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Abstract- The Fractional Fourier Transform (FRFT.) is the generalization of the classical Fourier Transform and was introduced many
years ago in mathematics literature. The original purpose of FrFT is to solve the differential equation in quantum mechanics
problems in optics . Most of the applications of FrFT in optics . It depends on a parametera and can be interpretedas rotation by an
angle o in the time frequency plane or decomposition of the signal in terms of chirps. It is also used in digital domain. Because of its
simple and of beautiful properties in time — frequency plane, there are many new applications waiting for signal processing.

Index Terms- Fractional Fourier Transform, signal processing and analysis, Linear Canonical Transform, Discrete FRFT

The Fractional Fourier Transform in Signal Processing

The fourth power of 3 is defined as 3*, but 3*°= 3”2 =v/37 may be defined in this manner.
The first and the second derivatives of the function f(x) as df(x)/dx and d?f(x)/dx? = (%)Zf(x)
Now what is the 2.5" derivative of a function? Let F(u) denote FT(Fourier Transform) of f(x).

The F.T. of the n" derivative of the f(x) be given by
(i2mu)" F(u) , for any positive integer n.

Generalizing this property by replacing n with real order a and take it as the a™ derivative of f(x), thus we can find d*f(x)/dx® , the a"
derivative of f(x) and the inverse F.T. of (i2ru)®* F(u). Both of these will deal with the fraction of an operation performed on an entity,
rather than fractions of the entity itself.

Let T be the transformation and describing T as following
T{f()} = F(u)
Where f and F are the two functions with variables x and u, respectively, where F is a T transform of f. thus we can also consider one
new transform as

T{f(x)} = Fa(u)
Where T% , the a-order fractional T transform, and the parameter o is called the ‘fractional order’ and this kind of Transform is called
“fractional transform”, which satisfies the following conditions

BOUNDARY T{f()} = f(u)
CONDITIONS . T} = F(u).
Additive property: THTYR))} = TP {f(x)}

As we know the two functions f and F are F.T. pair if
F(v) = [77 f(x) exp (-i2mvx)dx
& f(x) = [0 F(v) exp (i2nvx)dv
which reduce to operator notation as F= £{f} where £ denotes
the conventional F.T. Thus £{f(x)} = f(-x) ; £{f(X)} = f(x).
Thus the notation £4 means doing the £ for o times.

The F.T. by expressing it in terms of these Eigen functions as following
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f(X) = 2o AnWn(X)
A= 7w (x) f(x)dx

ELF00} = Zoio An€™ ™ yn(X)

The o order Fractional Fourier Transform give the same Eigen functions as the F.T., but its Eigen value are the a™ power of the Eigen
values of the ordinary F.T.

The Fractional operator of order a may be defined through Eigen functions of the Conventional Fourier operator as
E{wn(0)} = €™ yn(n)
If the operator be linear, the fractional transform of an arbitrary function may be expected as
{EFOOIIX) = Xio An€ ™ yn(X)

Thus, we have the following essential properties:
(1) The FFT operation is Linear.

(2) The first-order Transform ‘£’ corresponds to the Conventional F.T. £ and the zeroth-order transform £°, ie. doing
no transform.

(3) The fractional operator is additive £ £a = £a+f

FRCTIONAL FT. OF SOME SIGNALS

SIGNAL Fr FT with order @
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We have introduced some relations between them, which are quite important because many applications are based on them. The first
FRFT have several applications in the area of Optics and Signal Processing, which leads to generalization of notation of space or time
and frequency domain which are central concepts of Signal processing. The generalization of F.T , Fr. F.T in a useful tool for Signal
Processing. Since the flexibility of Fr. F.T is better than conventional F.T., many problems that cannot be solved well by Conventional
F.T. are solved here.
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It has many applications in the solutions of Differential Equation, Optical Beam Propagation and Spherical mirror resonators, Optical
Diffraction theory, Optical Signal Processing, Signal Detectors and finds other relation between Fr. F.T. and other signal
representation.
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