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Abstract- A C® rational quadratic trigonometric spline interpolation has been studied using two kinds of rational quadratic
trigonometric splines. It is shown that under some natural conditions the solution of the problem exists and is unique. The necessary
and sufficient condition that constrain the interpolant curves to be convex in the interpolating interval or subinterval are derived.
approximation properties has been discussed and confirms the expected approximation order is h?.
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I. INTRODUCTION

uring the recent years rational parametric spline have gained widespread acceptance for use in computer aided geometric

designs.They have been studied by several authors (see [1], [4], [8], [10]), with special emphasis on the shape preserving
properties. In [1] Duan have presented the construction and shape preserving analysis of a new weighted rational cubic interpolation
and its approximation. Trigonometric splines serves as an alternative for polynomial splines for solving many problems of
interpolation and have been studied from application point of view (see [2], [3], [5], [6], [7], [9] ). Trigonometric splines behave in a
better way for path approximation or scattered data interpolation. B-splines introduced by Schoenberg [9], have become immensely
popular for applications in curve and surface generation problems.Keeping in a view of the above ideas and the applications of
trigonometric splines, we have extended the ideas of Duan [1] and constructed convexity preserving rational trigonometric spline. We
have introduced a weighted rational quadratic trigonometric spline interpolation and the C? continuity of rational trigonometric
spline.The convexity control and approximation properties of C? rational quadratic trigonometric spline have been discribed.

. A C' WEIGHTED RATIONAL QUADRATIC TRIGONOMETRIC INTERPOLATION

A weighted rational cubic spline interpolation based on function values and derivative was given in [1]. Given a data set
. f(t).d;), i=01,...,nn+1,where f (ti) and di are the function values and the derivative values defined at knots, respectively,

and t; <t <...<t <t , arethe knots.

Let h, =t,,—-t, €= % teft,,t.,,] and o, S, are
(1=sin ™Yo, £ (t)+ 25in 70 (1=sin ZO)U" +2c0s ™ (1-cos O, + (1-cos OV B £ (t..)
P (1) = 2 2 2 2 2 2 M
70 . 70
a, cos7+ﬂi sin—
where
U7 = (o + 2y f )+ A0 v = (54 8y, - A0
2 T 2 T

This rational quadratic trigonometric spline P (t) satisfies
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P't)=f(t), P (t)=d., i=01,.,nn+L

for the given dataset  (t;, f(t;)),i=0,1,...,n,n+1

let
(1-sin ”—e)zai f(t.)+2sin id (1-sin H—Q)Ui’* + 2COS7[—6 (1-cos @)Vi’* + (1—cos7[—6))2,8i f(t.,)
P.(t) = 2 2 2 2 )
0 7rt9
a, cos—+ﬁ sin~——
2 2
where
: a.hA. hA
Ui’*:(ai_p%)f(ti)_k# _(ﬂ +_)f(t|+l) ﬂl i2i
T
inwhich A, = M

h,
Obviously the spline P.(t) satisfies
Pt)=f(t). PR'(t)=A, i=01,..n
It is called rational quadratic trigonometric spline based on function values.

The weighted rational quadratic trigonometric spline will be constructed by using the two kinds of rational trigonometric quadratic
spline interpolant described above.let

P(t) = AP (t)+(1-A)RP.(t) teft,t,], i=01,.,n-1. ©)
where
(1—sinﬂ—9)2aif(ti)+23in”—9(1—sm7[9)u +Zcos—(1 cos ™ )V +(1- cos—) pift.,)
P(t) = 2 2
Vo) m9
o, cos—+ﬂ sin~——
2 2
(4)
and

U, :(ai+ﬁ')f(t)+ S, + (L= A)A,).

+(1-AA.,),

i+1

V= (a2 g

with the weight coefficient AgR.
This rational quadratic trigonometric spline P(t) satisfies

Pt)=f(t), P't)=Ad +@1-A)A., i=0,1,..n.
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. A C® WEIGHTED RATIONAL QUADRATIC TRIGONOMETRIC SPLINE INTERPOLATION

We now follow the familiar procedure of allowing the derivative parameters di .1 =1,...,n=1. to be degrees of freedom which are

constrained by the imposition of the C? continuity conditions
P'tH=P () i=1..n-1.
the conditions leads to the following continuous system of linear equations:

i (e + ) ”(0!. L t+B) B
(Zﬂ_lh_l)di_ﬁ( o 5 h )i+ h )d.., =

2/1a2h2{(a +2,3) 'A —2(1-A) (e + B ")A ~1-% 'A.+1}
”2 ﬂi—lhi—l _1 i—1
+W{(2ai4+ﬂi4)TAi -1-0)B, Ay
20 e+ 4 P Ay ®
V4
i=1,.....,n-1

Therefore, if the successive parameters (<, ) and («;, ) satisfy (5) at 1=1,2,..,n—1, namely, for the positive

parameters ¢ ,, [, , and the selected /3, if

a. = Zﬂ{(ﬂ' Z)A A|+l + Zﬂ'(A d ) + ﬂ'(AHl |+1)}
! hiai—l[(z_ Zﬂ)Ai—l +4Ai _41(Ai - di)_Zl(Ai—l - i—l)]+ﬂi—1{hi [_ﬂAi—l +4Ai _4/1(Ai _di)] + hi—l[(4_7r)Ai _4/1(Ai _di)]}

then P(t) e C*(t,,t,).

IV. CONVEXITY CONTROL OF RATIONAL QUADRATIC TRIGONOMETRIC SPLINE

Positivity, monotonicity and convexity are basic and fundamental shapes, which normally arise in everyday scientific phenomena. To
get condition for the interpolation to keep convex in the interpolating interval,consider the condition for the second order derivative to
remain positive or negative in the interpolating interval, this task can be carried out simply by selecting suitable values of the

parameter A to satisfy the linear inequality.In this section we assume that the knots are equally spaced.

For simplicity of presentation let us assume a strictly convex set of data so that
A <A, <..<A,

In a similar fashion, one can deal with a concave data so that
Al >A2 >..> An.
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For a convex interpolant P(t), it is then necessary that the derivative parameters should be such that
d, <A <..<d, <A <.A,,<d, <A,

and for concave data.
(d1 >A >..> di >A>LA > dn > An)

Now P(t) is convex if and only if

P'(t)>0

For teft;,t,.,]. the second-order derivative P (t) can be computed and has the form

P’ (t) = Z(0).(¢ cos% + /3 sin ?)3 (6)

where Z(0) =Q+R+T

and
_, T \2 70 . 70 2 e ﬁZ B ) ﬁ . ﬁ B
‘(Z_hi) (e c0s ==+ fsin 29 {(1=sin =5)* (U, = f)) + 2sin T=(1=sin =)V, = 4 ,..)
+Zcos?(1—cos %)(ZUi —o;f, —(2V,. - B, fi+1))+(l—cos?)2(—(2vi “B 1)

+25in7[—26’(2Ui —o;f. —(2V, - B, fi+l))+2005?(—(2ui -, 1))+2(V, -U, +, 1)}

R= (E) (¢ cos?tﬁ sm—)(a sin— i —[)’ cos—){2cos—(U -a;f)

+Zsin§cos§(zvi—,Bifi+1—(2Ui—a 1)) +2sin— (ﬁ.f.+1 Vi)}

= (E) (o sin— i —,H cos—) {(1- sm—) o f, +25|n—(1 sm—)U

+2cos—(l cos—)V +(1- COS—) Btk
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The sufficient and necessary condition for the interpolating function P(t) defined by (4) to be convex on [t;,t;,,] is the positive

parameter A satisfy

2BhA;, —ma; fi <1< 20,h A + 7 1,

2B (AL, —d ) - 2a;h(A; —d))

U]

Here it is observed that if the data are positive/convex then the interpolant will be positive/convex. Thus we have proved the following
theorem
Theorem 1.Given (t,, f.,d.),i =0,1,...,n,n+1 the necessary and sufficient condition for the interpolation defined by (3) to be

convex on [t;,t;,,] is that the given data and the positive parameter A satisfy

2BNhA, — o fi <)< 2050 A; + 7 f;

2Bh (AL, —d,) S 20 (A; —d;)

@)

V. NUMERICAL EXAMPLE

Example:Let f(t)=cosX(#t/6), te[15,4.5] with interpolating knots at t, =1.5, t, =2.25, t,=3.00, t;,=3.75, t, =4.5,
h=0.75. let 1=0.99, and let f(t) is the function being interpolated.Denote the corresponding C-continuous interpolating
function defined by (4) in [1.5,4.5] by p(t) since the interpolating data and parameter A satisfy the condition of theorem 1. as
shown in figurel.

Figure 1: graphof P(t)

VI. APPROXIMATION PROPERTIES OF THE WEIGHTED RATIONAL QUADRATIC TRIGONOMETRIC INTERPOLATION
To estimate error of the weighted rational quadratic trigonometric interpolating function defined by (4), since the interpolation is
local,without loss of generality, we consider the error in the subinterval [t;,t;,,]. When f (t)eC>[t,,t.] and P(t) is the rational

quadratic trigonometric spline interpolating function of f (t) in [ti ,ti+1]. It is easy to see that this type of interpolation is exact for

f(t), the polynomial being interpolated,in which the degree is no more than 1. Consider the case when the knots are equally

spaced,namely, h. =h = ﬁ forall 1 =1,2,...,Nn, using the Peano-Kernel Theorem in Schultz [13) ] gives the following
n
ti+1
RIf1= f()-P®) = [ TP(@RIt-7).1d7, telt,t..] ©)
f
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where
p(r) t<z<t
_ q(T) t<T<ti+1
Rlt=eh1= r() t,<z<t,
where
p(z) = (t—7) —{[wzsin”—@a—sin ”—‘9) +(B +ﬁ)2cos%‘9(1—cos%9)
T
+(1— cos—) 1¢,,, —7)— 'B'h' 2005—(1 cos—)}/( 00370+ﬁ sin 20)
t <7<t (10)
q(zr) = —{[(1 ﬂ)a' 2sin 2 (1 sm—)+(,8 +—)2005—(1 cos—)
+(1—cos7)2ﬂ’i](ti+l 7)— Ah '20037(1 cos—)}/(a 00379+,B sm—)
t<z<t,; 11)
Bil=2) 5057 (1 cos 9)(ti+2—r)
r(z) = z 2 v G < T <t (12)
(e, cos—9+ﬂ. sin —)
' 2 ' 2
Then
IRLEII =l f@)-P@O <] f (t)II{fI p(z)|dz+ I la(z) [dz + I |r(z)ldz} (13)
for A<1 r(z)=0 for all z[t; ,,t;.,], thus
ti:r[z A=) 7[29 (1-cos 7[29)
|r(r)|dr =h? —Z% (14)
tig (e, cos 7[20 + f,sin 7[29)
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for (z), since

q(t) = —h{(1-g)[A=—* '(1 l)ZSln (1 sm—)+(ﬂ+ i)Zcosﬁ(1—cosﬁ)+/3’i(l—cos§)2]
ﬁ' Zcosﬁ(l cosﬁ)}/(a CoOs— i +ﬁ sm—) <0 (15)
T
and
B

2005”—0(1—005 ﬂ—e)
at.,) =h-Z——= 2—=0 (16)
(¢ cos7+,8 sin —)

It is easy to see that the root 7~ of ¢|(7) is

ﬁ2cos7r—9(1—cos7r—‘9)
z-*:ti+l 72- 2
[ '(1 /I)Zsm (1 S|n—)+(,8 +0;')2cos—(1 cos—)+ﬁ(1 cos—)]
Thus
I l9(0)|dr = j q)dz+ [a(e)de = Q]
Q =h¥{[*—~~ '(1 2’)25|n (1 S|n—)+(ﬂ+ ')2cos—(1 cos—)+ﬁ(1 cos )]((1 ¢9) z%)

+('B 2cos—(1 Ccos —))(22 1-6))}(e, cos + 5. sm—) 17

70 70
 2c0S — (1—cos —
f2c0s7, " (1-c0s"7)

z= (18)
MZsin 7[29(1—sin ”29) + (B, +0;‘)2cosﬂ29(1—cosﬂ29) + f,(1—cos 7[2'9)2

T

similarly -- p(t)=q(t) <0
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p(t,) =h[0-{——— '(1 /1)25|n (1 sm—)+(,6’+ ')Zcos—(l cos—)+,8(1 cos—)
—% 2COS? (1—cos ?)}I(ai CcoS ? + £, sin ?)] >0 (19)

and the root 7. of p(z)in[t,t] is

T = ti-¢—l —h—
N
where
M = h[(6 —1)(, cosﬁJr,Bi sin ﬁ) +ﬁ2003ﬁ(1—008ﬁ)] (20)
2 2 V4 2 2
N =[ '(1 /1)23|n (1 sm—)+(,3 + ')2005—(1 COS—)+,3(1 COS—) —(e, Cosﬁ-i-ﬂ sm—)]
(21)
so that

J19) 102 = [pelae+ [ pie)de

[(1 Na

=h*{z,+z,—=&

'23|n7[26(1 smﬂze) +(B + ')2003”29(1 cos—)+(1 Cos )2](ti+1—) Ah‘Zcosﬁze(l 0057)
T

Y 7
.COS——+ 4, SIn——
(eyc0s” + fysin))

Zﬂ.

COS* 1- COS*
" (-cos”)

7[49}

+2,- L pvz
(o cos7+ﬁ sm—)

:thz

where
_ 0 . My
2 == ((1-0) )]

~ M? 1 (1-6)?
2, =[— —=-

N 2 2

]

_ M
2, =1(2(1-3) -0
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IRCETN=II f®)-P@® < h*[| £*®) | W(0, o, )

where

BU=2) o 70 (1-cos ﬁ)

w(l,a,, ) = [—Z 2 2_+Q+Q] (22)
(o cos7[20+,6’i sin ”26)

where W(0, cx;, f5;) is aconstant depending upon 6, ¢;, [ .
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