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I. INTRODUCTION AND DEFINITIONS 

he general topology has become foundation of knowledge for 

all branches of mathematics. Its methods have enriched other 

fields of mathematics and also give enough clues to their new 

development. 

         In this work, we compared compactness property and its 

related notions within metrics and topological spaces, we further 

study the implication of the notions. As we know, sequences are 

not sufficient for the study of general topological spaces, that is 

why sequential compactness is not a best notion. Compactness is 

the most important property of topological space, it has very wild 

application to both analysis and functional analysis [1]. [5] The 

following definition below leads us to the main work as we can 

see in [5], [7]. 

 

         Definition 1.1: Suppose 𝑋 is a topological space. A cover of 

𝑋 is a family 𝑂 ⊆ 𝑝(𝑋) of subset of 𝑋 such that ⋃𝑂 = = 𝑋𝐴∈𝑂
⋃ 𝑂 . 

This cover is open if every 𝐴 ∈ 𝑂 is closed. 

 

         Definition 1.2: Suppose 𝑋 is a topological space. A 

subfamily 𝐵 ⊆ 𝑂 of a cover O is said to be a subcover iff ⋃𝐵 =. 

 

         Definition 1.3: A topological space X is said to be compact 

if every open cover of X has a finite subcover. i.e for each open 

cover {𝑂}∝𝑖
 of 𝑋 ∃ a finite subset of index set {∝1, ∝2, … , ∝𝑛} such 

that ⋃𝑂∝𝑖
= 𝑋. 

 

         Definition 1.4: [6] A topological space X is Lindelöf if every 

open cover has a countable subcover. 

Example: (i) Every finite space is compact  

(ii) Closed and bounded interval [𝑎, 𝑏] in ℝ is compact while 

bounded interval (𝑎, 𝑏) in 𝑅 is not compact. To show this, let 𝐿 =
𝑏 − 𝑎 and consider the collection ⋃ = {𝑈𝑛: 𝑛 ∈ 𝑁} of open 

subsets of (𝑎, 𝑏) given by 𝑈𝑛 = (𝑛 +
𝑙

𝑛
, 𝑏). Then, 𝑈 is a cover of 

(𝑎, 𝑏) infact 𝑎 < 𝑥 < 𝑏 ⇒ 𝑥 − 𝑎 >
𝑙

𝑛
 for some integer 𝑛 ≥ 1 and 

then 𝑥 ∈ 𝑈𝑛. However, if 𝐹 is any finite subcollection of 𝑈, then 

𝑎 +
𝐿

𝑀+1
∉ 𝑈𝑛, 𝑈𝑛 ∈ 𝐹, where 𝑀 = 𝑚𝑎𝑥{𝑛: 𝑈𝑛 ∈ 𝐹}, so 𝐹 is not a 

cover of (𝑎, 𝑏).  

(iii) No any half-open interval (𝑎, 𝑏] or [𝑎, 𝑏) is compact 

(iv) The real line ℝ is not compact for (– 𝑛, 𝑛) is an open cover of 

ℝ that has no finite subcover of ℝ. 

(v) The discrete topology on a contably infinite set gives an 

example of a space which is Lindelöf but not compact. 

(vi) The sorgenfrey line is Lindelöf 

(vii) Countable and cocountable spaces are Lindelöf 

 

         Definition 1.5: [6] A collection 𝐹 of sets is said to have the 

finite intersection property if 𝐹 is nonempty and each nonempty 

finite subcollection of 𝐹 has nonempty intersection. [2] 

         Lemma: [3] A topological space 𝑋 is compact iff each 

collection of closed subsets of 𝑋 having the finite intersection 

property itself has nonempty intersection. 

         Two generalization of compactness will be derive by 

weakening the requirement that subcovers must be finite. A 

topological space is 𝜎 - compact if it can be express as the union 

of countably many compact sets, by comparing this definition of 

𝜎 - compact to definition 1.4 above, we see that every compact 

space is 𝜎 - compact and every 𝜎 - compact space is Lindelöf. A 

topological space 𝑋 is countably compact if every countable open 

cover has a fininte subcover and two other compactness notions 

are closely related, but not equivalent to countable compactness a 

topological space 𝑋 is said to be sequencially compact if every 

sequence in 𝑋 has a convergent subsequence and 𝑋 is weakly 

countably compact if every infinity set has a limit point [4]. These 

are the view among other compactness properties we would start 

comparing between metric and topological spaces to determine 

what topological spaces can do that metric space cannot. 

 

II. COMPACTNESS PROPERTIES AND ITS RELATED NOTIONS. 

         The following charts (Fig. A and B) below demonstrate the 

comparative study of compactness properties and its related 

notions in topological spaces and metrics spaces respectively. We 

would study notions like 𝜎 - compactness, Lindelöf, countably 

compactness and determine that they are all equivalent to 

compactness on metrics spaces and show where they failed to do 

so in topological spaces, that is , what topological notions can do 

T 
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that metric notions cannot. We start our comparative study from 

theorem 2.1 below. 

 

Theorem 2.1: Every 𝜎 - compact space is Lindelöf 

𝜎 – compactness ⟹ Lindelöf 

         Proof: suppose 𝑋 is a 𝜎 - compact space. Then there exist a 

countable family {𝐹𝑛: 𝑛 = 1,2, … } of compact subsets of 𝑋 such 

that 𝑋 = ⋃{𝐹𝑛: 𝑛 = 1,2, … }. Now, consider any open cover 𝑈 of 

𝑋 so that for each 𝑛 = 1,2, … ∃ a finite subfamily 𝑈𝑛 of cover 𝑈 

which cover a countable family 𝐹𝑛 is compact, ⋃{𝑈𝑛: 𝑛 = 1,2, … } 

is a countable subfamily of cover 𝑈 which cover 𝑋. Therefore 𝑋 

is Lindelöf. 

 

         Proposition 2.1: Sequentially compactness properties 

implies countably compactness in a topological space. i.e. if a 

topological space 𝑋 is sequentially compact, then is countably 

compact. 

Proof: First, we shall show that if {𝑥𝑛} is a sequence which has a 

subsequence {𝑥𝑛𝑘
} converging to 𝑡 in a topological space 𝑋, the 𝑡 

is an accumulation point of the sequence {𝑥𝑛}. By let 𝑂 be an open 

neighbourhood of 𝑡, provided that 𝑡 is an accumulation point of 

subsequence {𝑥𝑛𝑘
}, ∃ Ν ∈ ℕ such that 𝑘 ≥ Ν implies that 𝑥𝑛𝑘

∈ 𝑂, 

that means there are infinitely many 𝑛 such that 𝑥𝑛 ∈ 𝑂. So, 𝑡 is 

an accumulation point. Therefore, the sequentially compactness 

implies that every sequence in a topological space 𝑋 has an 

accumulation point. 

From the figure B below, we have the Lemma 2.1 below. 

 

         Lemma 2.1: A metric space is totally bounded iff it is 

sequentially compact. 

Totally boundedness ⟹ Sequentially boundedness. 

Proof: We shall provide proof of this Lemma from contradictory 

point of view. Suppose a metric space 𝑋 is not totally bounded, 

that means there does not exist finite many points for ∈>
0𝑥1, 𝑥2, … 𝑥𝑛 such that ⋃𝐶=1

𝑛−1𝐵(𝑥𝑖 , ℰ) = 𝑋, that is 𝑋 cannot be 

covered by fintely many ℰ-balls. Let {𝑥𝑛} be a sequence such that 

𝑥𝑛 is a member of 𝑋 ∖ ⋃𝐶=1
𝑛−1𝐵(𝑥𝑖 , ℰ), ∀ 𝑛 ⟹ 𝑑(𝑥𝑖 , 𝑥𝑗) ≥ ℰ ∀ 𝑖 >

𝑗 

 𝑋 ∖ ⋃𝐶=1
𝑛−1𝐵(𝑥𝑖 , ℰ), ∀ 𝑛 ⟹ 𝑑(𝑥𝑖 , 𝑥𝑗) ≥ ℰ ∀ 𝑖 > 𝑗, this 

provides that 𝑖 ≠ 𝑗 gives that 𝑑(𝑥𝑖 , 𝑥𝑗) ≥ ℰ, so that the sequence 

{𝑥𝑛} has a subsequence {𝑥𝑛𝑘
} which is not Cauchy. 

 Conversely, suppose {𝑥𝑛} is a sequence in a metric space 

𝑋. Since 𝑋 is totally bounded, that means it can be covered by 

finitely many 𝜀 - balls of radius 1. Let 𝐵1 be one of the ball and 

𝑥𝑛 ∈ 𝐵1 for 𝑛 > 0. Then 𝐵1 can be covered by finitely many balls 

of radius 
1

2
. Also, let 𝐵2 be another ball which satisfy that 𝐵1⋂𝐵2 

holds and 𝑥𝑛 ∈ 𝐵1⋂𝐵2 for 𝑛 > 0. If we continue like this, we have 

a sequence 𝐵𝑖 of an open balls of radius 1
𝑖⁄  such that 

𝐵1⋂𝐵2 ⋂ … ⋂𝐵𝑚 holds and contains 𝑥𝑛 for 𝑛, 𝑚 > 0. Thus, if we 

take a subsequence {𝑥𝑛𝑘
} such that for each 𝑘, 𝐵1⋂𝐵2⋂ … ⋂𝐵 

contains 𝑥𝑛𝑘
. Now, if 𝑗 ≥ 𝑘, both  𝑥𝑛𝑗

 and  𝑥𝑛𝑘
 are also contained 

in 𝐵𝑘, then 𝑑 (𝑥𝑛𝑘
, 𝑥𝑛𝑗

) <
2

𝑖
. Therefore, the subsequence 𝑥𝑛𝑘

 

contains in 𝑖 = 1 𝐵1⋂𝐵2 ⋂ … ⋂𝐵𝑖 which converges to 𝑘 is a 

Cauchy sequence and since the subsequence 𝑥𝑛𝑘
 converge to 𝑘, 

therefore, the metric space 𝑋 is sequentially compact. 

         Proposition 2.3: suppose (𝑋, 𝑑) is a metric space. Then, the 

following must satisfy: (i) sequentially compactness ⟹ 

completness and sequentially compactness ⟹ totally 

boundedness. 

Proof:  
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

         Suppose {𝑥𝑛} is a Cauchy sequence, by sequential 

compactness, ∃ a subsequence 𝑥𝑛𝑘
 of 𝑥𝑛 such that 𝑥𝑛𝑘

⟶ 𝐾. due 

to the fact that a Cauchy sequence which has a convergent 

subsequence also converge. This shows that the metric space is 

complete. And for the second statement. Let 𝑋 be a metric space 

and for every radius 𝑟 > 0, there exist the family of open ball 
{𝐵(𝑥, 𝑟)} which serves as an open cover of 𝑋, for each 𝑥 ∈ 𝑋, there 

is an open cover of 𝑋, the compactness of 𝑋 provides a finite 

subcover. Therefore 𝑋 is totally bounded. The proof is complete. 

Sequencially compactness 

Totally boundedness 

Completeness property 
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Suppose 𝑋 is a metric space, we have from the Fig. B below 

Compactness property ⟹ Lebsesque property ⟹ completeness. 

 

         Theorem 2.2: If 𝑋 is compact metric space then 𝑋 is 

complete. i.e. If 𝑋 is compact metric space, Compactness ⟹ 

completeness. 

Proof: Suppose {𝑥𝑛}𝑛∈ℕ is a Cauchy sequence in the subspace 

𝐴 ⊂ 𝑋 and 𝑆 ⊆ 𝐴 be the following subset 𝑆 = {𝑥1, 𝑥2, … 𝑥𝑛, … } ⊆
𝐴. If we take 𝑆 to be infinite, then, we follow the proof as follows: 

Step A: ∃ an accumulation point 𝑧 ∈ 𝐴, for each 𝜀 > 0, 𝐵𝑧,𝜀⋂𝑆 ≠
0 and also 𝐵𝑧,ℰ⋂𝑆 = {𝑧}. Suppose there does not exist such 𝑎 ∈
𝐴, then for each 𝑥 ∈ 𝐴 ∃ some ℰ(𝑥) > 0 such that 𝐵𝑧,ℰ(𝑥)⋂𝑆 = ∅ 

and also {𝑥}. As shown in Lemma 2.1 above, the collection of 

open balls {𝐵𝑥,ℰ(𝑥)}
𝑥∈𝐴

 covers set 𝐴 and is open, so, by 

compactness, it will contain a finite subcover; for this, ∃ 

𝑥1, 𝑥2, … 𝑥𝑘 such that 𝑆 ⊆ 𝐴 ⊆ ⋃𝑖=1
𝑘 𝐵𝑥𝑖,𝜀(𝑥𝑖)--------------------------

------------ (*).  

But since 𝑆 is infinite and 𝐵𝑧,ℰ(𝑥)⋂𝑆 ≠ ∅ and also ≠ {𝑥}, ∀𝑥 ∈ 𝐴, 

then (*) above is not possible. 

 

         Step B: Suppose 𝑧 ∈ 𝐴 is an accumulation point as we 

shown in step A above. Then the sequence has a subsequence 

{𝑥𝑛𝑘
} where 𝑘 ∈ ℕ and has 𝑧 as its accumulation point. If we let 

𝑧 ∉ 𝑆, this part is done by using an induction method. Now, let 

𝑛(1) ∈ ℕ such that 𝑥𝑛(1) ∈ 𝐵𝑧,1⋂𝑆. Assume that we have 𝑛(1) <

𝑛(2) < ⋯ < 𝑛(𝑘) such that 𝑥𝑛(1) ∈ 𝐵
𝑧,

1

𝑡
∩ 𝑆, 𝑡 = 1, … , 𝑘 and if 

ℰ = 𝑚𝑖𝑛 {
1

𝐾𝑀
, 𝑑𝑋(𝑧, 𝑥1), 𝑑𝑋(𝑧, 𝑥2), … , 𝑑𝑋(𝑧, 𝑥𝑛(𝑘))}. Provided 

that 𝑥𝑛 ≠ 𝑧 ∀𝑛, we have that ℰ > 0 and by part A above, ∃ some 

𝑛(𝑘 + 1) 𝑖𝑛 ℕ such that 𝑥𝑛(𝑘 + 1) contains in 𝐵𝑧,ℰ⋂𝑆 and 

𝐵𝑧,ℰ⋂𝑆 ⊆ 𝐵
𝑧,

1

𝑘+1
⋂𝑆. Then, we see that choice of ℰ provides that 

𝑛(𝑘) < 𝑛(𝑘 + 1) and this ends the induction method of  Step B. 

Step C: We have 𝑧 as an accumulation point of the sequence 
{𝑥𝑛}𝑛∈ℕ  as shown above due to the fact that it is a Cauchy 

sequence. For this let ℰ > 0, then there are two reasons to study 

here 

(i) 𝑁 ∈ ℕ such that, if 𝑝, 𝑞 ≥ 𝑁, then 𝑑𝑋(𝑥𝑝, 𝑥𝑞) < 𝐸 and (ii) 𝑅 ∈

ℕ such that, if 𝑟 ≥ 𝑅, then 𝑑𝑋(𝑧, 𝑥𝑛(𝑟)) < 𝐸. If we let 𝑟 ∈ 𝑁 such 

that 𝑛(𝑟) ≤ 𝑁, 𝑅. Therefore if 𝑛 ≥ 𝑁, we have 𝑑𝑋(𝑧, 𝑥𝑛) ≤

𝑑𝑋(𝑧, 𝑥𝑛(𝑟)) + 𝑑𝑋(𝑥𝑛(𝑟), 𝑥𝑛 < 2ℰ) (by triangle inequality). 

Therefore, the sequence {𝑥𝑛}𝑛∈ℕ has 𝑧 has its accumulation point. 

 

         Definition 2.1: [6] If 𝐴 is an open cover of a metric space 𝑋, 

a real number 𝜆 > 0 is called a Lebesgue number for the cover 𝐴, 

if for every 𝐵 ⊆ 𝑋 with 𝑑𝑖𝑎𝑚(𝐵) < 𝜆 ∃ 𝑎 𝐾 ∈ 𝐴 such that 𝐵 ⊆
𝐾. 

 

         Theorem 2.3: [2] Let 𝑋 be metric space and {𝑈∝} be an open 

cover of 𝑋. Then there is a positive number 𝜆({𝑈∝}) called 

Lebesgue number of the cover of 𝑋 which satisfy the following 

property: Each ball 𝐵(𝑋 𝜆) is contained in at least one 𝑈∝. 

From implication 𝜙 above, we shall develop this result below by 

follow theorem 2.3 above. 

 

         Theorem 2.4: Compactness property ⟹ Lebesgue property 

for compact metric space 𝑋. 

         Proof: Let us assume 𝑂𝑥 ∈ 𝐹 such that 𝑥 ∈ 𝑂𝑥 for every 𝑥 ∈
𝑂𝑥 and consider 𝑂𝑥 open. Since 𝑂𝑥 is open ∃ 𝜆𝑥 > 0 such that the 

open ball 𝐵(𝑥, 2𝜆𝑥) ⊆ 𝑈𝑥. Then, for every 𝑥 ∈ 𝑋, 

𝑋 has {𝐵(𝑥, 𝜆𝑥)} as its open cover so that for 𝑥1, 𝑥2, … , 𝑥𝑛 ∈ 𝑋 

𝑈𝑚=1
𝑛  𝐵(𝑥𝑛, 𝜆𝑥𝑚

) = 𝑋 by compactness property. 

If Lebesgue number 𝜆 = 𝑚𝑖𝑛(𝜆𝑥1
, 𝜆𝑥2

, … , 𝜆𝑥𝑚
) > 0 and if 𝐴 ⊆ 𝑋 

such that 𝐷(𝑌) < 𝜆, then, we choose 𝑎 ∈ 𝐴 and 𝑚 ∈ {1, … , 𝑛} 

such that 𝑎 ∈ 𝐵(𝑥𝑚, 𝜆𝑥𝑚
). Now, we need to consider the inclusion 

relation below. 

𝐴 ⊆ 𝐵(𝑎, 𝜆) ⊆ (𝑥𝑚, 2𝜆𝑥𝑚
) ⊆ 𝑂𝑥𝑚

----------------------------------- 

(K) 

In the inclusion relation (K) above, 𝐴 ⊆ 𝐵(𝑎, 𝜆) follow from 𝑎 ∈
𝐴 and 𝐷(𝐴) < 𝜆 and by choice of 𝜆𝑥, the third inclusion relation 

holds. Lastly, for the inclusion 𝐵(𝑎, 𝜆) ⊆ (𝑥𝑚, 2𝜆𝑥𝑚
) if 𝑡 ∈

𝐵(𝑎, 𝜆), then, we have 𝑑(𝑡, 𝑥𝑚) ≤ 𝑑(𝑡, 𝑎) + 𝑑(𝑎, 𝑥𝑚) < 𝜆 +
𝜆𝑥𝑚

≤ 𝜆𝑥𝑚
+ 𝜆𝑥𝑚

= 2𝜆𝑥𝑚
 (by triangle inequality). 

 

         Proposition 2.2: In a metric space 𝑋, if 𝑋, is countably 

compact, then is sequentially compact. 

Proof: If 𝑋 is countably compact, then every sequence in 𝑋 has an 

accumulation point, this shows that the any sequence {𝑥𝑛}𝑛∈ℕ ∈ 𝑋 

has an accumulation point. By the fact that if 𝑋 is first countable, 

then for every accumulation point m of a sequence {𝑥𝑛}𝑛∈ℕ ∈ 𝑋 ∃ 

a subsequence {𝑥𝑛𝑘
} which converges to m, which proof for 

sequentially compactness. 

 

         Theorem 2.5: Suppose 𝑋 is a topological space. If 𝑋 is 

second countable, then is separable space.  

Second countability ⟹ Separability 

Proof: Note that a topological space 𝑋 is said to be second 

countable if it has a countable base. Then, if L is a base for 

topology, then, ∃ a dense subset 𝐴 ⊆ 𝑋. Such that card (A) ≤ card 

(L). Which shows that 𝑋 is separable. 

 

         Theorem 2.6: If topological space 𝑋 is second countable 

then is Lindelöf. 

Second countability ⟹ Lindelöf 

Proof: If {𝑂𝑖}𝑖∈𝐽 is an open cover of topological space 𝑋. 

We shall show that there must be a countable subcover by follow 

the existence of countable basis L for the topology 𝜏 of a 

topological space 𝑋. Suppose one of the cover 𝑂𝑖 = ∅. We shall 

adopt element of basis 𝐿 to direct to certain 𝑈𝑖′𝑠. Specifically, for 

each set 𝑌 ∈ 𝐿, we select one set 𝑂𝑌 from 𝑈𝑖′𝑠 by taking the 

following steps: 

         Step A: We verify if there is at least one of the open sets 𝑂𝑖 

such that 𝑌 ∈ 𝑂𝑖. If not, we let 𝑂𝑌 = ∅. If the set 𝑌 ∈ 𝑂𝑖, then, we 

choose one such 𝑂𝑖 and consider it as 𝑂𝑌. We can also choose the 

same 𝑂𝑖 corresponding to many 𝑌′𝑠 as the given 𝑂𝑖 contains many 

basis, but we have at most one 𝑂𝑖 chosen for each 𝑌, so the set 
{𝑂𝑌: 𝑌 ∈ 𝐿} is countable. 

         Step B: Here, we shall show that the set {𝑂𝑌: 𝑌 ∈ 𝐿} in step 

A above is a cover of topological space 𝑋. for every 𝑥 ∈ 𝑋, we 

need to show that one of the set 𝑂𝑌 contains 𝑥 in 𝑋. Since 𝑂𝑖′𝑠 is 

a cover of 𝑋, then ∃ 𝑂𝑖 such that 𝑥 ∈ 𝑂𝑖. Provided that we have 𝐿 

as a basis as defined in step A above, there is 𝑌 ∈ 𝐿 such that 𝑥 ∈
𝑌 ∈ 𝑂𝑖. As 𝑌 ∈ 𝑂𝑖′𝑠, 𝑌 will be one of the basis sets for which a set 

𝑌 ⊆ 𝑂𝑌 such that 𝑥 ∈ 𝑌 ∈ 𝑂𝑌 ⟹ 𝑥 ∈ 𝑂𝑌, which ends the proof. 
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Theorem 2.7: In a metric space 𝑋, if 𝑋 is separable, then is a 

second countable space. 

         Proof: If the sequence {𝑥𝑛}𝑛∈ℕ is a countable dense in 𝑋. 

Then for each 𝑥𝑛, let 𝑂𝑛 be the set of all open balls centred at 𝑥𝑛 

in which its radius is rational. Then the 𝑂𝑛 is countable for each 𝑛, 

so, we have that 𝑂 = 𝑈{𝐴𝑛: 𝑛 ∈ ℕ} is a basis. Now, choose an 

open set 𝐾 ⊆ 𝑋, we shall show that 𝐾 is a union of our basis 𝑂 

defined above. If 𝑥 ∈ 𝐾, we shall show that there is one of basis 

set 𝑂 such that 𝑥 ∈ 𝐴 ⊆ 𝐾. Then, the point 𝑥 contained in some ℰ 

- balls in 𝐾. If we consider an 
ℇ

102. Ball around 𝑥, this ball must 

contain some point 𝑥𝑛 from dense subset of countable dense set 

{𝑥𝑛} so that 𝑑(𝑥𝑛, 𝑦) <
ℇ

102. Then, if we take a rational radius 

which is strictly more than 
ℇ

102, then, we have a rational radius ball 

with centre 𝑥𝑛 containing 𝑥 ∈ 𝐾. 

 

Theorem 2.8: Every compact topological space is 𝜎 - compact. 

Compactness ⟹ 𝜎 - compactness 

         Proof: Suppose 𝑋 is a compact topological space. Let 𝐾 ⊂
𝑋 be a compact subset of 𝑋. Let {𝐴𝑛: 𝑛 ∈ ℕ} be the family of 

compact subset of 𝑋 that covers 𝑋, 𝐾⋂𝐴𝑛 is a subset of the 

subspace 𝐴𝑛 ⊂ 𝑋, for every 𝑛 in ℕ. For this, 𝐾⋂𝐴𝑛 is compact in 

𝐾 for every 𝑛 in ℕ. Then 𝐾 will be union of countable family 
{𝐾⋂𝐴𝑛: 𝑛 ∈ ℕ} of its compact subsets. Therefore, 𝐾 is 𝜎 – 

compact. This completes the proof. 

 

Theorem 2.9: Every totally bounded metric space is separable. 

Total boundedness ⟹ separability 

Proof: Let 𝑋 be a metric space and is totally bounded. Then, there 

exist 𝑥𝑝,1, 𝑥𝑝,2, … 𝑥𝑝,𝑛𝑝
 such that 𝑋 = 𝑈

𝑘=1

𝑛𝑝 𝐵 (𝑥𝑝,𝑞 ,
1

𝑝
). Then there 

exist 𝐴 ∈ 𝑋 such that 𝐴 = {𝑥𝑝,𝑞: 𝑝 ∈ ℕ, 𝑞 = 1,2, … , 𝑛𝑝} is 

countable choose 𝑥 ∈ 𝑋 and ℰ > 0, also ℇ−1 such that 𝑝 > ℇ−1, 

so that there exist 𝑎 such that 𝑑(𝑥, 𝑥𝑝,𝑞) <
1

𝑝
< ℇ. Then, 𝐴 is dense 

and the metric space 𝑋 is separable. 

 

Theorem 2.10: Every totally bounded space is bounded.  

Totally bounded ⟹ Boundedness 

Proof: Let 𝑋 be a metric space and is totally bounded. From 

definition of totally boundedness, there exist finitely many points 

𝑥1, 𝑥2, … , 𝑥𝑛 such that 𝑈𝑛𝐵(𝑥𝑛, 1) = 𝑋 ⟹ the open ball of radius 

1 covers 𝑋. By 𝑀 = 𝑚𝑎𝑥𝑛,𝑚𝑑(𝑥𝑛, 𝑥𝑚), by triangle inequality, we 

have 𝑑𝑖𝑎𝑚(𝑋) ≤ 𝑀 + 2 < ∞. Therefore, 𝑋 is bounded. 

 

Theorem 2.11:  Every compact tmetric space 𝑋 is totally bounded.  

Compactness property ⟹ Totally boundedness property 

Proof: For the radius 𝑟 > 0 of the ball 𝐵(𝑥, 𝑟), ∃ family of open 

ball {𝐵(𝑥, 𝑟)}𝑥∈𝑋 such that 𝑋 = 𝑈{𝐵(𝑥, 𝑟)}𝑥∈𝑋, by compactness, 
{𝐵(𝑥, 𝑟)} cover 𝑋 and ∃ a finite subcover for the cover {𝐵(𝑥, 𝑟)}. 

Therefore, 𝑋 is totally bounded. 

 

Theorem 2.12: If a metric space 𝑋 is sequentially compact, then 

𝑋 is Lebesgue. 

Sequencially compactness ⟹ Lebesgue property. 

Proof: Let 𝜆 > 0 be a Lebesgue number. Now if 𝑂 is an open 

cover that not accept 𝜆, there exist open sets of diameter 𝐷 which 

is arbitrarily small such that 𝐷 ⊄ 𝐴 ∈ 𝑂. Particularly, for each 𝑛 ∈

ℕ ∃ 𝑥𝑛 such that 𝐵 (𝑥𝑛,
1

𝑛
) ⊈ 𝐴, ∀𝐴 ⊂ 0. Due to sequentially 

compactness, the sequence {𝑥𝑛} has 𝑥 as its accumulation point. 

Provided that 𝑂 cover 𝜆, we have 𝑥 ∈ 𝐴 for some 𝐴 ∈ 𝑂. Since 𝐴 

is open, ∃ rarius 𝑟 > 0 such that the metric 𝑑(𝑥, 𝑥𝑛) <
𝑟

2
 and 

1

𝑛
<

𝑟

4
. Assume 𝑞 ∈ 𝐵 (𝑥𝑛,

1

𝑛
), then by triangle inequality, 𝑑(𝑞, 𝑥) ≤

𝑑(𝑞, 𝑥𝑛) + 𝑑(𝑥𝑛, 𝑥) <
1

𝑛
+

𝑟

2
<

𝑟

4
+

𝑟

2
=

3

4
𝑟 < 𝑟. Therefore, the 

open ball 𝐵 (𝑥𝑛,
1

𝑛
) ⊆ 𝐴, which is contrary to the choice of the 

sequence {𝑥𝑛}. This end the proof. 

 

Definition 2.2: [7] A topological space 𝑋 is pseudocompact, if 

every continuous real – valued function on 𝑋 is bounded. 

 

Theorem 2.13: Every pseudocompact metric space 𝑋 is countably 

compact.  

Pseudocompactness ⟹ Countably compactness 

Proof: Suppose the implication above is not true, then there exist 

a sequence 𝐴 = {𝑎𝑛} which is not converge. Hence 𝐴 is closed and 

also discrete. Therefore, the function 𝑓: 𝐴 ⟶ ℕ defined by 

𝑓(𝑎𝑛) = 𝑛 is continuous, so by Tietze extension theorem, this 

function can be extended to the space 𝑋. But due to the fact that 

𝑓(𝑎𝑛) = 𝑛 is continuous, then, is not bounded which is contrary 

to pseudocompactness notion, which proved the theorem. The 

converse of this is also true in topological spaces. 
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III. CONCLUSION 

               In this paper, we noticed that there are some compactness 

properties and some of its relative notions that satisfied in both 

topological spaces and metric spaces. But out of these properties, 

there are some that satisfied in arbitrary topological spaces and 

metric spaces only and some on metric topological spaces. 

The figure A and B above provides us those properties that 

satisfied in topological spaces and in metric spaces respectively. 

By comparing these two figures, we conclude that: 

(i) Completeness, Lebesgue, Boundedness, Total 

boundedness are not consider in arbitrary topologicsl 

spaces, this shows that they are properties of metric 

spaces 

(ii) While some other properties mentioned above like 𝜎 

– compactness, compactness, second countability, 

separability, Lindelöf, etc. Plays roles in both metric 

and topological spaces. 

(iii) Converse of Theorem 2.6 does not hold in 

topological spaces. Also It does not holds in metric 

spaces as shown in Fig A and B above. 

(iv) Converse of theorem 2.7 does not holds in metric 

space but holds in topological spaces as in Fig A and 

B above. 

(v) Converse of theorem 2.9, 2.10, 2.11 and 2.12 does 

not holds. 

(vi) Converse of theorem 2.13 holds in topological 

spaces. 
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