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Abstract:

In the present article substantial Mathematical technique namely LDM and modified LDM has been employed to find the
analytical solution of system of NLPDEs. Reliability of these methods were examined by illustrating three examples viz.
Drinfield Sokolov (DS) system, coupled Burger’s equation and Cauchy problem. Both the methods have many advantages, they
converge expeditiously to the exact solution also they do not require linearization, discretization or perturbation. Result obtained
by these methods affirms that proposed methods are easy, powerful and efficient technique to find solution of wide class of
system on NLPDs.
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1. Introduction:

Every scientific field is ubiquitous by NLPDEs for an instant control system, climate change, plasma physics, elastic
media, oceanology, meteorology, mathematical biology, geophysics, nonlinear optics, chemical reaction, gravitation, fluid
mechanics, solid state physics and others. Hence to comprehend the behavior of different physical phenomena’s solution of
NLPDEs plays crucial role. To find the solution of system of NLPDEs different techniques are available such as First integral
method [1], ADM [2], Exp-function [3], Tanh function method [4], Tanh-Coth [5], HPM [6], HBM [7], LDM [8], MLDM [9],
Differential transformation methods [10], Jacobi’s elliptic function method [11] etc.

The main focus of this paper is to present well grounded technique to find the solution of system of nonlinear partial
differential equations called LDM which was introduced by Khuri, for finding the solution of class of NLPDEs in 2001 [12].
Hussain and Khan modified this technique in 2010 [9]. Solution of coupled Burger’s equation and Cauchy problem are obtained
by LDM and Drinfield Sokolov system solved by MLDM. Coupled Burger’s equation was derived by Esipov to describe the
model of polydispersive sedimentation in 1995[13]. Approximation theory of flow through a shock wave traveling in a viscous
fluid is described with the help of coupled Burger’s equation [14]. It has crucial role in different physical phenomena viz. shock
wave, hydrodynamic turbulence, dispersion in porous media and vorticity transport etc. DS equation represents nonlinear
diffusion equation and possesses Lax pairs of a special form. Wazwaz found travelling wave solutions with compact and
noncompact structures of DS system by using sine-cosine and tanh method [15]. F. Zhang, J.Qi and W. Yuan employed complex
method to derive general meromorphic solutions of DS system [16]. A bifurcation phenomenon of nonlinear waves for DS system
was studied by H. Cai, C. Pan and Z. Liu [17]. Jing Wang gave different properties of DS system like Hamiltonian, symplectic,
cosymplectic, recursion operator, scaling symmetry and roots of symmetries [18]. Cnoidal, snoidal, periodic, solitary and
compacton wave solutions of DS system were obtained by M. Inc, E. Fendoglu, H. Triki and A. Biswas by using Jacobi’s elliptic
function method [11].

This paper is divided into 4 sessions, in session 2 Introduction of LDM and MLDM is given, applications given in
session 3. Paper is concluded in session 4.

2. Laplace Decomposition Method:[12]

Consider the system of NLPD equations

Lu;(x,t) + Ru;(x,t) + Nu;(x,t) =0, i=12,..,n (@)

With initial condition
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u;(x,0) = fi(x)

where £ = %, R is general linear operator, Nu is nonlinear term. Taking Laplace transform of (1) w.r.t. t

su;(x,8) — ui(x,0) = =& [Ru;(x,t) + Nu;(x,t)]

u;(x,s) = @ — %ilt[.’Rui(X, t) + Nu;(x,1)]

Taking inverse Laplace transform
WO = 69 - €7 FLIR G O + Nus(x 0] 2)
Let solution of the equation (1) is in series form
ui(x,t) = Xnto Ui, (%, 0)
Nonlinear term can be decomposed with the help of Adomian polynomials.

Nu; = Yilo A,

Where c/li;ls are Adomian polynomials which can be calculated by using following relation [19]

_ 14"
In 7 [raan

[V (ZZoAw,)],_,n=0 (5)
From equation (2) to (4)

N2, (0 =) — 2 (LRI o u, (0 + Tio Ay |} ()
Where

uj, (%, 1) = fj(x)

Ui, (0 =gt {% 2[R (w,) + c/lin]}

Then series solution of equation (1) is
ui(x,t) = Ui, +uy, +uy, Hug, o , 1=1,23, ..
In modified Laplace decomposition method there is only slide change
If fi(x) = fiy + fi
Then take Ui, (%, ) = fi; (%)
0, () = i = 85 R (ug) + 4y ]
And Ui, (0 =— gt {iﬁt[ﬂe(uin) + Jlin]}, wheren = 1,2,3, ...
3. Applications:

Example 1: Consider coupled Burger’s equation [20]

Uy — Uy — 2UlUy + (Uv), =0 @)

Vp — Uy — 200, + (Uv),, = 0

With initial condition  u(x,0) = sinx, v(x,0) = sinx (8)
Taking Laplace transform w.r.t. t

su(x,s) —u(x, 0) = 8 [uy, + 2uu, — (uv),]
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sv(x,s) —v(x,0) = L[V, + 2V, — (Uv),]

u(x, 0 1
u(x,s) = (s ) + Eﬁt[uxx + 2uu, — (uv),]
v(x, 0 1
v(x,s) = (s ) + ;Et[vxx + 2vv, — (Uv),]
sinx 1
u(x,s) = — + Eﬂt [Uyy + 2utt, — (UV),]
sinx 1

v(x,s) = —~ + ;ﬁt[vxx + 2vv, — (uv),]

By taking inverse Laplace transform

1
u(x,t) = sinx + 871 {; 8 [uyy + 2uu, — (uv)x]}

1
v(x,t) = sinx + 871 {;Bt[vxx + 2vv, — (uv)x]}

Let u(x,t) =Y ou,(x,t) and v(x,t) = Yo, v, (x, t) be solutions of equation (7)

U, = Zcﬂn, VU, = ZBn and (uv), = Z C,
n=0

n=0 n=0
(o] 1 (o] (o] (o]
Z u, (x,t) = sinx + ;1 {—ﬂt Z Un,, +2 Z Ay — Z C‘n]}
n=0 § n=0 n=0 n=0

Z v, (x,t) = sinx + ;1 Eﬁt Z Vpyp T2 Z B, — Z Cn }
n=0 n=0 n=0 n=0
Consider uy(x,t) =sinx and wvy(x,t) =sinx
U (6, 6) = €71 (£ 80 [t + 24, — G} ©)
Vo (x,t) = 871 {f & [vn,, + 2B, — cn]} (10)
Some Adomian polynomials are
Ay = UglUoy By = voVox
Ay = Uglyy + Uslgy By = Vo1 + V1Voy
Ay = Upllpy + Uy + Uplpy By = VgV + V1 V1x + V2V0x
Co = UgVox t+ Uy Vo
Cy = UgVyx + UsVpx + Usx Vg + Upx Vs
Ca = UgVax + Uy U1y + UpVox + Uy Vo + Ug V2 + Upye Vs
From equation (8) and (9) we get
uy (x,t) = —sinx t, v(x, t) = —sinx t
2 2
u,(x, t) = sinx or v,(x,t) = sinxz
3 3
us(x, t) = —sinxi, v,(x, t) = —sinxi
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4 4
uy(x,t) = sin x%, v (x,t) = sinks . so on

Hence series solution of equation (7) with given initial conditions is

t? t3 t*

u(x,t) = —sinx t + sinx oy = sinx = + sin TR

. t2 3t S
u(x,y)=smx[—t+;—;+z—;+~--] (11)

. 2 3ttt tS
v(x,y)=smx[—t+;—;+z—;+---] (12)

These series converge to

u(x,t) = e tsinx and v(x,t) = e tsinx (13)

This is exact solution of equation (7). Result is verified by substitution.

%eM-t*sin(x) %eA-t*sin(x)

N

Bt e

mooBNONRD=
N

| OO0 o000

P FS NICINFS O

(@) u(x,t) =etsinx (o) v(x,t) = e 'sinx

Figure 1: Graph of solution of coupled Burger's equation (a) u(x,t) = e“!sinx, (b) v(x,t) = e 'sinx for -10 < x <
10and 0 <t < 4.

Example 2: Consider Cauchy problem [21]

us + G (%u2 + vz) + v)x =0 (14)
v+ (uv), =0
With initial condition
u(x,0) = i—z and v(x,0) = —% (15)

In this case we get following relation

2x 110

u(x,t) =15, and vt = =155
s = =8 {8 [ D0+ 58] + s (16)
Vnsr (2, 8) = =81 {% £ [cn]} (17)

Where D,, and &,, are Adomian polynomials, first few are as follows

Doy = 2upugy Eo = 2vyVoy
D1 = 2u1u0x + ZuOulx 80 = 2v1v0x + 21)0le
DZ = Zuluox + ZuOulx 80 = 21.711.70x + Zvole

By using equation (16) and (17) first few components of the series are
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u, (x,t) = —2x (#) v, (x, t) =110 (%)
u,(x, t) = 2x (f—;) v,(x, t) = =110 (i’—;i)
us(x, t) = —2x (%) va(x,t) = 110 (:LO:) ....S50 0m

Series solution of equation (14) with initial condition (15) is
=52 (t)+2 N o)+
W =10 \102) T \10% ) T “F\10#
2x ¢ t\2 t\3 £\4
uGe ) =515+ (5) - (5) +(5) ] (18)

110 |, 110 /2t 110 (3t? 110 [4t3
ve ) = — L0 0 (20) 103y w0 ucty 19)
100 100 \10 100 \102 100 \103

Above series converges to

(6 t) = —= ded t+—10 (20)
u(x, BETIEL provide
110
v(x, t) = —m, provided t+—-10 (21)
Which is exact solution of equation (14).
(2*x)/(t+10) -110/(t+10)*2
0
-20
-40
z z -60
-80
-100 8
-120
t
_ 2x _ -110
(a) u(xt) = (b) v(x,0) = oo

10+t
Figure 2: Graph of solution of Cauchy problem for =5 < x <5and —9 <t <9.
Example 3: Consider Drinfield Sokolov system [22]
U+ W), =1-2(t —x) (22)
Vp — Ugyre + (Uuv), =1 —2x
With initial condition u(x,0) = x and v(x,0) = —x
In this case we used modified LDM
Taking Laplace transform
su(x,s) —u(x,0) = % - ;—22 + ?x — 8 [(v?),]

$08,5) = (6,0) = = -+ 2 [t — @0,

x 1 -2 2x 1
~u(x,s) = §+S—2—S—3+S—2—§2t[(v2)x]
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x 1 2x 1
v(x,s) = _; +S_2_S_2+ ;Qt[vxxx - (uv)x]

Taking inverse Laplace transform
1
u(x,t) =x +t—t>+2xt — ;! {;Et[(UZ)x]}
1
v(x,t) = —x +t— 2xt + &1 {;Qt[vxxx - (uv)x]}

Consider solution of equation (22) is in the series form

u(x’ t) = Z%O=O Up (.X', t) and V(x, t) = Z?I?:O Un(x, t)

oo 1 (oo}
Z U (x, t) = x +t — t? + 2xt — g1 {—Bt Z Sn”
n=0 s n=0

$e)

n=0

. 1
Z v, (x,t) = —x +t — 2xt + £;¢ {;Et

n=0

Take up(x,t) =x and vy(x,t) = —x

1
u (x,t) =t —t? + 2xt — ;1 {Eﬂt[so]}

S

n=0

1
v(x,t) =t —2xt + £t {;Et

>

n=0

sn” n=123..

S

n=0

Vngx = Z Cnl}, n=123..
n=0

1
su(x,t) =t —t%+ 2xt — 81 {;Qt[Zx]}

1
Uni1(x, 1) = =877 [E L

1
v (x,t) =t — 2xt + &1 {;Bt

1
Vnr (%, 1) = Bf_l [E L

u(x,t) =t —t?2 4 2xt — 2xt = t — t?
1
av(x,t) =t — 2xt + 871 {;ﬁt[Zx]}

v(x,t) =t —2xt+2xt =t

1

w0 =~ (e g} = —grt [ 2] =

e e

S
1 (1 ¢3 e ¢t
0 =8 (Ll -l = o e+ 5 =50
- t4 t5 t4 t5
Similarly, u,(x,t) = <t and vy (x, t) = -5
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Hence solution of equation (22) is

t4 4 t5
u(,t) =x+t—t? +t> ——+—+——-
. 8) 6 6 30

ulx,t)=x+t (23)
t t
vix,t)=st—+5+=—=5—5=

v(x,t) =t—x (24)

In this case noise terms are occurred so by cancelling the terms with opposite signs we get exact solution of equation (22).

N
Shhdonsoow
.
N
bbhbovsoon
!

@ ulxt)=x+t (b) v(x,t) =t —x
Figure 3: Graph of solution of Drinfield Sokolov system for —4 < x,t < 4

4. Conclusion:

LDM and modified LDM have been successively employed to find approximate analytical solution of DS
system, coupled Burger’s equation and Cauchy problem. Result obtained by these methods is investigated by numerical
table (1) and (2) for coupled Burger’s equation and Cauchy problem. In case of DS system due to existence of noise
terms we get exact solution. Obtained result shows very good endorsement with exact solution. These methods reduce
the volume of calculation as well as avoid the tedious calculations and provide good result in very few iterations.
Therefore, LDM mLDM are strong mathematical tools to solve system of NLPDEs and can be used to solve linear,
nonlinear partial differential equations which are widely used in different fields.
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