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I. INTRODUCTION AND STATEMENT OF RESULTS

he following result known as the Enestrom —Kakeya Theorem [3] is well-known in the theory of the distribution of zeros of
polynomials:

n
P(z)=) a;z’
Theorem A: Let j=0 be a polynomial of degree n whose coefficients satisfy
a,>a, =..2a,=3,>0

. . 17 =1
Then P(z) has all its zeros in the closed unit disk | | :
In the literature there exist several generalizations and extensions of this result .Recently, Y. Choo [1] proved the following results:

n
P(z)=>)a. z!
. Z;‘ ! ) 121 1<k<n,a,, #0,
Theorem B: Let ) be a polynomial of degree n such that for some real number " n
a,za,,; =..2a,,, =248, ,2a, ,,=2..28 2 a,

If a‘n—k—l > an—k ! K

<K
then P(z) has all its zeros in the disk | | 1 where
Kk+1 —51Kk _|7/1| :0

1 is the greatest positive root of the equation

and

_(A-Da,, 5 - a, +(A-Da,, —a, +|a,|

' an ' |aﬂ|

. . . 171<£K . - :
If Ak > an—'<+1’then P(z) has all its zeros in the disk | | 2 where K, is the greatest positive root of the equation

KX —6,K" —|y,|=0

and
@a-Aa,, 5. = a, +(1-A)a,  —a, + |ao|
2 = 2=
an |an|
Z": )
P(z)=) a.z’
Theorem C: Let =0 be a polynomial of degree n with Re(a‘) % and Im(aJ) ﬁ‘ , j=0,1,2,...... ,h and for

<k<
some real numbers 4 21, 1< k<na,,#0,

Oy 20, 1 2l 2A, 20 2. 20, 2
Bozfoa 2 pr2f,

an—k—l > an—k !

. . 7| £K . - :
If then P(z) has all its zeros in the disk | | 1 where K, is the greatest positive root of the equation
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K K+ _51Kk _|7/1|:0

and
_ (/1 _1)an—k
1 an
S5 = a, +(A-Da,  —a +|ao| + B, = By +|ﬂo|
| =
2|
<
If Fn-k > Xnk41 then P(z) has all its zeros in the disk |Z| - KZ, where K2 is the greatest positive root of the equation
k k-1
K* —6,K" —y,|=0
and
_ (1_ ﬂ«)an_k
2 an
5. = a, +(1-Aa,  —a, +|ao| + B, — B +|:Bo|
, =
2|
n .
P(z)=)a;z’
Theorem D: Let j=0 be a polynomial of degree n such that for some real number B ,

and forsome 4 #1 ang &k * 0,

S =T = - Y -3 - W - - T e - 1 - |

If |a”’k’1| > |a”’k| (ie. 4>1) then P(2) has all its zeros in the disk |Z| < Kl, where K1 is the greatest positive root of the
equation
K —5,K* —|y,|=0
and
_ (1-Da,,
1 an
, n-1
fla.| + (1 -Da,  Hcosar +sina) + 2sina) a;|
o, = i=0
1 2|
If |a"_k| ~ |a"‘k+l| (.e. 0<A <1y then P(z) has all its zeros in the disk |Z| = Kz, where K2 is the greatest positive root of the
equation
K K _52Kk—1 _|72| ~0
and
y = @a-Aa,,
an
’ n-1
{a,|+ @ - A)|a, , F(cos e +sin &) + 2sin aZ‘aj‘
0, = j=0

2|

In this paper we generalize the above results with less restrictive conditions on the coefficients. In fact, we prove the following results:
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n .
P(z) =) a;z’
e . >00<u<1l g 21
Theorem 1 : Let =0 be a polynomial of degree n such that for some real numbers p=VU<H=L A+l
1<k<n,a,, #0,

pra,za, 2..2a, 248, 28, 2..28 218,

<K
If A1 > Anics then P(z) has all its zeros in the disk | | 1 where K is the greatest positive root of the equation
Kk+l _51Kk _|7/1| :0
and
_ (j' B 1)an—k
V1=
a

2p+a, +(A-Da,, —u(a, +|a,)) + 2a,|
2|

o, =

If a‘n—k > an—k+l’ Kz

z|<K
then P(z) has all its zeros in the disk | | 2, where
k k-
KX —5,KK" —|y,|=0

is the greatest positive root of the equation

and
_ (1 B i)an—k
2 a,

_ 2p+a, +(L-A)a, , —u@, +|[a,)) +2a,|
2|

2

Remark 1: Taking 2 = 9: # =1 Theorem 1 reduces to Theorem B.
Taking p=0 , Theorem 1 gives the following result:
n
— i
P(z)_Zajz | 0< i<t 4o1
Corollory 1: Let 1=0 be a polynomial of degree n such that for some real number H= AFL
1<k<n,a,, #0,

a,za, ,>..2a,,,=24a,, >a,,,2>..28a, > p@,

If a‘n—k—l > an—k ! K

z|<K
then P(z) has all its zeros in the disk | | 1, where
k+1 k
Kt —5,K* —[y,|=0

1 is the greatest positive root of the equation

and
_ ()“ - 1)an—k

V1 a

n

A, (A-Da,., —u(a, +[ag|) + 2Ja,|

1 [,

. . 71K . . ,
If Ak > an*"*“then P(z) has all its zeros in the disk | | 2 where K2 is the greatest positive root of the equation

K¥ —g,K ! —|,|=0
and
@-Aa,,
2 :a—

n
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_a,+ L-)a,., — u(a, +[ag]) + 2Ja,|
2|
P(2) :Zn:ajzj

Theorem 2: Let i=0 be a polynomial of degree n with
p=>200<u<lj=x1 1<k<na,, #0,

2

Re(a;)=a; _ , Im@;) =4, ,j=0,1,2,......,n and for

some real numbers

pra,za, 2.0, 2Ax, =0, ... 20 2 ua,

An ka1 > Ak K

. . |7 <K
If then P(z) has all its zeros in the disk 1, where

Kk+1 _51Kk _|71|:0

L is the greatest positive root of the equation

and
_ (/1 _1)an—k
1 an
S5 = 2p+oa, +(A-Da,, — pula, + |0{0|) + 2|0‘o| + 8, =By + |ﬂo|
L=
2|
<K
If Fnk > a“-k+1’then P(z) has all its zeros in the disk | | 2 where K> is the greatest positive root of the equation
KX = 8,K " —|y,|=0
and
_ (1_ ﬁ)an—k
2 an
B 2p+a, +(1-ADa,, — pla, + |0‘o|) + 2|ao| + B, =By + |:Bo|

0
2 2|

Remark 2: Taking # = 0., £#4=1, Theorem 2 reduces to Theorem C.
Taking p=0 , Theorem 2 gives the following result:
n
_ i
P(z) = Za 2
Corollary 2: Let =0 be a polynomial of degree n with
O<u<l 321 lSkSﬂ,O{n_k #0,

Re(a;) = o and Im(a;) = 4, ,i=0,1,2,.......n and for
some real numbers

O 20, 1 2.0 20, 20, 4 220, 2 U,

B.=P == B2,

<K
If Fnok1 > Ak then P(z) has all its zeros in the disk | | 1 where K, is the greatest positive root of the equation
Kk+l _51Kk _|7/1| :0
and
_ (A _1)an—k
N=—7{1
an
S = a, +(A-Da,  —pula, + |ao|) + 2|050| +B, B+ |:Bo|

l 2|

22 > X ki1 K

, . . 17|=K _ . .
If then P(z) has all its zeros in the disk | | 2 where "2 is the greatest positive root of the equation
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KX = 8,K " —|y,|=0

and
_ (1_ i)an—k
, =——— =%
a, '
5. = a, +(1-Na,_ — ula, +|ao|) + 2|ao| + B, — By +|:80|
, =
2|
n .
P(z)=) a;z’
Theorem 3: Let j=0 be a polynomial of degree n such that for some real number p ,

and for some 4 #1 ang &nx 7 0,

o +ay|=la > 28, ] = a2 a, o] = 2[ay = pag|

> <K
If |a”‘k‘1| |a”‘k| (ie. 2>1), then P(z) has all its zeros in the disk | | 1. where K1 is the greatest positive root of the
equation
Kk+l _51Kk _|7/1|:0
and
¥, = (/1 _1)an—k
' a

n

n-1
[o+{p+a,|+ (A -Dla,  [Hcosa +sin @) — a,|(cos & —sina +1) + 2Ja, | + 2sin ) [a;]]
=1

0, =
2|
> <K
If |a"‘k| |a"‘k+1| (ie. 0<A <1y then P(2) has all its zeros in the disk | | 2 where K2 is the greatest positive root of the
equation
k k-1
KX —6,K" —y,|=0
and
¥, = (1_ /’i')an—k
? a

n

n-1
[p+{p+a,|+(1-A)|a, [}(cos a +sin a) - u[a,|(cos & —sin o +1) + 2| + 2sin e’y [a(]
0, = =

2|
Remark 3: Taking Z = ©9: # =1 Theorem 4 reduces to Theorem D.
Taking p=0 , Theorem 3 gives the following result:

P(z):zn:ajzj

Corollory3 : Let i=0 be a polynomial of degree n such that for some real number B ,

and forsome 4 #1 ang &k * O,

0 = W = - Y -3 - T 2 - T e - u|a0|_
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a >|a . _ : . /<K . .
If | ”‘k‘1| | ”‘k| (i.e. A >:l-), then P(z) has all its zeros in the disk | | 1. where K, is the greatest positive root of the
equation

K K+ _51Kk _|7/1|:0

and
_ (/1 _1)an—k
1 an
n-1
[{a,|+ (2 -D|a,  [}(cosa +sina) — ya,|(cos & —sin & +1) + 2a,| + 2sin aZ‘aj ‘]
5, = =
=
2|
If |a"*k| > |a"*k+1| (ie. 0<A <1y then P(z) has all its zeros in the disk |Z| = KZ, where K2 is the greatest positive root of the
equation
KX = 6,K" —|y,|=0
and
_ (1_ ﬂ“)an—k
2 an
1
[{a,|+@-2)a,_ [}(cos a +sin &) — ufa,|(cos & —sin & +1) + 2a, | + 2sin oenZ|aj I
S, = =

2|

Il. LEMMAS
For the proofs of the above results , we need the following result:
n
2.2
Lemma 1: Let P(z)=1=° be a polynomial of degree n with complex coefficients such that

T
larga; - B|<a <, j=01..n, for 5
2 some real /" Then for some t>0,

‘ta. —-a. ‘s[t‘a.‘—‘a._ ‘]c05a+[t‘a.‘+ a Jsina.
i -1 j -1 J i

The proof of lemma 1 follows from a lemma due to Govil and Rahman [2].

I1l.  PROOFS OF THE THEOREMS
K

Proof of Theorem 1: We first prove that Ky >land “2>1.

Let
k+1 k
f,(K)=K*" -6,K _|71|_
To prove K >1, it suffices to prove that fl (D) <0.
If A1 > Sy then one of the following four cases happens:
(a) an—k+l 2 an—k—l > an—k > O and 2/ >1

(b) Ay 28y g = 0> a, and A<0 .
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(C) a'n—k+l 202 an—k—l > an—k and A< 1

(d) 0> an—k+1 2 an—k—l > an—k and O<A< 1_

Itis easy to see that 71>0 and 6, 21+y, for the cases (a), (b) and (c) and
5,21+ f,()=1-6, —|r| K
Again, let

for the case (d). Thus <0 and we have ""1>1.

fz(K):Kk _52Kk_l_|72| .

If Ak > An-kany then the four possible cases to occur are the following:
(8.) a'n—k > a'n—k+1 2 an—k—l >0 and 0<A< 1

(b) Ay >y 4y 2 0= An_xq and A< l_

© &, >02a, ;28,4 and A0
(d) 0>a,, >a,,,28,,, and A>1
For the first three cases 72 ~ 0 and 0, 21+, and for the last case
0, Zl+|}/2|.Hence f2(1)21_52_|72| K

Now, consider the polynomial
F(z)=@0-2)P(2)
=(1-2)(a,z"+a,,2" "+t a2 +3,)

<0 and we have " “2>1.

=-4a, Zn+l + (a —a —l)zn to + (an—k+l —a, )Zn_k+l + (an—k - a'n—k—l)zn_k
+ (B — By )2 +(@ —a)z+4a,
If A1 > An- then An-k1 > Ankr gng we
F(z)=-a, 2" ~-(A1-Da, 2"  —pt" +(p+a, —a,,)2" +... +(a,_,, —a,  )Z" "
+ (Aan—k - an—k—l)znik + (anfk—l - a'n—kfz)zn K +o
+(a —pa,)z +(u—-Dayz +a,.
|z| >1
|F(z)| "t (A-Da, 2™ k‘—‘ " +(p+a, —a, )" .o +(@, ., —a, )"
+(Mn—k - n—k—l)Z +(an7k—l N Z)Zn “ l """
+(a —,LﬁO)Z+(,u—1)a Z+a, |
n-k
=|z]" "[a,z +(A Da, |-|2" |—p+(p+a —a, ) F s
1
+ (a‘n—k+1 a, k) + (/Ia an—k—l) _k + (an—k—l - an—k—z)ﬁ RaRTR
z z

1 1 a
+(a, —ay) — e +(:u )Zn71+2_2 |

Nt “la, 2 + (A -Da,, |-|7"[o+(p+a, —a, )+
+@, oy~ )T (A, —a, )+ (@ g~ ) F e
+(a, — 4@y) + (L— 1)@ | +|ay ]
=4 [a, 2" + (A -Da,, |-|7"[20+a, + (A -Da,  —u(a, +|a))

have
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+2|a,]
>0
if
| k+1 n-k ﬂ(ao + |ao |) + 2|a0|]|z|k
or o
\kﬂ+h|>5m
This inequality holds if

| |k+l

nl>al".

. o 17| <K . .
Hence all the zeros of F(z) whose modulus is greater than 1 lie in the disk | | 1. where Ky is the greatest positive root of the

equation
Kk+l _é‘lKk _|7/1| :0

: N 171K,
But the zeros of F(z) whose modulus is less than or equal to 1 are already contained in the disk | | Lsince K,
.2 =
the zeros of F(z) and hence P(z) lie in | |
If a'n—k > an—k+l’ then a'n—k > an—k—l’ and we
1 —k+1 —k+1
F(z)=-a,z2" -(1-Aa, 2" " —mx"+(p+a,—a,,)2" + .. + (A, 4, — A2, )Z"
n—k n— k—1
+ (an—k - an—k—l)z + (an—k—l a, Z)Z """
+ (@, —@y)z+(u-1a,z +a,.
z|>1
For | | ,
n n—k+1

IF(z)|2|a,z™" +@-A)z" " - ‘ "+ (p+a, —a, )" +...+(@, ., 44, )z
+(a”—k _aﬂ—k—l)zn_k +(an—k—1 an - Z)Zn “ 1 ------

+ (al _/Jao)z +(,u—1)aOZ +3a, |

n—k+1
=7, 2" +@=a, |- |-o+(p+a, —a,y) + e
1 1 1
+ (an—k+1 - A‘an—k ) F + (an—k - a‘n—k—l) Z_k + (an—k—l - an—k—z)F to
1 a
+(a, — @) s T+ (- Z—2|

| |n k+1

la, 2" +@-MDa,, |-4"[p+(p+a, —a,)+.
+ (an—k+l - ﬂ’an—k) + (an—k - a‘n—k—l) + (an—k—l - an—k—z) t
+(a, — ;) + (- ,U)|ao| + |ao|]

=7 fa, 2" + Q- Da, . |-|7"[2p+a, + Q- A, - u@, +|a))
+ 2|1
>0
if
|z +(1- /1) - |>[2p+a, +(1-Aa,, —u@, + |a0|)+2|a0|]|z|
or

>1.

Therefore, all

have
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‘z" +7, |> 68,7
This inequality holds if
4" ~Jr2| > &l
KZ

z|<K
Hence all the zeros of F(z) whose modulus is greater than 1lie the disk | | 2 where
equation

K= 6,K" —|y,|=0

<
But those zeros of F(z) whose modulus is less than or equal to 1 are already contained in the disk |Z| - K2since
<
all the zeros of F(z) and hence P(z) lie in |Z| -
That proves Theorem 1.
Proof of Theorem 2: Consider the polynomial
F(z)=Q1-2)P(2)
=(1-2)@,z"+a,,2"" +..+2,2+3,)
—k -k
=-a,z"+(@,-a,,)2" +.+(@,_ -2, )2 "M+, -2, . 4)2"
k
+@, ,—8,,.,)2" "+t (8, —ay)Z+a,
=—a, 2" +(a, — 0, )2" + e (A g — )2
—k K—
+ (an—k - an—k—l)zn + (an—k—l n k— 2)Zn l """ + (0(1 - :uao)z
n
+(u-Daz+a,+ iZ(,Bj _ﬁj—l)zj +if,
j=1
If ks = Tk then k1~ Pk gng we
F()=-a,z"" -(1-Da, 2" —pt" +(p+a, —a, )" +....
k —k-
(@ = )2+ (A = i )T (Ues = Wi 2)Z T
n
+(ay = pay)z+(u—Dagz + ay + iZ(IBj =Bz’ +iB,.

j=1
7| >1
For ,

n— n 1
+(1-De, 2z k‘ - |Z| [p+(p+a, —a, )+ + (g — ank)|Z|T

IF(2)|=|a,z"™"

1 1 1
+(Aa, —a, ) — T (@1 — ankz)mw t. +(ay - ﬂao)W

i

1- 0 0 0
Gl sl ers g e (8 ) POl
7|’ 7|’ |Z| | |

+(ﬂ“—1)an—kzn7k‘ _|Z|n[2p+an + (ﬂ_l)an—k _/J(ao +|a0|)
+2|0‘o|"‘ﬁn - B +|,Bo|]

>0

k+1

‘z + 7/1‘ > 87"

But this inequality holds if

K,

is the greatest positive root of the

>1. Therefore,

have
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k+1
2] -

|71|>51|Z|k.

. . - . 1Z|£K
Hence, it follows that all the zeros of F(z) whose modulus is greater than 1 lie in the disk | | 1 where K

root of the equation
k k
K =8, K* — | =0

Lis the greatest positive

K, >1

As in the proof of Theorem 1, it can be shown that " "1 , S0 that the zeros of F(z) whose modulus is less than or equal to 1 are

z|<K z|<K
already contained in the disk | | 1. Therefore, all the zeros of F(z) and hence P(z) lie in | | L

a, , >a a, , >a
Now,, suppose that ~ " n—k+1’ then ~"n-k n—k-1" and we have

F(z)=-a,2"" -(1- Ve, 2" —pt" +(p+a, —a, )2
-k -k
+ (an—k+l - Aa n—k )Z e + (anfk - an—kfl)z "

+(a, g — ocnfkfz)zn’k’l +oe + (o, — pay)z

For |Z| >1,
|F(Z)| z anz"*l + (1_ l)an’kzn7k+l _|Z|n[p + (,0 +ta, - an—l) +o + (anfk+l _Mnk)H%
z
1 1 1
+ (g = Apgr) — + (A = Ay g) — g + e+ (0 — p10g) =
K K K
+ n|l 0|+| (:1|]_|Z| [(ﬂn_ﬂn—1)+ """ +(ﬁ1_ﬂ0) ) +| (:]|]
2 2 " |
>[a,2" + (= Dty 27| = 2" 120+, + U= Dy, — @, +|a)
+2|a0|+ﬂn - B +|,Bo|]
>0
if

‘zk + }/2‘ > 8,7
But this inequality holds if
LA

. . . 7| <£K
Hence, it follows that all the zeros of F(z) whose modulus is greater than 1 lie in the disk | | 2 where K

root of the equation
k k-
K" -6,K 1—|7/1|:0.

2is the greatest positive

>1

As in the proof of Theorem 1, it can be shown that K, .Thus the zeros of F(z) whose modulus is less than or equal to 1 are

I |7 <K, |7 <K, .
already contained in the disk . Therefore, all the zeros of F(z) and hence P(z) lie in and the proof of Theorem 2 is
complete.

Proof of Theorem 3: Consider the polynomial

F(z) =(1-2)P(2)
=(1-2z)@,z" +a,,2"" +..t 2 +2y)

n—k+1

=-a,z " + (an - an—l)Z Tt + (a'n—k+l —a, )Z + (an—k - a‘n—k—l)Z "

WWWw.ijsrp.org
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+ (@1~ By 2)2 T et (B —8g) 2+,

if |an—k—1| > |an—k| the n|an—k+l| > |an—k| - A >Land we have,

+ -k
F(z) =-q, z" ! _(ﬂ’ 1)an k pzn + (p+a‘n _an—l)zn to + (an—k+l _an—k)zn "
_ K=

+ (ﬂ’an—k - an—k—l)zn + (an—k—l n k— 2)2n 1 """

+(a, — @)z + (u-Da,z +a,.
For |Z| > 1, by using Lemmal,
IF(z)|> "y (l—l)an_kz”‘k‘ —‘— ot +(p+a, —a,,)2" +(a,, —a,,)Z" " +et

n—k-1

—k -k
(an—k+1 — )Zn = + (ﬂ“a‘n—k - an—k—l)Zn + (an—k—l - an—k—z)z

tont (8 — 1By)Z+ (1 —D)agz + @, |

>|a z"* +(}b—l)ansz”"“—|z|"[,o+|,o+an — 8, |+ +La"k|+1|—k_lankl
z
|/13- a, 1|+ ...... +|al_!jao|+(1 ,U)l|ao| |ao|]
|Z| 2" EA—)
>la, 2" +(1-1a,_ kz“‘k‘ —|7"[p+]p +a, — |+ A — |
+[ A2, — Ay | e [y — 28|+ (L p)[a] + (2]
>|a,z" +(l—1)an_kz"‘k‘ —|7"[p+{p +a,| + (A —D|a, [Hcos +sin &)
-1
— plag|(cosar —sinar +1) + 2Ja,| + 2sin nz aj‘]
j=0, j=n—k
>0
if
‘zk” +y1‘>51|z|kl
This inequality holds if
2 =[] > 8.2

<K
and thus all the zeros of F(z )and hence P(z) with modulus greater than 1 lie in the disk | | 1 where K

root of the equation
k+1 k
K" - o,K —|}/1|:0

1 is the greatest positive

i . PARS
Ki>1 and all the zeros of P(z) with modulus less than or equal to 1 are already contained in | |

It is easy to see that
Again , If |a”’k| >|a”’k+1| , then |a"’k| >|a”’k’1| . A <1and we have,
=—az™-(1-Na, """ - ;" +(p+a, —a _)z" +...

+(a, ., — 42, )z +@, , —a,, )" +@,, —a, )2

+(a, — )z +(u—-Dayz+a,.

F(2)
n—k+1

7] >1 .
For , by using Lemmal,
IF(2)|=|a,z"" + 1-A)a, 2"

—‘— ot +(p+a, —a,,)2" +(a,, —a,,)Z" " +t
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K K k=
(an—k+1 - ﬂ‘an—k )Zn = + (a‘n—k - an—k—l)Zn + (an—k—l - a‘n—k—Z)Zn '

tont (8 — 1By)Z+ (1 —D)agz + @, |

>la, 2" + 1 Da, 2" -2 [p+|p+a, —a, |+t |a”k*|l |:fa”k|
z
|an—k - an—k—1| |a1 - ﬂao| (1- /U)|ao| |ao|
et t — + ——+—]
H 7 H 7
>(a,2"™ + (L—- ), 2"~ |2 [p+]p+a, —an|+ e H]A 0 — A3, ]
+|an—k _an—k—1|+ """ +|a1 _:uao| +(l_ﬂ)|a0|+|ao|]
>(a, 2" + 1 Da, 2" -7 [p+{p +a,|+ 1- D|a,_ [Hcosa +sina)

-1
— pfag|(cosar —sinar +1) + 2Ja, | + 2sin nz a, ‘]
j=0, j=n-k

>0

‘zk +7/2‘ >52|z|k7l
This inequality holds if '
2" =[] > 5,12

. . . 171<£K ) "
and thus all the zeros of F(z )and hence P(z) with modulus greater than 1 lie in the disk | | 2 where K2 is the greatest positive
root of the equation

K = 6,K" —|y,|=0

. z|<K
It is easy to see that K;>1 | | 2

That proves Theorem 3.

and all the zeros of P(z) with modulus less than or equal to 1 are already contained in
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