZ)(Z)) ] < vO() <
YT o@lr@n@(en@-0@)d T -
(Vl)(2)+(é)(2)(v2)(2)e[‘(“17)(2)(@1)(2)‘WZ)(Z)) ] @
< (v
@@l @@ (E@-2@) )
0 If0<()?®<@)? < ()?® = g—g" , we obtain 394
17
= 12 4 (T @) (5.1 [—(a17)(2)((71)(2)-(72)(2)) f]
@) <« 4@ () « T THO T @) e < )
)W = v (@) < 1+(C)(Z)e[_(a17)(2)((v1)(2)_(VZ)(Z)) B < (vo)
And so with the notation of the first part of condition (c) , we have
Definition of v®(¢t) :- 395
(M) < v (1) < ()@, | v (t) = 268
G17(¢)
In a completely analogous way, we obtain 396
Definition of u®(t) :-
1)@ < u@ () < W)@, |u@©) =145
T17(t)
Now, using this result and replacing it in global equations we get easily the result stated in the
theorem.
Particular case : 397

If (a})® = (a},)@, then (6,)® = (6,)® and in this case (v;)® = (¥;)® if in addition
(vo)® = (v))® then v (t) = (v,)® and as a consequence G,¢(t) = (vo) @Gy, (t)

Analogously if (bjs)® = (bj5)®, then (1,)@® = (1,)@ and then

(u)® = (@) Pif in addition (uy)® = (u;)® then Ty4(t) = (ug) P Ty, (t) This is an important
consequence of the relation between (v;)® and (v,)®
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Proof : From global equations we obtain 398

d (3) ! ! n n
:;t = (‘120)(3) - ((azo)(B) - (a21)(3) + (azo)(g)(sz t)) - (a21)(3)(T21, t)V(S) - (a21)(3)v(3)

399

Definition of v® :- 3 = ?
21

It follows

2 av® 2
- ((a21)(3)(V(3)) + (0'2)(3)1’(3) - (azo)(g)) < Zt < - ((a21)(3)(v(3)) + (01)(3)1/(3) - (azo)(3))

400

From which one obtains

GJ _
(a) For0 < (v))® = ﬁ < ()@ < @)@

(Vl)(s)+(C)(3)(VZ)(s)e[—(a21)(3)((V1)(3)—(V0)(3)) t]
1+(C)(3)e[—(a21)(3)((1’1)(3)—(1/0)(3)) t]

_ v)®-®

(3) = P~ =vo) ~
O = o ®

v (1) =

it follows (vo)® < v®(t) < (v))®

In the same manner, we get 401

@)D +(0)® @y Pel @2 (@D -T2)P) 1]
140 @l @D®(EDE-2 @) ]

_ @)®-®
T )@ -@)®

, |(O®

v () <

Definition of (v,)® :-

From which we deduce (vy)® < v®(t) < (v,)®

0o
() If 0 < (v))® < (v))® = % < (#,)® we find like in the previous case, 402
21

(Vl)(3)+(c)(3)(VZ)(s)e[—(a21)(3)((v1)(3)—(Vz)(3)) f]

< vO®() <
14(0) @l @@ (0D -02) @) ] sviB =

)@ <

@)D+ @)Dl @D (EDP-02)P)
14(©)® el @D@(®-2®) ]

< )@

0
(© If 0<()® < @)® < (v))® = % , we obtain 403

21
@)D+ O @y @el~@2DP(EDP-32P) 1]

< (v.)®
1+(O@el @D (ES-m2@) ] = ()

V)@ < V() <

And so with the notation of the first part of condition (c) , we have

Definition of v®(¢t) :-

(m)® < v () < (my)®, | v () = 229
G21(t)
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In a completely analogous way, we obtain

Definition of u® (¢) :-

1) < uP O < W)®, |u@©) =205
T21(8)

Now, using this result and replacing it in global equations we get easily the result stated in the
theorem.

Particular case :

If (ay))® = (ayy))®, then (6,)® = (6,)® and in this case (v;)® = (#,)® if in addition (vy)® =
(v1)® then v®(t) = (v))® and as a consequence G,o(t) = (vo)® G, (1)

Analogously if (byy)® = (by)®, then (1,)® = (7,)® and then

(u)® = (1) @if in addition (u)® = (u;)® then T,y (t) = (up) T, (¢) This is an important
consequence of the relation between (v;)® and (v,)®

Proof : From global equations we obtain 404
av® ’ 1 " 1
= (020)® = (@)™ — (@)@ + (@5) P (T3, ) = (a55) P (Tps, VP = (a5) Dv®
Definition of v# :- v® = %
25

It follows
dv®

2 2
~ (@)@ (V®)* + (@)@ = (a,)®) < %= < = (@) P (D) + @)DV — (a20)@)
From which one obtains

Definition of (¥7,)™, (vy)® :-

GJ _
(d) For 0 <|(v)® = ﬁ < (v)® < (1)@

(vl)(4)+(C)(4) (VZ)(4)e[—(az5)(4)((1’1)(4)—(1’0)(4)) f] (V1)(4)—(V0)(4)

(4) 4)
v t) = , C =
@® a2 ()@l @D @) ] © o) ®
it follows (vo)® < v®(¢) < (v))@
In the same manner, we get 405
@ ®) < (Vl)(4)+(C')(4)(VZ)(4)e[‘(az5)(4)((71)(4)—(72)(4)) ] (6)(4) _ )@ —(vg)@
< 4+(C_)(4)e[_(aZS)(4)((71)(4)_(72)(4)) t] ’ (o) @ =)@

From which we deduce (vo)® < v®(t) < ()@

0
(e) If 0 < (v)W < (vg)@® = % < ()™ we find like in the previous case, 406
25
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W)@+ g @el =29 P (@ D-2)®) ]

4) < < y(®) <
()™ = W @@ @-ep@) = Y ®) =
(71)(4)+(®(4)(Vz)(‘*)e[_(azs)(‘l)((vl)(‘l)_(vZ)M)) d =\ (4)
e @ (@)@ -y @ < (1)
1+(C)(4)e[ (a25)® (@) W-@2) @) ]
0 407
() 1f 0 < (v)® < (1)@ <|(vo)® = 2|, we obtain
25
@) (B @) [ @28) P (D) B -@2) @) ]
@) <« ,@ < ) PHEO @) Ve < (4)
W < v¥W(@) < 1+(®(4)e[-(azs>(4)((V1)(4)—(fz)(4)) t] < (vo)
And so with the notation of the first part of condition (c) , we have
Definition of v (¢) :-
(m)® < v () < ()@, | v@ () = 28
2 - - SO G5 (t)
In a completely analogous way, we obtain
Definition of u™®(t) :-
1) < uP () < @)@, |u®©) =25
T25(t)
Now, using this result and replacing it in global equations we get easily the result stated in the
theorem.
Particular case :
If (ay)® = (afs)™®, then (0,)™® = (0,)® and in this case (v)® = (¥,)® if in addition (vy)® =
(v))™W then v (t) = (v)® and as a consequence G,,(t) = (vo)® G,5(t) this also defines (v,)® for
the special case .
Analogously if (by,)® = (bys)®, then (1,)® = (7,)® and then
(u)® = (i1,)Wif in addition (ug)® = (uy)® then T,,(t) = (uy)®T,s(t) This is an important
consequence of the relation between (v;)® and (v;)¥, and definition of (u,)®.
408

Proof : From global equations we obtain

av® ’ li " "
a (azs)(s) - ((azs)(s) - (a29)(5) + (azs)(s) (T30, t)) - (a29)(5) (T30, t)V(S) - (a29)(5)v(5)

Definition of v :- v = ?
29

It follows
av(®)

~(@)® ) + @)V ~ (a2)®) < = <~ (@)D ()" + (0) VO — (a0)®)

From which one obtains
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Definition of (v,)®, (vo)® :-

GY _
(8) For0 <|(v)® = G—g < ()® < (1)®

WO +(0) ()P~ @29 D (D O-00)®)

_ w)®-®
5+(C)(s)e[‘(“29)(5)(("1)(5)‘("0)(5)) f

(B -()®

vO(t) > , lo®

it follows (v))® < v (t) < (v)®

In the same manner, we get 409

)(s)+(C-)<s)(VZ)(s)e[—(azg)(S)((vl)(S)—o—/z)(S)) t]

_ 00O -)®
51+(0)®) el (@2 (@DO-2®)) ]

(5) (1 —
v = 10)®-)®

) (C")(S)

From which we deduce (vo)® < v® (1) < (75)®
®) ) — 58 — (5165 we find like i - 410
h) fo< (O™ < (vy)™ = w0 < (v1)*’ we find like in the previous case,
29

(V1)<s)+(c)<s)(Vz)(s)e[—(azg)(5)((v1)<5)—<vZ>(5)) t]

(5)
v <
)™ < 1+(C)(5)e[—(a29)(5)((V1)(5)—(V2)(5)) t]

< vO(t) <

1) +(0)O) (7Dl (@20 O (@O -32))
1+(C‘)(s)e[—(azg)(s)((51)(5)—(172)(5)) t]

< @)®

0 411
i) If0<()® < @)® <|(v))® = % , we obtain
29

@O +(0)O 7y el (@20 (D=2 ) ]

G < vO () <
)™ = v < 14(0)®) el (@2 B (EDE-)®)) o]

< (Vo)(s)

And so with the notation of the first part of condition (c) , we have
Definition of v®(¢t) :-

(mz)(S) < V(S)(t) < (ml)(s)’ V(S)(t) _ Gas®
G29(t)

In a completely analogous way, we obtain
Definition of u® (¢) :-

(#2)(5) < u(S)(t) < (/11)(5): u(s)(t) _ Ts(®)
T9(t)

Now, using this result and replacing it in global equations we get easily the result stated in the
theorem.

Particular case :
If (a4s)® = (aby)®, then (6,)® = (6,)® and in this case (v;)® = (#;,)® if in addition (v,)® =

(v5)® then v (t) = (v,)® and as a consequence G,5(t) = (V)™ G,o(t) this also defines (v,)® for
the special case .
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Analogously if (byg)® = (byy)®, then (1,)® = (1,)® and then
(u)® = (@) Pif in addition (ug)® = (u;)® then Tog(t) = (uy)®T,o(t) This is an important
consequence of the relation between (v;)® and (;)®, and definition of (uy)®.

Proof : From global equations we obtain 412
av(® ® N6 — (! O 4 (g R0 © ©)1/(6)
a (asz) —((a32) = (az3)™™ + (asz2) (T33,t))—(a33) (T35, )V — (az3)* v
Definition of v(® :- v(© = G2
G33
It follows
2 dav(® 2
~ (@)@ (V@) + (0 Ov® = (43)@) < 2= < = () O (V@) + (@) OV ® = (a;)®)

From which one obtains

Definition of (¥,)®, (v,)©® :-

. GJ _
() For 0 <|(v)® = a?i < ()@ < (7)®

4 ) > (vl)(ﬁ)+(C)(6)(vz)(ﬁ)e[‘(a33)(6)((v1)(6)—(v0)(6))t] (C)(é) v ©-®
B 1+(0) @l @3 (@DO-wo) (@) ] ’ " 00)©@-)®
it follows (vo)©® <v@®(t) < (v,)©®
In the same manner, we get 413
vO(e) < E0 @+ @@l (0O -C2 )] (©)© = T 0=
B 14(0)® el (@3 O(EDO-2)®)) ’ o) @-(7)®

From which we deduce (v,)©® <v©(t) < (¥,)©®

0
k) If 0 < (v)® < (v))© = % < (#,)©® we find like in the previous case, 414
33
v)® < WD ©+(0)O ()@l (@32 (D O-2) ) < vO@) <
Yo 14(0)©el"@3 @ (v © -2 @) ] = =
T @+(@O @ @el @ V(@ O-) ]
e O (O ® < (V1)
1+(C)(6)e[ (a33)(0)((w1)(®)-7)(0)) ¢]
415

0
D Ifo<@)®<@)®<|(v)® = % , we obtain
33

@) O +(0)© (7@l (@33 (T O-@2) @)

< (v.)®
1+(®(6)e[‘(ass)(6)((71)(6)‘(72)(6)) f = (o)

(v)® < vO(t) <

And so with the notation of the first part of condition (c) , we have
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Definition of v (¢t) :-

Gz, (t)
(my)® < vO(r) < (m)®, | vO (@) = 2=
G33(t)

In a completely analogous way, we obtain
Definition of u(® (¢) :-

1)@ < u®®) < W)@, |u®©) =145
T33(t)

Now, using this result and replacing it in global equations we get easily the result stated in the
theorem.

Particular case :

If (a4,)® = (a43)©, then (6,)©® = (0,)® and in this case (v;)©® = (#,)® if in addition (v,)® =
(v1)® then v®(t) = (v,)® and as a consequence G3,(t) = (vo)® G35 (t) this also defines (v,)® for
the special case .
Analogously if (b5,)©® = (b55)®, then (1,)® = (,)® and then
(uy)® = (1) ®if in addition (u()® = (u;)©® then T, (t) = (up)®Ts3(t) This is an important
consequence of the relation between (v and (v;)'%, and definition of (u,)'*.

q f the relation b (v1)® and (7,)®, and definition of (uy)®

416
Proof : From global equations we obtain
av?® , ,
" = (a56)? = ((a20)? = (@) P + (56) P (T3, 1)) =
(aé'7)(7) (Ts7, t)Vm - (a37)(7)v(7)
Definition of v” :- v = Sse
G37
It follows
2 @
~((@P ) + (VD ~ (a5 ?) < - <
2
- ((a37)(7)(v(7)) + (o) Py — (a36)(7))
From which one obtains
Definition of (v;)™, (vy)” :-
G3 _
For 0 <|(vy)?) = ﬁ <) < @3)?
NQ) ) > (Vl)(7)+(C)(7)(VZ)(7)3[_((137)(7)((Vl)(7)—(V0)(7))t] (C)(7) ) D)™
B 140 el @D (DD -we) )] ’ ~ D= ?
it follows (vo) @ < v (¢) < (v))?
In the same manner, we get 417
v ®) < (71)(7)+(5)(7)(Vz)(”e[_(a37)(7)((Vl)(7)—(72)(7)) t] (5)(7) _ D)D)
T @Wel (- 7) ’ v0) D)7
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From which we deduce (v)™” < v (t) < ()7

0
If0<()? < @)? = % < (1) we find like in the previous case, 418
37

)P+ D ) Del @ P (@D P-2)7) ]

7N <
()Y’ < @D el~@ (DD -w2D)

< v <

@D+ D @) Del~ @ P (@DP-m2)?) ]
1+ (@@l @ P (@D -T2 7) ]

< @)?

0 419
If 0<()? < @) <|(v)? = % , we obtain

)m+(C—)(7>(72)me[—<a37)<7)((vl)(7)—<vz>(7>) t]

) < D) < P
)7 < vt < L © D @G -G )]

< (Vo)m

And so with the notation of the first part of condition (c) , we have
Definition of v (¢t) :-

(M) < v () < (m)?, [vD(t) = Gze(t)
G37(t)

In a completely analogous way, we obtain

Definition of u(¢) :- 420

W)? < uP(t) < )P, |uP(e) = 2
T37(t)

Now, using this result and replacing it in global equations we get easily the result stated in the
theorem.

Particular case :

If (a%e)? = (a4;)?, then (61)™ = (6,)™ and in this case (v;)? = (¥,)7 if in addition (v,)? =
1)@ then v (t) = (v,)” and as a consequence Gs4(t) = (Vo) G, (t) this also defines (v,)” for
the special case .

Analogously if (b3)” = (b5) 7, then (1,)7 = (1,)” and then (u;)? = (&,)?if in addition
(u)? = (uy)? then Ts6(t) = (uo) P Ts,(t) This is an important consequence of the relation between
(v))? and (7;,), and definition of (uy)™.

Proof : From global equations we obtain 421

av(®

o (‘140)(8) - ((afto)(g) - (aclu)(g) + (a‘r{o)(s) (Ty1, t)) - (‘1411’1)(8) (Ty1, t)V(B) - (a41)(8)V(8)

Definition of v(® :- v® = %
41
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It follows
av®

82

- ((a41)(8)(V(8))2 + (0'2)(8)1’(8) - (a40)(8)) < at < - ((a41)(8)(v(8))2 + (01)(8)1/(8) - (a4o)(8))

From which one obtains

Definition of (7,)®, (vo)® :-

G _
(m)  For0<|(vp)® = ﬁ < (v)® < (1)@

V(S)(t) > (V1)(8)+(C)(8)(Vz)(s)e[_(a“)(s)((Vl)(s)_(VO)(B))t] (C)(S) _ w)®-)®
B 14+(0)® el @@ (D=0 ®)) ’ " v)®-p)®
it follows (v))® < v®(t) < (v)®
In the same manner , we get
v@® () < (vl)(s)+(c‘)(s)(vz)(s)e[—(a41)(8)((ﬁ)(s)_(vz)(s))t] O = ) ®—(ve)®
a 1+(0) @l @P(ED®-2)) ] ’ ) D-,)®

From which we deduce (v,)® < v®(t) < (¥5)®
0
(n) If0<)® < ()® = % < (1,)® we find like in the previous case,
41

(vl)(8)+(C)(8) (VZ)(8)e[—(a41)(8)((1’1)(8)—(1’2)(8)) f]
1+(C)(8)e[—(a41)(8)((Vl)(s)—(vz)(s)) ¢]

(v)® < <v®@) <

1) O +(0)® (7@l @@= @)

< (7,)®
1+(O@el~ @@ (ED®- @) T ()

0
(o) If 0<(v)® < @)® <|(v))® = % , we obtain
41

Y& 4(6)® (Vz)(s)e[_(a‘“)(s) ((71)(8)—(72)(8)) f]

® < @) <™
(Vl) SV (t) = 1+(®(8)e[_(a41)(8) ((gl)(8)_(§2)(8)) L’]

< (v))®

And so with the notation of the first part of condition (c) , we have
Definition of v®(¢t) :-

(mz)(g) < v® ) < (ml)(S), y® (t) = Gao(t)
Ga1(8)

In a completely analogous way, we obtain
Definition of u® (t) :-

W)® < u®() < @)®, | u®(t) =29
T41 (1)

422

423

424

Now, using this result and replacing it in global equations we get easily the result stated in the

theorem.
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Particular case :

If (ay)® = (a})®, then (6,)® = (6,)® and in this case (v;)® = (#,)® if in addition (vy)® =
(v)® then v®(t) = (vy)® and as a consequence Gyo(t) = (vo)® G, (t) this also defines (v,)® for

the special case .

Analogously if (bjy)® = (by)®, then (1,)® = (7,)® and then

(u)® = (71))®if in addition (uy)® = (u)® then T,o(t) = (uy)®T,,(t) This is an important

consequence of the relation between (v;)® and (¥,)®, and definition of (uy)®.

We can prove the following

Theorem : If (a})Pand (b]")™") are independent on t, and the conditions with the notations
(a19) P (1) = (a13)P(a)® <0

(a1) P (1) = (a1) P (1)@ + (a) P (013)® + (21) P 1)@ + P13) P (pra) P > 0
(b13) P (1) P — (1) P ()P >0,

(b13) P (b1) P = (b13) P (1) ™ = (b13) P (1) ™ — (1) P (1) + (1) P (1) < 0
with (py3)®, (17,) @ as defined by equation are satisfied , then the system

Theorem : If (a;)®Pand (b;")® are independent on t, and the conditions with the notations
(a16)@ (1)@ = (a16)P(a1,)@® <0

(a16)P(a17)® = (a16)P(217)® + (a16) P (016)P + (217) P @17)® + (016) P (p17)® > 0
(bi6) P (b17)® — (b16)P (b1)® > 0,

(b16) P (b17)® = (b16) P (b17)® = (b16) @ (117)® — (b1,) P (117)® + (116) P (117)® < 0
with (p16)@, (1;,)@ as defined by equation are satisfied , then the system

Theorem : If (a;)®and (b}")® are independent on t , and the conditions with the notations
(a30)®(a31)® = (a20)P (a21)® < 0

(a50)®(@21)® = (a20)® (@21)® + (20)® 020)® + (@51)® @210 + P20)P (021)® >0
(b30)® (03P = (b20)® (b)® >0,

(b20)® (031)® = (b20)® (521)® — (b36)® (1200 = (3)P (121)® + (1726) @ (12)P < 0
with (p,0)®, (5,)® as defined by equation are satisfied , then the system

We can prove the following

Theorem 3: If (a;)®and (b;")® are independent on t , and the conditions with the notations

(a'24)(4)(a'25)(4) - (‘124)(4)((125)(4) <0

425

426

427

428

429

430

431

432
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(a3)® (a35)® — (a24) P (@25)™ + (020)® 024)® + (235) @ (025)® + (02)® (D25)® > 0
(b3) @ (b35)® = (b) W (b25)™® >0,

(b3) @ (D35)® = (b22)® (b25)™ — (b3)® (135)® = (b35) P (125) @ + (r24) P (15) ™ < 0
with ()@, (135)@ as defined by equation are satisfied , then the system

Theorem 3: If (a;)®and (b;")® are independent on t , and the conditions with the notations
(a5)® (a59)® = (a29) ) (a29)® < 0

(a58) ) (a59)® = (a26)(a20)® + (a26)® (P28)® + (a29)® (P20)® + (P2)® (026)® > 0
(b36)® (030)® — (b25)® (b20)® > 0,

(b36)® (030)® = (b25)® (b20)® — (b36) P (120)® = (b39)® (120)® + (126) P (1) < 0
with (p,g)®, (1,9)® as defined by equation are satisfied , then the system

Theorem 3: If (a)')®and (b;")® are independent on t, and the conditions with the notations
i L
a - )®(aq..)e — (a )(6)((1 )(6) <0
(asz) 33 32 33
(a%2)® (a53)® — (a35) @ (a33)® + (a32) @ P32)© + (a53) @ P33)© + (3) @ (p33)@ > 0
(b52)© (b33)® — (b3)© (b33)© >0,
(béz)(6)(bé3)(6) - (b32)(6)(b33)(6) - (béz)(6)(r33)(6) - (b§3)(6)(7’33)(6) + (7"32)(6)(7”33)(6) <0
with (p3)®, (133)© as defined by equation are satisfied , then the system
Theorem 3: If (a))”and (b;")” are independent on t, and the conditions with the notations
L L
(al )(7)(a’ )(7) —(a )(7)(a )(7) <0
36 37 36 37
(a%6) " (a57) 7 = (a36) P (a37)™ + (a36) 7 (P36) 7 + (@57) 7 037)7 + (p36) 7 (p37)7 > 0
(b56) P (b3) ™ = (b36) P (b37)™ >0,
(bés)m (b§7)(7) - (bss)(7)(b37)(7) - (bée)m (7‘37)(7) - (b§7)(7) (7'37)(7) + (T36)(7) (7'37)(7) <0

with (p36)7, (3,)7 as defined by equation are satisfied , then the system

Theorem 3: If (a))® and (b;")® are independent on t, and the conditions with the notations
L L

(a40)®(a})® — (a40)® (a41)® < 0

(a40)® (a4)® = (@40)® (a4)® + (020)® P40)® + (@4)® P41)® + P40)® (Pa)® > 0

(030)® (031)® = (b4o)® (bs)® >0,

84

433

434

435

436
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(bio)(s)(bil)(s) - (b40)(8)(b41)(8) - (bz’w)(s) (7'41)(8) - (bz’u)(g) (7"41)(8) + (7"40)(8) (7'41)(8) <0

with (p40)®, (1,,)® as defined by equation are satisfied , then the system

(a13) P61, = [(@13)® + (af3) P (T14)]G15 = 0 437
(@) D615 = [(@)® + (@) V(T1)]Grs = 0 438
(a15)VG14 = [(@is)® + (af5) P (T10)]Gis = 0 439
(b13)(1)T14 - [(bis)(l) - (b{’3)(1)(6) ITiz=0 440
(b14)(1)T13 - [(bh)(l) - (bﬂ)(l)(c) [Ty =10 441
(b15) DTy = [(b15)™ = (b15)P(6) ]Tys = 0 442

has a unique positive solution, which is an equilibrium solution for the system

(a16)PG17 — [(a16)® + (@) P (T17)]Gr = 0 443
(017) P66 — [(@1)P + (@) P (T1)]61; = 0 444
(als)(2)617 - [(ais)(z) + (ails)(z) (T17)]G13 =0 445
(b16)PT17 = [(b16)® = (b1s) P (G19) ITis = O 446
(b17) BTy = [(b17)® = (b17) P (G19) 1Ty = 0 447

0 448

(b1a) P17 = [(b1)® — (b1s) P (G1o) 1T1s

has a unique positive solution, which is an equilibrium solution

(azo)(s)Gm - [(arzo)(S) + (aélo)(3)(Tz1)]Gzo =0 449
(a21)® Gy — [(a’21)(3) + (aé'1)(3)(T21)]021 =0 450
(a22)®Gz1 = [(@22)® + (a52)P (T21)] G2z = 0 451
(bzo)(g)Tm - [(béo)(?’) - (bél())(3)(623) 1T20=0 452
(b)) Tyo = [(53)® = (b3) P (G23) 1T21 = 0 453
(bzz)(3)T21 - [(béz)@ - (bé’z)(3)(623) 1T, =0 454

has a unique positive solution, which is an equilibrium solution

(a24)(4)025 - [(a'24)(4) + (aé’4)(4)(T25)]G24 =0 455
(azs)(4)624 - [(alzs)@) + (aéls)(4)(T25)]G25 =0 456
(azs)(4)G25 - [(alzs)m + (aéle)(4)(T25)]Gze =0 457
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(b24)(4)T25 - [(bézx)@) - (bé’zt)(4)((627)) ]T24 =0
(bzs)(4)T24 - [(bés)m - (béls)m((cn)) IT;5 =0
(bzs)(4)T25 - [(b£6)(4) - (béle)(4)((627)) ]T26 =0

has a unique positive solution , which is an equilibrium solution
(a28) )G9 — [(a26)® + (a55) P (T36)[ G5 = 0

(‘129)(5)628 - [(a’29)(5) + (a’2'9)(5) (T29)]Gz9 =0

(@30)® G — [(@30)® + (a5)® (T29)]Gzo = 0
(b26)® Tye — [(b36)® — (b36) P (G31) I Tog = 0
(b29) T35 — [(b39)® — (b56) P (G31) Tz = 0
(b30) STz — [(b56)® — (b30)® (G31) 1T50 = 0

has a unique positive solution , which is an equilibrium solution

(as5) G35 — [(aéz)@ + (aélz)(ﬁ)(T33)]G32 =0
(as3)®Gs, — [(aés)@ + (aéls)(ﬁ)(T33)]G33 =0
(‘134)(6)633 - [(aéa,)(s) + (a§’4)(6)(T33)]534 =0

(b32)(6)T33 - [(béz)(6) - (bélz)(ﬁ)(@s) T3, =0

(b33)(6)T32 - [(bé3)(6) — (b33 (6)(635) IT35=10

|
o

(b34)©Ts5 = [(b30) @ — (b5) ¥ (G33) IT3y =

has a unique positive solution, which is an equilibrium solution

(as6)"G37 — [(aés)m + (aé’ﬁ)(7)(T37)]G36 =0

(a37)(7)G36 - [(a'37)(7) + (a§’7)(7)(T37)]G37 =0
(ase)Gs7 — [(aés)m + (aéls)(7)(T37)]G38 =0

(b36)(7)T37 - [(bés)m - (béla)(7)(639)]T36 =0

86

458
459

460

461

462

463
464
465

466

467

468

469
470
471
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473
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(b37)(7)T36 - [(b§7)(7) - (b§'7)(7)(639) T3, =0

(bss)(7)T37 - [(bés)m - (bé’s)(7)(639) T35 =0

(a40) P 6oy = [(@40)® + (a56) @ (T41)]Gao = 0
(a21)®PGao — [(@4)® + (@)@ (T41)]Gay = 0
(a42)®Gyy — [(aaz)(s) + (af{z)(s)(T“)]G“ =0
(b30) P Tay — [(B30)® — (bi6)® (G43) 1Tao = 0
(b41)(8)T40 - [(bz’u)(s) - (bz’t’1)(8)(643) 1Ty = 0

(b4z)(8)T41 - [(bz'tz)(s) - (bgz)(s)((;“) ITu, = 0

Proof:

(a) Indeed the first two equations have a nontrivial solution G;3, G4 if

F(T) = (‘113)(1) (‘134)(1) - (a13)(1) (a14)(1) + (a13)(1) (aﬂ)(l) (T1a) + (a14)(1) (a1’3)(1)(T14) +
(ails)(l) (T14)(a£’4)(1) (T14) =0

Proof:

(a) Indeed the first two equations have a nontrivial solution G, Gy, if

F(Tyo) = (ais)(z) (a£7)(2) - (a16)(2) (a17)(2) + (aiﬁ)(z) (a£'7)(2)(T17) + (ai7)(2)(a£’6)(2)(T17) +
(ails)(z) (T17)(a1’7)(2)(T17) =0

Proof:

(a) Indeed the first two equations have a nontrivial solution G,g, G5, if

F(Ty3) = (aéo)(3)(aé1)(3) - (azo)(S)(au)(S) + (alzo)(3)(aé’1)(3)(T21) + (aé1)(3)(aé’0)(3)(T21) +
(a50) P (T51) (a5)®(To1) = 0

Proof:

(a) Indeed the first two equations have a nontrivial solution G,4, G,5 if

F(Ty;) = (a§4)(4) (aés)“) - (a24)(4)(a25)(4) + (a'24)(4) (aéls)(‘L)(Tzs) + (aés)m (a§'4)(4) (Tys) +
(a’2’4)(4) (Tzs)(aéls)(‘L)(Tzs) =0

Proof:

(a) Indeed the first two equations have a nontrivial solution G,g, G,q if

F(T3,) = (aés)(s) (aél))(s) - (azs)(s) (a29)(5) + (aés)(s) (aé'g)(s) (Tyo) + (aég)(s) (aéls)(s) (Tyo) +

87
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489
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(a53) P (T29) (a76) P (Tz9) = 0
Proof: 490

(a) Indeed the first two equations have a nontrivial solution Gs,, G35 if

F(T35) = (aéz)(ﬁ)(a§3)(6) - (a32)(6)(a33)(6) + (alsz)(G)(a§’3)(6)(T33) + (a§3)(6)(a§’2)(6)(T33) +
(a52)© (T33) (a33) @ (T33) = 0

Proof: 491
(a) Indeed the first two equations have a nontrivial solution Gsg, G57 if

F(T30) = (aée)(7)(a’37)(7) - (‘136)(7) (az)? + (a§6)(7)(a§'7)(7) (T57) + (a§7)(7) (a’3,6)(7) (T57) +

(a,3,6)(7) (T37)(a§'7)(7)(T37) =0

Proof: 492

(a) Indeed the first two equations have a nontrivial solution G4, G4, if

F(Ty3) = (az'to)(g)(az'u)(g) - (‘140)(8) (‘141)(8) + (a:w)(g) (az’;l)(g) (Ty1) + (az’u)(g) (a:t’o)(g) (Ty1) +
(allo)(g) (T41)(a:{1)(8) (Ty1) =0

Definition and uniqueness of T, :- 493

After hypothesis f(0) < 0, f() > 0 and the functions (a;)¥(T,,) being increasing, it follows
that there exists a unique Ty, for which f(T},) = 0. With this value , we obtain from the three
first equations

Gow = (a13) V614 Goe = (a15) W6y,
13 (@)D +@i5D (1) 7 15 [(@15) D +(al’s)D(11,)]
Definition and uniqueness of Ty, :- 494

After hypothesis £(0) < 0, f(e0) > 0 and the functions (a,")®(T;,) being increasing, it follows
that there exists a unique T;,; for which f(T;,;) = 0. With this value, we obtain from the three
first equations

G.. = (a16)?Gy7 Goo = (a18)PGy7 495
107 [@he)@+@i@(1,)] 7 T T (i) @ +(aip@(15,)]
Definition and uniqueness of Ty :- 496

After hypothesis f(0) < 0, f(e0) > 0 and the functions (a,")"(T,,) being increasing, it follows
that there exists a unique T,; for which f(T;;) = 0. With this value , we obtain from the three
first equations

G = (a20)® 6,1 G, = (a22)® 6,1
207 [(@ah)®+@i)®(r5)] 1 TP (@)@ + e ®(13)]
Definition and uniqueness of T :- 497
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After hypothesis f(0) < 0, f(0) > 0 and the functions (a,")* (T,s) being increasing, it follows
that there exists a unique T,s for which f(T,s) = 0. With this value , we obtain from the three
first equations

G, = (a20) Y625 G.. = (a26) 625
27 @)W +@p@ ()] 7 T [0 @+ ()@ (155)]
Definition and uniqueness of T;, :- 498

After hypothesis f(0) < 0, f(0) > 0 and the functions (a,)®(T,,) being increasing, it follows
that there exists a unique T,y for which f(T;5) = 0. With this value, we obtain from the three
first equations

Goo = (a28)® 6,9 Gan = (a30)® 6,9
87 @@ +@p)®(13)] 1 30T [(@h)®+(a5)® (15,)]
Definition and uniqueness of T} :- 499

After hypothesis f(0) < 0, f(c0) > 0 and the functions (a)® (Ts;) being increasing, it follows
that there exists a unique T35 for which f(T33) = 0. With this value, we obtain from the three
first equations

G = (a32) @633 Gar = (a30) 633
27 l@h)®@+@i)© (1)) 1 T T (@5 @+ (s ©)(135)]
Definition and uniqueness of T3 :- 500

After hypothesis f(0) < 0,f(e) >0 and the functions (a;")”’(T;,) being increasing, it follows
that there exists a unique T3, for which f(73;) = 0. With this value , we obtain from the three
first equations

Gor = (az6) 7637 Gao = (az8)7Gs,
367 @D +@(13)] 1 3T (@b +(asp) ) (13,)]
Definition and uniqueness of T;; :- 501

After hypothesis f(0) < 0,f() >0 and the functions (a,)®(T,;) being increasing, it follows
that there exists a unique T,; for which f(T;;) = 0. With this value , we obtain from the three
first equations

G = (240)®64q G = (a42)® G4y
0T [@ho)®+@f)®@ ()] T T T (@) ®+ @)@ (1)
(b) By the same argument, the equations admit solutions G5, Gy, if 502

(G) = (b{3)(1)(b{4)(1) - (b13)(1)(b14)(1) -
[(b1) P (b1 (G) + (b1) P (b13) P (@)]+(b13) P (G) (b)) P (6) = 0
Where in G(Gy3, G14, G15), G13, G15 must be replaced by their values from 96. It is easy to see that ¢

is a decreasing function in G4 taking into account the hypothesis ¢(0) > 0, p() < 0 it follows
that there exists a unique G;, such that ¢(G*) =0
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(c) By the same argument, the equations admit solutions G4, Gy if 503
©(G19) = (b16) P (b17)® — (b16)® (by7)® —
[(b16)® (b17) P (G1o) + (b17)® (b16) P (G10)]+(b15) P (G19) (b17) P (G1o) = 0

Where in (G19) (G, G17, G1g), G16, G1g must be replaced by their values from 96. It is easy to see 504
that ¢ is a decreasing function in G, taking into account the hypothesis @(0) > 0, ¢@(0) < 0it
follows that there exists a unique Gj, such that @((G,4)*) =0

(a) By the same argument, the equations admit solutions G, G, if 505
@(Gz3) = (b30)® (15)® = (b20)®(b,1)® —
[(520)® (03P (G23) + (b31)P (b50) P (G23) ]+ (556) P (G23) (b51)P (Go3) = 0

Where in G,3(G5g, G21, G22), G20, G, must be replaced by their values from 96. It is easy to see that
¢ is a decreasing function in G, taking into account the hypothesis ¢ (0) > 0, ¢() < 0 it follows
that there exists a unique G, such that ¢((G,3)*) =0

(b) By the same argument, the equations admit solutions G,,, G5 if 506
9(Gy7) = (bé4)(4)(bés)(4) — (b)) (bys)™ —
[(B2)® (5) ™ (G27) + (b35) ™ (b3) ™ (G27) ]+ (b3) @ (G27) (by5)® (G27) = 0

Where in (G37) (G4, G2s, G26), G24, G2 must be replaced by their values from 96. It is easy to see
that ¢ is a decreasing function in G5 taking into account the hypothesis ¢(0) > 0, () < 0it
follows that there exists a unique G; such that ¢ ((G,,)*) =0

(c¢) By the same argument, the equations admit solutions G,g, G4 if 507

0(G3q) = (bés)(S)(bétB)(S) - (bzs)(s)(bzg)(s) -
[(b36)® (b35)®(G31) + (b39)® (b55) ) (G31)]+(b36)® (G31) (b56) P (G31) = 0

Where in (G31)(Gag, G2, G3o), G235, G3o must be replaced by their values from 96. It is easy to see
that ¢ is a decreasing function in G, taking into account the hypothesis ¢(0) > 0,¢(0) < 0it
follows that there exists a unique G54 such that ¢ ((G3,)*) =0

(d) By the same argument, the equations admit solutions Gs,, G35 if 508

(G3s) = (béz)(ﬁ)(bés)(ﬁ) - (b32)(6)(b33)(6) -
[(b5)(@ (b55)©(G35) + (53) @ (b32)© (G35) |+ (b32) @ (G35) (b35) @ (G35) = 0

Where in (G35)(Gs,, G33, G34), G35, G5, must be replaced by their values from 96. It is easy to see
that ¢ is a decreasing function in G35 taking into account the hypothesis ¢(0) > 0, () < 0it
follows that there exists a unique G35 such that ¢(G*) = 0
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(e) By the same argument, the equations admit solutions G¢, G5 if

¢(G3q) = (béﬁ)(7)(b§7)(7) - (bse)(7)(b37)(7) -
[(B36) 7 (b37) 7 (G30) + (b37) 7 (b36) 7 (G30) |+ (b36) 7 (G30) (b37) 7 (G39) = 0

91

509

Where in (G39)(G36, G37, G3g), G36, G3g must be replaced by their values from 96. It is easy to see
that ¢ is a decreasing function in G, taking into account the hypothesis ¢(0) > 0, () <0 it

follows that there exists a unique G;, such that ¢(G*) = 0

® By the same argument, the equations admit solutions G, G, if

0(Gy3) = (bio)(s)(bh)(s) - (b4o)(8)(b41)(8) -
[(D20)® (b31)® (Ga3) + (bar)® (b1)® (G3) |+ (b40) ® (Ga3) (b4 B (G3) = 0

510

Where in (G43)(Gag, Ga1, Gsz), Gag, Go; must be replaced by their values from 96. It is easy to see
that ¢ is a decreasing function in G, taking into account the hypothesis ¢(0) > 0, () <0 it

follows that there exists a unique G, such that ¢(G*) =0

Finally we obtain the unique solution

G1, given by (G*) = 0, T}, given by f(T;,) = 0 and

G = (a13) W6}, G = (a15)D6},

B (@)W +@p®(r,)] 7 T (@5 @ +aiH®(11,)]
(b13) V17, X (b15) V17,

Ti; = , Tis =

T 0D -0l D6 BRI

Obviously, these values represent an equilibrium solution

Finally we obtain the unique solution

G;, given by ©((G19)*) = 0, T} given by f(T;;) = 0 and

G = (a16)PG1, G = (a19)?Gy,
167 @i @+@i@(11)] 7 18 [l @+l @(11,)]
T1*6 _ (016)PT;, ) T1*8 _ (b10) TS,

(010 P -1 P (619)7)] [0l @ (619)7)]
Obviously, these values represent an equilibrium solution
Finally we obtain the unique solution

G5, given by ¢((G,3)*) = 0, T, given by f(T5;) = 0 and

(azo)(3)G;1 Gr. = (azz)(3)651
[(@5)®+@)®(15)] 227 [(ah) P+ (13,)]

R
GZO -

- (b20)®T3, T = (b22)®15,
20 T 05 ®-03)P 623N T 2T 105 )B - 03P (623

Obviously, these values represent an equilibrium solution of global equations

511

512
513

514

515

WWW.1jsrp.org



IJSRP Monograph Publication
ISSN: 2250-3153

Finally we obtain the unique solution

G;s given by ¢(G,;) = 0, T;s given by f(T;5) = 0 and

G*, = (a24)(4) Gys Gr. = (aze)(4) G5
2T [(@h)@+(@h)@(155)] 7 726 T [(ahe) W +(ahe) D (155)]
T* = (b24)(4)T2*5 Tr = (bzs)“)Tz*s
24 T 5@ -0y )@ ((G2)M] 7 T2 T [hhe) B -h® (G2)M)]

Obviously, these values represent an equilibrium solution of global equations
Finally we obtain the unique solution

Gz given by ¢ ((Gs1)") = 0, T;, given by f(T35) = 0 and

Gt = (azs)(s)G;ta Gr = (aso)(s)@e}

28 7 [(ah)®+(@hp®(150)] 1 T30 T [(ah) B +(at)B(155)]
- (bzs)(s)Tz*g T* = (b30)(5)T2*9

28 7 b5 D=3 B ((G3)M] T T30 T (i) O =i ((631)7)]

Obviously, these values represent an equilibrium solution of global equations
Finally we obtain the unique solution

G33 given by ¢((G35)") = 0, T3 given by f(T53) = 0 and

Gt = (az)©®)635 G, = (a34)©635
32 7 (@5 ©@+(@i©(133)] 1 3T [(@h)©+(a) O (155)]
x (b3z)(6)T3*3  _ (b34)(6)T;3
T32 ’ T34 -

05 ©-03) ) (G35))] [(03)©) -3 ® (G35)")]
Obviously, these values represent an equilibrium solution of global equations

Finally we obtain the unique solution

G3, given by ¢((G39)*) = 0, T3, given by f(T3,;) = 0 and

Gt = (a36)7)63; Gt = (a38) 763,
36 7 [(@4) D@t (13,)] T 38 T [(ahe) P+ (aky) D (T3)]
Ty = (b36) T3, ) T = (b39) )13,

T 0P -E) D ((639)9)] [b3e) =137 ((G39)")]

Finally we obtain the unique solution

G4 given by 9((Gy3)") = 0, Ty; given by f(Ty;) = 0 and

Gr = (1140)(8)521 Gr = (a42)(8)621
10 [(@h)®+@h® (1)) T T T [(ah)®+(ay)®(15,)]

92

516

517

518

519

520

521

522

523
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T = (b40) P T = (b42) ¥y,
0 T h)® -0 ®((64))] 7 42T [0k ® - (05 B (643))]
ASYMPTOTIC STABILITY ANALYSIS
ASYMPTOTIC STABILITY ANALYSIS 524

Theorem 4: If the conditions of the previous theorem are satisfied and if the functions
(@H® and (b)) Belong to CY( R,) then the above equilibrium point is asymptotically stable.

Proof:_Denote
Definition of G;, T; :-
GI.=GI,*+(GL 'Ti=Ti*+Ti

a(b )

[7]
(aM) (T14) = (%4)(1) , (G )= Sij

Then taking into account equations and neglecting the terms of power 2, we obtain

% = —((a£3)(1) + (p13)(1))@113 + (a13) PGy — (q13) PG5 Ty, 525
L1t — (@)@ + @1)D)Grg + (01 DGy — (610 V63T 526
% = —((@5)® + P15) V) G5 + (a15) PGy — (q15) P GisTos 527
T8 = —((bi5)® = (1) V) Tz + (1) DTy + T 15(sanTis6)) 528
T2 = —((bi)D = () V)T + (b)) DTz + TI15(Sway () 112G 529
dTlS = —((b1s)® = (r5) D) T35 + (bys) VT4 + X2 15(505)(y TrsG;) 530
ASYMPTOTIC STABILITY ANALYSIS 531

Theorem 4: If the conditions of the previous theorem are satisfied and if the functions
(@)@ and (b})® Belong to C?( R,) then the above equilibrium point is asymptotically stable

Proof: Denote

Definition of G;, T; :-

Gl=Gf+Gl 'Tl=Tl*+Tl 532
d ap!H@

(a17) (T37) = (%7)(2) ) ( ) ((G19)") = sy 533

taking into account equations and neglecting the terms of power 2, we obtain

dG
— = ((am)(z) + (Pm)(z))Gm + (ala)(z)Gn - (‘he)( )G16T17 534
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B2 - (@)D + (17 P67 + (@17) DGy — (1) PG, T cac
dg_is = —((a1)® + (p16)®)Gys + (016) P G17 — (918) P Gis Ty 536
T28 = —((b16)® = (16) D) Ty + (b10) DTy, + E1216(516)) Ti6Gr) 537
dg:7 = —((b1)® = (1) P)Ty7 + (b)) PTy6 + 211'316(5(17)(j)Tf7Gj) 538
2= (1)@ = (1)) Tg + (b1e) DTy + Z116 (5000 Tia ) 539
ASYMPTOTIC STABILITY ANALYSIS <40

Theorem 4: If the conditions of the previous theorem are satisfied and if the functions
(a/)® and (b]")® Belong to C®( R,) then the above equilibrium point is asymptotically stable.

Proof: Denote
Definition of G;, T; :-
GLZG,_*‘l'Gl ,TizTi*+Ti

A@D® .. abH® :
#;(Tn) = (%1)(3) , al—Gj( (G3)") = Sij

Then taking into account equations and neglecting the terms of power 2, we obtain

dG , .
720 = _((azo)(3) + (pzo)m)Gzo + (a20)®Gyy — (20)®G30Toy 541
dG , .
721 = —((a21)(3) + (P21)(3))G21 + (a21)®Gy0 — (421631 Toy 542
dG , .
722 = _((azz)(3) + (pzz)(3))Gzz + (a2)®Gyy — (422)P63,Toy 543
daT , .

djo = _((bzo)(3) - (rzo)(3))']rzo + (b)) ®Tyy + Zfizo(s(zo)(j)TzoGj) 544
daT , .

2= —((031)® = () @) Ty + (b)) P Too + X0 (s2)( T516G)) 545
daT , .

djz = _((bzz)(3) - (7'22)(3))Tzz + (bzz)(3)T21 + Zfizo(s(zz)(j)Tzsz) 546
ASYMPTOTIC STABILITY ANALYSIS 547

Theorem 4: If the conditions of the previous theorem are satisfied and if the functions
(@)™ and (b]")® Belong to C™( R,) then the above equilibrium point is asymptotically stable.

Proof: Denote
Definition of G;, T; :- 548

GL:GL*—I_GL ,Ti=Ti*+Ti
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5} a(b!
(azs) (Tzs) = (‘Izs)(4) ( )

((627) )= Sij

Then taking into account equations and neglecting the terms of power 2, we obtain

% = —((@)™ + (P24)?) G4 + (02) PG5 — (24) PG5, Tos 549
% - _((aé5)(4) + (pZS)(4))GZS + (azs)(4)((324 - (qZS)M)G;sts 550
% - _((aéﬁ)m + (p26)(4))GZ6 + (aze)(4)((325 - (q26)(4)G;6T25 551
T2t = (03 = (o)D) T + (b2) DT + £354 (520 () T4 65) 552
T2 = —((bgs) ™ — (ras) ) Ts + (bys) DT + 22854 (525 T35 G) 553
des = ((b’ @ - (rze)(4))T26 + (be) PTos + ngm(s(zé)(}-)Tz*ﬁGj) 554
ASYMPTOTIC STABILITY ANALYSIS 555

Theorem 5: If the conditions of the previous theorem are satisfied and if the functions
(@)® and (b}")® Belong to C®( R,) then the above equilibrium point is asymptotically stable.

Proof: Denote
Definition of G;, T; :- 556
G1=G:+Gl !Ti=Ti*+Ti

6(b )( )

9 (5)
W (1) = (020

((631) ) - Sl]

Then taking into account equations and neglecting the terms of power 2, we obtain

dG , «
=2 = —((a38)® + (p26)®) G + (a28) P Gpg — (G26) VG35 T2 557
dG , X
729 = _((a29)(5) + (p29)(5))Gz9 + (a20)®Gag — (420)® G39T5o 558
dG , X
730 = —((a30)(5) + (P30)(5))G30 + (a30)(5)G29 - (Q30)(5)G30T29 559
dT , .

djs = _((bzs)(s) - (rza)(s))Tzs + (bzs)(s)ng + 213'228(5(28)(j)T28@j) 560
dT , X
d_ig = _((b29)(5) - (T29)(5))T29 + (b29)(5)T28 + 2?228(5(29)0)7129@7) 561
dT , X
730 = _((b30)(5) - (T30)(5))T30 + (b30)(5)T29 + 2?228(5(30)(j)T30(Gj) 562
ASYMPTOTIC STABILITY ANALYSIS 563

Theorem 6: If the conditions of the previous theorem are satisfied and if the functions
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(a/)® and (b]")® Belong to C®(R,) then the above equilibrium point is asymptotically stable.

Proof: Denote

Definition of G;, T; :-

G;

ad
(a33) (T33) = (q33)(6)

Then taking into account equations and neglecting the terms of power 2, we obtain

dGsy
dt

dGss3
dt

dG3zy
dt

ATz,
dat

dT33
dat

dT3y
dat

=G:+Gl ,TizTi*+Ti

a(b )

((635) ) - Sl]

= —((@32)® + (032)@) Gz + (a32) @ G353 — (932)© G5, T35
= —((@53)® + (033) @) G33 + (a33) @Gz, — (933)© G333
= —((@5)® + (032)©) G4 + (a34) @G35 — (934)© G5, T35
= _((béz)@ - (r32)(6))T32 + (b32)(6)T33 + 2?232(5(32)(;')7‘;2@)
= —((033)® = (133) @) T35 + (b33) T3z + TF32(533)() T5:G5)

= _((béd,)(ﬁ) - (r34)(6))T34 + (b34)(6)T33 + 2?132(5(34)(;')7154@;')

ASYMPTOTIC STABILITY ANALYSIS

Theorem 7:

564

565

566

567

568

569

570

571

If the conditions of the previous theorem are satisfied and if the functions

(@@ and (b]")™ Belong to C”( R,) then the above equilibrium point is asymptotically stable.

Proof: Denote

Definition of G;, T; :-

Then taking into account equations and neglecting the terms of power 2, we obtain from

dGsg
dt

dGszy
dt

dGsg
dt

dT3e
dt

Gl:G:‘FGL !Ti:Ti*+Ti

(a7 a(b )”
a37 ( T3;) = (%7)(7) ’

( (G39)** ) - Sl]

= _((aée)m + (p36)(7))G36 + (a36) P Gs7 — (q36) 7 G36T37
= —((a§7)(7) + (p37)(7))G37 + (a37)(7)G36 - (CI37)(7)G§7T37
= _((aés)m + (p38)(7))G38 + (a38)(7)G37 - (q38)(7)G;ST37

= _((bés)m - (r36)(7))T36 + (b3)PTs; + 2?336(5(36)(j)T§6Gj)

572

573
574
575

576
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dT , *

d:7 = _((b37)(7) - (r37)(7))T37 + (b37)(7)T36 + 2?236(5(37)(1')7137@])
dT , *

d:8 = _((bss)m - (7'38)(7))T3S + (b38)(7)T37 + 2?236(5(38)(1')7138@])

Obviously, these values represent an equilibrium solution

ASYMPTOTIC STABILITY ANALYSIS

97

578

579

Theorem 8: If the conditions of the previous theorem are satisfied and if the functions
(a/)® and (b]")® Belong to C®( R,) then the above equilibrium point is asymptotically stable.

Proof: Denote
Definition of G;, T; :-
GLZG,_*‘l'G,_ ,TizTi*+Ti

3agD® . 9N :
#;(Tzu) = (%1)(8) , al—Gj( (G43)") = Sij

Then taking into account equations and neglecting the terms of power 2, we obtain

dG , *
740 = —((@40)® + (040)®) G + (@40)® Gy — (440) @ G50 Tas
dG / *
—d:1 = —((a41)(8) + (p41)(8))G41 +(a31)® Gy — (q41) @61 Tyy
dG / *

d:Z = _((a42)(8) + (P42)(8))G42 + (a42)(8)(G'41 - (Q42)(8)G42T41
T , *
d—:‘o = —((b40)® = (120) @) Ty + (bao) P T4y + 2i210(Seoy(pTio Gy)
T , *
— = —((021)® = () ) Tay + (b21) P Tao + TfZao(San (T2 Gy)
T , *
—2 = —((032)® = (142)®) Tz + (ba2) P Tay + Tf240(S0a2) (y T2 Gy)

The characteristic equation of this system is
(DD + 1) = () D) (DD + (i)™ + (015)P)
(WD + @)D + 1)) @) D61y + (@) (@)D )|
(DD + B = (1) D)5 anTis +b12) Vsan anTis)
+ (((/1)(1) + (a£4)(1) + (p14)(1))(Q13)(1)Gf3 + (a13)(1)(q14)(1)61*4)
(((1)(1) + (b13)® = (1) V)5 ey an s + (b14)(1)5(13).(13)T1*3)

(WD) + (@)D + @)D + @)@ + () @) WD)

580

581
582
583
584
585

586

587
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(WD) + (b1 D + BiDD = (1)D + (D) HD)

+ (((A)(I))Z + ( (a13)(1) + (a14)(1) + (P13)(1) + (P14)(1)) (/1)(1)) (%5)(1)515
+((/1)(1) + (aj)® + (P13)(1)) ((a15)(1)(Q14)(1)Gf4 + (a14)(1)(a15)(1)(CI13)(1)Gf3)
(((/1)(1) + (b{3)(1) - (T13)(1))5(14),(15)Tf4 +(b14)(1)5(13),(15)Tf3)} =0

+

(DD + bie)® - ) DH(DP + (@)@ + (p1e)®)

(WP + (@)@ + (1) @) (@) P67 + (@17)P (016) PGl )]

(WP + B10@ = (1P )sananTir + i) Psae,anTir)

+((DP + @)@ + 017)P) (@16) PG + (16) P (017) PG5 )

(DD + b1 = (:160P)san,00 T + B1)Psa6,a0Tis)

(WD) + (@)@ + @)@ + (1)@ + (17)?) WP)

(WD) + (Bi)@ + BN = (3P + (13,)P) DD

+ (@) + (@)@ + @D + @1)@ + P:)?) WD) (428) PG
+HDD + (@10)® + P16)@) (1) P (@) P37 + (1) P (a15) P (16) P Gio)
(DD + b1 = (:160P)sa7),00 T +b17) Pse,a8Tis )} = 0

+

(DP + 03P = )N(DP + (@5 + (0:))
(WD + (@)@ + P20)®) (@2)P 631 + (@)D (020)D630 )|
(W@ + B30 = (20)D)s@,@n T +b21) P50y @051 )
+ (WP + @D + P21)®) (@200 630 + (2200 (020) 634 )
(DD + B3P = (20)D)s 1,0 Ts1 + (02)Ds20,@0 T30 )
(@) + (@)D + (@)@ + @20)D + B2)P) D)
(

(WD) + (B3P + B3P = (5@ + (1,)P) WD)
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2
+ (((/1)(3)) + ( (a30)® + (a5)® + (p20)® + (p21)(3)) (A)B)) (422)® G,
+((A)(3) + (alzo)(s) + (pzo)(3)) ((azz)(3)(QZ1)(3)G;1 + (a21)(3)(a22)(3)(Q20)(3)G;0)
(((A)(S) + (béo)(s) - (Tzo)(B))S(zl),(zz)Tz*l +(b21)(3)5(20),(22)T2*0)} =0

+

(D® + B3 = ) N(D® + (@)@ + (p26)™)
(DD + (@50@ + 2)®) (425) P G35 + (225)® (024) 963
(DD + B3P = ) P)s(25),09)T5s +b25) D520, T5s)
+((D® + @)@ + (25)®) (02D 634 + (020)® (425) 635 )

(D@ + (B3)® = (120D)s25)20)T5s + (b25) D5 207,200 T54)
(D) + (@)@ + (@)™ + @) + (P25)®) WD)

(D) + (5@ + ()@ = (1)@ + () @) WP
(W) + (@ + @) + @)@ + E2)P) WD) (4260 @ G2
(DD + (@)@ + G20)®) ((a26) P (25) D635 + (05)® (026)® (424) P G34)
(DD + B2 = (20552655 +(25) V5,063 )} = 0
.

(D® + B50)® = E)ONH(DS + (@)@ + P:0)®)
(DS + (@)@ + 2)®) (@20) G35 + (229))(426) G35 )|
(DD + B3 = (2)D)s(29),29 T35 +(b29) V520,250 )

+ (DD + (@)@ + (126))(26) 630 + (a26) (426) G35

(DD + B5)D = (26)D) 52, 2)To + (b29) 526, 2) T
(WD) + ((@)® + (@) + P2e)® + 20)®) D)

(D) + (B5) + (b)® = (1) + (2)®) (D)
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(W) + (@) + @9 + @20)® + 729)P) D) (G50 @ G3o
+(DD + (@)@ + P26)®) ((a20) P (020) G35 + (229)® (a30) P (26) ) G3)
(WS + B3 = (26))s 299,300 s +(b20) D5 280,05 )} = 0

N

(DO + (3@ = F2) (D@ + (@5)© + P:)®)

[((D© + (@)@ + 32)©) (@3) @635 + (235) @ (0:2)©63, )|

(WO + (b1)© = (1509533, T3s +(b33) @562, 6)T5: )

+ (D + (@5)@ + (33)©) (@32) @635 + (a52)© (432) 635

(DO + (b3)© = (150953, T5s + (b33) @52, T52)
((WO) + (@)@ + (@)@ + @)@ + P:)®) D)

(W) + (1)@ + (B3)® = (3@ + (1:)@) W®)
+((WO) + (@)@ + (@5 + P32)@ + P32)©) D) (436) G
+(D@ + (@)@ + (13)@) (@30 (053) OG5 + (@35) (254)© (432) @ 63)
(O® + ®5)@ = (35335 Ts5 +(bs3) Vs 5 T2 )} = 0
.

(DD + (bi)? = ) (DD + (@5)? + (P3)7)
(D + @) ? + 36) ) (@37) V637 + (a37) P (056) 7636 )|
(WP + B3P = (130 P)s@n,@nTs7 +(ba) Vs n) T3 )

+ (W7 + @)? + (37) ) (36) 7V G36 + (3607 (457) 765 )

(DD + B3 = (50 ?)sn0T57 + b5 Vsee,660Tis)
((WP) + (@)? + (@) + P3P + (3)?) DP)

(WD) + (B3P + (bi)? = (36) 7 + (3)P) W)
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+ (WD) + (@)? + (@5)? + 36) 7 + B37)7) (D)D) (436) 7 G
+((A)(7) + (a§6)(7) + (P36)(7)) ((‘138)(7)(%7)(7)6;7 + (a37)(7) (a38)(7) (Q36)(7)G§6)

(((A)U) + (bée)m - (Tss)(7))5(37),(38)T§7 +(b37)(7)5(36),(38)T;6)} =0

,
(D@ + (1)@ = ED (DD + (@)@ + ) ®)
(D@ + @) ® + Pa0)®) (@) @61 + (20D (040) 60 )|
(D@ + (i) ® = 120)®)san,an Tir +Ba) @ saoy,anTir)
+ (DD + (@)@ + P4)®) (@10) PG + (a10)® (44) 651 )
(DD + Bi)® = Ca0) @ )50 Tir + (Ba) @0y w0 Tio)
((W®) + (@)@ + (@)@ + @a)® + @) ®) DD
(W®) + (Bi)® + Bi)® = (:)® + (12)®) D)
+ (D) + (@)@ + (@5)® + Ps0)® + 04)®) D®) (42) Gz
D@ + (@50)® + P10)®) ((a12) @ (@)D 61 + (24P (242)® (40) PG

(((/1)(8) + (bz’to)(g) - (7'40)(8))5(41),(42)Tz:1 +(b41)(8)5(40),(42)T:0)} =0

And as one sees, all the coefficients are positive. It follows that all the roots have negative real part,
and this proves the theorem.

QUANTUM GRAVITY HOLOGRAPHIC RENORMALIZATION GROUP
ETAL.,A MODEL AB UNO DISCE OMNES

PHYSICAL PARTICLE STATES (PROTON,NEUTRON AND PION) AND INVARIANT

SU(3),THE PHYSICAL PARAMETER STATES
MODULE NUMBERED ONE

NOTATION :

G,5 : CATEGORY ONE OF PHYSICAL PARTCLE STATES
G,4 : CATEGORY TWO OF PHYSICAL PARTICLE STATES
G5 : CATEGORY THREE OF PHYSICAL PARTICLE STATES
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T,5 : CATEGORY ONE OF INVARIANT SU(3), THE PHYSICAL PARAMETER STATES

T,, : CATEGORY TWO OF INVARIANT SU(3) THE PJYSICAL PARAMETER STATES

T,5s :CATEGORY THREE OF INVARIANT SU(3),THE PHYSICAL PARAMETER STATES

Quantum gravity, field theory and signatures of noncommutative space-time Richard J. Szabo

Field theories on quantized space times with emphasis on what such field theories divinizing about
the problem of quantizing gravity, leads to the question extent noncommutative gauge theories
may be regarded as gauge theories of gravity, with consummative and concomitant UV/IR mixing
and its relations to renormalization, to gravitational dynamics, and to deformed dispersion
relations in models of quantum spacetime of interest in string theory and in doubly special
relativity, spacetime noncommutativity are direct ramification of the study.

MODULE NUMBERED TWO:

G16 : CATEGORY ONE OF Field theories on quantized spacetimes with emphasis on what such field
theories divinizing about the problem of quantizing gravity, leads to the question extent
noncommutative gauge theories may be regarded as gauge theories of gravity, with consummative
and concomitant UV/IR mixing

G;- : CATEGORY TWO OF Field theories on quantized spacetimes with emphasis on what such field
theories divinizing about the problem of quantizing gravity, leads to the question extent
noncommutative gauge theories may be regarded as gauge theories of gravity, with consummative
and concomitant UV/IR mixing

G;5 : CATEGORY THREE OF Field theories on quantized space times with emphasis on what such
field theories divinizing about the problem of quantizing gravity, leads to the question extent
noncommutative gauge theories may be regarded as gauge theories of gravity, with consummative
and concomitant UV/IR mixing

T,¢ :CATEGORY ONE OF renormalization, to gravitational dynamics, and to deformed dispersion
relations in models of quantum space-time of interest in string theory and in doubly special
relativity, space-time noncommutativity

T,7 : CATEGORY TWO OF renormalization, to gravitational dynamics, and to deformed dispersion
relations in models of quantum space-time of interest in string theory and in doubly special
relativity, space-time noncommutativity

T, : CATEGORY THREE OF renormalization, to gravitational dynamics, and to deformed
dispersion relations in models of quantum space-time of interest in string theory and in doubly
special relativity, space-time noncommutativity

On the holographic renormalization group Jan de Boer1,2, Erik Verlinde3 and Herman Verlinde3,4

Direct correspondence between the classical evolution equations of 5-d supergravity and the
renormalization group (RG) equations of the dual 4-d large-N gauge theory, using standard
Hamilton-Jacobi theory, first order flow equations for the classical supergravity action S that take
the usual form of the Callan-Symanzik equations including the corrections due to the conformal
anomaly giving accentuiatory and corroboratory evidence for the identification of S with the
quantum effective action of the gauge theory. ( By implication interesting new relations between
the beta-functions and the counter terms that affect the 4-d cosmological and Newton constant).
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MODULE NUMBERED THREE:

G,o : CATEGORY ONE OF Direct correspondence between the classical evolution equations of 5-d
supergravity and the renormalization group (RG) equations of the dual 4-d large-N gauge theory,
using standard Hamilton-Jacobi theory, first order flow equations for the classical supergravity
action S that take the usual form of the Callan-Symanzik equations including the corrections due to
the conformal anomaly

G,, :CATEGORY TWO OF Direct correspondence between the classical evolution equations of 5-d
supergravity and the renormalization group (RG) equations of the dual 4-d large-N gauge theory,
using standard Hamilton-Jacobi theory, first order flow equations for the classical supergravity
action S that take the usual form of the Callan-Symanzik equations including the corrections due to
the conformal anomaly

G,, : CATEGORY THREE OF Direct correspondence between the classical evolution equations of 5-
d supergravity and the renormalization group (RG) equations of the dual 4-d large-N gauge theory,
using standard Hamilton-Jacobi theory, first order flow equations for the classical supergravity
action S that take the usual form of the Callan-Symanzik equations including the corrections due to
the conformal anomaly

T, : CATEGORY ONE OF identification of S with the quantum effective action of the gauge theory. (
By implication interesting new relations between the beta-functions and the counterterms that
affect the 4-d cosmological and Newton constant).

T,, : CATEGORY TWO OF identification of S with the quantum effective action of the gauge theory. (
By implication interesting new relations between the beta-functions and the counterterms that
affect the 4-d cosmological and Newton constant).

T,, : CATEGORY THREE OF identification of S with the quantum effective action of the gauge
theory. ( By implication interesting new relations between the beta-functions and the
counterterms that affect the 4-d cosmological and Newton constant).

Exact superconformal and Yangian symmetry of scattering amplitudes: Till Bargheer, Niklas
Beisert and Florian Loebbert

Authors review recent progress in the understanding of symmetries for scattering amplitudes

in -'n"ﬂ'( =4 superconformal Yang-Mills theory. It is summarized how the superficial breaking of
superconformal symmetry by collinear anomalies and the renormalization process can be cured at
tree and loop level by correcting the representation of the superconformal group on amplitudes.
(Moreover, authors comment on the Yangian symmetry of scattering amplitudes and how it
inherits these correction terms from the ordinary Lie algebra symmetry. Invariants under this
algebra and their relation to the Graf{mannian generating function

: MODULE NUMBERED FOUR:

G,, : CATEGORY ONE OF symmetries for scattering amplitudes in _N’ =4 superconformal
Yang-Mills theory. It is summarized how the superficial breaking of superconformal symmetry by
collinear anomalies and the renormalization process can be cured at tree and loop level

G,5 : CATEGORY TWO OF symmetries for scattering amplitudes in _N’ = 4superconformal
Yang-Mills theory. It is summarized how the superficial breaking of superconformal symmetry by
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collinear anomalies and the renormalization process can be cured at tree and loop level

G,¢ : CATEGORY THREE OF symmetries for scattering amplitudes in .-'"\J'( =4 superconformal
Yang-Mills theory. It is summarized how the superficial breaking of superconformal symmetry by
collinear anomalies and the renormalization process can be cured at tree and loop level

T,, :CATEGORY ONE OF correcting the representation of the superconformal group on amplitudes.
(Moreover, authors comment on the Yangian symmetry of scattering amplitudes and how it
inherits these correction terms from the ordinary Lie algebra symmetry. Invariants under this
algebra and their relation to the Grafdmannian generating function

T,5 :CATEGORY TWO OF correcting the representation of the superconformal group on amplitudes.
(Moreover, authors comment on the Yangian symmetry of scattering amplitudes and how it
inherits these correction terms from the ordinary Lie algebra symmetry. Invariants under this
algebra and their relation to the Grafdmannian generating function

T, : CATEGORY THREE OFcorrecting the representation of the superconformal group on
amplitudes. (Moreover, authors comment on the Yangian symmetry of scattering amplitudes and
how it inherits these correction terms from the ordinary Lie algebra symmetry. Invariants under
this algebra and their relation to the Graffmannian generating function

The picture of the Bianchi I model via gauge fixing in Loop Quantum Gravity: F. Cianfranil, A.
Marchini and G. Montani

The implications of the SU (2) gauge fixing associated with the choice of invariant triads in Loop
Quantum Cosmology for a Bianchi I model, in particular, via the analysis of Dirac brackets, it is
outlined how the holonomy-flux algebra coincides with the one of Loop Quantum Gravity if paths
are parallel to fiducial vectors only. In this way the quantization procedure for the Bianchi I model
is performed by applying the techniques developed in Loop Quantum Gravity but restricting the
admissible paths. Furthermore, the local character retained by the reduced variables provides a
relic diffeomorphisms constraint, whose imposition implies homogeneity on a quantum level. The
resulting picture for the fundamental spatial manifold is that of a cubical knot with attached SU (2)
irreducible representations. The discretization of geometric operators is outlined and a new
perspective for the super-Hamiltonian regularization in Loop Quantum Cosmology is proposed

MODULE NUMBERED FIVE:

G,g : CATEGORY ONE OF The implications of the SU (2) gauge fixing associated with the choice of
invariant triads in Loop Quantum Cosmology for a Bianchi I model, in particular, via the analysis of
Dirac brackets, it is outlined how the holonomy-flux algebra coincides with the one of Loop
Quantum Gravity if paths are parallel to fiducial vectors only. In this way the quantization
procedure for the Bianchi [ model is performed by applying the techniques developed in Loop
Quantum Gravity but restricting the admissible paths. Furthermore, the local character retained by
the reduced variables provides a relic diffeomorphisms constraint, whose imposition implies
homogeneity on a quantum level

G,o : CATEGORY TWO OFThe implications of the SU (2) gauge fixing associated with the choice of
invariant triads in Loop Quantum Cosmology for a Bianchi [ model, in particular, via the analysis of
Dirac brackets, it is outlined how the holonomy-flux algebra coincides with the one of Loop
Quantum Gravity if paths are parallel to fiducial vectors only. In this way the quantization
procedure for the Bianchi I model is performed by applying the techniques developed in Loop
Quantum Gravity but restricting the admissible paths. Furthermore, the local character retained by
the reduced variables provides a relic diffeomorphisms constraint, whose imposition implies
homogeneity on a quantum level
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G50 :CATEGORY THREE OF The implications of the SU (2) gauge fixing associated with the choice
of invariant triads in Loop Quantum Cosmology for a Bianchi I model, in particular, via the analysis
of Dirac brackets, it is outlined how the holonomy-flux algebra coincides with the one of Loop
Quantum Gravity if paths are parallel to fiducial vectors only. In this way the quantization
procedure for the Bianchi I model is performed by applying the techniques developed in Loop
Quantum Gravity but restricting the admissible paths. Furthermore, the local character retained by
the reduced variables provides a relic diffeomorphisms constraint, whose imposition implies
homogeneity on a quantum level

T,g : CATEGORY ONE OF picture for the fundamental spatial manifold is that of a cubical knot with
attached SU (2) irreducible representations. The discretization of geometric operators is outlined
and a new perspective for the super-Hamiltonian regularization in Loop Quantum Cosmology

T,o : CATEGORY TWO OF picture for the fundamental spatial manifold is that of a cubical knot with
attached SU (2) irreducible representations. The discretization of geometric operators is outlined
and a new perspective for the super-Hamiltonian regularization in Loop Quantum Cosmology

T3 :CATEGORY THREE OF picture for the fundamental spatial manifold is that of a cubical knot
with attached SU (2) irreducible representations. The discretization of geometric operators is
outlined and a new perspective for the super-Hamiltonian regularization in Loop Quantum
Cosmology(NOTE THAT WE ARE TALKING OF THE PARAMETRICIZATIONS AND
CHARACTERSTICS OF THE SYSTEMS WHICH ARE UBNDER INVESTIGATION)

Zero-Lag Synchronization in Spatiotemporal Chaotic Systems with Long Range Delay Couplings: Li
Jian-Ping, Yu Lian-Chun, Yu Mei-Chen and Chen Yong

Under the appellation of “synchronization of spatiotemporal chaos patterns between two delay-
coupled excitable layers”, it is found that zero-lag synchronization (ZLS) can be achieved by
dynamical relay via a third mediating layer. Based on simulations with large parameter ranges,
time delay and coupling strength influences on transition time is investigated. ZLS with a stronger
coupling strength and shorter time delay appears to have a shorter transition time, which
phenomenon has possible implications in network communication

MODULE NUMBERED SIX:

G5, : CATEGORY ONE OF synchronization of spatiotemporal chaos patterns between two delay-
coupled excitable layers”, it is found that zero-lag synchronization (ZLS) can be achieved by
dynamical relay via a third mediating layer. Based on simulations with large parameter ranges,
time delay and coupling strength

G35 : CATEGORY TWO OF synchronization of spatiotemporal chaos patterns between two delay-
coupled excitable layers”, it is found that zero-lag synchronization (ZLS) can be achieved by
dynamical relay via a third mediating layer. Based on simulations with large parameter ranges,
time delay and coupling strength

G5, : CATEGORY THREE OF synchronization of spatiotemporal chaos patterns between two delay-
coupled excitable layers”, it is found that zero-lag synchronization (ZLS) can be achieved by
dynamical relay via a third mediating layer. Based on simulations with large parameter ranges,
time delay and coupling strength

T;, : CATEGORY ONE OF influences on transition time is investigated. ZLS with a stronger coupling
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strength and shorter time delay appears to have a shorter transition time, which phenomenon has
possible implications in network communication

T;5 : CATEGORY TWO OF influences on transition time is investigated. ZLS with a stronger coupling
strength and shorter time delay appears to have a shorter transition time, which phenomenon has
possible implications in network communication

T;, : CATEGORY THREE OF influences on transition time is investigated. ZLS with a stronger
coupling strength and shorter time delay appears to have a shorter transition time, which
phenomenon has possible implications in network communication

De Moivre's formula: are Sands' H-functions the same as Chao's? P Nishikawa

It has often been said that there is no clear extension of the Courant-Snyder theory to coupled
dynamics. In particular, one never sees an extension of the symplectic de Moivre type formula
beyond one degree of freedom. In the process of analysing the existence and meaning of such a
formula, author discovers quite accidentally that Sands' formalism, if expressed in terms of
Ripken-like lattice functions germane to the full three dimensional oscillator, gives the exact same
result as the more accurate Chaos theory . This semi-serious paper displays this elegant
connection. It is based in the lattice functions of Ripken as extended by Forest. A review Forest's
derivation from the point of view de Moivre's formula extended to three degrees of freedom is also
undertaken

MODULE NUMBERED SEVEN

G536 : CATEGORY ONE OF Courant-Snyder theory to coupled dynamics. In particular, one never sees
an extension of the symplectic de Moivre type formula beyond one degree of freedom. In the
process of analysing the existence and meaning of such a formula, author discovers quite
accidentally that Sands' formalism, if expressed in terms of Ripken-like lattice functions germane
to the full three dimensional oscillator

G3; : CATEGORY TWO OF Courant-Snyder theory to coupled dynamics. In particular, one never
sees an extension of the symplectic de Moivre type formula beyond one degree of freedom. In the
process of analysing the existence and meaning of such a formula, author discovers quite
accidentally that Sands' formalism, if expressed in terms of Ripken-like lattice functions germane
to the full three dimensional oscillator

G35 : CATEGORY THREE OF Courant-Snyder theory to coupled dynamics. In particular, one never
sees an extension of the symplectic de Moivre type formula beyond one degree of freedom. In the
process of analysing the existence and meaning of such a formula, author discovers quite
accidentally that Sands' formalism, if expressed in terms of Ripken-like lattice functions germane
to the full three dimensional oscillator (ENERGY EXCITATION OF THE VACUUM AND
CONCOMITANT GENERATION OF ENERGY DIFFERENTIAL-TIME LAG OR
INSTANTANEOUSNESSMIGHT EXISTS WHEREBY ACCENTUATION AND ATTRITIONS MODEL MAY
ASSUME ZERO POSITIONS)

Tz : CATEGORY ONE OF Chaos theory . (This semi-serious paper displays this elegant connection.
It is based in the lattice functions of Ripken as extended by Forest. A review Forest's derivation
from the point of view de Moivre's formula extended to three degrees of freedom is also
undertaken )

T3, : CATEGORY TWO OF Chaos theory . (This semi-serious paper displays this elegant connection.
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It is based in the lattice functions of Ripken as extended by Forest. A review Forest's derivation
from the point of view de Moivre's formula extended to three degrees of freedom is also
undertaken)

Tsg : CATEGORY THREE OF Chaos theory . (This semi-serious paper displays this elegant
connection. It is based in the lattice functions of Ripken as extended by Forest. A review Forest's
derivation from the point of view de Moivre's formula extended to three degrees of freedom is also
undertaken)

(1), (b13) W, (1), (b15) P (a16)?, (a17)P, (a18)® (b16)®, (b17)®, (b15)®:
(a20)®, (@200, (422)® , (b20)®, (b21)®, (b2)®

(a2a)®, (a25)™, (a26) ™, (b20)®, (b25)™, (b26) ™, (b25), (b29)®, (b30)®,
(a28), (a20)®, (@30)®, (a32) ), (a33), (@34)©@, (b32) ), (b33)®@, (b34)©
(a36) 7, (a37) ™, (azg)”, (b36)7, (b37) 7, (b3g)”

are Accentuation coefficients

(a1, (ai) ™, (@15)®, (b1)®, (b1)®, (b1s)™, (a1, (ai)®, (a1)?,
(b16)®, (1), (b18)?, (a20)®, (a31)®, (a3) P, (b30)P, (b3:)®, (b3,)®
(2200, (a25)®, (az6) @, (530, (b25)®, (b36)®, (b35)®, (b39), (b30)®
(a26)®, (a20)®, (300, (@32)@, (a33) @, (@3, (b3) @, (b33), (b3)
(a360)7, (@377, (a36) 7, (b36) 7, (b37)7, (b36) 7,

are Dissipation coefficients

Module Numbered One

The differential system of this model is now (Module Numbered one)

dZ;S = (a13) WGy — [(aiz)® + (ai3) P (T14, )]Gy 1
20 — (@06 - [(@)D + (@)D (T, 0]6s )
215 = (@15) V614 — [(@1)D + (@i5) D (T1, )]G 3
U = (i) Ty — [(b)® = GG, O]y 4
Tt = () VTis = [(61)D = B D (G, O] T :
% = (b15) VT4 = [(b1s)® — (1) (G, D] Tis 6

+(al3)®(T,,,t) = First augmentation factor
—(b}5)V(G,t) = First detritions factor
Module Numbered Two

The differential system of this model is now ( Module numbered two)

dG 7 n
18 = (1) @617 — [(ate) @ + (a16) P (Ty7, )] G 7
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dGU (‘117)( )616 [(a17)(2) + (a1'7)(2)(T17, t)]Gl7
d ’ "

ﬂ = (a19)PGy7 — [(am)(z) + (afs) P (Ty7, t)]618
T30 = (b1) DTy, — [(bi6) @ — (bie) D ((Gro), t)]Tis
L = (b)) DTy — [(bi)@ — (biy) D ((Gro), £)]T:7
dTig

8 = (byg) DTy — [(b1)® — (b1s) @ ((Gro), t)]Tig
+(a1’6)(2) (Ty7,t) = Firstaugmentation factor

—(b1)@((G1o),t) = First detritions factor

Module Numbered Three

The differential system of this model is now (Module numbered three)

dGzo

d621

dGzz

dTZO

dT21

dT22

+(a
—(bJ

= (a20) P61 = [(a30)® + (a56)® (T21, )] G20
= (221)® G0 — [(a5)® + (a3) P (T4, )] Gas
= (a22) PGz — [(a52)® + (a72) P (T4, )] Gaz
= (b20)®PTa1 = [(h20)® = (b56)® (G2, )]0
= (b21) DTz — [(b3)® = (b5))® (Ga3, )] Ty

= (b)) Ty, — [(bzz)(3) — (b55) P (G, t)]Tzz
»)®)(T,,,t) = First augmentation factor

)3 (Gys,t) = First detritions factor

Module Numbered Four

The differential system of this model is now (Module numbered Four)

dG“ = (a24)( )st [(a'z4)(4) + (a’2'4)(4)(T25, t)]Gm
dst (azs)( )624 [(alzs)(4) + (alzls)(4)(T25, t)]st
d626 (azs)( )st [(alzs)@) + (alzle)@)(Tzs; t)]Gze
T2 = (by) DTys — [(b3)® — (b3) D ((G27), )] Toa
T2 = (bys) Ty — [(b35)® = (b5) P ((Gar), )] Ts
T28 = (bye) DTys — [(b36)® — (b56) P ((G27), )] Toe
+(a24)(4) (T,s,t) = First augmentation factor

—(b3)®((Gy7),t) = First detritions factor
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Module Numbered Five:

The differential system of this model is now (Module number five)

d628

dqu

dG30

deg

deg

dT30

= (a26)® G20 — [(@5)® + (a45)® (T, )] Gg
= (a20)® Gag — [(@5)® + (a5)® (To, )]G
= (a30)® G20 — [(@30)® + (a46)® (T6, )] G0
= (bzg) OTye — [(b36)® — (b3) P ((G31), )| Tas
= (b20)®Tpg — [(B30)® = (536)S ((G31), )] T

(b30)(5)T29 [(b30)(5) - (b )(5)((631) t)]T30

+(a 3)®)(T,,t) = First augmentation factor

— (b )(5)((631) t) = First detritions factor

Module Numbered Six

The differential system of this model is now (Module numbered Six)

= (asy)©Gs3 — [(a32)(6) + (a4)© (Tss, t)]G32

dG32

d633

dG34

dT3Z

= (a33)®Gs, — [(a’33)(6) + (a’3'3)(6)(T33,t)]G33

= (a34)©Gs3 — [(a’34)(6) + (a4y)© (Ts3, t)]G34

(bsz)( )T33 - [(b32)(6) - (b )(6)((G35)' t)]T32

i = (b33) OTs, — [(53)© — (b45)©((Gss5), )] Ts3

dT34

= (h34)©Ts3 — [(B3)© — (b5)©((G35), )| T34

+(a32)(6) (T33,t) = First augmentation factor

Module Numbered Seven:

The differential system of this model is now (SEVENTH MODULE)

dG36

dG33

dT36

dT37

dT38

= (a36)7Gs7 — [(a36) 7 + (a56) 7 (T37,1)] Gae
= (a37)7G36 — [(a3,)7 + (a37) 7 (T37, )] Gs;
= (a35)"Gs; — [(a3e)” + (a36) 7 (T37,1)] Gas
= (b36) Ty = [(36)” — (b36)”((G30), )| T36
= (b37) PTs6 = [(037)7 = (b37) P ((G30), )| Ts7

(bss)( )T37 - [(bss)m - (b )(7)((639) t)]T38

109
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37
38
39
40
41

42
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+(a%s) P (T5,,t) = First augmentation factor

First Module Concatenation

[ (a15) @[ +(a}s) D (T14, ) || +(aje) 22 (Ti7, )|+ (ahe) ) (T, 1) ] 49
dz;m = (a13) MGy — ‘+(a’2’4)(4'4'4'4') (Tys, t) H+(a'2’8)(5‘5‘5‘5') (T, t)“+(a’3’2)(6'6'6'6') (Ts3, t)| Gi3
_ | +(a4) 77 (T35, 0) | |
[ (@1) D[+ (@) DTy, O)|[+(a})®?) (T17, ) ||+ (@5 C (T, 1) ] 50
D18 = (a34) V613 — | [+(afe) #HH) (Tys, 0)][+(ahe) 5555 (Tpo, 0| [ +(a5) @559 (T3, )] [ Gua
|+(a§’7)(7'7)(T37, t) |
[ (@1s) D[+ (@) D (T4, O)|[+(ae) 2 (T17, 0|+ (@4) B (T4, D) 51
£8 = (a15) D61y — | [+(age) W44 (Tys, O] [+(a50) 555 (T, )| +(a5) @45 (T3, 0| |Gis
| +(a4) 77 (Ts, 0| |

Where | (@)D (T4, t) |,| (@)D (T4, t) ,|(a§’5)(1)(T14, t)‘ are first augmentation coefficients for
category 1,2 and 3

[+@f0®? (737, 0], [+ @) P (T, )
for category 1, 2 and 3

| +(a50) 2 (T, ) l )
for category 1, 2 and 3

| +(ay,) @) (T, t) | ) ‘ +(ays) @) (T, t) ‘ )
coefficient for category 1, 2 and 3
|+(a§’8)(5'5'5'5')(T29, t) I,I +(aye) E555) (Tyo, t) l , | +(a4y) 55 Ty, t) | are fifth augmentation
coefficient for category 1, 2 and 3

|+(a§’2)(6'6'6'6')(T33, t) |, | +(ajys)©000) (Ty3, 1) |, | +(aj,) 566 (Ty, t)| are sixth augmentation

coefficient for category 1, 2 and 3

+(a}g) ®?) (Tyy,t) ‘ are second augmentation coefficient

s s

+(ay) 33 (Tyy, t) |,|+(a’2’2)(3'3') (To1,t) ‘ are third augmentation coefficient

+(ays) @) (Tys, t) ‘ are fourth augmentation

| +(a4g) "7 (T3, 1) l | +(ay,) 77 (T35, 1) l ‘ +(aye) "7 (T3, t) | are seventh augmentation coefficient for
1,2,3

(b)Y D (G, O] [~ (b1 P2 (610, )|[- (5) ) (615, 8)] ] 52
U3 ()T, — | [ BE (G, 0)| |- (0g) O35 (G, D)= (04) ) Gz, 1) | 7,
: [~ (85077 (630,0)] |
[ G1) V=G DG, O] [~ GiD PP (610, ][ 55D P (Gas, )] ] 53
TGt = 0V = [0 ) (G, 0)] |- (04) 5559 Gy, )] |- (04) (G, D) | T
|_ (b3) 77 (G, 1) |
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[ BP0V 0] [0 (610 0] 05) G 0] | 5
= (b;s)VTy, — |_ bé’6)(4'4'4'4')(G27,t)“— b YE555) (G, t)“— bé’4)(6.6,6,6.)(635't)| Ty
\ (55) 77 (G0,0)|

(b )P (G, t) | are first detrition coefficients for

dTlS

Where |- (b)) (G, 0)|,| - (b1,
category 1,2 and 3

|—(b” )22 (G0, t)‘ I—(b )22 (G, t)| |—(b )22 (G0, t)‘ are second detrition coefficients for
category 1,2 and 3

| — (b)) B3 (Gys, t)| |—(b DG3) (G, t)| I—(b )(33)(623,t)|are third detrition coefficients for
category 1,2 and 3

[~y (b35) 44 (G,
coefficients for category 1, 2 and 3

|—(b3) 5555 (Gay, )|, |~ (bgi
for category 1, 2 and 3

| —(by,)(6666) (G, t) | | —(b3,)(6660) (G, 1) | | —(by,)(6666) (G, t) | are sixth detrition coefficients
for category 1, 2 and 3

|- (03)77) (Gag, 1) ||~ (b56) 77 (G,
category 1,2 and 3

—(by) 4444 (G,,, t)‘are fourth detrition

)55 (Ga 1) | are fifth detrition coefficients

- (b55) 77 (Ggo, t) ‘ are seventh detrition coefficients for

Second Module Concatenation

(@16) P+ (@) P (Ty7, O] [ +(ais) ¥ (Tha, 0| |+ (a5) 39 (14, 0)| } 55
218 = (a;6) D617 — | [+(af) D (Tys, 0| +(aga) 55559 (T, )| +(as) @559 (T, t)l Gre
| +(a4)777(Ts;, 0| J
(@) P +(@) P Ty, O]+ @) ¥ (T, || +(a5) 3D (T4, 0)| } 56
dGU = (a17)® Gy — ‘+(a" YA (T, t)H+(a" )(E5555) (T, t)H+(a” )(0£686)(Ty, t)| Gy
‘-i—(a" )77 (T, t)| J
(@10) P+ (@) P (T17, O)|[+(ais) W2 (Thy, O ||+ (@5) G (T, )] ] 57
dGlg = (a;5) @Gy, — ‘+(a§’6)(4'4'4'4'4)(T25,t)‘ +(aly) 5555 (T, t)H+(aé'4)(6.6.6,6.6)(’1"33't)| |Gyg
‘+(‘1’3'8)(7‘7‘7) (T37, t)| J

Where ‘ +(ay) P (T, t) | are first augmentation coefficients

for category 1, 2 and 3

|+(a1’3)(1'1') (Ty4, t) ‘ , | +(ay) BV (Tyy, t) ‘ , | +(a)s) B (T, t)‘ are second augmentation coefficient

for category 1, 2 and 3
|+(a” )(3 3 3)(T21,
for category 1, 2 and 3

| +(ay,) @44 (T, t) |, | +(ays) @44 (T, t) |, | +(ayy) @444 (T, t) | are fourth augmentation
coefficient for category 1, 2 and 3

|+(a§’8)(5'5'5'5'5)(T29, t) |, | +(ayy) 5555 (T,g, t) | , | +(ayy) %59 (T, t) ‘ are fifth augmentation

t) | are third augmentation coefficient
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coefficient for category 1, 2 and 3
|+(aérz)(6,6,6,6,6)(T33’ t) L | +(al,)©6666) (T, t) |'
coefficient for category 1, 2 and 3

| +(a%s) 777 (T35, t) l ,I +(ay,) 777 (Tyy, t) | , | +(a%) 777 (T3, t) l are seventh augmentation

+(ay,)(©6060)(T,,, t)‘ are sixth augmentation

coefficient for category 1, 2 and 3

(b1 @[ = (b1e)® (Gro, O] [~ (b1 "6, D] |- (b3) ***) (G, )| ] 58
Do = (b1g) DTy —| [~ 05D @44 (67, )| - (b3 55559 (631, D) ||~ (852) @599 (G35, O] | s
|- (65777 (G50, 1) | _
iD= (0P (610, O] [~ B PV (G, 0| B3 P3P (625, 0)| ] 59
TL = (bi)PTyg = | |- (b3) “*+) (Gar, )| |- (05) 5559 (G50, D) |- (B35) ©*459 (Gas, )| | a7
|— (bé’7)(7'7'7) (Gs, 1) | i
(bi) @[~ (b1) @ (Gro, O] [~ (01 TG, D] |- (B3 33 (G, )| ] 60
T8 = (b)) DTy —| [~ (05 @4 (67, 0)]| - (B 5559 (631, D ||~ (850) @599 (G35, O] | s
|- (65) 777 (G50, 1) |

wherel —(b75) P (Gyo, t)l ,|—( e (2)(G19,t)| | = (015)®(Gyo, t)‘ are first detrition coefficients for
category 1,2 and 3
|—(b{’3)(1'1')(6, t) ‘ ,l — (b)) DG, b) |, | —(bju)BB(G, t)‘ are second detrition coefficients for
category 1,2 and 3
| = (50) 23 (Gos, )], | = (53) P33 (G23, D) |, |~ (052) B33 (G5, 1) | are third detrition coefficients
for category 1,2 and 3
| = (B 444D (G, D] | = (b) 444D (G, O] | = (b) #4449 (G,,, 1) are fourth detrition
coefficients for category 1,2 and 3
| = (Be) 55559 (Gay, D) || = (b3e) 5555 (G5, 1) |, | = () 5555 (G54, 1) | are fifth detrition
coefficients for category 1,2 and 3
| = (b,)©6668) (Gog, D] | = (b5,) 6668 (Gag, )], |~ (b5,)E5559) (G35, )| are sixth detrition
coefficients for category 1,2 and 3

- (03777 (G390, |- (BN (G0, )
for category 1,2 and 3

b

- (b5) 777 (G0, 1) ‘ are seventh detrition coefficients

Third Module Concatenation

dGzo _ 61
dt

[ (@)@ +(ah0)® (T, O] +(@l) #*2 Ty, O ||+ (@) W (T, 0] ]
(az20) G,y — |+(a§’4)(4'4'4'4'4'4)(Tzs» t) H+(a’2’8)(5'5'5'5'5'5) (Tzo,t) H+(a’3’2)(6'6'6'6'6'6) (Ts3, t)| G2o

[ +(a4) 7777y, 0))
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(@) @]+ (@) P (Tor, || +(ai) @22 (T, O |[+(@f) (T, 8)| ] 62
P21 = (231)® Gy — |[+(afs) BHHAAD (T, )] [+(a5e) B55559 (T, )] [+(a45) 04559 (T3, )| 6o
| +(a4y) 7777 (Ty, 1) | |
(@5) | +(@5) P Ty, || +(afe) @22 (Ty7, O | [+ (i) P22 (T, )] ] 63
2 = (030) @Gy — || +(ahe) BHHAAD (Tys, 1) |[+(a50) 55559 (T, 1) || +(agy) ©55059) Ty, 1) | 6oz
‘ +(ag) "7 Ty, 1) ‘

|+(a§’0 (3)(T21,t)H+(ag’1 (3)(T21,t)H+(a§’2 (3)(T21,t)| are first augmentation coefficients for

category 1,2 and 3

[+ (@) @22 (11, || +aiy) @221y, 6)
coefficients for category 1, 2 and 3

[+ (@) (T, 0],
coefficients for category 1, 2 and 3

|+(a§’4)(4'4'4'4'4'4) (Tys,t) |' | +(a’2’5)(4'4'4'4'4'4) (Tys, ) |' | +(a’2’6)(4’4’4’4’4'4) (Tys, ) | are fourth
augmentation coefficients for category 1, 2 and 3
[+ (@) S55559) (T, ) || +(ap) 55559 (T, 1),
coefficients for category 1, 2 and 3

| +(ay,)©66666)(T,, t) |,| +(ay,)©66660)(T,, t) H +(ay,)©66666)(T, . t) ‘ are sixth augmentation
coefficients for category 1, 2 and 3

| +(ays) 7777 (Tyy, t) |, | +(ay,) 7777 (Tyy, t) | , | +(a%g) 7777 (Tyy, t) | are seventh augmentation

coefficients for category 1, 2 and 3

+(a}y) #*D (T, t) ‘ are second augmentation

7

+(ay) A (T, t) |,| +(a)s) BV (Tyy, t) ‘ are third augmentation

+(a4y) 35555 (Ty, t) ‘ are fifth augmentation

4T0 _ 64

dat
(b50)®| = (b30)® (6,3, 0)|

- (b)) @D (G0, 0 ||- (b1 (G, 1)

(b20)®Ty1 = | [ (b5 @449 Gy, 0)] |- (b) #5555 (Gar, )] |- (B52)©*5%9 (G5, )| | T20

_ - (5307777 (G50, )| _
aTa1 _ 65
dt

(b5 )@[= (5D (G, O)||- (1) 222 (G0, ) || - (B (G, 1) |

(b21)® Ty — | [~ (b3 @*444D (6,5, 0)] |- (b3) E55559 (61, 0)] |- (03:) @655 (G5, )| | Tos

_ |- 047777 (G0, )] _
ATz _ 66
dt

(552) @[ = (b3)® (63, O |- (b1) 222 (616, D) || - (b55) 2 (G, D) |
(b22)PTys — | [~ (b3 “*4449 (6,5, 0)] |- (B3) E55559 (631, 0) |- (b)) @659 (Gas, )| | Tz
’— (b35) 7777 (Go, t) |

|—(b§’0 G)(G,s, t)H—(bé’1 ®)(G,s, t)‘ ,|—(b§’2 G)(G,s, t)| are first detrition coefficients for
category 1, 2 and 3
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| —(bj)@22 (G, —(b}) @22 (G, —(bj5) @D (G0, 1) ‘ are second detrition coefficients
for category 1, 2 and 3

| —(bis —(byr) (G, b) | , | — (b} HPLL(G, 1) | are third detrition coefficients for
category 1,2 and 3

| = () 4444 (G, D] | = (b)) #4444 (G, D] |~ (be) #4444 (G, )| are fourth detrition

coefticients for category 1, 2 and 3

|—( —(b3e) 555555 (G5, 0)|,| = (byo) ©55559)(Gyy, )| are fifth detrition
coefficients for category 1, 2 and 3

|— b, —(by,)(©66666) (G, t)| |— b4,)(6:6:6666) (G, t) ‘ are sixth detrition
coefticients for category 1, 2 and 3

| (b3) 7777 (G, t)‘ | (b3 ) 7777 (G, t)H (b3) 7777 (G, t) | are seventh detrition

coefficients for category 1, 2 and 3

rrrrr

rrrrr

Fourth Module Concatenation

[ (@50) @] +(a5)® Ty, )| +(a4) & (Tpo, ) || +(a) %) (T3, ) | ] 67
dfj;‘* = (a2) W G5 = | |+(@1n) VD (Tyy, D)|[+(as) 222D (T, )] [ +(a50) ¢339 (T, D) | |Gas
_ | +(a4) 77777 (Ts5,0)| |
[ (@55) @] +(ays) @ (Tys, O |[+(a50) &%) (Tao, 0) || +(alfs) @9 (Tss, )| ] 68
dj,fs = (a25) G4 — | [+(af) P (T, O)|[+(afy) @222 (T, D[+ (a5) 3P (T, )] | Gas
| [ +(as) 77777 Ty, 0)) J
[ (a56) @] +(a56)® Ty, ) || +(a4) & (Tpo, ) || +(ah) ) (T3, ) | 69
dg? = (a26) G5 — |+(a1'5)(1'1'1'1)(T14, t)||+(a1'8)(2’2’2’2)(T17,t)H+(a )(3333)(T21,t)| “GZG
| +(as) 77777 (Tsy, 1) | |

(@20 (Tys, 0], [(@5)@ (Tas, )|, (@5 @ (Ts, O]

are first augmentation coef ficients category 1,2 3

[+ (a5) &) (T0, D], | +(a50) ) (T30, D], | +(a50) 5 (T, D)

are second augmentation coef ficient for category 1,2 and 3
[+(@5) %) (T53, O], +(a) @O (T, O], [+(a5) O (T35, 6)|

are third augmentation coef ficient for category 1,2 and 3
[ (@) D (T, O} [ +(af) D (T, )
are fourth augmentation coef ficients for category 1,2 and 3
|+(a£/6)(2,2,2,2)(7~17’ t) L | +(al) @222 (T, t) |’|+(a118)(2,2,2,2) (Tys, t)‘
are fifth augmentation coef ficients for category 1,2 and 3
[+ (@) @239 (Tyy, O} |+(a5) O3 (T, D} [+(a5) O3 (T4, )|
are sixth augmentation coef ficients for category 1,2 and 3
[+(a30) 77777 (T, ), [ +(@5) 77777 (T35, ) [+(a) 7777 (T35, 0)|

are seventh augmentation coef ficients for category 1,2 and 3

"
15
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., [(05) @] =(b3)® (Ga7, )| |~ (b38) % (Ga1, )| |- (b52) ©* (G5, )] ] 70
= B2) PTos = | [=(b1) D6, 0)| | = Bie) 22 (Gro, ) || - (050) *#* (Ga, )] | Tos

_ |- (0577777 (Gao, t) _

[(b35) ™| = (535)® (Ga7, )| | = (53) © (Ga1, O)||- (b55) %) (G5, 8)] ] 71
T = (i) VT - | FOm O 6,0] [CGi T G O] b G 0] [Tas

_ = (B5) 7777 (Gao, 8)| _
. [ (536)@|=(b46) ™ (Ga7, )| |~ (b56) &%) (G31, £)] |- (b5) ¢ (G5, )] ] 72
2= 020)WTos = | =BG, 0)| [~ (i) 22D (Go, )] |- (b)) (Gas, )] | Tas

= (b5) 77777 (Gao, £)

Where|- (b)) (Ga7,t)
for category 1,2 and 3
= B5) 5% (G31, )], |~ (b50) ) (G3, 1),
for category 1,2 and 3

= b)) (G5, 6) |, |~ (B5) ) (G5, 8) |,
for category 1,2 and 3

=) DG, 0} | = (i) PV G, )|, |- (i) MG, 0|

are fourth detrition coef ficients for category 1,2 and 3

=1 ?222 (Gro, O} |~ (b)) 22D (619, D} | = (1) @2 (Gr, )|

are fifth detrition coef ficients for category 1,2 and 3

|- (B339 (G5, D} |- 155339 (G, O} |- (5) 3339 (G5, 0)|

are sixth detrition coef ficients for category 1,2 and 3

|- (036)7777D (G0, 1), |- (05) 77777 (G, O] |- (b36) 77777 (G, 1)]

are seventh detrition coef ficients for category 1,2 and 3

,|—(b§’5)(4) (Gy7,0) |,|—(b§’6)(4) (Gy7, 1) ‘ are first detrition coef ficients

—(b5) %) (Gs, t)‘ are second detrition coef ficients

—(by,) %) (G5, t) ‘ are third detrition coef ficients

1]

Fifth Module Concatenation
[ ()| +(a5)® (Tho, ) || +(ay) @ (Tys, ) || +(as) @49 (T3, 0)| ] 73

% = (ay8) Gy — |+(a1’3)(1'1'1'1'1)(T14, t)l +(a1’6)(2’2’2’2’2)(7’17,t)H+(a§'0)(3'3'3'3'3)(T21,t)| Gog
| +(a4e) 777777 (Tyy,8)|
[ (abo) ®|+(a5)® (Tao, ) || +(as) ) (Tys, ) || +(a%) €59 (Ta3, )| ] 74
dgtzta = (aye) PGy — ‘+(aﬁ)(1'1'1'1'1)(T14, t)| +(a{'7)(2'2'2'2'2)(T17,t)H+(a’2'1)(3'3'3'3'3)(T21, t)| Gyo
| |+ @) 77777 (T, 1) _
[ (a30)®|+(a40)® (Too, D) || +(aye) *) (Tys, O || +(a5) ©*O (T5,8)| ] 75
dgiﬂ = (030)®Gpo — | [F@D VI (T, O] [+(ats) #222D Ty, 0) || +(a5) O3 (10, )] | 6,
| +(a4s) 777777 (T, 1) |

Where |+(a§,8)(5) (Tzo, 8) ‘ ) | +(a59)® (T, ) ‘ ) | +(a50)® (T, t)‘
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are first augmentation coef ficients for category 1,2 and 3

And [ +(ag) ) (Tys, 0) || +(a5s) ) (Tys, O], [+(a5) ) (T35, 0)|

are second augmentation coef ficient for category 1,2 and 3

[+ (@) ©09 (T35, 0)|, [ +(a5) ©O) (T3, )], [+ (a5) 09 (T3, 1) |

are third augmentation coef ficient for category 1,2 and 3

|+(a1’3)(1'1'1'1'1)(T14, t) |,|+(a1’4)(1'1'1'1'1)(T14, t) |, | +(a}s) PI(T,, t)‘ are fourth augmentation
coefficients for category 1,2, and 3

| +(aly) 2222 (T, t) |,| +(al,) @222 (T, t) |, | +(aly)@?222(T,,, t) ‘ are fifth augmentation
coefficients for category 1,2,and 3

|+(a§’0)(3'3'3'3'3)(T21, t) |,|+(a§’1)(3'3'3'3'3)(T21, t) |, | +(ay,)B3333)(Ty,, t)| are sixth augmentation
coefficients for category 1,2, 3

[+ @) 777777 (Ta7, )| (@) 777777 (Tag, 0)| | +(age) 777777 (T7, ) | are seventh

augmentation coefficients for category 1,2, 3

[ (3] =(13)® (Ga1, )] [~ (B (G, )] |- (B3) 59 (G55, )] ] 76
d;,fs = (b2e) O Tye — | | = (1) DG, )| [ = (b1e) 7222 (G, D) | |- (b56) ®3339 (Gz3, 8)] [ Tas
| - i) 777777 (3o, 8| _
[ (530) %] = (539 (Ga1, )] [~ (B3) 4 (G, )] [- (B35) @59 (G5, )] ] 77
d;";c; = (bye) O Tpg — |—(b{;)(1'1'1'1'1)(6,t)‘ ‘_(big)(z,z,z,z,z)(clgj t)”—(bé'l)(3’3’3’3’3)(623,t)| Tyo
| - (B3 77777 D (G0, )| _
. [ (530)®|—(b50)® (Ga1, )| [~ (036) ** (Gar, O)||- (659 (G5, £)] ] 78
o = 020 = | |-GG, )] [~ Big) 222 (Gro, )|~ (b3) 43 (G, )] [ o
- i) 777777 (G, £)| J
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where |- (b55)® (Ga1, )| ,[=(83)® (G631, 0] .|~ (b3)® (G31,0)]

are first detrition coef ficients for category 1,2 and 3

| = (b)) (6,7, £)],| = (03) **) (627, ),

for category 1,2 and 3

117

—(by )4 (G, t)‘ are second detrition coef ficients

|—(b§’2)(6'6'6)(635, t)|,|—(b§’3)(6'6'6)(635, t)|,|—(b§’4)(6'6'6)(635, t)| are third detrition coef ficients

for category 1,2 and 3

|—(b{’3)(1'1'1'1'1)(6, t) |,|—(b{;)(1'1'1'1'1)(6, t)l ,|—(b1”5 11111) (g, t)| are fourth detrition coefficients

for category 1,2, and 3

= (i) @2222 (G,

D= (1) #2222 (G, ) || = (b1e) ##**?(Gyo, ) | are fifth detrition

coefficients for category 1,2, and 3

|- (b)) #2239 (G,,

D)} |- (b3 B3339 (G5, 0| |- (b5,) 3333 (6,3, ) | are sixth detrition

coefficients for category 1,2, and 3

|- (b5 777777 (G, 1),

coefficients for category 1,2, and 3

Sixth Module Concatenation

acG
d;z = (a32)(6)G33
dt = (a33)(6)G32
acG
d? = (a34)(6)633

(@52) @[ +(a5) @ (T, D] [+(ae) &5 (T30, 0 || +(@5) 44 (T35, 0)|
|+(a£'3)(1'1'1'1'1'1)(T14,t)| +(a1'6)(2'2'2'2'2'2)(T17:t)H+(a'2'o)(3'3'3'3'3'3)(T21't)|

| +(a§’6)(7'7'7'7'7'7'7)(T37: t) ‘

(@55) @[ +(a5) @ (T3, ]| +(az0) @59 (Tyo, 8) || +(a5) 4 (Tys, )]
|+(a£r4)(1,1,1,1,1,1)(T14’ t)| +(af, (2'2'2'2'2'2)(T17;t)H+(a'z’1)(3'3'3’3’3’3)(T21't)|

‘ +(al) 77T (Ty, ) |

(@5 @[ +(a5) @ (Tss, 0 || +(as0) &5 (Ty0, | [+(ap) **(Tys, D) |
|+(afs)(l'l'l'l'l'l)(Tlét' t)| +(al (2'2'2'2’2’2)(7’17,t)H+(a’2’2)(3’3’3'3'3'3)(T21,t)|
‘ +(aly) 77T (T, ) |

= (b3) 777777 (G, t) |,| = (bg) 777777 (G, 1) ‘ are seventh detrition

79
G32

80
G33

81
Gsa

| +(a%,)© (Tss,t) H +(a%3)© (T33, t) |, | +(a%,)© (T33,t) ‘ are first augmentation coef ficients

for category 1,2 and 3

|+(a) 559 (Ty0,0),

+(ayy) ®59) (Tpo, )|,

+(ay) 559 (T, 0)|

are second augmentation coef ficients for category 1,2 and 3

| +(@5) @) (Tys, O], [+ (a5) @44 Ty, 0], [+ (a5e) 44 (T, D) |

are third augmentation coef ficients for category 1,2 and 3

|+l 22T, O |+ (@) P (T, O )| +(ag) PP D (T, )| - are fourth

augmentation coefficients
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|+(al) ®2222(Ty, O] [+ (af) #2222 (T, O || +(af) 222222 (T, )| - fifth augmentation
coefficients

| +(ayy)®33333)(T,,, t) |, | +(ay ) ®33333)(T,,, t) |,| +(ay,)®33333)(T,,, t) ‘ sixth augmentation
coefficients

|+(ag’ﬁ)(7'7'7'7'7'7'7)(T37,t)|,|+(a§’7)(7'7'7'7'7'7'7)(T37, t) I’|+(ar3r8)(7,7,7,7,7,7,7)(T37‘ t)|seventh

augmentation coefficients

(B52) @ = (b3)© (G35, D) || - (B5e) 559 (G, || B3 (G5, 0| ] 62
d;iz = (bsy)OTy; — ‘—(b{%)(l'l'l'l'l‘l)(G, t)‘ ‘—(b{'6)(2'2'2'2'2'2)(619, t) H_ (bé'o)(3‘3‘3’3'3’3)(623, t)| Ty,
- () 7777777 (G0, 1) |
(653) @)= (b35) @ (Gas, O || - (b50) 5 (G50, )| |- (B3) 4+ (Gp7, )| ] 83
T = (1) 9Ty, ~ [COT G, 0] [Cbi) D (3 0] ) (G, D) T
- B3 7777777) (G, 1) |
(B3| =(b5)© (G35, D) || - (B5) 59 (G, ]|~ b3) ***) (6,7, 0| ] &4
d§i4 = (b3y)©Tys — ‘_(b{ls)(l,l,l,l,l,l)(a’ t)‘ ‘_( 1’8)(2'2'2'2'2'2)(619: t)H— (bé'z)(3‘3‘3’3’3’3)(623, t)| T,,
- B 7777777) (G0, 1)

—(b3) O (Gas, ) |, | = (b3) P (G35, ) | ,|—(b4) @ (G35, ) | are first detrition coef ficients
3 33 3
for category 1,2 and 3
= B5) 559 (61, )|, = (b5) 55 (Ga1, O] |~ (b3) ©>P (61, 1)
are second detrition coef ficients for category 1,2 and 3
=) @4 (G, )| = (b)) 444 (Gaz, O], [~ (b5) “ 4+ (G, )|
are third detrition coef ficients for category 1,2 and 3
—(b1)@LLILD (G )| | —(bi,) LD (G )| | —(bi)BLLLLD (G ¢)| are fourth detrition
13 14 15
coefficients for category 1, 2, and 3
| = (b)) 222222 (G0, )| | = (b) @2222D (G0, ) ||~ (b1e) #2222D (G, )| are fifth detrition
coefficients for category 1, 2, and 3
|- (b50) 333339 (G5, )| |- (b)) 22333 (Gys, D] |- () 333233 (6,3, )| are sixth detrition
coefficients for category 1, 2, and 3
|_ (b4 ) 77777 (G, t) L ‘_ (b)) T77777D (G, t)

detrition coefficients for category 1, 2, and 3

- (bY) 777777 Gy, t) ‘ are seventh

b

Seventh Module Concatenation
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dGse 85
dt
= (ase)(7)637
[ (a36) 7| +(a4e) 7 (Ts7, ]| +(ale) #2222 (T, )] | +(a4y) 3333333(T,, 0| |

I +(a§'4)(4'4'4'4'4’4’4) (Tys, t) I | +(aérg)(s,s,s,s,s,s,s)(ng' t) H +(aé:2)(e,e,e,e,e,e,e) (Tss, ) | | Gis

| +(ai) (1, 0)|
dGs, 86
dt
= (a37)(7)636
(@) 7| +(@5) D (Tsy, O || +(aj) 222222 (T, 0) || +(ay) B222333) (T, )| ]
| | +(ay) @410 (T, ) |[+(a5e) 555559 (T, ) || +(als) ©555559) (T, )| (Gis
| |+(afy) 0112220 (7,, )| |
dGsg 87
dt
= (‘138)(7)637
(@4) 7|+ (%) D (Ts7, O || +(afe) 222222 (T, 0) || +(ay) B222333) (T, )|

— ‘+(a516)(4,4,4,4,4,4-,4-) (T25: t)H+(aélo)(S,S,S,S,S,S,S)(TZQ, t) ”+(al3/4)(6,6,6,6,6,6,6) (T33, t)| GlS

| [+(ain) DT, ) |
Where |(a30) ) (Ts7, ) |,| (@3) V' (Ts7, 8|,
category 1,2 and 3
| +(afs) e (Ty7, )|, |+ (a1’7)(2'2'2'2'2'2'2) (Ty7,t)
augmentation coefficient for category 1, 2 and 3
|+(agy) 3333333 (T, 1) |, | +(ag) B333339) (T, 1) |, | +(agy) 333333 (T, t) |are third
augmentation coefficient for category 1, 2 and 3
| +(a§'4)(4'4'4'4'4'4'4) (Tys,t) +(aé’5)(4'4'4’4’4’4'4) (Tys,t) l , |+(a’2’6)(4’4’4’4’4’4'4) (Tys, ) | are fourth
augmentation coefficient for category 1, 2 and 3
|+(aérs)(s,s,s,s,s,s,s)(ng’ t) |,|+(a§'9)(5'5'5'5'5'5'5)(ng, t) |: | +(aé'o)(5'5'5'5'5'5'5)(T29' t) | are fifth
augmentation coefficient for category 1, 2 and 3
|+(aélz)(6'6'6'6'6'6'6)(T33, t) I, +(a}s)©060666) (T, 1) |; |+(a’3’4)(6’6’6’6’6’6’6)(T33» t) | are sixth
augmentation coefficient for category 1, 2 and 3
[+ (@) DT, )], [+ (@) D (T, )| [ +(afs) WD (T, )| are seventh

augmentation coefficient for category 1, 2 and 3

(a%3) (T35, 1) | are first augmentation coefficients for

s s

+(aly) @222222(T,, t) | are second

’

dTs6 _ 88
dt

[ (30 7| =(b5) 7 (G, D] [~ (b)) 2222222 (G5, D) ]| (b5e) #223339) (G s, D) | |

()T, — | F B * 5559 (G, 0| (05) 555559 (G, O |- (b 95559 (65,0 |1,
| ’_ (b1 (G, t)| |
4Ts7 _ 89
dt
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[ (b3)P[=(b3) P (Gso, )] | = (b1 #222222) (Guo, D] |- (b)) 3233339 (G, )| ]
(b37)(7)T36 — |_(bérs)(4,4,4,4,4,4,4) (627, t) ||_ (bérg)(s,s,s,s,s,s,s) (631, t) H_ (bé%)(6,6,6,6,6,6,6) (635, t) ‘ T4
- (i) 11206, )|
aTss _
at
[ (030) 7= (b3) 7 (G3o, )] [~ (b1e) B222222) (Go, D] |- (b5) 3233339 (G, )| }
(bsg) DTy, — l_ (b ) @424 (G t)“— (b} (5555555 (G, t) H_ (b,)(6666660) (G, t)l |T15
|_ (bl)@111110 (G, t)| J

Where [~ (b4)? (Gso, )],|—(03) 7 (630, )

’

category 1,2 and 3

|—(b{’6)(2'2'2'2'2'2'2)(Glg, t) ‘ ,|—(b{'7)(2'2'2'2'2'2'2)(Glg, t) l ,’_(birs)(z,z,z,z,z,z,z) (Gror t)| are second

detrition coefficients for category 1, 2 and 3

| = () 3233333 (Gy3, 1) |,

—(by,)@333333)(G,, t)

coefficients for category 1, 2 and 3

| —(by,) @440 (G, 1) l )

—(bys) +A+AAN (G, 1) ‘ ) | — (b)) BA4444D (G, 1) | are fourth

detrition coefficients for category 1, 2 and 3

| =(B}jg) 5555559 (Gay, 1) |,

coefficients for category 1, 2 and 3

|—(b,)(6666668) (G, 1),

coefficients for category 1, 2 and 3

|- (bi5) 111G, 1) |- (b)) VDG, 1))

- (bip) (G, 1)

are seventh detrition coefficients for category 1, 2 and 3

Where we suppose

X)

()

(ai)(l)' (al{)(l)l (al{’)(l)l (bi)(l)l (bl’)(l)’ (bl”)(l) > 01
i,j = 13,14,15

The functions (a/)®, (b/")V) are positive continuous increasing and bounded.

Definition of (p,)®, (r,)®:

@)

(afl)(l)(Tm, t) < (pi)(l) < (A;3)W
BHVED < (D < GYD < (Brs)®

limTZ_,oo(af')(l) (Tys t) = (Pi)(l)
limge (/YD (G, 8) = (1)

Definition of ( 4,3 )™, (B3 )™ :

Where ‘ (A13)D, (B3P, (p)D®, ()W ‘ are positive constants and |i = 13,14,15

They satisfy Lipschitz condition:

(@)D (T £) = (@)D (Tyg, O] < (Ry3 )D|Tyy — Tiyle~ (M) D

WWW.1jsrp.org

—(b55) 7 (G309, t) | are first detrition coefficients for

—(b3y) 555555 (G, t) | ) l _(béro)(s,s,s,s,s,s,s) (G341, 1) | are fifth detrition

—(b33)©00L680) (Gyg, t) | , | —(b3,)(6:666668) (G, 1) | are sixth detrition

120

| = (b)) B333333(G,5, 1) | are third detrition

90

97
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99
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I(bHYD (G, 6) = (NP, )] < (ki3 )D||G — G'||e~(Haa) Pt

With the Lipschitz condition, we place a restriction on the behavior of functions

(@D (T, t) and(a]) V(T4 t) . (T{,, t) and (Ty4, t) are points belonging to the interval
[(ky3)D, (M;5)D] . Itis to be noted that (a]) (T4, t) is uniformly continuous. In the
eventuality of the fact, that if ( M,; )() = 1 then the function (a; ) (T,,,t), the first
augmentation coefficient attributable to terrestrial organisms, would be absolutely continuous.

Definition of ( #,5 )@, (k5 )™ : 100
(AA)  (My3)D, (ky3)D, are positive constants

@® ™
(M13)D 7 (#33)D

Definition of ( P53 )™, (0,3 )® : 101

(BB)  There exists two constants ( P53 )™ and ( Q;5 )™ which together
with (M;3)®, (ky3)D, (A13)® and (B;3)® and the constants
(a)®, (@)@, )@, (B)®, )P, ()W, i =13,14,15,
satisfy the inequalities

1 , . " ~
(ha)® [(@)® + @)@+ (Az)D + (Pi3)® (y3)P] <1

_r
(My3)D

[ B+ BDD + (Biz) D+ (013)P (ky3)P] < 1
Where we suppose
€O (@)@, (@)@, (@"H®, )@, BH?, (NP >0, ij=161718

(DD)  The functions (a/)®, (b/")® are positive continuous increasing and bounded.

Definition of (p;)®, (r;))®:

(@D (T, t) < (p)@ < (Am )(2) 102
(BiNP(Gro,t) < )P < (B < (B1)® 103
(EE)  limg, e @H® (T,,,0) = (p)@ o4
limg e (6;)® ((Gro).t) = ()@ 105
Definition of ( 4,4 )®, (B4 )@ : 106

Where ‘ (A16)P, (B1s)®, ()P, ()@ ‘are positive constants and [i = 16,17,18

They satisfy Lipschitz condition:

(@)D (T17,6) = (@)D (117, O] < (k1 )P|Tyy = TipleMae)® 107
" ’ " % r —(M (2)

1(5) @ ((G19)',8) = (b P ((G10), )] < (k16 )P 1(G10) — (Gyo)'||e~(Fre) Pt 108

With the Lipschitz condition, we place a restriction on the behavior of functions (a;")® (Ty,,t)

and(a})?(Ty7,t) . (T{5,t) and (Ty,, t) are points belonging to the interval [(k;6)®, (M;6)@] .1t
is to be noted that (a;")® (T}, t) is uniformly continuous. In the eventuality of the fact, that if
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( M4)® = 1 then the function (a})®(Ty,,t), the first augmentation coefficient attributable to
terrestrial organisms, would be absolutely continuous.

Definition of ( M, )@, (k.4)® :
(FF)  (M,)®, (k6 )@, are positive constants 109

@® @
(M16)® ’ (M16)P

Definition of ( P;3 )@, (0,3)@ :

There exists two constants ( P4 )® and ( 9,4 )® which together
with (M;)®, (ki1)®, (A15)Pand ( By )@ and the constants
@)@, (@), 1)@, 6DP, D@, ()HP,i=1617,18,

satisfy the inequalities

1

T [(@P +@)P + (Adie)® + (P)® (kis)P] <1 110

el G)P+ D@+ (Bi)® + (Q6)® (kie)@] <1 1l

Where we suppose

G (@), @®, @)?, B, 1D, BN >0, ij=202122 112
The functions (a/)®, (b/")® are positive continuous increasing and bounded.

Definition of (p,))®, (r;))®:
(ai)®(Ty1,0) < P)® < (Az0)®
(NP (G5 ) < ()P < ()P < (By)®
limr, e (a])® (T, 1) = (p)® 113
limgoo (b)) (G5, 8) = ()
Definition of ( A, )®, ( B, )® :
Where l (A,0)®,(Byo)®, 0)®, (1)@ l are positive constants and

They satisfy Lipschitz condition: 114

(@)D (T30, ) = (@) (Tp1, O] < (Jegg YO Tyy — Ty le™(Fz0) e
()P (Ga', ) = (BND (63, O] < (Ko )P1Go3 = o' lle™ M)Vt

With the Lipschitz condition, we place a restriction on the behavior of functions (a;)® (T;,,t)
and(a})® (T,1,t) . (T4, t) And (T, t) are points belonging to the interval [( kzo)®, (M4 )] . 1t
is to be noted that (a;")®(T,, t) is uniformly continuous. In the eventuality of the fact, that if

( M, )® = 1 then the function (a}")® (T,4,t), the first augmentation coefficient attributable to
terrestrial organisms, would be absolutely continuous.

Definition of ( M,, )®, (k)@ : 115
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(HH)  (M,)®, (k,0)®, are positive constants
@® _m®
(Mg0)® 7 (M20)® <1

There exists two constants There exists two constants ( P,, )® and ( Q,, )® which together with 116
(M), (ky0)®, (A,0)Pand ( B,y )™ and the constants

(@)®, (@)®, (1), (DN, )@, ), i =20,21,22,

satisfy the inequalities

1

T @ + @)+ (A20)® + (Pr)® (kpo)®] <1

1

(M20)® [ (bi)(S) + (bi’)(s) + (B20)® + (Q20)® (1220 P <1

Where we suppose
(@)@, (@)™, (@)™, )™, D™, (o)™ >0, i,j = 24,2526 117
(I The functions (a/)®, (b/")® are positive continuous increasing and bounded.
Definition of (p;)®, (r;)®:
@) ¥ (Tz5,1) < (D™ < (454)®

BD((G2), ) < ()W < (BN® < (B )@

118
an limTz-’OO(algl)(4) (Tys,t) = (pi)(4)
limG—>oo(bi”)(4) ((G27)1 t) = (ri)(4)

Definition of ( A,, )™, ( By, )® :
Where l (A,)®, (By )P, ()@, ()@ l are positive constants and |i = 24,25,26

They satisfy Lipschitz condition: 119
(@)@ (T35,6) = (@)D (Ta5, DI < (ko )Ty — Tgsle (M)

" r " 7 ’ (M ()]

[N ® ((G27)',£) = (BN P ((G2), )] < (Jeaa )P[1(G27) — (Go7)'[Je~(Maa )
With the Lipschitz condition, we place a restriction on the behavior of functions (a;)® (T;s, t)
and(aj" )™ (Tys,t) . (Tys, t) and (Tys, t) are points belonging to the interval [( Ky, )@, (M, )P]. 1t
is to be noted that (a;")* (T,s, t) is uniformly continuous. In the eventuality of the fact, that if
(M, )™ = 4 then the function (a})® (T,s, t), the first augmentation coefficient attributable to
terrestrial organisms, would be absolutely continuous.
Definition of ( M,, )@, (k,, )@ : 120

(M, )™, (kyy )@, are positive constants
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@® @
(M24)® 7 ([34)®

Definition of ( P, )™, (0,4 )™® : 121

(KK)  There exists two constants ( P,, )®* and ( 0,, )™ which together with
VL, )® (ko YD (A, )@ B, Y@
2 ’ ’
(M3, )™, (kyy )™, (A34)Mand ( By, )™ and the constants
(@)™, (@)@, 1)@, )™, ()™, ()@, i = 24,25,26,
L L
satisfy the inequalities

1

T @)W +@)® + (A2)® + (Pra)® (kea)®] <1

1

(P24 )W [ (bi)(4) + (bi’)@) + (B2a)® + (Q24)® (1224 Pl <1

Where we suppose

(@), @), @), (b)®, B), B >0, i, = 282930 1
i i t t J
(LL)  The functions (a/)®, (b]")® are positive continuous increasing and bounded.
i L
Definition of (»,)®, (r,)®:
(@i )P (Tr0,t) < () < (Apg)®
BO(Ga)t) < (DD < (BN < (Byg)®
123

(MM) limTz-’OO(algl)(S) (Tzo,t) = (pl_)(s)
limG—mo(bi”)(S) (631: t) = (ri)(S)

Definition of ( 4,5 )®, ( B, )® :

Where ‘ (A35)®, (Bys)®, )®, (1)® ‘ are positive constants and [i = 28,29,30

They satisfy Lipschitz condition: 124

(@) (T4, £) — (@) (Tyo, )] < (Kpg )®|Tpg — Toole™ (M)t

1(5I)®((G31)', ) = (YD ((G31), £)] < (g YDNI(G31) — (Gay)'||e™ (202t

With the Lipschitz condition, we place a restriction on the behavior of functions (a;")® (T, t)
and(a})® (Tye,t) . (T4e, t) and (T,o, t) are points belonging to the interval [( kg )®, (M) ] . It
is to be noted that (a;")®(T,s, t) is uniformly continuous. In the eventuality of the fact, that if

( M,5)® = 5 then the function (a;")® (T,, t), the first augmentation coefficient attributable to
terrestrial organisms, would be absolutely continuous.

Definition of ( M,5 )®, (k5 )® : 125
(M,g)®, (kyg)®, are positive constants

@® _®
(M25)® 7 (Mpg)® <1
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Definition of ( P,g ), (0,5 ) : 126

There exists two constants ( P,g ) and ( Q,g ) which together with
(Mg )®, (ky5)®, (A,8)Pand (B,g )™ and the constants
(@)®, (@)®, (), (bH®, )®, (1)@, i =28,29,30, satisfy the inequalities

1

T [ @D + @)D+ (A)® + (P)® (ko)D) < 1

1 , R - A
(M25)®) [ (bi)(S) + (bi)(S) + (Byg) D+ (02807 (kpe)®P]<1

Where we suppose
(ai)(ﬁ)! (ag)(ﬁ)’ (agl)(B)! (bi)(G)l (bl’)(G)’ (bL”)(G) > 0: l:] = 32133134 127
(NN)  The functions (a/)®, (b/")® are positive continuous increasing and bounded.
Definition of (p;)®, (;)®:
@)@ (T35, 6) < () < (452)@

BOOGs) ) < ) < BN < (By)©®

128

(00)  limg, . (a;)® (Tz5,8) = ()

limg e ()@ ((G35),8) = (1)
Definition of ( 43, )©, (B5,)©®:

Where ‘ (A3,)®, (B3,)®, ()@, (1)©® ‘ are positive constants and [i = 32,33,34
They satisfy Lipschitz condition:
(@)@ (T43,6) = (@) ® (T3, D] < (Rsp ) O[Tz — Tgsle(Fa)

" r " 7 ’ (M (6)
|5 @ ((G35)',£) = (B) O ((G35), £)| < (fesz ) O[1(G35) — (Ga5)'[|e~Maz )
With the Lipschitz condition, we place a restriction on the behavior of functions (a{')(é) (T35, t)
and(aj")® (Ts3,t) . (T4, t) and (T3, t) are points belonging to the interval [( ks, )(©, (M3, )©@]. 1t
is to be noted that (a;")® (Ts3, t) is uniformly continuous. In the eventuality of the fact, that if
( M3, )® = 6 then the function (a}')® (Ts3,t), the first augmentation coefficient attributable to
terrestrial organisms, would be absolutely continuous.
Definition of ( M, ), ( k3, )© : 129
(M3,)®, (k3,)®, are positive constants
@® _®
(M32)(® 7 (M35)(®

Definition of ( P;, )®, (05, )@ : 130

There exists two constants ( P;, ) and ( Qs, )® which together with
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(M3,)®, (k3,)®, (A3,)@and (Bs, )© and the constants

(@)@, @), (5@, D@, D®, (), i = 323334,
satisfy the inequalities

1

T @)+ @)@+ (A3)@ + (Pi)® (ks2)¥] <1

i@l GO+ BD@ + (Bs)® + (052)@ (ky) @] <1

Where we suppose

(ai)(7)l (al{)(ﬂ' (alf’)(7)' (bi)(7)l (b;)(7)' (bl”)(7) > O'
i,j =36,37,38

The functions (a;)™, (b)) are positive continuous increasing and bounded.
Definition of (p;)”, (r;)™:

@N? (T37,8) < )P < (Az6)?
BP (G0 t) < ()P < (NP < (B3g)?

limr, e (@) (T37,) = (p)”
limge (b)) ((G3o),t) = ()™

Definition of ( A3¢ )™, ( B3¢ )" :

Where I(A36 YD, (B3)?, (p)?, (1)@ ‘ are positive

and |i = 36,37,38

They satisfy Lipschitz condition:
@) ? (T47,8) = (@D (T37, D] < (ks )P|T5; = Tsle™Fae) e

1Y ((G36),£) — (b)Y ((Ga), )] < (K3 )P ]I(G30) — (G30)'[|le™Fa6) 7t

126
131
132
constants
133

With the Lipschitz condition, we place a restriction on the behavior of functions (a; ) (Ts,,t)

and(a;")?(Ts,,t) . (T4,,t) and (Ts,, t) are points belonging to the interval [(ks¢ )™, (M) 7] . 1t
is to be noted that (a))’(Ts,,t) is uniformly continuous. In the eventuality of the fact, that if
(M) = 7 then the function (a))(Ts,,t) , the first augmentation coefficient attributable to

terrestrial organisms, would be absolutely continuous.
Definition of ( M4 )7, (k36 )7 :
(M36)?, (k36 )7, are positive constants

@ _p?
(M36)7) 7 (M36)™

Definition of ( P3¢ )7, (034 )7 :

There exists two constants (P;)7 and (Qs4)™  which
(My6 )7, (k3 )7, (A36)Pand ( By )" and the
(@)?, @), )P, ), ) ?, ()P, i =36,37,38,

134

135

together  with
constants
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satisfy the inequalities

W[(ai)(n + (alf)(7) + (A36 )(7) + (1336 )(7) (1236 )(7)] <1
36

()@ | B) P + BHD + (Bye) D + (036)7 (kye)P] <1
36

Theorem 1: if the conditions (A)-(E) above are fulfilled, there exists a solution satisfying the
conditions

Definition of G;(0),T;(0):

GO < (Pys) VeVt [7G(0) = 6! > 0]

Ty(t) < (Q13)Pe™a)®t [1(0) =T >0

Theorem 2 :if the conditions (A)-(E) above are fulfilled, there exists a solution satisfying the
conditions

Definition of G;(0),T;(0)
Gi(t) < (Pyg)@e(Ma)®t | G.(0) =G >0
Ty(t) < (Q16)@e™a)Pt T.(0)=T? >0

Theorem 3 :if the conditions (A)-(E) above are fulfilled, there exists a solution satisfying the
conditions

Gi(t) < (Pyo)®PeM0)®t | G.(0)=G) >0
Ty(t) < (Qz0)PeM200Pt  T,(0) =T >0

Theorem 4 : if the conditions (A)-(E) above are fulfilled, there exists a solution satisfying the
conditions

Definition of G;(0),T;(0):

Gi(0) < (Pry) et [G0) =60 > 0]

A NG
Ti(t) S (Qq)WelM2e)™t 1 T(0) =T >0

Theorem 5 : if the conditions (A)-(E) above are fulfilled, there exists a solution satisfying the
conditions

Definition of G;(0),T;(0):

Gi(0) < (ﬁzs )(S)e(ﬁzg)(s)t ) | G;(0) = Giﬂ > ()|

Ty(t) < (Qp5)®eM2)¥t [T(0)=T0 >0

127

147

148

149

150

151
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Theorem 6 : if the conditions (A)-(E) above are fulfilled, there exists a solution satisfying the 152
conditions

Definition of G;(0),T;(0):

G(O) < (Pyy ) et [7G(0) = 67 > 0]

A NG
Ti(6) < (Q32)@eM2)™t T, (0) =T >0

Theorem 7: if the conditions (A)-(E) above are fulfilled, there exists a solution satisfying the 153
conditions

Definition of G;(0),T;(0):

Gi(©) < (Psg)eM)7t  [7G,(0) = G > 0

Ty(t) < (Q36)PeM:)Vt 1 I1.(0) =T > 0

Proof: Consider operator A™ defined on the space of sextuples of continuous functions 154
G;, T;: R, —» R, which satisfy

G(0) =G, Ti(0) =T, G} < (Py, o TP < (0:3)W, 155
0 < Gi(t) — GO < (Py5)We(M13)De >
0<T(t) = TP < (05 )De(Mi3) e -
. 158

6713 ® = Gfs + fot [(a13)(1)614(5(13)) - ((ai3)(1) + a1’3)(1)(T14(s(13)), 5(13))) Gi3 (5(13))] d5(13)
Gia(t) = GIy + fot [(a14)(1)613 (5(13)) - ((a14)(1) + (aﬂ)(l)(TM(s(m)): 5(13))) G14(5(13))] ds(13)
6715(t) = Gfs + fot [(a15)(1)614(5(13)) - ((ais)(l) + (airs)(l)(TM(S(m))» 5(13))) G15(5(13))] d5(13)

Ti3(t) =T + fot [(b13)(1)T14(5(13)) — (i)W - (big)(l)(G(S(m))' 5(13)) T13(5(13))] ds(13)

Tia(t) =T + fot [(b14)(1)T13 (5(13)) - ((bh)(l) - (bﬁt)(l)(G(S(m)),5(13))) T14(5(13))] ds(13)
Tis(t) = Tfs + fot [(b15)(1)T14(5(13)) - ((bis)(l) - (bils)(l)(G(s(B))' 5(13))) T15(5(13))] ds(13)

Where s(,3) is the integrand that is integrated over an interval (0, t)
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Proof: 159

Consider operator A® defined on the space of sextuples of continuous functions G;, T;: R, — R,
which satisfy

Gi(0) =GP, Ty(0) = T?, G < (Pys)?, T < (Q16)?,

0 < Gi(t) — G? < (P )@e(Ma)®t

0 < Ty(t) — TP < (Q16 ) Pe Mo P

By 160
G1o(t) = Gio + fOt [(a16)(2)617(s(16)) B ((QQG)(Z) +a16) P (T17(sae)), 5(16))) 616(5(16))] ds(16)

Gi7(£) = Gi7 + fOt [(a”)(Z)Glﬁ(S(lG)) - ((a17)(2) + (aiy))® (T17(S(16))’S(17))) 617(5(16))] dS(16)

Gra(t) = Gig + fOt [(alg)(2)617(s(16)) h ((ais)(z) + (a18) P (T17 (s, 5(16))) Gig (5(16))] ds(16)

Ti6(t) = Tis + fot [(bIG)(Z)T17(S(16)) - (b{6)(2) - (bile)(z)(G(S(le))xS(le)) T16(5(16))] ds(1e)

Ty, (t) =T + fot [(b17)(2)T16(S(16)) - ((b{7)(2) - (b{;)(z)(G(s(m)), S(16))) T17(S(16))] ds(1e)

= t ’ ”

Tig() = Tis + | [(bIS)(Z)TN(S(lG)) - ((bls)(z) - i) @(6(sae) sae)) T18(5(16))] ds(16)
Where s(;¢) is the integrand that is integrated over an interval (0, t)

Proof:

Consider operator A® defined on the space of sextuples of continuous functions G;, T;: R, — R,
which satisfy

Gi(0) = G2, T;(0) = T2, G < (Pyo)®, T < (050)®,
0 < Gi(t) — G < ( Py )Pe(M20)t

0<Ti(t) = T2 < (Qy )(3)e(ﬁzo)(3)t

By 161
Gyo(t) = G0 + fot [(azo)(3>021(s(20)) - ((aéo)(3) +a4)®(To1 (50, 5(20))) 620(5(20))] ds

Gor(6) = G31 + [y [(a21)(3)620(5(20)) - ((a'z1)(3) + (a5) P (To1 (S0 )s s(zo))) 621(5(20))] ds o)

Ga(®) = G+ f; [(a“)(3)021(5(2°)) B ((aEZ)G) + (alzlz)(B)(Tm(S(ZO))’S(zo))) 022(5(20))] ds(20)

7_wzo(t) = Tzoo + fot [(bzo)(g)Tzl(S(zo)) - ((béo)@) - (bé’o)m(G(S(zo)),5(20))) Tzo(s(zo))] ds(zo)
T () =To + fot [(b21)(3)T20(5(20)) - ((b§1)(3) — (b3 (6 (s20)s 5(20))) T21(5(20))] ds (20
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T t ! "
T,p(t) = Tz, + fo [(bzz)(s)Tn(S(zo)) - ((bzz)(3) - (bzz)(3)(G(s(20)),5(20))) Tzz(s(zo))] ds(20)
Where s(,0y is the integrand that is integrated over an interval (0, t)

Proof: Consider operator A® defined on the space of sextuples of continuous functions
G;, T;: R, = R, which satisfy

G:(0) =GO, T,(0) =T, G® < (Py )@, T < (0yy )™,
0 < Gi(t) = G < (Ppy )We(M2) Pt

0<Ti(t) = TP < (Qpq )Pe(M2s Nen

> 162
Gaa(t) = G4 + fot [(az4)(4)625(5(24)) - ((‘1%4)(4) + a’2’4)(4) (T25(5(24))' 5(24))) 624(5(24))] dsca

Gos(8) = Gos + fot [(aZS)(4)GZ4(S(24)) - ((a'zs)(4) + (ay5)® (T25(5(24)).S(24))) 025(5(24))] ds(z4)

Gao(t) = Gz + fot [(a26)(4)625(5(24)) - ((a'ze)(4) + (aye)™ (T25(5(24))' 5(24))) 526(5(24))] dsaq)

Toa(©) = T+ [ [ (o) O Tas(s200) = (030 = B3I (G (5200, 56) ) Toa (s20)]| dsia

Tys5(t) = Tgs + fot [(bzs)(4)T24(5(24)) - ((bés)w - (bérs)(‘})(G (5(24))'5(24))) T25(5(24))] ds 4

T t r n
Tp6(t) = T3 + fo [(bzs)(4)T25(5(24)) - ((bza)(4) - (bze)(4)(6(5(24));5(24))) T26(S(24))] ds (za)
Where s(,4) is the integrand that is integrated over an interval (0, t)

Proof: Consider operator A defined on the space of sextuples of continuous functions
G;, T;: R, —» R, which satisfy

G;(0) = Gi0 , T:(0) = Tio ) Gi0 < (Pre)® vTiO < (025)®,

0<G;i(t) — G < (P )(5)6(M28)(5)t

0 <Ti(t) = TP < (Qng )Pe(M2s Y&t

By 163
Gos(t) = G25 + fot [(aZS)(S)GZ‘B(s(ZS)) - ((aés)(s) + a,2,8)(5)(T29(S(28)),5(28))) 028(5(28))] ds(zg)

6_29(t) = Gg9 + fot [(a29)(5)628(5(28)) - ((a’29)(5) + (a’2'9)(5)(T29(5(28)),5(28))) 029(5(28))] ds(ze)

G3o(t) = G3p + fot [(‘130)(5)(;29(5(28)) - ((aéo)(s) + (aéro)(s)(Tw(s(zs))' S(ZS))) 030(5(28))] ds2g)
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Tos(t) = Tzg + fot [(bzs)(S)Tw(s(zs)) - ((bés)(s) - (bé’s)(s)(c(s(zs))‘ 5(28))) Tzs(s(zs))] ds(zg)
Tyo(t) = To + fot [(b29)(5)T28(S(28)) - ((béta)(s) — (b7)® (G (5(28))' 5(28))) T29(S(28))] ds(zg)

= t I "

T30(t) = T3p + J [(bso)(s)T29(5(28)) - ((b30)(5) — (030)®(6(seze)), 5(28))) Tso(S(zs))] ds(zs)
Where s(,g) is the integrand that is integrated over an interval (0, t)

Proof:

Consider operator A® defined on the space of sextuples of continuous functions G;, T;: R, — R,
which satisfy

G:(0) =G?, T,(0) = T2, G? < (P3,)®, TP < (03,)®,
0 < G;(t) — G? < ( Py )©e(M32)®t

0 <Ti(t) = TP < ( Q3 ) ©e(Ma2 NOB

Y 164
Ga® =Gt ]y [(a32)(6)033(5(32)) - ((aéz)(é) + a’g’z)(6)(T33(S(3z))'5(32))) 032(5(32))] ds(32)

Gaa(6) = G35 + fot [(a33)(6)032(5(32)) - ((a'ss)(6) + (a’g’s)(G)(Tgs(S(sz))'5(32))) 033(5(32))] ds sz

Gaa(t) = G35 + [ [(a34)(6)633(5(32)) - ((a’34)(6) + (a4) @ (Tss(s @), s(gz))) 534(5(32))] ds (s

Ty (t) = T3, + fot [(bsz)(G)T33(5(32)) — ((b3)©@ - (bérz)(ﬁ)(G(s(w))'5(32))) T32(5(32))] ds(32)

T33(t) = Tgs + fot [(bss)(G)Tw(S(sz)) - ((b§3)(6) - (bég)(ﬁ)(G(s(w))'5(32))) T33(5(32))] ds(s2)

= t ’ i
T34 (t) = T3, + fo [(b34)(6)T33(5(32)) - ((b34)(6) - (b34)(6)(6(5(32)),5(32))) T34(5(32))] ds(32)
Where s(3,) is the integrand that is integrated over an interval (0, t)

Proof:
Consider operator A’ defined on the space of sextuples of continuous functions G;, T;: R, — R,
which satisfy

Gi(0) =GP, T;,(0) =T2, G < (P36) ™, TP < (Q36)7,
0 < Gi(t) — G < (P3g ) VeMse) 7t

0 < Ty(0) = T < (Q5 ) Ve M)t
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By 165

G36(t) = G36 + fot [(‘136)(7)637(5(36)) - ((aée)m + a’3,6)(7)(T37(S(36)): 5(36))) 636(5(36))] ds(se)

G37(t) = G3; + fot [(a37)(7)G36(s(36)) - ((a’37)(7) + (a,3’7)(7)(T37(S(36))'5(36))) G37(5(36))] ds(3e)

G3g(t) = G3g + fgt [(a38)(7)G37(S(36)) - ((a’38)(7) + (alsrs)(7)(T37(5(36))‘ 5(36))) G38(5(36))] ds(ze)

T36(t) = T3 + fot [(b36)(7)T37(s(36)) - ((bée)m - (béle)m(G(S(se)),5(36))) T36(S(36))] ds(ze)
T3, (t) = T3, + fot [(b37)(7)T36(5(36)) - ((b§7)(7) — (b5 (G (5(36)); 5(36))) T37(S(36))] ds(3e)

T38(t) = Tss +f [(b38)( )T37(5(36)) - ((b3s)(7) — (b3 )(7)(6(5(36)) 5(36))) T38(S(36))] ds(ze)

Where s(36) is the integrand that is integrated over an interval (0, t)

The operator A™ maps the space of functions satisfying Equations into itself .Indeed it is obvious 167
that

t 5 q5)D
Gi3(t) < G5 + | [(a13)(1) (Gf4+(P13 YPeHs) 5(13))] dsz) =

1 0 (a13) D (Py3) D M2 YDt
(1 + (a13)( )t)Gl4 + W(e( 13) - 1)

From which it follows that 168

(P13)M+69,

(€9) ~
(Gy3(t) — GPy)e~(Mhs W < (19 [(( Pi3)® + 6P, )e( Gla >+ (Pi3 )(1)l

(M3 )(1)

(GP) is as defined in the statement of theorem 1
Analogous inequalities hold also for Gy, , G5, T3, T14, T1s

The operator A maps the space of functions satisfying Equations into itself .Indeed it is
obvious that

t 5 )2
G16(8) < G5 + [} [(016)® (68 +( Prg )@ M16)P509)| dsyg) = (1+ (a16)PE)GY, + 169
(a16) P (P16)@ (My6)Pt _
(M16)® (e 16 1)
From which it follows that 170

(P16)P+69,

- @ @ ( ) 5
(G16(t) — Glo)e (#116)2¢ < ((;16))(2) [(( Pis)® + G, )e 67 + (P )@

Analogous inequalities hold also for G;;,Gyg, T16, T17, T1g

The operator A®) maps the space of functions satisfying Equations into itself .Indeed it is 171
obvious that
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t 5 0 )3
Gao(t) < 690 + Jy [(@20)® (631+( Poo )P 2007500 sy =
(@20 (P20)® (| (f150)®
(1 + (az20)®t)GY, + %(e(’””) t—1)
From which it follows that 172
G _ (az0)® <_ o )(3)+Ggl>
(M a. =~ 0 ~
(GZO(t) - Ggo)e (Mz0)+7t S (MZZZ )(3) (( P20 )(3) + Ggl)e G21 + (on )(S)I
Analogous inequalities hold also for G, , G55, Too, T21, T2z
The operator A ™ maps the space of functions satisfying into itself .Indeed it is obvious that 173
5 4 )&
G2a(t) < G34 + fot [(‘124)(4) (Ggs"‘( Py, )®e(M24)" 5(24))] dS(za) =
(@2) (P2 (57, y®
(14 (az)t)GPs + W(emm t— 1)
From which it follows that 174
—(M a. = 0 ~
(Gaa(®) = G8)e™ (o) Ve < LT () G\ )4 (B )<4>l
(G?) is as defined in the statement of theorem 4
The operator A®) maps the space of functions satisfying Equations into itself .Indeed it is
obvious that
t 5 g )(5)
Gos(t) < G + [ [(azs)(s) (Gg9+(P28 )Ee(Mze) 5(28))] ds(zg) =
(@26)P(P26)® [ (f1,5)(®
(1 + (azg)(s)t)Ggg + W(e(MZB) t - 1)
From which it follows that 175
©¢ _ (az0)® (- 7(ﬁ28)(§)+689>
(M a = ~
(Gog(t) — Gge™(Mze)™t < m ((Prg)® +GYy)e 629 + (P )®
(GP) is as defined in the statement of theorem 5
The operator A(®) maps the space of functions satisfying Equations into itself .Indeed it is 176
obvious that
t 5 - )(6)
G32(t) < G, + [ [(‘132)(6) (G§’3+(P32 )(©eMs2) 5(32)>] dsa) =
(a3) @ (P32)® ( (1., )®
(1 + (a32)(6)t)G§3 + %(B(Mn) t— 1)
From which it follows that 177
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_(P32)©)+6Y5

o (6) ~ < ) ~
(G32(t) — G3,)e~(Ma2 9t < (Ga2) (( Py, )® + G§’3)e B + (P5; )(6)l

(M32)(®)

(G?) is as defined in the statement of theorem 6

Analogous inequalities hold also for G5, Gog, Tos, Tos, Tog

The operator A7) maps the space of functions satisfying Equations into itself .Indeed it is obvious 178
that

t =~ 2 )7
G36(t) < G + [(ase)m (63?7"‘( Py )DeMse) 5(36))] dsze) =

7 0, (@307 (P36)7) far Y Dg
(1 + (aze) )G, + W(e( 36)7t _ 1)

From which it follows that
(P36 )D+64,

. 7) ~ < ) ~
(G36(t) — Gg)e~(Maa) Ve < (Gs6) _|(p. ) 4 GO e 8 ) 4 (Py )m]

= (M36)7)

(GY) is as defined in the statement of theorem 7

Analogous inequalities hold also for Gs;, Gsg, T56, T37, T3g 179

It is now sufficient to take ((1\7‘1111—;()1()1) ,(gjz()l()l) < 1 and to choose 182
(Pi3)® and (Qy3 )™ large to have

' _<M> 183
L P)D + ()P +6D)e VT < (Py)®

' _( M) 184
L0 ()@ +70)e VT 4 ()P < Qi)
In order that the operator 4™ transforms the space of sextuples of functions G; , T; satisfying
Equations into itself
The operator A™ is a contraction with respect to the metric 185

d ((G(n, TW), (6®, T(z))) -

sup{max |Gi(1)(t) - Gi(z)(t)|e‘("7’13)(1)t,max |Ti(1) ) - Tl.(z) (t)|e_("713)(1)t}
i teER4 teER4

Indeed if we denote

Definition of G, T : (G, T ) = AM(G,T)
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It results

160 = 62| < fy ()@ |65 = 6 |e™ 19 sume (M) Vs00 di 15 +

[y (@) V]G5 = 63 e Ve 4

(@O, )61 = G o™ e )Mo+

Gf? | (a1'3)(1) (TS)' 5(13)) - (ails)(l) (Tg)' 5(13))| e_(T/I“)(l)s(me(ﬁm)(l)s(m}ds(m)

Where s(,3) represents integrand that is integrated over the interval [0, t]

From the hypotheses it follows

|6 — @)= Dt < 186
A (@) + @)D + (A1) + (P) (ki) )d (60, 79; 6@, 7?))

And analogous inequalities for G; and T;. Taking into account the hypothesis the result follows
Remark 1: The fact that we supposed (a}5)™ and (b5)® depending also on t can be considered as

not conformal with the reality, however we have put this hypothesis ,in order that we can
postulate condition necessary to prove the uniqueness of the solution bounded by

(Pr3)De™19Dt gng (0,5)De™iDDt regpectively of R,.
If instead of proving the existence of the solution on R,, we have to prove it only on a compact

then it suffices to consider that (a))™ and (b;)V,i = 13,14,15 depend only on T,, and
respectively on G (and not on t) and hypothesis can replaced by a usual Lipschitz condition.

Remark 2: There does not exist any t where G; (t) =0and T; (t) =0

From 19 to 24 it results

G, (t) > Gioe[—f(f{(ai)m—(ai')(l)(T14(S(13))'5(13))}615(13)] >0

T, (t) = TeC®DV) > 0 fort >0

Definition of ((M;5)®) , (My5)®), and ((M;3)™), : 187
Remark 3: if G, is bounded, the same property have also G, and G5 . indeed if

Gi3 < (M;3)@ it follows % < ((M13)™W), — (a14)™ Gy, and by integrating

Gis < ((/MB)(D)Z =Gy, + 2(“14)(1)((/Mls)(l))l/(ah)(l)

In the same way , one can obtain

Gis < ((/M13)(1))3 = Gfs + 2(as5) P ((M13)®P), /(a15)™

If G,4, or G5 is bounded, the same property follows for G5, G;5s and G;3, G4 respectively.

Remark 4: If G,; is bounded, from below, the same property holds for G,, and G5 . The proofis 188
analogous with the preceding one. An analogous property is true if G;, is bounded from below.
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Remark 5: If T;; is bounded from below and lim,_, ((b;)® (G(t),t)) = (b;,)™¥ then Ty, — oo. 189
Definition of (m)® and ¢, :

Indeed let t; be sothatfort > t;

(b1)® = (B{HYP(G(1), 1) < &, Ty3 () > (M)W

Then dz% > (a;,) V(M)W — g T, which leads to

(a10) D m)®

. ) (1—e 51t + The 1t If we take t such thate™1t = % it results
1

Ty = (

@ (my@
Tia = (M), t= logsi By taking now ¢, sufficiently small one sees that T;, is
1
unbounded. The same property holds for T; 5 if lim,_c(bjs)® (G(t),t) = (b}5)P

We now state a more precise theorem about the behaviors at infinity of the solutions of equations

NG Ne)
It is now sufficient to take —2 ,@L < 1 and to choose 190
(M16)® "’ (M16)@
(Pis)® and ( Q.6 )@ large to have
<(P16>(2>+Gj?> 191
@ | 4 5 - 0 ~
(Male)(z) (PIG)(Z) + (( Pyg )(2) + Gjo)e “ < (P )(2)
[ ( (615)(2)+T?> 192
w)® |, A n G ~ ~
(Mll6)(2) ((Q16)@ + Tjo)e " +(016)?] < (016)®
In order that the operator A® transforms the space of sextuples of functions G; , T; satisfying 193
Equations into itself
The operator A is a contraction with respect to the metric 194
d (((6:9)D, (Ty)®), ((G1)@, (T1)@)) =
sup{max |Gi(1)(t) - Gi(z)(t)|e‘("7’16)(2)t,max |Ti(1)(t) — Ti(z) (t)|e_("716)(2)t}
i teR4+ teR4+
Indeed if we denote 195
Definition of Gy, Tro : ( Gro, Tro ) = AP (Gyo, Tho)
It results 196

|Gl(é) - Gi(2)| = fot(am)(z) |G1(;) - G1(;)|e (1) P sa0¢ (Mo 510 ds(ie) +
t [€)) @) =(Mq)P —(M4)@
fo{(aiﬁ)(z)mm — G,? |e (M16)*'5(16) o ~(M16)*'S(16) 4

(ails)(z)(Ti(;)' 3(16))|G1(é) - G1(§) e~ (M1 P5(16) 6 (M16) 516 4
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" " —(M4)@ A
G1(§)|(a16)(2) (T1(71), 5(16)) _ (a16)(2) (T1(72), 5(16))| e~ (M16)*75(16) o (M16) S(16)}d5(16)
Where s(;6) represents integrand that is integrated over the interval [0, t] 197
From the hypotheses it follows

|(619)® = (G19) P[P0 ™t <
1 , - —~ ~
a5 (@@ + @@ + (A10@ + (P @ (ki) @) ((G10) D, (119D (619)@, (1))
And analogous inequalities for G; and T;. Taking into account the hypothesis the result follows 198

Remark 6: The fact that we supposed (as)® and (bj5)® depending also on t can be considered as 199
not conformal with the reality, however we have put this hypothesis ,in order that we can
postulate condition necessary to prove the uniqueness of the solution bounded by

(Pe)@eM10Pt ang (Q,) P e(M16®t respectively of R,.

If instead of proving the existence of the solution on R,, we have to prove it only on a compact

then it suffices to consider that (a})® and (b;/)®,i = 16,17,18 depend only on T, and
respectively on (G;9)(and not on t) and hypothesis can replaced by a usual Lipschitz condition.

Remark 7: There does not existany t where G; (t) = 0and T; (t) = 0 200

it results

Gi (t) > G?e[— f;{(a;)(z)_(agl)(Z)(T17(5(16)),5(16))}615(16)] >0

T; (t) = Tioe('(b{)(z)t) >0 fort>0
Definition of ((/Mls)(z))l, ((’1\7[16)(2))2 and ((ﬂlﬁ)(z))3 : 201
Remark 8: if G;4 is bounded, the same property have also G; and Gz . indeed if

Gy < (My6)@ it follows % < ((’1\7116)(2))1 — (a},)?G,, and by integrating

Gy = ((m16)(2))2 = Gi; + 2(a17)(2)((/1\7[16)(2))1/(‘117)(2)

In the same way , one can obtain

Gig < ((m16)(2))3 = Gfg + 2(a18)(2)((/l\7[16)(2))2/(a18)(2)

If G;7 or G;g is bounded, the same property follows for G;4, Gyg and Gy, G;7 respectively.

Remark 9: If G;4 is bounded, from below, the same property holds for G;; and G5 . The proofis 202
analogous with the preceding one. An analogous property is true if G, is bounded from below.

Remark 10: If T, is bounded from below and lim,_,o, ((b;")® ((G14)(t),t)) = (b];)® then 203

Ty7 = oo.
Definition of (m)® and ¢, :
Indeed let t, be so thatfort > t,

(b17)(2) - (bg’)(z)((Gw)(t)'t) < gy, Ty (B) > (m)(z)
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dTy7

Then > (a;,)@P(m)® — g, T,, which leads to
() (2
T, = (w) (1 —e™%2%) + T, e 2! If we take t such that e™%2t = % it results

Ty >
unbounded. The same property holds for Tyg if lim;_e, (b15)® ((G10) (D), t) = (big)®

@@
(%), t= logsi By taking now ¢, sufficiently small one sees that T, is
2

138

204

205

We now state a more precise theorem about the behaviors at infinity of the solutions of equations

(ap® )@

(F120)® "’ (f50)® < 1 and to choose

It is now sufficient to take

(Pyo)® and (Q,o )® large to have

[ <(P20 )(3)+G?>
(a-)(3) - R \— ~
i | (P20)® + ((Po)® +Gf)e < (P)®
[ (Q20 )(3)+T?
COIN P SN B _( T) A. Y3 RC)
(Mzo)(3) (( QZO ) + T] )e / + (QZO ) < ( Q20 )

In order that the operator A®) transforms the space of sextuples of functions G; , T; satisfying
Equations into itself

The operator A®) is a contraction with respect to the metric

4 (((G2)@, (1)), ((629)@, (13)@)) =

sup{max |Gi(1)(t) - Gi(z)(t)|e‘("7’2°)(3)t,max |Ti(1)(t) — Ti(z) (t)|e_("720)(3)t}
i tER4 tER4

Indeed if we denote
Definition of G,3, T3 :( (G3), (Tz3) ) = AP ((G23), (T23))
It results
|G'2(1) G(2)| < f (a, )(3) |G(1) Gz(i)|e—(’1\7120)(3)5(20)8(’1\7120)(3)5(20) ds(zo) +
f {(azo)(3)|G(1) Gz((z))|e—(1‘720)(3)5(20)e—(mzo)(z')s(zo) +
&) DTS, 560)|GSp) = G2 e (M20) V20 (M20)Ps(z0) 4
621(@)2(TL, 560) = (@)D (T2, 50))| €= M20) V502000 (20520015
Where s(,) represents integrand that is integrated over the interval [0, t]

From the hypotheses it follows

206

207

208

209

210

211

212

213
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lc® — G(z)|e—(ﬁzo)<3>c < 214
1 , ~ - -

W((azo)(s) + (a50)® + (A20)® + (P0)® (kp)®)d (((st)(l); (T3)®; (G,3) @, (T23)(2)))

And analogous inequalities for G; and T;. Taking into account the hypothesis the result follows

Remark 11: The fact that we supposed (ay,)® and (b5,)® depending also on t can be considered 215
as not conformal with the reality, however we have put this hypothesis ,in order that we can
postulate condition necessary to prove the uniqueness of the solution bounded by

(Pro)@e ™20t and (0,0)@eM20Pt respectively of R, .

If instead of proving the existence of the solution on R,, we have to prove it only on a compact
then it suffices to consider that (a;)® and (b/)®,i = 20,21,22 depend only on T,; and
respectively on (G,3)(and not on t) and hypothesis can replaced by a usual Lipschitz condition.

Remark 12: There does not exist any t where G; (t) = 0and T; (t) =0 216

it results

G, (t) = Gioe[_ f(f{(af)(3)-(af')(3)(T21(5(20))'5(20))}‘15(20)] >0

T, () > Te-0D¥) > 0 fort>0

Definition of ((M50)®),, ((M0)®), and ((Mz0)®), : 217
Remark 13: if G, is bounded, the same property have also G,; and G,, . indeed if

Gao < (My0)@ it follows

sil < ((My0)®), = (a31)® Gy, and by integrating

Gy < ((ﬁzo)(3))2 =Gy + 2(a21)(3)((W20)(3))1/(a’21)(3)

In the same way , one can obtain

Gy < ((ﬁzo)(g))3 = Gg, + 2(a22)(3)((/1\7120)(3))2/((1’22)(3)

If G5, or G,, is bounded, the same property follows for G,,, G,, and G,,, G, respectively.

Remark 14: If G,, is bounded, from below, the same property holds for G,, and G,, . The proofis 218
analogous with the preceding one. An analogous property is true if G,; is bounded from below.

Remark 15: If T, is bounded from below and lim,_,((b;")® ((G23)(t),t)) = (b3,)® then 219

T, — co.

Definition of (m)® and 5 :

Indeed let t; be so that fort > t;

(b20)® = (B )P((G23) (1), t) < £3,Too (£) > (M)®

Then % > (a,,)®(M)® — &,T,; which leads to 220

(az1)®Pm)®
&3 ) (1

Ty, = ( — e 88 + T2 e %3¢ If we take t such that e3¢ = % itresults
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Ty 2

B (m)3
(w), t =log ; By taking now &5 sufficiently small one sees that T,; is
3

unbounded. The same property holds for Ty, if lim, s (b55)® ((G23)(£),t) = (b3,)®

We now state a more precise theorem about the behaviors at infinity of the solutions of equations

N (4) ~(4)
It is now sulfficient to take (g’) 5@ ,% < 1 and to choose 221
24 24
(P, )™ and (Q,, )™ large to have
[ <<‘324>(4)+G?> 222
(a)@ ~ R | R
(,@214)(4) (Po)® + ((Poy)® + G]-O)e 6j < (B )@
[ (Q24 )(4)+T? 223
(b)) (C)] ~ 4) 0 - 0 ~ ) ~ @
W)@ (( Q24 )" +T; )e Y + (Q24)' | < (Q24)

In order that the operator A® transforms the space of sextuples of functions G;,T; satisfying 224
Equations into itself

The operator A® is a contraction with respect to the metric
d (((G21)®, (T)D), ((6:7)P, (13)D)) =

sup{max |Gi(1)(t) - Gi(z)(t)|e‘("7’24)(4)t,max |Ti(1)(t) — Ti(z) (t)|e_("724)(4)t}
i tER4 tER4

Indeed if we denote
Definition of (G57), (T7) = ((G27), (Tz7) ) = AW (G29), (T37)
]G5} = 62| < [y (@™ [652) — 6P| Ma9 V50 e a0 s sy +
P60 — 6o T g a4
(@) (T2, 520)) 651 — G52 |e™ P Vsane (2050 4
Gz(i)|(a'2'4)(4)(T2(51),5(24)) — (azs (4)(T2(52)’5(24))| e_(ﬁ24)(4)s(24)e(ﬁ24)(4)s(24)}d5(24)
Where s(,4) represents integrand that is integrated over the interval [0, t]

From the hypotheses on Equations it follows results

|(G)® — (627)(2)|e‘(”724)(4)t < 226

G (@D + (@)@ + (2@ + (P (T ®)d (62D, (NP5 (6P, (1))
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And analogous inequalities for G; and T;. Taking into account the hypothesis the result follows

Remark 16: The fact that we supposed (ay,)® and (b5,)® depending also on t can be considered 227
as not conformal with the reality, however we have put this hypothesis ,in order that we can
postulate condition necessary to prove the uniqueness of the solution bounded by

(Po)Pe ™0™t and (0,,)® et respectively of R, .

If instead of proving the existence of the solution on R,, we have to prove it only on a compact
then it suffices to consider that (aj)™ and (b;)®,i = 24,25,26 depend only on T,s and
respectively on (G,;)(and not on t) and hypothesis can replaced by a usual Lipschitz condition.

Remark 17: There does not exist any t where G; (t) = 0and T; (t) = 0 228

it results

G; ) = Giﬂe[— f;{(ag)(“)—(a{')(“)(T25(5(24)),5(24))}(15(24)] >0

T, (£) = TeC®D™) > 0 fort >0
Definition of ((M,4)®) , ((M2)®), and ((M4)™®), : 229
Remark 18: if G,, is bounded, the same property have also G,5 and G, . indeed if

Gyy < (Mypy)™@ it follows % < ((/IW“)(“))1 — (ay5)®G,5 and by integrating

Gys < ((ﬁ24)(4))2 = G5 + 2(“25)(4)((T424)(4))1/(a’25)(4)

In the same way , one can obtain

Gy < ((ﬁ24)(4))3 = Gge + 2(a26)(4)((7\7’24)(4))2/(‘1’26)(4)

If G,5 or G,¢ is bounded, the same property follows for G,,, G, and G,,, G,5 respectively.

Remark 19: If G,, is bounded, from below, the same property holds for G,s and G, . The proofis 230
analogous with the preceding one. An analogous property is true if G,5 is bounded from below.

Remark 20: If T,, is bounded from below and lim,_,., ((b;")® ((G,,)(t),t)) = (b}5)™® then 231

T35 — oo,
Definition of (m)™® and ¢, :
Indeed let t, be so thatfort > ¢,

(bzs)(4) - (bi”)(4)((G27)(t):t) < gy, Toy (B) > (m)(4)

dTys
dt

Then > (ays)® (mM)® — g,T,5 which leads to 232

@ (m)@®
Tys = (M) (1 — e7#st) + TJ e+t If we take t such that e~5¢! = % it results
4
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Tys 2

@ (m)@®
(w), t =log ; By taking now ¢, sufficiently small one sees that T, is
4

unbounded. The same property holds for Ty if lim; e, (b3s)® ((G27)(),t) = (b3e)™

We now state a more precise theorem about the behaviors at infinity of the solutions of equations
37t042

Analogous inequalities hold also for G,q, G3g, Tog, T29, T30

NG NG
It is now sufficient to take (Aa’) ,@L < 1 and to choose 233
(Mag)®) * (Mpg)®
(Pg)® and (Q,5 )® large to have
[ (P28)5)+6Y 234
@)® | - ~ T o
(les)(s) (st)(s) + (( Pyg )(5) + Gjo)e “ < (P )(5)
[ (Q28 )(5)+T? 235
b)® ~ i (= ~ ~
(les)(s) ((026)® + Tjo)e " +(028)®] < (Q28)®
In order that the operator A transforms the space of sextuples of functions G;,T; satisfying
Equations into itself
The operator A® is a contraction with respect to the metric 236

d (((62)®, (T:)D), ((6:)P, (T:)@)) =

sup{max |Gl-(1)(t) - Gi(z)(t)|e'(’q28)(5)t,max |Ti(1) ) - Ti(z) (t)|e'(M28)(5)t}
i teER+ teER+

Indeed if we denote
Definition of (G3,), (T34) : ( (G31), (T31) ) = 0‘1(5)((631)' (T31))
It results
16D - ¢®| < fot(azg)(s) 165 - 62 e~ (M28)s(25) o (M26)®)s(25) dscae +
O 650 — 6o T sz P 4

1 () (7 (1) W) _ @) ,~(M28)Ds(29) , (M28) D5 (2)
(azs) (T29 '5(28))|G28 Gyg |e e +

()5 o) (5D

Gz(g)l(ags)(s)(Tz(;):5(28)) _ (alzls)(s)(Tz(;)'s(zs))l e~ (M28)">’5(28) o (M28) 5(28)}(15(28)

Where s(,g) represents integrand that is integrated over the interval [0, t]

From the hypotheses on it follows
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(G @ — (631)(z)|e—m28)<5>t < 237
1 , —~ ~ -

W ((azs)(s) + (azs)(s) + (Azs)(s) + (st)(s)( kzs)(s))d (((631)(1), (T31)(1); (631)(2). (T31)(2)))

And analogous inequalities for G; and T;. Taking into account the hypothesis the result follows

Remark 21: The fact that we supposed (ayg)® and (byg)® depending also on t can be considered 238
as not conformal with the reality, however we have put this hypothesis ,in order that we can
postulate condition necessary to prove the uniqueness of the solution bounded by

(Ppe)®e ™20t and (0,4)® e (M2t respectively of R, .

If instead of proving the existence of the solution on R,, we have to prove it only on a compact
then it suffices to consider that (a})® and (b/)®,i = 28,29,30 depend only on T,y and
respectively on (G3,)(and not on t) and hypothesis can replaced by a usual Lipschitz condition.

Remark 22: There does not exist any t where G; (t) = 0and T; (t) =0 239

it results

G (t) > GL-OG[_ fot{(af)(s)-(afl)(s)(T29(5(28))'5(28))}‘15(28)] >0

T, (£) = TeC®D®) > 0 fort >0
Definition of ((M,5)®),, ((Ma5)®), and ((Mz)®), : 240

Remark 23: if G, is bounded, the same property have also G, and G, . indeed if

dGyg
dt

Gyo < ((7‘7128)(5))2 = G3o + 2(“29)(5)((ﬁzs)(s))l/(aé9)(5)

GZS < (ﬁzg)(s) it follows

< ((7\7128)(5))1 — (a%9)® G,y and by integrating

In the same way , one can obtain
Gao < ((ﬁzs)(s))3 = G3o + 2(“30)(5)((T428)(5))2/(a§0)(5)
If G, or G3, is bounded, the same property follows for G,5, G39 and G,g, G,4 respectively.

Remark 24: If G,5 is bounded, from below, the same property holds for G,o and G;,. The proofis 241
analogous with the preceding one. An analogous property is true if G,4 is bounded from below.

Remark 25: If T, is bounded from below and lim,_,., ((b;")® ((G31)(t),t)) = (b3e)® then 242

Tz9 — oo.
Definition of (m)® and &5 :
Indeed let t5 be so that fort > tg

(b29)(5) - (bi’,)(S)((GSI)(t):t) < &5, Thg (E) > (m)(s)
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Then dzztg > (ay9) P (M)® — 5T, which leads to 243
) (m)(®)
Tye = (w) (1 — e™%s) + Toe*st If we take t such thate™®s¢ = % it results
5
(a29)®(m)® 2 . . .
Ty = (f), t= logg— By taking now &5 sufficiently small one sees that T,q is
5

unbounded. The same property holds for Ty if lim,_,o(b50)® ((G31)(£),t) = (b3e)®
We now state a more precise theorem about the behaviors at infinity of the solutions of equations

Analogous inequalities hold also for Gss, Gy, T35, T33, T34

(6) (6)
It is now sufficient to take (f’) , (f‘) < 1 and to choose 244
(M32)(©® 7 (M37)(®
(P;,)® and (Q3, )® large to have
[ (P32 )(6)+G? 245
@® |~ - o G — -
TS| PO+ (P) @ +6)e VT < (P)®
[ ( (Q32 )(6)+T?> 246
w©® |, A o = - A
(1@;2)(6) ((0:)® + Tjo)e " +(032)@] < (Q32)®
In order that the operator A® transforms the space of sextuples of functions G;,T; satisfying
Equations into itself
The operator A(® is a contraction with respect to the metric 247

d (((629)®, (T3)D), (G, (T:)?)) =

sup{max |Gi(1)(t) - Gi(z)(t)|e‘("7’32)(6)t,max |Ti(1)(t) — Ti(z) (t)|e_("732)(6)t}
i teR4+ teR4+

Indeed if we denote

Definition of (Gs5), (T55) :  ( (G35), (Ts5) ) = A©@((Gs), (T35))

It results

|G~§;) - Gi(2)| < fot(agz)(G) |G3(? - 63(? o~ (M32)@s(32) o (M32) @s(35) dsez) +
@O 168 - G5ple P e 0 4

(@) (T3, 5m) |65 — 653 e~ P ome (P Pom 4

2 1 2 ()6 ) (6)
G21(@) (T, s32) — (@) O (T2, 53| e M2 562 (M3 Vs62}ds 5,
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Where s(3,) represents integrand that is integrated over the interval [0, t]

From the hypotheses it follows

|(G35)® — (635)(z)|e—m32)<6>r < 248
@ (@)@ + (@)@ + (A5)@ + (P) @ (Rs)@)d (((635)D, (T3)D; (G35)P, (1)) )

And analogous inequalities for G; and T;. Taking into account the hypothesis the result follows

Remark 26: The fact that we supposed (ay,)® and (b5,)® depending also on t can be considered 249
as not conformal with the reality, however we have put this hypothesis ,in order that we can
postulate condition necessary to prove the uniqueness of the solution bounded by

(P3)©e Mt gnd (0,,)@ (M3t respectively of R, .

If instead of proving the existence of the solution on R,, we have to prove it only on a compact
then it suffices to consider that (a;)® and (b/)®,i = 32,33,34 depend only on Ts;; and
respectively on (G35)(and not on t) and hypothesis can replaced by a usual Lipschitz condition.

Remark 27: There does not exist any t where G; (t) = 0and T; (t) =0 250

it results

G (t) > Giﬂe[- fot{(al{)“)-(afl)(ﬁ)(T33(5(32))'5(32))}‘15(32)] >0

T; (t) = Tioe(_(bl!)(s)t) >0 fort>0
Definition of ((Ms,)®), ((Ms2)®), and ((M32)®), : 251

Remark 28: if G5, is bounded, the same property have also Gs3 and G, . indeed if

dGszs
dt

Gz, < (M3,)® it follows < ((7\7132)(6))1 — (a%3)© G5 and by integrating

Gs3 < ((ﬁ32)(6))2 = G3s + 2(“33)(6)((T432)(6))1/(a53)(6)

In the same way , one can obtain

Gza < (M32) @), = G4 + 2(a3) @ ((M32) @),/ (a34)®

If G35 or G5, is bounded, the same property follows for G5, , G, and G3,, G35 respectively.

Remark 29: If G5, is bounded, from below, the same property holds for G;; and G;,. The proofis 252
analogous with the preceding one. An analogous property is true if G35 is bounded from below.

Remark 30: If T3, is bounded from below and lim,_, ((b;")® ((G35)(t),t)) = (b33)® then 253

T33 — oo,
Definition of (m)® and & :

Indeed let tg be so thatfort > tq
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(b33)(6) - (bi”)(6)((G35)(t)'t) < &6, T3, () > (m)(ﬁ)

Then d?: > (a33)® (m)® — g,T,; which leads to 254
(a33) @ m)© —ggt 0 ,—ggt —ggt 1.
T33 = (S—) (1 — e %) + T3se %" If we take t such that e %" = S it results
6
(a33)©m)© 2 . . .
T35 = (f), t= logg— By taking now &4 sufficiently small one sees that Ty; is
6

unbounded. The same property holds for Ty, if lim; e, (b3,)® ((G35)(t), t(t), t) = (b3,)©

We now state a more precise theorem about the behaviors at infinity of the solutions of equations
Analogous inequalities hold also for Gs;, Gsg, T, T37, T3g 255
@? _wp?

(M36)7) 7’ (M36)7)
(P36)™ and ( Q34 ) large to have

< 1 and to choose

It is now sufficient to take

[ (f’sﬁ)(7)+G? 256
@? |~ - o G — -
(Mgls)(n (P3e)™ + ((Ps6)? + Gjo)e J < (P3s)?

257

[ (Q36 )(7)+T?
207 [ G+ LT 4 Gy 2 (G0
(3e) 36 j 36 = ({36
In order that the operator A() transforms the space of sextuples of functions G;,T; satisfying
Equations into itself
The operator A7 is a contraction with respect to the metric 258
d (((63)®, (T3)D), ((639)?, (T3) @) ) =
sup{max |Gl-(1)(t) - Gi(z)(t)|e'(’q36)(7)t,max |Ti(1) ) - Ti(z) (t)|e'("7’36)(7)t}

i teER+ teER+
Indeed if we denote
Definition of (G3,), (T3) : ( (G39), (T39) ) = AP ((G39), (T39))
It results
|G§é) - Gi(2)| = fot(a%)(ﬂ |63(;) - Gs(g)|e_(ﬁ36)(7)s(36)e(ﬁ36)(7)5(36) ds(e) +
(@562 ~ 62e™ 56566 ¢~ (Mse Vst
(a,3’6)(7)(T3(71)' S(36))|G?Eé) - Gg(?|e_(M36)(7)S(36)€(M36)(7)S(36) +
2 1 2 —(Mae)D )

G3(6)|(a§,6)(7)(T3(7):5(36)) _ (aélﬁ)(7)(T3(7)'s(36))| e~ (M36)""75(36) o (M36) G0 }ds(36)
Where s36) represents integrand that is integrated over the interval [0, t]
From the hypotheses on it follows
|(G39)® — (639)(z)|e—m36>”)t < 259
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m:ﬁ((ase)m + (a36)7 + (A36)? + (P36) 7 (k36))d (((639)(1), (T39)™; (G39)@, (T39)(2)))
And analogous inequalities for G; and T;. Taking into account the hypothesis the result follows
Remark 31: The fact that we supposed (a%s)” and (b3s)” depending also on t can be considered

as not conformal with the reality, however we have put this hypothesis ,in order that we can
postulate condition necessary to prove the uniqueness of the solution bounded by

(Pae) Vet and (Dse) Ve ™30 7t respectively of R,.

If instead of proving the existence of the solution on R,, we have to prove it only on a compact
then it suffices to consider that (a;) and (b;')"),i = 36,37,38 depend only on T;, and
respectively on (Gs9)(and not on t) and hypothesis can replaced by a usual Lipschitz condition.
Remark 32: There does not exist any t where G; (t) = 0and T; (t) =0

it results

G; (t) > GL-OG[_ fot{(af)m-(afl)m(T37(5(36))'5(36))}‘15(36)] >0

T, () = TPe-®D7) > 0 fort > 0
Definition of ((Mss)™) , ((Ms6)?), and ((Mz6)?), :
Remark 33: if G, is bounded, the same property have also G5, and Gsg . indeed if

Gz < (M34)7 it follows % < ((’1\7136)(7))1 — (a4,)7 G5, and by integrating

G37 < ((ﬁss)(7))2 = G§’7 + 2(a37)(7)((7\7’36)(7))1/(‘1’37)(7)

In the same way , one can obtain

G3g < ((77[36)(7))3 = Ggs + 2(a38)(7)((T436)(7))2/(a,38)(7)

If G5, or Gsg is bounded, the same property follows for Gz, Gsg and Gsg, G35 respectively.

Remark 34: If G5 is bounded, from below, the same property holds for G;, and G;g. The proof is
analogous with the preceding one. An analogous property is true if G, is bounded from below.

Remark 35: If T, is bounded from below and lim,_.((b;")7” ((G30)(t),t)) = (b5,)”’ then

T37 — oo,
Definition of (m)™ and &, :
Indeed let t; be so thatfort > ¢,

(b37) 7 = (] P ((G30) (), ) < &7, T3 (£) > (M)

Then d23t7 > (a3,)?(m)?) — &,T;, which leads to
7) (@)
T3, = (M) (1—e¥Y) + T, e~¥7t If we take t such that e %7t = % it results
7
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(a3 P )
T37 2( ~ 2 )

unbounded. The same property holds for Tsg if lim, o (b55)" ((G30)(¢), t) = (b3g)”
We now state a more precise theorem about the behaviors at infinity of the solutions of equations

, t= logf By taking now &, sufficiently small one sees that T, is
7

Behavior of the solutions of equation 280

Theorem If we denote and define
Definition of (5,)™, (6,)®, (1))@, (7)) :

@) 0P, (0)P, 1))V, (r,)® four constants satisfying
_(02)(1) = —(a13)(1) + (a14)(1) - (ails)(l) Ty, t) + (aiﬁ})(l)(TM, t) < _(0'1)(1)

— (@)W < = (b13)® + ()P = (b)) PG, £) = (b)) P (G, 1) < = (2P
Definition of (v;)®, (v,)®, (u)®, (up) @, vV, u® 281

(@) By (v,)® >0, (v,)™® < 0and respectively (u;)® >0, (u,)™® < 0 the roots of the
equations (a;,)™® (v(l))2 + (6)DvD — (a;5)D = 0and (by,)P (u(l))2 + (1) Pu® —
(b13)(1) =0
Definition of (v;)®,, (v,) W, ()@, (1) : 282

By (7)™ > 0, (¥,) < 0 and respectively (ii;)® > 0, (i1,)® < 0 the roots of the equations
(@) PEO) + @)DV (@)@ = 0 and (b)) (u®)” + () Pu® — (b,5)® = 0

Definition of (my)®, ()™, ()@, (u)®, (ve)™® - 283

() If we define (my)™®, (m)™, (1)@, (1) by
(mz)(l) = (Vo)(l)' (m1)(1) = (Vl)(l): if (Vo)(l) < (V1)(1)

(m)® = (v)®, (m)® = @D, if ()P < ()P < (FHWD,

0
and |(vy)® = %
14

(mz)(l) = (V1)(1)' (m1)(1) = (VO)(l)» if (171)(1) < (Vo)(l)
and analogously 284
(#2)(1) = (uo)(l)' (”1)(1) = (u1)(1): if (uo)(l) < (u1)(1)

(#2)(1) = (u1)(1)' (ﬂi)(l) = (ﬁl)(l) Jif (u1)(1) < (uo)(l) < (al)(l)’

0
and | (uo)® = %
14

(#2)(1) = (ul)(l)' (lh)(l) = (uo)(l)’ if (ﬁl)(l) < (uo)(l) where (u1)(1): (a1)(1)
are defined

Then the solution of global equations satisfies the inequalities 285
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GLe(E V-1Vt < G (1) < GLeV Mt
where (p;)® is defined by equation
1) _ (1) (€9)
WGB eV -G < G, (1) S @ (1) Grze®
(a15)M6Ds S)W=(p13) D)t —(52)WDt 0 ,—(5) WDt
DGO D ) D= D) [e(( D — e ] + e < Gus(0) <

(a15) V13 DDt _ (a1t 0_p—(a1s) Ve
(mz)(l)((51)(1)_(,1;5)(1))[ * —e s 1+ Gise s )

T103€(R1)(1)t STi() < T103e((R1)(1)+(T13)(1))t

R ()t 0 R (1) (1) t
o )(1) The® < Ty() <o (1) e(RP+(ri))
(b15) D1y (R)Wt —(bhe) D¢ 0 -0l Wt
D (R)D (b)) [0 — @100 ] 4 e CI0™ < Tyg(1) <

(a15) V13 [ (R D+(ry3) D)t _ —(Rz)(l)t] 0 ,—(Ry)Dt
B D (RDD +(rig) DR ) 1 ¢ +Tise

Definition of (S;)@, (S,)@, (R,)®, (R,)®:-
Where (5,)® = (a;3) P (m,)® — (a}5)®
)Y = (@) = (1)
(R)W = (b13) V()™ = (bi5)®
(R)™ = (bis)® — (115)®

Behavior of the solutions of equation

Theorem 2: If we denote and define
Definition of (0,)@®, (6,)®, (1))@, (1,)®:

(s) 0,)?,(0,)?®,(1)?®, (1,)® four constants satisfying
—(02)@ < —(a16)@ + (ai)® — (a1) P (Ty7, 1) + (a17) P (Ty7, 1) < —(0)@

(1) < =(bi6)® + (bi)P = (b16) P ((G1o), t) = (b17) P ((G1o),t) < (1))
Definition of (v;)®, (v;)®, ()@, (u)@ :
By (v,)® >0, (v,)® < 0and respectively (u;)® > 0, (u,)® < 0 the roots
(t) of the equations (a17)(2)(v(2))2 + (0)Pv® — (a;)® =0

and (b;)@(u®)” + (1,)@u® — (b;)@ = 0 and
Definition of (v,)®,, (V,)®, (1,)@, (1,)@ :

By (7))@ > 0, (¥,)® < 0and respectively (7i;)® > 0, (ii,)® < 0 the
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roots of the equations (a;,)® (v(Z))z + (0,)@v® — (q,0)@ =0
and (b17)(2)(u(2))2 + (1) Pu® — (b, )@ =0

Definition of (m)®, (m2)®, (u)®, (1)@ -

(u) If we define (m;)® ,(my)@, ()@, (u)® by

(m)® = ()@, ()Y@ = W)@, if V)® < (v)®

(my)® = (1)@, (M@ = NP, if )P < V)? < (7)?,

G
and [(vy)® = G—}f
17

(mz)(z) = (Vi)(z)’(mﬂ(z) = (Vo)(z): if (171)(2) < (Vo)(z)
and analogously
(Hz)(z) = (uo)(z)’ (#1)(2) = (u1)(2)r if (Uo)(z) < (u1)(2)

(Hz)(z) = (ul)(Z)' (ﬂ1)(2) = (771)(2) Jif (u1)(2) < (Uo)(z) < (771)(2):

and |(uy)® = T—

17

(1)@ = W)@, ()@ = ()@, if @)? < (up)®

Then the solution of global equations satisfies the inequalities
eGP0 < G, (1) < GlgelD™t
(p)® is defined by equation

((S Y@ 16PNt < Gy, () < G16 (51)(2)t

(m )(2) )(2)

)0
( (a18)*"'G1e e((51)(2)—(p16)(2))t - e—(Sz)(z)t] + G(l)ge_(SZ)(Z)t < Gg(t) <

M) ()P -(p16)D=(52)?)
(a19) @G SDPt _ g=(a19)Pt 0 o—(ahe) Pt
(mz)(z)((51)(2)_(a118)(z))[ e e + Gigem 18l )

TR0 < Ty (1) < The(RV P10 |

R,)®@ R,)®@ 2
(uq )(2) T16e( Ut = Ts(t) < )(2) T16 (( e e

(b18)PT6 @ —(b! @ ! @
(- (b18)<2>)[ e®0 - e Cin ] 1 eI < Ty (1) <

(a19) @145 (RYP+(r16)P)e _ —(Rz)(z)t] 0 A—(Ry)@¢
12D (R)D +(r1g) D+ (RYD) | € + Tige

Definition of (S,)@, (S,)®, (R)@, (R,)®:-

Where (51)(2) = (ale)(z)(mz)(z) - (a16)(2)
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(5@ = (1)@ = (016)®
(R)® = (b16)® ()™ — (bie)®
(Rz)(z) = (bis)(z) - (7'18)(2)
Behavior of the solutions
Theorem 3: If we denote and define
Definition of (0,)®, (5,)®, (1))@, (1)@ :

W) 6)®,(0,)®, (1)®, (1,)® four constants satisfying

—(02)® < —(a}0)® + (a5)® — (@) (T2, ) + (a5) P (Toy, 0) € —(07)®

—(12)® < =(b30)® + (0;)P = (b30) P (G, 1) = (b)) P ((G23), t) < —(7)®

Definition of (v;)®, (v,)®, (u))®, (u,)® :

(W)By (v))® >0, (v,)® < 0and respectively (u;)® >0, (u,)® < 0 the roots of the

equations (a,1)®(v®)” + (6,) v — (2,0)® = 0
and (b)®(u®)” + (1,)@u® — (b,0)® = 0 and

By (7,)® > 0, (¥,)® < 0 and respectively (ii;)® > 0, (i1,)® < 0 the

roots of the equations (a21)(3)(v(3))2 + (0)PV® = (@)@ =0
and (b21)(3)(u(3))2 + (1) Pu® — (b0)® = 0
Definition of (m;)®, (m,)®, (u)®, (u)® :-

(x) Ifwe define (m;)®, (m,)®, (u)®, (u,)® by
(mz)(g) = (Vo)(g)' (m1)(3) = (Vl)(3): if (Vo)(3) < (Vl)(3)

(m)® = (1)@, ()@ = TP, if W)@ < W)® < T)H®

0
and |(vp)® = %
21

(mx)® = ()@, (m)® = )@, if 1)@ < (v))®
and analogously

(#2)(3) = (uo)(3)' (”1)(3) = (u1)(3): if (uo)(3) < (ul)(3)
(#2)(3) = (ul)(3)' (#1)(3) = (1_11)(3) Jif (ul)(3) < (uo)(3) < (al)(3)’

(1)@ = W)®, (1)® = w)®, if @) < (up)®

Then the solution of global equations satisfies the inequalities

G90e (VP ®200D)t < G, (£) < (et

’

and

@) _ o
(uo) Tzo1
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(p)® is defined by equation

B _(p, )3 ®
WGZO (G0 =@ < G (1) < (3) GpeSV Tt 323
(a22)®6Y 3)_ 3) —(5,)® —(5,)® 324
((m1)<3>((sl)é)z—(pz;)()“)—(sz)“)) [e((51) o) — e t] + 6o < Gra(t) <
(a )(3)60 3) IV ENG)) il \3)
(mz)“)((2?)(3)—2(?152)“)) [0 — @ 4 G
T e®®t < T (1) < T2 o (R P+ra0) @)t | 325
( )<3) T3oe eVt < T, 20(t) S )@ (3) Thoe e(R0@+(20) D)t 326
u1
(b22)®)TS ) EPVANG)) NG 327
EPRe-omp ¢ e e < Thp(e) <
(a22)®18) (R1) @ +(120) 3t —(R)®¢ 0 ,—(Ry)®t
DR +(r20) P+ (R)®) A R
Definition of (5;)®, (5,)®, (R))®, (R,)®:- 328

Where (S)® = (a20) ¥ (m2)® — (a30)®
(52)(3) = (azz)(s) - (pzz)(3)

(R)® = (b20) P (u2)® = (b30)®

(Rz)(3) = (béz)m - (7”22)(3)

Behavior of the solutions of equation

Theorem: If we denote and define

Definition of (0,)®, (6,)@, (1))@, (1)@ :

@) (@)P,(0)P, ()W, (1,)® four constants satisfying

—(0)™ < —=(a5)® + (a35)® = (a5) P (Tys, ) + (a55) P (Tys,t) < —(a)@

—(1)® < =(b3)® + (b35)® = (b3) W ((G2), t) = (b3s) P ((G7), t) < —(7)™®

Definition of (v;)®, (v;)®, (uy)™, (up)®,v®,u® 329

(z) By (v))® >0, ([v,)® < 0and respectively (u;)® > 0, (u,)® < 0 the roots of the equations
(@)@ D) + @)V — ()@ = 0
and (by5)@(u®)” + (1) @u® — (b,))® = 0 and

Definition of (v,)®,, (7,)®, (7;)®, (1,)® : 330

By (7))@ > 0, (¥,)® < 0 and respectively (ii;)® > 0, (7,)® < 0 the
roots of the equations (a,5)® (v(4))2 + (0,)Pv® — ()@ =0
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and (bZS)(4)(u(4>)2 + (1) Pu® — (b,)® =0
Definition of (m,)® , (m,)® , (u)®, (1)@, (vo) @ :-

(aa)  Ifwedefine (m)®, (my)™@, (u)™®, (u)® by
(m)® = We)@, ()@ = (v))@, if ()@ < (v))@

(m)™ = vy )(4) (m)®W = @)D, if )™ < ()@ < (@)W,
and |(vy)@® =

Gs

(m)® = (W)@, ()@ = W)@, if THW < ()@

and analogously

331
(Hz)m = (uo)m' (ﬂ1)(4) = (ul)(4): if (Uo)(4) < (u1)(4)
(U2)® = @)™, ()@ = @)@, if W)™ < (W)™ < @)™,
TO
and | (uy)® = ﬁ
25
(ﬂz)m = (ul)(4)' (#1)(4) = (uo)(4)r if (771)(4) < (uo)(4) where (ul)(4): (771)(4)
Then the solution of global equations satisfies the inequalities
332
6346((51)(4)—(P24)(4))f < Gyu(t) < Gg4e(51)(4)f
where (p;)® is defined by equation
7(; (DW-@20) )t < G,s(t < GY (51)(4)t
)(4) 24€ ( ) (4) 24€ 333
(a26)®6) ®_(p, )@ —(s)@® _(5,)® 334
((ml)(4)((sl)czi)e_(pzf)t‘t)_(sz)(4)) [e((sﬂ ®20) )t —e (52) t] + 6363 ($2)t < Gze(t) <
(a26)® ), @ NG AN
g | e e
|T204e(R1)(4)t < Tou(t) < T2°4e((R1)(4)+(T24)(4))f l
(RD)Wt e (RO +(r2) )t 335
i )(4) Toe® N < )(4) Tpe' 24
(b26) TS, @ —(bl @ —(b @ 336
e o — 0] < 1)
(az6) TS, @ @ —(R)@® —(R)@®
(ﬂz)(4)((R1)(42)6+(Tz4§?4)+(Rz)(4)) [e((Rl) e )t—e =) t]+T2066 (2
Definition of (S;)™, ($,)™, (R1)™, (R,)¥:- 337

Where (51)(4) = (‘124)(4) (mz)(4) - (a§4)(4)

(52)(4) = (azs)(4) - (st)m
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(R1)(4) = (b24)(4)(#2)(4) - (bé4)(4)
(Rz)(4) = (bés)@) - (7”26)(4)

Behavior of the solutions of equation 338

Theorem 2: If we denote and define

Definition of (0,)®, (6,)®, (1,)®, (1,)® :

(bb) ()P, (0,)D, (1))®, (1,)® four constants satisfying

—(02)® < —(a35)® + (a39)® = (a55) P (T, t) + (a5)® (To, ) < —(a)®

~(2)® < =(b30)® + (b39)® = (b)) ((G51), 8) = (b30)®((Ga1),t) < = (7))

Definition of (v;)®, (v,)®, (u))®, (u,)®,v®,u® : 339

(cc)By (v))® >0, (v,)® < 0and respectively (u;)® > 0, (u,)® < 0 the roots of the equations
(@20 () + @)V — () = 0
and (b;9)® (u®)* + (1)U — (b,)® = 0 and

Definition of (v,)®,, (¥,)®, (11;)®, (i1,)® : 340

By (7)® > 0, (#,)® < 0 and respectively (;)® > 0, (i1,)® < 0 the
roots of the equations (a,e)® (V(s))2 + (0) OV = (a5)® = 0
and (bye)® (u(s))2 + (1) OuU® — (b,e)® =0
Definition of (m,)®, (M), (u))®, (1)@, (V) ® :-

(dd)  Ifwedefine (m)®, (my)®, (1)@, (u)® by
(M) = ()™, (m)® = W), if (v)® < (v)®

(m)® = )®, (m)® = TP, if V) < W)® < T)®,

0
and |(vy)® = %
29

(mz)(s) = (V1)(5)' (m1)(5) = (Vo)(s): if (‘71)(5) < (Vo)(s)
and analogously 341
(#2)(5) = (uo)(s): (ﬂ1)(5) = (ul)(S)' if (uo)(s) < (u1)(5)

(#2)(5) = (u1)(5)' (ﬂi)(s) = (1_11)(5) Jif (ul)(S) < (uo)(s) < (1_11)(5),

0
and|(uy)® = %
29

(#2)(5) = (u1)(5)' (ﬂi)(s) = (uo)(s); if (1_11)(5) < (uo)(s) where (u1)(5)' (a1)(5)

Then the solution of global equations satisfies the inequalities 342
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63:e(SD P02 D)e < G, () < et

where (p;)® is defined by equation

1 () (5) )
o Gpe (VTP < G (1) < g GRpe SV 343
(a30)®63 () (5) IPANG) e () 244
((ml)(s)((51)(;)—(172:)8(5)—(52)(5)) [e((sl) (Pz) )t — =(52) t] + Ge D7 < Gy () <
(a30))6Y, (5) 1 \(5) NG
P (G0 () et — @] 4 Gg (@0
Tzose(m)(s)t < The(t) < Tzose((Rl)(S)Jf(Tzs)(s))f 24
—& T28 (Rl)(S)t < T (t) < (5) ((Rl)(5)+(r28)(5))t 346
(1 ) )
(b30) T (5) _n! A(5) IPVING) 17
(ul)(S)((;:)(5)—2(?7§0)(5)) [e(Rl) t — g (b30) t] + Tsooe 30"t < Tyo(t) <

(a30) 1y [((R1)(5)+(T28)(5))f_ —(Rz)(s)f] 0 o=kt
B (F)® +rae) O+ @) ®) L ¢ * Taoe

Definition of (5;)®, (5,)®, (R))®, (R,)®:- 348
Where (51)® = (a26)® (m2)® — (a35)®
(52)® = (a30)® = (30)®
(R)® = (b2g)® (ux)® — (be)®
(R)® = (b3)® — (130)®

Behavior of the solutions of equation 349

Theorem 2: If we denote and define

Definition of (0,)®, (6,)©, (1,)©, (7,)©@ :

(ee) (0@, (0,)@, (1))@, (1,)® four constants satisfying

—(02)© < —(a3,)® + (a33)®@ = (a2)© (T35, ) + (a53) @ (T3, ) < —(0)©

—(12)© < =(b3,)@ + (b33)©@ — (b53) @ ((G35),t) — (35) P ((G35), t) < —(7,)®

Definition of (v;)®, (v,)©, (1)@, (u,)©®,v®, u® . 350

(ff) By (v)© >0, (v,)® < 0 and respectively (u;)® > 0, (u,)® < 0 the roots of the equations
(@53) O (v©)" + (6)OV©® — (a5)® = 0
and (b33)© (u®)” + (1,)®u® — (b;,)® = 0 and

Definition of (v,)®,, (¥,)®, (1,)®, (%i,)® : 351

By (1)@ > 0, (¥,)® < 0 and respectively (ii;)® >0, (i1,)©® < 0 the
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roots of the equations (as3)® (1,(6))2 +(0,)Ov® — (a3,)©® =0
and (b33)(6)(u(6))2 + (1)U — (b3,)® =0
Definition of (m,)©, (m)© , (u)®, (112)®, (Vo) © :-

(gg)  Ifwedefine (m)®, (Mm@, (u)®, (1)® by
(mz)(G) = (Vo)(G)' (m1)(6) = (V1)(6)' if (Vo)(G) < (V1)(6)

(mz)(ﬁ) = (V1)(6)' (ml)(G) = (176)(6) Jif (Vl)(G) < (Vo)(ﬁ) < (171)(6):
GO
and |(vo)©® = G—iz
33

(mz)(ﬁ) = (Vl)(B)' (ml)(G) = (Vo)(ﬁ)r if (‘71)(6) < (Vo)(ﬁ)
and analogously 352
(Hz)(ﬁ) = (uo)(ﬁ)' (ﬂ1)(6) = (ul)(G): if (Uo)(ﬁ) < (u1)(6)

1) © = @)@, (1)@ = @)@, if )@ < ()@ < @),

0
and | (uy)® = %
33

(1)@ = @), (1)@ = )@, if (@) © < (o)® where ()@, (@)

Then the solution of global equations satisfies the inequalities 353
Gé)ze((sl)(G)_(p“)(G))t < G3(D) < nge(sl)(ﬁ)t

where (p;)© is defined by equation

(6)_ (. )(6) )
ﬁ(;u e (D -@32))t < 6. (1) < (6) GLeD™t 354
(a34)® 6 6)_ () —(5,)(® —(5,)(® 355

((m1)<6>((sl)é;—(ps;;“)—(sz)“)) [e((sﬂ 7 — g0 t] + 63TV < Gay (D) <

(a34)(6)6§)2 s8¢ —( ! )(5)1; 0 - ’)(6)t
(m2)® ((51) @ —(as)®) [e( 1) — e (934 ] + Gle (azs
T302€(R1)(6)t ST(0) < Tsoze((Rl)(6)+(r32)(6))t 356

79e Rt < T (¢ < =T o (R)O+(r32) )t 357
(U1 )(6) 32€ ( ) )(6) 32

(b34) 1L (6) _cn! \(6) EYENG) 358
D (RO~ ) [ — @] e R0 < Ty (0) <

(‘134)(6)T392 RO 4 (O —(R,)®)¢ 0 .—(R,)®)¢

T ) [e(@ @+t _ o= O] 4 78, e~
Definition of (S;)®, (5,)©, (R,)®, (R,)©:- 359

Where (5;)® = (a32)© (m)© — (a3,)®
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(52)(6) = (a34)(6) - (P34)(6)

(R)©® = (b32) @ (u2)® — (b3)®

(Rz)(6) = (b§4)(6) - (7”34)(6)

360
Behavior of the solutions of equation
Theorem 2: If we denote and define
Definition of (a,)7, (6)7, (7)), (7)) :
()7, (0)7, (1), (1,)? four constants satisfying
_(02)(7) < _(alss)m + (a'37)(7) - (a’3,6)(7)(T37 6+ (a§’7)(7)(T37 1) < _(01)(7)
_(Tz)m < _(bée)m + (bé7)(7) - (b§'6)(7)((639), t) - (b§'7)(7)((639), t) = _(Tl)m
Definition of (v;)™, (v,)”, (u)?, (ux) P, v, u 361
By (v >0,,)? <0 and respectively (u;)? >0, (u,)” <0 the roots of  the equations
(@) D) + @)V ~ (a5 = 0
and (b3,)?(u®)* + (1,)Pu? — (b36)” = 0 and
Definition of (v,)7,, (¥,)7, (1,)7, (ii,) " : 362
By (7)) >0, (¥,)” < 0 and respectively (ii;)” >0, (i1,)” < 0 the
roots of the equations (as,)” (v(7))2 + (0) v — (a3)7 = 0
2
and (b3,)?(u™)" + (1) Pu? — (b36)” = 0
Definition of (m1)?, (m)™, (u)?, ()", (V)™ -
If we define (my)?, (m;)™, (u)?, (u)” by
(M) = W)?, ()P = )P, if W)? < (v)?
(M) = w)?, ()P = @)?,if )P < W) < ()P,
0
and |(v) 7 = ¢
G37
(M) = (), (m)? = W), if )7 < (v)?”
and analogously 363

(#2)(7) = (uo)m: (lh)m = (ul)(7)' if (uo)m < (u1)(7)

W) = W)?, (1) = @)7,if W)™ < (W)™ < @),

0
and | (uy)? = %
3

(ﬂz)m = (ul)(7)l (ﬂ1)(7) = (uo)(7), if (1_11)(7) < (uo)m where (u1)(7): (al)(7)
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Then the solution of global equations satisfies the inequalities 364
620030 < G (1) < Ge D
where (p;) is defined by equation

1 - (7) )
WG% e (6D =(36)")t < G3,(t) < (7) GVt 365

(a38)763 )= @) —(s,) 0 —(s)D 366
((ml)m((51)<7>—(p363>6<7>—(sz><7)) (07 e — = t] + G3e™ T < Gyg(1) <

(a38)"69s s ) Dt —(at) Dt 0 —(al D¢
M ()P —(ahg)®) [6( 1) — e~ (azg) ] + Gge (azg) )

T3066(R1)(7)t < T36(t) < T306€((R1)(7)+(T36)(7))t | 267

79 (RO +rs) )t 368

7)
Tgee R0 < Tog () < )(7)

(11 )<7>

(b38)(7)T396 (R Mg ') D¢ 0 .—(pl )(7)L’ 369
()P (R D =(bse)M) v —e s ] + T3ge (Vza S Tag(t) <

(a38) V756 [((R1)<’)+(r36)<’))r_ —(R2)<7>t] 0 o-(R)t
WD (R D +(rse) DR L ¢ + Tsge

Definition of (S;), (), (R1)?, (R,)7:- 370
Where ()7 = (az6)? (my)?” - (a§6)(7)
(57 = (aze)” — (p36)”
(R = (b36) P (u2)? = (b36)”

(Rz)m = (bés)m - (TSS)(7)

Proof: From global equations we obtain 383

dv( )

= (‘113)( ) — ((a )(1) - (a 4)(1) + (af’ )(1) (T4, t)) - (aﬁ)(l) (T4, t)V(l) - (a14)(1)V(1)

Definition of vV :- y® =28
614

It follows

e

~ (@D D) + (@D ~ (@)?P) < T <~ (@O ) + (@)D ~ (1))

From which one obtains

Definition of (v;)™), (vo)™® :-

GY _
(p) For0 <|(v)® = G—g < () < (1)W
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WD) Dy D~ @D (D=0 D)
140 Wel" @D (@DD-00) W) ]

1) _ vB-®
O = D@

vD(t) >

it follows (vo)® < vV () < (v))®

In the same manner, we get 384

@)W1 @)D~ @D (EDD-2) D)
140 Wel-@OD(EDD- W) ]

~(1) _ GD-we)®
O = G @y®

vD() <

From which we deduce (vo)® < v (t) < (v,)W

0
(@ If 0 < (v)D < (v = % < (7,)® we find like in the previous case, 385
14

w)D+)® (VZ)(1)e[—(a14)(1)((‘/1)(1)—(1/2)(1)) t]

®
Y <
()t < 1+(C)(1)e[-(a14)(1)((V1)(1)-(V2)(1)) f]

< vW() <

(Vl)(1)+(®(1) (vz)(l)e [—(a14)(1)((71)(1) -(fz)(l)) f]
1+(0)We [-(a14)(1)((V1)(1)—(Vz)(1)) t]

< (@)W

©_ % 386

() If 0 < (v)® < @)D < (vy) -o-| » we obtain
14

@D +EOW (Vz)me[—(au)(l)((vl)(l)—(vz>(1>) t]
11 (OWel~ @D (EDD - D) ]

v)® < v < < (vp)®

And so with the notation of the first part of condition (c) , we have

Definition of v (¢) :-

(mz)(l) < v(l)(t) < (ml)(l): v(l)(t) — Gy3(t)

G14(t)
In a completely analogous way, we obtain
Definition of u®(t) :-
(#2)(1) < u(l)(t) < (:ul)(l): u(l)(t) — T13(t)
T14(t)

Now, using this result and replacing it in global equations we get easily the result stated in the
theorem.

Particular case :

If (a)® = (a)®, then (6,)® = (0,) and in this case (v;)® = (¥,)? if in addition (vy)® =
(v))D then vV (t) = (v,)® and as a consequence G;5(t) = (vo) P G,4(t) this also defines (vo)® for
the special case

Analogously if (bj5)® = (bj,)®, then (1,)® = (1,)™ and then

(u)® = (@) Pif in addition (uy)® = (u;)® then Ty5(t) = (ug) P Ty, (t) This is an important
consequence of the relation between (v;)® and (v;)™¥, and definition of (uy)®.
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Proof : From global equations we obtain 387
d (2) ! ! n 1
T = (010)@ — ((@1e)® — (@)@ + (@)@ (Ty7, 1)) = (afy) P (Ty7, VP — (a37) v @
Definition of v® :- y@ = S1e 388
Gq7
It follows 389

2 dv® 2
~ (@@ (@) + (@)@ = (a;)@) < = < = ((@NP (V)" + (@) PV = (a;0)@)

From which one obtains 390

Definition of (¥,)®, (vy)® :-

0
(s) For0 < (v)® =2 < (v)@ < (7))@
17

W)@ +(0)D (v @l (@D (D=0 @) ]
14+(C)@e [—(a17)(2)((V1)(2)—(Vo)(2)) t]

_ w)P-®

@
O = @@

v@ () >

it follows (vy)® < v@(t) < (v)@®

In the same manner, we get 391

)@+ @ 7y Dl @7 P (@@= @) ]
1+(E)(z)e[—(a17)(2)((71)(2)—(172)(2)) ¢

_ )P -®@
T )@ -)@

v@(t) < , l©®

From which we deduce (vy)® < v®(t) < (v,)@® 392

0
() If0<(v)?® < (v))® = % < (7,)® we find like in the previous case, 393
17

1)@+ @ (v,)De [—(0-17)(2) ((V1)(2) —(Vz)(z)) f]
1+(0)@e [-(a17@((v)@-(v2)@) ¢

()@ < < v@(@) <

(71)(2).,_(6)(2) (Vz)(z)e [—(a17)(2)((71)(2) —(Vz)(z)) f]

< ([#,)®
1+(C)(2)e[‘(a17)(z)((fl)(Z)_(gz)(z)) t] < ()

0
W If 0<(v)?® < @)? < (vy)? = % , we obtain 394
17

)@ +(©@ @l @@ (D@ -w2 ) ]

< (v.)®@
1+©@el- P (@D -E@) e = (o)

v)® < v®P@) <

And so with the notation of the first part of condition (c) , we have

Definition of v®(¢t) :- 395

G16(t)
()@ < V() < (m)®, [vO() = 20
G17(t)
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In a completely analogous way, we obtain

Definition of u®(¢) :-

1)@ < u@(O) < W)@, |u@©) =15
T17(8)

Now, using this result and replacing it in global equations we get easily the result stated in the
theorem.

Particular case :

If (a})® = (a},)@, then (6,)® = (6,)® and in this case (v;)® = (¥,)® if in addition
(V)@ = (v1)® then v (t) = (v,)@® and as a consequence G;4(t) = (vo) PGy, (t)

Analogously if (bjs)® = (bj)®, then (1,)® = (1,)® and then

()@ = (1) @if in addition (ue)® = (u;)@ then T;4(t) = (up) @ Ty, (t) This is an important
consequence of the relation between (v;)® and (v,)®

Proof : From global equations we obtain

av® , . . ;
i (a20)® — ((azo)(3) — (a30)® + (a30)® (Tzy, t)) — (ay)® (T, )V — (ay)Pv®
Definition of v® :- @ = G20
G21
It follows

2 av® 2
= (@)@ V) + (@)D = (4;0)®) < 2= < = (@)D (VD) + @)V = (a,0)@)

From which one obtains

GJ _
(v) For 0 < (v))® = ﬁ < (n)® < @)@

- 3) ®3)_ ®3)
M) ) > (Vl)(3)+(C)(3)(v2)(3)e[ (az1) ((v1) (vo) )t] (C)(3) _ w)®—(vy)®
T @l @ (00®-00®) ’ ) ®P-)®
it follows (vo)® < v®(¢) < (v)®
In the same manner, we get
_ - G (5B =@,)3)
e ) < (Vl)(3)+(C)(3)(VZ)(3)e[ (a20®(@1)®-@2) )t] (6)(3) _ )P —(vg)®
- 140 @ el @D (ED-2@)) ’ v0)®-@)®)

Definition of (v,)® :-

From which we deduce (v))® < v®(t) < ()@

0
W If 0 < (v)® < (v)® = % < (v,)® we find like in the previous case,
21

396

397

398

399

400

401

402
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W)@+ gDl @D (DP-02)@)
140 ®el"@2D® (0P -2)®) ]

v)® < < v <

)@+ @)Dl @DP(EDP-02)P)

< (v,)®
1+ (O®el" @20 (ED®-w2®) ] =)

0
®) If0<)®<@)® < (v)® = % , we obtain
2

1
@)D+ OB Pl ~@2DP (0D -2P) 1]
14 (0@l @@ (EDE)-T2®) (]

(v)® < v® () < < (v)®

And so with the notation of the first part of condition (c) , we have

Definition of v®(¢) :-

(mz)(3) < V(S)(t) < (ml)(S), v(s)(t) _ G20®
G21(t)

In a completely analogous way, we obtain

Definition of u®(t) :-

1) < uP ) < W)@, |u@©) =225
T21(8)

Now, using this result and replacing it in global equations we get easily the result stated in the
theorem.

Particular case :

If (a5)® = (a4)®, then (0,)® = (0,)® and in this case (v;)® = (#,)® if in addition (v,)® =
(v1)® then v® () = (v,)® and as a consequence G,o(t) = (vo)® G, (1)

Analogously if (byy)® = (by)®, then (1,)® = (7,)® and then

(u)® = (@) Pif in addition (ug)® = (u;)® then Ty (t) = (uy)® T, (¢) This is an important
consequence of the relation between (v;)® and (v,)®

Proof : From global equations we obtain

av® , iy
prai (az)® — ((024)(4) — (ahs)® + (ah) @ (Tys, t)) — (@)@ (Tys, OVE® — (ay5)@v®
Definition of v :- p@® = G2e
Gas
It follows

dv®
dt

~ (@)@ (@) + (@)D = (6,)@) < = < = (@)@ (V)" + (G) VD = (a,)®)

From which one obtains

Definition of ()@, (vy)® :-

403

404
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GJ _
(y) For0 <|(v)® = G—EJ: < ()™ < (1)@

W)@+ ® (v el @29 P (DD -0 ) o]

€)@ = -0
4+(C)(4)e[_("—25)(4)((Vl)(4)—(v0)(4)) t]

()
NOE ) W-()®

it follows (vo)® < v®(t) < (v)@

In the same manner , we get 405
v(‘*)(t) < (Vl)(4)+((f)(4)(vz)(4)e[‘(az5)(4)((?1)(4)—@2)(4)) t] (6)(4) _ M
< 4+(®(4)e[‘(azs)(“)((ﬁ)(“)—(fz)(“)) t] ’ (o) @ =@,)®
From which we deduce (vo)® < v®(t) < ()@
0
(2) If 0 < (v)W < (v))® = %0: < (7)™ we find like in the previous case, 406
(v )(4) < (V1)(4)+(C)(4)(VZ)(4)e[‘(“25)(4)(("1)(4)‘("2)(4)) t] < vO() <
v 140 @l @29 (DD~ @) o] - -
_ - @ (5D —5,)D
(71)(4)+(C)(4)(V2)(4—)e[ (aze) (@D ® -2 @) ] < ()@

14 @l @2 P(T® - @) ]

0 407
(@) If 0 < (1)@ < ()@ < |(v)@ = % , we obtain
25

@)D+ ® @y Wel @2 P (EDP-2) W) ]

@ < @ (p) <
)™ = vPO) < 14O @l @2 ®(ED® -T2 W) (]

< (Vo)(4)

And so with the notation of the first part of condition (c) , we have
Definition of v (¢t) :-

(mz)(4) < yv@® ) < (ml)(zl)’ y@® (t) = G24(t)
G25(t)

In a completely analogous way, we obtain
Definition of u™® (¢) :-

(#2)(4) < u(4—)(t) < ('ul)(4)' u(4)(t) — T24(8)
T25(t)

Now, using this result and replacing it in global equations we get easily the result stated in the
theorem.

Particular case :

If (ay)® = (ahs)W, then (6,)® = (0,)® and in this case (v;)® = (#;,)® if in addition (v,)® =
(v))™W then v (t) = (v)® and as a consequence G,,(t) = (vo)® G,5(t) this also defines (v,)® for
the special case .

Analogously if (by,)® = (bys)W, then (1,)™® = (1,)® and then
(u)® = (i1,)Wif in addition (ug)® = (u)® then T,,(t) = (uo)®T,s(t) This is an important
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consequence of the relation between (v;)® and (¥,)®, and definition of (uy)®.

408

Proof : From global equations we obtain

d (S) ! ! n n
:;t = (‘128)(5) - ((azs)(s) - (azg)(s) + (azs)(s) (T30, t)) - (a29)(5)(T29, t)V(S) - (a29)(5)v(5)

Definition of v :- v = %
29

It follows

2 av(® 2
~ (@)@ (V)" + (0O = (a9)®) < E= < = ((@29)P (V)" + (0) VO = (a59)®)

From which one obtains

Definition of (7,)®, (v,)® :-

G2 _
(bb) For 0 < |(vy)® =G—zoj <(v)® < @)®

O+ (v Dl ~@2 (DO -00)®) ]
5+(C)(5)e[—(azg)(s)((vﬂ(s)—(Vo)(s)) t]

_ 0)®-®

() = G =vo)
O = 00—

vO(t) =

it follows (vo)® < v®(t) < (v))®

In the same manner, we get 409

@O+ @) Pel"@2 (DO~ )
5+(C')(s)e[‘(“29)(5)((*_’1)(5)‘(72)(5)) t

~\(5) ) -w)®
|7 = (v0)®)-(¥,)5)

vO(t) <

From which we deduce (v,)® < v®(t) < (75)®

0
(cO)If 0 < (v)® < (v))® = % < (7,)® we find like in the previous case, 410
29

(vl)(5)+(C)(5) (VZ)(s)e[—(a29)(5)((1’1)(5)—(1’2)(5)) f]

< vO(t) <
1+(0)@el" @ (@DE-w &) = )<

(Vl)(S) <

@O+ @) ®el~@29 O (@DP-2)P) ]

< (v,)®
1+(0)®el" @2 (EDD-2)) ] s ()

411

0
(dd) If 0 < (1)@ < (7)® <|(v))® = Z22| , we obtain
29

@O+ @) Ol @29 (@DP-2P) ]

(5)
B (@) ®)-w2) )] < (o)

(5) <« 1,5
v v t) <
) ®© 1+(C)(5)e[_(a29)

And so with the notation of the first part of condition (c) , we have
Definition of v®(t) :-

WWW.1jsrp.org



IJSRP Monograph Publication 165
ISSN: 2250-3153

(my)® < vO ) < (m)®, [vE () = G28(8)
Goo(t)

In a completely analogous way, we obtain
Definition of u® (¢) :-

1) < uO© < @)@, |u® ) = 23
T29(t)

Now, using this result and replacing it in global equations we get easily the result stated in the
theorem.

Particular case :

If (a)® = (ays)®, then (1) = (6,)® and in this case (v;)® = (#,)® if in addition (v,)® =
(vs)® then v (t) = (v,)® and as a consequence G,g(t) = (Vo)™ G,o(t) this also defines (v,)® for
the special case .

Analogously if (byg)® = (bys)®, then (7,)® = (1,)® and then
(u)® = (1) ®if in addition (u)® = (u;)® then T,g(t) = (up) S T,o(t) This is an important
consequence of the relation between (v;)® and (v;)®, and definition of (u,)®.

Proof : From global equations we obtain 412
av® ® NG MINGCEIPNING! NG ®) 6)(6)
= (a52)@ = (@)@ — (@5)@ + (a52)© (T35, 1)) = (a%5)© (T35, VO — (az) v
Definition of v(® :- y©® = G2
G33
It follows
2 dav(® 2
~ (@)@ V@) + (0@ = (43)@) < 2= < = (@) O (V@) + (@) OV ® = (a;,)®)
From which one obtains
Definition of (v,)(®, (v,)® :-
0
(ee)  For0<|()® =Z2/< (v)® < (1)
33
MO) ) > (vl)(e)+(C)(6)(yz)(G)g[‘(ass)(6)((v1)(6)—(v0)(6))t] (C)(6) _ M
B 14(0) @l @O (0DO-we) (@) ] ’ ) O —(v)®
it follows (v)©® <v©(t) < (v,)©®
In the same manner, we get 413
»(©® ) < (71)(6)+(E)(G)(vz)(6)e[‘(as3)(6)((71)(6)—(72)(6)) ] (C_‘)(G) _ M
B 14(0)® el (@3 O(@DO-)®)) ’ (V) O -)®

From which we deduce (v()©® < v®(t) < (v,)©®
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0
() If 0 < (v)©® < (v)© = % < (#,)® we find like in the previous case, 414
33
© < CDO+OO )@l @O (EVD-0@)] <
()™ = 1+(C)(6)e[‘0133)(6)((Vl)(s)‘("Z)(G))t] v =
(71)(6)+(®(6)(Vz)(ﬁ)e[_(a33)(6)(@1)(6)_(vZ)(é)) d = (6)
P BN (5] (= C R ) < ()
14O el @O(EDO-)©) ]
9 415
(g2) If 0< (1)@ < (1)@ < |(v)©® = z_Z’Z , we obtain
N6 1 (Y(6) (35 (6) |~ (@33) O (F1) O -(72))) ]
6 <« 6 < T O @) e < (6)
) = v < 1+(®(6)e[—(asg)(s)((V1)(6)—(fz)(6)) ] < (vo)
And so with the notation of the first part of condition (c) , we have
Definition of v©®(t) :-
(6) (6) (6) 6) (+) — G32(8)
(m)® < vO () < )@, [vO©) = 223
In a completely analogous way, we obtain
Definition of u® (¢) :-
1)@ < @@ < @)@, |u® @) =23
T33(t)
Now, using this result and replacing it in global equations we get easily the result stated in the
theorem.
Particular case :
If (a55)® = (a}3)®, then (0,)® = (0,)® and in this case (v;)©® = (7,)® if in addition (v,)©® =
(v1)® then v®(t) = (v,)® and as a consequence G3,(t) = (vo)©® G35 (t) this also defines (v,)® for
the special case .
Analogously if (b5,)® = (b55)®, then (1,)® = (,)® and then
(u)® = (71,)@if in addition (u()® = (u;)© then T, (t) = (up)@Ts3(t) This is an important
consequence of the relation between (v;)® and (v;)®, and definition of (u,)®.
416

Proof : From global equations we obtain

av?

L = (@0 — (@) = (@) + (@) (T3, 1)) -
(a’3’7)(7) (T3, t)v(7) — (a37)(7)v(7)

Definition of v(7 :- v = %
37

It follows
]
~((@? (D) + (V) — (a50)?) <22
2
~(@P )" + ()P ~ (a5)?)

<
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From which one obtains

Definition of (7,)7, (vo)" :-

0
For 0 <|(vy)? = g—z)j <) < @)

D+ D) Del @ P (DD - )]
140 Del @D (DD -we) )]

_ ) P-@e)?
- ?

v (t) > , @

it follows (vo) ™ < v (t) < (v)?

In the same manner , we get 417

@D+ D @y)Del"@ (@D~ 7)
140N el~@N V(@)= 7) ]

_ @ P-g?
)=

v (t) < RIG%

From which we deduce (vy)” < v (t) < (¥,)?

0
If0<)? < @)? = % < (1) we find like in the previous case, 418
37

w)D+)? (VZ)(7)e[—(a37)(7)((‘/1)(7)—(1/2)(7)) t]

7
Y <
) < 14D el"@ (DN~ D) ]

< vD() <

@)D+ @y el @DV (D=2 7) ]

< (W,)?D
Ay oI CACRTR )T < @)

0 419
If0<)?<@)? <|(vy)? = % , we obtain
37

@)D+ D @y Del~@ P (@D-2)7) ]
14(@ el @ D@D -2 D) ]

)P < v (@) < < ()"

And so with the notation of the first part of condition (c) , we have
Definition of v (¢) :-

m)? < v (@) < (m)?, | v (p) = 229
G37(t)

In a completely analogous way, we obtain

Definition of u(t) :- 420

(#2)(7) < u(7)(t) < (/11)(7)' u(7)(t) _ Ts6(®)
T37(t)

Now, using this result and replacing it in global equations we get easily the result stated in the
theorem.

Particular case :

If (a4)7 = (a4)?, then (6,)7 = (6,)” and in this case (v;)” = (#,)7 if in addition (v,)7’ =
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(v)? then v (t) = (vy)” and as a consequence Gz4(t) = (vo) 7’ G, (t) this also defines (v,)7 for

the special case .

Analogously if (b4)? = (b5) D, then (1,)? = (1,) and then (u))” = (@,)?if in addition
() = (uy)? then Tze(t) = (uo) P Ts,(t) This is an important consequence of the relation between

(v)? and (v,), and definition of (u,)™.

We can prove the following

Theorem : If (a})Pand (b;")™") are independent on t , and the conditions with the notations
(a13) M (a1)® = (a13) P (a)® <0

(a13) M (@1)® = (a13) (@) P + (a3) P P13)P + (@1) P P1)® + P13) P (1) P > 0
(b13) P (b1)® — (b13) P ()™ > 0,

(b13) P (b1) P = (b13) P (1) ™ = (b13) P (1) ™ — (1) P (1) + (1) P (1) < 0
with (p13)®, (1) ® as defined by equation are satisfied , then the system

Theorem : If (a;')®and (b}")® are independent on t, and the conditions with the notations
(a16)® (a17)® = (a16)®(a1,)® <0

(a16) P (@1) @ = (a16) P (017)@ + (a16) P P16)® + (@1) P P17)P + 016) P (0:17)P > 0
(b16) P (b17)® — (b16)P (b1)® > 0,

(b16) P (b17)® = (b16) P (b17)® = (b16) @ (117)® — (b1) P (117)® + (116) P (1171)® < 0
with (p16)@, (13,)® as defined by equation are satisfied , then the system

Theorem : If (a;)®and (b;")® are independent on ¢ , and the conditions with the notations
(a50)®(a51)® = (a20)®(a,1)® < 0

(2200 (@200 = (a20)®(a21)® + (320)P P20)® + (a51)® 020)P + (P20)® (2P > 0
(b50) P (b5)® = (b)) (b,)® >0,

(b20)® (031)® = (b20)® (521)® — (b36)® (r20)® = (3) P (121)® + (1726) P (1) < 0
with (py0)®, (1)@ as defined by equation are satisfied , then the system

We can prove the following

Theorem 3: If (a;)®and (b;")® are independent on t , and the conditions with the notations
(a3)® (a35)® — (a24) ™ (az5)™® < 0

(224)® (a35)® = (a24) P (@25)™ + (02) P 02)® + (225)® 025)® + (02)® (025)® > 0

(b24)® (b35)® = (b)) (b2)® >0,
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(b£4)(4)(b£5)(4) - (b24)(4)(b25)(4) - (bé4)(4) (7'25)(4) - (bés)m (7'25)(4) + (7'24)(4) (7'25)(4) <0
with (pp4)@, (1,5)® as defined by equation are satisfied , then the system

Theorem 3: If (a;)®and (b;")® are independent on t , and the conditions with the notations
(a5)®(a59)® — (a2)®(a29)® < 0

(a36)® (a39)® = (a28)(a20)® + (a26)® (926) + (a29)® (920)® + (928) (P29)® > 0
(b26)® (b39)® = (b25)® (b)) > 0,

(b38)® (039)® = (b2)® (b29)® — (b36)® (129) = (b39) P (129) ) + (16) P (129) < 0
with (p,5)®, (1,0)® as defined by equation are satisfied , then the system

Theorem 3: If (a;')® and (b;")® are independent on ¢, and the conditions with the notations
(a%2)® (a43)® — (a3,)@ (az3)® < 0

(aéz)(ﬁ)(a’%)(ﬁ) — (a32)©(az3)® + (az2) @ (p32) @ + (a’33)(6)(p33)(6) + (p3)@ (p33)© >0
(b32)@ (b33) — (b32) @ (b32)® >0,

(béz)(G)(bé3)(6) - (b32)(6)(b33)(6) - (béz)(ﬁ)(rss)(ﬁ) - (b§3)(6)(7'33)(6) + (7'32)(6)(7'33)(6) <0

with (p3)®, (133)® as defined by equation are satisfied , then the system

Theorem 3: If (a;)”and (b;")(” are independent on t , and the conditions with the notations
a a —(a a <

(a36) 7 (a37)? = (a36) 7 (a3,)” < 0

(aée)(7)(aé7)(7) - (a36)(7) (a37)(7) + (a36)(7) (Pss)m + (a'37)(7) (P37)(7) + (P36)(7) (P37)(7) >0
(b36) P (b3) 7 — (b3e) " (b3)? > 0,

(bés)(7)(bé7)(7) - (b36)(7)(b37)(7) - (béﬁ)m (7"37)(7) - (b§7)(7) (7"37)(7) + (7"36)(7) (7"37)(7) <0

with (pss)7, (137)7 as defined by equation are satisfied , then the system

(a13) P61, = [(@13)® + (af3) P (T14)] G153 = 0
(a1) 613 = [(@1)® + (@) P (T14)]Gra = 0
(a15) PGy — [(ais)(l) + (ails)(l)(Tm)]Gw =0
(by3) Ty — [(b1)® = (b13) P (G) [Ty = 0

(b14)(1)T13 - [(b{4)(1) - (b{ﬂl)(l)(G) 1Tia= 0
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(b15)(1)T14 - [(bis)(l) - (bils)(l)(G) ITis=0 442

has a unique positive solution , which is an equilibrium solution for the system

(a16)@G17 — [(@16)® + (af's) @ (T17)]Gr6 = 0 443
(a17) P61 — [(@1)P + (af)P(T17)]Gy7 = 0 444
(a19) @617 — [(a16)® + (@)@ (T17)]G1g = 0 445
(b16) P17 — [(b16)® — (b16)® (G10) 1T16 = 0 446
(b17)PTi6 = [(b17)® = (15) P (G16) 1Ty = 0 447
(b1g)PTy7 = [(b1e)® = (b1s) P (G15) ITig = O 448
has a unique positive solution , which is an equilibrium solution

(a20)®Gz1 — [(a’zo)m + (aé'o)(s)(Tu)]Gzo =0 449
(a21)(3)620 - [(a’21)(3) + (a§'1)(3)(T21)]Gz1 =0 450
(a22) P62y = [(a5)® + (12)® (T21)] G2 = 0 451
(b20)®Tz1 = [(030)® = (b56)®(G23) T2 = 0 452
(bz1)(3)T20 - [(b£1)(3) - (b£’1)(3)(623) [T,y =0 453
(b22) DTy — [(052)® = (b52) P (G23) T2, = 0 454
has a unique positive solution, which is an equilibrium solution

(a24) PG5 — [(a2)™® + (a32) ™ (T25)]G2a = 0 455
(a25) PGy — [(alzs)m + (aéls)(4)(Tzs)]st =0 456
(a26) M G5 — [(a36)™ + (a%6) ¥ (T35)]Go6 = 0 457
(bz4)(4)T25 - [(bé4)(4) - (béﬁt)m((Gzﬁ) 1T =0 458
(bzs)(4)T24 - [(bés)@) - (béls)(4)((627)) ITs = 0 459
(b26) P Tz5 — [(b36)™ — (b56)®((627)) 126 = 0 460
has a unique positive solution, which is an equilibrium solution

0128)(5)629 - [(aIZS)(S) + (alzls)(s)(TZta)]st =0 461
(a20)®Gzg — [(@20)® + (@59) P (T39)]G29 = 0 462
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(a30) )G9 — [(@50)® + (a59) ) (T20)]Gzo = 0 463
(b26) P Tae — [(b36)® — (b75)(G51) 1Tz = O 464
(b29) O Ta5 — [(b39)® = (b3)(G31) 1Tz = 0 465
(b30) P Te — [(b30)® = (b50) (G31) T30 = 0 466
has a unique positive solution , which is an equilibrium solution

(a32)® G5 — [(a5,)© + (a%2)® (T33)]Gs, = 0 467
(a33)® Gy — [(a53)© + (a%3)® (T33)]|Gs3 = 0 468
(a34) @633 — [(a3)® + (a5)© (T33)]G34 = 0 469
(b32)©Ts3 = [(032)© — (b55)©(G35) [Ts, = 0 470
(b33)©T5, = [(b33)® = (b35) ) (Ga5) 1T35 = 0 471
(b34)©T55 = [(b3)® = (b3) (Ga5) 134 = 0 472
has a unique positive solution, which is an equilibrium solution

(a36) P Gs7 — [(a56)™ + (a6) 7 (T37)]Gs6 = 0 473
(az7) " Gs6 — [(a'37)(7) + (a§'7)(7)(T37)]G37 =0 474
(a38) P Gs7 — [(a5e) ™ + (aks) ") (T37)]Gag = 0 475
(b36) PTs7 = [(b36) 7 = (b36) 7 (G39)]T36 = 0 476
(b37) P T36 — [(b37)7 — (b57) 7 (G39) 1T, = 0 477
(b3g) T35 — [(b35) 7 — (b35) 7 (G39) 1Tz = 0 478
Proof: 485

(a) Indeed the first two equations have a nontrivial solution G5, Gy, if

F(T) = (aia)(l) (a£4)(1) - (a13)(1) (a14)(1) + (a13)(1) (ah)(l) (Tyy) + (ah)(l) (a1’3)(1) (Tyy) +
(‘11’3)(1) (T14)(a£'4)(1) (T1y) =0
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Proof:

(b) Indeed the first two equations have a nontrivial solution G4, G;; if

F(Tyo) = (a16)®(a17)® — (a16)@(a17)@ + (a16) @ (ai7) P (Ty7) + (a17)P (ais) P (Ty7) +
(ails)(z) (T17)(a£’7)(2)(T17) =0

Proof:

(a) Indeed the first two equations have a nontrivial solution G,, G,; if

F(Ty3) = (a%0)®(a51)® — (a20)® (a21)® + (a30)® (a3)®(To1) + (@)@ (@) (T2y) +
(a50)®(T21) (az) P (Tz1) = 0

Proof:

(a) Indeed the first two equations have a nontrivial solution G,,, G,5 if

F(Ty7) = (a34)® (@)@ — (a24) ™ (a25)™ + (a34) ™ (a3s) @ (Ty5) + (ahs) @ (ahy)® (Tos) +
(a’z’4)(4) (Tzs)(aéls)(4)(T25) =0

Proof:

(a) Indeed the first two equations have a nontrivial solution G,g, G5q if

F(T3) = (aés)(s) (aég)(s) - (azs)(s) (‘129)(5) + (aés)(s) (ag'a)(s) (Tyo) + (a§9)(5) (aéls)(s) (Tyo) +
(azs (5)(T29)(a§’9)(5)(T29) =0

Proof:

(a) Indeed the first two equations have a nontrivial solution Gs,, G35 if

F(Ts5) = (a%2) @ (a}3)©® — (@32) @ (a33) @ + (a52) @ (a%3) @ (Ts3) + (ab3)©(a42)® (Ts3) +
(aélz)(@ (T33)(a§’3)(6)(T33) =0

Proof:

(a) Indeed the first two equations have a nontrivial solution Gz, Gs; if

F(T34) = (aée)(7)(a’37)(7) - (a36)(7) (a37)(7) + (aée)(7)(a§’7)(7) (Ts7) + (a§7)(7) (a,3,6)(7) (T37) +
(aéls)m (T37)(a§’7)(7)(T37) =0

Definition and uniqueness of T;, :-

After hypothesis f(0) < 0, f(0) > 0 and the functions (a,)¥(T,,) being increasing, it follows that
there exists a unique Ty, for which f(T},) = 0. With this value , we obtain from the three first
equations

G = (a13) D614 Goe = (a15) W6y,
BT @)W +@®O()] 7 T T (@) ®+Hain®(11,)]
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Definition and uniqueness of T;; :- 494

After hypothesis f(0) < 0, f(0) > 0 and the functions (a,)® (T;,) being increasing, it follows that
there exists a unique T;; for which f(T;;) = 0. With this value , we obtain from the three first

equations

G.. = (a16)PGy7 Goo = (a18)@Gy7 495
17 [@i)@+@i@(Ti)] 7 T (a1 @+aiy) (1))

Definition and uniqueness of T;; :- 496

After hypothesis f(0) < 0, f(0) > 0 and the functions (a!")¥(T,,) being increasing, it follows that
there exists a unique T3; for which f(T;;) = 0. With this value , we obtain from the three first
equations

G = (a20)®621 G = (a22)®61
207 [@o@+@o)@ ()] 7 T [@h)®+ag)®(130)]
Definition and uniqueness of T, :- 497

After hypothesis f(0) < 0, f() > 0 and the functions (a;)* (T,s) being increasing, it follows that
there exists a unique Ty; for which f(T;5) = 0. With this value , we obtain from the three first

equations
Gor = (a24)P6z5 G = (a26)W6z5
2T @®+@p®(rs)] 1 T [(ahe)®+(age) @ (135)]
Definition and uniqueness of T, :- 498

After hypothesis f(0) < 0, f(0) > 0 and the functions (a,)® (T,,) being increasing, it follows that
there exists a unique T,y for which f(T;y) = 0. With this value , we obtain from the three first

equations
Goo = (a28) 629 Gan = (a30)639
27 [@pe)®+@h)®(150)] 1 30T [(aho)®+(a5)®)(15)]
Definition and uniqueness of T3, :- 499

After hypothesis f(0) < 0, f(e0) > 0 and the functions (a,")(® (T;;) being increasing, it follows that
there exists a unique T35 for which f(T33) = 0. With this value , we obtain from the three first

equations
Gon = (a32) @633 Gor = (a30) 633
7 @h)©@+@iy)©(r5)] 1 T (@5 @+ (s ©)(T5)]
Definition and uniqueness of T3, :- 500

After hypothesis f(0) < 0, () > 0 and the functions (a,)”’(Ts,) being increasing, it follows that
there exists a unique T3, for which f(T3;) = 0. With this value , we obtain from the three first
equations

Gar = (az6)"6G37 Gae = (a38)"6G37
3T @b P +@iM(rs,)] 7 T3 T [(ahe) M+ (aip)M(137)]
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(h) By the same argument, the equations admit solutions G5, Gy, if 502
p(G) = (bis)(l)(b{zx)(l) - (b13)(1)(b14)(1) -

(1)@ (B P (6) + (1) P (i) P (@ ]+(bi5) P () (b)) P (6) = 0
Where in G(G;3, G14, Gy5), G13, Gis must be replaced by their values from 96. It is easy to see that @ is a

decreasing function in G,, taking into account the hypothesis ¢(0) > 0, ¢ () < 0 it follows that
there exists a unique G, such that ¢(G*) = 0

(i) By the same argument, the equations admit solutions G4, Gy if 503
¢(Gyo) = (bis)(z)(bb)(z) — (b16) P (b)) @ —
[(b16)P (1) P (G1) + (b17) P (b16) P (G10) |+ (b16) P (G10) (b17) P (G1o) = 0

Where in (G14)(G1g, G17, G15), G146, G1g must be replaced by their values from 96. It is easy to see that ¢ 504
is a decreasing function in G, taking into account the hypothesis @(0) > 0, ¢ () < 0 it follows that
there exists a unique Gj, such that @((G,4)*) =0

() By the same argument, the equations admit solutions G, G, if 505
¢(Gy3) = (béo)m(béﬂm - (bzo)(3)(b21)(3) -
[(030)® (051) P (G23) + (b3) P (b56) P (G23) |+ (b30) P (G23) (b51) P (G3) = 0

Where in G,3(Gg, G21, G22), G0, G2, must be replaced by their values from 96. It is easy to see that ¢ is
a decreasing function in G,, taking into account the hypothesis ¢(0) > 0, ¢(c0) < 0 it follows that
there exists a unique G;; such that ¢((G,3)*) =0

(k) By the same argument, the equations admit solutions G,,, G5 if 506
@(Gy7) = (bé4)(4)(bés)(4) - (b24)(4)(b25)(4) -
[(B2)® (B35) P (G27) + (b35) ™ (b35) ™ (G2) ]+ (b3) P (G27) (by5) P (Go7) = 0

Where in (G37) (G4, G2s, G26), G124, G2 must be replaced by their values from 96. It is easy to see that ¢
is a decreasing function in G5 taking into account the hypothesis ¢(0) > 0, ¢(o0) < 0 it follows that
there exists a unique G55 such that ¢((G,,)*) =0

(1) By the same argument, the equations admit solutions G,g, G4 if 507

(G31) = (bés)(s)(bé9)(5) - (bzs)(s)(bzg)(s) -
[(b5)® (b55) P (G31) + (b50) S (b55) P (G31)]+(b35) ) (G31) (b35) P (G31) = 0

Where in (G31)(Gag, G29, G3o), G235, G3o must be replaced by their values from 96. It is easy to see that ¢
is a decreasing function in G,4 taking into account the hypothesis ¢(0) > 0, () < 0 it follows that
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there exists a unique G4 such that ¢((G3,)*) =0

(m) By the same argument, the equations admit solutions Gs,, G35 if

@(G3s) = (béz)(6)(b§3)(6) - (bsz)(6)(b33)(6) -
[(B32)© (b35)® (G35) + (b33)® (b32)© (G35) | +(b55)© (G35) (b55) @ (G35) = 0

Where in (G35) (G332, G33, G34), G35, G34 must be replaced by their values from 96. It is easy to see that ¢
is a decreasing function in G55 taking into account the hypothesis ¢(0) > 0, ¢(o0) < 0 it follows that
there exists a unique G35 such that ¢(G*) = 0

(n) By the same argument, the equations admit solutions Gsg, G35 if

9(Gzo) = (bée)(7)(b§7)(7) - (b36)(7)(b37)(7) -
[(b36) 7 (b37) 7 (G30) + (b37) 7 (b36) 7 (G30) |+ (b36) 7 (G30) (b37) 7 (G39) = 0

Where in (G39)(G3g, G37, G3g), G, G3g must be replaced by their values from 96. It is easy to see that ¢

is a decreasing function in G, taking into account the hypothesis ¢(0) > 0, (o) < 0 it follows that
there exists a unique G3, such that 9(G*) =0

Finally we obtain the unique solution

G1, given by ¢ (G*) = 0, T}, given by f(T;,) = 0 and

G = (a13)V6}, G = (a15) M6},

1B 7 [@D+@n@ (1)) 7 T T (@l @+ ®(r1,)]
T = (b13)(1)7f4 T = (b15)(1)Tf4

BT 0lp®-0hHmeEn] 1 T T [0 ®-0h®(6")

Obviously, these values represent an equilibrium solution

Finally we obtain the unique solution

Gi7 given by ¢((G19)") = 0, Ty given by f(T;7) = 0 and

G = (a16)?G3, G = (a1)?GY,
107 @i @+@i@(11)] 7 18 [(ale) @+ (i) @(11,)]
X (b16) DT, * (b1) DT,

T = , T =
1o (010 D= (b1 P ((619)")] 18 (019 @=(0) P ((G19)7)]
Obviously, these values represent an equilibrium solution
Finally we obtain the unique solution

Gz, given by ¢((Gz3)") = 0, T5; given by f(T5;) = 0 and

508
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Gr = (azo)(3)G;1 Gr = (azz)(3)651

20 7 (@) ®+@sp)®(13)] T T2 T [(@h)®+(ah) @ (13y)]
T* = (bzo)(S)Tz*l T = (bzz)(3)Tz*1

20 T 030 -i® G230 7 22T (05 P =053 (G23)]

Obviously, these values represent an equilibrium solution of global equations
Finally we obtain the unique solution 516

G;s given by ¢(G,;) = 0, T;s given by f(T;5) = 0 and

G: = (a2)®635 Gt = (a26) 635
2T @)@ +@hp®(135)] T T2 T [(ahe) W +(ahe) ™ (T35)]
Ty, = — otz Ui I O > 517

[CACECARIGEHS) [(026) = (b36) P ((G27))]
Obviously, these values represent an equilibrium solution of global equations
Finally we obtain the unique solution 518

G3o given by ¢((G31)") = 0, T3 given by f(T35) = 0 and

Gl = (a26)®639 Gr = (a30) 630

28 7 [(ah)®+(@hm®(150)] T T30 T [(ah) B +(at)B)(155)]

T* — (bZS)(S)TZ*‘B T* — (b30)(5)T2*9 519
28 () O -0 PG00 T [050) -5 (63 ))]

Obviously, these values represent an equilibrium solution of global equations
Finally we obtain the unique solution 520

G33 given by ¢((G35)") = 0, T3 given by f(T53) = 0 and

Gt = (a32)®635 Gt = (a34)©635
32 7 [(@5)@+(@fy©(13)] 1 3t T [(ah)©+(ad)©(155)]
x b32)O)Ts . ay) (O
Ts, = (b32)"*'T33 L To, = (b34)"*'T33 521

05 ©-03) ) (G35))] [(03)©) -3 ® (G35)")]
Obviously, these values represent an equilibrium solution of global equations

Finally we obtain the unique solution 522

G3, given by ¢((G39)*) = 0, T3, given by f(T3,) = 0 and

Gr. = (a36)(7)5§7 Gt = (a38)(7)G§7
36 (i) D +@ie)D(13,)] " 38T [(ake) P +(akp) 7(Ts5)]
* (b36)(7)T3*7 * (b38)(7)T';7

= T =
36 T 050D -03)D((G39))] 7 38 T [0he) D -5 (G39)7)]
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ASYMPTOTIC STABILITY ANALYSIS

Theorem 4: If the conditions of the previous theorem are satisfied and if the functions

(a/)® and (b]")® Belong to €Y ( R,) then the above equilibrium point is asymptotically stable.

Proof:_Denote
Definition of G;, T; :-
GLZGL*'FGL ,TizTi*+Ti

6(b )( )

[é]
(aM) ( Tr,) = (%4)(1) ,——(G") = Sij

Then taking into account equations and neglecting the terms of power 2, we obtain

dG X
d—13 = _((‘113)(1) + (P13)(1))Gl3 + (a13)(1)G14 (Q13)(1)G13T14
dG X
d“ = ((a14)(1) + (P14)(1))Gl4 + (a14)(1)G13 (Q14)(1)G14T14
dG , X
—= = —((@1)® + (P15)P)Gys + (a15) PV Grs — (q15) V615 Tos
dT
2= ((b13)(1) - (r13)(1))T13 + (b)) DTy, + Z; 13(5(13)(1)7113(GI )
dT X
—H = ((b14)(1) (r14)(1))']I'14 + (b14)(1)T13 + 211-513(5(14)(]-)T14Gj)
dT , «
d_;s = _((b15)(1) - (7"15)(1))T15 + (b15)(1)T14 + 211'213(5(15)(j)T15(G'j)

ASYMPTOTIC STABILITY ANALYSIS

Theorem 4: If the conditions of the previous theorem are satisfied and if the functions
(@)@ and (b})® Belong to C?( R,) then the above equilibrium point is asymptotically stable

Proof: Denote
Definition of G;, T; :-
Gl=G:+Gl 'Ti=Ti*+Ti

6(b )( )

““”) (Ti7) = (@)@, ((Gyo)*) = sy

taking into account equations and neglecting the terms of power 2, we obtain

dG , .
Tw = _((am)(z) + (pie)(z))(cue + (ala)(z)Gn - (qlﬁ)(Z)G16T17
dG
— = ((a17)(2) + (p17)(2))G17 + (a17)(2)G16 - (%7)( )G17T17
dG
dw = ((a1s)(2) + (pIS)(Z))GIS + (als)(z)Gn - (‘hs)( GigTy7
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dT
d16 = ((b16)(2) - (T16)(2))T16 + (b)) @Ty, + 21 16(5(16)(1)T16G )
dT N
= ((b17)(2) (7’17)(2))']1‘17 + (b17)(2)T16 + 211'216(5(17)(j)T17Gj)
dT , X
dig = _((bls)(z) - (T18)(2))T18 + (b18)(2)T17 + 211'216(5(18)(j)T18Gj)

ASYMPTOTIC STABILITY ANALYSIS

Theorem 4: If the conditions of the previous theorem are satisfied and if the functions
(@)® and (b}")® Belong to C®( R,) then the above equilibrium point is asymptotically stable.

Proof: Denote
Definition of G;, T; :-
GLZG,_*‘l'Gl ,TizTi*+Ti

a(b )

““2” (T5) = (00)® L ((639)") = sy

Then taking into account equations and neglecting the terms of power 2, we obtain

dSZO = ((aZO)(3) + (pZO)(S))GZO + (azo)(3)G21 - (qZO)( )Gon21
d;Gn = ((a21)(3) + (P21)(3))G21 + (a21)(3)G20 - (‘bl)( )621T21
d% = —((@52)® + (022)®) Gz + (a22) P Gyy — (q22) P63, Ty,
dzjo = _((béf])m - (rzo)(3))']l‘20 + (b)) ®Tyy + Z?izo(s(zo)(nTZ*OGj)
T2 = —((b3)® = () D) Ty + (b21) DT + 2250(5 1)y T51Gy )

dr , .
d_iz = —((b32)® — (r22) @) Ty, + (b)) P Ty + Y2250(522y( T2 G))
ASYMPTOTIC STABILITY ANALYSIS

Theorem 4: If the conditions of the previous theorem are satisfied and if the functions
(@)™ and (b]")® Belong to C™( R,) then the above equilibrium point is asymptotically stable.

Proof: Denote
Definition of G;, T; :-
GL=G;+(GIL lTi=Ti*+Ti

B(b )( )

a(“zs) L (T3) = (@29)® ((Gy)* ) =55

Then taking into account equations and neglecting the terms of power 2, we obtain

537

538

539

540

541

542

543

544

545

546

547

548
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dG

d—“ = —((a24)(4) + (P24)(4))G24 + (024)(4)(@25 - (Q24)( )GZ4T25

dG , X

725 = _((azs)(4) + (pzs)(4))st + (a25) P Gyy — (q25) G35 Tos

dG

d—% = _((aze)(4) + (st)(4))G26 + (aze)(4)G25 - (‘be)( )stTzs

dT , X

d—? = _((b24)(4) - (724)(4))T24 + (b24)(4)T25 + 2?224(5(24)(1')7124(&])

dT , X
—2 = ((b 5)(4) (rzs)(4))Tzs + (bzs)(4)T24 + ngm(s(zs)(j)Tszj)

dT , X

726 = _((bzs)(4) - (r26)(4))T26 + (bze)(4)T25 + Z§224(5(26)(1’)T26(G7j)

ASYMPTOTIC STABILITY ANALYSIS

Theorem 5: If the conditions of the previous theorem are satisfied and if the functions
(@)® and (b}")® Belong to C®( R,) then the above equilibrium point is asymptotically stable.

Proof: Denote
Definition of G;, T; :-
Gl=G:+Gl 'Ti=Ti*+Ti

a a(b!
(azg) (ng) = (%9)(5) ( )

((631) )= Sij

Then taking into account equations and neglecting the terms of power 2, we obtain

dst = ((aZS)(S) + (pZB)(S))GZB + (azs)(s)Gw - (q28)( )GZSTZ‘)
% = _((a§9)(5) + (p29)(5))Gz9 + (a20) P Gag — (429) G359 T50
% = _((aQO)(S) + (p30)(5))G30 + (a30)(5)G29 - (CI30)(5)G3*0T29
des = ((b’ )(5) (TZS)(S))TZS + (bzs)(S)ng + 213228(5(28)(j)T;86j)
T2 = —((b30)® = (r29) @) 9 + (b29) O T + T256(5 20y T39G)
d;r% = _((béo)(s) - (T30)(5))T30 + (b30)(5)T29 + 213228(5(30)(1-)71;0@]-)

ASYMPTOTIC STABILITY ANALYSIS

Theorem 6: If the conditions of the previous theorem are satisfied and if the functions
(a!)® and (b]")® Belong to C®(R,) then the above equilibrium point is asymptotically stable.

Proof: Denote

Definition of G;, T; :-
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G,':GL*+G,' ,TizTi*+Ti

6(a33)

Then taking into account equations and neglecting the terms of power 2, we obtain

dGsy
dt

dGssz
dt

dGsy
dt

ATz,
dat

dT33
dat

dT3y
dat

6(b )( )

(T33) = (CI33)(6) ’ ((635) ) = Sij

—((@32)®@ + (p32)9) B3z + (a32) @ G33 — (932)© G5, T3
_((a§3)(6) + (Pss)(G))Gm + (a33)(6)G32 - (Q33)(6)G§3T33
—((@3)®@ + (P3)9) B34 + (a34) @ G353 — (934)© G54 T33
_((béz)@ - (r32)(6))T32 + (b32)(6)T33 + 2?232(5(32)(;')7‘;2@)
_((b§3)(6) - (r33)(6))'11‘33 + (bss)(ﬁ)Tsz + 2?132(5(33)(;')7153@;')

_((béd,)(ﬁ) - (r34)(6))T34 + (b34)(6)T33 + 2?132(5(34)(;')7154@;')

ASYMPTOTIC STABILITY ANALYSIS

Theorem 7:

180

565

566

567

568

569

570

571

If the conditions of the previous theorem are satisfied and if the functions

(@)@ and (b]")™” Belong to C”( R, ) then the above equilibrium point is asymptotically stable.

Proof: Denote

Definition of G;, T; :-

Then taking into account equations and neglecting the terms of power 2, we obtain from

dGsg
dt

dGszy
dt

dGsg
dt

dT3e
dt

dTs35
dt

dT3g
dt

Gl:G:‘FGL !Ti:Ti*+Ti

aasn” a(b )”
a37 ( 37) = (CI37)(7)

( (G39)** ) - Sl.]

= _((aée)m + (p36)(7))G36 + (a36) P G37 — (q36) 7 G36T37

—((a§7)(7) + (p37)(7))G37 + (a37)(7)G36 - (CI37)(7)G§7T37

_((aés)m + (p38)(7))G38 + (a38)(7)G37 - (q38)(7)G;ST37

= _((bés)m - (r36)(7))T36 + (b3g) T3y + 2?336(5(36)(j)T;6Gj)

= _((b§7)(7) - (7'37)(7))T37 + (b3)PTs6 + 2?336(5(37)(j)T§7G]')

= _((bés)m - (r38)(7))T38 + (b3g) PTs; + 2?336(5(38)(;')7'3*8@;')

572

573
574
575
576
578

579
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The characteristic equation of this system is 587
(DD + Bi)® = (1) DH(DD + (ais)® + 15)D)
(WD + @)D + 1)) @) D61 + (@1) V(@) V655 )|
(((/1)(1) + (b{3)(1) - (T13)(1))5(14),(14)Tf4 +(b14)(1)5(13),(14)Tf4)
+ (DD + @)@ + P2V (@13) V65 + (01)D (1) D61y
(((/1)(1) + (b13)® = (113)®)saayanTia + (b14)(1)5(13),(13)T1*3>
(WD) + (@D + (@)@ + Pi)D + P D) WD)
(WD) + (i) + BiDD = (1) + (D) WD)
+ (WD) + (@)D + (@)@ + @1)D + P)D) WD) (415) V6s
DD + (1) + P12)D) ((01)D(@10) V61 + (@1) P (@15)D(@13) V655
(DD + GiD = 1) D)san a9 Tis +G1)Dsas,a5Tis)} = 0

+

(WP + bie)® - ()2 (DP + (@) + (1))

(WP + (@) + B10) D)@ PDGi, + (1) P (016) DGl )]

(DD + B1@ = (18P )sananTir + i) Psae,anTir)

+ (W + @)@ + ©:17)P) (1) P66 + (0160)P (q17) PG )

(WP + Bi)P = 10P)sana0 T + B17) P56 a0 Tis)

(W) + (@)@ + @)@ + (1)@ + (17)?) WP)

(D) + (B1e@ + GNP = (1)@ + (3,)P) (DP)

+ (D) + (@)@ + (@DP + P1)P + P1)P) NP (415)PGyg
+HDP + @)@ + 0160?) (@) (@17) D617 + (@17) P (a15)P (016) DG

(((A)(z) + (bie)(z) - (T16)(2))5(17),(18)Tf7 +(b17)(2)s(16),(18)T1*6)} =0

+
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(DD + (03)P = () N(DD + (€)@ + P2)®)

(DS + (@)@ + P20)®) (@2)P 631 + (220D (020)P650 )|

(DD + B3P = (20)®)s@n,eoT3 +b2)Pseo,enT5)

+ (D + (@) + P21)®) (420) D630 + (2200 (21) P63 )

(DS + (b30)® = (12)D)s @120 T51 + b21) D501, T50)

(D) + (@)@ + @)@ + @00 + P2)P) D)

(W) + ()@ + B3P = ()P + (2:)®) WD)

+ (WD) + (@)@ + (@)D + P20)® + 02)P) DD) (422) D6
+(DD + (@)@ + 20)P) ((a2)P (@20 D651 + (@20 (@22)P (20)P G30)
(DD + B30 = (1) P)s2m, 02051 +B2) D520, T30 )} = 0

+

(D® + B3 = C) (DD + (@)@ + (P2e)®)

(DD + (@50@ + 2)®) (425) P G35 + (225)® (024) 963

(DD + B5)D = (2)®)5(25),25)Tss +(b25) P52 25)Tss)

+((D® + (@)@ + P25)®)(@20) D634 + (220)@ (925) 635 )

(W@ + (B3)® = (50D)s25)20)T5s + (b25) D207, T54)

(D) + (@)@ + (@) + @20 + (P25)®) DP)

(W) + (150D + (bis)® = (o) + (12)®) W@

+ (D) + (@)@ + (@)D + P2)® + B25)P) WP (426) PGz
DD + (@)@ + 020)®) ((a26) P (25) D635 + (05)® (026)® (424) P G34)
(O + B30® = (105025, 00 T35 +25) V50,2654 )} = 0

+

((/1)(5) + (b3o)® — (7”30)(5)){((/1)(5) + (ab)® + (P30)(5))
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(DS + (@) + 26)) (426) G35 + (a26) ) (420) G35 )|
(WS + (b)® = (126))529), 25 T +(B29) 520,20 T3 )
+ (DD + (@h) @ + (926)) (026) VG35 + (26)® (426) P63
(D + B1)® = 26)®)s(20) 209 T35 + (29) 52,265 )
(D) + (@ + (@) + @26)® + (220)) D)
(D) + () + (b3)® = (1) + (129)®) (D)
+ (D) + (@) + (@59 + B20) + 020)P) DD (430) PGz
(DD + (@56)® + (P26)) ((@30) P (@20) G35 + (229) (a30) (20) G35)
(WO + B3)® = (120 )s 20,0 50 +(b20) D528, a0 T5s )} = 0
.
(D@ + B5)©@ = )OO + (@)@ + (2)©)
(W + (@)@ + 32)) (@)@ 65 + (@)@ ()63, )|
(WO + (b3)© = (152)@)s 33,3 T3s +(b33) @526y T35 )
+ (D + (@5)@ + 133)©) (@32) @655 + (a52)© (432) 635
(WO + B5)© = (13))sa),@ T3 + (b32) @532, T2 )
(W) + (@)@ + (@)@ + (3)@ + (13)@) (D)
(W) + (3@ + (B3)® = (3@ + (1:)@) W)
+ (DO + (@)@ + (@5)@ + P32)@ + 133)@) D®) (434) s
HD@ + (@5)@ + 0:)©) ((a3)@(433) @633 + (a33) @ (@3)@ (43 ©632)
(WO + (b1)© = (15)@)s(33), 2 T35 +(b33) @532 6 T52 )} = O

+

((/1)(7) + (big)" — (7’38)(7)){((/1)(7) + (abg)? + (P38)(7))
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(WP + (@50 + (36) ) (@37) 7637 + (a5) 7 (036) 763
(WD + (b7 = (365,67 T7 +(b37) V536,67 T5)
+ (WP + (@) + 37) ) (@36) Gl + (a36)7 (4577657
(DD + B3P = @3 P)sn,eoTs + bs) 566,60 T)
(D) + (@ + @) + @30 + B3)7) DD)
(D) + (1107 + (B2) 7 = (1307 + (5)7) WD)
+ (WD) + (@)? + (@)? + B36) 7 + B37)7) WP (436) 7 Gag
(DD + (@56)? + (36)?) ((a36) 7 (@37) V637 + (37)7 (a56)7 (436) VG

(((A)m + (b)) — (r36)(7))5(37),(38)T§7 +(b37)(7)5(36),(38)T§6)} =0

And as one sees, all the coefficients are positive. It follows that all the roots have negative real part, and
this proves the theorem.
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