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Abstract- This paper illustrates numerical results of millimeter wave scattering, based on a model of flat sea-surface covered by foams.
This model considers the structure of foam as coated spherical particles that are randomly distributed within a cubic domain. The cubic
domain is divided into five (5) two dimensional 2D slices of foam layers. Electromagnetic wave with unit amplitude was propagated
through each slice of sea-foam layer for accurate prediction of millimeter wave scattering due to the interaction between the EM wave
and randomly distributed air-bubbles. The Finite difference method solution of the parabolic equation method was used in investigating
diffused reflections from the foam-covered sea-surface. Results obtained using this method was compared with other experimental
results which appear to show a good agreement.

Index Terms- Millimeter wave, Scattering, Foam covered sea surface, thin phase scattering screens.

l. INTRODUCTION

he parabolic equation method is a one-way propagation model which is derived from the Helmholtz wave equation. By decoupling

of Maxwell’s equations, the Helmholtz equation is obtained [1,2]. Tappert was first to suggest the split-step Fourier solution for

solving PE models [2]. This method was historically proposed initially by Tappert [3,4] in the early 1970s to solve the non-linear
Korteweg-de Vries (Kdv) wave equation with constant coefficients. Hardin and Tappert presented a further application of the split-step
Fourier transform (SSFT) solution to non-linear and variable coefficient wave equations [5]. Tappert [3] illustrated that the SSFT method
is accurate and unconditionally stable for solving parabolic wave equation with variable coefficient. The split-step algorithm has been
widely deployed to solve the SPE ever since it was developed by Hardin and Tappert [5] in the early 1970s. The technique is
computationally efficient for long-range, narrow-angle propagation problems with negligible bottom interactions [2].
Reflection and refraction effects of millimeter wave (mmW) interactions with densely packed particles (air-bubbles) are physical
oceanographic and marine geological features [2]. In many scenarios, the three dimensional (3D) models are adequate for accurate
prediction of electromagnetic wave (EM) field propagation through random media. Tolstoy [6] reported a variety of 3D modelling
techniques for describing EM wave propagation through random media over the past decades. In this article, we adopt the parabolic
equation (PE) method, which was introduced by Tappert in the early 1970s for two dimensional (2D) one-way EM wave propagation
problems. The PE Method is very effective and efficient in modelling long- range EM wave propagation in the ocean. However,
propagation is mainly wide-angled with many bottom interacting paths for short-range, deep-water and shallow water problems.
The principal advantages of the various parabolic wave equations derived below is that it constitutes an initial value problem in range
and hence can be solved by a range marching numerical technique, given a source field distribution over depth at the initial range.
Over the years, several different solution techniques have been implemented in computer codes [7], but only the split-step Fourier
technique and various finite-difference/finite-element techniques have gained widespread use in the underwater acoustic community.
Before going into details on the numerical solution schemes, let us briefly point out some advantages and disadvantages of these two
main solution techniques [2].
This requires the use of wide-angle PEs, which can be solved only by finite difference or finite elements. Moreover, the strong speed
and density contrasts encountered at the water-bottom interface adversely affect the computational efficiency of the split-step technique,
which in cases of strong bottom interaction requires an excessively fine computational grid (Ax, Az). Hence, the advantage of higher
computational efficiency of the split-step technique is entirely lost in situations with strong bottom interactions [8].
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Finite-difference and Finite-element solutions are applicable to PE for arbitrary large angles. The main drawback of these schemes is
that, for long range the split-step solution is more efficient and also for narrow angle with minimal or no bottom interaction. The split-
step solution remains the most adopted technique for performance prediction as it is more suitable to solving many practical oceanic
surface problems [9].

Conversely, the finite-difference and finite-element schemes have widespread application for wide-angle and bottom interacting
boundaries. It is prominent for providing higher accuracy in these domains.

The most recent development in terms of efficient PE solution schemes is a split-step Pade’ approximations derived by Collins [10]. He
uses higher order Pade’ approximations not the square root operators. The result is a considerable efficiency gain through the use of
higher range step. Thus, the scheme is claimed to be more than an order of magnitude faster than standard FD/FE solution techniques.
This could create a unified PE solution approach where the accurate high angle PEs can be solved with the efficiency of the classical
split-step Fourier scheme [2].

Il. EVALUATION OF EFFECTIVE DIELECTRIC CONSTANT OF SEA-FOAM

Figures A-E in [11] comprise of 3D (three dimensions) slices of randomly packed spheres in a unit cube. These slices were later
translated to 2D slices of randomly packed circles. The conversion of 3D randomly packed spheres to 2D packed circle was achieved
by calculating the radii of each individual circle using the concept of intersection of a sphere and a plane. The 2D slices were discretized
with grid sizes Ax and Ay which leads to intersection of the circles bounded in a unit square with some grid points. The grid sizes were
sampled such that the edges of the circles circumference which intersects with grid points farther from the inner grids bounded by the
circles are negligible.

Estimate of the effective dielectric constant of sea foams were made by modelling the randomly packed bubbles as concentric circles in
2-D where the outer circle is a mixture of air and seawater while the inner circle contains about (80 — 95) % air, with these estimates
we were able to calculate the area of the annulus (ring) as the radii of the outer circles are known [11].

The dielectric constant of seawater at fixed salinity 34 psu and sea surface temperature 20°C. The dielectric constant of air is taken as
1.00005 + 0.0000i. The area of the circles in each slice was calculated using the total number of grid points. The effective dielectric
constants of sea foams at frequencies 10.7 GHz and 37.0 GHz were calculated for 5 slices of randomly packed air-bubbles coated with
thin layer of seawater [2].

FREQUENCY 10.7 GHz 37 GHz
Slice 1 1.0948-0.1251i 1.0006-0.0332i
Slice 2 1.1248-0.1507i 1.0108-0.0239i
Slice 3 1.1622-0.1810i 1.0225-0.0344i
Slice 4 1.1983-0.2072i 1.0315-0.0569i
Slice 5 1.2271-0.2277i 1.0465-0.0637i

Table 3.1. Results for Dielectric constant of sea foam at frequencies of 10.7 GHz and 37 GHz for 5 2-D Slices of randomly packed air-
bubbles covered with thin-layer of seawater [2].

I1l. FINITE DIFFERENCE ALGORITHM OF ALGORITHM OF PARABOLIC EQUATION
The wide-angled and exponential pseudo-differential operator was approximated using a sum of Padé(1,1) functions as

f(o,x) = exp(6(vV1 + x)) 1)

This is a function of the variable x, with complex parameter ¢. Implementing a Taylor series expansion of the function f in terms of the
variable x, about the point x = 0 yields
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1+ax

fi(o,x) = exp(o) (3)

1+bx
where ¢ = ikyAz

The Padé(1,1) formula is obtained by matching the Taylor expressions to degree two (2) of f and f;. This is nicely done as shown

1+ax o o(c—-1) x2
= 14+ x4 2D
1+bx 2 4 2!

+0(x?) (4)

The Padé(1,1) coefficients a and b are
1 1-o

+o
a=="b== ®)

The approximation f; (g, x) can be expressed in terms of Padé coefficients a and b

1+3%
fi(o,x) = exp(a(y1 +x)) = exp(0) <75 (6)
4
The Split-step formal matching expression is as shown
i+o
u(z + Az, x) = ﬁu(z, X) (7)
The implicit numerical integration scheme of (7) is given as
1—-o0 1+o0
{1 +— x} utl = {1 + x} u" (8)

This was achieved by central finite differencing of the depth operator Z;, with respect to the depth variable z.

The depth variable is discretized as z = z + (1/2)Az.
1+ bZpu™t = (1 + aZy)u" 9)
Further algebraic expression of (9) yields

u™ + bZpu™tt = ut + aZyu (10)
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Expression of Z,u™*! and Z,u™ as sum of second-order partial differential equation and dielectric constant of

the media is given below

1 azun+1

Zyutt = 23, + (n? — Dunt? (11)
2,,n

Zpu = k—lz% + (n? = Dun (12)

Applying second-order finite central difference method yields

0%u(z;, xn) _ —ul + 1eultt — 30uMtt + 16ult — ultt)
0z2 12Az2 (13)
Substituting the expression for % in (13) into (11) yields
Zyutt = > k2 v — 5 (ulh 16wl = 30uPtt + 16ult — ulh Y + (n? — Duftt (14)
Where A = and C = (n? — 1), (14) becomes
Zpu™t = A{—ulH + 16ult — 30ult + 1eu — ulY + Culttt (15)
and can be further expressed as
Zpu™t = —Aul + 16Aul — 30Aul + Cul'tt + 164Ul — Ault) (16)
Substituting Z,u™*! in (16) into the left-hand side (LHS) of (10) gives
u™t + b {—Aul) + 164Ul — 30Ault + Cultt + 16Aul — Ault Y (17)

which is further expressed as
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u™t + —b Ault + 16b AUl — 30Abultt + by Cul™t?t + 16b Aul! — b Ault) (18)

Taking like terms we obtain

—b Ault + 16b, AulH(=30b,A + by C + Dul*t + 16b Aul*!t — b Ault)} (19)

Similarly, Z,uj* can be expressed as

Zyul = A{—uj, + 16ul,; —30ul + 16u ; —ui*,} + Cul! (20)

and

ul + Zpyul = ul + a {—Aul,, + 16Au?,; — 30Au? + Cul' + 16Au* ;, — Aui*,} (21)

substituting equation (21) into the right-hand side (RHS) of (20) yields

ul' — aAul, + 16a,Aul,; — 30a,Auf + a;Cul + 16a,Aujt | — a;Aul,  (22)

Taking like terms gives

—a,Aul,, + 16a,Aujy; + (—=30a;4 + a,C + Du + 16a,Auj* | — a,Auj,  (23)

Let’s denote « = —a; A4, B = 16a,4,y = (=30a;A+ a,C +1),{ = —b;A,n = 16b;A and

Therefore, equation (23) becomes

“uln++21 + Bu’ln++11 + Vulnﬂ + ﬁu?jll + au{‘_“'zl = Quiy, T nu, AU Hnuit g + qui, (24)

Equation (24) in matrix form is written as

XinUni1 = YUy (25)
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where X,, and Y,,, are m X m pentadiagonal or tridiagonal matrices while U,,,, and U,, are column vectors of

same dimension m. The animated form of (25) is shown below.

yBa0000y ,ni Ang0000y ,n.
/ﬁyﬁaOOO\ ynH /n/anOOO\ um
aByBalo i+l InAn¢00 A
OapBypBabd =[0{naAnd 0 (26)
00apBypa : 00{niAnd :

000afyfB \ \oooqn/’tn/ /
\OOOOaﬁy uiy 0000¢nA/ i

The solution to (26) is obtained by solving two pentadiagonal matrices. This can be solved using Gaussian
elimination method, LU decomposition, inverse method, Jacobi’s method, Gauss Siedel method, etc. Here,
equation (26) was reduced by the matrix-vector product of Y,, and U,, to obtain (Ax = b) expressed in block

matrix form as given below.

(A ) = (b) (27)

The input parameters of algorithm comprise of A(m x m) non-singular square matrix and vector b(m X 1) on
the RHS in the animation, the output solution vector is expressed as x(m X 1) returned at the end of the routine.
The square pentadiagonal matrix A have entries y, 8, and a while b have 4,1, and {. The parameters y, §, and a

were pre-computed using the expressions below.
al‘l al‘z T al‘m 1
/a2,1 azy - - . az,m\ l,by 1

Az Az2 - - . Q2 I S | Umm
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Algorithm: Numerical Computation of Split-Step Padée(N, M) Solution to EM Wave Propagation

through Layers of Foam-Covered Sea-surface using LU Decomposition and Backward Substitution

Require: A4, b
Ensure: x
procedure LUMAT (A, x,b)

LU « decomposition(A) using Crout's algorithm

forj=123....N do

ulj = alj

1:

2

3

4

5:  end for
6 fori=123....N do
7 ;=1

8 end for

9

fori=23....N do

21: x(:,0) « LUBKSB(LU, INDX,b(:,i)) o BackSubstitution

10: = "y
11: endfor
12: forj=123....N do
13: fori=123....N do
i-1
14: Ujj = a;j — Zk=1lij Uy
15: end for
16: fori=j+1,j+2,...N do
j—-1

18: end for

19: end for

20: fori=1:N do

22: endfor

23: end procedure
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IV. RESULTS AND FINDINGS

Angular spectrum at 10.7GHz
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Figure 4.1: Angular Spectrum of Diffused Reflected Wave Field at 10.7 GHz.
In Figure 4.1, the angular spectrum of diffused reflected wave field as a function of spectral wavenumber
in radians at 10.7 GHz for both horizontal polarization (TE) and vertical polarization (TM) are shown. Here, the
angular spectrum of the reflected wave fields at slice thickness §, = 2mm for a deep phase scattering screen is a

function of the spectral wavelength (p, q) for one dimensional (1D) problem. The broadening of the peaks in

Figure 4.1 are attributed to exp(iAz+/k2? — (p? + g2)). When the k? approaches p? + g2, the peaks of the angular
spectrum are spread or broadened across (p, q) spectral domain. This happens as shown in Figure 4.1 at low
WindSat frequency of 10.7 GHz when k? « p? + g2. However, it is obvious that the peaks of the diffused
reflected wave field for (TE) mode are higher than that of (TM) mode.
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Angular spectrum at 37GHz
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Figure 4.2: Angular Spectrum of Diffused Reflected Wave Field at 37 GHz.

The angular spectrum of diffracted wave field at 37 GHz is shown in Figure 4.2. Figure 4.2 illustrate that
the higher the frequency, the sharper and narrower the diffused reflected peaks because the diffraction effects of

the scattering is reduced with increasing frequency. This is due to the relationship between the wavenumber k
and the spectral wavenumbers (p? + g?). From the expression k = Zﬂ/)u where A is the wavelength of the

incident wave field which decreases with increase in frequency. For propagation frequency 37GHz, with effective
dielectric constant of seafoam at various slices shown in Table 3.1, the wave field undergoes significant
attenuation as it travels through slice 1 to slice 5. The amplitude of TE polarized wave field is higher than TM
polarized wave field as shown in Figure 4.2. For thin phase scattering screen §, = 0.2mm, the dominant factor

for attenuation of the wave field is scattering at the sea surface.
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.1o2Angular spectrum at 37GHz for 30° incidence angle
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Figure 4.3: Angular Spectrum of Diffused Reflected Wave Field at 37 GHz for Incidence Angle of 30°

In Figure 4.3, the angular spectrum of the scattered wave field at 37 GHz for an incident angle of 30°
shows that for both TE and TM modes, there are more diffused reflections when compared to Figure 4.4 with an
incident angle of 45°. It was observed that the attenuation of the field when it interacts with randomly distributed
air-bubbles with different complex effective dielectric constants was due to scattering and increases with increase
in the angle of incidence of the propagating wave field. Here, phase variations of the wave fields through foam
layers with varying refractive indices appears incoherent which exemplifies diffuse scattering. Figure 4.4 shows
that there are more interactions between the wave field and randomly distributed sea foams which can be
attributed to scatterers which are closely packed with irregular boundaries and propagating angle of incident of
45°,
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Angular spectrum at 37GHz for 45° incidence angle
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Figure 4.4: Angular Spectrum of Diffused Reflected Wave Field at 37 GHz for Incidence Angle of 45°

V. CONCLUSION

We were able to illustrate that extinction of propagated wave field through thin phase scattering screens are due
to diffused reflections by sea foam coved sea surface which builds up as the wave field travels through slices of
sea foam layers. For thin phase scattering screens with low slice thickness (&;), scattering is the dominant factor
for extinction of the wave field while absorption is responsible for extinction of the wave field for large slice
thickness. Extinction of the wave field depend on frequency of the propagated field, slice thickness, depth of sea
foam layer, effective dielectric constant of sea foam, foam void fraction, angle of incident wave field and

polarization.
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