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ABSTRACT:  

 In this paper, we have tried to show that the existence of measurable graph of multivalued function based on the concept of 

Souslin type as well as existence of measurable selector of multivalued function.  
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1. INTRODUCTION  

 The characteristics of multivalued mapping  : TX satisfying various possible conditions of measurability have been 

studied extensively by various authors AUMANN [1], CASTAING [3], JACOBS [6], KURATOWSKI and RYLL-NARDZEWSKI 

[8], McSHANE & WARFIELD [11] from 1965 to 1980. The measurability on T, is introduced depending upon its nature. In case 

when T is any non empty abstract set, the measurability is developed by considering the collection of subsets of T, satisfying the -

algebra. Moreover, if T is any arbitrary topological space, then the measurable structure on T is introduced through Borel -algebra of 

open subsets of T. In addition to this, if T is special types of topological space like locally compact space, then measurability on T is 

considered through Radon-measure . The development of multifunction with their measurability based on properties of graph, this 

topic begins with 1949, after appearance of selection results of VON-NEUMANN [13]. VON-NEUMANN's result seems to have 

been little known until around 1965 when AUMANN [1] explored them in mathematical economics and in control theory.  

 In 1974, LEESE [10] defined the multifunction of Souslin type and has proved the existence of measurable selector of 

Souslin type of multifunctions.  

 Motivated by the work of these authors, we have tried to investigate to show the measurability of graph of such multivalued 

function as well as existence of measurable selector. 

2. PRELIMINARIES: 

 In this section, we have given some necessary definitions and notations as well as some properties of multivalued mapping 

without proof but oftenly required in our main results.  

2.1 Definition: 
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 Let T and X be any two sets, then a mapping  : TX which assigns to each point t in T, a set (t) of points in X is called a 

multifunction. 

 A selector for  is a function f from T into X such that f(t) (t) for each t  T. 

 let M be the -algebra of subset of T, then multifunction  is said to be measurable if for any closed subset B of X, the set  

 -1 (B) = {t  T :  (t)   B }  M 

Equivalently, 

 -1 (G) = {t  T :  (t)   G}  M  

  = T  {t  T :  (t)   G}  M  

for every open subset G of X. 

2.2 Definition : 

 The graph of multifunction is denoted by () and defined by- 

 ()  = {(t, x)  T  X : x (t)} 

 If  is upper semi continuous implies () is closed. 

2.3 Definition :  

 let {A1……..n
}  be a complete collection of sets in a given space, indexed by the set of all finite sequences 1,......n  of 

positive integers. Then the set-  

   A =
σ  




1n

A1,……..n
 

 the union being taken over the collection of all infinite sequence  of positive integer; is said to be obtained from the 

collection {A1,……..n
}  by the souslin operation. 

 If the set {A1,……..n
}  belong to a given class N of sets then A will be said to belong to the class souslin -N. We shall use the 

notation- 

  A =
σ  




1n

A/n  

 Where /n denotes the finite sequence 1, . . . . . .n. 

 The measurable space T will be said to admit the Souslin operation if every subset formed in this way from measurable sets 

is measurable. 

2.4 Definition: 
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 Let T be a measurable space and X a topological space. Then a multifunction  : TX is said to be of Souslin type if there 

exist a Polish space P, a measurable multifunction F : TP with closed values, and a continuous mapping :PX such that, for all t, 

 (t) = (F(t))  

 A multifunction of Souslin type is necessarily be measurable. 

 R will denote the class of all set AB where A is measurable set in T and B is closed set in X. We shall need the following 

Lemma.  

2.5 Lemma: 

 Let X1 be a topological space and K* the class of sets which are closed and compact in X1. Let Y be a Souslin-K* subspace 

of X1. Then if T is a measurable space which admits the Souslin operation, and 1, is the canonical projection from TY into T, then 

1(A) is measurable for every Souslin-R set A in TY. 

2.6 Lemma: 

 Let X, Y be topological space and  : XY is a continuous mapping. Then if T is a measurable space and  : TX is a 

multifunction of Souslin type, so is the multifunction             t ( (t)). 

3. Main Results: 

3.1 Theorem: 

 Let T be a topological space with Borel -algebra B(T) of open subsets of T, which admits the Souslin operation, X be 

Hausdorff topological space,  : TX be a multifunction such that there exist a metrizable compact space P and upper semi 

continuous multifunction         F : TP with closed valued and continuous mapping  : PX such that for each                          t,  (t) 

= (F(t)). Then  has measurable graph. 

Proof: 

 Since P is metrizable compact space, so it has a countable base 

 Therefore P is a polish space       (1) 

 Moreover, since F is upper semi continuous multifunction From T into P, 

 then for every closed set B  P- 

 F-1(B) = {t : F(t)  P - B} is open 

 F-1(B)  B(T) 

 F is measurable        (2)  

 From (1) and (2),  is a multifunction of Souslin type 
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  is measurable 

Since (t) = (F(t)) for each t  

Now we define a family (U/n) of closed sets of P. 

Suppose (Ui) be a countable covering of P by closed sets of diameter  ½.  

Then for each Ui, let {Uij : j = 1, 2,.....} be a covering of Ui by closed sets of diameter  ¼. 

On continuing this process, we get U/n has diameter 
1

2𝑛 , then 

 it remains to prove -  

 G() = 
σ 1n

n
σ

n
σ )B(A





  

where A
n⁄ =  F−1(U

n⁄ ) and B
n⁄ =  (U

n⁄ ) 

If (t, x)  G(), then there exist a point y in P. s.t. 

 (t, y)  G() and x =  (y) 

Also  a sequence  of positive integers s.t. {y} = 


1n

U/n 

 F(t) meets U
n⁄  for each n and x (U

n⁄ )  for each t. 

 (t, x) A
n⁄ B

n⁄  for all n 

 (t, x)  G() 

  has measurable graph.  

3.2 Theorem: Let T be a topological space with Borel -algebra and X be a Hausdorff space then continuous image of metrizable 

compact space P and  : TX is a compact valued measurable multifunction. Then  has a measurable selector. 

Proof: Suppose X = (P) where  is continuous mapping.  

 Since P is compact matrizable. 

 P has a countable base (Un) of open sets 

Also  = 0 be a compact valued measurable multifunction from T to X. 

 Now define Fn inductive, so that Fn  is refinement of Fn-1 by  
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 Bn = (Un) for each n  1. 

Thus < n  > is a decreasing sequence of compact valued measurable multifunction. 

So,  G = 
n

n is measurable.  

To prove this theorem, we show that G(t) consists of a single point f(t) (say), for each t, then f is the required measurable selector.  

Suppose that y  G(t)  and z  y  a closed nbd V of y not containing z. 

 y = (p) for some p  A, 

 n s.t.  (Un)  V 

 Bn V 

Now Fn-1(t) meet Bn in  y 

So that Fn(t)  Bn V  

Thus z  Fn(t) 

 z  G(t) 

 G(t) consists single point y   

  has measurable selector. 
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