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Abstract
This paper aims at introducing the concept of pricing options by applying numerical methods. In particular we
focus on the pricing of a European Put Option by two numerical techniques, that is, the Monte-Carlo simulation
and the Crank-Nicolson finite difference method. In the Monte-Carlo simulation method, the concept of a random
walk is used in the simulation of the path followed by the underlying stock price. The Black-Scholes partial
differential equation is approximated by using the Crank-Nicolson algorithm to obtain the Put Option price. The
explicit price of the European Put Option is known, thus we will at the end of the exercise, compare the numerical
prices obtained using these two techniques to the closed form price.
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1. Introduction
Numerical methods play an important role in the pricing of
options, especially when there is no closed form solution
or when the problem itself is too complicated to be solved
analytically [1]. In this paper, we will discuss two crucial
techniques used in option pricing: the Crank-Nicolson finite
difference method and Monte-Carlo simulation. There are
other forms of finite difference methods, for example the
implicit and explicit methods, but the Crank-Nicolson method
is considered because it is more accurate, unconditionally
stable and converges to the solution faster [2].

According to [3], an option on a stock is a contract in
which the owner is granted the right but not the obligation
to trade on a given number of shares of a common stock at
a fixed price K, called strike price, and at a predetermined
date T , called the expiry. The holder will then have to decide
whether to exercise the right or not, depending on the market
price of the stock at that time as compared to the strike price
K, and to the type of the option. The writer, who is the person
selling the option contract, will then have no choice but to
honour the agreement when the holder of the option decides
to exercise the right.

Other examples of options include the American, Asian,
Barrier and Bermudan Options. Each of them can be cate-
gorised as a Call or a Put Option. A call option is a financial
contract in which the holder has the right but not the obligation
to buy a certain number of shares of a stock at a predetermined
price K, whereas a Put Option gives the holder the right but
not the obligation to sell a certain amount of shares of stock

at a price K. The main difference between the European and
the American option is in the exercising period. The holder of
a European option has to wait until maturity of the option in
order to exercise the right, while the American option holder
has the privilege of exercising the contract at any time up to
the maturity date. The payoff for a European Put Option is

P(S, t) = max(K−ST ,0) (1)

where ST is the asset price at the expiry date T and K is the
strike price. The strike price, also known as the exercise price,
is the price at which the two parties on an option contract
agree upon, such that the holder of the option will either buy
or sell an underlying asset on the expiry date T at that price.
The payoff diagram for a Put Option is given in figure 1 below.

Figure 1. Payoff for a Put Option.
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To enable the reader obtain a clear understanding of the
objective of this paper, the work is organized as follows:

In Chapter 2, the reader is introduced to the Black-Scholes
model, which plays a crucial role in the pricing of options.
We also deal with the derivation of the Black-Scholes lin-
ear parabolic partial differential equation and we then state
the Black-Scholes equation used for evaluating the explicit
solution for the option.

Chapter 3 deals with pricing of a European Put Option
by numerical methods. This is the central point of this paper,
as the reader is taken through the derivation of the Crank-
Nicolson scheme, discussion about Monte-Carlo simulation
and the implementation of both schemes.

The comparison of the solutions obtained by the numerical
methods to the closed form solution is shown in Chapter 4.
Finally in Chapter 5 we present a brief conclusion and future
problems.

2. Preliminaries
Here we present some key terms and mathematical definitions
used in the construction of financial models.

2.1 Definition: σ -algebra
Let Ω be a non-empty set and let F be a collection of subsets
of Ω. Then F is said to be a σ -algebra if ;

i) /0 ∈F ,

ii) given that a set A ∈F then the complement of A i.e
Ac ∈F ,

iii) whenever the sequence {Ai} ∈F for i = 1,2, · · · , then
∪∞

n=1An ∈F . [4]

2.2 Definition: Probability measure
Let Ω be a non-empty set and let F be a σ -algebra of subsets
of Ω. Then a function that assigns every set A ∈ F to a
number in [0,1] is called a probability measure P. For this
case we denote by P(A) the probability of A and it is such
that ;

i) P(Ω) = 1 ,

ii) if A1,A2, · · · is a sequence of disjoint sets in F then

P(∪∞
n=1An) =

∞∑
n=1

P(An) .

The pair (Ω,F ) is called a measurable space while the
triple (Ω,F ,P) is called a probability space. [4]

2.3 Definition: Filtration
Let Ω be a non-empty set and T be a fixed positive number
and assume that for each t ∈ [0,T ] there is a σ−algebra F (t).
Suppose s≤ t then every set F (s) is also in F (t). A filtration
is a collection of σ−algebras F (t) for 0 < t < T . [4]

2.4 Definition: Adapted Process
Let ω be a non-empty sample space equipped with a filtration
F (t), 0 < t < T . Let X(t) be a collection of random variable
indexed by t ∈ [0,T ]. Then given that for each t, the random
variable X(t) is F -measurable, then the collection of these
random variables is said to be an adapted stochastic process.
[4]

2.5 Theorem: Girsanov Theorem
Let B(t) where 0 < t < T be a Brownian motion on a prob-
ability space (Ω,F ,P) where F (t) , is assumed to be the
filtration for this Brownian motion. Let A (t) be an adapted
process. Define

Z(t) = exp

(
−
∫ t

0
A (u)dB(u)− 1

2

∫ t

0
A 2(u)du

)
,

B̃(t) = B(t)+
∫ t

0
A (u)du ,

and assume that

E
∫ T

0
A 2(u)Z2(u)du < ∞ .

Set Z = Z(t). Then E(Z) = 1 and under the probability mea-
sure P̃, where,

P̃(A) =
∫

A
Z(ω)dP(ω), ∀A ∈F ,

the process B̃(t), 0 < t < T is a Brownian motion on a new
probability space (Ω,F , P̃). [4]

2.6 Definition: Stochastic Process
A stochastic process {X(t)}t∈[0,T ] is a family of random vari-
ables parametrized by time t, i.e, X(t) is a random variable
for each t ∈ [0,T ]. [5]

2.7 Definition: Martingale
Let (Ω,F ,P) be a probability space, let T be a positive fixed
number and let F (t), 0 ≤ t ≤ T be a filtration of sub-σ -
algebra of F . Then an adapted stochastic process M(t), 0≤
t ≤ T is called a martingale process if

E
[
M(t)|F (s)

]
= M(s)

for all 0≤ s≤ t ≤ T . [4]

2.8 Definition: Brownian Motion/Wiener process
Let (Ω,F ,P) be a probability space where P is the probability
measure, F is a collection of sets whose probabilities are
influenced by the measure P and Ω the sample space. Then
W (t) t ≥ 0 is a standard Brownian motion or Wiener process
if the following conditions are satisfied ;

i) W (t) is a continuous function.

ii) W (0) = 0.
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iii) The increments W (t1)−W (t0),W (t2)−W (t1), · · · ,W (tn)−
W (tn−1) are independent for all 0 = t0 < t1 < · · ·< tn.

iv) W (tk+1)−W (tk)∼ N(0, tk+1− tk). [4]

Figure 2 below demonstrates the sample path followed by
Brownian motion of stock prices.

Figure 2. Brownian motion.

2.9 Definition: Geometric Brownian Motion
A geometric brownian motion is a stochastic process S(t)
which satisfies the stochastic differential equation (SDE)

dSt = µStdt +σStdWt ,

where Wt is the Wiener process, µ and σ are constant parame-
ters called the drift and rate of volatility respectively. Given
that S(0) = S0, the solution of the SDE above is

St = S0 exp

(
(µ− σ2

2
)t +σWt

)
,

where Wt is the Wiener increment. [6]

2.10 Definition: Arbitrage
Arbitrage is the process where an investor has the possibility
of gaining profit from zero investment without taking any risk.
[5]

2.11 Definition: Normal Distribution
A random variable X is said to be normally distributed with
mean µ and variance σ2 if it’s probability density function is

fX (x) =
1√

2πσ
exp

(
−(x−µ)2

2σ2

)
, −∞ < x < ∞ .

[7]

2.12 Theorem: The Central Limit Theorem
Let X1,X2, · · · be a sequence of independent identically dis-
tributed random variables each with mean µ < ∞ and variance
σ2 < ∞. Let Sn =

∑n
i=1 Xi. Then as n→∞, Sn ∼ N(nµ,nσ2).

Hence for any x we have that

P

(
Sn−nµ

σ
√

n
≤ x

)
∼Φ(x) as n→ ∞ .

[8]

2.13 Definition: Log-normal Distribution
A random variable X is said to be log-normally distributed
if log(X) is normally distributed and the probability density
function of the random variable X is given by

fX (x) =
1√

2πxσ
exp

(
−(log(x)−µ)2

2σ2

)
, x > 0 .

[9]

2.14 Definition: European Put Option
This is a type of financial contract giving the holder the right
but not the obligation to sell an underlying asset at a predeter-
mined strike price K at the expiry time T . [10]

3. The Black-Scholes Model
The greatest success achieved in the pricing of European stock
options was made in the early 1970’s by Fisher Black, Myron
Scholes and Robert Merton. This then led to the development
of what is now famously known as the Black-Scholes-Merton
(Black-Scholes) model which has greatly assisted traders in
the pricing and hedging of derivatives. Their work led to
their acknowledgement by the award of the Nobel Prize for
Economics in 1997 [11].

Let us now derive the Black-Scholes partial differential
equation and state the Black-Scholes formula for the pricing
of European options.

3.1 Stochastic Differential Equation
A stochastic differential equation (SDE) is a differential equa-
tion in which one of the terms in the equation follows a ran-
dom process.

Consider the following geometric Brownian motion which
represents the price dynamics of a non-dividend paying stock

dS(t) = S(t)

(
µdt +σdB(t)

)
, (2)

where S is the asset value, µ is the appreciation rate (drift),
which is a measure of the average rate of the growth of the
asset price and σ is the volatility coefficient which is a mea-
sure of standard deviation of the returns. The price is defined
on a probability space (Ω,F ,P). The term B(t) is a stan-
dard Brownian motion with respect to P. We now apply the
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concept of Girsanov change of probability measure, which is
described in [12], to obtain a new probability distribution P̂
which is an equivalent martingale measure.

The drift component in equation (2) above can be split
into its risk-free component r and (µ− r), therefore we have

dS(t)
S(t)

= rdt +(µ− r)dt +σdB(t) . (3)

Hence applying the Girsanov transformation we have

σ B̂(t) = (µ− r)t +σB(t) ,

dB̂(t) =
(µ− r)

σ
dt +dB(t) ,

and substituting this into equation (3) we have

dS(t)
S(t)

= rdt +(µ− r)dt +σ

(
σdB̂(t)− (µ− r)dt

σ

)
,

= rdt +(µ− r)dt +σdB̂(t)− (µ− r)dt .

This results in the driftless stochastic differential equation

dS(t) = S(t)

(
rdt +σdB̂(t)

)
. (4)

3.2 Itô’s Process
An Itô process is a stochastic process {Xt , t ≥ 0} given by

Xt = X0 +

∫ t

0
a(τ,ω)dτ +

∫ t

0
b(τ,ω)dBτ .

The corresponding SDE is given by

dXt = adτ +bdBt ,

where a(τ,ω) and b(τ,ω) are adapted random functions. [13]

3.3 Itô’s Lemma
[13] Let f (S, t) be a twice continuously differentiable function
on [0,∞)×R and let St be an Itô process

dSt = atdt +btdBt , t ≥ 0 .

Taking the Taylor series expansion of f we have

d ft =
∂ f
∂St

dSt +
∂ f
∂ t

dt +
1
2

∂ 2F
∂S2

t
(dSt)

2

+higher order terms .

Hence ignoring higher order terms and substituting for dSt we
obtain

d ft =
∂ f
∂St

(atdt +btdBt)+ (5)

∂ f
∂ t

dt +
1
2

∂ 2 f
∂S2

t
(atdt +btdBt)

2 ,

=
∂ f
∂St

(atdt +btdBt)+
∂ f
∂ t

dt +
1
2

∂ 2 f
∂S2

t
b2

t dt , (6)

=

(
∂ f
∂St

at +
∂ f
∂ t

+
1
2

∂ 2 f
∂S2

t
b2

t

)
dt +

∂ f
∂St

btdBt . (7)

This is the Itô’s formula, where we have used the relation
dt · dt = dBt · dt = dt · dBt = 0 and dBt · dBt = dt. Equation
(7) plays a very important role in the field of mathematical
modelling in finance and specifically in the pricing of deriva-
tives as it is used in the derivation of the Black-Scholes PDE.
When this PDE is solved, the value of f will represent the
price of the derivative.

We conclude that ft follows the Itô’s process and the drift
rate is given by

µ =

[
∂ f
∂St

at +
∂ f
∂ t

+
1
2

∂ 2 f
∂S2

t
b2

t

]
,

and the variance is

σ
2 =

∂ 2 f
∂S2

t
b2

t .

Given that the variable S(t), representing stock price, fol-
lows a geometric Brownian motion, then it follows the stochas-
tic differential equation (2). Therefore, for a general function
F(S, t), Itô’s lemma will give

dF =

[
µS

∂F
∂S

+
∂F
∂ t

+
1
2

σ
2S2 ∂ 2F

∂S2

]
dt +σS

∂F
∂S

dBt ,

(8)

where µ and σ are constants representing the drift rate and
the rate of volatility respectively.

Example
Consider a stock price S which follows the random process

dS(t) = S(t)
(

µdt +σdB(t)
)
.

Let F(S, t) = logS then,

∂F
∂S

=
1
S
,

∂ 2F
∂S2 =

−1
S2 and

∂F
∂ t

= 0 .

Substituting these values into (8) we obtain

d(logS) = (µ− σ2

2
)dt +σdBt .

This result implies that logS is a Brownian motion whose drift
parameter is (µ− σ2

2 ) and variance is σ2. Taking the integral
from 0 to T we have∫ T

0
d(logS) =

∫ T

0
(µ− σ2

2
)dt +σ

∫ T

0
dBt ,

logST − logS0 = (µ− σ2

2
)T +σ(B(T )−B(0)) ,

ST = S0 exp

(
(µ− σ2

2
)T +σZ

√
T

)
,

where Z ∼ N(0,1). This clearly shows that stock prices obeys
the log-normal distributions [6].
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3.4 Black-Scholes Partial Differential Equation
To obtain the Black-Scholes partial differential equation we
follow the process described in [14] and consider the SDE (2).
The term B(t) is a random variable which follows a normal
distribution whose mean is 0 and variance is dt. Therefore we
can write

dB(t) = Z
√

dt ,

where Z is a standardised normal distribution, i.e, Z ∼ N(0,1)
with probability density function given by

f (Z) =
1√
2

exp(−1
2

Z2) ,

for −∞ < Z < ∞. The expectation can be defined for any
function F by

E[F(·)] = 1√
2π

∫
∞

−∞

F(Z)exp(−1
2

Z2)dZ .

Hence we have that

E[Z] = 0 ,

E[Z2] = 1 .

If there is no uncertainty about the price, that is when σ = 0
, and µ is a constant, then we get an ODE. When solved we
obtain an exponential growth in the value of the asset, i.e,

dS
S

= µdt ,

=⇒ S = S0 expµ(t−t0) ,

where S0 is the value of the asset at t = t0. This means that
when σ = 0, the asset price is totally deterministic and thus
the future price can be predicted.

To obtain the Black-Scholes PDE, let f (S) be a smooth
function of the asset price S and let us assume that S is not
stochastic. Taking the Taylors series expansion we have

d f =
d f
dS

dS+
1
2

d2 f
dS2 dS2 + higher order terms ,

=
d f
dS

(σSdB(t)+µSdt)+
1
2

d2 f
dS2 (σSdB(t)+µSdt)2,

=
d f
dS

(σSdB(t)+µSdt)

+
1
2

d2 f
dS2 (σ

2S2dB(t)2 +2µσS2dt dB(t)+µ
2S2dt2) ,

=
d f
dS

(σSdB(t)+µSdt)+
1
2

d2 f
dS2 (σ

2S2dt), (9)

since dB(t)2 −→ dt as dt −→ 0 (Itô’s lemma)

= σS
d f
ds

dB(t)+(µS
d f
dS

+
1
2

σ
2S2 d2 f

dS2 )dt . (10)

The general case for equation (10) above is obtained by con-
sidering a function F(S, t) of the random variable S and time

t. Since S and t are independent variables we will use partial
derivatives in the expansion. Therefore taking the expansion
of F(S+dS, t +dt) in Taylor series about (S, t) we have

dF =
∂F
∂S

dS+
∂F
∂ t

dt +
1
2

∂ 2F
∂S2 dS2 + · · · . (11)

By neglecting the remainder terms and using the Itô’s lemma
and the SDE (2), we can write equation (11) above as

dF(S, t) = σS
∂F
∂S

dB(t)+
(

µS
∂F
∂S

+
∂F
∂ t

+
1
2

σ
2S2 ∂ 2F

∂S2

)
dt .

(12)

Here we determine a portfolio π consisting of one option F
and a number −∆ of the underlying asset [14]. Therefore this
portfolio would have value

π = F−∆S , (13)

hence we have

dπ = dF−∆dS . (14)

Substituting equations (2) and (12) into (14) above we find
that the portfolio π follows the random walk

dπ = σS
∂F
∂S

dB(t)+
(

µS
∂F
∂S

+
∂F
∂ t

+
1
2

σ
2S2 ∂ 2F

∂S2

)
dt

−∆(µSdt +σSdB(t)) , (15)

= σS
(

∂F
∂S
−∆

)
dB(t)+(

µS
∂F
∂S

+
1
2

σ
2S2 ∂ 2F

∂S2 +
∂F
∂ t
−µS∆

)
dt . (16)

We choose ∆ to eliminate the random component B(t) in this
random walk. Hence

∆ =
∂F
∂S

, (17)

which represents the rate of change of the value of our option
with respect to S. The portfolio now, no longer follows a
random walk and we have

dπ =

(
∂F
∂ t

+
1
2

σ
2S2 ∂ 2F

∂S2

)
dt . (18)

This implies that the increment in this portfolio is wholly
deterministic.

Black and Scholes then considered the no-arbitrage prin-
ciple which simply states that the value of a portfolio must be
equal (on average) to the value of the portfolio at a risk-free
interest rate, r. If this was not the case then some individuals,
knowledgeable about the market would risklessly profit. Thus
the return on an amount π invested in a riskless asset would
yield a growth of rπdt in time dt.
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Hence we have that

rπdt =
(

∂F
∂ t

+
1
2

σ
2S2 ∂ 2F

∂S2

)
dt . (19)

Substituting equations (13) and (17) into (19) and dividing
through by dt we obtain

∂F
∂ t

+
1
2

σ
2S2 ∂ 2F

∂S2 + rS
∂F
∂S
− rF = 0 . (20)

This is the Black-scholes partial differential equation. We note
that this PDE is a parabolic equation and it does not contain
the growth parameter µ , meaning that the value of an option
is independent of the nature of the growth of the asset.

3.5 The Black-Scholes Equation
The Black-Scholes PDE, equation (20) has an infinite number
of solutions. Therefore to obtain a unique solution, hence
avoiding the possibilities of arbitrage, boundary conditions
must be imposed. These boundary conditions specify how the
solution of the problem behaves in some region of the solution
domain. We note that the highest derivative with respect to
S is a second order derivative and the highest derivative with
respect to t is a first order derivative. Hence we impose two
conditions about the behaviour of the solution in S and one in
t [14].

Let us now introduce the boundary conditions of the PDE
as described in [14] for a European Put Option whose payoff
is denoted by P(S, t). The final condition for the option, that
is, the value at the terminal point where time t = T , is given
by

P(S,T ) = (K−S)+ ,

= max(K−S,0) ,

where K is the strike price and S is the asset value.
Now suppose that the value of the asset is zero. Then the

payoff for the option will automatically be K and the present
value of the option received at time T is

P(0, t) = Ke−r(T−t) .

Finally, we consider the case when the asset value is large
enough. Therefore as S increases, the option value tend to be
worthless,

P(S, t) = 0 as S→ ∞ .

The closed form solution for the European Put Option
problem (20) together with the boundary conditions described
above is fully explained in [10] where the following assump-
tions were made in deriving the solution equation ;

i) The risk free interest rate r, and asset volatility are
constant.

ii) The underlying asset prices follow a lognormal random
walk.

iii) There are no arbitrage opportunities hence all portfolios
would earn equal returns.

iv) During delta hedging of a portfolio, no transaction costs
are incurred.

v) The short selling of securities is allowed and the assets
are divisible.

vi) No dividends are paid during the entire period of the
contract.

vii) There is continuous trading of the underlying assets.

Therefore the explicit solution for the European Put Option is
given by

P(S, t) = Ke−r(T−t)N(−d2)−SN(−d1) ,

where

d1 =
log(S/K)+(r+ 1

2 σ2)(T − t)
σ
√

T − t
,

d2 =
log(S/K)+(r− 1

2 σ2)(T − t)
σ
√

T − t
.

The value of d2 can also be approximated as d2≈ d1−σ
√

T − t.
The parameter N(·) is the cumulative probability distribu-

tion function for a standardised normal random variable

N(x) =
1√
2π

∫ x

−∞

e−
1
2 y2

dy . (21)

To obtain the value of N(x) we use the idea described in [15],
and we proceed to compute the error function as

er f (x) =
1√
π

∫ x

−x
e−y2

dy ,

which simplifies equation (21) to

N(x) =
1
2

(
1+ er f (

x√
2
)

)
.

4. Pricing The European Put Option

4.1 Finite-Difference Methods
The concept of finite difference methods as described in [11]
has major applications in the valuation of derivatives. This
method aims at solving the differential equation satisfying the
underlying derivative. For this case, we attempt to obtain the
numerical solution of the Black-Scholes PDE by converting it
into a set of difference algebraic equations which can then be
solved iteratively.

The most common forms of finite difference methods
used in the computation of this PDE are the implicit method,
the explicit method and the Crank-Nicolson scheme. The
three methods are similar in computation and implementation,

International Journal of Scientific and Research Publications, Volume 9, Issue 11, November 2019 
ISSN 2250-3153   

555

http://dx.doi.org/10.29322/IJSRP.9.11.2019.p9575 www.ijsrp.org



they only differ in the accuracy, stability and execution speed.
In this paper, we consider the Crank-Nicolson method in
pricing a European Put Option because it is more accurate to

O
(
(∆t)2,(∆S)2

)
, unconditionally stable and converges faster

than the other two methods of finite difference [2].

Therefore to achieve this objective, the main things to
consider in the formulation of the partial differential equation
problem are ;

i) the PDE,

ii) the region of space-time to which the PDE is defined,

iii) the ancillary boundary and initial conditions to be met.

This means that the solution of this problem is defined on the
(S, t) plane.

Equation Discretization

The PDE and the boundary conditions need to be discretized
either by using forward or backward forms of approximations.
The option value is a function of two independent variables
S and t and thus we discretize the equation with respect to S
and t.

Now according to [11] we suppose that the option will
mature after time T . We then divide this time into N equally
spaced intervals each of length ∆t. Thus we have N+1 points

0,∆t,2∆t, · · · ,N∆t ,

where ∆t = T
N .

Similarly we need to discretize the stock price. Assume
that the highest price of the stock is Smax, at which point, the
Put Option becomes worthless. We also know that the stock
prices cannot go below zero and and since we need the highest
stock price to be large enough, we assume that Smax = 2S0 [1].
Dividing Smax into M equally spaced intervals of length ∆S,
we have M+1 points,

0,∆S,2∆S, · · · ,M∆S ,

where ∆S = Smax
M . The (S, t) plane will have the axis ranges

(0, Smax) and (0, T ) and thus the grid will have (M + 1)×
(N +1) points.
The (S, t) plane is shown in figure 3 below [11].

Figure 3. The (S, t) plane.

The point (n,m) on the grid corresponds to the stock
price m∆S where m = 0,1,2, · · · ,M , at time n∆t where n =
0,1,2, · · · ,N. Therefore in this method we denote by Fn,m the
value of the option at time tn when the asset price is Sm. That
is,

Fn,m = F(n∆t,m∆S) = F(tn,Sm) .

From the Black-Scholes PDE, we need to replace the
partial derivatives by approximations based on the Taylor
series expansion about points of interest. Therefore we need
to obtain the approximation for the first order partial derivative
with respect to t and S and the second order partial derivative
with respect to S. By considering the Taylor series expansions
we end up with the relevant finite difference approximations.

The expansion of F(t,S+∆S) in Taylor series gives

F(t,S+∆S) = F(t,S)+FS(t,S)∆S+
1
2

FSS(t,S)(∆S)2

+O
(
(∆S)3

)
, (22)

and thus the first partial derivative is

FS(t,S) =
F(t,S+∆S)−F(t,S)

∆S
+O(∆S) ,

≈
Fn,m+1−Fn,m

∆S
. (23)

This is the forward difference approximation.

Similarly the expansion of F(t,S−∆S) is given by

F(t,S−∆S) = F(t,S)−FS(t,S)∆S+
1
2

FSS(t,S)(∆S)2

−O
(
(∆S)3

)
, (24)

this implies that the first partial derivative is

FS(t,S) =
F(t,S)−F(t,S−∆S)

∆S
+O(∆S) ,

≈
Fn,m−Fn,m−1

∆S
. (25)
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This results to backward difference form of approximation.
Subtracting equation (24) from equation (22) and taking the
first order partial derivative we obtain the central difference
approximation

FS(t,S) =
F(t,S+∆S)−F(t,S−∆S)

2∆S
+O

(
(∆S)2

)
,

≈
Fn,m+1−Fn,m−1

2∆S
. (26)

To obtain the approximation of the second order partial deriva-
tive of the stock price, we add equations (22) and (24) thereby
obtaining

FSS(t,S) =
F(t,S+∆S)−2F(t,S)+F(t,S−∆S)

∆2S

+O
(
(∆S)2

)
,

≈
Fn,m+1−2Fn,m +Fn,m−1

(∆S)2 . (27)

For the time derivatives we have the approximations

F(t +∆t,S) = F(t,S)+∆tFt(t,S)+(∆t)2Ftt(t,S)

+O
(
(∆t)3

)
.

(28)

Hence the forward difference derivative

Ft(t,S) =
F(t +∆t,S)−F(t,S)

∆t
+O(∆t) ,

≈
Fn+1,m−Fn,m

∆t
. (29)

Similarly for backward difference in time we have

F(t−∆t,S) = F(t,S)−∆tFt(t,S)+(∆t)2Ftt(t,S)

−O
(
(∆t)3

)
,

(30)

and therefore we have

Ft(t,S) =
F(t,S)−F(t−∆t,S)

∆t
+O(∆t) ,

Ft(t,S)≈
Fn,m−Fn−1,m

∆t
. (31)

Substituting these approximations into the PDE yields
a difference equation which will be used in obtaining the
approximation for the option value F(t,S).

5. Boundary Conditions
The Black-Scholes PDE has an infinite number of solutions.
Therefore since the price of the European option whose payoff
is given by max(K−ST ,0) must be unique, then we need to
impose some boundary and initial conditions.

It is clear that when the stock value is zero, the Put Option
will be worth the strike price K at time T , and discounting to
time t = 0 we have

Fn,0 = Ke−r(N−n)∆t for n = 0,1,2, · · · ,N . (32)

We can also see that the value of the option will tend to zero
if the value of the underlying asset increases. If we take the
maximum value of the underlying asset Smax = SM , then

Fn,M = 0 for n = 0,1,2, · · · ,N . (33)

Since the value of the Put Option at time T is known, we
can impose the initial condition

FN,m = max(K−m∆S,0) for m = 0,1,2, · · · ,M .
(34)

The initial condition gives us the value of the option F at the
maturity time T and not at the beginning. Therefore we need
to discount to the initial time zero. The price of the option at
time t = 0 for the initial price S0 is given by F0,M

2
and F0,M+1

2
when the number of steps M is even and odd respectively [1].
This is because we took the assumption that Smax = 2S0.

6. Explicit Method
The explicit method is obtained by taking the backward differ-
ence approximation in time, that is, equation (31) and together
with equations (26) and (27), substitute into the PDE taking
note that S = m∆S. Therefore we have

Fn,m−Fn−1,m

∆t
+ rm∆S

Fn,m+1−Fn,m−1

2∆S

+
1
2

σ
2m2(∆S)2 Fn,m+1−2Fn,m +Fn,m−1

(∆S)2 − rFn,m = 0 .

(35)

We can rewrite this so that the present values of the underlying
asset depends on the future values. Hence we have

Fn−1,m = aFn,m−1 +bFn,m + cFn,m+1 ,

where

a =
∆t
2
(σ2m2− rm) ,

b = 1−∆t(σ2m2 + r) ,

c =
∆t
2
(rm+σ

2m2) ,

for n = N−1,N−2, · · · ,1,0 and m = 1,2, · · ·M−1 .

If we assume that the values of ∂F
∂S and ∂ 2F

∂S2 at points (n,m)
are the same as at point (n+ 1,m), then equations (26) and
(27) respectively become

FS(t,S)≈
Fn+1,m+1−Fn+1,m−1

2∆S
, (36)

FSS(t,S)≈
Fn+1,m+1−2Fn+1,m +Fn+1,m−1

∆2S
. (37)
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Therefore substituting (36), (37) and (29) into the PDE (20)
we have

Fn+1,m−Fn,m

∆t
+ rm∆S

Fn+1,m+1−Fn+1,m−1

2∆S
− rFn,m

+
1
2

σ
2m2(∆S)2 Fn+1,m+1−2Fn+1,m +Fn+1,m−1

(∆S)2 = 0 .

(38)

We can rearrange this as

Fn,m =
1

1+ r∆t

(
amFn+1,m−1 +bmFn+1,m + cmFn+1,m+1

)
,

(39)

where the coefficients

am =
σ2m2∆t

2
− rm∆t

2
,

bm = 1−σ
2m2

∆t ,

cm =
rm∆t

2
+

σ2m2∆t
2

,

for n = N−1,N−2, · · · ,1,0 and m = 1,2, · · ·M−1. This is
the explicit method which is accurate to O

(
∆t,(∆S)2

)
. The

coefficients above represent the risk neutral probabilities of the
asset prices S+∆S,S and S−∆S at time t +∆t and their sum
is 1. If they are all non-negative, then they represent the prob-
ability that the underlying asset prices increases, decreases
or remain constant. However at times these coefficients are
negative. This brings numerical instability hence the results
never converge to the required solution of the differential equa-
tion. They are negative when m2σ2∆t > 1 and m < r

σ2 . [16].
Figure 4 below describes the Explicit method [11].

Figure 4. Explicit finite difference.

7. Implicit Method
We have seen that the problem with the explicit method is its
instability condition. The implicit method tries to overcome
this challenge. It aims at approximating the future prices of

the underlying asset using the present values. It is obtained by
substituting the forward difference approximation of the time
derivative, equation (29), and the first and second order partial
derivatives of the stock price given by equations (26) and (27)
into the Black-Scholes PDE. Taking note that S = m∆S we
have

Fn+1,m−Fn,m

∆t
+ rm∆S

Fn,m+1−Fn,m−1

2∆S

+
1
2

σ
2m2(∆S)2 Fn,m+1−2Fn,m +Fn,m−1

(∆S)2 − rFn,m = 0 .

(40)

This can be represented as

Fn+1,m = a∗Fi, j−1 +b∗Fi, j + c∗Fi, j+1 ,

where

a∗ =
∆t
2
(r j−σ

2m2) ,

b∗ = 1+∆t(σ2m2 + r) ,

c∗ =
−∆t

2
(r j+σ

2m2) ,

for n = N−1,N−2, · · · ,1,0 and m = 1,2, · · ·M−1.

This is the implicit finite difference method which is ac-
curate to O

(
∆t,(∆S)2

)
. The Implicit method is shown in

figure 5 below [11].

Figure 5. Implicit finite difference.
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8. Crank-Nicolson Method
The Crank-Nicolson method is the average of the explicit and
implicit methods .Therefore we have

1
2

(
Fn+1,m−Fn,m

∆t
+ rm∆S

Fn+1,m+1−Fn+1,m−1

2∆S

+
1
2

σ
2m2(∆S)2 Fn+1,m+1−2Fn+1,m +Fn+1,m−1

(∆S)2

− rFn+1,m +
Fn+1,m−Fn,m

∆t
+ rm∆S

Fn,m+1−Fn,m−1

2∆S

+
1
2

σ
2m2(∆S)2 Fn,m+1−2Fn,m +Fn,m−1

(∆S)2 − rFn,m

)
= 0 .

(41)

This can be written as

Fn+1,m−Fn,m

=
−rm∆t

4

(
Fn,m+1−Fn,m−1 +Fn+1,m+1−Fn+1,m−1

)

+
r∆t
2

(Fn,m +Fn+1,m)−
σ2m2∆t

4

(
Fn,m+1−2Fn,m

+Fn,m−1 +Fn+1,m+1−2Fn+1,m +Fn+1,m−1

)
.

Rearranging the result is

−

(
σ2m2∆t

4
− rm∆t

4

)
Fn,m−1

+

(
1+

σ2m2δ t
2

+
r∆t
2

)
Fn,m

−

(
σ2m2∆t

4
+

rm∆t
4

)
Fn,m+1

=

(
σ2m2∆t

4
− rm∆t

4

)
Fn+1,m−1

+

(
1− σ2m2∆t

2
− r∆t

2

)
Fn+1,m

+

(
σ2m2∆t

4
+

rm∆t
4

)
Fn+1,m+1 . (42)

We can rewrite equation (42) as

−αmFn,m−1 +(1−βm)Fn,m− γmFn,m+1

= αmFn+1,m−1 +(1+βm)Fn+1,m + γmFn+1,m+1 , (43)

where

αm =
∆t
4
(σ2m2− rm) ,

βm =
−∆t

2
(σ2m2 + r) ,

γm =
∆t
4
(σ2m2 + rm) ,

for n = N − 1,N − 2, · · · ,1,0 and m = 1,2, · · ·M− 1 . This
equation can be represented in a tri-diagonal matrix as


(1−β1) −γ1 0 · · · 0
−α2 (1−β2) −γ2 · · · 0

0 −α3 (1−β3)
. . . 0

...
...

. . . . . . −γM−2
0 0 0 −αM−1 (1−βM−1)



×


fn,1
fn,2
fn,3
...

fn,M−1



=


(1+β1) γ1 0 · · · 0

α2 (1+β2) γ2 · · · 0

0 α3 (1+β3)
. . . 0

...
...

. . . . . . γM−2
0 0 0 αM−1 (1+βM−1)



×


Fn+1,1
Fn+1,2
Fn+1,3

...
Fn+1,M−1

+d

where d is given by

d = [α1(Fn,0 +Fn+1,0),0, · · · ,γM−1(Fn,M +Fn+1,M)]T .

The diagram for a Crank-Nicolson method is shown in
figure 6 below [2].

Figure 6. Crank-Nicolson finite difference.
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8.1 Accuracy of the Crank-Nicolson Method
The accuracy of the three methods is mainly affected by the
truncation errors arising from the finite difference approxi-
mation in the Taylor series expansions. The Crank-Nicolson
approximation is more accurate than either the implicit or
explicit finite difference approximations. It is accurate up

to O
(
(∆t)2,(∆S)2

)
thus it has faster convergence than the

other two methods. As described in [17], it can be shown that
by equating the central difference and the symmetric central
difference at

Fn+ 1
2 ,m
≡ F(t +

∆t
2
,S) ,

one would end up with the Crank-Nicolson method with an

accuracy of O
(
(∆t)2,(∆S)2

)
.

9. Monte-Carlo Simulation
The Monte Carlo simulation, as discussed in [11], is another
important approach used in the valuation of derivatives. Un-
der the risk-neutral assumption, the value of the option is
obtained by calculating the average of the option payoff then
discounting it to the present value under a risk-free interest
rate, r .

Therefore Monte Carlo simulation is a process by which
we generate a large sample of random asset paths which follow
the SDE from equation (4). The option payoff for each path
is computed and the arithmetic mean is evaluated, then the
value is discounted under a risk-free interest rate to obtain an
approximation of the option value.

The mean is obtained by using the concept of the law of
large numbers. It states that if X1,X2, · · · ,Xn are independent
identically distributed sequences of random variables with
finite expectation having similar distribution as the random
variable X , then as n→ ∞,

Xn ≡
1
n
(X1 +X2 + · · · ,Xn)→ E(X) .

We also note that Xn is itself a random variable [16].
In this section, we follow the concepts discussed in [11].

Therefore, in order to simulate the path followed by S, under
risk-neutral measure, we subdivide the life of S into N equal
intervals of ∆t. Thus the SDE from equation (4), that is,

dS(t) = S(t)
(

rdt +σdB̂(t)
)
, (44)

becomes

S(t +∆t)−S(t) = rS(t)∆t +σS(t)Z
√

∆t . (45)

Here S(t) is the price of S at time t and Z ∼N(0,1). Therefore
from this, the value of S at time ∆t is obtained using the initial
value of S, the value of S at 2∆t is obtained using the value of
S at ∆t and so on. The path followed by S is then simulated
using the M random sample from a normal distribution.

We simulate lnS, because it is more accurate than simulat-
ing S, thus from Itô’s lemma, the process followed by lnS is
given by

lnS = (r− σ2

2
)∆t +σdB̂(t) ,

=⇒ lnS(t +∆t)− lnS(t) = (r− σ2

2
)∆t +σZ

√
∆t ,

S(t +∆t) = S(t)exp

(
(r− σ2

2
)∆t +σZ

√
∆t

)
. (46)

Equation (46) is the equation used in constructing the path of
S.

Since r and σ are constants, then

lnS(T )− lnS(0) = (r− σ2

2
)∆t +σZ

√
∆t , (47)

∴ S(T ) = S(0)exp

(
(r− σ2

2
)T +σZ

√
T

)
.

(48)

The accuracy of the option value obtained using the Monte
Carlo simulation depends on the number of sample paths, M.
The higher the number of trials, the more accurate the results
obtained. Therefore as M→ ∞, the option value converges to
the known value of the Black-Scholes equation.

The mean µ which is the estimate of the of value of the
derivative and the standard deviation β is calculated from
the discounted payoff. From the central limit theorem, the
standard error of the approximation, which is itself a random
variable is given by

β√
M

.

Thus a 95% confidence interval for the option price f is given
by

µ− 1.96β√
M

< f < µ +
1.96β√

M
. (49)

One of the advantages of the Monte Carlo simulation is that it
is easy to implement. It is also good in computing the price
of a derivative where the payoff depends on the path followed
by the asset price.

The key disadvantages of the method is that it takes more
computational time in implementation. It is also not efficient
in pricing of American options where early exercise is permit-
ted [11].

10. Results
In this chapter, we present the results obtained in the calcu-
lation of the European Put Option by using a Monte-Carlo
simulation and the Crank-Nicolson method. These results are
then compared to the closed form solution, that is, the solution
obtained from the Black-Scholes formula. These numerical
solutions were obtained by implementing an R program writ-
ten for both methods [18].
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10.1 Solutions by Monte Carlo Simulation
In using Monte Carlo simulation, the results tend to approach
the explicit solution as we increase the number of simulation
paths. The main steps followed in the Monte carlo simulation
are ;

i) Generate a path for the underlying asset prices by a
random walk under a risk-neutral world.

ii) Evaluate the payoff.

iii) Repeat the steps above several times to obtain more
sample values for the payoff.

iv) Evaluate the average of these payoffs to obtain an esti-
mate of the expected payoff.

v) The expected payoff is then discounted at a risk-free
rate to get the required present value of the option.

Example 1: Monte-Carlo simulation
Consider the pricing of a European Put Option with

S0 = 30, K = 60, r = 0.1, σ = 0.2 and T = 3
2 . The option

price obtained by the Black-Scholes equation is 21.68705.
Therefore when using the Monte-Carlo simulation method,
as the number of simulations M → ∞ the results become
more accurate. The problem with this is that it takes more
computational time when M is very large.

The table 1 below compares the accuracy with increasing
the number of Monte-Carlo trials.

Number of simulations M European Put value
100 21.54301
1000 21.77054
10000 21.66821
100000 21.69118
1000000 21.6794
10000000 21.68596

Table 1. Monte-Carlo simulation.

11. Solutions by Crank-Nicolson Method

Example 2: Crank-Nicolson method We need to compute
the European Put value for a non-dividend paying stock whose
initial price S0 = 50, K = 60, r = 0.1, σ = 0.2 and T = 3

2 .
Here we assume Smax = 100. The Black-Scholes price for
the Put Option is 5.817974. The solution set for the European
Put Option is shown in figure 7 below.

Figure 7. The price of a European Put Option by
Crank-Nicolson Algorithm.

Consider the value of the European Put Option when S= 0.
This is on the boundary condition. From the diagram above,
the option will be worth the strike price at terminal time t = T ,
that is, P(0, t) = 60 where t = 1.5. To obtain the present value
of the option, that is, the value at time t = 0 we have

P(0, t) = K exp(−r(T − t)) ,

= 60∗ exp(−0.1∗1.5) ,
= 51.64248 .

This value is shown on the diagram when t = 0.

Similarly, one can easily approximate the value of the Put
Option on the diagram for different asset prices between 0
and Smax at any time from t0 to T .

Example 2.1: Crank-Nicolson method with M = N

Considering example 2 above, it is clear that as we in-
crease the number of the step sizes for both time and stock,
that is, M,N→ ∞, the value obtained approaches the Black-
Scholes price. However, it will take more computational time
when the values of M and N are large (M,N > 500).

Table 2 below shows the results obtained.
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N = M European Put
20 5.74192
50 5.805766
80 5.813204
100 5.814921
200 5.817209
300 5.817633
400 5.817782
500 5.81785
700 5.81791
1000 5.817942

Table 2. Option values when M=N.

Example 2.2: Crank-Nicolson method with M 6= N

Using example 2 above, we now compute the Put Option
price when M 6= N. Similarly, we observe that as we increase
the step sizes the results obtained tend to be accurate (ap-
proaches the Black-Scholes price). It will also take more time
for the computer program to compute for bigger values of M
and N.

The results obtained are shown in table 3 below, and it can
be seen that the solution converges faster when M 6= N than
when we use M = N [17].

N M European Put
20 40 5.798591
40 80 5.813127
60 120 5.815819
80 160 5.816761
100 200 5.817197
200 400 5.817779
300 600 5.817886
400 800 5.817924
500 1000 5.817941

Table 3. Option values when M 6= N.

12. Comparison of the results to the
closed form solution

Example 3: Comparison

In this example we make the comparison of the Euro-
pean Put prices obtained by using the Black-Scholes formula,
Monte-Carlo simulation and the Crank-Nicolson algorithm.
Consider example 2 above where we have the parameters
K = 60 ,r = 0.1 ,σ = 0.2 ,T = 3

2 . We will vary the stock
prices and evaluate the corresponding put price and in the case
of Crank-Nicolson algorithm we assume that Smax = 2S0.
We take the step sizes for the time and stock as N = 200 and
M = 400 respectively.

The values obtained are shown in the table 4 below.

S Black-Scholes Monte carlo Crank-Nicolson
20 31.64258 31.64224 31.37008
30 21.68705 21.68596 21.66453
40 12.49253 12.4918 12.4924
50 5.817974 5.817048 5.817779
60 2.244794 2.244683 2.244479
70 0.7541777 0.754244 0.7541207
80 0.2309951 0.2310311 0.2308693
90 0.06678 0.06691529 0.06678432
100 0.0186759 0.01874987 0.01866138

Table 4. Comparison of solutions.

13. Conclusion
The pricing of derivatives has been made easier by the devel-
opment of the Black-Scholes model as discussed in this paper.
The implementation of the Monte Carlo simulation and the
Crank-Nicolson method made it easier to make a comparison
of the results obtained by these numerical methods to the ex-
plicit solution obtained by using the Black-Scholes formula.
We observed that the results obtained were approximately
equal to the explicit solution.

These results were obtained by implementing the numeri-
cal schemes in R. The R codes for both numerical schemes are
provided in [18]. However we only focused on the case where
the asset is non-dividend paying. Therefore future work, the
pricing of options where the underlying stock yields dividends
will be incorporated.

14. Recommendation
The Black-Scholes model assumes that the underlying asset
follows a normal distribution. In reality, asset returns are
known to follow heavy-tailed distributions. Therefore for
future work, we will consider the use of models which will
incorporate the heavy-tailedness for example the variance
gamma processes.
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