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Abstract- Galois theory is about the connection between groups, fields and their extensions. It is the
interplay between polynomials, fields, and groups. Galois field is about fields and their extensions. It has got
many useful applications in computing and some other areas of abstract algebra and it has also been used to
produce many useful theorems.
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1 Introduction

The existence of an explicit formula for finding the roots of an arbitrary polynomial has been one of great
historical importance [1]. The roots of the linear case can be trivially found and by the use of ’completing the
square’, a formula could be found for finding the roots of a quadratic equation which is known as the quadratic
formula. In the sixteenth century, based on work of Cardan, Taraglia, and Dal Ferro the solution to the cubic
was founded. A mathematician named Ferrari brought together ideas from the used algorithms to find the
roots of both the quadratic and cubic. Mathematicians endeavored for close to 300 years to find a solution of
the quintic, but all attempts were to no avail. Ruffini and Abel found a solution of the quintic using ideas that
Evariste Galois introduced in the early nineteenth century. In the area of basic abstract algebra, Galois theory
is regarded as an area with an elegant interaction of topics. In mathematics, more specifically in abstract
algebra, Galois theory, named after Evariste Galois, provides a connection between field theory and group
theory. One of the greatest tragedies in the scientific world was the loss of Evariste Galois. The life of Evariste
Galois, riddled with rejection and misunderstanding, brought about one of the most important mathematical
works of the nineteenth century. His theory of field extensions had evolutionary implications, which still
greatly influence the study of mathematics today. Galois at the age of 20 years had already produced work
that would make him famous. He died in a very tragic circumstance at the age of 20. Unluckily, his lifetime
met many setbacks and he was even seen to be a troublemaker by the government and also unaccepted by
the mathematical establishment. In 1846, Joseph Liouville published some of Galois’ work in his Journal de
mathematiques. The significance of Galois results were realized since then and has been a stepping stone for
many developments in algebra. An aspect of this theory which is the Galois field and some of its applications
are the subject of this thesis work.

2 Preliminaries

This section discusses the general concept of group, rings and fields looking at some definitions, theorems,
lemmas, and examples that will aid us better under- stand the concept of Galois field.

Definition 2.1 An automorphism of a field E is a one-to-one mapping 6 : E — E, which preserves addition
and multiplication, thus §(a+5) = 0a+605 and §(af) = (0a)(08). Let u and ¢ be automorphisms of the field E,
then their composition u¢ is also an automorphism. The inverse of an automorphism is also an automorphism.
If p is an automorphism of a field E onto some field, then an element « of F is left fixed by p if p(a) = a. A
collection S of isomorphisms of F leaves a subfield F' of F fixed if each « € F is left fixed by every a € S. If
a; leaves F fixed then p leaves F fixed [2].
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5(cv/3) + 6(dV6) = a + bv/2 — ¢v/3 — d\/6. For every a,b,c,d € Q, is an automorphism of F and it is the
conjugation isomorphism ¢v/3,v/3 of E onto itself, thus if F is viewed as (Q[v/2]v/3), then § leaves Q(v/2) fixed.

Theorem 2.1 Let «; | i € I be a collection of automorphism of a field E. The set Fa; of all a € E left fixed
by every «; for ¢ € I forms a subfield of E [3].

Proof: If a;(a) = a and «; = bVi € I, then a;(a £b) = a;(a) £ ;(b) = a £ b and «;(a)a;b = ab. Provided b0
for all ¢ € T then «a;(a | b) = a;(a) | a;(b) = a | b. Again for all i € I, o; are automorphisms, hence «;(0) = 0
and a;(1) = 1Vi € I. Therefore 0,1 € Eo;. Hence Eq; is a subfield of E. The field Ea; of the above theorem
is the field of o; | 7 € I. Given a single automorphism «;, then Fa; can be referred to as the fixed field of «[3].

Definition 2.2 Let F' be an extension field of the field E, Aut(F/F) is the automorphism of F' which fix E =
the set of F' automorphisms of E = Galois group of F/E = Gal(F/E). Thus Gal(F/E) = ¢ : F — F such that
pa =aVa € F.

Definition 2.3 Let H be a group of automorphisms of the field E, we denote Ey as the set of all a € E such
that a is fixed by every element in H. Eg =a € FE : §(a),Va € H[4].

Theorem 2.2 Let H be a group of automorphisms of the field E, then Ey is a subfield of F, called the fixed
field of E for H. Moreover, if E/F is a field extension, then Ey(E/F) is said to be an intermediate field of

Proof: 0,1 € Ey, hence Eg # 0. Let ¢,d € Ey, and 6 € H, then
i. 5(c=d)=46(c)—d6(d)=c—d. Thenc—de Ey
il. §(cd™t) =6(c)d(d™t) =cd™1, cd™t € Ey. Hence Ey can be said to be a subfield of E[4].
Definition 2.4 If K is a finite normal extension of a field F, then G(K/F) is the Galois group of K over F[2].

Definition 2.5 For every prime p and positive integer n, there is exactly one field of order p™, which is finite.
Such a field is known as a finite field. Thus a finite field is a field with a finite order. The field denoted as
GF(p"™) is referred to as the Galois field of order p™. Thus a field with finitely many elements. A finite field
with ¢ elements is denoted as Fy[2].

Theorem 2.3 Let E be a finite extension of degree n over a field F. If F' has g elements, then E has ¢"
elements|[2].

Proof: Let wy,...,w, be a basis for E as a vector space over F. Every 8 € E can be uniquely written in the
form 8 = bywy + bowsg + - - - + b, wy, for each b; € F. Each b; may be any of the ¢ of F, the total number of such
distinct linear combinations of w; in ¢"[2].

Lemma 2.1 Let F be a finite field containing a subfield F with ¢ elements. Then F has ¢ elements, where

[F: E] =m.

Proof: F is a vector space over F, since F is finite, it is also finite-dimensional as a vector space over E.
Assume [F : E] = r has a basis over E which consists of r elements aq, ..., a,. Thus every element of F' can be
uniquely represented in the form a1b; 4+ a2b2 + - - - + a..b,., where by,bs,...,b,. € E. Because each b; can have ¢

elements, F' has exactly ¢™ elements.

Theorem 2.4 Let F be a finite field, then F has p™ elements, where the prime number p is the characteristic
of F and n is the degree of F' over its prime subfields.

Lemma 2.2 If F' is a finite field with ¢ elements, then every a € F satisfies a? = a.

Proof: The identity a? = a is to be trivial for a = 0. Conversely, the non zero elements of F' form a group of
order ¢ — 1 under multiplication. Thus a9~! =1, for all a € F with a # 0.

Theorem 2.5 For every positive integer n and every prime p, there exist a finite field with pn elements. Any
finite field with ¢ = p™ elements is isomorphic to the splitting field of 9 — z over F},.

Theorem 2.6 Let F,; be the finite field with ¢ = p™ elements and every subfield of F, has order p™, where m
is a positive divisor of n. Conversely, if m is a positive divisor of n, then there exist exactly one subfield of F
with p™ elements.
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m is necessarily a divisor of n. Assuming m is a positive divisor of n, p™ — 1 divides p™ — 1. Hence zp™~! — 1
divides zp"~! — 1 in F,(z). Again, zp™ — z divides zp" — z in F,(z). Implying that every root of zp™ — z is
also a root of 27 — x and hence belong to Fj,. Following that as a subfield F;, must contain a splitting field of
xP" —x over F,. Thus by theorem 3.5, such a splitting field has order p™. If there were two distinct subfields of
order p™ in Fy, then they would jointly contain more than p™ roots of " —xe F, which is a contradiction.
Therefore the unique subfield of Fj, of order p™, with m as a positive divisor of n, consist exactly of the roots
of the polynomial 27" — 2 € F,(z) in Fpm.

3 Main Result

In this section some of the applications of Galois fields are discussed together with some definitions, theorems,
and examples.

3.1 Construction of Cyclotomic
Polynomials

In this section we seek to construct a number of cyclotomic polynomials. Thus @, (z) € Q[X] for n > 1.

Definition 3.1 Assume there exist a field F whose characteristic does not divide m, which is a positive integer.
We let the set of all primitive mth roots of unity in the splitting field F' for ™ — 1 over E be uj,ug, ..., Uy,
then we say that the polynomial ®,,(z) = (z —u1)(z —uz2) ... (x —u,) € F(x) is known as the mth cyclotomic
polynomial over E. Thus ®,,(z) = (x — u;), where the wu; are the primitive mth roots of unity in E and ®,,, is
the mth cyclotomic polynomial over F.

Theorem 3.1 Let m > 2 be a prime. Then the mth cyclotomic polynomial denoted as ®,,[z] is given by
Gmlz] = =t = C1aP~! + CoaP2 4+ - + Cp_1x + Cp, where C1,Cs, ...,Cp_1,C, are all unity.

rz—1

Example 3.1
i. Consider the polynomial f(z) =x —1, x — 1, then © = 1. Therefore ®(x) = x — 1.

i. lets consider n = 2, thus f(z) = 2% — 1
Ck:e%;jk :cos¥+isin%

Ck:eyzcos#—i—isin%k,

When k =0,Cy = e™ = cosmk +isinmk =1

k=1,Cy =e" =cosm+isinm = —1

01=w=—1

Dala) = (2 — (1)) =2 + 1

3.2 Primitive Element Theory

Definition 3.2 let I be a finite field and F; be the multiplicative group of nonzero elements of Fy. If
F} = Fy(a) and « is the generator of F;'. Then « is said to be the primitive element of the field extension
F, C F}. In other words the generator of the cyclic group Fy- is known as a primitive element of F7[5].

Example 3.2

i. Considering Fs, the elements of Fy are {1,2,3,4}. Let K be the elements of F¢. Because Fy is cyclic,

any nonzero m can be written as m = nk.

Table 1: F5 Table showing m = n*

E[1]2]34
k127141311
3131421
dqFT4]1174]1

The elements 2 and 3 produce all the elements of F5 and 4 produces only the elements 1,4 hence, it is not
a primitive element of F¥.

338
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It is seen from the table that, the two elements 3 and 5 of F produces all its elements and are therefore
the primitive elements of F¥. Again, 2, 4 and 6 are non primitive elements since they do not generate all
the elements of F7 .

Table 2: F; Table showing m = n*

E[172]3]4]5]6
2k Tol4al1]2]4]1
3131216451
AFlT4a727114]211
5151462131
6F[6]1]6]1]6]1

3.3 Primitive Polynomial

Definition 3.3 A polynomial g € Fj[z] whose degree n > 1 is said to be a primitive polynomial over Fy if the
polynomial f is the minimal polynomial over F,, with a primitive element of F! [5]. Tt can be described in order
words as a monic polynomial which is irreducible over F, which also has «a € F' as its roots. This a generates
Fy™ which is the multiplicative group of Fj' [6]. Again, if f(z) € Z(x), then the polynomial f(z) is said to be
a primitive polynomial if the greatest common divisor of the coefficient of f(x) is 1.

Construction of polynomials in F,[z] might produce polynomials whose degree is greater than or equal to
n — 1. We therefore make use of an irreducible polynomials 7(z) with degree n in F,[z] which is such that
Fp[rmod(z)] results in a polynomial as a remainder which is of degree less than or equal to n — 1. Throughout
this study, we will consider our choice of 7(x) to be zero for the convenience of our calculations.

Example 3.3
i. Letq=4=2%2=p"
Fym = polynomials of degree less than or equal to 1 : oy € F),, where p =2 and m = 2.

We let the possible elements of Fy = 0,1, a, o
We take an irreducible polynomial, 7(x) = 2% + z + 1.
For ¢(z) = 0,22 + x + 1 = 0 which implies that 2®> = x + 1

a=zx
a?=z2=z+1
ad =1
at=0

Therefore Fy = 0,1,z,24+1,=0,1,a,a®. The roots of the polynomial are 0,1, x,x + 1. Thus the primitive
polynomial 2 + x + 1 generates the elements of Fy which are 0,1, z,z + 1.

ii. Again let’s consider when ¢ =8 = 23 = p™, thus p =2 and m = 3.
Fym equals polynomials whose degree is less than or equal to 2 : o; € F,.
We let the possible elements of Fz = 0,1, a,a?,a3,a*, o, a8, where a” =1 and also o = 0.
Using the irreducible primitive polynomial 7(x) = 23 +x + 1
a(z) = 0 implies, 2° =z + 1

a=z,02 =22, =23=2+1

at=xad=z(z+1)=2?+2x

a®=aact=x.(®+2)=(r+1)+22=2+2+1
aS=aad’=x.(®+r+1)=2+2+r=(r+ D)+’ +r=a+v+1+a?=20+1+22=22+1
Therefore Fs = 0,1, z,z + 1,22, 22 + 1,22 + z, 22 + v + 1

it is seen from each of the cases considered that the elements of F,m [z] are generated by an irreducible primitive
polynomials of degree m in Fpm.

Lemma 3.1 If f(z), g(z) € Z[z] are primitive polynomials, then their product f(xz)g(x) is also primitive
Example 3.4

i. f(x) =22 +2x+4 and g(x) = 2%+ 322 + 52 + 7
f(@)g(z) = (2 + 22+ 4) (2% + 32% + bx + 7) = 2° + 5zt + 1523 + 2922 + 34z + 28
Thus the ged of f(x)g(xz) is 1 and hence the product f(x)g(x) is primitive.

ii. h(z) =23 +22+1, fx)=2> +2+1

hz)f(z)=(a®+22+1)(@® +o+1) =ab +2% + 2 + 323 + 22 + o + 1
The ged of the product h(z) f(x) is , therefore the polynomial, h(z)f(x) is also primitive.
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Definition 3.4 Let n be a prime integer. Then for 1 < p < n,p" ! =1 mod n and if Vi,1 < i <n —1 and
m® =1 mod n. Then p is said to be a primitive root of n[6].

To show whether p is a primitive root of n, we go through the following;

i. find the primitive factors of n — 1
ii. for every prime factor ¢, check if p% # 1 mod n

n—1
iii. once the above test is satisfied for all prime factors of n — 1, then p is a primitive root of n and if p~« =1
mod n, then it is not a primitive root of n.

iv. the test is repeated for all possible values of p:2,3,4,...,n— 1.
Example 3.5

i. Considern=3,n—1=3—-1=2. We now check ifpnq_1 # 1 mod n. The only prime factor of 2 is 2 itself
implying that g =2 and p = 2
2
22 = 2. Hence 2 mod 3 # 1 mod 8. Thus 2 is a primitive root of 3.

1. Considern=T7,n—1=26
The prime factors of 6 are 2, 8. That is ¢ = 2,3 and p : 2,3,4,5,6. For each of the values of p and q we
check z'fjr)n%1 #% 1 mod n.
Consider p = 2, when q = 2
25 =8. 8 = 1 mod 7.

4 Conclusion

We have been discussing Galois fields or finite fields as well some of its applications in abstract algebra which
comprises of the construction of Cyclotomic polynomials where we found out that where p is prime, ®,(z) =
CiaP '+ CozP 2+ ...+ Cph_12 + Cp, where C1,Cy,...,Cn_1,C, are all unity and when p is not prime, that
is composite, the degree of the cyclotomic polynomial ®,(x) is equal to the number of primitive roots of unity
it contains. We also discussed the Primitive element theory and got to the conclusion that every finite field F,
can have more than one primitive element. Finally, the Primitive Root Theorem was studied in this research
alongside with some definitions and examples.

5 Recommendation

The study revealed that Galois fields are not an area without applications as some perceived. These applications
are not only in abstract algebra but there are other applications including computer cryptography and coding
theory in computing. We, therefore recommend that future researchers look at how the field of Galois is applied
in computing and other related areas.
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