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Abstract- In this paper, a technique for constructing n

2
 magic 

squares (when n is odd) using n
2
 basic Latin square is developed. 

Magic squares are practically important of the properties of 

equality in the sum of its rows, columns, diagonals. The 

construction is made by fixing the pivot element and arranging 

other elements in an orderly manner. The construction is 

illustrated with numerical examples. . 

 

Index Terms- Latin square (basic), magic square (normal), 

pivot element, rotation, reflection  

 

I. INTRODUCTION 

he Latin squares and Greco-Latin squares are used in statistical 

research particularly in agricultural sciences and design of 

experiments whereas magic squares are used in puzzle games of 

cubes, pattern recognition and magic carpet constructions, magic 

square cipher in Cryptology etc. 

 

Basic Latin Squares 

A basic (3 x 3) Latin square can be represented with Latin letters 

A, B and C as 

















BAC

ACB

CBA
                                                  [1] 

















BCA

ABC

CAB

















ACB

CBA

BAC

















BAC

CBA

ACB
 

















ACB

CBA

BAC
etc. 

(Inter-changing rows and columns) are other forms of (3 x 3) 

Latin Squares.  

       In all cases Latin letters are seen once in each row and 

column. In a Latin square, the sums of rows and columns are 

equal but not the sums of diagonals. 

The basic Latin Square is represented as 

















333231

232221

131211

aaa

aaa

aaa
 

Where,   
j

ij

i

ij aa  but   
j

ij

i

ij dd                   [2] 

 

Normal Magic Squares  

On the other hand, (3 x 3) magic square (normal) with numbers 

1,2,3,….,9 is represented as; 

















618

753

294
                                       [3] 

Where, the sums of the rows, columns and diagonals are equal.  

The above (3 x 3) magic square (normal) can be expressed as A 

=  ija ; 3,2,1, ji  

















333231

232221

131211

aaa

aaa

aaa

 

Satisfying  
j

ij

i

ij aa =  
j

ij

i

ij dd ; 3,2,1, ji    [4] 

Since the elements are consecutive and not repeated and 

therefore normal magic square.        

      

 Magic squares (normal) may be classified an arrangement of 

non repeated integers (n ≥ 0) in an array of equal rows and 

columns such that the sums of its rows, columns and diagonals 

are equal.  

For a normal magic square, the following properties can be 

established 
 

(a) Elements or numbers (n ≥ 0)  are consecutive 

(b) Elements are not repeated  

(c) Sums of the rows, columns and diagonals are equal 

  
j

ij

i

ij aa =  
j

ij

i

ij dd for all nji ,.....,2,1,   

(d) Equality property of the rows, columns and diagonals 

remain unaltered for rotations and reflections.  
 

      There exists different (n x n) magic square not satisfying 

these properties. Examples of such magic squares, not satisfying 

the above properties are: magic squares (special or random, 

prime numbers etc.)  

Examples: (i) magic square (special)  



















153213

510108

96711

414141

  

T 
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 (ii) Magic square (prime numbers) 

















1012947

559113

713917
. 

It satisfies;  
j

ij

i

ij aa =  
j

ij

i

ij dd  

However, these magic squares are not normal because in 
 

(i) the elements are repeated and non-consecutive and  
 

(ii) the numbers (prime) are not repeated but non-consecutive 

 

 

3. Symmetric properties of Basic Latin Squares 

Lemma-1: A (n x n) basic Latin square (n is odd) is symmetric 

and non-duplicated. 

Let a (3 x 3) basic Latin square be   

















BAC

ACB

CBA



















333231

232221

131211

aaa

aaa

aaa

 

Here,  ija  =  
jia  for all i and j  3113 aa  = C, 23a = 

32a = A and so on. 

But Aa 11    Ca 22   Ba 33                                    [5] 

The diagonal elements are not equal or repeated   non-

duplicated    

    

Lemma-2: A (n x n) basic Latin square (n is even) is symmetric 

but duplicated 

Again, let a (4 x 4) basic Latin square be  



















CBAD

BADC

ADCB

DCBA























44434241

34333231

22232221

14131211

aaaa

aaaa

aaaa

aaaa

 

Clearly,  ija  =  
jia  for all i and j   Basic Latin squares 

(of all orders) are symmetric. 

But Aa 11    Ca 22   Aa 33  Ca 44       

   Aa 11   33a  and Ca 22  44a            [6] 

The diagonal elements are equal or repeated   duplicated 
 

Lemma-3: Conversely, a (n x n) square (n is odd), satisfying the 

symmetric and non duplication properties is a basic Latin square. 

Prof: If  ija =  
jia  for all i and j , then it follows that  ija  

is a Basic Latin square.  
 

Lemma-4: In a basic Latin square (n is odd), one of the sum of 

diagonal is equal to the sum of rows or columns.  

Prof: It follows immediately that in a basic Latin square (when n 

is odd),  

 
j

ij

i

ij aa = 
j

ij

i

ij dord holds.                  [7]  

 

2. METHODOLOGY 

2.1 For constructing 
2n (n is odd) magic square  

     The technique of constructing magic square using basic Latin 

square principle can be expressed as follows: 

Let the )( nxn matrix  ija ; nji ,...2,1,   with the 

consecutive elements/numbers of ( naaa 11211 ... ), ( 

naaa 22221 ... ), … ( nnnn aaa ...21 ), arranged in Basic 

Latin square format be; 

























121

2122322

1111211

.....

......................................

....

...

nnnnnnn

n

nn

aaaa

aaaa

aaaa

 

giving Sa
i

ij   for all i where S = 2

)1( 2nn
                   [8] 

This condition will be true for all n (odd or even) due to basic 

Latin square property  

The pivot element (number) in the middle cell, when n is odd 

can be defined as  

2

1

2

1
,

 nna                                                                      [9] 

Since the pivot element is fixed, we select the row, associated 

with it and assign as the diagonal of the (n x n) array, fixing the 

pivot element in the middle and arranging the other elements in 

an orderly manner to get a new matrix  ijb ; nji ,.....2,1,  ,  

satisfying symmetric property of Latin Square  

 Hence,    
i

ijb  Sdd
j

ij

i

ij    for all i and j     [10] 

Again, since sum of the columns of  ija are now the rows 

of  ijb . 

Therefore, Sba
i

ij

i

ij                                              [11] 

Hence,  
j

ij

i

ij aa =  
j

ij

i

ij dd is fulfilled 

  ijb ; nji ,...2,1,   is a magic square. 

Hence the theorem is established as:  

The (n x n) square, developed by using basic Latin square format 

when the pivot element is fixed and rearranging in an orderly 

manner represents a magic square                                            [12] 

 

2.2  Steps for construction of a magic square (n is odd)  

The construction of magic square by using basic Latin square can 

be expressed in the following steps: 

Step-1: First arrange the consecutive numbers ( naaa 11211 ... ), 

( naaa 22221 ... ), … ( nnnn aaa ...21 ) in basic 

Latin square form  
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Step-2:  Determine the pivot element to be assigned in the 

middle cell,
1,1

22
 nna  and select the row associated 

with this pivot element. 
 

Step-3: Assign this row as diagonal elements, fixing the pivot 

element in the middle and arrange other elements in an 

orderly manner to give the desired magic square.  
 

  Check whether it satisfies the property or not, 

 
j

ij

i

ij bb =  
j

ij

i

ij dd  

Note:  
 

(i) For the consecutive numbers (n ≥ 1), then pivot element (P) 

and sum (S) are 

P = 2

)1( 2 n
and S = 2

)1( 2nn
                            [13] 

(ii) If the consecutive number (n ≥ 0), then it gives the lowest 

magic square. 

(iii) If the consecutive number starts from s+1 where s ≥ 1, the 

corresponding  

 P = s
2

)1( 2 


n
 and  S =  

2

)1( 2 


n
sn                [14] 

(iv) Maximum and minimum elements can be determined 

using  

 
2

1

2

1
,

 nna +  
2

12n
 and 

2

1

2

1
,

 nna -  
2

12n         [15] 

 

2.3 Alternate Structures of )( nxn magic squares 

 Let  ija  be a magic square satisfying the properties (a) to 

(d). Equality in the sums of rows, columns and diagonals will 

remain unchanged for rotations and reflections  

        The alternate structures of a magic square can be expressed 

(clockwise or anticlockwise rotation) 

 mkk  ...,2,1);(
2


)  as  )(kaij  

Where  ija =  )(kaij  for all ,......8,4,0i                 [16] 

 

2.4  More properties  
 

(a) Infinite number of magic squares can be generated by 

multiplying or adding by a number p ≥ 1 to each element 

of the given magic square. 

Or, if  ija  is a magic square, then p  ija  

and  paij  are magic squares 

(b) If the minimum element/number is 0, then  ija  gives the 

lowest magic square  

(c) Sum of two magic squares in the same rotation/reflection 

gives a magic square 

(d) Sum of two magic squares in different rotation are not 

magic squares. 

(e) Product of two magic squares is not a magic square 

Magic squares in the same rotation/reflection are additive  

  
 

3. NUMERICAL EXAMPLES 

3.1 To construct a (3 x 3) magic square  

  Let the numbers be (1, 2, 3), (4, 5, 6) and (7, 8, 9)  

Step-1:  Latin square format gives  

















879

465

321
            .       [18] 

 

  It gives the column totals equal,  15
i

ija  for all j  

 Here, P = 2

)1( 2 n
= 5 and  S = 2

)1( 2nn
= 15 for n = 3 

 

Step-2:  Select the row associated with the pivot element (say 5, 

6, 4) and assign it as diagonal elements, fixing the pivot 

element in the middle (say 4, 5, 6)  
 

Step-3: Rearrange the other elements in an orderly manner to get 

a new (3 x 3) array  ijb 3,2,1, ji  as 

 

















294

753

618
which represents the 

23  magic square  

 

On alternate structures of
23  magic square 

         By rotation or reflex ion, alternate structures of a magic 

square A =  ija 3,2,1, ji  can be expressed in different 

structures ( multiples of 90
0
) 

 Let A = 

















294

753

618
      Reflection:  

















492

357

816
 

 and Rotation (+90
o
): 

















672

159

834
 

(i) A
(m)

 =  )(maij  with the rotation of m 90
0
 clockwise or 

anti-clockwise, where m is real and positive or 

negative.  

 A
(1)

=  )1(ija 

















672

159

834
        A

(-1) 
= 

















438

951

276
 

A
(2)

=  )2(ija 

















816

357

492
        A

(-2) 
= 

















816

357

492
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A
(3)

=  )3(ija 

















438

951

276
        A

(-3) 
= 

















672

159

834
  

In all cases,  
j

ij

i

ij aa  
j

ij

i

ij dd are fulfilled. 

 

 

3.2  To construct a 5
2 
magic square  

 

Let the consecutive numbers be (1, 2, 3, 4, 5), (6, 7, 8, 

9,10), (11,12,13,14,15), (16,17,18,19, 20), (21, 22, 23, 24, 25) 
 

Step-1:  Arranging in basic Latin square format, it gives  

 

 























2423222125

1817162019

1211151413

610987

54321

 Satisfying 
i

ija = S for all j ,  

P = 2

)1( 2 n
= 13 and S = 2

)1( 2nn
= 65 

 

Step-2:  Select the row associated with the pivot element (13) as 

(13, 14, 15, 11, 12) and assign this row as diagonal 

elements, fixing the pivot element (13) in the middle. 
 

Step-3:  Rearrange the other elements in an orderly manner to 

get a new matrix  
 

 ijb =























92251811

321191210

22201364

16147523

15812417

 where 3,2,1, ji  

Satisfying   
j

ij

i

ij aa  
j

ij

i

ij dd  

 
 

3.3 To construct a 7
2 
magic square 

 

Let the consecutive numbers be (1, 2, 3, 4, 5, 6 7), (8, 9, 10,    

11, 12, 13, 14), ….(43, 44, 45, 46, 47, 48, 49). 
 

Following the steps of arranging in 7
2
 basic Latin square format: 

 

 





























48474645444349

40393837364241

32313029353433

24232228272625

16152120191817

814131211109

7654321

 
 

Selecting the row associated with the pivot element (25) 

and assigning it as diagonal elements, fixing the pivot element in 

the middle and rearranging the other elements in an orderly 

manner to get a new (7 x 7) matrix  





























2011249403122

1234341322321

4444233241513

4536342516145

373526178646

292718974738

2819101483930

 
It satisfies  

 
j

ij

i

ij aa  
j

ij

i

ij dd where P = 25 and S = 175 

 
 

3.4 Construction of 9
2 

and 13
2
 magic squares using basic 

Latin squares  
 

Selecting the row associated with the pivot element and 

assigning it as diagonal elements, fixing the pivot element in the 

middle and rearranging the other elements in an orderly manner, 

one can construct the magic squares. 
 

(a)  Arranging in 9
2
 basic Latin square format  

P = 2

)1( 2 n
= 41 and S = 2

)1( 2nn
= 369 

: 



































807978777675747381

706968676665647271

605958575655636261

504948474654535251

403938374544434241

302928363534333231

201927262524232221

101817161514131211

987654321

  

 

 the required 9
2
 magic square is 

 

 



































35241328170594837

25143737160493836

15474726150392826

57564625140292716

76656352413019176

66555342312018777

56544332211087867

46443322119796857

45342312180695847
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(b)  Arranging in 13
2
 basic Latin square format;  

P = 2

)1( 2 n
= 85 and S = 2

)1( 2nn
= 1105 

 















































168167166165164163162161160159158157169

154153152151150149148147146145144156155

140139138137136135134133132131143142141

126125124123122121120119118130129128127

112111110109108107106105117116115114113

9897969594939210410310210110099

84838281807991908988878685

70696867667877767574737271

56555453656463626160595857

42414052515049484746454443

28273938373635343332313029

14262524232221201918171615

13121110987654321

 

    

  the required 13
2
 magic square is  

 















































776247321721691541391241099479

634833183157155140125110958078

493419415815614112611196816664

352051591441421271129782676550

216160145143128113988368535136

716114613191211499846954523722

1621471321301151008570554038238

1481331181161018671564139249163

13411911710287725742272510164149

12010510388735843282611165150135

10610489745944291412166151136121

9290756045301513167152137122107

917661461316116815313812310893

 

 

8.  Construction of 3
2
 magic squares of complex numbers 

       

 Taking two 3x3 magic squares, magic squares of complex 

numbers can be generated. Let the two magic squares, modified 

with the subtraction of 7 and 4 respectively be 

 

















294

753

618
and 

















816

357

492
give























523

024

161
 and 























250

311

254
 

Hence a magic square of complex numbers, can be generated as  























ii

iii

iii

25523

324

215641
 where P = -2 + i and  S= -6 + 3i 

Similarly, magic squares of complex numbers of any order (n is 

odd) can be generated.

      

 

4. CONCLUSION 

 

The technique can be used for finding magic squares from 

basic Latin Squares of any order (n ≥ 1, for n is odd) easily 

within a shortest possible time. In this paper ,construction of odd 

order magic squares using basic Latin squares is shown. 

However, even-order magic squares can’t be constructed 

directly in the same process  because of duplications in diagonal 

elements and therefore separate techniques are to be adopted. 

.  
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