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Abstract- One of the research hotspots of the expectation-
maximization (EM) algorithm is the parameter estimation of
mixture models. Taking the Gaussian mixture model (GMM) in a
multi-dimensional case as an example, we use the EM algorithm
to estimate its parameters, and get the corresponding iterative
formulas. Then, use R software to carry out numerical simulation
experiments on the EM algorithm, and explore its convergence
and sensitivity.

Index Terms- Gaussian mixture model, EM, Multi-dimensional,
Sensitivity.

. INTRODUCTION

he problem of parameter estimation with mixture models has

been widely concerned. Before the development of computer,
scholars generally used the moment method to estimate
parameters of mixture models. Person [1] used moment method to
solve the parameters of two component GMM. However, the
moment method needs to solve nonlinear equations, and the
increase of model components will increase the number of
equations, which greatly increases the computational complexity.
Bhning [2] summarized some algorithms for maximum likelihood
estimation in mixture models, and pointed out that the EM
algorithm proposed by Dempster et al. [3] is one of the most
conventional algorithms for maximum likelihood estimation. The
proposal of the EM algorithm advances the related research on the
parameter estimation of the mixture model. The program of EM
algorithm is simple and easy to implement. For its relevant
theoretical research refer to Xu et al. [4]. Specifically, given the
initial value of the model parameter 8, note that 8% is the
estimated value of the parameter @ of the t-th iteration. At iteration
t + 1, E- step needs to calculate:

Q(6]6®©) = E(log f(¥,2|0)|y, 8©).

The M step is to maximize Q(0]6®) so that

I, MAIN RESULTS

Theorem 1 Lety = (yq,:+,¥,) be a randon sample from the
following GMM
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Q(8®D|e®) = max Q(0]0®).
Repeat E-step and M-step until [[@¢*D —0®| or
|e(6L|0®) — @(8®|0®)|| to a sufficiently small value.

In view of the wide application of the GMM, Ali et al. [5] applied
the GMM to moving target detection, and McNicholas et al. [6]
applied the GMM to clustering analysis of microarray expression
data. This paper aims at the problem of parameter estimation of
the multi-dimensional GMM, and uses the EM algorithm and
maximum likelihood estimation principle to derive the update
formula of each unknown parameter. A large number of numerical
simulation experiments are carried out by using the EM algorithm
to verify the convergence of EM algorithm, and the sensitivity of
the algorithm is discussed from some aspects.

Il. PRELIMINARIES

Definition 1 Suppose x is a p-dimensional random vector that the
probability density function is given by

flxlp, 2) = %EXP (—%(x WX (x - u))
(2m)z|2)2

where x € Ep, E, = {x: —00 < x; < oo, fori=1.2,-,p}. Then

it is said that x has a multivariate Gaussian distribution, denoted

as x~N,(u, 2).

Definition 2 The mixed distribution model takes the following

form
K

F310) = ) af(rlw,),

k=1
where 8 = (ay, -, ax, &, -+, &) denotes the vector of unknown
parameters, and & consists of the elements of the y, known a
priori to be distinct. K is the mixture component number, f(y|\|1k)
is the k-th component density function, «,, is the mixing weight or
probability of the £ (y|y, ) for Xk_; a) = 1, see also Geoffrey et
al. [7].

K

F010) = af Ve 2

k=1
K

1
Texp <_ E (y - ”'k)TZ};l(y - ”’k));
(2m)z| 2, |2
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where 0 = (ay, az, -, a, g, K, By, 24, 2000 2k) Mk
and 2, represent the mean vector and covariance matrix of the k-
th Gaussian distribution, respectively. Then at iteration t + 1, the
maximum likelihood estimation of @ obtained by the EM
algorithm is

(®)
(t+1) Zl 1 Wik Yi
'k n ® "’

=1 WLk
(t+ 1) ) ( y; —
n () !

(t+1)
=1 W
where wSy = af (y|ui?, sz))/zkr_l af (yi|u®,22) .
y; € R1¥P,
Proof Since the density of y; conditioning on @ is given by
K

f(il) = Z i Gl 5

®)
i1 Wi

t+1
I(( )
n

ZL 1 W(t)(yl

Z(Hl)
k

I(
Zak ———exp (——(yl w3 (v — uk)>,
(Zn) | 212

k=1 2
the likelihood and Iog likelihood functions are given by

L) = ]_[f(yl|e) - ]_[Z ef il 3

i=1 k=

1(8) = Z log IZ akf(yilﬂkrzk)}-

Maximizing the 1(@) is difficult, because the sum sign in log is not
conducive to derivation. Next, we use the EM algorithm to solve
the problem. Indicator variable z = (z,, z,, -+, z,,) is introduced,
where z; = (z;1,Zi5,**, Zix), Which is defined as follows

_ {1, y;is from the component k,
Zik =0, otherwise.
There is and only one takes 1 in z; = (z;1, Zi2,**, Zig). In this
case, the likelihood and log-likelihood functions are rewritten as

[ rv.,2:10)

and

L'(e) =

=1

~

n

=1 [roue.zofla

i;

—r K X
=] (l_[f(yimk, z)><l—[ a)

1 k=1

= T

= T

= n(akf(yl |Ilk'2k))zm

Jl 1 k=
and

n K
U©) =) > zullog ay +log f il 5.

i=1 k=1
Note that 8® is the estimated vector of the parameter vector @ at
iteration t, then at the E-step, calculate the Q function as

Q(6]6®) = E(l’(B) ly, 0©)

Z Z W(t) log a(t) +log f (yl

i=1k=

u(t) fo)))

where
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E(zicly, 00) = iy
= a®f (yi|u. 20) / Z aff (v 27)

At the M-step, find the partial derivative of Q(0|(-)(f)) with respect
to the unknown parameters, and set the derivative to O to obtain
the parameter estimation of the iteration t+1 under the EM:

®) (t)
(t+1) _ i=1 Wik (t+1) _ Di- Zi=1 Wi Vi
G =7 M ~Nn o0
1W1k
(t+1) (t+1)
2(t+1) D= 1W (yt )(yl )
ke n ® '

i=1 Wy

IV. EXPERIMENT ANALYSIS

In this section, we simulate four scenarios to explore the
convergence and sensitivity of the EM algorithm from the
perspectives of n, p, w and 2. Here we examine the running
speeds of the EM algorithm by using the iterative time, and
examine the performance by using the mean absolute error

(MAE), which is expressed as
K

1
K+Kp+Kp2kZI(|ak —(lkl

+ e = Beelly + [| 25 - z‘k”1)
Scenariol: Effect on the sample size n.We fix K = 2, p = 2,

a =(0307), u (011 ‘1)2) X = diag(0.1,0.1) and vary

the sample size n with n = {10%,2 x 10%, 3 x 10%,4 x 10*}.
Initial values of parameters are set to a® = (0.4,0.6), u'® =

02 0.6 0) _ . .
(12 16) andZ( = diag(0.15,0.15), respectively.

MAE(9) =

Scenario2: Effect on the p We fix n=10*, K=2 , a =
(0.3,0.7), pu~U(k, k + 1), 2 = diag(0.14,--+,0.1,) and vary
the p with p ={2,3,4,5}. Initial values of parameters are set
toa® =a, u©® = p, and 3 = 3, respectively.

Scenario3: Effectonthe u. Wefixn =10, K =2,p=2,a =

(0.3,0.7) , 2, =diag(0.1,0.1) and vary the u with p, =
0.1 05 (0.1 05 /0.1 05 _
(5 13 (5 28) #e=(5 32)end =
(041 Zg) respectively. Initial values of parameters are set

= p, and 3

Scenario4: Effecton the 3 Wefix n = 104, K

= 2, p = 2, a =
(0.3,0.7) , uz(oil gg) and vary the X with 2, =
(2, diag(0.1,0.1))

2, = (2,diag(0.1,02)) , .=
(2;,diag(0.1,03)) , 2,=(2, diag(0.1,04)) , 2.=
(2;,diag(0.1,0.5)) , where 2, =diag(0.1,0.1)
Initial values of parameters are set to a'® = a, u® = pu, and

39 = 5 respectively.

4.1 Convergence analysis

toa® =a, u© = 2, respectively.
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Taking scenario 1 as an example, we calculated the log-likelihood
value at each iteration and showed the result in Figure 1. It can be
seen from Figure 1 that as the number of iterations increase, the
log-likelihood values gradually increase and tend to stable. It is
shown that the EM algorithm has obvious convergence when
solving the GMM.

(a) n=10" (6) n=2x 10" {c)n=3x10°
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Figure 1: The values of the log-likelihood with different n in
simulation

4.2 Sensitivity analysis

We summarized the results of the iteration time and MAE value
of scenarios 1-4 in Figure 2. It can be seen from Panels (a) and ()
of Figure 2 that the increase of the sample size n will increase the
iteration time of the algorithm, but when the sample size starts
from n = 4 x 104, the value of MAE is gradually decreasing, that
is to say, the estimated value is closer to the true value. It can be
seen from Panels (b) and (f) of Figure 2 that with the change of p,
the increase trend of the iteration time and the value of MAE is
almost the same. From Panels (c) and (g) of Figure 2, it can be
seen that with the change of u, the increase trend of the iteration
time and the value of MAE shows a downward trend, that is, when
the mean vector of each component is farther away, it will reduce
the calculation time of the EM algorithm and improve the accuracy
of the estimation. It can be seen from Panels (d) and (h) of Figure
2 that, on the contrary to the change trend of u, when the
covariance matrix of each component differs greatly, the
calculation time of the EM algorithm will increase, and the value
of MAE will increase.

(a) effect of n in time costs (b} effect of p in time costs (c) effect of  in time costs (d) effect of = in time costs
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Figure 2: Performance results of the EM in simulation

V. CONCLUSION

In this paper, many simulation experiments have proved that the
EM algorithm has obvious convergence when estimating the
parameters of the multi-dimensional GMM. And in the case of a
large sample size, if the distance between the mean vector of each
component is far, and the covariance matrix difference of each
component is small, the parameter value estimated by the EM
algorithm will be closer to the true value.

APPENDIX
The R code of the EM algorithm is presented. (EM-code.docx)
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