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Estimation and Fault Detection on Hydraulic
System with Adaptive-Scaling Kalman and
Consensus Filtering

Moh Kamalul Wafil

Abstract—The area of fault detection is becoming more in-
teresting since there have been many unique designs to detect
or even compensate the faults, either from sensor or actuator.
This paper applies the hydraulic system with interconnected
tanks by implementing a leakage on one of the three tanks. The
mathematical model along with the details of stability properties
are highly discussed in this paper by imposing the Lyapunov
and boundedness stability. The theory of fault detection with
certain threshold after the occurrence of the fault corresponding
to the state estimation error is mathematically presented ended
by simulation. Moreover, the system compares the effectiveness
of the proposed observer using Luenberger observer, adaptive-
scaling Kalman and consensus filtering. The results for some
different initial condition guarantee the detection of the fault for
some time tg > iy

Index Terms—Fault Detection, State Estimation, Hydraulic
System, Stability Properties, Adaptive-Scaling Kalman, Consen-
sus Filtering, Luenberger Observer

I. INTRODUCTION

Hydraulic system is becoming more complex leading to
various application. The idea behind this paper is presented in
[1] with conventional estimation method. The importance of
identify the model with certain control methods, fault scenario
and frequency-domain identification is conducted in [2], [3]
and [4] in turn. Those designs somehow lead to beneficial
approach to the real system, such as the dynamic in underwater
characteristic [5]. More specifically, this fault detection and
identification, due to leakage, in hydraulic system is highly
studied. The analyses using adaptive robust approach, non-
linear learning approach, offline feedback and adaptive control
and unknown input of observer are done in [6], [7], [7], and
[8] respectively. Indeed, the changes are implementable and
depended on the true system being observed, including the
larger dynamic system of hydro-power plant as presented in
[9]. However, those ideas are always initiated by the stability
analysis before going through complex scenarios.

One of the most famed stability properties is Lyapunov
which is described by [10] along with certain networked sys-
tem by [11]. After those formulas are fulfilled, the following is
to design adaptive-Kalman which could be massively applied
in divergent system, such as in cooperative localizaton [12],
motion [13], along with MR-thermometry guided HIFU [14].
However, this paper not only discusses the adaptive-Kalman,
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rather using the more dynamic adaptive-scaling as initially
proposed by [15] which is also used by [16] with absolutely
the same scenario yet more specific application. Beyond that,
the evaluation of adaptive Kalman being conducted in [17] is
considered for some cases. By contrast, the consensus filtering
proposed by [18] which is also presented in [19] is applied to
observe the effectiveness of the adaptive-scaling. The paper is
stated from the mathematical model followed by the estimation
algorithms ended by some numerical simulation.

II. MATHEMATICAL MODEL

The proposed design is the hydraulic system consisting of
three tanks as illustrated in Fig. (1). The values of A1, hs, and

A

q12

hy
q23
7l | |

Fig. 1: Hydraulic system scheme

hs represent the fluid level in each tank while their volume of
fluid in certain tank are denoted by

V,=h), —7=1,2,3 (1)

respectively. Moreover, for the sake of the linear relationships,
those tanks are supposed to be “infinite” in terms of height so
that the output flows have the mathematical distribution as
follows,

qi12 = 01h1, qo3 = doha, ¢qo = d3h3 2
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where the scalars of ¢, with 7 = 1,2, 3 are set to be positive-
known. The w denotes the input flow while the sensor of level
is designed in the third tank meaning that the system output
is obtained from the the third tank of the fluid level written
as y = hg. The fault in the form of leakage f is possibly
situated in the second tank and such a fault as an output
flow is assumed to happen at several unknown time-instant
ty, comprising

Sha, t>ty

ft) = 3)

0, otherwise

where § as the fault magnitude of the leakage is an positive-
unknown constant. To solve this unhealthy system, it can be
expressed by mathematical analysis and simulation to prove
the hand-made calculation. The standard form of the state
equation of this hydraulic system is written by

& =Ax+ Bu+Ff
y=Cx

(4a)
(4b)
where x, u, f represent the vector states, input, and fault of the
system while the dimension of the matrices are A € R™"*",
B e R"P F ¢ R"*P and C € RP*"™, The three states of x,
portray the volume parameters of V. for tank (7), therefore
zr =V.=htp —7=1,2,3 (5a)
iy =V, (5b)
so that from those concepts, the whole matrices containing the
parameters is given by

_ (;fl 5 T 1 0
T=| - - 0 ol + |0l u+ |=1| f (6)
LGN I P I 0
L 0 (> 3
_ RRE
y=10 0 —| |x2 (7N
L 3 xs

A. Transfer Function

The two models of transfer function of the system are then
initiated with introducing a new matrix of A, therefore

with A € R™*™ and I € RP*" is ones matrix. Keep in mind
that the transfer function is written from two polynomials in
the form of Laplace so that if
n(s) =" +ms"™ T A ns™ TR s+ (9a)
C(s) = Cus™ ™+ Cs™ P A+ 18+ G (9b)
and the roots of 1 and ( are the zeros and poles in turn

of the system, then the transfer function ® from those two
relationships can be denoted as

(10)
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By giving the input 7(t) equals to e** where s # A\, (A) —
T =1,---,m with \.(A) describes the 7, eigenvalue of A.
The states of the system, by choosing the initial state of x(0)
as (sl — 14_1)_1 B is then written as follows,

_ _ t _
z(t) = eMx(0) + eAt/ =B ar
0
— (sI— A)"' Be*! (11)

and by substituting z(¢) into the output ((¢) which is also
y(t), it can be said that

((t) = y(t) = Cu(t)
— B(s)n(t) — ®(s) = C (sI — A) "' B (12)

and thanks to Eq. 12, the transfer function of the “healthy”

system is denoted as follows
(b2)L
VY12 ) Y3

01 do 03
(w) (w) (w)

and for the “unhealthy” system, it is given by considering the

appearance of J, such that,
(88)L
Py be ) s

5 5o+ 6 s
(v o) (+20) ()

Bear in mind that the important of invertible matrix from
-1 . . . T . .

(sI — A) " is crucial with s # A, (A), otherwise the singular

matrix occurs.

Po(s) = 13)

Py(s) = (14)

B. Stability Properties

Stability properties are the further analysis being conducted.
The two most-famed stability have been well-defined by Lya-
punov stability and bounded-input & bounded-output stability,
representing the internal and external stability of such system
respectively. The relationship between these two is compact in
LTT system whereas for the time-varying system, they should
be put into the canonical form. Recalling the Egs. (4a) and
(4d), they are denoted as “uniformly asymptotically stable” if
the (¢, €) related to those equations guarantees the following
inequality,

lo(t,e)]| < Qre@tt=<)

with positive constants of those (). The bounded-input &
bounded output is achieved if ||u(t)|| < @3, V(¢,u) and Q-
positive satisfying ||z (¢)|| < Q4 (Qs, ||z (to)]|) for t > to. This
equals to the condition,

t
I
where ||p(t,t0)|| < Qg, Vt and positive constants of Qs, Qg.

This could create the coincidence of both stability unless
further assumptions are situated in the matrices of A, B. It

5)

et v)B(y)| dy < Qs (16)
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is should be guaranteed that the a;, (i 1,...,n) in the

7.5

companion matrix of (A, B) defined as ( are bounded,
0 1 0 * * 0
0 0 1 * * *
F = * * * * * Gg=|x
* * * 0 1 *
-1 —Qg * —Qp_1 —On 1

By holding this boundedness, the feedback law of u = — K=z
exists leading to the connection of the eigenvalues \; and p;

of F and F — GK in turn by,
wi=MA+a—i=12....n (17

where « is the arbitrary and by introducing the T matrix as

1 0 * * %

-« 1 0 * %
Tr=|a®> =2 1 0 = (18)

—a® 322 -3a 1 0

* * * * 1

holds T (F — SK)‘Tfl = al +F. Moreover, suppose that it is
allowed to maintain the x(to) with || (¢g)|| < 1 which makes
llu|| < K3 leading to ||z|| < K4(K3) for which Ky > 1.
Suppose that « is maintained small such that ||z| < K4
implies ||Kz| < Ks, V¢ therefore the closed-loop design
formed as & = (F— GK)x comprises Lyapunov stability.
Since ||u|| < K3 and due to T, it constitutes ||z(T)| = K4
and this satisfies ||z(t)|| < K4 ranging from [to, T], such that,

i=(al+F)x (19)

for which this follows that the system is “exponentially
asymptotically stable”. Moving to other properties, in a trivial
way, two matrices are categorized as controllable if and only if
the rank (p) of the controllability matrix Q¢ is exactly on par
with that of in the A matrix. Controllability matrix is defined
as the combinations of both A and B matrix with A as n by
n matrix, such that:

[B AB AHB}
Qc = < or —pc=n (20)
[B AB [1"—13}

where Q¢ (H) and Q¢ (v) are denoted as the controllability
matrices of healthy and faulty system in turn, therefore,

(e
(G AN -
Q(v) =g L _(51> _ (0192 4010) | (21a)
(3 (0 5 P19
102
R X
s ()
Y1 1/121
Q(H) = o _(51) _ 0id (21b)
(2 P P11ho
102
-0 0 P12
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Observability Qp performs on par with controllability re-
garding the similarity rank of to the system of either A of
A matrix. Nevertheless, instead of applying B, this uses C
arrangement and also the observability matrix is arranged in
the one column, such that: (suppose A is n by n matrix)

C c
CA CA
Qo = ) or ) —po=n (22)
| CAmH C A1
where the obsevability matrices of healthy Qo (H) and faulty
Qo (v) system is explored in the following, therefore,
[ 1
0 0 —
; s
Q — 0 2 _73
o(v) P2t3 (¢3)?
0102 (82)> +020 G203 (d3)?
L Y123 (2)? PYatps  (¥3)?
(23a)
I 0 0 =
; %
QW@H)=| 0 —2 ——=-1 (23b
0(%) Paths (13)? (23b)
010 (%) 205 (03)°
Lo1hetps (¥2)? ovis (¥3)3

C. Design of State Observer

The state-space of Luenberger observer is given as follow
with the aim to seek the best design for U,

i =Ai+ Bu+ [y — ]
§j=Ci

(24a)
(24b)

Hence, the observability canonical form from the healthy
system Eq. (13) is given as,

= A,z + Bou (25a)
y=Cox (25b)
where,
i 010203
0 0 —
P1hah3
0102 0103 0203 )
A= |1 0 - TR LR
(wlw P1ps  Parhs
01 02 03 >
01 o (L42yB
L <1/11 Y2 Y3
(1
Bo=|0| C,=[0 0 1]
0

and the observability matrix in the format of canonical form
is defined as,

Co
Codo

— po=n (26)

COAn—l

o
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Furthermore, the transformation matrix of A of the canonical
form is obtained as,

A= Qo(f}f)_lgo

The error dynamics of the system in the form of observer
canonical form is denoted as I', for which

@7

I
F=A,—U,C, — U, = |l
I3

and the characteristic polynomial of I" is det(s/ —I"). Propos-
ing a new matrix of I'; with the desired eigenvalues of \; for
i =1,...,n with n equals to the number of full rank of A.
From this, the polynomial of I' should be compared to that
of I'; with certain \; and the value of W, is then obtained.
Lastly, the gain of the observer is given by,

U =AY,

and the matrix showing the dynamic of the system is written
by Fd =A-VC.

(28)

(29)

D. Adaptive-Scaling Kalman Filter

The idea of the term “’scaling” is proposed in [16] which is
then further modified in [17]. The following is the prediction
of a dynamic system in discrete time,

(30)
€29

where 7, € RP as measurements whereas 95 and yj are set
as WGN such that E(9;9] ) = Qi and E(xix, ) = Rk
xo is defined as the initial state with xg = N(Zg, Pp). Given
the set of measurements Yy = [yo,y1,...,Yyx].- From those,
the covariance matrices of prediction in Kalman are then set
as given

-1 = ApTp—1jk—1 + Brd
Uk = Okr|r—1+ Xk

Pii1 = AP AT + 4 BrQi B (32)
P=0P, 10" + R,
= OAP,ATO" + R, + ¢1OBLQB OT  (33)

where ¢, is what is called as scaling parameter as a modi-
fication of covariance matrices. Let vy = yp — Upr—1 and,
a-priori, the result of the (14)2 being showed as ;|2 = v v
is supposed to be the diagonal elements of P consisting the
scaling variable ¢. For the simplification, by introducing new

variables «y, 89, 7s, the Eq. (33) can be written as follows,

ag =P (34a)
Bs = OAP,ATOT + Ry, (34b)
Yo = prOBLQLBL O (34¢)
such that,
g = By + 70 (35)

To obtain ¢, by proposing some new constants of a, b, ¢ with
a>0,b>0,c>0and a+b+c=1,itis given by

Tk = ago +bd—1 +c {V’@_(ﬁ")k]

36
(79)k (%6)
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where ¢ = max(Yy,0) and ¢o = 1 at k = 0. if |vx|> = v,
T =apo+ (b+ c)pr_1 37
¢r = max(Y,0) (38)

The updates of the estimated states and covariance matrices
are presented in the following,

Ky = Py©" P71 (39
Tppp = g1 + Kilg (40)
Prp = (I — Ki.©)Pyjj—1 (41)

Keep in mind that the this linear system could be switched into
non-linear system as it is an adaptive-scaling Kalman filtering.

E. Consensus Filtering

From [18] and [19] and recalling Egs. (30) and (31) using
the same scenarios of initial condition of covariance matrices
Qr, Ry, o with the same dimensional definition of Y} and
Vg, the state estimates could be written as,

T = E(l‘k‘yk), T = E($k|Yk,1)
Pp=Y (k+1]k), Pr=> (k+1)

where P, as initial state of error covariance. That P, and
the inverse of covariance matrix H; with certain number of
sensors communicated as distributed large-scale system are
paired to generate matrix P, such that

1

(42)

n

Hy =~ ; (04 R;'6y), 43)
Pl = (nP)"t + Hy (44)

whilst matrix of K is affected by the matrix of P as given,

K =P,0, R (45)

The updates of the state estimation is formulated as follows:
T = Zppp—1 + K (Yo — OFpp—1) (46)

= Gyt + Pu(Of Ry 'ye — O Ry 'O2y 1) (A7)

from the equation, it can be simplified by introducing zj
which is also affected by some n sensors, if any, and a new
measurement is written as

_ 1 - T p—1
o= ;@k R 'y (48)
CEm =T+ (Pk(Zk — Hkl_?) (49)

compared to the classic Kalman filter, the prediction of & and
P are becoming the update of this ¢KF such that:

Pl = AP AT + BQyB"

zt = Az,

(50)
(51

This algorithm has some pros in terms of simplifying a huge
calculation in conventional-KF which is not feasible. While it
is required some additional high-, low-, and band-pass filter
in tackling consensus dynamic problems, for this paper, it is
only halt in Eq. (51). This method is comparable as another
modified algorithm from the original KF and they are observed
in terms of the capability in estimating the unhealthy system.
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Algorithm 1 Adaptive-Scaling and Consensus Filtering

Initialization:
To ~ N(‘iOa PO); q~ N(Cja \Ijq);
Rp, Q. Yi = [yo = yk)> ae, Bo, Yo, Ok 2k
To = Tg and Py = ¥,
for i =1 to k do
for k =1to N do
1. Adaptive-Scaling Kalman:

Tpp—1 = AkZp_1)—1 + By
Uk = OkTrjr—1 + Xk

ag = Bo+ 76
vie—(Be)w :
T, - {agzﬁo +bpp_1+c {W} , otherwise
apo + (b + C)(bk_l,if |Vk‘2 = Qp

or = max (Y, 0)
Ky = Pyyp©' P!
Trik = Trpp—1 + K
Py = (I — K.©) Pyjj—q
2. Consensus-Filtering:
Hy = O/ R, 'Oy,
P = (P + Hy)™!
2 = Oy By 'y
Tm = To + Pr(Zx — HrZo)
Pl = AP, AT + BQiBT
zt = Az,
Collecting Estimation Error:
e1 = |xg — &g
es = |z — a‘:m
end for
end for

F. Fault Detection Scheme

This subsection is initiated by computing the output residual
which is then defined as,

e(t) =Ce(t) — e(t) =L [(sI —Tg) '] e(0) (52)

where e(t) is the state estimation error being described as
e(t) = x(t) — &(¢t) and its dynamics is denoted as é(t) =
[ge(t). The fault detection scheme is supposedly detected at
time tq > ty, satisfying (tq) > &(tq) with

€1
Et)y=CL[(sI -Ty) 'e—e=|é
€3

(53)

where £ is the designed appropriate threshold with some initial
ranges of z;(0) for¢ = 1,...,n allowing to detect the fault f
in a finite time ¢4 > t;. Observing that (t) — 0, Vt — oo, it
can be said that for ¢ > ty, 3ty >ty == e(tq) > E(tq).
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III. NUMERICAL RESULTS

The design of the simulation is shown with the following
variables so that ¢ = 2, 9o = 1, ¥3 = 2 and §; = 1,
02 = 1.5, 3 = 1. From these, the state space system is,

A
0.5 0.0 0.0 1
g=| 05 -15-8 00|z+|0]u
0.0 15 —0.5 0

Yy = [O 0 0.5] T

and removing ¢ to get the healthy matrix of system A with the
transfer function of the healthy system is defined as follows,

0.375
s +2.552 4+ 1.75s + 0.375
and for the unhealthy, it is given by,

0.375

$3 + (2.5 +0)s2 + (1.75 + 0)s + 0.375 + 0.250
From the transfer functions created in Eqgs. (13) and (14), the
stability properties can be examined. For the healthy system,

since ¢; and v; are positive constants, the poles of the det(sI—
A) are all negative so that the system is,

det(sI — A) = (s+0.5) (s + 1.5) (s + 0.5)

Py (s) =

D,(s) =

asymptotically stable, whereas for the faulty system with 5
as positive scalar with § > 0 constitutes also asymptotically
stable, such that

det(sI — A) = (s+0.5) (s + 1.5+ 6) (s + 0.5)

The controllablity matrices of the two conditions are illustrated
as in Egs. (21a) and (21b), such that

1 —05 025
Qu(H)=1{0 05 —1.00

0 00 075

(1 —0.5 0.25
Qc(v) =10 05 —1-0.56

0 00 0.75

where the ranks of both Q¢ (H) and Q¢ (v) are n = 3 with
0 > 0. Moreover, the observability matrices of both kind of
systems are presented from Eqs. (23a) and (23b) as follows,

[0.000  0.000  0.500
Qo(H) = [0.000  0.750 —0.250
0375 —1.500  0.125
[0.000 0.000  0.500
Qo(v) = [0.000 0.750 —0.250
10375 —15-0.756  0.125

with the full rank for either two matrices po = 3. Recalling
to Egs. (25a) and (25b) with respect to estimation, the set
matrices are

0 0 —0.375 1
Ag=|1 0 —1750{, B,= |0, Co=[0 0 1]
0 1 —2.500 0
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such that the canonical form of its observability Qo along with
the transformation matrix A is

8 _4 2

0.0 0.0 1.0 3 3 3

0 _ _ 4 8
Qo = 0.0 1.0 —-25|, A=1{0 3 —3
1.0 —-25 4.5 0 0 9

where the error dynamics defined as I' is then resulted in the
following,

0 0 —0375—-10
'=|1 0 —-1.750—-1,
0 1 —2.500-1;3

so that the characteristic polynomial of the error I' is matched
to desired eigenvalues of \;. These desired poles are \;, 1 — 3,
comprising —5, —8, and —10, such that

S 0 0.375+ 14
det(sI —T)=det |—1 s 1.750 + I,
0 -1 s+2.500+Is

yielding,
§3 (2.5 +13)s% + (1.75 4+ 12)s + (0.375 + 11)

Those desired poles create the polynomial ag = 5% + 2352 +
170s + 400 which is then compared to the above result. The
following is to obtain the ¥, Eq. (28) leading to the observer
gain ¥ as denoted in Eq. (29), therefore

399.625 855
v, = [168.250| , ¥ = |169.667
20.500 41

Finally, the dynamic of the system could be written as I'; using
the information of the matrices of A, ¥, and C as given,

-0.5 0.0 —855.000
'y=1] 05 —-1.5 -169.667
0.0 1.5 —41.500

and moving to the output residual, since it is assumed that
1 < zi(0) < 4 with i = 1 — 3, the initial value being
allowed in the estimation is #;(0) = §. From this, it can be
concluded that the largest possible (upper-bound) value of the
initial error € throughout the states is
. 1 15
e=14 1= 1

with the information in Eq. (31), the upper-bound residual of
the output is given below, such that

_ 78 765 807 _io
M =5° 64 64 ¢

Since this upper-bound shows the actual time of the residual
with the condition of x;(0) = 4, the detection threshold &()
should be design larger than that actual function £(¢) so as to
maintain the failure detection. Thus, the larger upper-bound of

&(t) is

-5t —8t

(54)

B 78 _5 765 807 _iot
t) = — — —

=5 T 64 €

which is able to set as the detection threshold.

e 8t 4 (55)
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IV. SIMULATION AND FINDINGS

The following is to present the simulation results certain
input u(t) and f(¢) as in Eq. (3), such that,

2, 0<t<1
u(t) =

1, t>1

)

with three different initial conditions xy which is used as a
comparison apart from the estimation methods,

zo(1) 026 0.26 0.26
w2 =4 4 4
20(3) 24 36 1.8

The design of gain observer along with two different estima-
tion algorithms is compared in order to examine the ability to
track with respect to MSE. Finally, the threshold design & and
residual output ¢ is implemented to show where the fault is
detected, questioning the 5 at ty > 2. Fig. (2a) presents the
time behaviour of the state z; being affected by some initial
conditions x along with u(t). Since there is no effect on the
fault f, the response converges to the point of steady state.
Due to the fault f disturbance on the second tank x, the
values plummet as soon as the fault is occurring at ¢y = 2s.
The changes in input u(t) in x5 seems no impact compared
to that of x1. 3 which is free from the continuity of the fault
also converges to the same point as x1, showing the positive
response of u(t).

It can be deduced that z( yields divergent transient of &
because of the error steady state of e(0) = x(0) — £(0) with
respect to certain initial conditions. Nevertheless, the steady
states throughout = cannot be said as the influence of x.
Fig. (2d), (2e), (2f) performs three different responses due
to three various xy with disturbance observer. Compared to
them, Fig. (2g), (2h), (2i) implement adaptive-Kalman show-
ing slightly divergent outcome which are better than that of
consensus filtering. Fig. (2j), (2k), and (21) define the different
fault detection where the output residual starts to overtake
the threshold, meaning the fault is detected. From three
x0(1),20(2),29(3), it results in 2.0235,2.015, and 2.0165
respectively as the intersection between those two parameters,
writing as |e(tq)|] > &(tq). This can be summarized that
the output residual would be relatively small for ¢ < ¢y in
comparison with the threshold. Due to the coincidence points
after the transient observer, the time required to intersect the
threshold is just slightly after the occurrence of the fault f.

V. CONCLUSION

The initial mathematical model of hydraulic system has
been proposed along with the construction of stability proper-
ties. The estimation methods are applied with the Luenberger
observer, adaptive-scaling Kalman, and consensus filtering to
examine the unhealthy system. Fault detection scheme for
certain time ¢y is designed and tested mathematically and in
simulation. The results show that the fault detection scenarios
are successfully proposed.
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Fig. 2: Fig. 2a-2c Response variations from z1, z2, and z3 due to three initial conditions xo(1), xo(2), and xo(2); Fig. 2d-2f The same
scenarios with Luenberger observer; Fig. 2g-2i The same scenarios with Adaptive-Scaling Kalman; Fig. 2j-21 Fault detection from three
divergent xg
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