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Abstract- We consider the scattering problem given by the Exterior Helmholtz equation in two dimension by the finite element
method. We use a finite element approximation method for the matrix element which correspond to the exact non-local radiation
boundary condition on the artificial boundary. We propose a mixed type approximation method to implement the exact Dirichlet to
Neumann (DtN) boundary condition that directly gives an approximation matrix for the Helmholtz problem. We use non- uniform
partitioning of the artificial boundary by considering some example for which analytical solution was computed. We prove the
convergence of the solution of our method to the exact solution when the exact DtN boundary condition is applied on a circular
boundary.

Index Terms- Helmholtz equation, Non-local operator, DtN mapping, Artificial boundary condition, Mixed-type method.

I. INTRODUCTION

w

e consider the following exterior Helmholtz problem with boundary and Sommerfeld radiation conditions in two dimensions:

lim √𝑟𝑟 �

𝑟𝑟→∞

𝜕𝜕𝜕𝜕
− 𝑖𝑖𝑖𝑖𝑖𝑖� = 0
𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

−Δ𝑢𝑢 − 𝑘𝑘 2 𝑢𝑢 = 0

= −

𝜕𝜕𝑢𝑢𝑖𝑖𝑖𝑖𝑖𝑖
on ∂Ω
𝜕𝜕𝜕𝜕

in Ω(1)
(3)

(2)

where Ω is the interior of the complement of a bounded obstacle 𝑂𝑂 in ℝ2 with smooth boundary ∂Ω of the scatterer𝑂𝑂. We assume
� is a bounded open set. Δ is the Laplace operator and n is the outward unit normal vector on the scatterer. 𝑢𝑢𝑖𝑖𝑖𝑖𝑖𝑖 is the
that 𝑂𝑂 = ℝ2 \Ω
time harmonic incident wave, which is the plane wave, given by 𝑢𝑢𝑖𝑖𝑖𝑖𝑖𝑖 = 𝑒𝑒 𝑖𝑖𝑖𝑖 .𝑥𝑥 whose direction of propagation is given by the vector 𝑘𝑘.
The boundary condition (3) at infinity is the Sommerfeld radiation condition in two dimensions, which allows only the unique
outgoing wave in the solution of the Helmholtz equation (1) [11].

Figure 1: Obstacle and artificial boundary
To solve the exterior Helmholtz problem by numerical methods in an unbounded domain, it is usual to introduce an artificial boundary
to make the computational domain as a bounded domain. Then some boundary conditions must be imposed on this boundary. An
artificial boundary condition, which is called a Radiation Boundary Condition, is imposed on this boundary such that the solution in
the bounded domain is the same as the behavior of the solution of the original exterior Helmholtz problem. The radiation boundary
condition satisfies the exact Dirichlet to Neumann boundary condition which is defined by Dirichlet to Neumann mapping (DtN
mapping). The exact DtN mapping is defined as the mapping from the Dirichlet data on the artificial boundary to its normal derivative
on the same boundary of the solution of the Helmholtz problem. The DtN mapping is non-local and contains infinite sum whose terms
involve the Hankel functions and their derivatives. In numerical computation, this infinite series is truncated into a finite number of
www.ijsrp.org

International Journal of Scientific and Research Publications, Volume 6, Issue 11, November 2016
ISSN 2250-3153

518

terms.
The non-local radiation boundary conditions expressed as a pseudo-differential operator and considered its numerical approximation.
Also, we introduce a mixed type approximation method for the sesqui-linear form corresponding to the pseudo-differential operator.
This gives a simple finite element matrix for these forms when non-uniform mesh is used. We represent the non-local DtN mapping
on the artificial boundary as a pseudo-differential operator, which is defined as a function of the Laplace-Beltrami operator 𝐷𝐷 2 : =
𝜕𝜕 2

− 2 on the circular artificial boundary. Specifically, the pseudo-differential operator 𝑀𝑀(𝐷𝐷 2 ) gives the sesque-linear form defined by
𝜕𝜕𝜃𝜃
(𝑀𝑀(𝐷𝐷 2 ). , . )Γ 𝑅𝑅 with respect to the basic inner product (. , . )Γ 𝑅𝑅 The Finite element method matrix is then given by [B]RM([B]-1[A]),
where [A] and [B] are finite element matrices corresponding to the sesqui-linear forms (𝐷𝐷 2 . , . )𝐿𝐿2 (0, 2𝜋𝜋) and ( . , . )𝐿𝐿2 (0, 2𝜋𝜋)
respectively. This matrix is used in the finite element approximation of the Helmholtz problem.
In this paper, we implement a mixed type approximation method to obtain a finite element matrix corresponding to the exact Dirichlet
to Neumann boundary condition using non-uniform partition. Then apply this approximation method to the scattering problems.

II. METHODOLOGY
A. Radiation boundary condition
When solving the exterior Helmholtz problem numerically, the unbounded domain Ω is truncated into a bounded domain by
introducing an artificial boundary Γ𝑅𝑅 and an artificial boundary condition is imposed on the Γ𝑅𝑅 (Figure 1). Then artificial boundary
condition is imposed on Γ𝑅𝑅 such that the outgoing scattering waves pass through the boundary without any reflection. This new
boundary condition is referred as radiation boundary condition [9].
We consider the two dimensional polar coordinate system (𝑟𝑟, 𝜃𝜃) in the plane to represent the Helmholtz problem (1) and choose the
artificial boundary as a circle of large enough radius 𝑅𝑅. Let 𝐵𝐵𝑅𝑅 be the circular domain bounded by Γ𝑅𝑅 which includes 𝑂𝑂 in its interior.
The computational domain is then Ω𝑅𝑅 = 𝐵𝐵𝑅𝑅 \𝑂𝑂�.
On Γ𝑅𝑅 , we impose the exact radiation boundary condition
𝜕𝜕𝜕𝜕
|𝑥𝑥| = 𝑅𝑅,
= −𝑀𝑀𝑀𝑀,
𝜕𝜕𝜕𝜕

where𝑀𝑀 is the Dirichlet- to -Neumann (DtN) mapping because it maps the Dirichlet data of a solution to the exterior Helmholtz
problem with respect to the exterior of Γ𝑅𝑅 to the corresponding Neumann data. The exact solution 𝑢𝑢(𝑟𝑟, 𝜃𝜃)for (1) outside the𝐵𝐵𝑅𝑅 has the
following representation:
2𝜋𝜋

∞

where𝐻𝐻 (1) (𝑥𝑥, 𝑚𝑚) =

(1)
𝐻𝐻𝑚𝑚 (𝑥𝑥)

𝐻𝐻 (1) (𝑘𝑘𝑘𝑘; 𝑚𝑚)
1
� (1)
� 𝑢𝑢(𝑅𝑅, 𝜙𝜙)𝑒𝑒 𝑖𝑖𝑖𝑖 (𝜃𝜃−𝜙𝜙 ) 𝑑𝑑𝑑𝑑 ,
𝑢𝑢(𝑟𝑟, 𝜃𝜃) =
2𝜋𝜋
𝐻𝐻 (𝑘𝑘𝑘𝑘; 𝑚𝑚)
𝑚𝑚 =−∞

0

is the Hankel function of the first kind of order 𝑚𝑚. And
∞

2𝜋𝜋

′

𝜕𝜕𝜕𝜕
𝑘𝑘
𝐻𝐻 (1) (𝑘𝑘𝑘𝑘; 𝑚𝑚)
|𝑟𝑟=𝑅𝑅 =
�
� 𝑢𝑢(𝑅𝑅, 𝜙𝜙)𝑒𝑒 𝑖𝑖𝑖𝑖 (𝜃𝜃−𝜙𝜙 ) 𝑑𝑑𝑑𝑑 .
𝜕𝜕𝜕𝜕
2𝜋𝜋
𝐻𝐻 (1) (𝑘𝑘𝑘𝑘; 𝑚𝑚)
𝑚𝑚 =−∞

The DtN operator 𝑀𝑀 can be analytically represented as follows:
∞

0

2𝜋𝜋

′

𝑘𝑘
𝐻𝐻 (1) (𝑘𝑘𝑘𝑘; 𝑚𝑚)
(𝑀𝑀𝑀𝑀)(𝜃𝜃) = −
�
� 𝜔𝜔( 𝜙𝜙)𝑒𝑒 𝑖𝑖𝑖𝑖 (𝜃𝜃−𝜙𝜙 ) 𝑑𝑑𝑑𝑑 .
2𝜋𝜋
𝐻𝐻 (1) (𝑘𝑘𝑘𝑘; 𝑚𝑚)
𝑚𝑚 =−∞

The reformulated problem in the bounded domain Ω𝑅𝑅 is then given as
𝑖𝑖𝑖𝑖𝑖𝑖

Δ𝑢𝑢 − 𝑘𝑘 2 𝑢𝑢 = 0

𝜕𝜕𝜕𝜕
𝜕𝜕𝑢𝑢
= −
on ∂Ω
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕
= −𝑀𝑀𝑀𝑀
on Γ𝑅𝑅 (6)
𝜕𝜕𝜕𝜕

0

(5)

in Ω𝑅𝑅 (4)
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B. Variational formulation
Variational formulations are derived by a given finite exterior domainΩ𝑅𝑅 . The Helmholtz equation (1) is multiplied by a test function
𝑣𝑣 , where 𝜈𝜈 ∈ 𝑉𝑉 ≡ 𝐻𝐻1 (Ω𝑅𝑅 ), 𝐻𝐻 𝑠𝑠 (Ω𝑅𝑅 )is the Sobolev space of order 𝑠𝑠 ∈ ℝ in Ω𝑅𝑅 and then integrated over Ω𝑅𝑅 . This gives a sesqui-linear
form after integration by parts:
𝜕𝜕𝑢𝑢𝑖𝑖𝑖𝑖𝑖𝑖
, 𝑣𝑣� = 0
𝑎𝑎(𝑢𝑢, 𝑣𝑣) + < 𝛾𝛾𝛾𝛾, 𝛾𝛾𝛾𝛾 >𝑀𝑀 + �
𝜕𝜕𝜕𝜕
𝜕𝜕Ω
where𝛾𝛾 ∶ 𝐻𝐻1 (Ω𝑅𝑅 ) → 𝐻𝐻 1⁄2 (Γ𝑅𝑅 )is the trace operator and the sesqui-linear forms 𝑎𝑎(. , . ), <. , . >𝑀𝑀 and (. , . )𝜕𝜕Ω are respectively.
𝑎𝑎(𝑢𝑢, 𝑣𝑣) = � �
Ω 𝑅𝑅

2𝜋𝜋

𝜕𝜕𝜕𝜕 𝜕𝜕𝑣𝑣̅ 1 𝜕𝜕𝜕𝜕 𝜕𝜕𝑣𝑣̅
+
− 𝑘𝑘 2 𝑢𝑢𝑣𝑣̅ � 𝑟𝑟 𝑑𝑑𝑑𝑑 𝑑𝑑𝑑𝑑,
𝜕𝜕𝜕𝜕 𝜕𝜕𝜕𝜕 𝑟𝑟 𝜕𝜕𝜕𝜕 𝜕𝜕𝜕𝜕

𝑝𝑝, 𝑞𝑞 ∈ 𝐻𝐻1⁄2 (Γ𝑅𝑅 )

< 𝑝𝑝, 𝑞𝑞 >𝑀𝑀 = � (𝑀𝑀𝑀𝑀)(𝜃𝜃)𝑞𝑞�(𝜃𝜃) 𝑅𝑅 𝑑𝑑𝑑𝑑 ,

and (𝑓𝑓, 𝑔𝑔)𝜕𝜕Ω = ∫𝜕𝜕Ω 𝑓𝑓𝑓𝑓 𝑑𝑑𝑑𝑑 ,

0

𝑢𝑢, 𝑣𝑣 ∈ 𝐻𝐻1 (Ω𝑅𝑅 )

𝑓𝑓, 𝑔𝑔 ∈ 𝐿𝐿2 (𝜕𝜕Ω).

(7)

Now, based on the element partitioning of the computational domain, we introduce a finite dimensional subspace 𝑉𝑉ℎ of 𝑉𝑉. Then the
finite element approximation is to find 𝑢𝑢ℎ ∈ 𝑉𝑉ℎ such that
𝜕𝜕𝑢𝑢𝑖𝑖𝑖𝑖𝑖𝑖
𝑎𝑎(𝑢𝑢ℎ , 𝑣𝑣ℎ ) + < 𝛾𝛾𝑢𝑢ℎ , 𝛾𝛾𝑣𝑣ℎ >𝑀𝑀 + �
, 𝑣𝑣ℎ � = 0 ,
∀ 𝑣𝑣ℎ ∈ 𝑉𝑉ℎ .
𝜕𝜕𝜕𝜕
𝜕𝜕Ω
C. Finite Element Method

The computational domain is discretized with the first order triangular element. Triangular mesh was created using the pdetool method
in Matlab (version 7.6.0.324 (R2008a)). From the mesh the triangle node numbers, Co-ordinates of the triangle node and boundary
node number of the computational domain are retrieved. Global stiffness matrix and general force vector are assembled using the
mesh data. Then the element stiffness matrices are assembled to the boundary of the computational domain. After that the mixed type
approximation matrix is calculated using the equation [𝐵𝐵]𝑅𝑅𝑅𝑅([𝐵𝐵]−1 [𝐴𝐴]). This matrix is also assembled with the global stiffness
matrix. The incident wave is applied at the obstacle. The mixed type approximation method solution is computed.
The element stiffness matrix is evaluated for each element and is assembled over the entire region according to the global node
numbering to obtain a global matrix equation. The global stiffness matrix is assembled by adding the coefficients of the element
matrices with an entries corresponding to their global nodal numbers. Then the global stiffness matrix is assembled with the mixed
type approximation matrix 𝑀𝑀Mixed .
D. Mixed type approximation matrix

Commonly, the non-local operator in the radiation boundary condition is expressed in the form of Fourier series. Hence the operator
itself, the corresponding sesqui-linear form and the finite element matrix with respect to a partition of the artificial boundary are all
expressed in infinite series. In numerical computation, the infinite series is reduced to a finite sum, which introduces some additional
truncation error.
We observe that the non-local operator is a pseudo differential operator expressed as a function of the Laplace-Beltrami operator
𝜕𝜕 2

𝐷𝐷 2 = − 2 on the artificial boundary and define a Finite Element approximation matrix which we call a mixed type approximation
𝜕𝜕𝜃𝜃
matrix corresponding to the sesqui-linear form of the operator with respect to a given partition.
Specifically, the pseudo-differential operator 𝑀𝑀(𝐷𝐷 2 ), as a function of a differential operator 𝐷𝐷 2 is defined as follows:
𝑀𝑀(𝐷𝐷 2 ) = −𝑘𝑘

′

𝐻𝐻 (1) �𝑘𝑘𝑘𝑘; √𝐷𝐷2 �
𝐻𝐻 (1) �𝑘𝑘𝑘𝑘; √𝐷𝐷2 �

.

With the same partition and basis-functions, the finite element matrices corresponding to the sesqui-linear forms (𝑝𝑝′ , 𝑞𝑞 ′ )𝐿𝐿2 (0,2𝜋𝜋) and
(𝑝𝑝, 𝑞𝑞)𝐿𝐿2 (0,2𝜋𝜋) respectively are given by [𝐴𝐴]and [𝐵𝐵], where ℎ𝑖𝑖 , 𝑖𝑖 =1, 2, ⋯, 𝑁𝑁−1 are the length of the boundary element.
www.ijsrp.org
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1
+
⎧
⎪ℎ𝑖𝑖−1 ℎ𝑖𝑖
⎪
⎪ − 1
⎪ ℎ𝑖𝑖−1
⎪
[𝐴𝐴] = �𝐴𝐴𝑖𝑖𝑖𝑖 � =
1
⎨ −
ℎ𝑖𝑖−1
⎪
⎪
⎪− 1
⎪ ℎ𝑁𝑁−1
⎪
⎩ 0

if

520

𝑖𝑖 = 𝑗𝑗
if 𝑖𝑖 = 𝑗𝑗 + 1
if 𝑖𝑖 = 𝑗𝑗 − 1
if 𝑖𝑖 = 𝑁𝑁 − 1, 𝑗𝑗 = 1 and 𝑖𝑖 = 1, 𝑗𝑗 = 𝑁𝑁 − 1
elsewhere ,

where index 0 is regarded 𝑁𝑁 − 1 ≡ 0.

2
⎧ (ℎ𝑖𝑖−1 + ℎ𝑖𝑖 ) if 𝑖𝑖 = 𝑗𝑗
⎪6
⎪
⎪1 ℎ
if 𝑖𝑖 = 𝑗𝑗 + 1
⎪6 𝑖𝑖−1
⎪
[𝐵𝐵] = �𝐵𝐵𝑖𝑖𝑖𝑖 � = 1
if 𝑖𝑖 = 𝑗𝑗 − 1
⎨ ℎ𝑖𝑖−1
6
⎪
⎪
⎪1 ℎ
if 𝑖𝑖 = 𝑁𝑁 − 1, 𝑗𝑗 = 1 and 𝑖𝑖 = 1, 𝑗𝑗 = 𝑁𝑁 − 1
⎪6 𝑁𝑁−1
⎪
⎩0
elsewhere ,

where index 0 is regarded 𝑁𝑁 − 1 ≡ 0.

The mixed type approximation matrix is defined as follow:
Definition: A mixed type approximation matrix corresponding to the sesqui-linear form <. , . >𝑀𝑀 defined in the equation (7) for the
pseudo-differential operator 𝑀𝑀(𝐷𝐷 2 ) with respect to a partition of Γ𝑅𝑅 is defined by
𝑀𝑀Mixed = [𝐵𝐵]𝑅𝑅𝑅𝑅([𝐵𝐵]−1 [𝐴𝐴]),
where the matrices [𝐴𝐴] and [𝐵𝐵] are given above and 𝑅𝑅 is the radius of the circular artificial boundary.

The matrix 𝑀𝑀Mixed is a function of the matrices [𝐴𝐴] and [𝐵𝐵] and also its eigenvalues can be expressed as a function of the eigenvalues
of the matrices [𝐴𝐴]and [𝐵𝐵]. Therefore the 𝑗𝑗 th eigenvalue 𝜆𝜆𝑗𝑗Mixed of 𝑀𝑀Mixed is given by
𝜆𝜆𝑗𝑗Mixed = 𝑅𝑅𝑅𝑅�𝑣𝑣𝑗𝑗2 �𝜆𝜆𝑗𝑗𝐵𝐵

where𝑣𝑣𝑗𝑗2 =

𝜆𝜆 𝐴𝐴
𝑗𝑗

𝜆𝜆 𝐵𝐵
𝑗𝑗

is the eigenvalue of 𝐵𝐵−1 𝐴𝐴 and 𝜆𝜆𝑗𝑗𝐴𝐴 and 𝜆𝜆𝑗𝑗𝐵𝐵 are the eigenvalues of the matrices [𝐴𝐴] and [𝐵𝐵] respectively.

The eigenvalues 𝜆𝜆𝑗𝑗Mixed in above of the mixed type approximation matrix are expressed in one term. The function 𝑀𝑀(𝑣𝑣 2 )is the
logarithmic derivative of the Hankel function of the first kind of fractional order 𝑣𝑣. That is
′
𝐻𝐻 (1) (𝑘𝑘𝑘𝑘; 𝑣𝑣)
𝑀𝑀(𝑣𝑣 2 ) = −𝑘𝑘 (1)
.
𝐻𝐻 (𝑘𝑘𝑘𝑘; 𝑣𝑣)
The computation of this function requires the computation of the Hankel function and its derivative.
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III. NUMERICAL RESULTS
We present some of the results of numerical testing of our application of the mixed type method. In order to test the convergence of
the computed solutions, we compared the computed solutions with the exact solution as the non-uniform mesh size decreases.

Figure 2: Convergence of mixed and exact solutions

Table 1: Maximum difference between the computed solution and the exact solution
Wave

Number of

Number

Nodes

π

1.4π

Errors

246

0.5481

984

0.3400

3936

0.1912

246

1.4320

984

0.9902

3936

0.5750

The figure shows that the difference between the computed solutions of exact and mixed type finite element method converge.
To see the difference between the computed solutions and the exact solution, we computed the maximum difference
∥ 𝑢𝑢exact − 𝑢𝑢Mixed ∥∞, Ω 𝑅𝑅,ℎ = max �𝑢𝑢exact (𝑥𝑥) − 𝑢𝑢Mixed (𝑥𝑥)�
𝑥𝑥∈ Ω 𝑅𝑅,ℎ

and plotted against the non-uniform mesh size, where Ω𝑅𝑅,ℎ is the discretized computational domain. The results are shown in Table 1.
For the finite element mesh, we choose the mesh size from 246 to 3936. Figure 2 shows that the number of nodes increases, that is
mesh size decreases, the error decrease. So our mixed type method is convergent.
Here we consider some examples of circular, elliptical and square obstacle with various wave numbers. For the first test, we
considered an example of a circular obstacle of radius 𝑎𝑎 = 1 with artificial boundary radius 𝑅𝑅 = 4. The incident wave is a plane
wave
in the 𝑥𝑥-
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axisdirection 𝜙𝜙 = 0. We choose the wave number 𝑘𝑘 = 𝜋𝜋, 1.4𝜋𝜋.

Figure 3: Incident, Scattered & Total waves respectively for the circular obstacle, k=1.4π, φ =0

Figure 4:Incident, Scattered & Total waves respectively for the circular obstacle, k=π, ϕ =π/4

For the elliptical obstacle, the major axis and minor axis are 2a = 4 and 2b = 2 respectively. The artificial boundary is a circle of radius
R = 3. Figure 5 shows that the incident waves inthe direction of 𝑥𝑥-axis from the right, scattering waves and total waves with the wave

number 𝑘𝑘 =

3𝜋𝜋
2

.

Figure 5: Incident, Scattered & Total waves respectively for the elliptical obstacle, k = 3π/2, φ = 0

For the square obstacle, the length of square is 2. The artificial boundary is a circle of radius R = 4. Figure 6 shows that the scattering
𝜋𝜋
waves corresponding to the incident wave with the wave number 𝑘𝑘 = 1.5𝜋𝜋 and wave direction 𝜙𝜙 = .
3
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Figure 6: Incident, Scattered & Total waves respectively for the circular obstacle, k = 1.5π, φ = π/3

IV.

CONCLUSION

We propose an approximation method to implement the exact Dirichlet to Neumann boundary condition that directly gives an
approximation matrix for the Helmholtz problem. We define a mixed type approximation matrix to implement the sesqui-linear forms
corresponding to the DtN operator for non-uniform partitions.
Numerically, we confirm the convergence of the solution by considering an example of a circular obstacle for which analytical
solution can be derived and computed. The numerical results show that our mixed type method converges to the exact solution.
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