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ABSTRACT: Inquantum physics, in order tpantizeagauge theory, like for examp¥ang

Mills theory,ChernSimonsor BF model, one method is to perforngauge fixing. This is done i
the BRST andBatalin-Vilkovisky formulation. Another is to factor out the symimyeby dispensing
with vector potentialaltogether (they're not physicalbpservablenyway) and work directly
with Wilson loops,Wilson linescontracted with other charged fields at its endpointssaird networks.
Older approaches to quantization Avelianmodels use th&uptaBleulerformalism with a "semi
Hilbert space™” with amdefinite sesquilinear form. However, it is much more elegant to just work
thequotient spacef vector field configurations by gauge transformations.An alternativeoaphp using
lattice approximations is covered in (Wick rotat&t)ice gauge theory. In this paper we construct a |
paradigm of relational context, with primary focus and locus of asymptotic freedom and differe
instrumental activity of both QFTnd YM Theory. It is to be noted that there exists a qualitative grac
of energy differential ascribed to energy excitation of vacuum. This MIGHT as well be the orthe
energy state of Vacuum, with solidarity abstraction extant and existential Wabtae@ chiralsymmetry
and causuistralchemistry with transitive states and substantive stabes. Wedonor enucleate or
expatiate upon the subtleties amthncesnd nittygrit tiesof the various aspects dealt and stramlity
construct the model witformulatorequations .Advanced readers may find the article useful for fu
research andxperimentation

INTRODUCTION :
What is agauge?

Gauge is a term which has connotations of being a befuddling fearsome, and perniciously corr
part of mathematick for instance, playing an important role in quantum field theory, general relat
geometric PDE, and so fortiUnderlying concepts really quite simple: gaugeis nothing more than
Afcoordinate systemd that varies depending
fipar amet e gauge framsfoer® a change of coordinates applied to each such location,
agauge theorys a model for some physical or mathematical system to which gauge transforms
applied (and is typicallgauge invariant, in that all physically meaningful quantities are left uncha
(or transform naturally) under gauge transformatjomy fixing a gauge (thubreakingor spendinghe
gauge symmetry), the model becomes something easier to analyse mathematically, such as a
partial differential equations (in classical gauge theories) or a perturbative quantum field the
guantum gauge theories), though the tractability of the resulting problem can be heavily depende
choice of gauge that one fixeddeciding exactly how to fix a gauge (or whether one should spen
gauge symmetry at all) is a key question indhalysis of gauge theories, and one that often require
input of geometric ideas and intuition into that analysis. Quantum gauge theories are the quanti:
classical gauge theories and have their own set of conceptual difficulties (cominguaomarg field
theory).

In early 1954Chen Ning YangndRobert Millsextended the concept gauge theoryor abelian
groups, e.gquantum electrodynamics, tmnabelian group® provide an explanation for stror
interactions. The idea by Yahiills wascriticized by Pauli, as thguantaof the Yang Mills field must
be massless in order to maintain gauge invariance. The idea was set aside until 1960, when th
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of particles acquiring mass throughmmetry breakingn massless theories was put fordiainitially by
Jeffrey GoldstoneYoichiro Nambu, andsiovanni JongLasinio.

Quantum field theory

Quantum field theoryQFT) provides a theoretical framework for constructing quantum
mechanicamodels of systems classically parameterigegresented) bgn infinite number oflegrees
of freedom, that idjeldsand (in a condensed matter contergnybody systems. Quantum field theo
is the natural and quantitative languageafticle physicandcondensed matter physics. Most theor
in modern parti@ physics, including th8tandard Modebf elementary particles and their interactio
are formulated aselativistic quantum field theories Quantum field theories are used in ma
contexts, and are especially vitaldlementary particle physics, whetlee particle count/numbenay
change over the course of a reaction. They are alssed in the description of€ritical
phenomenandquantum phase transitions, such as inBG& theoryof superconductivity.

In perturbativequantum field theory, the forcdsetween particleare mediated by other particles.
Theelectromagnetic forcketween tweelectronsis causedby an exchange gfhotonsintermediate
vector bosonsnediate theweak forceandgluonsmediate thestrong force. There is currently r
complete gantum theory of the remaining fundamental fograyvity, but many of théheories postulate
the existence of gravitonparticle that mediates it. These forarying particles areirtual

particlesand, by definition, cannot be detected while carrying torce, because such detection v
imply that the force is not being carried. In addition, the notion of "force mediating particle" come:
perturbation theory, and thus does not make sense in a context of bound states.

In QFT, photons are not thougbf as "little billiard balls" but are rather viewed fadd quantai
necessarily chunked ripples in a field, or "excitations”, that "look like" partieesions, like the
electron, can also be described as ripples/excitations in a field, whereiedaf fermion has its owr
field. In summary, the classical visualization of "everything is particles and fields", in quanturn
theory, resolves into"everything is particles", whickthen resolves into"everything is fields". In the
end, particlesare regarded as excited states of a field (field quanta). Ghavitational fieldand
theelectromagnetic fieldre the only two fundamental fields in Nature that have infinite range &
corresponding classical leenergy limit, whichgreatly diminishes and hides their "particlelike"
excitations Albert Einstein, in 1905, attributed "partieli&e" and discrete exchanges of momenta
energy, characteristic of "field quanta”, to the electromagnetic field. Originally, his principal moti
was to explairthe thermodynamics of radiation. Although it is often claimed thaphio¢oelectriand
Comptonrequire a quantum description of the EM field, this is now understood to be untrue, and
proof of the quantum nature of radiation is now taken up intdemoquantunas in the antibunching
effect.

In the "lowenergy limit", the quantum fieltheoretic description of the electromagnetic figjJdantum
electrodynamics, does not exactly reducelames Clerk Maxwell's 1864 theory of classi
electrodynamics. Small quantum corrections due to virtuatrele positron pairgive rise tosmall non
linear corrections to the Maxwell equations, although the "classical limit" of quantum electrodyr
has not been as widely explored as that of quantum mechanics.

Presumably, the as yet unknown correct quarfiald-theoretic treatment of the gravitational field w
become and "look exactly like" Einsteigieneral theory of relativitin the "lowenergy limit", or, more
generally, like the Einsteilvang-Mills-Dirac System. Indeed, quantum field theory itselpossibly the
low-energyeffectivefield-theory limit of a more fundamental theory suchsaperstring theory
Compare in this context the artiadéfective field theory. No definitive and perceptible statements ci
be made dogmatically about the issue.

Canonical quantization of fieldgas extendedo the manybody wave functions dfientical particles, ¢
procedure that is sometimes calkstond quantization. In 1928, Jordan and Eudeumed that the
guantum field describing electrons, or otfemmions, had to be expandedusing anticommuting
creaion and annihilation operators due to Beuli exclusion principle. This thread of development \
incorporated intananybody theoryand strongly influencedcondensed matter physiaadnuclear
physics
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EULEDIAN INVARIANT MEASURES AND QUANTUM  FIEL THEORIES(APPLICABLE
TO CHARACTERSTIC SYSTEMS AND HENCEFIRTH CLASSIFIABLE BESED ON THE
PARAMETRICIZATION OF THE SYTEMS.SPACES WITH GENERALISED

FUNCTIONALS :

MODUL E NUMBERED ONE
NOTATION :

Gy3 : CATEGORY ONE OFEUCLEDIAN INVARIANT MEASURES AND QUANTUM FIELD
THEORIES

G4 : CATEGORY TWO OFEUCLEDIAN INVARIANT MEASURES AND QUANTUM FIELD
THEORIES

G5 : CATEGORY THREE OFEUCLEDIAN INVARIANT MEASURES AND QUANTUM FIELD
THEORIES

T3 : CATEGORY ONE OFSPACES WITH GENERALISED FUNCTIONALS
T4 : CATEGORY TWO OFSPACES WITH GENERALISED FUNCTIONALS

T;5 :CATEGORY THREE OFSPACES WITH GENERALISED FUNCTIONALS

DIRAC FIELDS AND GAUGE FIELDS AND MEASURES ON SPACES OF FUNCTIONS
TAKING VALUES IN A GRASSMAN ALGEBRA:

MODULE NUMBERED TWO:

Gy : CATEGORY ONE OFDIRAC FIELDS AND GAUGE FIELDS
Gy7 : CATEGORY TWO OFDIRAC FIELDS AND GAUGE FIELDS
Gig : CATEGORY THREE ORDIRAC FIELDS AND GAUGE FIELDS

T :CATEGORY ONE ORM,EASURES ON SPACES OF FUNCTIONS TAKING VALUES IN A
GRASSMAN ALGEBRA

“Y; : CATEGORY TWOOF MEASURES ON SPACES OF FUNCTIONS TAKING VALUES IN A
GRASSMAN ALGEBRA

“Ys : CATEGORY THREE ORMEASURES ON SPACES OF FUNCTIONS TAKING VALUES IN A
GRASSMAN ALGEBRA

DENORMALIZATION THEORY AND LOCAL SINGULARITIES AND GLOBAL
DECAY(INFRA RED REGULARITIES IN QUANTUM FIELD THEORIES

MODULE NUMBERED THREE :

"Qp : CATEGORY ONE OBPENORMALIZATION THEORY (WE HERE SPEAK OF THE
CHARACTERISED SYSTEMS FOR WHICH QUANTUM GAUGE THEORY IS APPLICABLE)
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"Q, :CATEGORY TWO OFDENORMALIZATION THEORY
‘Q, : CATEGORY THREE OPDENORMALIZATION THEORY

“Y, : CATEGORY ONE OR.OCAL SINGULARITIES AND GLOBAL DECAY(INFRA
REGULARITIES) IN QUANTUM FIELD THEORIES

"Y,; :CATEGORY TWO OFLOCAL SINGULARITIES AND GLOBAL DECAY(INFRA
REGULARITIES) IN QUANTUM FIELD THEORIES

"Y, : CATEGORY THREE OF LOCAL SINGULARITIES AND GLOBAL DECAY(INFRA
REGULARITIES) IN QUANTUM FIELD THEORIES

QUANTUM FIELD THEORY(AGAIN,PARAMETRICIZED SYSTEMS TO WHICH QFT
COULD BE APPLIED IS TAKEN IN TO CONSIDERATION AND RENORMALIZATION
THEORY(BASED ON CERTAIN VARAIBL ES OF THE SYSTEM WHICH
CONSEQUENTIALLY CLSSIFIABLE ON PARAMETERS)

: MODULE NUMBERED FOUR :

‘Q, : CATEGORY ONE OFQUANTUM FIELD THEORY(EVALUATIVE PARAMETRICIZATION
OF SITUATIONAL ORIENTATIONS AND ESSENTIAL COGNITIVE ORIENTATION AND
CHOICE VARIABLES OF THE SYSTEM TO WHICH QFT IS APPLICABLE)

Qs : CATEGORY TWO OFQUANTUM FIELD THEORY

"Qg : CATEGORY THREE OFRQUANTUM FIELD THEORY

"Y, :CATEGORY ONE OFRENORMALIZATION THEORY

Y5 :CATEGORY TWO OF RENORMALIZATION THEORY(SYSTEMIC INSTRUMENTAL

CHARACTERISATIONS AND ACTION ORIENTATIONS AND FUYNCTIONAL IMPERATIVES
OF CHANGE MANIFESTED THEREIN )

“Ys : CATEGORY THREE ORQUANTUM FIELD THEORY

ASYMPTOTIC FREEDOM AND FOURIER SERIES AND CLASSICAL DYNAMICAL
SYSTEMS

MODULE NUMBERED FIVE :

"Qg : CATEGORY ONE OFASYMPTOTIC FREEDOM
Qg : CATEGORY TWO OFASYMPTOTIC FREEDOM

"Qp :CATEGORY THREE OFASYMPTOTIC FREEDOM

"Ys :CATEGORY ONE OF-OURIER SERIES OF CLASSICAL DYNAMICAL SYSTEMS

WWW.ijsrp.org



International Journal of Scientific and Research Publications, Volume 2, Issue 8, August 2012
ISSN 225063153

Yy :CATEGORY TWO OFR-OURIER SERIES OF CLASSICAL DYNAMICAL SYSTEMS

¥y :CATEGORY THREE OF-OURIER SERIES OF CLASSICAL DYNAMICAL SYSTEMS

QUANTUN FIELD THEORY AND STATISTICAL MECHANICS AND YANG BAXTER
EQUATIONS AND QUANTUM GROUPS AND BOSE FERMION EQUIVALENCE AND
RATIONAL CONFORMAL FIELD THEORY

MODULE NUMBERED SIX :

"Q, : CATEGORY ONE OFQUANTUM FIELD THEORY AND STATISTICAL MECHANICS
Q3 : CATEGORY TWO OFQUANTUM FIELD THEORY AND STATISTICAL MECHANICS
‘Q, : CATEGORY THREE ORQUANTUM FIELD THEORY AND STATISTICAL MECHANICS

Y, : CATEGORY ONE OFYANG BAXTER EQUATIONS AND QUANTUM GROUPS AND BOSE
EINSTEIN FERMI EQUIVALENCE AND QUANTUM GROUPS AND RATIONAL CONFORMAL
FIELD THEORY

Y3 : CATEGORY TWO OFYANG BAXTER EQUATIONS AND QUANTUM GROUPS AND BOSE
EINSTEIN FERMI EQUIVALENCE AND QUANTUM GROUPS AND RATIONAL CONFORMAL
FIELD THEORY

Y, : CATEGORY THREE OF YANG BAXTER EQUATIONS AND QUANTUM GROUPS AND
BOSE EINSTEIN FERMI EQUIVALENCE AND QUANTUM GROUPSAND RATIONAL
CONFORMAL FIELD THEORY

LIE ALGEBRAS OF THE GROUP AND TRANSLATIONS IN SPACE TIME

MODULE NUMBERED SEVEN

Qs : CATEGORY ONE OHLIE ALGEBRAS
‘Q; : CATEGORY TWO OH.IE ALGEBRAS

"Qg : CATEGORY THREE OR.IE ALGEBRAS (ENERGY EXCITATION OF THE VACUUM AND
CONCOMITANT GENERATION OF ENERGY DIFFERENTIATIME LAG OR
INSTANTANEOUSNESSMIGHT EXISTS WHEREBY ACCENTUATION AND ATTRITIONS
MODEL MAY ASSUME ZERO POSITIONS)

“¥s : CATEGORY ONE OFTRANSLATIONS IN SPACE TIME

“Y, : CATEGORY TWO OF Wb "0 YO i "YO "H650"Y0 O
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“¥g : CATEGORY THREE OFTRANSLATIONS IN SPACE AND TIME

03 1,@.4 1,(515 L E PR El We 1(1112-(3(1&32
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areAccentuatiorcoefficients
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are Dissipation coefficients

1
EULEDIAN INVARIANT MEASURES AND QUANTUM FIEL THEORIES(APPLICABLE
TO CHARACTERSTIC SYSTEMS AND HENCEFIRTH CLASSIFIABLE BESED ON THE
PARAMETRICIZATION OF THE SYTEMS.SPACES WITH GENERALISED
FUNCTIONALS:
MODULE NUMBERED ONE

The differential system of this model is ngModule Numbered one)
9o g, 1vg, @) T @M Y0 Qs 2
qQ o o N NiNi o N
g, i dl e A Yo G 3
qQ o o T eNiNi 1 e T
%: @s 1'Q o T+ YT Y0 Qs 4
Q 5 o FNi FNiNi oL w
T\fs: @z 'Y o b aiVt Qo Y 5
Q 5 o FNi FNiNi oL w
s @yt @ @M oo v, 6
(o} 5 o N L TNiNiL o~y e
oo g tvy, @yt @M oo % 7
+ QYN y,,0 = First augmentation factor 8

N1 "Qo = Firstdetritionsfactor

DIRAC FIELDS AND GAUGE FIELDS AND MEASURES ON SPACES OF FUNCTIONS 9

TAKING VALUES IN A GRASSMAN ALGEBRA:

MODULE NUMBERED TWO :
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The differential system of this model is n¢Wlodule numbered two)

To= e 27, M 2+ @N? Y0 Qe

(0]

‘Q,‘ﬁ: 7 2'Qe ) 2+ N2 Y0 Gy

»

Lo gy 2Q @2+ @ Y0 0
oo @2y, @2 @M Qe 0 Y
o=@ 2% A A .y
oo @y 2y, @2 @ Q0 Y
+ QN2 "y, 0 = First augmentation factor

N2 "Qy ,0 = Firstdetritionsfactor

DENORMALIZATION THEORY AND LOCAL SINGULARITIES AND GLOBAL
DECAY(INFRA RED REGULARITIES IN QUANTUM FIELD THEORIES:

MODULE NUMBERED THREE

The differential system of this model is ngModule numbered three)

‘Q-‘&: 6o *'Q 6 2+ PN Y0 "Q

(93]

‘Q-‘&: 6 Qo & 2+ QN3 Y0 G

(93]

‘Q-‘&: 6y QG 2+ N3 Y0 Q,

(93]

%: @ "% b ® Ve Q5,0 Yo

o v a o~ i

%: @1 * Yo «df ° N3 "Gz,0 Y

o v a o~ e

?\52: @ *"¥% YR N3 Q5,0 Y,

+ GHNI3 "y, & = First augmentation factor
aNi® "Q;,6 = Firstdetritionsfactor

QUANTUM FIELD THEORY(AGAIN,PARAMETRICIZED SYSTEMS TO WHICH QFT
COULD BE APPLIED IS TAKEN IN TO CONSIDERATION AND RENORMALIZATION
THEORY(BASED ON CERTAIN VARAIBLES OF THE SYSTEM WHICH
CONSEQUENTIALLY CLSSIFIABLE ON PARAMETERS)

: MODULE NUMBERED FOUR

The differential sygm of this model is no\fiModule numbered Four)

Sh i Gps * Qs @ 4+ ANt Y0 Gy

(04]

10

11

12

13

14

15

16

17

18

19

20

21

22

23

24

25

27
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o} . . i A WNiN G ey s e

%: Gs *Q B+ BV "¥%,0 Qs 28

996 _ oy 4 QL4 4 GRINA Ty g 29

o s Qs 6 6 ¥5,.0 Qs

(o4 5 o TN FNiNi - e

%: s 'Y o Nt Q0 Y 30

Q 5 o Ni 4 TNiINi 4 L e

T\ﬁés: s Y #)] RN Q7 .0 ¥ 81

(o4 5 o TN FNiNi - e

T\ﬁée: s 'Y oy * vt "Q; 0 Yo 32

+ N4 "Y. 0 = First augmentation factor 33
N4 "Q,; ,0 = First detritions factor 34
ASYMPTOTIC FREEDOM AND FOURIER SERIES AND CLASSICAL DYNAMICAL 35

SYSTEMS
MODULE NUMBERED FIVE

The differential system of this model is ngModule number five)

Qs _ 5 NE S+ NS Ty 0 36

i I I 8 ¥,0 Qg

% _ o 5w “Nji 5 e N]5 o o 37

> = o Qs & >+ ol ¥9,0 Qg

9Q0 _ o 5 Q5+ GQINS Tty o M 38

> - o 7 Qo 0 0 ¥%,0 Qo

(o4 5 o TN FNiNi o v

T\fsz g °Ye o ° VS Q.0 Y 39

(o4 5 o TN FNiNi o v

T\fgz o °¥ g ° Y Q.0 Y 40

(o4 5 o TN FNiNi o v

T\foz @ °Y dd ° iV Q0 Y 41

+ a5 Y, 0 = First augmentation factor 42
NS "Q, ,06 = First detritions factor 43
QUANTUN FIELD THEORY AND STATISTICAL MECHANICS AND YANG BAXTER 44
EQUATIONS AND QUANTUM GROUPS AND BOSE FERMION EQUIVALENCE AND 45

RATIONAL CONFORMAL FIELD THEORY:

MODULE NUMBERED SIX :
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The differential system of this model is ngModule numbered Six)

&: G ©'Qs i °+ N 5,0 Q,

@
%_ o 6 “Ni 6 “NiNj6 P

o= G °'Q ol ° o+ ¥%,0 Qs
%: Gy Qs ) °+ BV .0 Qy

%: @, %7 ) © ANe Qs 0 Y,
?‘ @ Y, o) ¢ N Qs .0 Y
%: Qs °"% @@ © ANe Qs 0 Y,
+ N6 "Y. 6 = First augmentation factor

LIE ALGEBRAS OF THE GROUP AND TRANSLATIONS IN SPACE TIME

MODULE NUMBERED SEVEN

The differential system of this modelrisw (SEVENTH MODULE)

s Gy TQ T+ GRTT Y0 Qe
aQ7 _ v, 7 = o, 7 v 7 v P
o - @ Qs W& T+ o ¥7,0 '@y
'Q‘QS — e 7 o, e, 7 4 *® 7 2 \ o
o - @ @ afg T+ WEBFT .0 Qg
0% _ = 7w 5 7 Ypxe7 oo e
o - @ 'Y o} 655 Q .0 ¥

(o} A w 7. 7. o e
%: @ Y o T W Q0 Y

%: 6%8 7"¥7 (IS% ! 6598697 ‘Q ,0 ¥

(94]

+ 27 "¥,,0 = First augmentation factor

227 "Qq ,0 = First detritions factor

FIRST MODULE CONCATENATION:

46

47

48

49

50

51

52

53

54

55

56

57

58

59
60

61

62
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Qs s a9 yso ]y @22 yo[r @ g
+ YNasss g OH+ (QINI5555, my OH+ GRN 6666, Qg
I}

“* a7 ¥70| U

T T =

al Ml dlit ol @2 0+ BN 0|
N dg‘é”j4’4'4'4' Yo, 0 |+ GQIN5555, ry o||+ NI 6666, "y 0|“Q4
|"‘ N \f70| U’

Qs _ . .
T@A_ s Qs

o - - -

N L uNiNi L e ) v \ >
ol T @y [+ @l Yo | VR e |

%: Gs 1Q, :I+ QN 4444y H+ QIN5SS5, "y & ||+ QNI686S. "y, & Qs
! [+ @ 0] o

Where] ANt Y, 0 || ANt Y, 0 || QN Y, 0 | are first augmentation coefficients for category 1, 2 and 3

|+ QiNi22. s o | |+ Ni22, mys o | |+ aNi22. YL 6 |are second augmentation coefficient for category 1, 2 and

|+ N33y, 0 ||+ N33 vy 0 ||+ GPiNiz3. vy o Iare third augmentation coefficient for category 1, 2 and 3

|+ o444,y ol |+ PN 4444,y o| |+ PN 4444y o |are fourth augmentation coefficient for category 1, 2
and 3

|+ PINISESES, Ty o ||+ AINISSES, Y o | |+ INISSSS, Ty 6 | are fifth augmentation coefficient for category 1, 2 ar
3

|+ GHNEEBE. Ty 0 ||+ RN 6666. ry o ||+ RN 6668 "y o | are sixth augmentation coefficient for category 1, 2 ¢
3

[+ GBN7 .0 [+ @@N7 Y0 [+ @N7 Y,,0 |ARESEVENTHAUGMENTATION
COEFFICIENTS

o I I TR QT "Qo,0 |z B3 g0 v
%: (Iig 1y, E @ﬂNJMM Q7,o|| E;stsss QlOHZ QggN]eeee "Qs 0’ Ys
u &7 Q0] o
~ G [ @ oo @iNe> gyoellz BN "gse
%= @ 'Y | G g, o ’Z o Ql’O”Z uesss. qg.0 |7 Y4
:JI | ‘Igl‘}.Nj " ‘Qy,0 ‘ ILIJ’
o &i“é“il Q0 | [ @IV Q.0 |[x @V ;0]
TE G % @ 90k @ G0k AT Gu0] %
. @7 9,.0] o
Wherel &V Qo[ @V Qo] V! "Qo |are firstdetritionscoefficients for category 1, 2 and 3
| @iv22 Qo[ @¥V2? Qo[ @iV?? 'Q,,0 | are secondetritionscoefficients for category 1, 2 and 3
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| =3 Q3,0 || GE=33 "Q,,0 || CB=3% "Qs,0 |are third detritionscoefficients for category 1, 2 and 3

| G244 "Q,,0 || EEA4 "Q,,0 || CRE 4444 "Q,,0 Iare fourth detritionscoefficients for category 1, 2 and

3

| bg=5555 qu0],| =555 Q0| ¢§=5555 ", 0 |are fifthdetritionscoefficients for category 1, 2 and 3

| G§=0086 Q5,0 I I GB= 0686 Qg0 | | CB=0888 Qg0 |are sixthdetritionscoefficients for category 1, 2 and <
| @B*7 Q0| @7 Q0| & "Q0 |ARE SEVENTH DETRITION

COEFFICIENTS

w1y, G5 [ GB®T O0f| et Q.0 [z 68" Q5.0 | ™ ”
oy l GE=4444 "Q,,0 || GEE5555 "Q,,0 H 26666, !Q510|
Where| = "Qo II =L "Qo || az®! "Qo lare first detrition coefficients for category 1, 2 and 3 64
| G222 "Qy,0 || CE= 22 "Qy,0 || CEE2% "Qy,0 | are secondetritionscoefficients for category 1, 2 and 3
| aBEe3 "Q,,0 || C5E=33 "Q,,0 || B=E3 "Q,,0 |are third detritionscoefficients for category 1, 2 and 3
| a@44% g0, 6@ Q0| 6®**** "Q,,0 |are fourthdetritionscoefficients for category 1, 2 and 3
| CBE5555 "Q,,0 || CHBEO55S "Q,,0 || CBESS5S "Q,,0 |are fifth detritionscoefficients for category 1, 2 and 3
| CB=0668. "Q;,0 || CHBE 008 "Qg,0 || CHE 0088 "Qg,0 |are sixthdetritionscoefficients for category 1, 2 and 3
SECOND MODULE CONCATENATION 65
T O A (bl ALl | e e 200 | R e 2000 R 66
%: & 2°Q; ::|+ (24448 Ty o H+ (5255555 "y, o H_,_ (Fy= 66666 "y o |Q6
. [r o= " 0] o
o 6B 2| B2 Y0 [+ GERMY Y0 [+ 6ER3R v 67
%: Gy 27Qs :]+ (= Aaaas Ty o H+ CEE55555 "y, § H+ (= 66666 "y, o ::Q7
. @ 0] g
~ 0% 2“" =2 "Yy,0 H"‘ ettt Y, 0 ||+ g 333 "\fl,o| rl 68
%: Qs 2°Q, ::l_,_ (R 44444y H_,_ G2 55555 "y, o H+ (EE 66666 "y o |Qs
y [+ 6B ¥.0] v,
Where|+ W22 "Y,,0 ||+ GB=2 Yot ||+ =2 Yy,0 Iare first augmentation coefficients for category 1, 2 and 3 69

|+ a2 Y, 0 ||+ 6=t Yy, 0 ||+ &= y,,0 I are second augmentation coefficient for category 1, 2 and 3

[+ ¢=333 "y,0 ||+ ¢§=333 "y,0| |+ ¢§=333 "Y,,0 |are tird augmentation coefficient for category 1, 2 and 3

[+ cg@taads g o]+ ag@eadss vy o ||+ @@ 44444 Y, 0 | are fourth augmentation coefficient for category 1, 2 &
3
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|+ CRE 55555 Y o ||+ CRE 55585 "y o ||+ CGB® 55555 "y 0 | are fifth augmentation coefficient for category 1, 2 ai
3

70

|+ CF§=R66686 "y o ||+ GEE 66666 "y o ||+ GEE 06666 "y o | are sixth augmentation coefficient for category 1, 2 &
3
[+ ag= 7" ¥.0 |+ ég®7" Y0 |+ é8®77 "0 |ARE SEVENTH DETRITION 1
COEFFICIENTS

IN (If% 2| af%aez "Qg, 0 H (If%ael,l, Q06 HZ &g%aes,s,s, -ngb| |:| 72
TYe _ el 2 5 o, 3 5 -, N e -, N "'.,
o= Qs Y, (= 44444 g, b HZ (5255555 Q0 “Z (5266666 "Q. 0 | Ye

y [ &7 90| o

v O® 2| dB®? Qo0 B Qo iz 683 gy n 73
aY7 _ 7 ! 5, o \ 5. o \ 5 o \ -’-"
T&?_ Qr 2 7 CRE44444 g, 0 ||Z (5255555 "Q,,0 HZ (5266666 Q0 | Y

1 I\

u | 68277 "Qy,0 | ¥,

v (Ifé 2‘ (Iféeez "Qo, 0 || (If%ael,l, "Q0 HZ (1592993,3,3, "Qs,0 ‘ i 74
‘Q’ [ ! 5 o, \ 5. o, 2 5. L3y 3 I’I"
T\fs: bis 27Y 1| dEEeessd Q.o ||Z GEZ=55555 'q,0 ||Z GE@ 66666 Qo | Ye

| I\

u | =77 "Q.0 ] ¥,
Umd 0B®2 "Qq,0 | I 0E®2 "Qy,0 I | 05®2 "Qq,0 | are first detrition coefficients for category 1, 2 and 3 75
| a2t "Qo || =Lt "Qo || =Lt "Qo | are second detrition coefficients for category 1,2 and 3
| =333 "Q,,0 || CF5EE333 "Q,,0 || CHB=333 "Q,,0 | are third detrition coefficients for category 1,2 and 3

| cg@iases .0 || dETAAAtt g0 || ag@e4444 "q,,0 | are fourthdetritionscoefficients for category 1,2 and 3

| CBE55555 QL0 || CFBEO5585 Q.0 || CBE 5585 QL0 |are fifth detritionscoefficients for category 1,2 and 3
| CBE06688 Q5,0 || CHBEOO086 Qg0 || CFHE 0086 "0 | are sixthdetritionscoefficients for category 1,2 and 3

| a8®77 Q0| GE®77 Q0| &2 Q0 |G Qi G SO0 Get G OXGE i

THIRD MODULE CONCATENATION
% _ 76

@
o 3’+ 623 "¥,,0 ||+ 652222 ;.0 ||+ ogg@ Lt "Y4,(‘)’ (l

. . U e ddaaaas ~y ¢ 2w 555555 "y ¢ 22 666666 "y o |
o 279 ||+ 035 ¥s.0 ”+ 685 ¥,0 H+ GES %0 |,
] s o M
u |+ agg” 1,0 | U
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v 6B 3| GBR3 W0 [r aB®222 Y0 ||+ BRIV Y0
9Q2 _ 3 't o . o - N - - 1
o= Gy °TQu  GREAAMAL Yo |+ GRPO0505 Ty 0 [[+ BT O00000 Y 0 G,

1T ]

s 707, ¢ A .
u |+ Qgéa? ¥7!0 U3

[+ 65%% "¥%.0 | [+ ¢8®3 "¥,0][+ &3 T,,0] are first augmentation coefficients for category 1, 2 and 3

|+ =222 Y0 ||+ 622222 Y70 ||+ FHZ222 "Y,,0 Iare second augmentation coefficients for category 1, 2 and :

|+ a2l Y, 0 ||+ aEE 1t 7y,,0 ||+ 2t vy, 0 | are third augmentation coefficients for category 1, 2 and 3

|+ (4 e T ||+ CF® 444444 Y o ||+ 4 RS |are fourth augmentation coefficients for category
2and 3

|+ G5 555555 "y, 0 ||+ aR®555555 "Yo.0 | [+ i@ 555555 "Yo,0 |are fifth augmentation coefficients for category 1, :
and 3

|+ (§2 066868 "y, 0 ||+ (2608686 vy o ||+ (F2 086666 "y o |are sixth augmentation coefficients for category 1,
and 3

|+ G2 Y0 |+ GREE T Y0 |+ G2 Y, 0 ‘are seventh augmentation coefficient

ay _
(90)
7 7 o 3 5 777 \ 7 111 o >
v 0% % B3 "Qe0][z B&FTT Qub |z dgEM at] 1
1 ()
ol 3 5. AA4444 - \ 5 o, \ 5 o, 3\ LY
Go *"¥ | HEAA4Ae g, 0 [z GRTSSSPSS TQu0 ||z agFoee888 "Qy,0 | Yo
| ]
u 2 82777 Q.0 U
¥ _
™
5, 5. o, \ 5, 222 o \ 5, 111, oA~ >
oo 68 O aE®3 'Qe0][z 6B Q0 [z GBFM Q0| i
1 '
5 3w 5. , \ 5 , \ 5 ™, \ i
G1 3Y 1| dEEesssss g HZ CEE 555555 "Q, 0 IZ G2 666666 "Q o l"' Y
| ]
u [ 682777 "Qy.0 | U
Q¥ _
™
5. 3 5. 3 o \ 5, 222 o Y 7, 111, A~ .
oo 0% % oB®® Qso]jz B¥22? Qo0 |lz GBFM Qo | n
1 N
3w TR ddAAsh Oy o 2e®555555 "y 22666666 " o |-
&) Y10 agEAs Q%O‘Z(*%a?””’ QLOHZQﬁ&”'” Q5'0|"\£2
| I\
u |Z agg® "’ 'Qg,b‘ U
| 6= Q3,0 II B3 "Q,,0 | I GB=% "Q;,0 I are first detritionscoefficients for category 1, 2 and 3
T2e222 o \ Tpe222 \ TP@222 v \ . ..
of @o,0 |,| off Q.0 [,| off Qo,0 | are secondetritionscoefficients for category 1, 2 and 3
Toelll, "M Tpelll, “Mn Tpelll, “Mn . " ..
of% Qo |, off Qo |,| off QO | are third detrition coefficients for category 1,2 and 3

| cg@isssas nq, 0 || cg@eadsss .0 || @gA44444 "Q,,0 | are fourth detriionscoefficients for category 1,
and 3

| C@ 585555 "Q,0 || CFBE 555855 Q.0 || CFBE P85 Q.0 | are fifth detritionscoefficients for category 1, :
and 3

| CPT 066688 "Qc 0 || CHEOO086 g o || CFE 0066866 g o |are sixthdetritionscoefficients for category 1, 2 an
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3

|z 622777 "Qg,0 |z 622777 "Qy,0 |z 622777 "Qg,0 |are seventh detritions coefficients 86

FOURTH MODULE CONCATENATION

. ~ G5 4|+ = ¥%,0 H"‘ B %% "¥e,0 ||+ 6B 00 "¥,0 | r 87
4 . . ' ~ . ~ p ~ 0.
> = Gy 4Qs |||+ GEE Ll vy, o ||+ (E®2222 7Y, o H+ (5 3333 ¥1,0|.’. Q,
11 Y]
u |+ GEE T "\{7,(‘)| O
(a4 dg:_) 4 ‘+ @%4 l’¥51‘0 H+ d%% > "\fgib H+ (Igéa? 66 "\é31c‘) | Il 88
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90

oMY FE4 ¥,0 ][ B2 %0 BFY ¥6.0 | G OsocH® G aie: G OEEG "R WH0Ri K1,2 603

[+ 65755 Yo,0 | [+ aBZ55 Yo,0 ][+ BP0 ¥,0 |G QIGEEQ (OB G HOE CEOGHE ORI WHOBT (1,2 GE 2° o

[+ 65255 ¥5,0 ||+ GBZ65 ¥5,0 ||+ GBZCS "¥5,0 |6 QICDN GG G aHE GEOOERESRI WHOGT (1,2 (203

[+ 6= vy, 0 [+ éBR M Y, 0 ||+ @M 7Y,,0 | are fourth augmentation coefficierits category 1, 2,and

|+ §2 2222 7Y, 0 ||+ §E=2222 7Y, 6 ||+ 22222 7Y, 0 | are fifth augmentation coefficients for category 1, 2,and

|+ (4 e 7 ||+ [ e 7 I |+ 23333 "y 0 |are sixth augmentation coefficients for category 1, 2,and

[+ a8= 7777 .0 [+ @@= 7777 Y,,0 [+ @82 7777 "Y;,0 |ARE SEVENTH augmentation
coefficients

92
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omd Bt Q.0 & Q0] B¢ gt |d oo a8 GOMEE "R GHRI 01,2 03 96

| =55 Qo] @& "ol &= Q0| Qi Qi Ge: GOXEEG @i GER K12 6203

| 68255 Q5,0 &% Q0| &= "Qs,0 |G QIO GeE GEOMEREG @i ORI 61,2 (203
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G QI AT "GO (E OXNKB G "Bi ORI 11,2 Q3

| &S%ee7,7,7,7,7,, 'Qg,bl (IS%ee7,7,7,7,7,, 'Q9'b| (Igéeel?,?,?,?,, "Qy, 0 |6'YOSEVENTH
DETRITION

COEFFICIENTS
97

FIFTH MODULE CONCATENATION: 98

~ CE 5|+ (Ig%ees Yo, 0 “+ (1231394’4’ Yo, 0 H+ dgezae6,6,6 "\fsac‘)l I:I 99
%= Gys ° Qg E +aERL vy, o |+ ap@22222 vy, 0 [+ ag@eR333 vy 0 |:::“Q8

u ‘+ g T "¥7,b| Il.ll’
B - Qgeg 5|+ dgegeeS Yo, 0 H+ (1295994’4’ Yo, 0 ||+ dg%ae6,6,6 "¥3,O| o 100
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0EQ+ GFE4Y ¥,0 ||+ B2 Y0 | [r &4 ¥e,0 | G QI QEEQG0 G GO GEONNBRREO®T WBORT 01,2 ¢

[+ 65Z 565 5,0 ||+ cBZ055 "Y,,0 ][+ (FRO5° ¥,0 | QICNQ '@ GEBE G QOGO Br WA (1,2 QS

|+ agE Lttt vy, o ||+ A A O o) ||+ (@2 LLLLL Y I are fourth augmentation coefficients for category 1,2,
and 3

|+ B2 22222 7y, o ||+ (2222222 7y, & ||+ GB= 22222 7Y, .0 |are fifth augmentation coefficients for category 1,2,anc

|+ (B2 33333 "y o ||+ (233333 "y o ||+ 6233333 "y o | are sixth augmentation coefficients for category 1,2, &
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| 62555 Q5,0 8% Q50| &6 Q0] G QI O GO GOMHEG @i ORI G1,2 03

| =Lt Qo || =Ll "Qo | | =L Qo | are fourth detrition coefficients for category 1,2, and 3

| Cz® 22222 "Qy,0 H Cfz® 22222 "Q,,0 || CF3® 22222 "Qq,0 |are fifth detrition coefficients for category 1,2, and 3

|z C5@ 33333 "Q,,0 ||z (FE®33333 ;.0 ||z 6= 33333 "Q,,0 |are sixth detrition coefficients for category 1,2, and 3
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[+ 657° "¥%,0 ||+ GBP° "¥5,0 ||+ GBFC "¥5,0 | (IQNI 6 (OB BB G ONGEY "B WBOGI W1,2 2103 112

[+ G555 Yo,0 | [+ aRZ55° Yot | [+ BT5° ¥,0 |G QI BEEQ0H G G AT G OBRY "B GHOGT w12 G2

[+ 6= 444 Yoo ||+ aR244% Y0 | [+ R ¥, 0| GOSN G e GOXRIRY @ GHORI (1,2 G

|+ =Ll Y, o ||+ EE LI Ty ||+ 6 e A | - are fourth augmentation coefficients

|+ (2222222 7Y, 0 ||+ (22222222 7Y, & ||+ O 222222 "\{7,(‘)| - fifth augmentation coefficients

|+ (2333333 7y o ||+ G2 333333 7y o ||+ (2333333 7y o | sixth augmentation coefficients

|+ CRE TN Y, ||+ CRE TN "y o ||+ GRETTTIIT Y, IARE SVENTH
AUGMENTATION COEFFICIENTS

113
. 7 - . 7 “ . 7 o . . 114
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2 7 o ' o~ 7 o . 7 o T
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| ag=** Q0| @@ g0l @&2** g0 | ¢ osmaa e GOMEEd "R WH0Ri 012 03
| EE ML Qo || aEELLLLLL Qo || [ R "Qc‘>| are fourth detrition coefficients for category 1, 2, and :
| FB® 222222 "Qq.0 || Cfz® 222222 "Qq 0 || Cf3® 222222 "Qy.0 | are fifth detrition coefficients for cagery 1, 2, and
3
|z (5333333 Q0 ||z (5= 333333 Q.0 ||z 02333333 "Q, o | are sixth detrition coefficients for category 1, 2, ar
3
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Qs _ 123
-
AY ST 124

% T 0| ¢ [T Va0 ¢ [ o+ [+ BT o+ 15

(&= %o] + [@&7 ol + [@ o] &

DY _ 126
)

Qs "% &7 | G®®T Q0| [ % Q0| | BT Q0|

| =7 Qs :bl | @* Y ,(‘)l ‘ @ ,(‘)|

R Yo

%: @ 'Y 127
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Where we suppose

(A) %1’6%1’6%w1’ab1’a%1,a%w1>0’
0= 13,1415

(B) The functions ¢£*! , &® are positive continuotiscreasing and bounded
Definition of (9 *, (i *:

@ (Ya 0 (M (813)W
@ (Q9 (gt (@' (813)?P

(®) (o] "\gOHDN(I%m Ya,0 = (9 *
00 51, GE™ "Q0 = (i3’
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Definition of (813 )™, ( 8,5 )™ :

Where{( 013)M,(65)M, (L, (i1 ‘are positive constants

and |'(x 13,14,15

They satisfy Lipschitz condition:
(G o (G Yol (Q)DY, "flQdm)Pe

I(GBF P60 (GEF* QY| < (Qs)W[I'0 "OffQ(81s)Me

With the Lipschitz condition, we place a restriction on the behavior of fundti@E" "Y5,0 and &' "Ys,0
. "¥5,0 and "Y,,0 are points belonging to the interval Q; )M, (043)® . Itis to be noted thatfEf* "Y,,0

is uniformly continuous. In the eventuality of the fact, th4tlif,; )(¥ = 1 then the function(¢&f* "Y,,0 , the
fir st augmentation coefficientattributable to terrestrial organisms, would be absolutely continuous.

Definition of (013 )™, ( Qs ) :
(D) (013)®,(Qg )M, are positive constants

(6 * (G
(013)D "(013)®

Definition of ( O35 )V, (015)® :

(E) There exists two constant®;; ) and( 0,3 ) which together with
(013)D,(Q3 )V, (813)P6EQ( 615 )P and the constants

((bd ! 1((:‘% ! !(a)d . 7(@ . v(r‘]a ! ’ (‘ld ! 7"Q: 131141151

satisfy the inequalities

1

(013)(1)[((1331 + (@ + (013)P+ (05)P(Qs)P]< 1

;[ (Gt + (6L + (613)P+ (013)P (QQ)V]<1

(043)®
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D% _

[90]

Qs 7% @7 | @®® Q.o B2 Q.o| [ @ Q.o
&= "g.0| | &7 0| [ & Qo

| 87 Qs 0| Yo

+ G827 "¥,,0 = First augmentation factor
1) in?, B2, B2, M2, @E2, @& >0 "0k 161718
(3] (2) The functions GE® , &> are positive continuouscreasing and bounded
Definition of (79 2, (iQ 2 :
GEZ Y0 (2 b1
B ('Qe,0) (g2 (2 (063)?
G) (3 6@-you, (B "Y7,0 = (g ?
Q- B* Qe ,0 = (ig?

Definition of (815 )@,( 616)®@ :

Where|( 016)@,(616)?, (Y 2, (i3 ? lare positive constantand ['Gz 16,17,18

They satisfy Lipschitz condition:
(G2 B0 (682 Y01 (Q)PIY "ElQtw)®o
I(CEF? Qe 0 (GB2 "Qe ,01< ()] 'Qy Qo FQ(D16)0

With the Lipschitz condition, we place a restriction on the behavior of functid@& “Y,0

and (&2 Y,,0 . "¥,0 And “Y;,0 are points belonging to the interval Qg )@, (0 16)®? . ltis
to be noted thatd&*? "Y,,0 is uniformly continuous. In the eventuality of the fact, thétlif, ) =
1 then the function(¢gf? "Y,,0 , the SECOND augmentation coefficient would be absolutely
continuous.

Definition of (0 15)®,( Qs )@ :
(H) (4) (015)@,(Qg)@, are positive constants

(dxy 2 (G2
(016)@ ’(016)®@

Definition of (0,3 )®,(0,3)® :

There exists two constant®; )(? and( 044 )? which together
with (016 )@, ( Qe )@, (616) P 6E'Q( 616 )@ and the constants

(d)é 2 !(dﬁ 2 1(@ 2 1((:% 2 v(r‘]d 2 ’ (‘ld 2 "’Q; 161171181

satisfy the inequalities
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1
(016)@

Gl (@2 + (G2 + (816)@+ (016)@ (Q)P]< 1

[(6Q2 + (G2 + (036)P+ (036)?(Q)P]<1

Where we suppose
Q) B) @, B3, >, &, &3, § >0, 202122
The functions ¢ , & are positive continuotiscreasing and bounded
Definition of (n9 2, (iQ 3:
@ (¥,0 (M°  (082)®
@B (30 (9% (FP  (06x)?
(o] “¥O Ho (*%983 ¥1,0 = (N4 3
005 B= Q0 = (17
Definition of ( 8,0 )®, (6,0 )® :
Wherel( 020)®,(62)®, (3 2, (i3 lare positive constantsnd
They satisfy Lipschitz condition:
(G E0 (G %0l (Q)OIY Q=)
(G Q550 (G8° "Qs,01< (R)PII'Gs "QsTlQ (202

With the Lipschitz condition, we place a restriction on the behavior of functig@E® “¥5,0

and¢F® "Y,,0 . "¥E,0 And “¥;,0 are points belonging to the interval Qg ), (0,0 )® . ltis
to be noted thatc&E*® "¥;,0 is uniformly continuous. In the eventuality of the fact, thtlif,g )(®) =

1 then the function(¢gfF* "Y;,0 , the THIRD augmentation coefficient, would be absolutely
continuous.

Definition of (0 )@, (" Q)@ :

() (6) (0,0)®,(7Qy)®, are positive constants
(g3 (O

(020)3 "(020)B3

There exists two constarithere exists two constant®,, ) and( 0, ) which together with
(020)3,(7Q0)®,(620)PEQ( 6,0 ) and theconstants

((bﬂ 3 1(6‘% 3 !(@ 3 ,((Iﬁ 3 v(r‘]a 3 ’ (‘ld 3 1"§2: 20:21:221

satisfy the inequalities

Tl (@7 + (2 + (820)@+ (50)@ ()P < 1
Tl (% + (G2 + (820)+ (020)@ (o))< 1

Where we suppose
@t 6B, B, M, E, B >0 (0242526

(L) (7) The functions ¢£** , &> are positive continuotiscreasing and bounded

150

151

152

153

154
155

156

157
158

159

160

161

162
163
164
165
166
167
168

169
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Definition of (119 4, (i 4
& (%0 (' (024)@
@™ Q.0 (ig* (6F*  (024)?

M) (8) dQ-you WE™* "¥5,0 = (g *
0@ 0w B> "Q; 0 = (ig*

Definition of ( 8,4 )®*, (64 )@ :

Where‘( 004 )* (60)*, (M 4, (i9* ‘are positive constants andx 24,25,26

They satisfy Lipschitz condition:
(G "E.0 (G %0l (Q)@IY% "l
IG®* Q%o (6 "Qr.01< (Q)@I"Q g FQ P

With the Lipschitz condition, we place a restriction on the behavior of functi@g* 2,0

170

171

172

and F* "¥s,0 . “¥E,0 And “¥s,0 are points belonging to the interval Q, ), (0,4 )@ . ltis
to be noted thatd&E** "¥s,0 is uniformly continuous. In the eventuality of the fact, thtiif,, )(* =
4 then the function(¢E** “¥s,0 , the FOURTHaugmentation coefficient WOULD be absolutely

continuous.

Definition of (0 54 )®,( Q4 )@ :
(0,4)176Y5™ (Q, )@, are positive constants

(g * (G4
(024)®) 7 (024)@

Definition of ( 8,4 )@, ( 054 )@ :

(P) (9) There exists two constant®,, )* and( 0,, )* which together with

(04)9,07Q0 )@, (824)PDEQ( 6,4 )@ and the constants

(G 4, (G4 (cn* (6%, (*, (94, 24,2526,

satisfy the inequalities
1 . . i ) ]
@l (G + (GF* + (820)D+ (5)® (Q) W] < 1

Toml @+ (@ + (60D + (009 (Qu)D]< 1

(024)

Where we suppose

G %, GBS, (B, n®, E°, (&8> >0, "(x 282930

(R) (10) The functions G2 , (&> are positive continuouscreasing and bounded

Definition of (79 %, (iQ °:

@B (%0 (M° (628)®

173

174

175

176

177
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W@ Q.0 (lg° (F° (85)®

S) (1) d@-you, GB™ "¥%,0 = (g °
dQ 0w 6B "Q,0 = (ig°

Definition of ( 8,5 ), (6,5 )® :

Wherel( 0,8 )®), (6,8)5) (M %, (i9° |are positive constantand ['Gx 28,29,30

They satisfy Lipschitz condition:

(G "¥.0 (G "¥%.01 (Qa)®Y% "ElQ(P2)®0
(G "Q 20 (6B "Qu ,t]<(Q)®)"Q  Q FQ 0z

With the Lipschitz condition, we place a restriction on the behavior of fundti@E® "¥§,0
and&® "¥,,0 . "¥E,0 and "Y,,0 are points belonging to the interval Qg )®), (0,5 )®) . ltis
to be noted thatdE*® "¥o,0 is uniformly continuous. In the eventuality of the fact, thétlif,g ) =
5 then the function(¢f® “¥,,0 , theFIFTHaugmentation coefficientattributable would be
absolutely continuous.

Definition of (0 25 )®,(Qg)® :
(0,5)®,(Qg)®, are positive constants

(N (6 °
(028)3) "(028)) <1

Definition of ( Pyg )®), (0,5 )® :

There exists two constant®,g ) and( 0,5 )(® which together with
(028)®,(Qg)®,(0,5)PEQ( 6,5 ) and the constants
(635, (6F % (W °,(6F°,(d °, (9%, 282930, satisfy the inequalities

Tl (% + (G5 + (828)9+ (5)® ()P < 1

— L[ (G5 + (G5 + (028)P+ (026)® (Qg)P]< 1

(02g)®

Where we suppose

W ®, GBC, B, i, &, &* >0 323334

(12) The functions GE® , &> are positive continuouscreasing and bounded
Definition of (11 ©, (i ®:
B (%0 (M° (62)®

W (.09  (19° (B® (65)®

(13) 8@ yop (B "¥%,0 = (3 °
0Q - 1 dgeeﬁ Qs 0 = (i9°

178

179

180

181

182

183

184

185
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Definition of ( 63, )(®, (65, )® :

Where{( 032)®,(65,)®, (g 8, (i9° ‘are positive constantd [ 32,33,34

They satisfy Lipschitz condition:

(GBF® "¥.0 (G %0l ()OI "glQ®=)®
(GEF® "Qs %0 (GEF° Qs 01<(Q)@ Qs Qs FQ(0)

With the Lipschitz condition, we place a restriction on the behavior of fundti@E® "¥§,0
andF® "¥;,0 . "¥&,0 and "¥3,0 are points belonging to the interval 'Q, )(®, (03, )® . ltis
to be noted thatdEf*® "¥3,0 is uniformly continuous. In the eventuality of the fact, thtiifs, )(®) =
6 then the function(¢&*® "¥;,0 , the SIXTHaugmentation coefficientwould be absolutely
continuous.

Definition of (03, )®,(Q,)® :
(03,)®,(Q,)®, are positive constants

(6 (6
(032)® "(032)®)

Definition of ( 0z, )(®, (04, )©® :

There exists two constant®s, )(® and( 03, )(® which together with
(03,)®,(7Q,)®,(63,) O Q(63,)® and theconstants

(6‘)& 6 1(6‘% 6 !(d‘& 6 !(d‘ﬁ 6 v(r‘]a 6 ’ (‘ld 6 7"§2: 327331341

satisfy the inequalities

T (@ + (O + (83)@+ ()@ ()0 < 1

Gyl (@ + (GO + (83) @+ (02)® (Q,)0)< 1

Where we suppose

V) ~%7,d%7,6%$7,&b7,&%7,&%‘%7>0,
Q= 36,37,38

(W) The functions ¢£*7 , &>’ are positive continuotiscreasing and bounded
Definition of (113 7, (i ' :

@ (%9 (M’ (83)"

@ (Q9 (i’ (F7  (65)"

186

187

188

189

190

191

192
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0 G@yon BT %0 = (M’
6@-5, GEF Qp 0 = (i

Definition of ( 835 ), (636 )" :

Where{( 036 ), (636),(NQ 7, (g7 ‘are positive constants

and |'Cx 36,37,38

They satisfy Lipschitz condition: 193

(G "0 (G "¥%.01 (Q)D "glQ®=)"s

(G Qo 20 (6B "Qo, Yo 1< (@)D Q "Qy FQ (V)00

With the Lipschitz condition, we place a restriction on the behavior of fundti@E’ "¥g,0 194
and & "¥,,0 . "¥,0 and "¥;,0 are points belonging to the interval Qg )/, (0 3 )" .
It is to be noted thattfgf*” “¥;,0 is uniformly continuous. In the eventuality of the fact, that if

(036 ) = 7 then the function(¢&" "¥,,0 , thefirst augmentation coefficientattributable to
terrestrial organisms, would be absolutelyntiouous.

Definition of (0 35 )™,( Qe )™ : 195
(Y) (036)7,(Qg )", are positive constants
(co 7 (S 7

(036)M "(036)M

Definition of ( 0z )", ( 036 )" : 196

(2) There exists two constant®z )" and( 03 )" which together with
(036)7,(7Q6 )M, (636) N EQ( 636 ) and the constants

(6 7, (67 (" (BT .( 7, (97, 36,37,38,

satisfy the inequalities
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1 7 7
mudﬁ? + (GG 7+ (036) 7+ (036) " (Qe) <1

1 f i x -~
Goyml @7 @7 (8) D+ (D5)P (Be) V< 1

Definition of "0 ,"%0 :

'Q)b 628 S'Qi)zg %o ,| lQ}O :“C%> Ol
MO (Dg)O002)% [0 = "> 0

Definition of "0 ,"%0 :

o~ 3 5 6.5 6
Q)O Uzo QYa2

o | @0 ="@> 0

MY (Ba)OgiR%

Definition of "0 ,"%0 :

- \ 5 70 7
@0 Ugg Q736

o[G0 =0

MO (D) PG00 [0 = "§>0

Proof: Consider operato} () defined on the space of sextuples of continuous functions
@ "%a. © g, which satisfy

R0 =&, "0 =", @ (03)P "8 (013)P,

0 Qo G (D) Wi

0 6o "§ (Dy)Weou)

By

197

198

199

200

201
202
203

204
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Qs 0 =G5+ wob (Gas) Q4 13 (68%) ' + 2Tt Yais s Qaig Qg
@, 0 = "@4+>v06 (614) ' Qs 1 13 (6§ ' + (AT Yol iz Qi Qs 205

Qs 0 = "Gs +Wob (Gds) * Q4 13 (6F8) ' + (GBBF' Yo i3 i13 "Qsigz D yg 206

Yo 0 =W+, (Qe) Y (1 (6B) ' (CBF! Ol g Yaiiz s 207
a0 =N+ 0 Q)Y g (61 (CHBF! iz iz Yol Qs 208
Yo 0 =Y+, (Gs) 1 Ya (1 (G) 1 (CEF! Ols g "Ysiiz i 209

Wherei .3 is the integrand that is integrated over an interQab
210

if the conditions IN THE FOREGOING above are fulfilled, there exists a solution satisfying the conditions

Definition of "0 ,"%0 :

7

Q0 Osg QU3 70 [ @0 =d> 0

MY (Dae) P

Consider operato? (M defined on the space of sextuples of continuous funcli@n®%s . © s, which satisfy

Q0 =@, "0 =", d (0x)7 G (056),

0 Qo G (I) i
0 %0 "B (0g)Nctda) 0

By

Qs 0 = Qs + ,Vob (636) " "Q7 1 36 (68) " + (BT’ iz iz Qoize s

C§7 0 ="G+
,VOO (6y7) " "Qg 1 36 (GF) " + (CFBF" Y ig igg Qig Uy
@ 0 =y

WOO (6¥g) " "Q7 1 36 (68) " + (6BF" Y ia s Qgize e
Y 0 =Y "',voo (G36) " "¥7 36 (68) 7 (G8F7 Ol g izg Yoize Qg

¥ 0 =", "',voé (G7) 7 Yo | 36 (68) 7 (6E5F7 Olgg igg "Yize Qg
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0=+ ) )
o (Cag) 7% 1 36 (6%)7  (CBFT Ol das Yoize Oz

Wherei 35 is the integrand that is integrated over an inter@ab
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Consider operator (@ defined on the space of sextuples of continuous funct@n®gs ., © .
which satisfy

Q0 = "C%, %0 = \t%v C% (616 )(2) :X@z (616 )(2),
0 "0 @ (U4 )(Z)IQD“S)(Z)O
0 %0 "B (D)@l

By

B 0 = "G+ 5 (@) 2°Qr 1 16 (C) 2 +GRF* Y7 l16 16 Qi Do
@ o =G+ () 2 i 16 (&) 2 +(F% Vi 17 Qi D
By 6 = "G+, o (G6) >Q i 16 (6f8) 2 + (&RF? Vi 16 Qi s
Yo 0 =Ht .o (@)Y i 16 (6R)?  (GRF? Oige i Yol s
Yo =P+ (@) 2 Ye i 16 (6F%) 2 (6BF? Oie e Wi Qe

Yo 0 =Y +,~Ob (Qs) 277 1 16 (6f3) 2 (GfBF? Ol s Yol Do

Wherei .5 is the integrand that is integrated over an inter@ab

Consider operator (@ defined on the space of sextuples of continuous funcl@nsgs ., © 5.
which satisfy

R0 =G, 60 =G (00)@ % (520)9,

0 QO G (D) @b

0 "h0 B (Dg) @020

By

B0 =Tt g (2) Qi  (CB)+GHF2 Vi i iz O
G o=Gt g (@)% Qin (@) (EEF Yiw i Uin U

@, 0 =G, +,Vob (6y2) Q1 1 20 (68) % + (6BF° Y i i Qi Do

"\fO 0 ")QO +>v00 (J‘QO) 3 "\fl i 20 ((Igf)) 3 (&%323 “Oi 20 vi 20 "\fO i 20 Qi 20

")Ql +>vob (&%1) 3 "\{O i 20 ((:gi) 3 ((1291393 “Oi 20 vi 20 "\fl i 20 o} 20

Yo
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Y, 0 ="% +,v00 ((I%z) R TR P ((IS%) 3 (@?3 Ol Jizg Yola Qoo
Wherei ,, is the integrand that is integrated over an inter@ab

Consider operatof () defined on the space of sextuples of continuous funcli@ndés ., © s,
which satisfy

Q0 =G, "0 =", (02)® G (024)9,

0 @O G (Do) @sPe 0

0 "%o MG (Da)@@da)®

By

G o= Gyt g () Qs iae ()BT Vo ias M2 Quia Do
Go 0 = Wt o (63) " Quios (B4 +(CEF* Yo iow ios Qsiag Do

Qs 0 = "Gp +”0c‘> (Gre) * Qs i 24 (685) * + (GBT* Yo loa ios "Qgiog Dog

Y 0 =Y "'wob (Q4) * ¥ 1 24 (6% 4 (OFHF* Ol g Yalon Gy
Y5 0 =% +,~Ob (Gs) * "Ya i 24 (G$2) *  ($2F* Ol p iy Yoioa Qo
Yo 0 =% +,~Ob (G6) * Y5 1 24 (G83) *  (G82F* Ol oz iy Yoioa Qo

Wherei ,, is the integrand that is integrated over an inter@ab

Consider operato? (®) defined on the space of sextuples of continuous funci@ns%sa ., © s,
which satisfy

Q0 =", "0 =", (05) " (05)0,

0 Q0 @ (Oy)®dd2)®0

0 o B ()02

By

Gp 0 = G+ Woo (Gys) ® Qo { 28 (683) °> + CBF° Yoios ig Qaiog o
Gy 0 = Gy +)v00 (Gye) ® Qg i 28 (683) ° + (CFF° "Yoios g "Qoiog o
@ 0 = "G +)v00 (630) ° Qo i 28 (68) ° + (CBF° Yo ios iog Qoiozg o
Y 0 = "% +,Vob (Gg) ® Yo i 2 (G$3) °  (GHRF® Ol g izg "Yoioe Qg

Yo 0 =Y "'Woé (Gde) ® Yo i 28 (6$3) °  (GFBF> Olzg izg "Yoiog U og
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Y 0 = "% +,Vob (Gao) ® Yo i 28 (6$)°  (GRF® Ol ig Yoioe Qo

Wherei ,¢ is the integrand that is integrated over an inter@ab

Consider operator (® defined on the space of sextuples of continuous funct@n®gs ., © .
which satisfy

Q0 =G %0 =8 G (5)0 8 (B:)O,

0 Qo @ (Oyp)@ct)®

0 "o Mg (Dgp)©@@be)®

By

o=@t (@) Qi R HET Nin dn Qi Ui
o= Gy (@) Qis () (EF Nin i Qip Ui

'@, 0 =4, +”0c‘> (634) ®° Qs i 32 (G ° +(BF® i g QUizpz 9a

Y0 =" +,vob (G) © "% 1 2 (6$) ¢ (6BF® Oig iz Hizxp Qi

Y 0 =¥ +,~Ob (G3) "% 1 2 (68B)®  (6HF® Oig izpz sk Qi

Y0 =", "',VOO (5%4) ® Y% i 5 (&ﬁ) ® (Jﬁfﬁ Oig iz Maizp QG
Wherei 3, is the integrand that is integrated over an inter@ab

. if the conditions IN THE FOREGOING are fulfilled, there exists a solution satisfying the cond

Definition of "@,0 ,"%0 :

o~ 3 5 T oo 7
@0 Usg QYss

o | @0 ="@> 0

WO ()M

Proof:

Consider operato? () defined on the space of sextuples of continuous funci@nd%a ., © .,
which satisfy

Q0 ="@, "0 =8, '@ (0s)" " (036)7,
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0 @0 G (D)0

0 "0 Mg (g6 )Vt 030070

By

Qs 0 =G+
o (036) 7"Q7 1 356

o =G+

o (037) T'Qs 1 36
@ 0 = "G+

o (03) 7°Q7 1 36

"Ei’e 0 ="¥+
o (Ca6) 7Y% 1 36

¥7 o="¥+
o (Ga7) 7Y% i 36

N0 =g

o (Cag) 7Y% 1 36

(g5) © + T

(@) "+ (@&F "

(6%) " + (T "

(G%) " (aRF" "

()" (@FF

(6%) " (¥’

Y7 {36 036

Y7 {36 i 36

'¥7 i 36 !i 36

Oi 36 1i 36

Ol 36 i 36

Oi 36 i 36

Wherei 3¢ is the integrand that is integrated over an inter@ab

Analogous inequalities hold also f6©; ,"Q,, ¥y, %1, ¥

264

265

266
“Q6 i 36 Q 36

267
“QY i 36 Q 36

268
“QB i 36 Q 36

269
UXG i 36 Q 36

270
"¥7 i 36 Q 36

271
"XB i 36 qQ 36

272
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(a) The operator Y maps the space of functions satisfying GLOBAL EQUATIONS into itself
.Indeed it is obvious that

Qo G, +Wob (Ga) Qo+ (Do) W22y, =

o N4 e (@24) * (92)® 15,4 ) Do
1+ (Gya) 0@5+WQZ4 1

From which it follows that

(524)@+ s

“ R o i~ (D ag ) (B (Cpa) 4 > - o % >
Qs 0 G, QP20 m (024)® + G5 Q 5 + (0 )@

"@, is as defined in the statement of theorem 1

(b) The operato'r (®) maps the space @inctions satisfying GLOBAL EQUATIONS into itself
.Indeed it is obvious that

o~ s w o . . . PSRNCY ,
Qs 0 Gt (Crg)® "ot (Dy) @02 28 G 5 =

vy B oA (628) ° (028) {5 55)®o
1+ (Gs) 0@9+WQ 2 1

From which it follows that

(528)3)+ g

" . o~ (D an)(B)s (Cpg) °® > - ¥
Qs 0 G QP20 (U;W (025)® + "Gy Q o + (0)®

"@, is as defined in the statement of theorem 1

(c) The operato'r (6) maps the space of functions satisfying GLOBAL EQUATIONS into itself
.Indeed itis obvious that

o . o . . o~ D a0 )6 :
Q 0 @2"'”00 (Gap) & "Gat(03)OG )2 (g, =

vy B (632) © (032)® \{53,)®)0
1+ ((*%2) 0 @3 + (032 )(6) Q 8 1

From which it follows that

(532)©)+ gy

N R o i~ (D an ) (6)s (Cg2) © > “ o % >
Q0 @ Q)0 (U;W (052)®+ "G Q 3 + (032)®

"@, is as defined in the statement of theorem1
Analogous inequalities hold also 685 ,"Qg, " ¥4, ¥, Y6

(d) The operato'r (M maps the space of functions satisfying 37,35,36 into itself .Indeed it i
obvious that

o . . 0 , o . 5 o~ D M B
Qs O @6*'“00 (Gyg) 7 "G+ (g )P g5 =

1+ (Gxg) 7 0°Q, + (636) 7 (036)" goas) Do q

(036)7
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280
From which it follows that
5 (D) o N7 - (636) N+ .
Qo Gte ™ BT (G mega T ()0
"@, is as defined in the statement of theorem 7
o 1 7 l
It is now sufficient to tak?ELogi 2% __ < 1 and to choose 281
013)® (0 13)D
(0;3)® EQ(045)D large to have
282
(013)D+d) 283
g L . ~ T =
G (D)t + (h)W+ga b (B13)®
(513)M+ 284
4 1 it 2 D ; A o
% (013) B +"8 Q ° +(013)®  (045)®
In order that the operat'or(l) transforms the space of sextuples of functi@hs ¥satisfying 285
GLOBAL EQUATIONS into itself
The operator () is a contraction with respect to the metric 286
yQ nol ,qu , “02 ,"Y2 —
i on{a G Qzl o Q)Z o Q! ® & G "_\61 ) "562 o 'Q @)t o
0 oNA 4+ oNA 4+
Indeed if we denote 287

Definition of "Q"Y:
gy = ! Wy
It results
Q@ @)t Q@ el iegdn s g+
@) € el iisg@n i
(CBFL Y. Qb Q2 Q¥ iegheiis
QGICEF Vi s (GBFT Vi | QO T eghe) Ty,

Wherei 13 represents integrand that is integrated over the intebyal

From the hypotheses it follows
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ol 02 Q(bs)to
1 o o « 5 7 , o o o, o
(Gz) 1 + (6§3) 1 + (013) 1 +(013) 1 (Qe) t Q "O',"YL; 0% ,"Y?

(013) 1

And analogous inequalities fdRGE'Q"Y, Taking into account the hypothesis the result follows
Remark 1: The fact that we supposédg¥ ! 2'Q(¢S¥F! depending also oaican be considered &

not conformal with the reality, however we have put this hypothesis ,in order that we can pc
condition necessary to prove the uniqueness of the solution bounded

(Oy3) 13013 10 G2Q(0,5) L 013 ! 0 respectively of .

If insteadof proving the existence of the solution @, we have to prove it only on a compact tt
it suffices to consider thgtdgP*™ ¢&'Q(E* ,"x 13,14,15 depend only ofiY, and respectively or
"aE'Qnédée 0) and hypothesis can replaced by a usual Lipschitz condition.

Remark 2: There does not exist alywhere @0 = 0CEQ" %0 = 0

From 19 to 24 it results

‘6 GO OB (B Yaigs iz O ogs 0

"o  "8Q @30 >0 foro>0

Definition of (015) * |, GQ (043) * 5

Remark 3: if "Q; is bounded, the same property have a9 ¢£'Q"Qs . indeed if

Q< (Uq3) ! it foIIows% (013) * |, (c33) ' "Qq and by integrating

Qe (Dga) b ="+ 2(a) T (Dga) * L/ (GFR) 1

In the same way , one can obtain

Qs (Dga) b =T+ 2(Gs) P (Dga) b/ (6R)

If "Q, €1 "Q5 is bounded, the same property follows 1@g , "Qs and "Qs , "Q, respectively.

Remark 4: If "Q; "“Qboundedfrom below, the same property holds @y GE'Q"Qs . The proof is
analogous with the preceding one. An analogous property is ti@gif bounded from below.

Remark 5: If "Y; is bounded from below anif « ,((GEF ("00,0) = () * thenY, © Hb.
Definition of & ! 2'Q-;:
Indeed lety be so that fob > &

(Qa) ' (6B (00,9 <-1,"%5(9) > a *

Then% (a)t a 1 -1"Yswhich leads to

o 1 s 1 . . .
y, w8 1 -0 4 P10 |f we taked such thalQ 10 = % it results
-1

. 1 4 1
Ya (w“)+ , 0= cx-:§22—1 By taking now -, sufficiently small one sees thayf, is

unbounded. The same property holds"igr if 6@ o 1, (CREFL "00,0 = (GfE) *

We now state a more precise theorem about the behaviors at infinity of the solutions

288

289

290

291

292

293

294

295
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(6 2 (G 2
16)@ (0 15)?@ < 1 and to choose

It is now sufficient to tak%‘

(016 )@ @Q(016)®@ large to have

(016)2)+d)
T

5 2 5 5 o .
©d- (B2 + (Os)@+ '@ Q

0 (2)
© 10) (Ug6)

(516)@+%,

Ty 2 ~ ., ~ ~
@ (015)@+ "8 Q B4 (05)@  (D4)@

(0 16) 2

In order that the operatc')r(z) transforms the space of sextuples of functi@s ¥satisfying

The operato'r (2) is a contraction with respect to the metric
Q QY Q%Y =

iéh{dd’xb"qll o} Q)Z o 'Q(016)26,('xdm"¥21 o "¥22 50 (016)2(:}
Q oA+ MR+

Indeed if we denote

Definition of "Qg, Yo :  "Qs,"Yo ="' @ ('Qo,"Yo)

It results

Q¢ @) ? Qe g e g g

)vob{(df%) 2 Qé Q§ Q(016) %116 (U16) ? 1 16 4

(GBF2 Yy i1 QF QF QP Twhne fl 4

2( 2 -'l,il (62T 2 "2,i1 'Q(Dle)zile'dﬁle)zile}’gl
6 6 7 6 6 7 6 6

Wherei . represents integrand that is integrated over the intebyal

From the hypotheses it follows

Qo * Qo 2 Q(016) %0
Tz () 2+ (CR) 2 + (B1e) ? +
(0) 2( Q)2 Q2 "Q ', Yo ' "Q %, Y ?
And analogous inequalities fd®4E'Q"Y, Taking into account the hypothesis the result follows

Remark 1: The fact that we supposé€diz¥ 2 (2'Q(ci2¥? depending also oaican be considered &
not conformal with the reality, however we have put this hypothesis ,in order that we can pc
condition necessary to prove the uniqueness of the solution bounded

(Oy6) 2'B016) 20 G2'Q( 046) 2 018 ? © respectively of ..

If insteadof proving the existence of the solution @, we have to prove it only on a compact tt
it suffices to consider thgtdE®? ¢&'Q(E* ,"x 16,17,18 depend only ofiY, and respectively or
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Qe (CEQEEGEE 0) and hypothesis can replaced by a usual Lipschitz condition.
Remark 2: There does not exist aywhere'@, 6 = 0 GEQ"% 0 = 0
From 19 to 24 it results
Qo @ 0@ @B Wi is G
%o "BQ @0 >0 foro> 0
Definition of (046) * |, (D16) ? ,GEQ (D36) * ,:
Remark 3: if "Qg is bounded, the same property have al9e GE'Q"'Qg . indeed if

Q< (Dqg) 2 it follows% (016) > , (G$) 2"Q; and by integrating
Q (D) ? =@+ 2(07) % (D4e)? /(G) 2

In the same way , one can obtain

Qs (016) % ,="Tp+ 2(g) * (D16) ? ,/(CFR) 2

If "Q; €1 "Qg is bounded, the same property follows 1@ , "Qg and Qg , "Q; respectively.

Remark 4: If "Qg "Qbounded, from below, the same property holds@rEQ'Qs . The proof is
analogous with the preceding one. An analogous property is tiQgif bounded from below.

Remark 5: If "Yy is bounded from below an®® 1, ((GBF2 ("Qy 0,0)) = (¢5) 2 then
Y, O b

Definition of & 2 Q-5 :

Indeed le®), be so that fob > 6,

(A7) 2 (6B ('Qy 0,0 <-2,Y%(0)> a 2
Then % (@7)2 & 2 -,"Y,which leads to

o, 2 2 . R .
Yy (“)”)72“ 1 Q20 +"PQ 2% |f we taked such thalQ “2° = % it results
. 2 4 2
"Y7 (th7) 5 a
unbounded. The same property holds iy if §Q o ,(CEF2 Qg 0,0 = (Cf) 2

, 0= &% By taking now -, sufficiently small one sees thay; is
-2

We now state a more precise theorem about the behaviors at infinity of the solutions

. 3 5 3
It is now sufficient to tak?(w‘i (&~ 1 and to choose

020)@) (0 20)®

(050 )@ 6E'Q( 0, ) large to have

(520)3+d)
(G 3 B

(020) 3 (00) 3 + (00)®+@Q (0y0)@
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(520)@+%,

"N 3 ~ \E) ~ ~
(% (020)@+ "¢ Q o +(050)®  (02)®

(0 20) 3

In order that the operatbr(3) transforms the space of sextuples of functi@hs™ into itself

The operato'r () is a contraction with respect to the metric
Q Qt, Y, Q2,2 =

fonfdc g o " 0 Q00 o adm g o Y o Q7Y
Q oA+ oA+

Indeed if we denote
Definition of "Qs,"¥s: Qs , ¥s =' @ @z, ¥
It results
Qé Q)z 5 ob(d%) 3 Qi Qi 0 (020 31 20 g 020) 31 20 'y 00 +
’vob{(d’g%) 3 Q(l) Qg 0 (02031 200 (020 31 20 4
(GBF° Yl Qg Q) Qo gha)’in g
QS |((A2%393 ¥11 i 20 (03%393 ¥12 oo | Q (020) ° 1 20 ¢f020) T 20 30 PN
Wherei ,, represents integrand that is integrated over the intebyal

From the hypotheses it follows

ol 0?2 Q (020 EN)

T (@0) %+ (6%) %+ (820)  +

(020)°(Q)*Q Q@ ', "% ' QG 2, "% ?

And analogous inequalities fdRLE Q™Y Taking into account the hypothesis the result follows
Remark 1: The fact that we suppos¢di¥ 3 ¢E'Q(d33F° depending also ot can be considere

as not conformal with the reality, however we have put this hypothesis ,in order that we can p
condition necessary to prove the uniqueness of the solution bounded

(0y0) 38020 0 GEQ( 0,0) 3 BV 20) ° 0 respectively o, .

If insteadof proving the existence of the solution @, we have to prove it only on a compact tr
it suffices to consider thgt&*® Q& ,"x 20,21,22 depend only ofiY; and respectively or
"Q; (GE'QE€0€E 0) and hypothesis can replaced by a usual Lipschitz condition.

Remark 2: There does not exist aywhere'@, 0 = 0 GEQ"% 0 = 0

From 19 to 24 it results
"R,0 @Q ,,é’ (GF3 (B %1l f20 92 0
%o 8Q @30 >0 foro>0

Definition of  (050) ® |, (020) % ,&Q (02)° -
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Remark 3: if "Qy is bounded, the same property have a9 ¢'Q"Q, . indeed if
% (02)° , (68) °"Q and by integrating
Qr (D20) % =G+ 2(c) % (D20)® [/(65)3

In the same way , one can obtain

QR (D20) % ;=G + 2@) ° (D20)° (65)°

"Qo < (0 4) ® it follows

If "Q; €1 "Q, is bounded, the same property follows @ , "Q, and "G, , "Q; respectively.

Remark 4: If "Q, "Qbounded, from below, the same property holdS@rE'Q"Q, . The proof is
analogous with the preceding one. An analogous property is t@eig bounded from below.

Remark 5: If ¥, is bounded from below arif o, ((G&° "Q; 0,0 = (¢§5) 2 then
% O Hb

Definition of & 3 Q-5
Indeed let; be so that fob > &,
(1) % (GB® Qs 0,0 <-5,"% (9> & 3

Then =2 (6;) 2 & 3 -3"¥; which leads to

" 3 . 3 R . .
vy, @4 Qs 4+ P03 If we taked such thalQ "3 = it results
-3

. 3 . 3
"¥l (("Ql) > a
unbounded. The same property holds"¥r if 6@ o (@S F° "Q; 6,0 = (633) 3

, 0= &0 By taking now -5 sufficiently small one sees thay; is
-3

We now state a more precise theorem about the behaviors at infinity of the solutions

vy 4 v\ 4
It is now sufficient to tak?(w@ (@ ___ < 1 and to choose

024)H 7 (024)

(0,4 )® GEQ( 0,4 )™ large to have

(024 )(4)+"C99

o 4 5 5 - . & 5
©3_ (Fy) 4 + (0p4)@+ @ Q 2 (g )@

(0 24) 4

(824) D+
T\ 4 . - 9
(© (024)@+ "8 Q @

(0 24) 4

+(024)@  (029)®

In order that the operatc'>r(4) transforms the space of sextuples of functi@sgsatisfying IN to
itself

The operator ( is a contraction with respect to the metric

Q Q% Y, Q%Y 2 =
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fonfdcgr o Q¢ 0 0w admyg o W o Q@'Y
Q oA+ oA+

Indeed if we denote

Definition of "Q; , "¥7 : Q.Y = : W(Q, %)

It results
Q% F ()t G QR tagbm a4
B (CARNCeA L L A
(GEF* %o ia0 Qi Qi @O TadPatiay

QG I(CEF* "Ys i 20 (GBFY ¥, | QP2 Tagla) "oy,
Wherei ,, represents integrand that is integrated over the intebyal

From the hypotheses it follows

338
Q, ! Q, 2 Q (024) 40 339
1 . " o
(0o & (Cpg) * + (8) 4 + (02) 4 +

(02)*(Q)*Q @ *, "% ' @ 2,7 2
And analogous inequalities foB(E Q" Taking into account the hypothesis the result follows

Remark 1: The fact that we suppos€digF 4 (EQ(cEF* depending also oncan be considerer 340
as not conformal with the reality, however we have put this hypothesis ,in order that we can p
condition necessary to prove the uniqueness of the solution bounded

(O04) #0208 “ 062 Q(0,,) 4 T 29) * 0 respectively ofi , .

If insteadof proving the existence of the solution ®n, we have to prove it only on a compact tr

it suffices to consider thgtE* E'Q(G&* ,"(x 24,25,26 depend only ofiYs and respectively or
‘Q; (CE'QE€0EE O) and hypothesis can replaced by a usual Lipschitz condition.

Remark 2: There does not exist aywhere'@, 0 = 0 GEQ"% 0 = 0 341

From GLOBAL EQUATIONS it results

Q0 d0 o (G s i o4 O 0

"o "BQ @0 >0 foro>0

Definition of  (04) * |, (024) * ,GEQ (D24)* - 342
Remark 3: if "Q, is bounded, the same property have dl9g ¢£'Q"Qg . indeed if

Qu< (0y) % it folIows% (024)* | (688) *"Qs and by integrating

Qs (D2a) = s+ 2cds) * (D2a) L /(0F)
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In the same way , one can obtain
Qs (D24)* = "G+ 2(che) * (D20)* /()"
If "Qs €1 "Qg is bounded, the same property follows 1@y , "Qg and "Q, , "Qs respectively.

Remark 4: If "Q, "Q2bounded, from below, the same property holdsS@grie' Q"Qs . The proof is
analogous with the preceding one. An analogous property is t@eiff bounded from below.

Remark 5: If Y, is bounded from below arif 4 (& ( "Q; 0,0)) = (%) * then
Y5 O b

Definition of & 4 GE'Q-,:

Indeed let), be so that fob > ¢,

(Gs)* (B (Q 0,9<-,,"%(©@> & *
Then% () * & %  -,"¥swhich leads to

4 g 4 ‘ ‘ .

vy, @41 Q-ad 4 P04 If we taked such thalQ "4 = % it results
4

v (dps) * & 4

Ys Sf

unbounded. The same property holds ¥y if 6@ o o (EF* "Q; 0,0 = (%) *

, 0= &% By taking now -, sufficiently small one sees thaf; is
-4

We now state a more precise theorem about the behaviors at infinity of the solutions ANALOG
inequalities hold also fofQq ,"Qy, " ¥s, Yo, Yo

(65 (G5

852508 " (025)0 < 1 and to choose

It is now sufficient to tak

(0,8 )® GEQ( 0,5 )® large to have

(528)®)+d)
(G ® ¥ ¥ oQ Y el 4
d (D) ° + (0)5+ '@ Q 2 (O)®

(0 2g8) °

(028))+¥,

N N —
Lo 7 (026)®+ "8 Q 0

= 5 = 5
(©8) 5 + (0,8)® (02)®

In order that the operat(')r(5) transforms the space of sextuples of functi@hs into itself

The operator (® is a contraction with respect to the metric
Q @t t, Q2,2 o=

i(')r‘]{c';(dxb"Qzl 0 Qf o) 'Q(Dzs>56,¢d1b"¥21 o "'\62 o) (028)50}
0 oNsa 4 May
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Indeed if we denote

Definiionof "Q; , "% : Q@ ., ='©® Q , %

It results

e e G (- S I e g L X S A e
Wob{((j[g%) 5 (Qé Qé ' (028) ° i 28 (028) ° i 28 4

(CBF° Y i QF QR Q0 imgim i

w~2 1 el g . w2 ~ (098) 51 og < 028) 51 »a 1
Q5 1(CBF° Yo .i2s  (CBF® Yo .ip | QP2 T2 020 Tas gy o
Wherei ,g represents integrand that is integrated over the intebyal

From the hypotheses it follows

352
Q ! g, 2 Qim®o 353
1 o o «
o5 (Gee) ° + (4F8) ° + (820) ° +

(08) °(Q)® Q2 @ ', "% 5 @ 2,7 2

And analogous inequalities fd®(E Q"% Taking into account the hypothesis (35,35,36) the resuli
follows

Remark 1: The fact that we suppos€dsF ® (2'Q(c52F > depending also oncan be considerer 354
as not conformal with the reality, however we have put this hypothesis ,in order that we can p
condition necessary to prove the uniqueness of the solution bounded

(0y5) 5'C8028) ° 0 GE'Q( 0,g) 5 BV 28) ° O respectively of , .

If insteadof proving the existence of the solution @, we have to prove it only on a compact tt
it suffices to consider thgtdEP® ¢&'Q(E® ,"x 28,29,30 depend only oY, and respectively or
"Q; (6E'Qe€0ée 0) and hypothesis can replaced by a usual Lipschitz condition.

Remark 2: There does not exist aywhere'@, 0 = 0 GEQ"%0 = 0 355
From GLOBAL EQUATIONS it results

‘6 GO OB (GBS Yoios ios G oo 0

%o ¥Q @i°0 >0 foro>0

Definition of (08) ° |, (D28) ° ,GQ (D) ° - 356
Remark 3: if "Qg is bounded, the same property have @9 ¢c'Q"Q, . indeed if

"Qg < (0 ,g) ° it follows % (028) ° , (68%) ° Qg and by integrating

Qo (D28)° ,="Go+ 2(dhe) ° (028)° /(cH)°
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In the same way , one can obtain
Qo (D28)° ,="Go+2(cx) > (D2e)° ,/(CF)°
If "Qq €1 "Q, is bounded, the same property follows Qg , "Qy and "Qg , "Qq respectively.

Remark 4: If "Qg "Qbounded, from below, the same property holdsSGgrie'Q'Q, . The proof is
analogous with the preceding one. An analogous property is t@giff bounded from below.

Remark 5: If "Y, is bownded from below and@ ¢ (& ( 'Q; 0,0) = (¢55) ° then
Y O b

Definition of & ° GEQ-5:

Indeed lety; be so that fob > &

(Go) °  (GEF®("Q1 0,9 <-5"¥%(9> & °

Then% (Gye) ® & °  -5"¥ywhich leads to
5 4 5 \ s N

Yo )7 & 7 g -s0 4 Q50 If we taked such thalQ 50 = ; it results
-5

v (Gpg) ® & 3
\fg o29) %

2
unbounded. The same property holds ¥y if 6@ o . (CEF°> "Q; 0,0 = (65) °

, 0= &0 By taking now -5 sufficiently small one sees thaf, is
-5

We now state a more precise theorem about the behaviors at infinity of the solutions

Analogous inequalities hold also f6Rs ,"Qa, Y%, ¥3, ¥4

(6% ® (G
032)8) (032)(6) < 1 and to choose

It is now sufficient to tak?

(03, )® ¢E'Q( 03, )® large to have

(352)9) 47

—g

(6o © ¥ ¥ oQ
¢ (U32) ®+ (03)0+@Q

(03,)®
(330)®)+ %y

T\ 6 . - . o
@ (05,)©@ + g Q R (0)®  (05)®

(032) ®

In order that the operatc')r(G) transforms the space of sextuples of functi@hs™, into itself

The operator (® is a contraction with respect to the metric

Q QY Q2 2 =

45

357

358

359

360
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362
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364

365
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iér‘]{ddxb"qzl o} sz o 'Q(Daz)Bb,ddm"yél o T.QZ 3 -9(032)6()}
Q oA+ MR+

Indeed if we denote

Definition of "Qs , "¥5 Q.Y = O QY

It results

Q% Qf Wob(déz) 6 Q% Q§ Q (032) 61 g ‘G U32) 6i g o5 +
WO“’{(@) 6 Q% Q§ Q(032) %l (a)®isn 4

@7 Wi QG QG0 aghw iy

QG I(CBF° "% i (GBFC Y g | QPR gl Tayyg , 36
Wherei 3, represents integrand that is integrated over the intebyal

From the hypotheses fitllows

(1) (1%1, d%eﬂ, (Ibl, (1%17 (I%eel >07
"¢ 13,14,15

(2)The functions (5= , (&> are positive continuouscreasing and bounded
Definition of (9 *, (i *:

@B (Ya 0 (M (813)W
@ (QY (it (@' (813)P

(3) 6o “¥O Hb d%eel 4,0 = (N9 !
6@-5, G Q0 = (i !

Definition of ( 815 )V, (615 )Y :

Wherel( 013)M,(63)M, (3L, (i9? lare positive constants

and ['(x 13,14,15

They satisfy Lipschitz condition:
. ge . o ~ " g2 (013 )¢
(G Y50 (6" "Yaol (@)Y, "HIQPw)To

I(GBF "CP6 (GEPF* QY| < (Qs)@W[I'0 "OffQ(81s)Me

46

With the Lipschitz condition, we place a restriction on the behavior of fundti@& "Y5,0 and @' "Ys,0
. "¥5,0 and "Y,,0 are points belonging to the interval Qz )™, (0 13)® . Itis to be noted thatE** "Y,,0 is
uniformly continuous. In the eventuality of the fact, thetif,5 ) = 1 then the function(¢G&P* "Y,,0 , thefirst

augmentation coefficientattributable to terrestrial organisms, would be absolutely continuous.
Definition of (0 13)®,(Qz )™ :
(AA) (0 13)D,(7Q3)®, are positive constants

(N (G !

(013)D "(013)®
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Definition of ( 03 )™, (045 )® :

(BB)  There exists two constant®),5 ) and( 0,5 )" whichtogether with
(013)D,(7Q3 )™, (6,3)P6EQ( 6,3 )Y and the constants

(Gt (6FL (gt (6B, (?t, (9!, & 13,1415,

satisfy the inequalities

1 ) )
Tyl (@7 @+ (8)P+ (0e) ()P <1

1 . B ) )
Toy@L @7+ (@ + (8)P+ (51)™ (Re)W] <1

Analogous inequalities hold also f68; ,"Qg, ¥, %7, ¥

(7 (07

02 (D) 7 and to choose

It is now sufficient to tak

(036)" @&Q(036)" large to have

(536) N+,
(¢ 7 5 5 Q- pe) ¥
g (B) "+ (Be)?+@ 2 ® (Gag )™

(0 36

(836)(M+
w7 » —
(e (036)+ "8 Q @

(036) 7

+ (0g6)" (036)7

368

369

370

In order that the operatdr () transforms the space of sextuples of functié@s"¥, satisfying 371

37,35,36 into itself

The operator (7 is a contraction with respect to the metric

Q Q'Y ', QY P =

fonfd g o " 0 Q0 oadm g o Y o Q0w
Q O+ oAy

Indeed if we denote

372
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Definition of "Qg , "Yo :

Qo Yy = ! (7)( Qo %)

It results

o a2 0, v “ a2 . 0 7 o~ D 7 y—~

Qé Q WO(UZ%G) 7 Q% Q; Q (036) "1 36¢f036) "1 36 'y 36 +
Ob{(dg%) 7 Qé Qé ' (036) "1 36 (D3e) 36 4

BT ¥ .is G Q0w Tsghe iy

QS I(CEFT Y s (CBFT "5 i | Q0 Tasggbae) "ise gy o
Wherei 3¢ represents integrand that is integrated over the intebyal

From the hypotheses it follows

Qb Qe 2 QBT
— 2 (C3e) T+ (CR) T+ (Ogg) T +

(036) 7

(03) " (Qe) 7 Q@ Qo ', Y% b "Q 2, Y 2

And analogous inequalities fdRGE'Q"Y, Taking into account the hypothesis (37,35,36) the resuli
follows

Remark 1: The fact that we suppos€d&¥ 7 (2'Q(c2¥’ depending also oncan be considere:
as not conformal with the reality, however we have put this hypothesis ,in order that we can p
condition necessary to prove the uniqueness of the solutibounded by

(036) 7 'C8036) "0 G2 Q( 04g) 7 FV36) " O respectively of , .

If insteadof proving the existence of the solution @, we have to prove it only on a compact tr
it suffices to consider th&tdg®" ¢&'Q(Ey*’ ,"x 36,37,38 depend only oY, and respectively or
"Qy (CE'QE€0EE 0 and hypothesis can replaced by a usual Lipschitz condition.

48

373

374

375
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376
Remark 2: There does not exist aywhere'@, 60 = 0 GEQ"%0 = 0
From 79 to 36 it results
Q6 "GO BT (BT Wi i 9o 0
%o  "BQ @0 >0 foro>0
Definition of (036) " |, (0g6) 7 ,GEQ (D3z6) ' - 377

Remark 3: if "Qg is bounded, the same property have dlgg ¢c¢'Q"Qg . indeed if

Qe < (Dgg) it foIIows% (03) " | (¢&) " "Q, and by integrating

Qo (Dae) T, =G+ 2cy) T (D) T ()

In the same way , one can obtain

Qs (Dze) " ;= o+ 2Gue) T (De) T LI (GF)

If "Q; €1 "Qg is bounded, the same property follows Qg , "Qg and "Qg , "Q; respectively.

Remark 7: If "Qg "2bounded, from below, the same property holds@rE'Q"Qg . The proofis 378
analogous with the preceding one. An analogous propetryasf “Q; is bounded from below.

Remark 5: If "Ys is bounded from below anif s 1, (6B’ ( "Qy 0,0) = (¢&g) 7 then 379
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Y, O th
Definition of & 7 &'Q--:
Indeed le®, be so that fob > ¢,

(@) 7 (6B ("Qy 0,9 <-7,"%(9> & 7

Then% (&) " & 7 -;"¥,which leads to 380

v (Ggr) " & 7
Y, 7—

1 Q7% +"¥2Q 7° If we taked such thalQ “7° = % it results
7

v 7 . 7
Y, “’37)% , 0= ch% By taking now-- sufficiently small one sees thaf; is
unbounded. The same property holds ¥y if 6@ o o (GBF’ Qg 0,0 = (65) 7

We now state a more precise theorem about the behaviors at infinity of the solutions of equati
to 72

In order that the operato'r (M) transforms the space of sextuples of functié@®s"Y, satisfying 381
GLOBAL EQUATIONS AND ITS CONCOMITANT CONDITIONALITIES into itself

382

The operator (7 is a contraction with respect to the metric 383

Q Q'Y Qe ?, Y 2 =

iéh{dd’xb"@ll o} Q)Z o ‘Q(536)70’dd'1b"_\61 ) -'562 50 (036)70}
o oA+ M H

Indeed if we denote

Definition of "Qq , "Yo :
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Q, % = g ("Qo, ")

It results

.‘ a2 0, v “ w2 N 7. n 7. .
QY L ()T QG QF QP TTasgha) Tias gy o +
06{(6:2%) ! Qé Qé ' (036) "i36°(D3e) 36 4

(dgg? ! "X71 1i 36 "Qé “QEZS Q (036) i 36 'Q 0 36) 7 36 +

Qs I(CRF 7 Yy i36  (GBFT "o .0 | QP30 T3 g0a) "ias yiy o
Wherei 35 represents integrand that is integrated over the intebyal

From the hypotheses it follows

Q1 gy 2P
L (Cae) 7+ (GB) T+ (Dge) T+

(036) 7

(636) ! (TQG) "Q Qg L ¥ o Qo z, X9 2

And analogous inequalities fdRLE Q™Y Taking into account the hypothesis the result follows

Remark 1: The fact that we suppos¢dt¥ 7 ¢E'Q(F’ depending also ot can be considere
as not conformal with the reality, however we have put this hypothesis ,in order tham westulate
condition necessary to prove the uniqueness of the solution bounded

(Os6) 7'CH036) "0 G2Q(Da6) 7 'FV36) 7 0 respectively ofi , .

If insteadof proving the existence of the solution @, we have to prove it only on a compact tr
it suffices to consider thgt&®’ &'Q(c& ,"x 36,37,38 depend only oY, and respectively or
"Qy (GE'QEE0EE 0 and hypothesis can replaced by a usual Lipschitz condition.

Remark 2: There does not exist aywhere'@,0 = 0 GEQ"% 0 = 0

From CONCATENATED GLOBAL EQUATIONS it results
@0 C%Q w(f(dbi% TG ¥riss i3 Do 0

%o EQ @70 >0 foro>0
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Definition of (0g6) " |, (Uze) 7 ,G2Q (Dg) " -
Remark 3: if "Qg is bounded, the same property have dl8e (£'Q"Qg . indeed if

Qe < (D) it foIIows’Q_% (0g) " | (¢%) ' "Q, and by integrating

Qr (Dze) ", =G+ 2(r) T (Dae) T /(G 7

In the same waygne can obtain

Qs (Dze) " = "Go+ 2(cus) " (Dze) " L/ (CF) T

If "Q; éi "Qg is bounded, the same property follows 1@ , "Qg and "Qg , "Q; respectively.

Remark 7: If "Qg "2bounded, from below, the same property holds@rE'Q"Qg . The proof is
analogous with the preceding one. An analogous property is t@gif bounded from below.

Remark 5: If "Y, is bounded from below anif o (& ( "Qy 0,0)) = (¢5) 7 then
% O Hb

Definition of & 7 &'Q--:
Indeed le®, be so that fob > o,
(@) " (B ("Q 0.9<-7."%()> a '

Then =X (¢y,) 7 & 7 -;"¥; which leads to

. 7 .07 . . .
vy, @8 g Q70 4+ P70 If we taked such thal 70 = % it results
-7

v 7 , 7
" W% , 0= ch% By taking now - sufficiently small one sees thaf; is
unbounded. The same property holds ¥y if 6@ o b (GBF’ Qg 0,0 = (65) 7

We now state a more precise theorem about the behaviors at infinity of the solutions

(v2) 2 (G§8) 2 + (6F2) ?  (GRT> "Y7,0 + (B5F? "Yy,0 (»1) ?
(T2) 2 (6f3) 2 + (afB)?  (GRF® "Q .0 (GBF* "Q .0 (1) 2
Definition of ("1) 2,(’5) 2.,(61) 2 ,(6,) 2 :
By ('1)2 >0,(’,)2 < 0and respectively6;) 2 > 0,(6,) 2 < 0 the roots
(@) of the equationgca;) 2 " 2 “+ (,1) 2’ 2 (Gas) 2 =0
and (Ga) 2 62 “+ (1) 262 (&) 2 = 0and
Definition of ('[) 2., §) 2.(61) 2.(6,) 2

By('D? >0,Cp? < 0and respectively(0,) 2 > 0,(0,) > < Othe

52

387

388

389
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392

393

394
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396

397

398
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roots of the equation®y;) 2 " 2 “+(,,) 2" 2 (&) 2 =0
and (@) 2 62 "+ (1) 262 (@) 2 =0

Definition of (61) 2 ,(62) 2 (‘1) 2,(‘2) 2 -

(b) If we define(d1) 2 (42)2 (‘1) 2.('2) 2 by

()2 =(0)2.(6)2=0C02, WCo)?<(CD?
(@)2=(C)2.6)?=(CD?2 . MD?<(Co)2<(D?,

and (‘o) ? = &

(62)2 =(1)2.(61)2 =(o) 2, .(D 2<(g?
and analogously
(‘2)2 = (60) 2,("1) 2 = (61) %, W(%0) * < (6y) 2

((2)%=(61)2,(1) % =(61)7 [M(61) 2 < (60) % < (6n) %,

and|(6,) 2 = ij

¥
("2)2 =(61)2,("1) 2 = (0g) 2, .(01) 2 < (6p) 2

Then the solution satisfies tirequalities

o, . - 2 > 2 o, \ o o~ 2
QoMW ? e ? o g 5 Q@0

(" ? is defined

L@ ? () ? o g (g L@ ?e

(61) 2 (62) 2

( (6n8) 2 'Je QM2 (e ? 0 V2o 4+ GO’ Qo)

(@1)2 ("x)ch(ma)z (') 2
(é1g) ? "G gV 2o Q@R 2o 4 Q@) 20
@2 (07 @7 L I+ G :

AW 2oy g QM) P e 2 0

LRE0T0 () a0 e o

(1) 2 (2)2
(Gr8) 25 g 20 QER) 20 4 g (@) 20 vy ¢
> Q I8 + Q (uig) “ 0 o)
(D2 (W7 (@) ?2 o Ys(0)
(Gr0) * ¥ QM) 2+i.)2 0 ()26 4 0 (%) 2

(202 (W) 2+(i1e) Z+(¥) 2
Definition of ("Y) 2,("%) 2 ,(V) 2 ,('Y) 2 -
Where("Y) ? = (&) ? (42) 2 (6F)
("9 2 = (Qg) 2 (fus) ?
(M) 2 =(Qe) 2 ()" (&R)?

399
400

401
402
403

404

405

406

407

408

409

410

411

412

413

414

415

416

417
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(V) 2 = (c88) * (i) ?

Behavior of the solutions

If we denote and define

Definition of (,1) 3 ,(,2) * (1) % ,(T2) ® :

@ .1) 2 .(»2) % ,(t) 2 (1) 2 four constantsatisfying

(b2) ® (6%) ° + (@) °  (&®F° "%.0+(&EF° .0 (1)°
() ° (6) % + (c8])®  (GR¥® Q0 (G5HF® Q.0  (t)?®

Definition of ("1) 3,("5) 2,(61) 2 ,(6,) ® :

418

419

420

(b) By (") % >0,(,) 2 < 0and respectivelyo;) > > 0,(0,) 3 < 0the roots of the

equations(cyy) 3 7 2 T+ (,1) %7 % (y) 3 =0

and (Gy) 2 63 2+ (1,)%63  (Gy)? = Oand

By('D® >0,Cp 2 <0and respectivelyo,) ® > 0,(0,) ® < Othe

roots of the equation®y;) 3 ' 3 “+ (,5) 3" 3 (Gp)3 =0
and (Gy) * 6° "+ (1) 26° ()% =0

Definition of (& 1) 3 ,(a,) 3 (‘1) 3,(",) 3 --

(c) If we define(éi,) 3 ,(6,)3 (‘1) 3.(',) % by

(@) =(Co)%. (a3 =% W03 <(1)?3

@)= =(D® . WD*<(®<(D?

and|('g) ? =

(6)3 =(1)3.(ay)3 :(’o)ayﬁl(’D3 <(o)?

and analogously

(‘2)% =(60) %.("1) % =(61) 3, ﬁl(éo) 3 < (o))

(23 =(0)°%,(1)°%=(0)2 W13 < (6p) ® < (61) %, and(6p) 3 =:

(“2)3=(6)%.("1) % = (00) *, J(61)3 < (6p) 3
Then the solution satisfies the inequalities
"GP 02 0 g g Gy e
(g 2 is defined
1

o o~ (Y) 3 (F 3 o N 1 w9 ~"Y) 3 ¢
W(SOQ(\O (N20) © © Q,(0) @OQ\D 0

(62)3

421

422

423

424
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(6n2) 3 O3 0 o 0H30 40 CYi (e

((61)3 Y) 5 (hz?)o3 y) 3 QMO ()= 0 (N 70 + @, QW70 "Q,(0)
(Gz) 7 gy 3 A oy 3 w1 () 3 6
(@23 (“\21)3(%133%)3 [0 70 QEH) 7o+ "@,Q @) "9

- o~ 35 - . o . . 3 1 3 -
|)90QY1) o Y(9) QM) T (i) 70

L@t () o0t o ® o

(13 (23

(Gpp) ¥~ Y 3 rm (2135 L e m (GB)3 5 e sa
(13 (‘Yi)sﬁ()%f%ﬁ g Te QUERITe + i UEERTe Ty (g

(o) * ¥ QM 342002 0 (230 4 P ()30
RN L Q270 + mpQ (v

Definition of ("Y) 2,("%) 3,(Y) ®,(Yp) 3 -
Where("Y) ® = () ° (62) ° (%) °
(") % = (@) ° (M) °
(V)2 = ()3 (2)° (&)
(V)2 = ()3 (i) ?®

If we denote and define
Definition of (,1) 4 ,(,2) 4 ,(T1) * ,(T2) * :
d) (1) % (h2) % . (T) * (1) * four constants satisfying
(v2)* (6%3) * + (&%) * (G&BT* "¥,0 + (BF* "¥%,0 () ?
(T2) * (65) 4+ (a®)* (¥ Q.0 (cBF* Q.0 () *
Definition of (1) *,("2) 4,(61) *,(62) 4, 4,04 :

(e) By ("1)* >0,(’,)* < 0and respectivelyo,) * > 0,(6,) 4 < 0the roots of the

equations(dys) 4 4 2, L)% 4 (w)?*=0
and (Gs) ¢ 04 2+ (1) 46% (Gh)* = Oand

Definition of "D 4,,(C D %.,(01) %,(0,) * :

By(D* >0,CF* < 0and respectively6,) * > 0,(6,) * < 0the
roots of the equation®ys) * * % “+ (,2) 4 4 (pa)* =0
and (Gs) * 6% "+ (1) *0% (G)* =0

Definition of (& 1) 4 (&) % (‘1) *.("2) *.(Co)* -

(f) Ifwe define(é;) * ,(&4o)* (‘) *.("2)* by
()% =(o)*.(61) " = ('1)4,§§§l('o)4 <(n?
(@) =C*@)*=CD*. M) <Co)*<(CD*,

425

426

427

428

429

430
431

432

433

434
435

436
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(o)* =2

and

(62)% =(Ca)* (@) =(Co)?, I(D f <o
and analogously
(‘2)* =(60)* (1) =(01)*, WGo)* < (61)"

(‘2% =(6)* ()" =(6)* [W(61)* < (60) * < (61)*,

and|(0o) ¢ = ¢

(") =(61) %, (1) =(0g)* ,I(Ol) 4 < (6g) * where(0,) ,(0) 4

are defined respectively

Then the solution satisfies the inequalities
g, 4 (h2a) 4 0 Q0 GaY 4

where(fyd # is defined

1 o A (Y 4 > 4 - o . 1 o0 o~"YY) 4 ¢
Q000 % (ea)® 0 g ¢ Qg “o

(aqg) * (ap) *

(G%6) * "Gy QD4 (2a)* 0 (B *o 4 "G ) 40

@n? () 4@ (n24) 4 (p) *
(dng) * "By gVie Q@ ‘e 4 @B ‘e
@27 (0* (@ ° %

|"¥4IQ'Y1) ‘e Y. 0 "\2@4'Q((Y1) 4@ 0

L_pgwte my (9 L_pO f a6

(4 (24

(pe) * ¥ AV A S (R4S L D (C2) A ey sa
(4 ('Yi)4 (fiﬁ%)“ gWwie Q@R + Q@ Te Ty (9

(o) * fs QM 4204 6 ()40 4 g (V) 4o
()4 (V1) 4 +(i) 4 +(Yp) 2 Qln 24 Q ("2 + \2969 >

Definition of ("Y) 4,("Y) 4 .(Y1) 4,(Va) 4 -
Where("Y) * = (¢p4) * (a2) *  (68%) *
("9 * = (&) * (Mee) *
(V) = (&) “ ()" (f3)?
() * = (a8)*  (iz)*

Behavior of the solutions
If we denote and define

Definition of (,1) % ,(,2) % (1) ° (1) ° :

@) (1) 2 .(.2) % (1) 5% ,(f,) 3 four constants satisfying

Qs O

437
438

439
440
441
442
443
444
445

446
447

448

449

450

451

452

453

454
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(n2) ® (683) ° + (a%) °  (GBF° "¥o.0 + (BF° ¥.0 (»1)°
(t) ® (G53) ° + (aB) °  (FBF° Q.0 (RF° Q .0 (ty) ®
Definition of ("1) ®,("5) ®,(61) °,(6,) %, 5,65 : 455
(hy By ("1)° >0,(,)° < 0and respectivelyo,) > > 0,(0,) ° < 0the roots of the
equations(cye) ® * ® “+ (,1) 51 5 (Ghe) ® =0
and (Gy) ® 65 "+ (1) 505 () ® = Oand
Definition of ("D °,,( D %,(01) ®,(0,) ° : 456
By("D® >0,CF° <0and respectively6,) ®> > 0,(6,) ° < 0the
roots of the equation@yg) ° * ° 24 (b2) %' % (G)°®=0
and (Gyg) ® 65 "+ (1) 505 ($g)® =0
Definition of (1) ® ,(&,)° (‘1) °.("2) °.( o) ° =-
(i) If we define(é;) ® (&) (‘1) °.("2)° by
(G2)° =(o)°(a1)° =(1)°, l(o) ><(y)?®

(62)°=C1)>.60)°=CD° . WD®><C)®><(D?>,

and|('o) ® = 2

(G2)° =(C1)°.(61)° =(o)°, I(’D > <()°®
and analogously 457
(‘2)° =(60)°.("1)° =(01) ®, I(Oo) > < (61)°

(‘2) % =(61)°,('1) % = (61) ° ,/l(61) ® < (60) ® < (1) ®,

and|(6,) 5 = %

("2)° =(01)°.("1)° = (6g) ® 1.(01) > < (0g) °> where(6,) ®,(0,) °
are defined respectively

Then the solution satisfies the inequalities -
e NolR Y 5 (n28) % o Qe(0) GV 54

where(yd ° is defined

l o N o~ 5 3 5 A o, N 1 - B o 5 A
—o QOO () ° 0 gy U 0 459
460
(é30) ° "G QNS (128)° 6 (V%6 L @QY°o Q¢ 461
@5 (0° (e ® (95 Q + G0 Qo ©
(Gn0) ° "G AYN50 0 ER) 50 4 90 ()5
(@2)5 ()3 (f;g%)s G070 QT+ gy @7
|"\fs'Q'Y1)5° Yo() g ° iz ® o 462
Lopgw®e my (g gt e ® 6 463

(15 (25
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. 5 T 5 . . bk 5 ¢ \D 0 5 ¢ v . 464

(o) ® ¥y Q) 5+(i28) ® 0 10 (¥2) 50 4 P (¥) 50
(D5 DS+ SrmE 2 Q270 + QY

Definition of ("Y) °,("Y) °,(V1) ° ,(Ys) ° :- 465
Where("Y) ° = (¢g) ° (42) °  (¢5) °
(") ° = (&) ° (N30 °
(V) ° = (Ge) ®((2)° () °
(V) ® = (c8) °>  (iz) °

Behavior of thesolutions 466
If we denote and define

Definition of (,1) & ,(,2) ® (1) & (1) & :
() (1) % .(2) 8 ,(1) © ,(t) © four constants satisfying
(b2)® (6] ° +(6B)° (CBF® 5.0 + (&BF° "¥%6.0  (1)°
() ® (&) °® +(B)°® (FBF® "Q .0 (HBF® Q.0 (t)°
Definition of (*1) ®,("2) ®,(61) ®,(62)°," ©,06 : 467

(k) By ("1)® >0,(,)® < 0and respectivelyo,) ® > 0,(0,) ® < 0the roots of the

equations(Gys) & ' © 2, (L1)8 8% (&y)® =0
and (Gyg) © 66 “+ (1) °6° (Gy)® = 0and

Definition of ("D €,,C B ©,(61) ®,(0,) 8 : 468

By("D® >0,CF® < 0and respectively6,) ® > 0,(6,) & < 0the
roots of the equation@yz) & * © 24 (L) 8 % ()8 =0
and (¢y) © 6° "+ (1) $6° (d) ¢ =0

Definition of (¢&1)® ,(a,) ¢ (‘1) ®,(2)¢,C0)° :-

() Ifwe define(d1) ® ,(62) ® .("1) °.("2) ® by

(G2) % = (o). (6)° = ('1)6,51('0)6 <(q)°

470
(@) =()% @) =CH° . WD <(a)®<(D®,
and|(’o) © :%
(62)° =(1)°%.(6)° = (’o)eyﬁl(’De <(o)®
and analogously 471

((2)° =(00)®.("1) % =(6y)°, I(Oo) ® < (6,)°

(‘2% =(01)%,("1) % =(61) % , M(61) ® < (60) & < (01)C,
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and|(6o) © = %

(“2) % =(61)®,("1) ® = (60) °, M(61) ® < (60) ® where(6,) ®,(06y) ©
are defined respectively

Then the solution satisfies the inequalities 472
"c§’2'Q("\i)6 (h32) ® © "Q,(9) ,‘@z,d.!)ﬁb

where(rg © is defined

1 -, . (Yl.) 6 ( ) 6 o, N 1 o, B !) 6 473
(d 1) 6 @29 r|32 ° Q3(O) (d 2) 6 @ZQ ©
(641)8 ("\1()(124)(:(%25 ") © Q0 ° () ® 0 QY °o + "@4'9 (p ° o Q0 ara
1 32
2 4
BEW 0 G M =) ® 8 s
1w o) B wey ss 1 g om (Vi) 6 4 (i) 6 &
B BaY "o Y (0) o PO ¢ +ia) © o 476
G gw e @ g0 @ (9 4rr
4
(25 (¥ ()(%4)(:3 ”\%6 (Yz) 6 QMW i) ® 0 (W) °0 4 g () %0
2 1) ° *U32) ° (Y2
Definition of ("Y) & ,("¥) ¢ ,(Y,) € ,(Y,) © :- 478
Where(Y) © = (63) ® (4,) ®  (a) °
("Y) ® = (Gxq) ®  (aa) ®
(V)& =(R) ()" (cB)°
(V)& = (&) ¢ (ia)®
479
If we denote and define
Definition of (1) 7 ,(»2) 7 () 7 (1) 7 :
(M) (1) 7 (w2) 7 ,(f) 7 (1) 7 four constants satisfying
(n 2) ! ((*gé) ! + ((*327) ! ((*3263?7 "¥7 e + (Qg}?? "\f? ,0 (nl) !
(t) 7 (G8) " +(aH) " (BF’ Q.0 (P Q.0 (t) 7
Definition of ("1) 7 ,("2) 7 ,(01) ", (6) 7, 7,07 : 480

(n) By ("1) 7 >0,(’,) " < 0and respectivelyo,) © > 0,(0,) * < 0 the roots of the

equations(Gy;) 7 7 7 “+ (1) 7' 7 (Ga) 7 = 0 481
and (Ga) 7 67 + () 767 (Gg)? = Oand

Definitionof ("D 7,,CH 7 .,(61) 7 ,(0,) 7 : 482
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By(D’ >0,Cf " <0and respectively6;) * > 0,(6,) ” < Othe
roots of the equation@y;) * * 7 g (b)) "' 7 (Gx)' =0
and (G;) 7 67 “+ (1) 767 ()7 =0

Definition of (&1) 7 ,(42) 7 () 7. (27 .(o) 7 -

(0) If we define(&;) 7 (&) 7 (‘1) 7.('2) 7 by

(G2) " =(o) " (617 = ('1)7,553.('0)7 <(y’

(@) " =C)7 67" =CD7 M) <(C)" <(D7,

and|(’o) ’ :%

(62)7=C1)"(6)" =Co)’, WCD7 <o)
and analogously
()7 =(00) ()7 =(0)7, W6) " < ()7

((2) " =(61) ", (") " =(0y) 7 a.(ol) T < (6) " <(01) 7,

and|(6o) 7 = %

("2) " =(61) " (") " = (0g) ’ 1.(01) T < (6p) " where(6;) 7 ,(6;) ’

aredefined respectively

Then the solution satisfies the inequalities

“@6'9(“\1) ! (N136) 7o “Q6(O) “(QG'Q"\I) 70

where(f}d 7 is defined

483

484
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1 o o~ (YY) 7 . 7 4 . . 1 o o~"YY 7 ¢
Q07 (w7 o g (9 CRo QUMK

(aq) 7 (aa)”?
( (és) * ' QM7 (e) T o (B To LYo
(CEVAANG RANGEIRENG
(dng) " ' [0 70 Q@R 7o+ "Ge @) 79

@) (D7 (@F)7

o\ ~" 75 v S o\ A (° 7 401 7 5
[HaW T @ gt

1 "?GIQEY]-) ) -IXG(‘O) %.,?G.Q(‘Yl) 7 +(i36) 7

(17 (‘2

(¢ug) " % VN N N S - TR A TR
07 o7 @ W o Q@) "o+ o @R Te (o)

((188)7"\86 . ('Y)7+('| )7 o . ('Y)7(‘) . ('Y)7f)
7 07+l Te T XY Q) "0 4+ g (V2

Definition of ("Y) 7,("%) 7 ,(Y) 7, (Vo) 7 -
Where("Y) 7 = () " (62) T ()’
("9) " = (6xe) T (Mas)
(V)" = () " ()7 (cK)’
(Y2) " = (&) " (ise)

From GLOBAL EQUATIONS we obtain

VQ7

== (@) T (G T (&F) 7+ (FT "%, 0

(CFF" %.0" 7 (&) 7

Definition of * 7 :- ' 7 =6
Q7
It follows
w , 2 , w Q7
((%7) ! ! + (112) ! ! (('Q’)G) ! ?

"Qs(9

485

486

487

488

489

490

491

492
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@)7 7T PG T T (Gu) T

From which one obtains

Definition of ') 7 ,('o) 7 :-

@ Foro<|(o)7 ='Ll< ()7 < (D’

@
" 7 07T 0m 7 ¢
LTy W@ TeaTe % (- o7 o @) 7 = (o
7o %7 7 (DT (o) o : (07 (T
1+8)7Q 0 2
QREOI(0)T T ()]
In the same manner , we get 493

o 7 7 s 7 5
(D 7+@ 7 (7@ % " (D7 (270 (6[7—(’1’7 (o)’

’ 7(6) ()7 (2)7

1+@f7o @7 T’ 27 0

From which we deducg )’ ' 7 (0 (D7

0) If 0< (1) 7 < (g7 = %< (D7 we find like in the previous case, 494
, - ()7+6 7¢7Q VA G WA G A C 7
() v 70 % T (D7 (27 o 0
c7+6F7 ¢’ g7 T 7 0 7
14 6f70 % 707 7 0 €D
_ Qs 495

() fo<(y)" (DY (’0)7—@,Weobtain

. 7 7 B 7 -
(p)7+8F7(eyT7g @7 " (00 (270 0

’ 7 7 A , 7
0
(1) wel7o 97 T T 7 o (o)
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And so with the notation of the first part of condition (c) , we have

Definitionof * 7 0 :-

CRYRE.

7

0 (ay)) ', |7 o

— Qe 0
Q7 0

In a completely analogous way, we obtain

Definitionof 67 o :-

67 0

(‘2)

GV

Now, using this result and replacing it in GLOBAL EQUATIONS we get easily the result stated

the theorem.

Particular case :

If (CBF 7 = (¢&F',60% (,1) " =(,2) " andinthiscas€¢ )’ = (') ’ if in addition
(o))" =(1) " then” 7 0 = ('y) 7 and as a consequene®(0) = (") * "Q,(0) this also
defines(’ o) 7 for the special case

Analogously if (GEF 7 = (6§2F 7 ,6C% (1) 7 = (1,) 7 and then

(61) 7 = (6,) " ifin addition(6g) 7 = (01) * then "¥s(0) = (6o) ’ “¥,(0) This is an important
consequence of the relation betwgep) 7 and(’ [) 7 , and definition of (6p) * .

We can prove the following 496
If (G5 62 Q(c®F’ are independent ol, and the conditions 496A
- - . . 496B
(68%) 7 (¢%) ’ G ' Gy 1 <0
. 7 . 7 e 7 e 7 e 7 \ 7 €. 7 1 7 3\ 7 3\ 7 496C
(6%5) * (¢%7) g W7 © + W Mas " +(C87) " Naz " + Mg N7 © >0
497C
497D
Y\ 7 (e T e 7 G 7 >0,
(u85) " (0F7) &1 07 497E
497F
(682) 7 (83) ” Qe 7 @y 7 (G®)7 iy T (W) iy T+ g iy <0 497G

0'EQ ngs 7, iz; ’ asdefined are satisfied , then the systémH THE SATISFACTION OF
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THE FOLLOWING PROPERTIES HAS A SOLUTION AS DERIVED BELOW.

Particular case :

If (C2F2 = (6BF?,6%% (,1) 2 = (»,0) 2 andinthiscas€ ;) ? = (') 2 ifin addition
(o)? =(1)?%then’ 2 6 = ('y) 2 and as a consequere(0) = (') 2 '@ (0)

Analogously if (G2F2 = (62F2 ,6C% (1;) 2 = (1,) 2 and then

497

498

(61) 2 = (06,) 2 ifin addition(0g) 2 = (0;) ? then "Ys(0) = (0p) ? "Y,(0) This is an important

consequence of the relation betwéep) 2 and(’ [) 2

From GLOBAL EQUATIONS we obtain

.Q3

= = (@)% (68)°  (68)° + (KF° .0

.3:“Q_o

Definition of * 3 :- -
Q1

It follows

(@)% "3 "+ (% (@) g
(¢30) ®

From which one obtains
@ Foro< () = %< () <(D?

1 3 (1) 3 (g) 3 ¢
’3(0) (D3+@)3(¢p3n “2 (1 (o)® o

1+@)3q @ °(nd (a3 o
QRREOI (0)2 "3 ()3
In the same manner , we get

5 3 03 ()3 &
(v1)3+(6y3(12)3'ﬂ w21 (1 (2 o

y 3
0
© 1+@F3q @ 2 (03 (23 0

Definition of "' [) 3 :-

From which we deducg ) 2 ' 3 (D3

(GFF° %0 ° (@)® 3

()% "% 4 ()33

3 (0% 3
(0) (o) (2)°3

62 = (02 (o8

T (02 (23

(b) If 0< ()% < (o) ?® = %< ('D 3 we find like in the previous case,
1

. 3 3 B 3 &
(1)3+6 3(¢y3g @~ (D7 (27 0

(1)°

148 30 @ 303 (23 0

499
500

501

502

503

504
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o 3 3 B 3 .
(1)3+06F3 (30 %t (1) C2)° o

(D3

1+ 6f3g @1 3 (03 23 0

© Ifo<(p)?® (D3 (’0)3:%,Weobtain 505

. 3 N 3 N 3 \
(,)3 3y (1)3+08F3 ¢3¢ @ ° (D7 (27 0
1

(o) ?®

1+ 6M30 “1 33 23 0
And so with the notation of the first part of condition (c) , we have

Definition of * 3 o :-

. , . . \ . _ Qo
(G)° S0 ()%, "% 0=+

In a completely analogous way, we obtain

Definitionof 6% o :-

. AP 3 . _ %o
((2)® 030 (13 |0% 0=+

Now, using this result and replacing it in GLOBAL EQUATIONS we get easilydhelt stated in
the theorem.

Particular case :

If (GBF° = (6FF2 .60 (,1) 2 = (,,) % andinthiscas€,) ® = (') 3 ifin addition
(o) =(Cy)2then’ 2 06 = () 2 and as a consequen&(0) = (') 2 'Q.(0)

Analogously if (GF° = (65F 3,62 (1) 3 = (1,) 3 and then

(61) 3 = (6,) % ifinaddition(6g) 2 = (01) ® then Y, (0) = (6o) 3 "Y1 (0) This is an important
consequence of the relation betwéep) 3 and(’ [) 2

506
: FromGLOBAL EQUATIONS we obtain 507
Q 4 " ", “ o, w, o, w <, o ,
@ - (Gyq) (G%) 4 (a$8) * + (BT * "¥s.0 (5T * "¥5,0" 4 (Gys) * *
Definition of * * :- T 1] 508
Qs

It follows

“. , 2 , " Q 4 o , 2 ,

@s)* " T+t (@)t T ()t TGt
(Gpq) *

From which one obtains

Definition of ') % ,("¢) * :-

(@ Foro<|(o)* = &|< ()% <(D*
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o 4 4 4
L4y (nirsicyte W (W (07 0 540t (ol
465 4 925 4 (D% Cot oo ' ()* (2*
vt 2 sy y 4 v 4 vy 4
QBaEOT (") 9 (1)
In the same manner , we get 509
P RN SN
L4y (niselicyta W (07 (D70 B4 = (0t (ot
4+ 804 @25 4 (D4 240 ' ()% (24

From which we deducg ) 4 ' 4(® (D*

@ If 0< ()% < (o) = %< ('D* we find like in the previous case, 510
5
(')4 ()4+6 4¢%a s 4 (4 2t o g
! 15 40 @5 4 (DY (2% o
Cp4+ofdenda s 4 (Dt (2% 0 4
1+ 6F4q 25 4 (D% (2% 0 (D
511
- . 512
O 1 0<CD* (D* |Co)* =3, weobtain
5
, , . N R B R G D I G I ,
(1)4 0 () *o (2)~ 4 o4 )4 ¢ (0)4
1+ 6f4q @5 7 (D% (207 o
And so with the notation of the first part of condition (c) , we have
Definition of * 4 0 :-
L 4 v 4 . 4 14 n — Q40
(& 2) 0 (a1)*, 0 Ty
In a completely analogous way, we obtain
Definiton of 64 ¢ :-
¢\ 4 L4 o ¢\ 4 r 4 o _ %40
(‘2) 6% 0 ()%, |0% 0 Evare
Now, using this result and replacing it@GLOBAL EQUATIONS we get easily the result stated in
the theorem.
Particular case :
If (CBF* = (¢BF*,60% (,1) * =(,,)* andinthiscas€¢ ;) * = (') * if in addition 513
(Co)% =(1)%then” * 0 = (') * and as a consequerc (0) = (" o) ¢ "Qs(0) this also
defines(’ o) # for the special case
Analogously if (G5F* = (65F* ,6¢% (1) 4 = (1,) * and then
(61) 4 = (6,) #ifin addition(6g) * = (0;) * then"¥,(0) = (6o) * "Ys(0) This is an important
consequence of the relation betwgep) 4 and(’ [) # , and definition of (0,) 4 .
514
From GLOBAL EQUATIONSwe obtain 515

.Q,S

o = (@)% (6B)° (65R)° + (CRF° Yo.0  (CHF® Y0 % (o) ° °
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Definition of * 5 :- 5 =8
Qo
It follows
" , 2 , . Q5 v , 2 ,
(6e) ° " ° "+ (,2)°7 % (Gyg)® o (Gye) ° " ° "+ (,1) % °
[90]
(Gys) °
From which one obtains
Definition of " [) ®,("¢) ° :-
@ Foro<|(o)® = 2l<()® <(D°
o 5 o 5 ) 5 4
sy (W@ Septe 0 (W (070 (3)5 = (° Co)®
5+3)50 “@9 ° (1° (0 o ; ()% (2)5
QRBAEVI () (O ()°
In the same manner , we get 516
o 5 ¢ 5 o 5 4
sy (W°r0If(n o % (= 27 ° @Fs = (0° (o°
5+(8f 5 @20 S5cens % 0 ' ()5 (2)°

From which we deducg ) ® 5 (F)°

(hy f 0< ()% <(o°® = %< ('D ° we find like in the previous case, 517
' A5 C15+65¢50Q de ° (D (25 0 L5
() 14550 @ ° (D5 (20 o 0
(vl)5+6r5(v2)50 @95(11)5 ('2)5’EJ , 5
14 6050 ©9 % (D> (25 0 D)
_ - _ 518
(i) F0<(Cy)% (D% |Co° =% , we obtain
o 5 ()5 ()5 ¢
(11)5 y 5 (‘) (11)5‘*6'.—5(12)?05&)2'9 5(]:) 5(2) ° (10)5
1+ 8750 9 2 (1> (2)2 o 519

And so with the notation of the first part of condition (c) , we have
Definition of * ® o :-

’ 5 ,5 i ’ 5 ,5 i _"Qab
a (o] a , 0O =—=
(62) (61) =

In a completely analogous way, we obtain
Definition of 6° ¢ :-

‘ 5 ’ 5 B 1 5 ’ 5 1 _”¥8C‘)
[0} 0 , | O 0 = —
(‘) (‘1) o

Now, using this result and replacing itGLOBAL EQUATIONS we get easily the result stated in
the theorem.

Particular case :
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If (BF° = (¢BF°, 6% (,1)° = (,») ° andinthiscas€ ;) ® = (") ° ifin addition
(o)® =(s5)®then’ ® 6 = ("y) ® and as a consequen®(0) = (' o) ° "Qq(0) this also

defines(’ ) ° for the special case

Analogously if (GF° = (52F° , 6% (1;) ° = (f,) ° and then
(61) ° = (6,) ®ifin addition(0g) ° = (0;) ® then "¥5(0) = (0p) ® "¥o(0) This is an important
consequence of the relation betwgep) ° and(’ [) ° , and definition of (0,) ° .

we obtain

D

Definition of * © :- 6 =2
Q3

It follows
() "¢ T+ (¢ (@) I
(¢ap) ©

From which one obtains

Definition of ") ¢ ,("¢) © :-

() ForO<|(o)® :%<(,1)6 <(D°

(’1)6“‘(6)6(’2)6(9 (I)336('l)6 (’0)6 0

1 6 bl
0

() l+(6)6'§2 3 & (1% (o0b o

WREEOI ()¢ 00 (q)°

In the same manner , we get

o 6 (.6 (1,)6 ¢
(v1)6+(6y6(12)60 w33 (1 (2 o

2 o (@) (6R)° (CB)C + (GBTC Y0

B N
[0)
() 1+(8) 6 Q g3 & ()b 28 o

From which we deducg ) ® ' 69 (D¢

(CFF° "¥3,0° °

(Gag)® "6 “+ (L) ©

(dys) ©7 ©

e — (D8 (o)
(0) (0)® (2"
g6 - (1° (0)°
- |(6) ()8 (2"

K) f0< ()8 <(o® = %< ('D © we find like in the previous case,
3

5 6 .y6 (1,)6 &
('1)6+6 6(’2)6'Q w33 (1) (2 o

(1) °

146 60 9388 (D& 208 0

& 6 .16 (1,)6 &
('1)6+6r6('2)6'§) w33 (1) (2 o

(D°

14 6r6g @3 & (16 (26 o

M If0<()S (D° (’0)6=%,weobtain

o 6 (+.y6 (1,6 ¢
('1)6+6r6(’2)6'ﬂ w33 (1) (2 o

(D¢ oo

1+ 6760 93 8 (D (200 o

¢

o) °

520
521

522

523

524

525
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And so with the notation of the first part of condition (c) , we have
Definition of * ¢ 0o :-

£\ 6 » 6 £\ 6 16 N — @0
[of [0} a ) 0O =—
(é) (é1) o
In a completely analogous way, we obtain

Definitionof 66 o :-

‘ 6 L6 N . 6 L6 _ ™20
(0] (¢} , | O 0 =_-
(2) () i

Now, using this result and replacing it@LOBAL EQUATIONS we get easily the result stated in
the theorem.

Particular case :

If (GBFE = (CBF° .6 (,1) ¢ =(,,)® andinthiscas€,) ® = ('[) © if in addition

()8 =(1)%then’ & 0 = () ® and as a consequen& (0) = (') © "Q;(0) this also
defines(’ o) & for the special case

Analogously if (G5F°® = (c§5F° 6% (1) ¢ = (1,) ® and then

(61) & = (6,) ®ifin addition(6g) ® = (01) & then "Y,(0) = (6p) © "¥5(0) This is an important
consequence of the relation betwéep) & and(’ [) ¢ , and definition of (0,) © .

526
Behavior of the solutions 527
If we denote and define
Definition of (1) 7 ,(»2) 7 (1) 7 ,(T2) 7 :
®) (1) 7 . G2) T (f) 7 . (t) 7 four constants satisfying
(” 2) ! (dgé) ! + (('*327) ! (('*3263?7 "¥7 vo + (@?7 "\£7 !O (nl) !
(ta) ’ (6) 7 +(6%) 7 (GBF’ Q.0 (EBF Q.0 (t) ’
Definition of ("1) 7,("5) 7 ,(61) 7 ,(0) 7, 7,67 : 528
(@ By (1)’ >0,(,) " < 0and respectivelyo,) © > 0,(0,) * < 0 the roots of the
equations(éy;) 7 ' 7 “+ () 7' 7 (Cae) 7 =0
and (G;) 7 07 “+(t) 7067 (G)’ =0and
529
Definitonof (D 7,,C 5 7,(6,) 7 ,(65) 7 : 530.
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By(D’ >0,Cf " <0and respectively6;) * > 0,(6,) ” < Othe
roots of the equation@y;) * * 7 g (b)) "' 7 (Gx)' =0
and (G;) 7 67 “+ (1) 767 ()7 =0

Definition of (&1) 7 ,(42) 7 () 7. (27 .(o) 7 -

(r) If we define(&;) 7 (&) 7 (‘1) 7.('2) 7 by

(G2) " =(o) " (617 = ('1)7,553.('0)7 <(y’

(@) " =C)7 67" =CD7 M) <(C)" <(D7,

and|(’o) ’ :%

()" =C)7.(6)" =Co) ", MCD" <Co)7

and analogously

(‘2) 7" =(60) " (1) " =(0y) 7, I(Oo) < (61)

((2)7 =(6) " ()7 =(61)7 l(61) " < (60) T < (61) 7,

and|(6o) 7 = b
)

=3

("2) " =(61) ", (") " = (0g) ’ l(01) T < (60) " where(6;) 7 ,(6;) ’

are defined by 59 and 67 respectively

Then the solution of GLOBAIEEQUATIONS satisfies the inequalities

l@GlQ(\I) ! (N136) [ lQB(O) :‘QG.QH\I) 79

531

532
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where(rfyg 7 is defined

1 o, . - 7 M 7 4 o . 1 o, o~ 7 &
Q007 ()7 0 "q (g Qg 70

(aq7)7 (aa)”

(Cag) 7 @ Ny 7 \ 7 . o~y 7o ) - o~y 7 o

(G 7 o7 g7 20 e alPre +rgretH e
(¢ag) 7 @ oy T . vy 7 - g . an
@7 07 AL (G070 Q@ T+ G 1)

gam e (9 g +im T o

AW T () (W i o

(27 (27

(Gpg) 7" AV T8 o (G T 6 L B G2V S ey sa
(17 ('Yjﬂg()edé%)? W o Q) 1o+ Q@) 1o (g

((188)7"\86 P ('Y)7+('| )7 o v ('Y)7(‘) o0 « ('Y)7f)
7 T+ T T Q) "o+ QY2

Definition of ("Y) 7,("Y) 7 ,(Y1) 7 (o) 7 :-

Where("Y) * = (¢e) " (a2) T (68p)

(") " = (dyg) T (Mge)
(V)7 = () " (2) " (W)
(Y2) " = (&) " (ise) ”

FromCONCATENATED GLOBAL EQUATIONSwe obtain

.Q7

== () T ()T (&) + (CHT 4.0

(GFF" .07 7 (&))" 7

Definition of * 7 :- R
Q7

It follows

"Qs(9

533

534

535

536

537

538

539

540
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VQ7

(@) 7 TG 7T ()T T

@)7 T P G) T T (Ga) T

From which one obtains

Definition of ') 7 ,('o) 7 :-

(m) Foro< |(o) 7 =E|< ()7 <D’

e T YT oy TS
DTy W@ Tca’e W (- o7 o )7 = (W’ (o’
1@ 7 97 T (D7 (o o ’ (0’ (27
QRAECT ()T T ()]
In the same manner , we get 541
o 7 ¢ 7 7 4
D7 wlreiTep o a7 T (W7 (270 @7 =’ (o’
1+@f7o %7 T’ 27 0 ' (a7 (27

From which we deducg,) ” ' 7(0 (D’

M If0<(y) " <(Co)’ = %< (D) " we find like in the previous case, 542
S (nT+s T(pnTq @ (0T (7 0 .
| o
v 1w 7 W (DT T 0
Cp7+6f7 ()T @7 7 (07 (27 0 .
1+8f7q w7 (07 (T 0 D
543

@ Ifo<(y)" (D7 (’0)7:%,Weobtain

% 7 7 7 .
N O (P L A O R T A P
(1) o o ;M F o)
1+ 607 q 987 (1) (2) o

And so with the notation of the first part of condition (c) , we have

Definitionof * 7 0 :-
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: 7 7 A . 7 v 7 & _ Q60
a (0] a , 0 = N
(62) (61) 2l

In a completely analogous way, we obtain

Definitionof 67 o :-

. 7 oa 7 . _ %o
(‘2" 670 (7, 070—%
7 O

Now, using this result and replacingntCONCATENATED GLOBAL EQUATIONSwe get easily
the result stated in the theorem.

Particular case :

If (CBF7 = (¢BF7,60% (,1) " =(,) " andinthiscas€¢ )’ = ('[) 7 if in addition
(o) " =(1) " then” 7 0 = ('y) 7 and as a consequene®(0) = (") ’ "Q,(0) this also
defines(’,) 7 for the special case

Analogously if (62F7 = (62F 7,6 (1) 7 = (1,) 7 and then

(61) 7 = (6,) " ifin addition(6g) 7 = (01) ’ then "¥s(0) = (0) ’ "¥,(0) This is an important
consequence of the relation betwgep) 7 and(’ [) 7 , and definition of (6g) ” .

@ 'Y [(6f) T (GEFT O1Y.= 0
@ 'Ys [(c#)'  (GEF' O]Ys=0

has a unique positiveolution , which is an equilibrium solution for the system
Qe 2@ (GFR) 2 + (6F* Yy Q= 0

@7 2'Q (&) +(@F> Y Q=0

Qg 2'Q; (&) 2 + (AT Y, "Qg= 0

@ 27 [(cf)?  (G%F? Qo 1Ys = O

@ > [(6B)* (WFBF? Q Iy =0

Qs 27 [(cfB)*  (6BF? Qe 1Ys = O

has a unique positive solution , which is an equilibrium solution for

0

6o 2Qr  (6%) 2 + (BF> " Qo
G 3"Qy  (68) 3 + (BF® " G
W 2Qr  (6%) %+ (BF° " Q=0

0
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5 3 1
Wo Y1
5 3 1
W1 %o

@ *"%

has a unique positive solution , which is an equilibragiution

s Qs

Gys *"Qy
G * Qs

B *7Ys
&%5 4 ")(4

Qs *Ys

has a unique positive solution , which is an equilibrium solution for the system

yg ° Qo

yy ° Qg

6o ° Qg
s ° Yo
Gy °Ya

o ° Yo

has a unique positive solution , which is an equilibrium solution for the system

(I%Z 6 "Q3

(I%S 6 “QZ

@4 6 “QS
(IéZ 6 "¥3
(IéS 6 "¥2

6%4 6 "¥3

[(c35)
[(c57)
[(c$) ®

(657° "Qs
(GF° Qs
(BF° Qs

(62) ¢ + (BF* ¥

(%5) ¢ + (GBF* ¥
(6%) * + (BT * ¥

[(c53) *
[(c82) *
[(c83) *

(7"
(CBF* "%
(CF* "

(6%) ° + (&RF° Yo

(%) ° + (68F° Yo Qo=

(&%) ° + (C&BF° Yo

[(c$3) ®
[(c53) °

[(c85) °

(G5F° "Q
(C55F° "Qu

(C8F° &

(6) ° + (&BF° "¥%

(@) ° + (BF° ¥
(65) ° + (BT ° "%

[(c8) °
[(68) °

[(c83) °

(CBF° Qs
(CBF° Qs

(CG5F° "Qs

% =0
I =0
I'%=0

Q= 0

Q=0
Q=0

1% =
1% =

1Y% =

- 0

=0
o= o0
I¥%e = 0
Yo = 0
%= 0

Q= 0
Q= 0
Q=0
I =0
I"%=0
1'% =0

0

0

557
558
559
560

561

563
564

565
566

567

568

569

570

571

572

573

574

575

576

577

578

579

580

584
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has a unique positive solution , which is an equilibrium solution for the system

e 'Qr (GR) T+ (BT Y Q=0
7 Qg (GF) T+ (GEFT Y Q=0
G 'Q;  (6F) T+ (BT ¥ Q=0

@ Y [(GR) 7 (RFT Q1Y%= 0
@ "% (&) (EFT Qe 1Y =
@g 7Y [(GR) 7 (GBFT Qe 1Y% =

|
o

|
o

has a unique positive solution , which is an equilibrium solution for the system

(a) Indeed the first two equations have a nontrivial soli@n'Q; if

O = (68) T (&%) T e [ Gy T+ (CRR)T(CETT Y+ (CE) T (CEHTT Y +
(CF%F" "% (&F" % =0

Definition and uniqueness of ¥, :-

After hypothesis’Q0 < 0,"QH> > 0 and the function§d&E®’ ¥, being increasing, it follows
that there exists a uniqué¥, for which "Q"¥; = 0. With this value , we obtain from the three fir
equations

“Q _ éns ' "Qy "Q _ iag " 'Qy
67 (@) THETFT Y ’ 87 (&) T Y

(e) By the same argument, the equaticB®LUTIONAL) admit solutionsQg, Q; if

e :(@)7(6597)7 a&e ! a&? !
(G82) " (GBF" "Qo + (G) " (GHF' "Qy +(6HF’ "Qo (FEF’ "Q =0

Where in 'Qy "Qg,"Q7,'Qg ,'Qg, Qg must be replaced by their values from 96. It is easy to see
* is a decreasing function @, taking into account the hypothesis0 > 0, Hb < 0it follows
that there exists a uniqi@, suchtha® "G =0

Finally we obtain the unique saion OF THE SYSTEM

75

582

583

584

585

586
587

588

589

560

561

562
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"G, COC e QT =0,"¥, 0C w'QY, =0and

"Cé - dge 7 "(§,7 “Q - d’38 7 "C':i7
ST @R THEEFT Y BT (@B THEF Y

g - s "%y \g - LY 563
67 (@) 7 (BFT Qo” TS T GR) T (GBFT Qo ”

Definition and uniqueness of¥; :- 564

After hypothesis’Q0 < 0,"QH> > 0 and the function§di&E* Y, being increasing, it follows
that there exists a uniquéy; for which "Q"Y; = 0. With this value , we obtain from the three fir
equations

"Qp = épo 201 "Q, = dpp 2o
07 (HI@HF h 27 @) 3BT N
565

Definition and uniqueness of ¥ :- 566
After hypothesis’Q0 < 0,"QHb > 0 and the function§d&** “Ys being increasing, it follows
that there exists a uniquéys for which "Q"¥s = 0. With this value , we obtain from the three fir
equations
"Q, = ipa 4 Qs "Qg = ips 4 Qs

MG ARRIC S L N & SR SR -
Definition and uniqueness of ¥, :- 567
After hypothesis’Q0 < 0,"QHb > 0 and the function§d&*® Y, being increasing, it follows
that there exists a uniqué&y, for which "Q"Y, = 0. With this value , we obtain from the three fir
equations
"Qg = ipg ° Qg "Qq = im0 ° Qg

87 (GBS A(HFD Yo 07 (6F) 5 +(HFS Yo
Definition and uniqueness of ¥ :- 568
After hypothesis’Q0 < 0,QHb > 0 and the function§d&*® ¥, being increasing, it follows
that there exists a uniqué¥; for which "Q"¥; = 0. With this value , we obtain from the three fir
equations
"Q - (IBZ 6 Qs “Q _ (1)34 6 Qs

2T (B T T S BT %

y the same argument, the equations 92,93 admit solui@an®), i
By th h i 92,93 admit soligne), if 569

© 0= () () Qs ' Qs !
(%) ' (CTEFT "O+ (6f) * (cBF 'O +(aBF' "O(wfEF' 0=0
Where in'0"Q3,"Q4, Q@5 ,"Q3, Qs must be replaced by their values from 96. It is easy to see th:

is a decreasing function 1@, taking into account the hypothesisO0 > 0, Hb < 0Oit follows
that there exists a uniqi@, such tha® "G =0
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(g) By the same argument, the equatioB€93 admit solution¥yg,"Q; if 570
* 'Q = (Jﬁ)z(dﬁ)z (Iie 2 di? 2
(af2) 2 (GBF> "Qo + (6F) * (cf5F? "Qo +(cHF? "Q (¢f5F2 "Q =0

Where in "Qy "Qg,"Q7,"Qg ,"Qg, Qg must be replaced by their values from 96. It is easy to see 571
« is a decreasing function i@, taking into account the hypothesis0 > 0, Hb < 0 it follows
that there exists a uniqi@, suchthat "Qy * =0

(a) By the same argument, the concatedaequations admit solutiof®,, Q; if 572
© Qs = (655) 2 (F) P Gy Py P
(62) 3 (65F° Qs + () * (FBF° Qs +(aRF° Qs (FF° Qs =0

Where in'Q; "Qp,"Q1,"Q, ,"Qy,"Q, must be replaced by their values from 96. It is easy to see tl
* is a decreasing function 1@, taking into account the hypothesisO > 0, Hb < 0it follows
that there exists a uniqi®, suchthat "Q; * =0

573

(b) By the same argument, the equations of modules admit soli@e/§)s if 574
* 'Q :(@)4(@%)4 &%4 4 &%5 4
(63) * (6RF* Q7 + () * (FBF* Q@ +(&&HF* Q7 (EF* Q; =0
Where in "Q; "Q.,"Qs,"Qg ,"Q4,"Qg must be replaced by their values from 96. It is easy to see
* is a decreasing function i@®s taking into account the hypothesis0 > 0,« Hb < 0it follows
that there exists a uniqi®s such that “Q; * =0
(c) By the same argument, the equatimedules) admit solutiori®g, Qq if 575
* Q :(JS%)S(JS%)S (I%s > 6%9 >
(68) ° (GRF° "Q + (af8) ° (GRF° "Q +(GHF® Q@ (FBF° Q. =0
Where in "Q; "Qg,"Qq,"Qp ,"Qg,"Qp must be replaced by their values from 96. It is easy to see
* is a decreasing function i@q taking into account the hypothesis0 > 0, Hb < 0 it follows
that there exists a uniqi@y suchthat "Q; * =0
(d) By the same argument, the equatiémedules) admit solution§,, Qs if 578

579
© Qs = (a) ® (ufB) ° @ ° ag °

580
(6) © (aBF° Qs + (c5B) ® (FBF° Qs +(aBF° Qs (FEF® Qs =0 ca1
Where in 'Q5 "Q,,"Qsz,"Q; ,'Q,,"Q@, must be replaced by their values It is easy to see tima
decreasing function iiQ; taking into account the hypothesis0 > 0, Hb < 0 it follows that
there exists a uniqué&; suchthat "G =0
Finally we obtain the unique solution of 89 to 94 582

QO Gioe O = 0,Y, TOG G'Q7Y, = Oand
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G, = s 4y "G = s °dy
ST @R LT Ny BT (@) IHERT

s 1Yy Y _
(&%) 1 (BFL O S

s 1Ya

TR (EFL O

Ys =

Obviously, these values represent an equilibrium solution

Finally we obtain the unique solution

Q; COG e Q" =0,"Y, & @y'QY; = 0and

"G = e %Gy "Gy = s 2 Gy
67 (@) 2+@mF2 N, T (6B 2H(@RTF? Yy
Y - e 2 Y7 Y - g 2 Yy
67 (G2 (GRF2 Qo ” BT @@ 2 (GRF? Qo

Obviously, these values represent an equilibrium solution

Finally we obtain the unique solution

Q0 G Qe = 0,Y, 0GR Q'Y = 0and

q — o Gy Q — Gy 3G
07 (@ 3+@RF3 h 1 2T (B3T3 %
\Z — o ¥ \{ — & 2%

07 (@) 2 (@BF s TORT (@)% (RT3 Qs

Obviously, these values represent an equilibrium solution
Finally we obtain the unique solution
"G5 "OCE e "Q; = 0,"Y R o' QYs = 0and

Q — ipa 4 Gs q — s 4 Gs
AT AT Y T (@B BT s

"\Z - (1)34 4"\£5 "\f — &)26 4"\55
AT @Y (@BF e T T OGR4 (GRFY o7

Obviously, these values represent an equilibrium solution

Finally we obtain the unique solution

"Gy 'COG Cxde 'Q * = 0,"Y WO QY = Oand

"Gy = s ° Gy "Gy = o ° 'Go
BT (@S BT Y T 0T (B SH(EFS Yo

"\Z - Gpg 5"\59 u\g — B0 5"\£9
87 @®)5 BFS Q- 0T @@ 5 (GBFS QL

Obviously, these values represent an equilibrémhtion

Finally we obtain the unique solution

"Gy O G Qs © =0, COG d'Q"Y; = 0and
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G, = G2 ©°ds "Gy = s ©°ds
27 (@) P BT Y 1 T (@) S (BT s

\g - M 53 \g - e %3
27 (GB) 6 (GBFC Qs ” T (@B 8 (GBFS Qs

Obviously, these values represent an equilibrium solution

ASYMPTOTIC STABILITY ANALYSIS

Theorem 4: If the conditions of the previous theorem are satisfied and if the functions
(G QW Belong tod  (5.) then the above equilibrium point is asymptotically stable

Proof: Denote

Definition of M 1 -

Q= @t Vo ¥ Y+ 1g
T(Td).l%zﬂ "Y4 = Mua o, ! (T& gzl 0 =ig
Then taking into account equations (global) and neglecting the terms of power 2, we obtain
% = (G + s Vgt Qg Mg fhs TQsly
% = (@) + M P Mt g Mg A TG0y
Q;;S = (GfR)T+ s Vst Qs Mg Mus TGsTig
%: (6B dg P 1zt Qs M1+ BB i o eV
% = (@B i P 1t Qg Y13+ BB 14 g WV
% = (@)Y s P Tt Qs Y1+ BBz s 9 VsV

If the conditions of the previous theorem are satisfied and if the funcod@i® & 'Q(aE?
Belong tod 2 ( 51.) then the above equilibrium point is asymptotically stable

Denote

Definition of M 1 -

“Q)z “Q2+ \.I o , "%: .,%+ ,] Q
TERF2 vy _ o 2 L(GRP .y 2 o
v Y7 = My ' T Qo = lw
taking into account equations (global)and neglecting the terms of power 2, we obtain
.Q;G = (@) %+ M 2 Mgt Qg M1z e 2'Gelyy
,Q§7 = (G) 2+ My 2 Mgt Q7 2V My PGyl
.Q;s = (G®R) 2+ Mg * Mgt Qg Mz g 2'Gelyy
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™ 5 N Jed ’ o
T;GZ (fR) 2 6 2 T+ Qe 2117+ B1s 1 16 0 YeV0
™ 5 N Jed ’ o
T&HZ (af8) 2 17 2 117+ Q7 2136+ B8ys 1 17 (9 YoV
™M 5 . Jed ’ o
Tis: (6f3) 2 i1g 2 Tig+ Qg 27117+ By i 18 9 YsM1o

If the conditions of the previous theorem are satisfied and if the funci@i® & 'Q(cE®
Belong tod 2 ( s1,) then the above equilibrium point is asymptotically stabl

Denote
Definition of M -q1 -
@ Gt Vg % Tt 1q

1 (EF3

v . TR a2
o Yi = N 2, 22— Qs =lwm

TG

Then taking into account equations (global) and neglecting the terms of power 2, we obtain

D= (@) + Mo 3 M+ & 3o Mo *Gola

(GF) 3+ Ny 3 Mo+ @y My N 3Gl

(633) 3 + Ny 3 Mapp+ G 3Vy Ny 3°Gula

5 N 5 22 ’ 12
(6$3) 3 a0 3 T+ G 3121+ B&y i 20 9 Yoo

(6%) 3 g 3 1o+ G 310+ B8y in (9 Y1 V0

(6533 ixm % 1+ @ 315+ B8y i 2 g YVo

o2 o2 o off s

If the conditions of the previous theorem are satisfied and if the fundi@& & 'Q(cE>
Belong to6 * ( s1.) then the above equilibrium point is asymptotically stabl

Denote
Definition of M 1 -

Q= @t Vo %= hF 1g

G A A R I (¢ o 2
e Y5 = Mos C e Qr

= i@

Then taking into account equations (global) and neglecting the terms of power 2, we obtain

(o] e N o y o,
-954: (6F) * + Mg 4 Mpg+ Gy “VMos Moy Gyl
Tfsz (GB2) * + Mas * Mg+ Gys *VMpy  Mps *Gslos
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2= (6F) Y+ e * Mast Gy *VMas e Gelas

®
Aoy _ 7, . ¥ 26 , o
Sr-uial C° /) I YRR PV ¢ VIR PR =4 SV IR A A
o5 _ . . 3 26 , o
== (@)Y s Mt @s 10+ By i 0 V0
D oe _ . . 3 26 , o
== (@R s f Mt @ 125+ By i 9 ¥V

If the conditions of the previous theorem are satisfied and if the fundt@® & Q(EF>
Belong tod ° ( 51,) then the above equilibrium point is asymptotically stable

Denote
Definition of M 1 -
QF G Vo %= B g

1 (BT S Y 5 1(&F®

= N , “ “ o=
Yo 9 Moo T Q1 (O

Then taking into account equations (global) and neglecting the terms of power 2, we obtain

o . ; . , .
ng: (GF3)° + Mg > Mpg+ CGpg °Mpg g ° "Gglag
‘oM o N er , o,

o= (G8R)° + My ° Mg+ Gg °Vazg Mg °"Qolog
o . ; . , .
Tfoz (GF)° + Ngo > Mao+ Gy °Mpe  MNao ° "Golag

oi| 5. N 7, ’ o
?ﬁs= (6$3) ° isg ° Tog+ Gg ° 19+ BRog i 28 0 ¥V
™ 5. N Jod ’ o
?ﬁg= (6$3) ° g 2 Tog+ (g > 128+ BRog i 29 0 YoV
oi| 5. N 5 ’ o
%= (6g3) ° i30 ° Ta0+ G ° 129+ BRog i 30 (9 YoV

If the conditions of the previous theorem are satisfied and if the funco@i® ¢&'Q(cE®
Belong to6 © (s.) then the above equilibrium point is asymptotically stable

Denote
Definition of M -1 -o:-
QF GtV % bt g

1 (68T
T %3

1 (657

Y3 = Mg ey Q" =i

Then taking into accoumtguations(global) and neglecting the terms of power 2, we obtain

szz (GF)° + Nap © Mg+ Gy %Mz Mg ' Q@ulas
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.933 = (CF)° + Nagy © Mg+ Gy3 %Mz Naz ©Q@sla
W3 _ v \ o . o
- - (68) ®+ Nag ® Vas+ Gy ®Vag  Mas ®©Qulas
o _ 5 . 5 34 . o

T?‘z = (a)° g © T+ @y %133+ BHa i 3 0oV
o _ 5 . 5 34 . o

T?‘B = () ° la3 © Taa+ @3 %13+ BHa i 33 0 ¥sV0
o _ 5 . 5 34 . o

T;M = (o) °® lgg © Tas+ Gy ®133+BHa g 9 LAY

Obviously, these values representeguilibrium solution of 79,20,36,22,23,

If the conditions of the previous theorem are satisfied and if the funco@ji¥ & Q(c&
Belong tod 7 ( s1.) then the above equilibrium point is asymptotically stable.

Proof: Denote

Definition of M 1 -

QF Gt Vo %= bt 1y

v 7
T (FF "¥7

SR G- i
% @

Ns7 ' T

]
@:x

646

647

648

649

650

651

652

653

Then taking into account equati¢g8©LUTIONAL) and neglecting the terms of power 2, we obtai 654

Qf“%: (G8) " + Nas ' Mas+ 36 "Maz Mg ' Qelar
‘(1,)37 = (@) + Mgy " Mg+ @ "Mz e TGl
%: (CB) " + Mag ' Magg+ Gy "Mgz M "Cglar
%: (G8) " igs " Tast @ 137+ BRas i3 0 YoV

655
656

657

658

659
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o _ 5 . 5 38 . o
T?‘?— (ax) ' lg7 7 Ta7+ @y 136+ B8as i 37 0¥V
(o4 _ 5 . 5 38 , o
T?B— (a33) lag / Tag+ Qg ' Ta7+B8as i 33 9 ¥sVn
2.

The characteristic equation of this system is
1 eF 1 N 1 1 v, 1 \
= + (Uﬁ__’) L5 { = + (OTJS) + r]15
veey 1 .1, 1, . .1,
= ! + ((’%) + 1113 n14 Q4+ W4 ! nlg QB
=, 1 N , v ¥ , v
=1+(Qﬁ) i3 b o ia e at Ay Yiag s Ve
+ (@) M b s TG+ Qs o TG,
= 1 \ . . ¥ . o
=1+(“ﬁ) i3 * {14,134+ Qu 1l13,13 Y3
2 v 1 vep s 1 L1 L1
B G4 7 B (% ) B R i A -

2 v 1 v 1
1 ' ' L1 s 1
= +(aF)) o+ (dF) lig =+ gy =

2
+ _ 1

+ (@@ AR e P e 0 s TGS

+ P ()t ot s ' Mg TGt Qg P Qs P s TG

=, 1 . , . 5 , -
=1+(‘*fv,) i3 b fgg 05 Yat Qg T3 15¥3 }=0
+
2 5 2 N 2 2 v, 2 3
= + ((‘i;) l1g { = + ((‘%) + nlg
. 2 | 2 , 2, o, , 2,
= 2 + (U‘i) + 016 r]17 Q7+ W7 2 nle QG
e 2 N , I 5 ’ I
=2+((*fs) e 2 Ha7,07 Y7+ Q7 M 16,177
P H(WB)C My P e PQet Qe 2 My 2TGy
e 2 N , I 5 ’ I
=2+((*fg) i16 ° 17,16 Y7+ c*?L72|16,16 \

2 2 2 2

2 (@)@ oy o

660

661

662

WWW.ijsrp.org

83



International Journal of Scientific and Research Publications, Volume 2, Issue 8, August 2012 84
ISSN 225063153
2 i 2 2

+ lyy -

2 5 5 \
_ 2T+ (aR) 2+ (a2 g
2T+ (CR)ZH (A2 + Mye 2+ M7 2 _ % s %Gy
+ _ 2+ (6R) 2+ My 2 Qg 2 M7 2°G+ Q7 2 Qg 2 Me 2'Gs

e 2 N ’ 12 5 ’ 1%
=2+(0ﬁ) 16 {17 18 Y7+ Q7 %0116 18¥6 }=0

+
_ (@’

. o 3 |
L22 3 { = 3 +(Q§) + r|22

vy 3 \ . 3. . , 3.
= 3 +((‘~§)) + r]zo n21 Ql+ W1 3 nzo C;O

i21,21"\31‘* Gy 2 20,21"\31

(@) i

+ 3 (@) N P oMo PQot Gy PN TG

[ 21,20 B+ Gy 2 20 20 Yo

=3+(5§%)3 [P

2 . 3 . 3 | 3 |
S () A Ny Ny
2 v 3 vl 3 . .
_ %o+ (ui%) +(u§i) i 24 0y 2 _°
3 P fp 2TG,

2 . . . .
_3 T (GR)BA(E) P N P+ N -

+ _ 3+ (G My B G 2 Moy 3G+ @y 3 Gy 2 3G

; o ¥ 3 o _
{21 22"+ @y i 2" }=0

() g

+
e’

. v, 4 |
l26 4 { = 4 +((‘§) + n26

vy 4 | . 4., v . 4.
= 4 +(0~§) + n24 025 Q5+ W5 4 r]24 Q4

{25 25 %5+ Qs *i 24 25 ¥s

vy 4
- 4+(0~§) L24
(B st Mg PTQut Gy P Ms s
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e 4 N ’ %2 5 ’ 172
=4+(Q§) tos % Tos 20 ¥+ Qs *i o 20"V

2 4 4

_r T+ (@)4+(d§)4+h244+h25

2 7. 7, \ 3
T (6t o+ (o) ! g 4+ 1 4 _
T (@B H(GE) T Mg P s Y Y e YTQe

+ (@) N ? Gy 4 Mg * Qg+ Ghs * Gy 4 Mg *°Gy

, 4 -
4 . L4 . s g v _
R N (%) 124 {25 26 %5+ G5 ‘024,26 %4 }=0

+

S (@) M P (@) Ay

5

° r,lzg "QS

veey D | 5 . 5. .
= >+ ((*geg) + nzg nzg Q9+ W9

7, 5 N , v ¥ , v
=5+(°§) iog ° 129,20 %o+ G ° i 25 20 g

+ P H(GR)° + My ° Mg 2Ggt+ Gyg ° Mg ° Gy

. 5 ~
5 U 1 5 I3 12 T 5 ’ -
_ 0+ () l2g { 20,28 Mo+ Qo 1 25 28 %
2 wapy O o 5 , 5 R 5
2 B (5 B S PP S P -
2 5 5 . .
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+ _ %+ (G8R)° + Mg ° Wy ° Moy Qo+ Gy > Gyo ° Mg °> Gy

v 5
5 g . 5 o 5 5 : o _
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+
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o 6 . 6 A 6 . w , 6 .
= 6 +(U§) + 032 r-]33 Q3+ 03 6 032 QZ

e 6 N 6 ’ 12 et 6' o
=6+(0§ez) l32 33,33 %+ Qs °{ 3 33 %

+ O (@)% Mgy ® Mg PG+ Gy ® Mg °Gs
v 6 -
6 g N 6 ’ % g 6 r 1
= +(0§ez) l32 l33,2 "%+ @3 °la 2%
6 2 6 6

(- AR (<A R WU W
=62+ Q%) ° + () iz O+ i3 & _ °©
+ _62"' (GB)° +(6B)°®+ Mgz ®+ Mes © _° Nas °7Q
+ 0 (GO + Mg 0 Gy % e Qe+ Gy © oGy ® M G

~ 6 -
6 " 6 v "6 v _
_ (43 l32 33,30 Yo+ Q3 °l 3, 3¢ }=0

_ ()T e T 2T (GB)T Mg ]
PGB+ Mee T My TG+ Gy T N G
_ (6T e izt @y Tl e Y
+ T ()T Ny T Mg Qe+ e T M TGy
TR lse T laras Yt Gy iz Yo
=72+ (G8) "+ (6F) "+ Ngg "+ Nyr T _

7 2

+ (0%) 7+ (a5) 7 igg "+ 0y 7 _ T

2

+ T T (G H(EE) T+ Mg T+ Mgy T 7 Mg Qe

+ _ T+ (68) T+ g Gy " Na7 G+ Gy T Gyg 7 Oz | G

7 7 7 2 7 z 4 _
1 + (b%) I'36 S37,38 Ta7+ D37 "S36,38T36 }=0
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