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Abstract— The classical Fejer-Riesz Theorem has many ap-
plications in various mathematical fields. This survey paper
presents this theorem in several versions: 1) with operator-
valued functions as coefficients, 2) in 2 x 2 matrix form, and
3) in the multivariate case. The main ideas of the proofs are
sketched.
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I. INTRODUCTION

A Laurent polynomial is an expression of the form

Ma
P(z) = Z 2, 1)
k=—M;
for some integers M7 and M.
When z = e~ %,
M,
2

P(e—w): Z cke_wk,
k=—M;

is a trigonometric polynomial for some integers M; and Ms.
If P(e‘i(’) values are real for all & € R, then the coefficients
¢, must be real and ¢, = ¢_, for all k.

At the beginning of the nineteen century Fejer in [9] and
Riesz in [13] have shown that the nonnegative trigonometric
polynomial in (2) with real coefficients can be written as a
square polynomial i.e

P(e™) =1Q(e™")?, 3)
for some polynomial
M
Q2) =) er2t. @
k=0

This result is called Fejer-Riesz Theorem. There exist many
different proofs of this Theorem [4, 6, 7, 11, 14-16].

A more general version of Fejer-Riesz Theorem takes the
form of operator-valued functions, which means the coeffi-
cients in (1) are bounded operators in some Hilbert space.
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Also, this result has been generalized to the matrix case.

There also exists a generalization of the Fejer-Riesz Theo-
rem to several variables. A multivariate Laurent polynomial
that is strictly positive on the unit torus can be factored

into a sum of hermitian squares values of other polynomials
[6, 10, 11].

This survey paper presents the classical Fejer-Riesz Theo-
rem with real and complex coefficients and outlines its proof.
Also, we give different versions of Fejer-Riesz Theorem in the
operator form, matrix case and multivariate case.

II. FEJER-RIESZ THEOREM IN DIFFERENT VERSIONS

In this section, we present the classical Fejer-Riesz Theorem
and some of its generalization.

A. Classical Fejer-Riesz Theorem
Theorem 1. Let

M
A(f) = Z ay, cos(k§), %)
k=0

be a trigonometric polynomial with real coefficients, which
is nonnegative for every real number €. Then there exists a
trigonometric polynomial B of order M. i.e

M
B(e) = bre'*s, by € R, (6)
k=0
such that
A = BE)I” ™
In addition, for some B(z) = 224:0 arpz®, the polynomial

B(z) can be chosen to have no rootsin D = {z € C : |z| < 1}
[5].

The proof of this theorem is based on the factorization of
A(&). By the fundamental theorem of algebra, (5) can be fac-
tored as

M
pa(e) =a[J(c—¢),

j=

®)

=
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z+ 271
where ¢ =

z=e % o= %aM, and the roots ¢; of
D4 appears either in conjugate pairs c;, ¢;, or in real singletons.
If apr # 0, then A(¢) = eM€Py(e7), where P4 is a poly-
nomial of degree 2M with P4(0) # 0. P(z) roots occur in
reciprocal pairs z; and % with |z;| > 1. In particular, the roots
in the unit circle T must have even multiplicity; it follows that

1 K
Pa(z) = Sam [H(z —rg)(z — Tk)‘| X
k=1

®

)

J
[H(z )z =7z - 27 )z -5

j=1

where 7, € R/{0},k = 1,2,3,...,K and z; € C/R,j =
1,2,3,...J and K + 2J = M. It follows that

A©) =CITJ(e™ =) [T = z) (e =)
k=1

= j=1

=B,
(10)

where C' is a positive constant, and therefore the desired result
is obtained as

K J
B(E&) =VC][J(e ™ —r) [[(e 7 = z)(e ™ = 7)),
k=1 j=1

. (11)
with K + 2J = M, see [2, 3, 12].

Remark The polynomial B in (6) is not unique because we
can choose any root from every pair reciprocals of roots of
P4(2) to get B(£). Let’s look at an example

Suppose
A(§) =2 — cos(),
be a trigonometric polynomial with real coefficients ag = 2
and a; = —1 and with M = 1. Then clearly A is areal on T,
and also one can check that A is nonnegative on T. Then we
can get the polynomial P4 (z) as

1

Py(z) = 5(—1+4z—z2)
= (- @~V - (2+VE).

If we choose the zero outside the unit circle, then by using (11)
we get,

B) = (Flarlle-+ VB 2) x (- 2+ V5)

= \g(ﬁ)(«z(2+\/§))
=%[(\/§—1)z—(\/§+1)].

(12)

Thus
[B(E)* = A(¢).
Now, we present the complex version of the Fejer-Riesz The-
orem.
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Theorem 2. Let

N
A(z) = Z apz",

(13)
k=—N
such that, ag € R,a, e C k=1,2,...,N.
If A(z) > 0 on |z| = 1, then there exists a polynomial
N
B(z) = Zbkzk, (14)
k=0
where by, € C, for k = 0,1, ..., N, such that
N N
Az) = (Z bkzk> (Z bkzk> (15)
k=0 k=0

To prove Theorem (2), we use induction . Let us start with
the simplest case i.e. , N = 1. We need to consider two cases:
the roots are on the unit circle or not on the unit circle.

1. If the roots z1,%7 " are not on the unit circle, we get

A(z) =ao +arz +agz "

= z_l[a—i— aoz + ale]

(16)
=81 Y1 - 72)
21
for every z € C such that |z| = 1, we can see
Car A(z) A(z)
= (1 —21271)(1 —z12) - [1— 222 —
Therefore we let
B(2) = /- 21— 712)
1
One can check that
A(2) = B(2)B(z7"). (17)

2. If the roots 2z, Zo " are on the unit circle, in other words,
A(zg) = 0 and |z9| = 1 then we can get,

A(z) =ap +arz +arz!

=z Nz —2)(z—%F )

= (- 20)(
)

(18)
' —%).
Observe that —% >0dueto A(z) > 0on |z| =1.

0

Therefore, we can take
B(z) =

which satisfies (17).
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Now, let us assume that (15) is true when N = M i.e

3 M
A(z) = Z apz",
k=—M

ar€C k=1,2,.. M.

(19)
for ap e R,
As before, we consider two cases:

1. The roots are not on the unit circle, |z| = 1.

M+1

>

k=—(M+1)
=C(1— 227N (1 —71)A(2),

dkzk

A(z) =
(2) 0)

where C' is a positive constant.

We can see

i(0) — A(2)
AP = o)1 —212)

=0,

S0,

A(z)=C(1 - 212 Y1 = 712)B(2)B(2). (1)

Therefore we can take
B(z) = VO(1 —21)B(2), (22)

where B(z) has the form (14).

2. The roots are on |z| = 1.

M+1

>

k=—(M+1)
=C(z—2)(z7' = io)zzl(z),

dkzk

Az) =
(2) o3

we also observe that A(z) > 0 on the unit circle, |z| = 1,

0,
A(z) = Oz — 2) (271 — 2)B(2)B(2). (24

Therefore we can take
B(z) = VO(z — 20)B(2). (25)

B. Fejer-Riesz Theorem ( Operator Version )

In this subsection, we present another version of the Fejer-
Riesz Theorem, which is in the operator form. The result that
we will obtain for this version is similar to that of Theorem (1),
just with the coefficients as the operators in a Hilbert space.
Before we state the Theorem, we will give some definitions
and facts used in this Theorem’s proof.

Let U and V be two vector spaces, and an operator is a map-
ping from U to V. Let $ be a complex Hilbert space, and let
B() be the set of all bounded operators from ) to §) . An
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operator S in B($) is called a shift operator if S is an isome-
try and S*" — 0 strongly, that is ||S*" f|| — 0 for all f € .
We mean by an isometry operator here is a linear operator that
preservers distance, i.e for all z1, x5 € §, we have

[Sz1 = Swal| = [|z1 — z2]|.
We say that T' € B($) is Toeplitz if
S*TrS =T,
and it is analytic ( with respect to S) if
ST =TS8,

where S is a fixed shift operator on the Hilbert space $. If T
is analytic, then 7" and T and their linear combinations are
Toeplitz.

An analytic operator 7' is said to be outer if its range is a
subspace of §).

Definition IL.1. (Operator Matrix) An operator T € B(9) is
called a matrix operator in B(R) if T' ~ [A;]55,—o where

Ajx = PySYTS Py |8,
where Py = 1 — SS*.

J k=0 (26)

The following theorem and its result are given in the matrix
forms of Toeplitz and analytic operators [15, 16].

Theorem 3. Let T' € B($)) be an operator, then T is Toeplitz
if and only if its matrix has the form

Ay A1 A,
A Ay A, on
Ay AL A ’
where
[ RSHTPR|R, if j>0
Aﬂ_{ PTSVIP|R, if j<O0 (28)

The matrix of the form (27) is called a Toeplitz matrix.

Corollary 3.1. Let A € B(9) be an operator, then A is ana-
lytic if and only if its matrix has the form

Ay O 0
Al Ay 0
) (29)
Ay Ay A
where
Aj = PySYTRyR, j>0. (30)
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Now, let us introduce a new notation €, which is a separable
Hilbert space, and 2B(€) is the set of a bounded linear operator
on €.

An example of a Laurent polynomial is

Qz)= > Qiz", (31)
k=—m
and an analytic polynomial is
m
P(z) = Z P2*, (32)
k=0

where Qy, P, € B(€). Set Q; = 0 for |j| > mand P; =0
for j > m. Then

Qo Q-1 Q-2
Q1 Qo Q1 -
T = s (33)

Qs Q1 Qo

defines the Toeplitz operator for the Laurent polynomial Q(z).

Also,
P, 0 0
P P 0 T
Tp = e (34)
Py PO !

P,

defines the analytic operator for the analytic polynomial P(z).
Moreover, Ty and Tp are bounded Operators on €°°. If the
analytic Toeplitz operator A = Tp is outer, then we say that
polynomial P(z) is outer [7].

Lemma 4. (Lowdenslager’s Isometry) Let T € B(9) be a
Toeplitz operator such that T > 0, then there exists a unique
square root T'/? > 0. Since T = S*T'S Then for any f € 9,
TY2S f and T2 f have the same norms [7].

Definition I1.2. Ler T' € B($)) be any nonnegative Toeplitz
operator, and let 1 = CL(Tl/Qﬁ) be the closure of the range
of TV, and it is considered as a Hilbert space with the inner
product on §). Then there is a unique isometry S on $1, which
is called Lowdenslager’s Isometry, such that

ST =TY28f, forall feH (35)

Theorem 5. Let T € B($)) be a nonnegative Toeplitz op-
erator. Then T is factorableji.e T = A* A for some analytic
operator A € B(89) if and only if the Lowdenslager’s isometry
St is a shift operator A can be chosen to be outer.

Lemma 6. Let T' = Tq be the Toeplitz operator for a Laurent
polynomial Q(z) that is given by (33). If T = A*A, where
A € B(9) is analytic and outer;, then A = Tp for some outer
analytic polynomial P(z) of degree m.
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Now, we are ready to give an operator version of the Fejer-
Riesz Theorem and how the above facts and theorems proved it.

Theorem 7. (Operator Fejer-Riesz Theorem)
For a Laurent polynomial Q(z) = Y. ;- Qxz" such that
coefficients in B(€) for some Hilbert space € where z = €.
We assume that Q(z) > 0 on the unit circle T . Then there
exists a polynomial P(z) = Y. Py2" with coefficients in
B(€) such that

Q(z) = P*(2)P(z2).

The polynomial P(z) can be chosen outer.

(36)

By looking for lemma (6), and Theorem (5), we can prove
this theorem. We let T = T, as in (33) and by showing Sy is
a shift operator, we conclude that T" = T5T'p. To show that St
is the shift operator, it suffices to show that ||.S57 f|| — 0 for all
fen.

C. Generalization of Fejer-Riesz Theorem
In this subsection, we will give a generalization of the Fejer-
Riesz Theorem. The classical Fejer-Riesz Theorem can be
generalized to matrix-valued Laurent polynomials.

Definition IL3. A square matrix M = [a; ;]}";,_, € CN*N is
called positive semi-definite if

X*MX = E Xiainj > 0,
1<i,j<N

for all czn) T e N /{o},

and M is called positive definite if x*Mx > 0 for all x €
CcN/{o}.

A Laurent Matrix polynomial M(z) = SN A2k is
called positive (semi-) definite on T if M (z) is positive (semi-)
definite for any z € T. In the following theorem we will
consider the coefficients A, are 2 x 2 matrix with real entries.

x = (z1, ...

Theorem 8. Fejer-Riesz Theorem (Matrix case) [4]

Let
[ A()  B()
M(”‘{B(l/z) c<z>]’

be a matrix of Laurent polynomials with real coefficients
which is positive semidefinite on T and assume that
A(z) = Ziv:o ar(z + 1/2)% anx # 0, such that A(z)
and B(z) have no common roots in C/{0}. Then there exist
four Laurent polynomials w1, us,v1,ve with real coefficients,
with uy and ug of degree at most N such that the following two
conditions are equivalents:

(37

1. Define a factorization of M as:

_(u(1/2) ua(1/2)] {ui(z) vi(2)
M(z) = v1(1/2) y2(1/z)} {ug(z) 02(2)] (38)
= RT(1/2)R(z

WWW.ijsrp.org
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2. The quadruple (uy,u2,v1,v2) is a solution of the linear
homogeneous system

B(2)u1(z) — d(2)ua(1/2) — A(z)v1(2) =0, (39)
d(1/2)u1(2) + B(1/2)u2(z) — A(2)ve(2) =0, (40)
and
ui(1) +u3(1) = A1), (41)
where d is a Laurent Polynomial such that
d(z)d(1/z) = detM(z). 42)

The proof of this Theorem is divided into three parts:
properties of a linear homogeneous system, factorization of
M, and existence of solutions.

We assume first that the factorization of M in (38) is avail-

able with R = {Zl :1 }, where u; and us have degrees at
2 V2.

most N. The determinant of R satisfies (42) and the first com-

ponent of M in (38) satisfies (41). By letting,

a(z) = B(z)ur(2) — d(2)ua(1/2) = A(2)vi(z),  (43)

B(z) = d(z)u1(1/z) + B(z)ua(z) — A(z)va(2), (44)

and by using some algebraic techniques, we get a homogeneous
system of linear equations for a(z) and 3(z) whose determi-
nate d(1/z) is non zero forall z € T, i.e

wirs wtm) [5G = Lol

vi(1/2)
Thus, & = 8 = 0 is the only Laurent polynomial solution,
which implies to (39) and (40).

Next, by assuming the equations from (39) — (42) , consid-
ering that o = 8 = 0 and taking some necessary combinations,
we can get

A(z) = ur(z)ur(1/2) + ua(2)ua(1/2), (45)
B(z) = v1(2)ua(1/z) + va(2)ua(1/z), (46)
C(z) = v1(2)v1(1/2) + va(2)v2(1/2), 47
B(1/z) = ui(2)v1(1/2) + ua(z)va(1/2), (48)

which result in the matrix factorization (38).

Finally, we show the existence of Laurent polynomials
(u1,ug,v1,v2) above. The idea is simple: A linear homo-
geneous system has a nontrivial solution if the number of
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equations is less than the number of variables.

In view of (39), we need to find u(z) and uz(z) such that

B(2)ui(z) — d(2)uz(1/2), (49)
is divisible by A(z), which means that all roots of A(z) are also
the roots of (49). zVA(z) is an algebraic polynomial which
has a degree 2N. If w is a root of A(z) of multiplicity &, then

(z — w)* is a factor of the Laurent polynomial (49) if and only
if

dU

T [B(z)u1(2)—d(2)uz(1/2)]|z=w =0, for 0<wv <k—1.

(50)

We consider w in two cases: real and complex. From this,

we conclude that for the real case, each root w has multiplicity

k, we have k homogeneous equations; and for the complex

case that w has multiplicity k£, we have 2k homogeneous
equations.

Notice that w is also a root of A(z); there is a one-to-one
correspondence between the number of roots and the number
of equations. From all the roots of 2™ A(z) we have 2N lin-
ear homogeneous equations, and 2N + 2 unknown variables
because of u1(z) and uz(z), which means that the number of
unknown variables is greater than the number of equations.
Therefore, the non-trivial algebraic polynomials u; and us of
degrees at most IV exist such that A divides the Laurent polyno-
mial in (49). In other words there exists Laurent polynomials
u1,ug, v1 with real coefficients and u; and us have degrees at
most N, such that

B(z)u1(z) —d(2)uz(1/2) — A(z)vi(z) =0  (51)
The triple (u1,u2,v1) defines a solution of the equation
(39). We can also show that (u1,us,v1) leads to a solution
(Ul, Uz, Ug) of (40)

D. Multivariate of Fejer-Riesz Theorem

The Fejer-Riesz Theorem can be extended to the multivariate
case under some different conditions for Laurent polynomials.
For the two-variable case, Geronimo and Woerdeman in [10]
provide a necessary and sufficient condition on the degree of
the polynomial. In contrast, Dritschel in [6] provides the state
of the factorization of any Laurent polynomial.

Theorem 9. (Fejer-Riesz in Two Variables): Let Q(z) be
a polynomial, we say that Q(z) is stable if Q(z) # 0 for
z € D = {z € C;|z| < 1}. The spectral density function of

Q(z) defined by f(z) = (Q(2)Q(1/7))~".

Suppose

m n

Q(z1,22) = Z Z quar 2y for |z| = |zl =1,
l=—mk=—n
(52)
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be a Laurent polynomial in two variables, such that

Q(z1,20) > 0forall |z;]| = |2] = 1.

Remark: In general we can not say that there exists a polyno-
mial

m n
l
Zl» 22 E E pklz1 29

1=0 k=0

for |z1]=lz2|=1, (53)

such that

Q(z1,20) = |P(21,22) %, |za| = [z = 1. (54)
Furthermore, we may not be able to write Q(z1, 22) as a sum
of squares of absolute values of some polynomials (see[1, 17]),

which Calderon, Perpinsky, and Rudin prove.

To get a counterexample, we consider the Motzkin Polyno-
mial

Q(t1,t2) = t14t22 + t12t24 — 3t12t22 + 1.

By the arithmetic-geometric mean inequality, we see that,

tH2 1245 4+ 1 > 3/ t15150 = 3,252,

which implies that Q(¢1,t2) is nonnegative for all ¢1,t5 € R.
But this polynomial can not be represented as a sum of squares
of polynomials. Indeed, if Q(t1,¢2) is a sum of squares of
polynomials, that is, Q(t1,t2) = >, Q%(t1,t2). Then each
Qi(t1,t2) must have the form ayt? + byt3ts + ¢ty + ditits +
ektltg + fxto + gkt% + hy i.e

(55)

Q(t1,ta) = Y (art] + bitits + cxty + ditits + extt

k
+ futa + gits + hi)?.
(56)

By comparing the both sides of (56), we can see that Motzkin
polynomial does not contain most of the terms which means
some of these coefficients equal zero. The coefficient of ¢] in
the right hand side of (56) must be zero, and therefore Y, a? =
0 and so a; = 0. Similarly we can obtain g = cx = fr = 0.
We have reduced (56) to the form

2
Qtr,t2) =Y _(batits + extats + ditata + h)". (57

K
The coefficient of 3¢5 must be —3 i.e >, d7 = —3 which is

a contradiction. Therefore, the Motzkin polynomial is not any
sum of squares of polynomials.

Theorem 10. Let ciy, (k,1) € {0,1,....,n} x {0,1,...,m},
then there exists a stable (no roots in D”) polynomial
P(z1,22) = Yt 0 S om0 Prizizh with Pog > 0 such that
the spectral density function of P which is f(z1,22) :=
(P(z1,20)P(1/71,1/72)) " has Fourier coefficients f(k,1) =
ek € {1,...,n} x {—=m, ..., —1} if and only if there exists a
complex number c;(k,1) € {1,...,n} x {—m, ..., —1} so that
(n+1)(m+1) x (n+1)(m+ 1) doubly index Toeplitz matrix
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Co Cy
r=|: S (58)
Chn Co
where
;0 Cj—m
Ci=|: , J=-n,..,n 59)
Cim o
and c_y _| = Cy,1, has the following two properties:

1. T is positive definite.

2. the (n + 1)m x (m + 1)n submatrix of T' obtained by
removing scalar rows 1 + j(m + 1),5 = 0,...,n, and
scalar columns 1,2, ...,m + 1, has rank nm.

In this case, one can find the column vector

[P(z)opoopm -+:P00P0mPo0P10---P00P1mP00P20- -+ -+ P00Pnm) T7
(60)
as the first column of the inverse of T

Let ¢y, K = 0,+1,£2,...,+n be a complex number,we
can see that a stable polynomial, which has a degree n
and its spectral density function f, has Fourier coefficients
f(k) = cu,k = —n,...,n if and only if the Toeplitz matrix
C:= (Ci—j)?,j:O is positive definite (see [10]).

Theorem 11. Let

Q(z1, 22) Z Z e (61)
l=—m k=—n
such that
Q(21,22) >0,  for [z =|z[=1
Then there exists a polynomial
P(z1, 22) Z mezl 29, (62)

=0 k=0

which is stable ( i.e P(z1,22) # 0, for D = {z1,20 €
Cila1] < L]22| < 1}) and Q(z1,22) = |P(21,22)]? if and
only if the matrix T as in Theorem (10), the doubly index
Toeplitz matrix obtained from the Fourier coefficients c, =
1/Q(k,1) of the reciprocal of Q, satisfies condition 2 of The-
orem (10), in this case the polynomial P is unique up to multi-
plication with a complex number of absolute value equal 1.

The Fejer-Riesz Theorem can be extended to several
variables. Dritschel in [6] has proved that all strictly positive
Laurent polynomials on the multi-torus can be factorized into
a sum of squares of absolute values of polynomials.

Notation: Let k = (ky,....k,) , € = (e, ... e¥), and
ZX = (2 2k,
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Theorem 12. Let Q(z) = Y )'_  qiz* be a multivariate Lau-
rent polynomial, such that Q(z) > 0 on the multivariate torus
|z1] = |z2] = ... = |zn| = 1, then there exists a polynomial
P(2) such that Q(z) = P(2)*P(z).

Dritschel gave proof based on the doubly infinite Toeplitz
matrix. Geronimo and Lai provided another proof based on the
univariate matrix Fejer-Riesz Theorem (see [6, 11]).

ITII. CONCLUSION

This survey paper discussed the well-known Fejer-Riesz Theo-
rem in different versions, such as the univariate and multivari-
ate cases. We outlined the main ideas used in the proofs. In
addition, we explained the critical conditions under which the
factorization in Fejer-Riesz Theorem holds for the multivariate
case.
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